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ABSTRACT

In this thesis we propose a new approach to deduction methods for temporal logic. Our proposal
is based on an inductive definition of eventualities that is different from the usual one. On the
basis of this non-customary inductive definition for eventualities, we first provide dual systems
of tableaux and sequents for Propositional Linear-time Temporal Logic (PLTL). Then, we adapt
the deductive approach introduced by means of these dual tableau and sequent systems to the
resolution framework and we present a clausal temporal resolution method for PLTL. Finally,
we make use of this new clausal temporal resolution method for establishing logical foundations
for declarative temporal logic programming languages.

The key element in the deduction systems for temporal logic is to deal with eventualities
and “hidden” invariants that may prevent the fulfillment of eventualities. Different ways of
addressing this issue can be found in the works on deduction systems for temporal logic.

Traditional tableau systems for temporal logic generate an auxiliary graph in a first pass.
Then, in a second pass, unsatisfiable nodes are pruned. In particular, the second pass must
check whether the eventualities are fulfilled. The one-pass tableau calculus introduced by S.
Schwendimann requires an additional handling of information in order to detect cyclic branches
that contain unfulfilled eventualities. Regarding traditional sequent calculi for temporal logic,
the issue of eventualities and hidden invariants is tackled by making use of a kind of infer-
ence rules (mainly, invariant-based rules or infinitary rules) that complicates their automation.
A remarkable consequence of using either a two-pass approach based on auxiliary graphs or a
one-pass approach that requires an additional handling of information in the tableau framework,
and either invariant-based rules or infinitary rules in the sequent framework, is that temporal
logic fails to carry out the classical correspondence between tableaux and sequents. In this the-
sis, we first provide a one-pass tableau method TTM that instead of a graph obtains a cyclic
tree to decide whether a set of PLTL-formulas is satisfiable. In TTM tableaux are classical-like.
For unsatisfiable sets of formulas, TTM produces tableaux whose leaves contain a formula and
its negation. In the case of satisfiable sets of formulas, TTM builds tableaux where each fully
expanded open branch characterizes a collection of models for the set of formulas in the root.
The tableau method TTM is complete and yields a decision procedure for PLTL. This tableau
method is directly associated to a one-sided sequent calculus called TTC. Since TTM is free from
all the structural rules that hinder the mechanization of deduction, e.g. weakening and contrac-
tion, then the resulting sequent calculus TTC is also free from this kind of structural rules. In
particular, TTC is free of any kind of cut, including invariant-based cut. From the deduction
system TTC, we obtain a two-sided sequent calculus GTC that preserves all these good freeness
properties and is finitary, sound and complete for PLTL. Therefore, we show that the classical
correspondence between tableaux and sequent calculi can be extended to temporal logic.

The most fruitful approach in the literature on resolution methods for temporal logic, which
was started with the seminal paper of M. Fisher, deals with PLTL and requires to generate in-
variants for performing resolution on eventualities. In this thesis, we present a new approach



to resolution for PLTL. The main novelty of our approach is that we do not generate invari-
ants for performing resolution on eventualities. Our method is based on the dual methods of
tableaux and sequents for PLTL mentioned above. Our resolution method involves translation
into a clausal normal form that is a direct extension of classical CNF. We first show that any
PLTL-formula can be transformed into this clausal normal form. Then, we present our tem-
poral resolution method, called TRS-resolution, that extends classical propositional resolution.
Finally, we prove that TRS-resolution is sound and complete. In fact, it finishes for any input
formula deciding its satisfiability, hence it gives rise to a new decision procedure for PLTL.

In the field of temporal logic programming, the declarative proposals that provide a complete-
ness result do not allow eventualities, whereas the proposals that follow the imperative future
approach either restrict the use of eventualities or deal with them by calculating an upper bound
based on the small model property for PLTL. In the latter, when the length of a derivation
reaches the upper bound, the derivation is given up and backtracking is used to try another possi-
ble derivation. In this thesis we present a declarative propositional temporal logic programming
language, called TeDilLog, that is a combination of the temporal and disjunctive paradigms in
Logic Programming. We establish the logical foundations of our proposal by formally defining
operational and logical semantics for TeDiLog and by proving their equivalence. Since TeDilLog
is, syntactically, a sublanguage of PLTL, the logical semantics of TeDilLog is supported by
PLTL logical consequence. The operational semantics of TeDilLog is based on TRS-resolution.
TeDilLog allows both eventualities and always-formulas to occur in clause heads and also in
clause bodies. To the best of our knowledge, TeDilog is the first declarative temporal logic
programming language that achieves this high degree of expressiveness.

Since the tableau method presented in this thesis is able to detect that the fulfillment of
an eventuality is prevented by a hidden invariant without checking for it by means of an extra
process, since our finitary sequent calculi do not include invariant-based rules and since our
resolution method dispenses with invariant generation, we say that our deduction methods are
invariant-free.
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1. INTRODUCTION

Temporal logic plays a significant role in computer science, since it is an appropriate tool for
specifying object behaviour, cooperative protocols, reactive systems, digital circuits, concurrent
programs and, in general, for reasoning about dynamic systems whose states change over time
(see e.g. [46, 56, 57, 86, 90, 91]). In particular, several concepts which are useful for the spec-
ification of properties of dynamic systems —such as fairness, non-starvation, liveness, safety,
mutual exclusion, etc— can be formally stated in temporal logic using very concise and readable
formulas. Several different temporal logics have been devised —as formalisms for representing
dynamic systems— that mainly differ in their underlying model of time and in their expressive-
ness. Regarding time modeling there are linear vs. branching, discrete vs. dense, future vs.
past-and-future, finite vs infinite, etc. Regarding expressiveness, they involve different temporal
connectives and logical constructions (such as, quantifiers, variables, fixpoint operators). For a
recent survey on temporal logics we refer the reader to [85].

Propositional Linear-time Temporal Logic (PLTL) is one of the most widely used temporal
logics !. This logic has, as the intended model for time, the standard model of natural numbers.
Different contributions in the literature on temporal logic show its usefulness in computer sci-
ence and other related areas. For a recent and extensive monograph on PLTL techniques and
tools, we refer the reader to [44], where sample applications along with references to specific
works that use this temporal formalism to represent dynamic entities in a wide variety of fields
—such as Program Specification, System Verification, Robotics, Reactive Systems, Databases,
Control Systems, Agent-based Systems, etc— can be found. The minimal language for PLTL
adds to classical propositional connectives two basic temporal connectives o (“next”) and U
(“until”) such that ot is interpreted as “the next state makes 1) true” and @ U ¢ is interpreted as
“p is true from now until ) eventually becomes true”. Many other useful temporal connectives
can be defined as derived connectives, e.g. ¢ (“eventually”), O (“always”) and R (“release”).

Automated reasoning for temporal logic is a quite recent trend. In temporal logics, as well
as in the more general framework of modal logic, different proof methods are starting to be
designed, implemented, compared, and improved. Specification and verification methods for
PLTL —and also for other temporal logics— are mainly based on three kinds of proposals: au-
tomata, tableaux and resolution. Automata are related to model checking whereas tableaux and
resolution are the main methods for proof theory. Other proof-theoretic approaches for PLTL
include its first axiomatization a la Hilbert presented in [53]. See [110] for a good survey about
theorem-proving in PLTL and its extensions. The most developed approach is model checking
([30, 31]), which is automata-based. In fact, model checking of temporal formulas is tradition-
ally carried out by a conversion to Biichi automata (see e.g. [120]). In model checking, temporal
logic is used for specification purposes, whereas the system is often implemented in a different
language, hence verification requires to manage different semantic domains. Model checking

! Probably, the most used temporal logic is Computation Tree Logic (CTL), especially for model checking pur-
poses.
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focuses on the problem of deciding whether a concrete model (or run) of a system satisfies a
logical formula or not. This approach is reasonably efficient for finite state systems and there is
a large body of research in this area. The interested reader is referred to [44] (Section 4.4.7 and
Chapter 5) for a recent work that describes model checking techniques. However, the automata
approach is not well suited for automated deduction, in the sense that it is not able to generate
proofs or deductions of a conclusion from a set of premises. A brief and clarifying discussion
about model checking versus deductive temporal verification can be found in [35].

Automated deduction for PLTL, and related logics, is mainly based on tableaux and reso-
lution. Indeed, there are recently published works comparing implementations of the different
tableau and resolution procedures for PLTL and similar logics (see e.g. [69, 77, 78]).

In this thesis we propose new deduction methods for PLTL. In particular, we introduce a
tableau method, two sequent calculi and a resolution procedure for PLTL. On the basis of the
resolution procedure, we also present a declarative temporal logic programming language.

Eventualities and Invariants

In every deduction method for temporal logic, the central topic is how to deal with eventualities
and “hidden” invariants that can prevent the fulfillment of eventualities. Eventualities directly
state that a property will eventually hold whereas invariants state, often in an intricate way, that
a property holds at every time instant from some moment onwards.

The use of the customary inductive definitions of the temporal connectives as the only mech-
anism for detecting the existence of an invariant that prevents the fulfillment of an eventuality,
leads to incomplete deduction systems. The reason is that such customary inductive definitions
make possible to indefinitely postpone the fulfillment of an eventuality and, consequently, they
make possible to indefinitely postpone the contradiction between an eventuality that states that
a property ¢ will eventually hold and an invariant that states that ¢/ will never hold. Therefore,
more elaborated mechanisms are needed.

Next, we review how this issue is tackled by the main approaches in the tableau, sequent,
resolution and temporal logic programming frameworks. Additionally we describe our contri-
bution to each of these frameworks.

Tableau systems

Traditional tableau systems for temporal logic, in particular PLTL, are based on the usual induc-
tive definition of eventualities (see e.g. [128, 73, 8, 87,79, 81]). In order to obtain completeness,
they first build an auxiliary finite graph by using tableau rules. Since in these systems, the num-
ber of different sets of formulas that can be produced from the initial set is finite, the graph is
always finite. Once the graph is completed, it is checked to detect the existence of unfulfilled
eventualities. Nodes that do not belong to infinite paths that give rise to models, are pruned.
These tableau methods are known as two-pass methods. The one-pass approach proposed in
[117] is also based on the usual inductive definition of eventualities. The method yields cyclic
trees. The second pass is avoided by associating additional information to nodes. Part of the
information is generated in a top-down manner, while the branches are being built. But there are
also information that is obtained in a bottom-up manner, once the branch has been completed.
The information obtained in a bottom-up manner is necessary to deal with cyclic branches that
are not fulfilling on their own but yield a fulfilling cycle if combined with other accessible
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branches. From a theoretical point of view, one of the drawbacks of the two-pass approach and
the above mentioned one-pass approach is that a classical-like tableau is not obtained. We mean
that, unsatisfiable sets of formulas do not always produce closed branches whose last nodes
contain a formula and its negation, instead cycles that do not lead to models must be detected by
using an extra process. Our proposal is based on a non-customary inductive definition of even-
tualities. The rule obtained from this alternative inductive definition of eventualities, together
with a specific strategy for applying the tableau rules, gives rise to a tableau method, namely
TTM, where tableaux are cyclic trees and unsatisfiability is exclusively detected —like in clas-
sical tableau methods— by means of closed branches that contain a formula and its negation in
its last node. Additionally, by controlling cycles that only belong to a single branch, a decision
procedure is obtained. Our approach was first presented in [60] and then extended in [61]. A
preliminary prototype is accessible in http://www.sc.ehu.es/jiwlucap/ITM.html. A
report about this prototype is presented in [62].

Sequent systems

Traditional sequent systems for temporal logic (see e.g. [104, 105, 121]) are also based on the
usual inductive definition of eventualities. In order to deal with eventualities and invariants, they
either include an infinitary rule or a rule that requires to previously find an adequate invariant.
On one hand infinitary rules are not effective. On the other hand, invariant-based rules are
specialized cut rules that prevent from obtaining classical-like cut-free proofs. As a consequence
of using either two-pass methods based on auxiliary graphs or a one-pass system that requires
an additional handling of information in the tableau framework, and either infinitary rules or
invariant-based rules in the sequent framework, is that the classical duality between tableau and
sequent proofs does not hold. The finitary sequent system presented in [20] does not require an
invariant-based rule but annotated formulas are used. These formulas do not properly belong to
the logical language, so that an extra-logical feature is used. By following our approach based
on a non-customary inductive definition of eventualities, we propose a finitary sequent calculus
that does not include either invariant-based rules or rules that contain extra-logical features such
as annotated formulas. Moreover, our tableau and sequent systems are dual in the sense that
from every tableau construction a sequent derivation can be straightforwardly obtained. Our
proposal was first materialized by means of the sequent system FC presented in [58], which is
the first finitary sequent system for PLTL that is free from cut- and invariant-based rules. Later
on, the sequent systems TTC and GTC were directly obtained from the tableau method TTM
([61]). Although FC and GTC are basically identical, the completeness proof for GTC is based
on its duality with respect to TTM and —unlike in the completeness proof of FC— structural rules
such as weakening and contraction are not used.

Clausal Resolution

The clausal resolution methods for PLTL presented in [126] and [40] (see also [45]) require
invariant generation in order to deal with eventualities. The former does not tackle the invariant
generation issue whereas the latter provides an algorithm. The resolution system in [40] gives
rise to a decision procedure for PLTL, but it contains an extra-logical feature to resolve even-
tualities. The clausal resolution method introduced in [29] is not intended for full PLTL and
the approach is based on the exhaustive analysis of all the possible transformations (in a finite
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scope) of eventualities into formulas that only contain the o connective. The non-clausal resolu-
tion system presented in [1] is based on a non-customary inductive definition of eventualities that
is different from the one we consider in the above mentioned tableau and sequent frameworks.
However, the problem of satisfiable input sets is not addressed in [1] and therefore a decision
procedure for PLTL is not provided. Our clausal resolution method, namely TRS, is defined by
adapting the TTM approach for tableaux to the clausal resolution framework. Consequently, the
keys of our approach to temporal resolution are a rule that deals with eventualities and a strategy
formalized by means of a systematic resolution algorithm that gives rise to a resolution-based
decision procedure for PLTL. This resolution method is also described in detail in [62]. A pro-
totype for TRS-resolution can be found in http://www.sc.ehu.es/jiwlucap/TRS.html.

Temporal Logic Programming

The idea of directly executing logical formulas and, therefore, using logic as a programming
language —already proven successful in classical Logic Programming— has also been tackled in
the case of temporal logic. Temporal Logic Programming provides a single framework in which
dynamic systems can be specified, developed, validated and verified by means of executable
specifications that make possible to prototype, debug and improve systems before their final
use. In classical Logic Programming, the underlying execution procedure is based on (classical)
clausal resolution ([88, 89]). The extension of this approach to Temporal Logic Programming
faces three main challenges: the undecidability of first-order temporal logic [92, 122, 121], the
difficulty for dealing with eventualities and invariants and the complexity (even for the proposi-
tional fragment [119]).

Consequently, different proposals that can be classified into two groups have arisen. One
of the groups is formed by the languages that are based on the imperative future approach (e.g.
[94, 9, 93]). In these languages programs are formulas —written in temporal logic— that state
which literals must be true in the next state. So the execution consists in explicitly building the
model for the program, state by state. The other group is formed by the languages that are based
on the declarative approach. The declarative languages extend classical Logic Programming
for reasoning about time. However, some of the declarative languages are not purely based on
temporal logic (e.g. [83, 74, 21, 50, 114]). The declarative languages that are purely based on
temporal logic extend classical Logic Programming by including temporal connectives in the
atoms and by also extending classical resolution ([2, 12, 127, 99, 55]). Here we only analyze
the languages that belong to the imperative future approach and the declarative languages that
are purely based on temporal logic. The languages that belong to the imperative future ap-
proach either restrict the use of eventualities (e.g. [94, 93]) or use the finite-model property?
for fixing an upper bound that indicates that an eventuality cannot be fulfilled (e.g. [9]). The
declarative languages that are purely based on temporal logic either directly avoid eventualities
([2, 12, 127, 99]) or do not provide completeness result ([55]). If the clausal temporal res-
olution method presented in [40] were considered as a basis for a declarative temporal logic
programming language, its execution would require invariant generation. In the same way, the
sequent-based logical foundation for declarative temporal logic programming provided in [106]
includes an invariant-based rule. We propose a (propositional) declarative temporal logic pro-
gramming language, named TeDilLog, whose execution mechanism is based on TRS-resolution.
Consequently there are no restrictions regarding the use of eventualities. Moreover, we deal

2 Also known as small model property.
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with eventualities without requiring invariant generation. A preliminary version of this proposal
was presented in [64].

Invariant-Freeness

In order to sum up and highlight the distinctive feature of our approach to temporal deduction
we can say that:

Our tableau method is classical-like in the sense that it does not require an extra process
(a second pass or an additional handling of information) for detecting the unsatisfiability
of a set of formulas where an invariant prevents the fulfillment of an eventuality.

Our finitary sequent systems do not include invariant-based rules.
Our resolution method dispenses with invariant generation.

The resolution procedure underlying our temporal logic programming language does not
require either invariant generation or invariant detection by means of upper bounds.

Consequently, we say that our approach is invariant-free.

Outline of the thesis

This thesis is organized in six chapters (including this one) as follows:

In Chapter 2, we provide the preliminaries of the thesis, that is, the basic notions about
PLTL that are used in the remaining chapters.

In Chapter 3, we first introduce our one-pass tableau method TTM. This tableau method
includes a new tableau rule for dealing with eventualities. The completeness result of
TTM is based on this rule and the strategy formalized by means of the systematic tableau
algorithm that we also present in this chapter. Such rule together with the mentioned
strategy are the core of our proposal, which leads to a new approach to temporal deduction
and gives rise to a new decision procedure for PLTL. From TTM, we obtain the one-
sided finitary sequent calculus TTC that is cut-free and invariant-free. On the basis of
TTC, we finally define the two-sided sequent calculus GTC, which is also finitary, cut-free
and invariant-free. Moreover, both TTC and GTC are weakening-free and contraction-
free. By means of these tableau and sequent systems we prove that the classical duality
between tableau and sequent systems extends to PLTL. At the beginning of Chapter 3 we
review related work to motivate our research. At the end of the chapter, we compare our
approach with related work with the aim of remarking the novelties of our contribution.
The contents of this chapter are strongly based on [58, 60, 61, 63].

Chapter 4 is devoted to our clausal temporal resolution method TRS. First, we briefly
review previously existing approaches to motivate our work. Then, we introduce our
clausal normal form and the steps required to transform any PLTL formula into this clausal
form. Next, we provide the rule system and the notion of derivation. The crucial rule for
eventualities and the systematic resolution algorithm that lead to the completeness result
and to the new resolution-based decision procedure, are obtained by adapting the key
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rule and the systematic tableau algorithm from the previous chapter to the clausal setting.
The major novelty of the resolution method TRS is that, unlike the main approach in the
literature ([40, 45]), it dispenses with invariant generation. The last section of this chapter
is used to compare our contribution with previously existing approaches. The content of
this chapter is based on [62].

In Chapter 5, we present a declarative propositional temporal logic programming lan-
guage called TeDiLog. First we introduce the syntax of TeDiLog which is an adaptation
of the clausal form introduced in the previous chapter to the logic programming style.
Then we provide operational and logical semantics for TeDiLog and prove their equiva-
lence. The operational semantics is based on the TRS-resolution presented in Chapter 4
and the logical semantics is founded on PLTL logical consequence. At the beginning of
the chapter previous approaches are reviewed to motivate our work and at the end of the
chapter our contribution is compared with such approaches. The content of this chapter
extends [64].

In Chapter 6, we expose the main contributions and results of this thesis together with
the publications and remarkable research activity carried out during the preparation of this
thesis. Besides, we also discuss future work.



2. PRELIMINARIES

In this chapter we provide the basic notions related to PLTL and we also introduce some nota-
tion that is used in this thesis. Sections 2.1 and 2.2 are devoted to the syntax and the semantics
of PLTL. Section 2.3 introduces the notions of soundness, refutational completeness and com-
pletenes for deduction systems. Finally, Section 2.4 introduces the notion of invariant formula
for PLTL.

2.1 Syntax of PLTL

The syntax of PLTL extends the syntax of classical propositional logic by allowing the use
of temporal connectives. Different temporal connectives can be considered in order to obtain
the full expressiveness of PLTL. In this thesis we choose the temporal connectives o (“next”)
and U (“until”) as primitive temporal connectives. Therefore we say that PLTL-formulas are
built by using the nullary connective (i.e. the constant) F, propositional variables (denoted by
lowercase letters p, g, . . .) from a set Prop, the classical connectives — and A, and the temporal
connectives o and U . In the sequel, formula means PLTL-formula. A lowercase Greek letter
(o, ¥, X, 7, - - .) denotes a formula and an uppercase one (P, A, I', ¥, ), . . .) denotes a finite set
of formulas. As usual other connectives can be defined in terms of the previous ones: T = —F,
eV = (- A), pRY = =(—pU ), op = TUp, Op = —0-p. Note that
O¢p = FRp. As can be observed in the above definitions, the linear-time connectives R
(“release”), ¢ (“eventually”) and O (“always”) can be defined in terms of the connective U/ .

The connectives T, VV, R and O are the dual connectives of the connectives F, A, U and ¢
respectively. The connective o is its own dual.

The above defined connectives will be used as abbreviations for readability in the tableau
method and the sequent calculi but dual connectives are necessary in the clausal resolution
method. For technical convenience, we use the nullary connective F as part of the minimal
language for PLTL. However, its use can be avoided by considering that ¥ can be expressed
as ¥ A —p, where v € Prop. In fact, in the clausal resolution method we dispense with the
constants F and T and we consider that ¢ = —@pU ¢ and Op = —¢@ R . In the clausal
resolution method the empty clause is denoted syntactically as 1 and O L.

Formulas of the form ¢, =) and op, where ¢ € {F, T} U Prop, are called elementary. Also
sets of elementary formulas are called elementary.

We denote by 0", O™ and ©™, with n > 0, the sequences of n connectives o, O and ©,
respectively. However, these kinds of superscripts are notation, hence they are not part of the
syntax.

Given a set of formulas ® = {1, ..., v, } we use ~® to denote the formula = (1 A. . .Apy)
and /\ @ to denote the formula ¢1 A .. .A p,. In particular, when ® is empty, —® is the constant
F in the tableau and sequent systems (Chapter 3) and the empty clause in the resolution system
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(Chapters 4 and 5). On the other hand, when ® is empty, A @ is the constant T in the tableau
and sequent systems (Chapter 3).

2.2 Semantics and Model Theory of PLTL

Formally, a PLTL-structure M is a pair (S, Vo) such that Sy is a denumerable sequence of
states sg, S1, S2, . . . and Vg is a map Vg : Spyq — 2P™P. Intuitively, V(s;) specifies which
atomic propositions are (necessarily) true in the state s;.

Formulas are interpreted in the states of PLTL-structures. The formal semantics of formulas
is given by the truth of a formula ¢ in the state s; of a PLTL-structure M, which is denoted by
(M, sj) = . This semantics is inductively defined as follows:

[ ]
<
VA

<

E oU 1 iff there exists k& > j such that (M, sx) E v and for every ¢ €
{j,...,k—1}itholds (M, s;) = .

The extension of the above formal semantics to the defined connectives yields:
« (M,s) T
o <M73j> ’: ¢v¢iff<M73j> ’: @ or <M73j> ’:¢

o (M,sj) = ¢ R iff for every k > j it holds either (M, sp) = ¢ or (M, s;) = ¢ for
somei € {j,...,k—1}

o (M,s;) Eogiff (M, sy) |= ¢ for some k > j
o (M,s;) EOpiff (M, si) = ¢ forevery k > j.

If (M, sp) = o then we say that ¢ is true in the sate sp, of the PLTL-structure M.

Note that the truth of ¢ {1 and ¢ in a state s; of a PLTL-structure M requires that v
must eventually be true in some state s; of M with k > j, and also that the eventual truth of
—) is required for =0 and —(¢ R ) to be true. Consequently

Definition 2.2.1. An eventuality is a formula of the form o U 1) or o1 or =0 or (¢ R ). In
particular, formulas of the form o U v are also called until-formulas.

The semantics is extended from formulas to sets of formulas in the usual way: (M, s;) = @
iff (M, s;) = v forall v € ®. We say that M is a model of ®, in symbols M = @, iff
(M, s0) = ®. A satisfiable set of formulas has at least one model, otherwise it is unsatisfiable.

Definition 2.2.2. Two sets of formulas ® and VU are equisatisfiable whenever ® is satisfiable if
and only if U is satisfiable.
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€0 €1 €9 ce €; N ek

Figure 2.1: Cyclic sequence

The logical consequence relation between a set of formulas ¢ and a formula y, denoted as
® = x, is defined in the following way:

® |= x iff forevery PLTL-structure M and every s; € Saq:
if (M, s;) = @ then (M, 5,) = X

The above notion of logical consequence is usually called local logical consequence. There
is a weaker notion called global logical consequence which demands  to be true at all states
in M if @ is true at all states in M. This latter notion is also interesting for many applications
[48].

In order to construct models for satisfiable sets of formulas we use cyclic (also called ul-
timately periodic) PLTL-structures that we define in terms of either infinite paths over cycling
sequences (Chapters 3 and 4) or infinite sequences (Chapter 5). Each element of such sequences
is associated with a set of formulas. An infinite path (or infinite sequence) becomes the sequence
of states of a PLTL-structure. The propositional variables that belong to the sets associated with
the states define the map V. Finally we ensure that a PLTL-structure built in this way makes
true, at each state s;, the formulas associated with the state s;.

Any infinite sequence ey, €1, . . ., €k, . . . involves an implicit successor relation, namely R,
such that (e;, €;11) € R for all i € IN. When convenient, we write e R ¢’ to denote (e, €’) € R.
A finite sequence gives also a corresponding implicit successor relation with a pair for each
element except for the last one. A finite sequence S = eg, eq, .. ., ek is said to be cyclic iff
its successor relation extends the implicit R with a pair (ey, e;) for some j € {0,...,k} (see
Figure 2.1). Then, ej, .. ., ey is called the loop of S, e; is called the cycling element of S, and
the path over S is the infinite sequence

path(S) =€0,€l,---,€5-1" <ej, €j4ls s ek>“’

where _ - _ is the infix operator of concatenation of sequences and U“ denotes the infinite se-
quence that results by concatenation of the sequence U infinitely many times. Naturally, for any
non-cyclic finite sequence S we consider that path(S) = S.

A PLTL-structure M is cyclic or ultimately periodic if its (infinite) sequence of states S
is a path over a cyclic sequence of states.

Ensuring that a PLTL-structure constructed from an infinite sequence S = eq, €1, . . ., €k, - - .
makes true the eventualities that appear in the sets associated to each e; in S is the key step of the
model construction process. In order to carry out this step, we define the notion of fulfillment of
eventualities. We say that e; in S fulfills an eventuality ¢ U/ v that belongs to the set associated
with e;, whenever there exists e, with h > ¢ such that ¢ belongs to the set associated with
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en, and ¢ belongs to the set associated with e, for every g € {i,..., h — 1}. We particularize
and precisely define the notion of fulfillment for every deduction system in the corresponding
chapter.

2.3 Decidability of PLTL: Sound, Refutationally Complete and Complete
Deduction Systems

It is well known that PLTL is a decidable logic (see e.g. [87]). Therefore, given a PLTL-
formula 1), there exists a procedure that is able to decide, in a finite amount of time, whether v
is satisfiable or unsatisfiable.

Whenever a new deduction system is proposed for a decidable logic, it must be assessed
whether the deduction system yields a decision procedure. A finitary deduction system gives
rise to a decision procedure whenever it is complete. A deduction system is complete if it is
able to decide both satisfiability and unsatisfiability. The completeness of a deduction system is
established by proving soundness, termination and refutational completeness.

Soundness means that a deduction system is correct in the sense that if a formula v is
classified as unsatisfiable by such deduction system, then ¢ is unsatisfiable. A deduction system
is refutationally complete if whenever a formula 1) is unsatisfiable, then the system classifies
as unsatisfiable. However, soundness and refutational completeness do not guarantee that the
satisfiability of a formula is decidable. That is, given a formula ¢, if ® is unsatisfiable, then a
sound and refutationally complete deduction system will be able to classify 1) as unsatisfiable,
but if 1) is satisfiable, then the deduction system may not terminate the derivation process, i.e. the
deduction system may not give any answer. For that reason, termination is additionally required
in order to have completeness, i.e, in order to decide both satisfiability and unsatisfiability.
However, it is customary to use the term completeness to refer to refutational completeness
in refutational systems where termination is not addressed. In each chapter of this thesis we
precisely define the meaning of the term completeness for each deduction system.

The notion of deciding the satisfiability of a formula v extends to a finite set of formulas
® = {p1,...,pn} in a straightforward manner, since ® is understood as 1 A ... A @y,.

A logic is said to be compact when it verifies that, given any set of formulas ®, if every
finite subset of @ is satisfiable then @ is satisfiable. It is well known that PLTL is a non-compact
logic. For example, the infinite set of formulas ¥ = {o’p | i € IN} U{o—p} is not satisfiable
but every finite subset of U is satisfiable. As a consequence, any complete deduction system
that is able to deal with infinite sets of formulas should be infinitary. However infinitary systems
do not yield decision procedures that are able to decide the satisfiability or unsatisfiability of a
formula in a finite amount of time. Since we are interested in finitary deduction systems, we
only deal with finite sets of formulas.

2.4 Invariant Formulas in PLTL

One of the features of PLTL (and temporal logic in general) is the ability to express eventuality
properties and invariant properties. Eventuality properties state that a formula will eventually
become true. Eventuality properties are directly expressed by means of specific connectives (e.g.
U and ¢ ) that give rise to the so-called eventualities (see Definition 2.2.1), which are trivially
detectable (o U 1), © 1), etc). Invariant properties state that a formula is always true (from some
moment onwards). Invariant properties are expressed by sets of formulas that, often, are not
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trivially detectable. If the set of formulas ® expresses and invariant property, then we say that
the formula A ® is an invariant formula (invariant, in short). Moreover, ® could also be a
subset of another set of formulas, hence we say that, usually, invariants are “hidden” in a set
of formulas. Formally, a formula  is an invariant if and only if the formula —x V oy is true
at every state of every PLTL-structure. Since “hidden” invariants can prevent the fulfillment of
eventualities, the key issue in the finitary deduction systems for PLTL (and temporal logic in
general) is to deal with eventualities and invariants.

In order to illustrate the concept of invariant, let us consider the following three sets of
formulas

Ay = {0(=po V 01p), - . ., O(—pn V 0ty ) }
A2 = {D(_ﬂﬁo\/_|’)/),...,|:|(_|¢n\/—|’y)}
Az ={0(to Vo V...Vn),...,0(%n Vo V...Ven)}

The formulas o0 —y and O (g V ...V ;) are logical consequences of the set
Y={poV...Vp, ) UAJUASUA3

Additionally, for the formula y = A 3, it holds that —y V ox is true in every state of every
PLTL-structure. Therefore x is an invariant that states, in an intricate way, that the eventuality
¢~y cannot be true from the next state onwards. Note also that the formula O (= (¢ V...V ¢y) V
o(po V...V y,))is alogical consequence of Aj U Ag U As. So that, if we restrict ourselves to
the set of models of A; U Ag U Az, we could say that the formula ¢ V ...V ¢, is an invariant
with respect to such models.

Since the set X can be formed by an arbitrary number of formulas, the invariant x (unlike
eventualities) cannot be trivially detected. Additionally, 3. could just be a subset of another set
of formulas.

More details about invariants can be found in e.g. [45, 104, 105, 106].

Given a set of formulas ¥ and an eventuality ¢ -, the crucial element for every refutationally
complete finitary deduction system for PLTL is to detect whether ¥ contains an invariant that
prevents the fulfillment of ~.






3. DUAL SYSTEMS OF TABLEAUX AND SEQUENTS FOR PLTL

3.1 Introduction

Tableau systems are refutational proof methods that play a prominent role in the development of
automated reasoning for temporal logic (and many other logics). In addition, in the case of de-
cidable logics, such as PLTL, tableau methods serve as decision procedures for the satisfiability
of (sets of) formulas. The first tableau method for PLTL was introduced by P. Wolper in [128]
and it is a two-pass method. In the first pass, it generates an auxiliary graph by applying the
tableau rules. This graph is checked and possibly pruned in a second pass that analyzes whether
the eventualities are fulfilled. As stated in Definition 2.2.1, an eventuality is a formula that as-
serts that something does eventually hold. For example, for a path in the graph to fulfill o U 1,
the formula ) must eventually appear in the path. Hence, any maximal strongly connected com-
ponent in the graph that contains ¢ U/ v in the label of one of its nodes, but does not contain
in the label of any of its nodes and from which no other maximal strongly connected component
can be reached, is pruned. At the end, an empty graph means unsatisfiability. Since Wolper’s
seminal paper [128], several authors (e.g. [73, 8, 87, 79, 81]) have proposed and studied tableau
methods for different temporal and modal logics inspired by Wolper’s tableau (see [71] for a
good survey). In addition, Wolper’s two-pass tableau has been used in the development of de-
cision procedures or proof techniques for logics that extend PLTL to some decidable fragment
of the first-order temporal logic (e.g.[84]), or to the branching case or with other features, such
as agents, knowledge, etc (e.g. [70]). In the case of two-pass tableau methods the auxiliary
graph and the second pass prevent the association of a sequent calculus proof to each tableau
refutation.

Sequent calculi provide a general deductive setting that uniformly embeds refutational meth-
ods and other deduction techniques such as goal-directed proofs or natural deduction. Tradi-
tional sequent calculi for temporal logic (e.g. [104, 105, 121]) usually include some inference
rules that complicate the automation of temporal deduction. In particular, temporal sequent cal-
culi either need some form of cut (classical cut or invariant-based cut) or they include infinitary
rules. Cut rules imply the “invention” of lemmata, called cut formulas, for their application.
Invariant formulas are particular cut formulas for proving temporal eventualities. In [104] and
[121], two sequent calculi for temporal logic with invariant-based rules are presented. In fact,
in both approaches, a system that includes also a cut rule is presented and then a cut elimination
proof is provided. However, invariant-based rules for temporal connectives cannot be avoided.
In [105] various sequent calculi are presented for temporal logic without the until connective
U (this means that the considered logic has a limited temporal expressive power). In [105]
completeness and cut-elimination proofs, together with various interesting reductions among
various calculi are provided. However, every calculus includes either some infinitary rule or
some invariant-based rule.

A remarkable consequence of using auxiliary graphs that require a second pass in the tableau
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framework and either invariant-based rules or infinitary rules in the sequent framework is that
temporal logic fails to carry out the classical correspondence between tableaux and sequents. In
classical logic, and even in some non-classical logics (e.g. many-valued logics), each step in a
tableau construction corresponds to an inference in the sequent calculus. Therefore, there is an
easy, useful and well-known correspondence that associates with each closed tableau a sequent
proof, which is a refutation.

In this chapter, we present a tableau system together with a dual cut-free and invariant-free
finitary sequent calculus for PLTL. We first provide a Temporal Tableau Method, called TTM,
which does not require auxiliary graphs to decide if a set of formulas is satisfiable. Instead,
there is a tableau rule that prevents from indefinitely delaying the fulfillment of eventualities.
The tableau method TTM is sound, refutationally complete and also complete. Therefore, it
gives rise to a decision procedure for PLTL. The tableau method TTM is directly associated with
a one-sided (or Tait style) sequent calculus that we call TTC (from Tait-style Temporal Calculus).
Since TTM is free from all the structural rules that hinder the mechanization of deduction, e.g.
weakening and contraction, then the resulting sequent calculus TTC is also free from this kind
of structural rules. In particular, TTC is free from any kind of cut, including invariant-based cut.
From the deduction system TTC, we obtain the two-sided sequent calculus GTC (from Gentzen-
style Temporal Calculus) that preserves all these good freeness properties and is finitary, sound
and complete for PLTL. Therefore, we show that the classical correspondence between tableaux
and sequent calculi can be extended to temporal logic. Such correspondence is mainly enabled
by a new style of inference rule for eventualities which introduces a new kind of temporal
deduction. This new kind of temporal deduction is based on the fact that if a set of formulas
A U{pU1)} is satisfiable, then it must exist a model M (with states sg, $1, . . .) that is minimal
in the following sense:

M satisfies either AU{¢} or AU{p, o((p A=AYUP)}

where A = {¢1,..., ¢} and "A = =(p1 A ... A ¢,). In other words, in a minimal model
M of AU{pU1p}, if 1 is not true in so then the so-called context A cannot be true from s;
until the first state where 1) is true. In order to clarify this fact, let us consider a model M’
with states s, s, ... such that s’ (with j > 2) is the first state in which ) is true and there
is at least one state in the sequence s, . . ., s;» in which A is true. Now, let & be the greatest
z € {1,...,7} such that A is true in s}. Then, the structure given by s ,s;_,...is also a
model of A U{@ U} that is minimal in the above sense.

The tableau method TTM and the sequent calculi TTC and GTC (first presented in [61])
extend and improve the work introduced in [60, 58].

In addition to the traditional approaches to tableau and sequent systems for temporal logic
mentioned above, there are two approaches whose results are closely related to ours. On one
hand, in [117] a one-pass tableau calculus that produces cyclic trees is introduced by Schwendi-
mann. This tableau calculus avoids the second pass by adding extra information to the nodes
in the tableau. Some of this information must be synthesized bottom-up and it is needed be-
cause tableau branches are not independent from each other. In particular, a cyclic branch may
contain an unfulfilled eventuality that can be fulfilled if other accessible cyclic branches are
considered for generating a wider cycle. Hence, it carries out an on-the-fly checking of the ful-
fillment of every eventuality in every branch. Our method is not based on an on-the-fly checking
of eventualities. As mentioned above, in our tableau method TTM, there is a tableau rule that
prevents from indefinitely delaying the fulfillment of eventualities. In TTM branches are in-
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dependent from each other and the fulfillment of an eventuality that appears in a branch does
not depend on other branches. Additionally, TTM tableaux are classical-like in the sense that
unsatisfiable sets of formulas give rise to closed tableaux where every leaf contains either a for-
mula and its negation or the constant F. By contrast, Schwendimann’s approach does not yield
classical-like tableaux in the sense that unsatisfiable sets of formulas may produce non-fulfilling
cyclic branches whose last nodes do not contain an explicit inconsistency (i.e. a formula and its
negation). Consequently, such approach requires an extra process for deciding whether a cyclic
branch is fulfilling or not. Schwendimann’s approach has also been applied to other logics such
as e.g. CTL ([5]) and PDL ([72]).

On the other hand, at the time of the publication of [60], to our knowledge the first published
invariant-free finitary sequent calculus for PLTL, we learned about the work of K. Briinnler and
M. Lange (see [20]), which provides an interesting alternative approach to the proof theory
of PLTL. The calculus presented in [20] has the analytic superformula property. Actually, in
[20], the strategy that leads to prove the completeness of the sequent system —which lies in
fairly selecting exactly one eventuality and sticking to it until it is fulfilled— is incorporated
in the sequent system by means of the so-called annotated formulas (which do not belong to
the logical language). The completeness proof of our system is also based on the mentioned
strategy but such a strategy is not incorporated in the system. In this way different strategies can
be used. We differentiate between the systematic derivation (which guarantees completeness)
and the many other derivations that usually are feasible. In Section 3.7 we compare, in a more
detailed way, our approach with the above mentioned approaches.

Outline of the chapter. In Section 3.2 we introduce the notions of sequent and sequent
system and we point out the relationship between tableau systems and sequent systems. In
Section 3.3 we present the tableau system TTM. Subsection 3.3.1 introduces the basic tableau
structure. Subsection 3.3.2 provides the rule system. Subsection 3.3.3 contains the definitions of
inconsistent node and open and closed branches. In Subsection 3.3.4 we establish the notion of
TTM tableau which includes the key concepts of expanded branch and expanded tableau. Finally,
in Subsection 3.3.5 we show some examples of tableaux. Section 3.4 is devoted to the soundness
and completeness results. The soundness of TTM is proved in Subsection 3.4.1. In Subsection
3.4.2 we propose an algorithm for systematically obtaining, for any set of formulas ®, a finite
tableau that proves that ® is either satisfiable or unsatisfiable. In particular we provide the
termination result and the worst case complexity for the algorithm. Examples that illustrate the
application of the systematic tableau algorithm are showed in Subsection 3.4.3. In Subsection
3.4.4 we prove the completeness of TTM. In Subsection 3.4.5 we suggest some improvements.
In Sections 3.5 and 3.6, we introduce, respectively, the one-sided sequent system TTC and the
two-sided sequent system GTC. The rule system, the soundness and completeness results and
some illustrative examples are provided for each of these two sequent systems. Finally, in
Section 3.7 we deal with related work and we compare some features of our approach with
other approaches.

3.2 Sequent-based Deduction Systems and Tableaux

Sequent calculus, first introduced by Gentzen ([65]), is the most elegant and flexible system for
writing proofs. Each line of a sequent calculus proof is a sequent. A sequent was (originally)
formed by two sequences of formulas separated by some kind of arrow (for instance, ). The
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intended meaning of a sequent 1, o, . .., @y F Y1, %9, . .., Yy, is the formula

n m
Nei =\ i
i=1 i=1

where — is the classical connective of implication (i.e. x — v = —x V ). The sequence
V1, P2, - - -, pn is called the antecedent of the above sequent and the sequence 1, 1o, . . ., ¥,
is called its consequent (or succedent). Since the seminal work of Gentzen, many variations of
the notion of sequent have been explored to provide different sequent-based deduction systems.
A sequent calculus is a proof system given by a set of rules such that each rule indicates that a
sequent may be inferred from a set of sequents. That is, a (finitary) rule consists of a numerator
formed by a (finite) set of sequents S, . . ., S, and a denominator S separated by a horizontal
line, next to which is the name of the rule':

In a rule () as above, each sequent .S; is called a premise and S is the conclusion. Traditionally,
a sequent calculus consists of structural rules and connective rules (rules for the connectives).
The conclusion of a connective rule has a principal formula that is affected by the inference.

For example
Aot x

R NN
is a rule for conjunction (A) whose principal formula is ¢ A tb. However, in structural rules,
the inference is guided by the whole conclusion. An example of structural rule is classical
weakeaning
AFx

AJAFx

There are many variations of sequents. The simplest one is obtained by allowing the an-
tecedent and consequent to be a (multi)set instead of a sequence. This choice (of sequences,
multisets or sets) is directly related to the classical structural rules of exchange and contraction.
In particular, the exchange rule only makes sense in sequence-based sequent calculi, whereas
the contraction rule, which is well-founded for sequences and multisets, leads to some confusion
when sets are considered. More precisely, the classical contraction rule (on the left):

(WE)

Ao,k x
A, ok x

makes no sense when the antecedent is a set, however some legal application of connective rules
could hide a contraction. For example, the inference

Ay, 0, x
eAYEX
! Sometimes, due to space reasons, the rule is formatted as follows:

S

Sn
S
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could result from a legal application of the above rule (AL) for A = {p A1) }. In classical logic
this kind of hidden use of the contraction does not harm, however in temporal logic? we must
be more careful on this matter. The sequent systems we are going to introduce are based on
sets. The notation A, ¢ stands for A U{¢} where ¢ ¢ A. This convention clearly disallows
hidden contraction. In particular, it disallows the above inference that uses the rule (AL) for
A={pAy}.

Another simple variation of sequent is related to the cardinality of the consequent. That is,
sequents can be either multiple-conclusioned or single-conclusioned, or even one-sided, respec-
tively depending on whether the consequent is a set, a singleton or empty.® One-sided sequents
were first used by Schiitte [116] with multisets and by Tait [123] with sets, hence when a new
system is presented it is usual to point out whether it is a Gentzen-Schiitte style calculus or
whether it is a Tait style calculus. There are really two kinds of one-sided sequents: left-handed
(empty consequent) and right-handed (empty antecedent). In this thesis, we use left-handed
sequents because they are very close to tableau systems. In fact, we present the tableau system
TTM that is directly related to the left-handed sequent calculus TTC. Besides, the established
results for the calculus TTC can be easily extended to the two-sided sequent calculus GTC. We
have preferred to formulate the calculus GTC by means of single-conclusioned sequents, in-
stead of multiple-conclusioned sequents, because in our opinion single-conclusioned sequents
are closer to natural deduction and capture better our intuition in logical reasoning. A multiple-
conclusioned system can be easily obtained from GTC.

3.3 The Tableau Method TTM

In this section we present a tableau system, called TTM, for PLTL. In TTM, tableaux are essen-
tially trees but branches can end in a leave that represents a loop into another node in its branch.
Our tableaux are one-pass in the sense of [117], that is, they do not require a second pass to
check an auxiliary graph of states in order to determine if every eventuality is fulfilled. As a
consequence, temporal stages are represented inside the branches of the tableaux instead of in
an auxiliary graph. The contents of this section are divided into five subsections. In Subsection
3.3.1 we introduce preliminary concepts related to the tableau structure. In Subsections 3.3.2,
3.3.3 and 3.3.4 we present the rules for constructing tableaux, the notion of inconsistency in
nodes and the notion of tableau itself, respectively. Finally, in 3.3.5 we provide some detailed
examples of tableaux.

3.3.1 Pre-tableaux

A tableau 74 for a finite set of formulas ® is a tree-like structure where each node n is labelled
with a set of formulas L(n). The root is labelled with the set ® whose satisfiability we wish to
check. The children of a node n are obtained by applying one of the rules to one of the formulas
in L(n). Nodes are organized in branches, so that the rules serve to either enlarge the branch
(with one new child) or split the branch with two new children. In order to formalize the notion
of branch we recall the concept of strongly generated set.

2 In general, in modal logic.
3 There are more sophisticated variants of sequents that are obtained, for example, by adding structure or labels
into sequents, but they are out of the scope of this thesis.
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Definition 3.3.1. Let Nodes be a finite non-empty set of nodes, n a node in Nodes and Nodes™
the set of all non-empty sequences of elements in Nodes. A non-empty set B C Nodes™ is
strongly generated with respect to Nodes and n iff it verifies the following conditions:

1. Ifng,nq,...,ny € B, thenn; # n; for all i and j such that0 <i < j <k
2. Ifng,n1,...,n, € B, thenng =n
3. If ng,nq,...,nk € B, thenng,ny,...,n; € Bforalli € {0,...,k—1}

4. For every node m € Nodes there is a unique sequence ng,ni,...,ny € B such that
ng = m.

We denote by trees(Nodes, n) the collection of all subsets of Nodes™ that are strongly gen-
erated with respect to Nodes and n. Let B € trees(Nodes, n), each sequence b € B is called
a branch. A branch ¥’ = ng,nq,...,n; is a prefix of another branch b = nq,nq, ..., ng if
0 <1 < k. If, besides, 7 # k, we say that b’ is a proper prefix of b. A branch b € B is maximal
whenever b is not proper prefix of any other branch in B.

Note that, in the above Definition 3.3.1, condition 1 means that a node cannot appear more
than once in a branch, condition 2 means that the first element in every branch is the node n,
condition 3 means that a strongly generated set is closed with respect to non-empty prefixes and
condition 4 states that every node must be the last node of exactly one branch, which may not
be maximal. Note also that trees(Nodes, n) is finite and every sequence b € B is finite for any
B € trees(Nodes, n).

Now we define the concept of pre-tableau for a set of formulas.

Definition 3.3.2. (Pre-tableau) A pre-tableau for a finite set of formulas ® is a tuple Tp =
(Nodes, ng, L, B, R) such that:

1. Nodes is a finite non-empty set of nodes
2. neg is a node in Nodes, called initial node

3. L : Nodes — 2U is the labelling function where T is a set of formulas that contains ®
such that the initial node is labelled by ®, that is L(ng) = ®

4. B is a strongly generated set in trees(Nodes, ng), called the set of branches

5. R is the successor relation over Nodes. R should be coherent with B in the sense that for
all n,n' € Nodes, (n,n') € R iff there exists a sequence ng,ny,...,ny € B such that
n =n; andn' = n;y1 for somei € {0,....k—1}.

As usual, R™ and R* respectively denote the transitive closure and the reflexive-transitive
closure of any binary relation R.
3.3.2 Tableau Rules

A tableau rule is applied to a set of formulas L(n) labelling a node n (which is the last node of
a branch). Each rule application requires a previous choice of a formula from L(n). We call the
set L(n) \ {¢}, where ¢ is the chosen formula, the context and it is denoted by A.
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Rule a A(a)

(=) | {e}
N | eny | {e v}
(=0) | —op | {op}

Rule 5 B1(B) By (B)

(=A) | (eAY) {—e} {}

(=U) | A(eU) | {=p, 0} | {p, 9, mo(pU)}
(U): U {v} {p, =, o(pU)}
Rule ﬁ B1 (ﬁ) Bg(ﬁ, A)

(U)o | Uy | {9} Lo, 7Y, 0o((p A A UD)}

where A stands for the context

Figure 3.1: Primitive TTM-Rules

As usual, the TTM-rules are based on a classification of the formulas into conjunctive and
disjunctive, which are respectively named as a-formulas and S-formulas. In Figure 3.1, any
a-formula « is decomposed in a unique set, called A(«), and any (-formula (3 is decomposed
into two constituent sets B1 and Bs. The set B; depends on the considered formula 3, whereas
the set By can also depend on the context A. *

This classification gives raise to the tableau rules whose names are also given in Figure 3.1.
Every rule, except (U )2, is well known in the literature. It is worth noting that (2 ); and (U )2
affect the same (3-formula, but not in the same way. The rule (U )2 can be considered quite
peculiar, since Bs(/3, A) includes a formula which depends on the whole set of formulas in the
node. Moreover, (U )2 leads to a new tableau construction style that allows us to dispense with
the auxiliary graph. This rule is based on the fact that if a formula ¢ ¢ is satisfiable in a
given context A, it is because there exists a model for A U {p U 1}, with sates s, s1, . . ., that is
minimal in the sense that if s; (with j > 0) is the first state in which ) is true then A is not true
in the states that belong to the sequence s1, s2, . . ., s;_1. More precisely, the crucial idea behind
the rule (U )2 is based on the following equisatisfiability result that relates two eventualities.

Proposition 3.3.3. Let A be a set of formulas. X1 = AU{oUY} and X9 = AU{Yp V (o A
(=) ANo((e AN =A)YUY))}, where U 1) & A, are equisatisfiable.

Proof. In order to show that 37 and X, are equisatisfiable, let us suppose that M is a model
of ¥1. If (M, s0) = AU{¢}, then M is also a model of Xy. Otherwise, (M, so) =
AU{p,p,0o(pU1p)} and there exists a state s; with j > 1 such that (M, s;) = ¢ and
(M, s;) = pforeveryi € {0,...,5 — 1}. Let k be the greatest h such that 0 < h < j
and (M, sp) = AU{eU}. We can ensure the existence of k because at least (M, sg) =
AU{pU}. As a consequence of the choice of , it holds that (M, sx) = {p, =, o((¢ A
—~A)U1p)}. Then, the PLTL-structure M" = (Spr, Var) such that Sy = sg, 8, ... and sy =

* Remember that A is always assumed to be a finite set and that ~A is F whenever A is empty.
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Rule a A(a)
(O) | Oy {p, 00¢}
(=) | =0¢ | {—p,00p}

Rule 5 B1(5) By ()
(R) eRY {o, 9} | {~p,¥,0(pR)}
(©) O {v} {—p, 00}
(-0): —O¢ {—p} {p, 0-00p}
(R | ~(eRy) | {} | {-p, 9, 00(eRY)}
Rule B By(B) By(,A)
(0)2 o {o} {-p, o((mA) U p)}
(—0)2 —O¢p {—»} {p,0o((mA) U )}
(=R)2 | ~(eRY) | {4} | {—p, b, o(((=p) N =A)U )}

where A stands for the context

Figure 3.2: Some Derived TTM-Rules

Sk+g and Vi (sy) = Va(sgsg) forevery g > 0 is a model of AU {p, =1b, o((p A 2A)U )}
Hence, M’ = 3. In the converse direction, any model of X is itself a model of ¥;. n

The above property is applied to the tableau construction by means of the rule (I )2. The
proof of Proposition 3.3.3 reflects the intuition behind the rule (I )o. In fact, Proposition3.3.3 is
used in Lemma 3.4.1 to prove the correctness of the rule (/ )2. The use of the rule (U ) makes
possible to prevent the repetition of contexts (i.e. sets of formulas) from the node n in which
(U )2 is applied to an eventuality U ¢ € L(n) until the first node n’ for which ¢ € L(n'),
provided that the number of possible contexts is finite. Consequently, the rule (/)2 makes
possible not to allow the indefinite postponement of the presence of ¢ (i.e. the fulfillment of
p U ) in the sequence of nodes obtained from n, provided that the number of possible contexts
is finite.

One may wonder whether the rule (U ); is essential for completeness. Our completeness
proof uses it, but it is an open problem whether there exists an alternative proof disregarding the
rule (U );. However, we conjecture that (/ ); is essential for completeness. Anyway, from a
practical point of view it is better that the system includes the rule (I )i, since (U )3 is costly
to use.

Besides the above primitive TTM-rules, the method TTM also uses the operator unnext to
convert the labelling set L(n) of a node n into another set unnext(L(n)) that labels a new node
and that intuitively represents the jump from one time instant to the next one.

Definition 3.3.4. For any set of formulas U:
unnext(¥) = {v | oy € ¥}

Note that, unnext(¥) could be the empty set, which we denote by ().
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From the primitive TTM-rules we can derive rules for the defined connectives like the ones
in Figure 3.2. However, along the chapter, most technical details are given only for the primitive
rules, in particular for the rule (U )o.

3.3.3 Consistent and Inconsistent Nodes and Closed and Open Branches

Tableaux are constructed with the aim of refuting the initial set of formulas. The search for a
refutation is carried out by decomposing formulas into their constituent sets of formulas in order
to find out whether an inconsistent set of formulas can be obtained.

Definition 3.3.5. A node n is consistent iff ¥ ¢ L(n) and there is no ¢ such that {p, —~p} C
L(n). Otherwise, n is inconsistent.

Note that, in Definition 3.3.5, the formula ¢ is not required to be an atom. Indeed, by
demanding ¢ to be atomic the completeness of TTM would be lost. For example, the set of
formulas ¥ = {pU q, ~(pU q)} would not be refutable, if the label L(n) of an inconsistent
node n should satisfy F € L(n) or {v,—~y} C L(n) such that v € Prop. In fact, using
the tableau rules there is no way to achieve such atomic inconsistency. However, ¥ must be
inconsistent in order to achieve completeness. It is also worth noting that a node labelled by 2 =
{pU q, (—p) R (—q)} (which is equivalent to ¥) is not inconsistent (in the sense of Definition
3.3.5). The set of formulas X can be refuted by our tableau method, but using the (non-atomic)
inconsistency of {o((—p) R (—q)), ~o((—p) R (=q))}.

When a branch b contains an inconsistent node we say that b is closed. Any closed branch is
trivially unsatisfiable. Branches that are not closed are said to be open. However, open branches
are not necessarily satisfiable. In particular, an open branch could be a prefix of a closed one.

3.3.4 Semantic Tableaux

The tableau rules given in Subsection 3.3.2, together with the notion of consistent node (Defi-
nition 3.3.5), allow us to determine when a pre-tableau is a tableau. Along this subsection 7
stands for a pre-tableau for ® given by a tuple (Nodes, ng, L, B, R).

Definition 3.3.6. (Coherent pre-tableau) A pre-tableau Tg is coherent if and only if every
node n in a non-maximal branch in B is consistent and exactly one of the following items holds
for every branch b = ng,nq,...,n;, njt1,...,n, € Bandeveryi € {0,...,k—1}:

(1) L(niy1) = A(a) UL(n;) \ {a} for some a € L(n;)

(2) There exist exactly one node n’ € N \ {n;1} and one branch V! = ny,ny, ...,n;,n’ € B
such that for some 3 € L(n;) either

 L(niy1) = Bi(8)UL(ni) \ {8} and L(n') = C(B, L(ns)) U L(ni) \ {5} or
 L(niy1) = C(B, L(ni)) UL(ni) \ {B} and L(n) = B1(B) U L(ni) \ {5}

where C(3, L(n;)) is B2(83) or B2(3, L(n;) \ {5}).
(3) L(nit1) = unnext(L(n;)).
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In items (1) and (3), every branch in B with proper prefix ng,n1, . . ., n; must also have prefix

ng, N1, - - -, Ny, N1, whereas in (2) every branch in B with proper prefix ng, n1, . . ., n; has also
/

prefix ng, na, . .., N, Njy1 or prefix ng, Ny, ..., n;,n'.

In a coherent pre-tableau branches whose last node is inconsistent do not accept more en-
largements or splittings. Every enlargement or splitting of a branch corresponds to the applica-
tion of a TTM-rule or the unnext operator to its last node. The application of an a-rule enlarges
a branch ng, ..., n; with a new node n;; that includes, in the label, the constituents of the
treated formula a, but not « itself. So that, the application scheme for the a-rules is

A«

A, /|1(oz)

where o ¢ A. The application of a 3-rule splits a branch ng, . . ., n; with two new nodes n;;
and n’ in such a way that the label of one of the new nodes includes the constituents in By (3)
and the label of the other new node includes the constituents in C(3, A), where C(3, A) is
either By(3) or Ba(/3, A), but the treated formula (3 is not included in the labels of the two new
nodes. So that, the application scheme for the G-rules is

A, B

A, Bi(B) A, C(6,4)

where 0 ¢ A. The application of the unnext operator enlarges a branch ny, . . ., n; with a new
node n;11 whose label is unnext(L(n;)). The application scheme for the unnext operator is
A
|
unnext(A)

In order to ensure when an open branch describes a model, we deal with the notions of stage,
cyclic branch, saturated set and fulfilling branch.

If we can ensure that the number of different labels used in the construction of a coherent
pre-tableau 7 is finite, then any infinite branch must contain infinitely many different nodes
with the same label. In particular, when a repetition arises in an open branch

o, M1y e v oy M1, Mgy oo oy N
i.e. when L(ny) = L(n;_1) for some j € {1,..., k}, then an infinite branch of the form
T, MLy e e oy M1, Mgy o o oy My Ty oy My e e

can be obtained. In fact, this will be a cyclic branch that will be finitely represented.

Definition 3.3.7. If b = ng, n1, . . ., ny, is an open branch such that L(ny,) = L(n;_1) for some
jeA{l,...,k}, thenbis cyclic and we define

cycle(b) =MNj,Nj+1,---,Nk

path(b) =ng, N1,y .-y MNj—1 <n]7 Mjt1s -0y nk>w
In other words, we consider that the implicit successor relation on b is extended with ny Rn;.
If a (closed or open) branch b’ is not cyclic then path(b') = b



3. Dual Systems of Tableaux and Sequents for PLTL 23

The last node ng whose label appears previously in the branch is intentionally added to the
branch because this repetition is what we will use in the systematic tableau for detecting the
loop (see Subsection 3.4.2).

Every branch (cyclic or not) of a coherent pre-tableau can be seen as divided into stages
according to the applications of the operator unnext. In other words, a stage is a sequence of
consecutive nodes between two consecutive applications of the operator unnext.

Definition 3.3.8. Given a branch b, every maximal subsequence ng,ng41, .. .,ny of path(b)
such that L(ng) # unnext(L(n¢—1)) for every £ € {g+1,...,h}, is called a stage. The func-
tions first and |ast respectively return the first and the last node of a given stage. We denote by
stages(b) the sequence of all stages of a branch b. The successor relation on stages(b) is in-
duced by the successor relation on path(b). That is, if s and s’ are respectively stages ny, . . ., n;
andny, .. .,n, in path(b) then sRs' whenever n; Rn{,. Hence, ifb = ng,n1,...,nj,...,npisa
cyclic branch such that cycle(b) = nj, nji1, ..., 1 (and j > 1), then stages(b) is a non-empty
finite sequence of stages So, S1, - - -, Sy, such that last(s,, ) Rfirst(s,) for some z € {1,...,m}
and n belongs to cycle(b) for every y € {z,...,m} and every node n in s,. For such a
cyclic branch b, we respectively denote by stages(cycle(b)) and path(stages(b)) the sequences
SayeeySmand 8oy ...y S—1 (Szy ey Sm)".

The following example serves to illustrate the notions of stages and path by means of a
sample branch.

Example 3.3.9. Consider a cyclic branch b = ng, ny,ng, ns, ny such that L(ng) = L(nz).
Then, path(b) = ng,ni,na - (n3,na)”. Let us suppose that L(ni) = unnext(L(ng)) and
L(ng) = unnext(L(ng)). Then, stages(b) is formed by three stages: sy = (ng), s1 =
(n1,n2,n3) and sy = (ng,ns3). Therefore, the induced relation R on stages(b) is given by
soRs1, s1Rs9e and soRso. Hence, path(stages(b)) = sg, s1 - (s2)%.

With a slight abuse of notation, the labelling function L is extended from nodes to stages in
the natural way. That is, for any stage s:

L(s) = | L(n).

nes

The general notion of fulfillment is introduced at the end of Section 2.2. Now we adapt such
notion to our tableau system.

Definition 3.3.10. Ler S be a sequence of stages, s € S and pUp € L(s), we say that p U )
is fulfilled in S iff there exists s' such that sR*s' and 1) € L(s'). A sequence S of stages is
fulfilling iff for all s € S every pU Y € L(s) is fulfilled in S. A branch b is fulfilling iff the
sequence path(stages(b)) is fulfilling.

The concept of fulfilling branch together with the following concept of o3-saturated stage
is crucial for determining when branches are able to describe a model.

Definition 3.3.11. A stage s is a3-saturated if and only if for every ¢ € L(s):
1. If p is an a-formula then A(p) C L(s)

2. If v is a B-formula then By () C L(s) or Ba(yp) C L(s) or Ba(p, A) C L(s), where
A = L(n;) \ {¢} for somen; € s such that p = xU~ € L(n;).
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Now, we give a sufficient condition to consider that an open branch is (sufficiently) ex-
panded. That is, it is able to describe a collection of models. This condition can be syntactically
checked. For the construction of systematic tableaux (see Subsection 3.4.2), we will refine this
sufficient condition to a simpler one (see Remark 3.4.8).

Definition 3.3.12. An open branch b is expanded if and only if b is fulfilling, cyclic and each
stage s € stages(b) is af3-saturated.

For example, an expanded branch of a coherent pre-tableau for {r/ p} can be formed by
the sequence of stages sg, s1, 52 where L(sg) = {rUp,p} and L(s1) = L(s2) = 0. Ac-
tually that branch is fulfilling, cyclic and «af-saturated, hence it is expanded. Also the se-
quence of stages xq, 1, T2, x3 Where L(xzg) = {rU p,r,—p,o(riUp)}, L(z1) = {rUp,p}
and L(x3) = L(x4) = () is an expanded branch. It is worth noting that expanded branches
can be enlarged. For instance an expanded branch of a coherent pre-tableau for {O(ri p)} is
given by the sequence of stages zo, z; where L(zp) = L(z1) = {0O(rU p),o0(rU p), rU p, p}.
But the sequence of stages zp, z1, 22, 23, 24 Where L(zp) and L(z;) are as above, L(z) =
{O@rUp),cT(rUp),rUp,r,—p,o(rUp)}, L(z3) = L(z0) and L(z4) = L(z2) is an ex-
panded branch too.

Remark 3.3.13. Enlargement of expanded branches is used in Subsection 3.4.2 for the system-
atic construction of tableaux in order to ensure the construction of fulfilling branches without
checking directly whether a branch is fulfilling (see Remark 3.4.8).

When constructing a tableau, only open branches (expanded or non-expanded) can be en-
larged. A completely expanded tableau is constructed for deciding if the original set of formu-
las is satisfiable or not, respectively depending on whether there is at least one expanded open
branch or all its branches are closed.

Definition 3.3.14. (Tableau) A tableau for a set of formulas ® is a coherent pre-tableau for ®.
An expanded tableau is a tableau where every maximal branch is either expanded or closed. An
expanded tableau is open if it has at least one open maximal branch’, otherwise it is closed.

3.3.5 Examples of Tableaux

In this subsection, we give some examples of tableaux. Each tableau is showed by means of
a figure formed by a part (a) and a part (b). The (a) part of the figure is a tree that contains
the sets of formulas that label each node of the tableau and the (b) part of the figure is a tree
that shows the rules applied at each step. For space reasons, the (a) and (b) part may appear in
the same figure or in different figures. For readability, we also underline the formula which the
TTM-rule is applied to. When the unnext operator is applied, we do not underline any formula.
In the nodes in which we apply the rule (/ )2 or the rule ()2, we only underline the eventuality
to which the rule is applied. Branches with the mark # are closed branches. In the last nodes of
closed branches, we underline the formulas that cause inconsistency. However, when a node is
inconsistent for more than one reason, we only point out one of them. Note that, when a formula
is treated at a node n of a stage s, this formula does not appear in the label of any successor of
n that belongs to the stage s, although it remains belonging to the label of s. Hence, already
treated formulas cannot be used to expand a branch again (at the same stage). Additionally,

5 which is expanded.
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Figure 3.3: Closed tableau for the set of formulas {pU/ F}
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Figure 3.4: Non-expanded tableau for the set of formulas {pU F}

since open expanded branches are cyclic, we mark the leaf and the internal repeated node with
the same superscript of the form (9 where i > 1.

Example 3.3.15. In Figure 3.3 a closed expanded tableau for the unsatisfiable set of formulas
{pUF} is showed.

Note that the rightmost branch consists of two stages, the first one is formed by the two
higher nodes. The remaining three nodes form the second stage of the branch.

The set of formulas {pUF} also serves to show that by using only the rule (U )1 the ful-
fillment of an eventuality can be indefinitely delayed. In particular, the set of formulas {pUF}
cannot be TTM-refuted without using the rule (U )y (see Figure 3.4). The rightmost branch,
namely b, of the tableau in Figure 3.4 is cyclic and is made up of two stages, xo and x1. The
first two nodes form the stage xy and the third and second nodes form the stage x1. Therefore
path(stages(b)) = xo - (x1)¥. Although the branch b is open and cyclic and each stage is
af-saturated, b is not an expanded branch because it is not fulfilling.

Example 3.3.16. In Figure 3.5 an open expanded tableau for the satisfiable set of formulas
{p, o—p, =FU —p} is showed. The tableau has two closed branches and one expanded open
branch, which is the central one. This open branch, which here we refer to as b, describes a
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Figure 3.5: Open expanded tableau for the set of formulas {p, o—p, =-FU —p}
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Figure 3.6: Open expanded tableau for the set of formulas {00 (p V r)}

collection of models. The first state sg of those models should make true the formulas labelling
the first stage (let us say xq) of the branch which is formed by the first two nodes. In particular,
p should be true at the first state sg. The second stage, x1, is given by the third and fourth
nodes of the branch, in particular —p should be true in the second state (s1) of such collection
of models. In fact, any infinite sequence of states prefixed by these two states, sy and si, is
a model of the root of the tableau since the third and fourth stages of the branch, namely x-
and x3, are given by the fifth and sixth nodes that are labelled by the empty set. Note that
path(stages(b)) = xq, x1, x2 - (x3)*.

Example 3.3.17. In Figure 3.6 we show an open expanded tableau for the satisfiable set of
formulas {0 (p V q)}. This tableau has two expanded (open) branches by (on the left) and by
(on the right). Regarding the branch by, the first three nodes form a stage xy and the fourth
node together with the second and third nodes form another stage x1 and path(stages(b1)) =
xo - (x1)*. This open branch describes a collection of models. The first state of those models
should make true the formulas labelling the first stage and all the other states should make true
the formulas labelling the second stage. In particular p should be true in all the states of those
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Figure 3.7: Open expanded tableau for the set of formulas {pU ¢, ©—q} (Part 1 of 2)

models. The case of the branch by is symmetric with the difference that r should be true in all
the states of the models described by bo.

Example 3.3.18. The tableau in Figure 3.7 is an open expanded tableau for the satisfiable set
of formulas {pU q,©—q}. Due to space reasons, the (b) part of the tableau is in Figure 3.8.
Note that the derived rules (¢); and (¢)2 —which are shown in Figure 3.2— are used. This
tableau has three expanded open branches describing three different collections of models. The
leftmost open branch, that here we refer to as by, represents the class of models with a first
state where p and —q are true and a second state where q is true. In by the first three nodes
form a stage, let us say xg, the fourth and fifth nodes form a stage x1, and the sixth and seventh
nodes form, respectively, stages xo and x3. Since the cycle of by is formed by the seventh
node, path(stages(b1)) = xo, 1,22 - (x3)“. In the first state of the models represented by
the central open branch b, the propositional variable q is true, whereas in the second one —q
holds. As in the branch by, in the branch by we can differentiate four stages, namelly yq, . . ., ys,
and the cycle is formed by the last node of the branch. The stage ys is formed by the last
node of the branch and path(stages(b2)) = vo,y1, %2 - (y3)*“. Finally, the rightmost open
branch, bs, represents models whose first three states respectively make true the literals q, q
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Figure 3.8: Open expanded tableau for the set of formulas {pU ¢, ©—q} (Part 2 of 2)

and —q. In the branch bs, the four applications of the unnext operator give rise to five stages,
20, . ..,24. The cycle of b3, as well as the stage z4, are formed by the last node of the branch
and path(stages(bs)) = zo, 21, 22, 23 - (24)".

3.4 Soundness and Completeness of TTM

In this section we first adapt, to the field of tableau methods, the notions of soundness, refuta-
tional completeness and completeness introduced in Section 2.3. Then, we prove that the tableau
system TTM is sound, refutationally complete and also complete.

A tableau method is sound if, whenever a closed tableau exists for ®, then ® is unsatisfiable.
A tableau method is refutationally complete if, whenever @ is unsatisfiable, a closed tableau for
® can be constructed. Therefore, a sound and refutationally complete tableau method guarantees
that, given a set of formulas ®, a refutation (i.e. a closed tableau) is obtained if and only if the
set ® is unsatisfiable. A tableau method is complete if both satisfiability and unsatisfiability
are decidable. However, soundness and refutational completeness do not guarantee that for
satisfiable sets of formulas such satisfiability is decidable. A termination proof is additionally
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required in order to prove completeness.

Subsection 3.4.1 is devoted to soundness. In Subsection 3.4.2 we introduce an algorithm for
the construction of systematic tableaux together with the concepts and results that the algorithm
and its correctness give rise to. In particular, we discuss about the analytic superformula property
and present our notion of closure, which serves to proof that the algorithm terminates for any
finite set of formulas. The worst case complexity is also established. In Subsection 3.4.3 we
give some examples of systematic tableaux. In Subsection 3.4.4 we prove the completeness of
TTM, by proving, as a first step, its refutational completeness. In Subsection 3.4.5 we provide a
practical improvement of the rule (I )s.

3.4.1 Soundness

In this section we first show that the TTM-rules preserve equisatisfiability (Definition 2.2.2) and
that the unnext operator preserves satisfiability. Then, soundness is proved in Theorem 3.4.2.

The soundness of a system can be guaranteed rule by rule, where a rule is sound whenever
it preserves the satisfiability.

Lemma 3.4.1. For every set of formulas ®, any a-formula v and any (-formula x:
1. ®U{~} is satisfiable iff © U A(~) is satisfiable
2. ®U{x} is satisfiable iff ® U By (x) or ® U Ba(x) or ® U Ba(x, ®) is satisfiable.
3. If ® is satisfiable then unnext(®) is satisfiable.

Proof. The case of the rule (U )9 is proved by using Proposition 3.3.3. The remaining cases
are straightforwardly proved by using the semantics of the connectives and the operator unnext,
presented in Section 2.2, and Definition 3.3.4. n

Hence, soundness can be proved.

Theorem 3.4.2. [fthere exists a closed expanded tableau for ® then ® is unsatisfiable.

Proof. Let Ty be a closed expanded tableau for ®. The set of formulas labelling each leaf is
inconsistent and therefore unsatisfiable. Then, by Lemma 3.4.1, each node in 7g is labelled with
an unsatisfiable set of formulas, in particular the root. Therefore ® is unsatisfiable. "

3.4.2 Systematic Tableaux

In this subsection we provide an algorithm for systematically building an expanded tableau.
We also study the main properties that our systematic tableau satisfies and we proof that the
algorithm terminates for any set of formulas given as input.

Unlike in complete tableau methods for propositional classical logic, the nondeterministic
application of the TTM-rules and the unnext operator does guarantee neither refutational com-
pleteness nor completeness. In order to guarantee refutational completeness and completeness
we provide an algorithm that, given a set of formulas ¢, constructs an expanded tableau for ®
that we denote by 7g. The tableau 73 will be closed if ® is unsatisfiable and open otherwise.

The systematic tableau algorithm is depicted by a while-program in Figure 3.9. The system-
atic tableau construction provides a proof search procedure for automated deduction.
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Input: A finite set of formulas ®
Output: An expanded tableau 73 = (Nodes, ng, L, B, R) for ®

i Nodes:={ns}; L:={(ne,®)}; B:={ns}; R:=0;selfun:={(ne,0)}
> while unmarked_branches(B) # () loop

3 choose b € unmarked_branches(B)

4 ny, := last_node(b);

5 if selfun(ny) = () then fair_select(b, 75, selfun) end if
6 if L(ny) \ selfun(nyg) is not elementary

7 then choose v € L(ny) \ selfun(ng)

8 non-select_expand(~, b, g, selfun)

9 else if selfun(ny) is neither empty nor elementary

10 then select_expand(b, 73, selfun)

i else { L(ny) is elementary } unnext_expand(b, 7, selfun)
12 end if
13 end loop

Figure 3.9: Systematic Tableau Algorithm

The construction of 73 consists in a systematic extension of branches using TTM-rules for
decomposing «- and (3-formulas into their constituents. When the current stage (Definition
3.3.8) becomes a-saturated (Definition 3.3.11), and consequently, the o- and (-rules cannot
be applied, the operator unnext (Definition 3.3.4) is used to jump to a new stage. Regarding
the use of the rules (¢ ); and (U )2, a specific strategy is followed. During the construction of
each stage, one eventuality —if there is any— is fixed as selected (Figure 3.9, line 5, fair_select).
Then the TTM-rules (except (U )2) are nondeterministically applied until we obtain a set of
formulas where every formula, except the selected eventuality, is elementary (see Subsection
2.1). However, at each iteration step only one formula is chosen (Figure 3.9, line 7) for apply-
ing the corresponding rule (Figure 3.9, line 8, non-select_expand) and, consequently, in general
several iteration steps are needed to obtain a set where only the selected eventuality is non-
elementary. At that point, the rule (U )2 is applied to the selected eventuality (Figure 3.9, line
10, select_expand), if there is any (what is checked in line 9). When (U ), is applied, new
non-elementary formulas may appear. Consequently, the TTM-rules (except (U )2) are nonde-
terministically applied again until we obtain an elementary set of formulas. Note that again,
in general, several iteration steps will be needed to obtain an elementary set. The construction
of a stage stops if an inconsistent node (Definition 3.3.5) is obtained because the corresponding
branch is marked as closed and only unmarked branches are considered for further enlargements
or splittings (Figure 3.9, line 2, unmarked_branches). If all the nodes of the stage we are con-
structing are consistent and the label of the last node of the stage is elementary, then the operator
unnext is applied (line 11, unnext_expand) and the construction of the next stage begins.

When, during the construction of a stage, the rule (U ), is applied to the selected eventuality
@ U 1) with context A, the branch is split into two branches, let us say b; and by. The label of
the last node in the branch b; is Ag U {¢} and the eventuality ¢ U ¢ is fulfilled in this branch.
Therefore it represents an attempt to make ¢ true in this state. However, b; could still be
the prefix of a closed branch. If following the enlargement of b; the next stage is created,
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i.e., if the branch does not close before applying the operator unnext, another eventuality must
be selected, if there is any available eventuality. The label of the last node in the branch by
is AgU{p, ), o((p A =Ag)U)}. Therefore, in the branch by, the fulfillment of U/ 1) is
postponed, but in the next stage, if the next stage is created, the eventuality (¢ A —=Ag) U
will be necessarily the selected one. In other words, the idea is to select an eventuality ¢ U
and to apply (U )2 only to ¢ U 1) and to the eventualities generated from it in the branch where
the inclusion of v, i.e., the fulfillment of ¢ U ¢ is postponed. The eventualities generated from
@ U 1) can be described as follows:

(AN —=Dg)UY (A= AgA—=ANUY ... (@A-Ag A=A A A-A)UY

where A, is the context at the moment of applying (U )2 to (0 A= Ag A=A A .. A=A 1)U .
Those eventualities are generated in different (consecutive) stages.

Since new eventualities are built up during the process, we must guarantee termination.
Classical propositional tableaux satisfy the subformula property (SP):

For every formula 1) used in the construction of any tableau for ®, there exists some
formula v € @ such that 1) is a (possibly negated) subformula of ~.

This property ensures the termination of the construction of any tableau for a (finite) set of
formulas. Most tableau systems for modal and temporal logics, fail to satisfy the SP, since some
of their rules introduce formulas that are not subformulas of the principal formula of the rule.
Hence, termination of modal/temporal tableaux is not obvious. However, most tableau systems
for modal and temporal logics, satisfy the analytic superformula property (ASP):

For every finite set of formulas ®, there exists a finite set that contains all the for-
mulas that may occur in any tableau for ®.

Such set is usually called the closure of ®. The ASP also ensures the non-existence of infinite
branches where all the nodes have different labels. Hence, by controlling loops, the finiteness of
proof search can be ensured. In our case, as a consequence of using the rule (U ), the tableau
system TTM fails to satisfy the ASP. However, TTM satisfies a slightly weaker variant that is
enough for ensuring completeness and that we call the weak analytic superformula property
(WASP):

For every finite set of formulas ®, there exists a finite set that contains all the for-
mulas that may occur in any systematic tableau for ®.

Our algorithm (Figure 3.9) constructs a systematic tableau 7¢ for any ® such that TTM satisfies
the WASP with respect to the set clo(®) (closure of @) (see Definition 3.4.9).

In order to satisfy the WASP, the algorithm keeps at most one selected formula to which the
rule (U )2 can be applied and when a new eventuality is generated in one stage, by using (U )a,
that new eventuality is the selected eventuality in the next stage. In this way, when the rule
(U )9 is applied with context Ay, the eventualities previously built by using (/ )2 are never in
Ap,. Consequently there are only a finite number of different contexts and this leads to the fact
that after a finite process it must happen that when the rule (U ) is applied to the set

AiU{((p/\_'Ao/\—!Al/\.../\—|Ai_1)u¢}

the context A; is equal to some A; with j € {0,...,7 — 1}. In such a case, the new set of
formulas that corresponds to the branch that postpones the fulfillment of ¢ U/ v is
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A U{(p/\ A9 A-AL A ADDA Y, O(((p/\ “Ag A AN AN A ﬁAZ)UQﬁ)}

and a contradiction is generated from A; and =Ag A =A; A ... A =A;_1. This ensures that
the branch where the fulfillment of ¢ U/ v is always postponed will eventually close. Regarding
the branch that does not postpone the fulfillment of ¢ U 1), the new set is A; U {¢} and it does
not contain any eventuality generated by the rule (U ), and there are only finite different sets
of this kind, so repeated labels, that give rise to cycles, must necessarily appear after a finite
number of tableau expansion steps. This strategy guarantees that a finite amount of steps is
sufficient to decide whether the selected eventuality can be fulfilled or not. If the eventuality
cannot be fulfilled, the corresponding branches close. If the eventuality can be fulfilled, when
the eventuality is fulfilled another eventuality is selected and the process goes on. This selection
must be done in a fair manner, i.e., an eventuality that from some stage onwards appears as
an eligible eventuality whenever an eventuality must be selected, cannot remain indefinitely
unselected. For handling selected formulas the algorithm uses a selection function selfun. Along
the construction of the systematic tableau, the function selfun associates to every node n one of
the following three possible sets of formulas:

1. the empty set
2. anon-elementary singleton of the form {@ U ¢}
3. an elementary singleton of the form {o(p U v)}.

The case 1 means that no until-formula is selected. In 2, selfun yields the set containing the
selected until-formula to which (U )2 will be applied in the current stage. The case 3 happens
for every node n of a stage s that has been created after the application of (U )2 inanode n’ € s
and in which the fulfillment of the eventuality in selfun(n’) has been postponed. Therefore, case
3 means that o(p U 1)) is the formula that has been obtained by applying the rule (/)2 to a
formula y U ¢ € selfun(n’) and that in the next stage ¢ U ¢ will be the selected eventuality. At
the beginning, selfun associates the empty set to the initial node.

In order to construct 7g, our algorithm nondeterministically chooses, at each step, a maximal
branch to be extended. The algorithm ends when every maximal branch is marked either as
closed or as expanded.

The procedure unmarked_branches yields the maximal branches that are not marked yet.
For extending the chosen branch, the algorithm uses three procedures. First, a procedure non-
select_expand that applies the corresponding TTM-rule, excepting (U )2, to a formula that has
been nondeterministically chosen from the set of non-selected formulas in the last node n of the
branch, i.e., from the set L(n) \ selfun(n). Second, when the TTM-rules other than (/ )2 cannot
be further applied, the procedure select_expand applies the rule (U )5 to the until-formula that is
selected by the function selfun, if there is some. The procedure fair_select updates the function
selfun using a fair strategy. Third, when the node is labelled by an elementary set, then the
operator unnext is applied using the procedure unnext_expand. Let us give a more detailed
explanation of all the procedures used by the algorithm.

last_node(b) gives the last node added to a given branch b.

non-select_expand (7, b, 7o, selfun) applies to the branch b the - or -rule (excepting (U )2)
that corresponds to the formula . In both cases, the formula selected by the function
selfun is preserved. That is, for ny, = last_node(b):



3. Dual Systems of Tableaux and Sequents for PLTL 33

e If v is an a-formula, create a new node n and a new branch ¥’ = b - n according to
the corresponding a-rule such that L(n) = (L(nk) \ {7}) U A(7) and extend selfun
and R to be selfun(n) = selfun(ny) and ny Rn.

e If ~ is a (non-selected) S-formula, create two new nodes n’ and n” and two new
branches b’ = b-n’ and b”" = b - n” according to the corresponding 3-rule such that

L(n') = (L(nk)\{~}) UB1(v) and L(n") = (L(nk)\{v}) UBa(v). Extend selfun
and R to be selfun(n’) = selfun(nyg), selfun(n’) = selfun(ny) and ni Rn', ny Rn”.

select_expand (b, 7, selfun) applies the rule (U )2 to an until-formula ¢ U 1) that is selected by
the function selfun. The function selfun yields the empty set for the new node that contains
1 since the until-formula has been fulfilled. In the other branch, the new selected formula
iso((¢ A —A)U ). That is, for ny, = last_node(b):

Let selfun(ny) = {¢ U1 }. Create two new nodes n’ and n” and two new branches
b'=b-n"and b’ = b-n" suchthat L(n’) = (L(nk) \{pU})U{e} and L(n") =
(L) \ {oU0}) Ul =5, of(p A =A)U )} where A = L(ng) \ {pU b},
Extend selfun and R to be selfun(n’) = 0, selfun(n”) = {o((¢ A ~A)U )} and
nipRn', nRn'.

unnext_expand (b, 7, selfun) creates a new node n and a new branch ¥’ = b - n such that
L(n) = unnext(L(ng)) and extends selfun and R to be selfun(n) = unnext(selfun(ny))
and nyi Rn where nj; = last_node(b).

unmarked_branches(B) returns the set of unmarked maximal branches in a given set of branches
B.

fair_select(b, 7g, selfun) selects an until-formula, if there is some in the last node of b. That
is, for ny = last_-node(b), whenever selfun(ny) = () and L(ny) contains at least one
until-formula, it updates selfun(ny) with a singleton {¢ U 1} such that pU ¢p € L(ng).
Otherwise, selfun(ny) remains the empty set. If the node contains more than one until-
formula, the selection performed by fair_select on L(ny) should be fair, in the sense
that no until-formula that from some stage onwards appears as an eligible eventuality
whenever an eventuality must be selected, could remain non-selected indefinitely.

Let us give some useful results about the systematic tableau 7g that this algorithm constructs
for any set of formulas ®.

Proposition 3.4.3. If {¢, =p} C L(s) for some stage s in a branch b of Tg, then every maximal
branch of Ty prefixed by b is closed.

Proof. By structural induction on ¢. It is easy to see that the application of TTM-rules to two
complementary formulas that belong to the same stage, but not necessarily to the same node,
should generate complementary constituents until they occur in the same node or, at most, they
become elementary. "

In the next proposition we show that non-satisfied unselected eventualities are kept in branches
at least until they are fulfilled or they become selected.
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Proposition 3.4.4. Let b be a branch® of Ty, and so, s1, Sa, . . ., Sy, be any initial subsequence
of path(stages(b)). If the set L(last(sy)) is elementary, and p Uy € L(s;) for some i €
{0,...,k}, and U is not selected in the sequence s;, . . ., sk, and ) ¢ L(s;)U. ..U L(sg),
then {, ~), o(pU )} C L(sj) forall j € {i,..., k}.

Proof. By the construction of 7, since non-selected eventualities are handled by procedure
non-select_expand using the rule (U ); . .

It is worth noting that in the above Proposition 3.4.4, the requirement of L(last(sy)) be-
ing elementary is necessary. In order to illustrate this fact, let us consider the set of formulas
{pUq,0(pUq),rUv,0(rUv)} and the branch b = ng, nq, ne such that

L(no) = {pUq,0(pUq),rUv,O(rUv)}
L(ny) ={pUq,c0(pUq),rUv,T(rUv)}
L(ng) ={pUq,c0(pUq),rUv,c0(rUUv)}

where, additionally, selfun(ng) = selfun(n;) = selfun(ng) = {pU ¢}. The branch b contains
only one stage sy = ng, n1,ng and L(ng) is non-elementary. For the sequence of stages s it
holds that r U/ v € L(so), rU v is not selected in sp and v ¢ L(sp). However, {r, —v, o(rid v)}
is not a subset of L(so).

Next, we give a more detailed description of the syntactic form of the formulas appearing
in sequences of stages where a selected eventuality remains unfulfilled. Under that proviso, at
each stage, there is exactly one selected eventuality and exactly one node to which the procedure
select_expand is applied. We also call this node the selected node of that stage. The fact that, at
each stage, there is exactly one selected eventuality and exactly one node to which the procedure
select_expand is applied, is crucial for defining the notion of closure with respect to which TTM
satisfies the WASP. We first define some auxiliary sets of sub- and super-formulas of a given
set of formulas ®. Let sf(®) denote the set of all the subformulas of the formulas in ¢ and
their negations. Then, the preclosure of @, preclo(®), is the set of formulas that extends sf(®)
with all the superformulas that are generated from sf(®) by means of all the TTM-rules with the
exception of the rule (U )o. That is

preclo(®) = sf(®) U {o(pU ), mo(eU),on(eU ) [ pUp € sf(P)}
U {o—p | —opesf(®)}.

Note that preclo(®) cannot be used as closure only because it does not capture the superfor-
mulas generated by the application of the rule (U )2. In order to capture these superformulas,
we define the following set of conjunctions of negated contexts:

conj(®) = {A\TITC{p|oUy € sf(P)} Unegetx(D)}
where negctx(®) = {-A | A C preclo(®)}

That is, negctx(®) is the set of all possible negated contexts and conj(®) is formed by all the
possible conjunctions of formulas in negctx(®) and the left-hand side subformulas of all the
until-formulas in sf(®). In particular, F € negctx(®) and F, —F € conj(®), since F and —F are
respectively the disjunction and the conjunction of the empty set of formulas. Note also that, by
definition, in the conjunctions of conj(®) every element of negctx(®P) occurs at most once.

® The branch b could be cyclic or not, so that path(stages(b)) could respectively be infinite or finite.
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Proposition 3.4.5. Let b be a branch®of Ts, let sq, s1, So, . . ., 51, be any initial subsequence of
path(stages(b)) and p U 1) € sf(P) such that i is the least natural number such that selfun(n) =
{oU)} for some n € s;. If the label of the last node of b is an elementary set and 1) ¢
L(s;)U...UL(sg), thenforall ¢ € {0,... .k —i}:

{06, 7, 0(0pr1 U D)} € L(site)

where 8o = ¢ and d¢11 = 9y N\ X for some x € negctx(P). Moreover, if 5y = N\T for some T
such that x € T then every maximal branch of Ty prefixed by sg, . . ., S;1¢ is closed.

Proof. Since the label of the last node of b is elementary, we can ensure, by Definition 3.3.8, that
no node of b belongs to two different stages. Consequently, if a stage sp,, with h € {i,..., k},
contains a node m such that selfun(m) is a singleton formed by an eventuality of the form
11 U 1o, then, by construction of 7g, sy, also contains a node m’ (generated later than m) whose
label has been obtained by application of the rule (U )s.

On one hand, the procedure select_expand yields two branches such that each branch either
contains {dg, =), o(dg4+1 U 1))} or contains 1. Note that, by construction of 7, if selfun(n) =
{o(bp11U )} for some n € s;4¢, then selfun(n’) = {0,411 U1} for the first node n' € s;4011,
forall £ € {0, ...,k —i— 1}. Therefore, 5o = ¢ and forall j > 0: §; = §;1 A ~A;_; where
—A;_1 € negetx(P) and Aj_; is the context L(n) \ selfun(n) of the selected node n of the
stage s;4;—1. Hence, by induction on /, §; € conj(®) holds forall £ € {0, ...,k —i}.

On the other hand, since x is the negation of the context of the selected node n € s;4y,
if 9041 = 0¢ A x and 6y = AT for some I such that y € T, then every branch prefixed by
S0, - - -, Si4¢ contains at the same stage (possibly at different nodes) {~, -y} for some formula
~. Hence, by Proposition 3.4.3, every maximal branch prefixed by sq, . . ., S;4¢ is closed. n

It is worth noting that if in the above Proposition 3.4.5 the label of the last node of the
branch b is non-elementary, then the result is not guaranteed. In order to illustrate this fact,
let us consider the set of formulas {pU q, o0 (pU q),rU v,o0(rUv)} and the branch b =
ng, N1, N, N3, N4, N5 such that

L(no) = {pUq,o0(pUq),rUv,o0(rUv)}

L(ny) ={pUq,c0(pUq),r,—v,o(rUv),o0(rdv)}
L(?’Lg) = {(L ol (qu)vrv —|’U,O(TU’L)), ol (TU,U)}
L(ns) ={0(pUq),rUv,O(rUv)}

L(ng) ={0(pUq),rUv,c0(rUv)}

L(ns) = {pUq,o0(pUq),rUv,o0(rUv)}

where, additionally, selfun(ng) = selfun(n1) = {pU g}, selfun(nz) = 0 and selfun(nz) =
selfun(ny) = selfun(ns) = {rU v}. The branch b gives rise to two stages so = ng, n1, nz and
s1 = ms,ng,ns,ni, na. If we consider the sequence of stages si, it holds that selfun(ns) =
{rUUv}and v ¢ L(s1). However, L(s1) does not contain the formula o(d; & v) mentioned in
Proposition 3.4.5.

Corollary 3.4.6. If b is a cyclic branch of Te and the label of the last node of b is elementary,
then every selected eventuality in b is fulfilled.
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Proof. By Proposition 3.4.5 since, whenever there is an unfulfilled selected eventuality in a
branch, the presence of the formulas J, makes impossible the existence of a loop. n

It is trivial, by construction, that every stage in a cyclic branch of 73 is a-saturated. Hence,
by Proposition 3.4.4 and Corollary 3.4.6, we can refine the sufficient conditions for being an
expanded branch of 73 (see Definition 3.3.12) as follows

Proposition 3.4.7. Let b be an open branch of T, if b satisfies the following three conditions:
(i) bis cyclic

(ii) for every eventuality v € preclo(®) such that v € L(first(s)) for all s € stages(cycle(d)),
there exists some s' € stages(cycle(b)) such that selfun(first(s')) = {7}

(iii) the label of the last node of b is elementary
then b is an expanded branch.

Proof. By Proposition 3.4.4, non-selected unfulfilled eventualities are preserved from one stage
to its successor. In addition, by Corollary 3.4.6, every selected eventuality in a cyclic branch
whose last node is labelled by an elementary set, is fulfilled. Hence, by condition (ii), every
eventuality from preclo(®) that occurs in L(first(s)) for every s € stages(cycle(b)) should be
selected (at least) once and, hence, should be fulfilled. n

Consequently, we use the three conditions in Proposition 3.4.7 to refine the implementation
of the procedure unmarked_branches

Remark 3.4.8. Whenever a branch b satisfies conditions (i), (ii) and (iii) of Proposition 3.4.7,
the procedure unmarked_branches considers b to be marked as expanded.

Note that a branch can satisfy the conditions stated in Definition 3.3.12 without satisfy-
ing conditions (i), (ii) and (iii) of Proposition 3.4.7. This means that sometimes the sys-
tematic algorithm does not detect that a branch is already expanded and goes on extending
it until conditions (i), (ii) and (iii) of Proposition 3.4.7 are satisfied. For example, an ex-
panded branch for the set {pU ¢, o0 (pU q), rU v, o0 (rU v) } is given by the sequence of nodes
b = ng, n1, na, ng, ng, ns such that

L(no) = {pUq,o0(pUq),rUv,o0(rUv)}

L(nl) = {pUQ7 o] (qu)vvv ol (T’U’L))}
L(?’Lg) = {(L ol (qu)vvv ol (T’U’L))}
L(ns) ={0(pUq),0(rUv)}

L(ng) ={0(pUq),rUv,c0(rUv)}

L(ns) = {pUq,o0(pUq),rUv,o0(rUv)}

where selfun(ng) = selfun(ni) = {pU q}, selfun(ng) = selfun(ns) = 0 and selfun(ny) =
selfun(ns) = {rU v}. The branch b gives rise to two stages s) = ng,ni,ne and s; =
ns, N4, N5, N1, ne. The branch b is cyclic, fulfilling and the stages are o/3-saturated. Conse-
quently, b satisfies the conditions in Definition 3.3.12, but b does not satisfy condition (iii) in
Proposition 3.4.7 and consequently the algorithm has to enlarge the branch. For instance, the
systematic algorithm can build the branch b - ng, n7 such that
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L(ng) = {q,00(pUq),rUv,c0(rUv)}
L(’I’L7) = {(L on (pUQ),’U, ot (TZ/{,U)}

and selfun(ng) = {ri v} and selfun(ny) = (). The stages of the branch b - ng, ny are zyp =
ng, n1, ne and 1 = ng, ng, ns, ng, ny, additionally, path(stages(b)) = xq - (x1)“. The branch
b - ng, ny satisfies conditions (i), (ii) and (iii) in Proposition 3.4.7.

By Corollary 3.4.6 and Remark 3.4.8, TTM satisfies the WASP with respect to the following
notion of closure.

Definition 3.4.9. Let ® be a set of formulas. The closure of ®, clo(®), is the following set of
formulas:

clo(®) = preclo(®) Uconj(®) U
where
Q={nAn)UY,o(AR)UY) | pUY € sf(P) and 11,72 € conj(P)}

Since in the systematic tableaux the formulas of the form
o((p A=A A=A Ao ADAR)UY)

built up by using the rule (2 ), can only contain one repetition of a negated context, i.e., since
there can only exist at most two values g and h such that 1 < g < h < kand -Ay = =Ay,
~1 and 9 are enough to represent such possible repetition of a negated context. In other words,
L(n) C clo(®) holds for all node n in 7, by Corollary 3.4.6 and Remark 3.4.8. In addition,
the closure set of a finite set of formulas is finite.

Proposition 3.4.10. If ® is a finite set of formulas, then clo(®) is also finite.

Proof. Tt is easy to see that, if |preclo(®)| = n then |negctx(®)| € O(2™). As a consequence
|conj(®)], |clo(®)] € O(2°03™). .

The above results jointly with the fairness of fair_select, allows us to ensure that the algo-
rithm in Figure 3.9 finitely computes an expanded tableau 7 for any input ®.

Lemma 3.4.11. The algorithm in Figure 3.9, for any input ®, stops leaving in Te an expanded
tableau.

Proof. By Konig’s lemma, the only possibility for infinite iteration would be the infinite expan-
sion of (at least) one branch, namely b. By Propositions 3.4.5, 3.4.7 and 3.4.10, the branch
b should contain an eventuality that is never selected, which contradicts the fairness of the
fair_select procedure. "

Note that the use of a fair strategy for selecting the eventualities in each branch of the tableau
is essential for proving that the algorithm in Figure 3.9 finishes.

We would like to remark that previous tableau methods for PLTL, with the exception of the
one-pass proposal of [117], for obtaining a model of a satisfiable set of formulas (when deciding
satisfiability) should generate the whole graph of possible states and all the successive tableaux
required for constructing this graph. However, we can use a depth-first strategy and, as soon
as a branch is marked expanded, the algorithm could stop providing a model for the original
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Figure 3.10: Systematic closed tableau for the set of formulas {pU F}

set of formulas. It is also worth noting that in the tableau calculus introduced by Schwendi-
mann in [117], the fulfillment of eventualities may depend on more than one cyclic branch, and
consequently, unlike in TTM, a fully expanded cyclic branch may not yield a model by itself.

3.4.3 Examples of Systematic Tableaux

In this subsection, we give four expanded tableaux built by using the systematic tableau algo-
rithm in Figure 3.9. In order to show each tableau we follow the same notation as in Subsection
3.3.5. The only difference is that in the systematic tableaux, we also manage the selection func-
tion selfun. So that, the formulas selected by the function selfun appear between the quotation
marks “ and ”. When in a node of the (a) part there is a formula y between the quotation marks
“and ”, i.e. “x”, that means that the value of selfun for such node is {x}. If a node does not
contain any formula between the quotation marks, then the value of selfun for such node is ().

In the first two examples we provide the systematic expanded tableaux that correspond to
the tableaux showed in Example 3.3.15 (Figure 3.3) and Example 3.3.16 (Figure 3.5) in Section
3.3.5.

Example 3.4.12. In Figure 3.10 the systematic expanded tableau for the unsatisfiable set of
Sformulas {pU ¥} is showed. This tableau is closed.

By following the algorithm for systematic tableau construction, the only available eventu-
ality, pUF, is selected. Hence the value of the selection function selfun for the first node is
{pUF}. Then the (3-rule (U )2 is applied to the formula pU ¥ with the empty set of formulas
as context. The application of (U ) splits the branch into two branches. The branch on the left
is closed because the label of its last node contains ¥. For the branch on the right, the label of
the new node contains the new formula o((p A F) U F). The formula F that appears on the left
hand-side of the formula o((p A\ F) U F) corresponds to the negation of the empty set of formu-
las. The value of the selection function selfun for this second node in the branch on the right
is {o(pUF)}. Since the label is elementary, the operator unnext is applied in order to jump to
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Figure 3.11: Systematic expanded tableau for the set of formulas {p, o—p, -FU —p}

the next state. The value of the selection function selfun for the new node (the third one in this
branch) is {(p N ¥) U¥}. By applying the rule (U )s, the branch is split into a closed branch
on the left and a branch with a new node whose label contains the formula o((p AF ANF)UF).
The second F from the left, in the formula o((p A F A F)UF), corresponds to the negation of
the empty set of formulas, which was the context in this second application of the rule (U )s.
Finally by applying the a-rule (M) to the formula p A\ ¥, an inconsistent node is generated.

It is worth noting that in the construction of the tableau in Figure 3.3 the rules (U ), and
(U )2 are used whereas the systematic tableau in Figure 3.10 does not include any application
of the rule (U ).

Example 3.4.13. In Figure 3.11 we provide the systematic expanded tableau for the satisfiable
set of formulas {p, o—p,~FU —p}. In the first application of the rule (U )s, the context is
{p, o—p} and in the second application of the rule (U ), the context is {—p}. The negations
of these two sets of formulas are used to generate, respectively, the formulas o((—=F A —=(p A
o—p)) U p) and o((—=F A —(p A o—p) A =—p) U p) obtained by means of the two applications
of the rule (U )y. The central open branch represents the collection of models explained in
Example 3.3.16.

Note that the formula —F U/ —p can also be expressed as ¢ —p.
The next two examples are related to the induction on time. These examples illustrate the
use of both the derived rule (¢)2 in Figure 3.2 and the rule (U )2 in Figure 3.1.

Example 3.4.14. In Figure 3.12 and Figure 3.13 we depict a systematic closed tableau for the
set ® = {p,0(—pV op),o—p}. The subset ¥ = {p,0(—pV op)} states, by means of the so-
called induction on time, that Op holds. Hence, ® is unsatisfiable. Note that the formula |\ %
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Figure 3.12: Systematic closed tableau for {p, 0
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Figure 3.13: Systematic closed tableau for {p,0(—p V op),© —p} by using ()2 and (U )2 (Part 2 of 2)

is an invariant that contradicts the eventuality © —p. The sets of formulas that label the nodes
appear in Figure 3.12 whereas the rules applied at each step appear in Figure 3.13.

The algorithm for systematic tableau construction, first selects the only available eventuality
o —p. So the value of the selection function selfun for the first node is {o —p}. Then the a-rule
(O) is applied to the formula O (—p \V op) enlarging the branch with a new node (the second
one). In the second node, the (3-rule (V) is applied to the formula —p V op and two new nodes
are generated. The one on the left is inconsistent and it yields a closed branch. In the one
on the right every formula, with the exception of the selected eventuality, is elementary and
consequently the rule (U ) is applied to © —p with context Ay = {p,op,o0(—p V op)}. The
application of the rule (U )9 splits the brach by creating two new nodes. The one on the left is
inconsistent and gives rise to another closed branch. For the new node on the right, the new
value of the selection function selfun is {o((=Ag) U p)}. Since the set that labels the node on
the right is non-elementary —because of the formula ——p— the a-rule (——) is applied and a
new node with elementary label is obtained. Consequently, the operator unnext is applied and
the branch is enlarged with a new node. The value of the selection function selfun for this node
is {(—=QAo) U —p}. The following two steps are like the two initial steps, i.e., the a-rule (O)
enlarges the branch and the (3-rule (V) splits the enlarged branch giving rise to a closed branch
and a branch where only the selected eventuality (—Ag) U —p is non-elementary. So the latter
branch is split again by applying the rule (U )2 with context A1 = Aq. The node in the left is
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Figure 3.14: Non-systematic and non-expanded open tableau for {p, 0 (—p V op), > —p}

inconsistent and the branch is closed. The label of the node on the right is non-elementary and
the value of the selection function selfun is {o((—=Ag A =A1)Up)}. Moreover, the repetition
of the context, i.e., A1 = A, leads to inconsistency since the label of this node contains the
Sformulas {p, op, o), =(p Aop Aow)}. First the branch is enlarged by means of the rule —— and
finally, two consecutive applications of the (3-rule (=) produce three closed branches.

It is worth noting that by using only the rule (U )1, the fulfillment of an eventuality can
be indefinitely delayed. As shown in Figure 3.14, the set ® = {p,0(—p V op),©—p} cannot
be TTM-refuted without using the rules (¢)2 and (U )o. In the third branch from the left, we
obtain the initial set after applying the operator unnext. Although the branch is cyclic, it is not
fulfilling, so it is not expanded. If the rules (¢)s and (U )y are not properly used as shown in
Figure 3.12 and Figure 3.13, the process will give rise to an infinite branch. Obviously, this
derivation does not follow the algorithm for systematic tableau construction.

Example 3.4.15. In Figure 3.15 we depict a systematic expanded tableau for the satisfiable set
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Figure 3.15: Systematic expanded tableau for {p, 0 (—p V 0op), © p} obtained by using (©)s.
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U = {p,0(—p V op),op}. The tableau is formed by four branches. Three of them are closed
and one is open (the third one from the left). The open branch, let us call it b, contains seven
nodes, so that, it is of the form ng, . .., ng where L(ng) = L(ng). The branch b is cyclic, the
label of its last node is elementary and in the cycle there are no eventualities, hence the sufficient
conditions for the algorithm to mark it as an expanded branch hold. We mark the leaf of b and
the internal repeated node with the superscript M. This open branch is formed by two stages
o = ng, Ny, ne, ng and x1 = ny, ns, ng and path(b) = xq - (x1)* which describes a model in
which p is true in every state because p € L(xg) and p € L(x1).

3.4.4 Completeness

In this subsection we prove the refutational completeness of TTM by showing that if ® is satis-
fiable then we can associate to any expanded branch b of the systematic tableau for ® a cyclic
PLTL-structure G, that yields a model of ®.

Definition 3.4.16. For any expanded branch b, we define the PLTL-structure G, = (Sg,, Vg,)
such that Sg, = path(stages(b)) and Vg,(s) = {p | p € L(s) and p € Prop}.

Note that termination of the systematic tableau construction is guaranteed by the finiteness
of the closure (see Proposition 3.4.10) together with the fairness in selecting until-formulas.
Consequently, since every maximal branch of 73 is closed or expanded, then any expanded
branch must have two nodes with the same label (see Remark 3.4.8) which necessarily belong
to two different stages, since one stage cannot contain two identical nodes. Summarizing, any
expanded branch of 73 has at least two nodes, at least two stages, and is cyclic. In the rest of
this subsection we will assume that b = nyg, ..., nx is an expanded branch of 73, hence b is
cyclic, and that Gy, is the cyclic PLTL-structure associated to b.

In the previous Subsection 3.4.2 we prove some properties about the behaviour of eventual-
ities along the branches of 74, that obviously can be applied to G,. The next proposition shows
the behaviour of negated eventualities in Gy,

Proposition 3.4.17. Let s; € Sg, such that ~(pU 1)) € L(sj). Then, every finite subsequence
T = 5;,8j41,...,5k of Sg, satisfies one of the two following properties:

(a) {p,~p, mo(eUVY)} € L(s;) foralli € {j, ..., k}
(b) There existsi € {j, ..., k} such that {—p, )} C L(s;) and {p, p, ~o(@U )} C L(sy)
foralll € {j,...,i— 1}

Proof. By inductionon k — j. The case k = j is trivial. For k —j > 1, the induction hypothesis
guarantees that 7/ = 8,51, ...,Sk_1 satisfies one of the properties (a) or (b). If 7’ satisfies (b),
so does 7. If 7’ satisfies (a) then, by a/3-saturation, we have {p, =), =o(pU )} C L(sy) or
{—¢, 9} C L(sk). Hence, 7 verifies (a) or (b), respectively. .

Therefore, we can prove that each state of G, satisfies its labels, that is the set of formulas
labelling all nodes that constitute the concerned stage.

Lemma 3.4.18. Forevery s € Sg,, if ¢ € L(s) then (Gy, s) = ¢.
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Proof. By structural induction on . The case of literals is trivial by definition of G;.

For formulas of the form ——p, ¢ A1, =(p A 1), op and —oy the property holds because every
stage in Sg, is af-saturated and the induction hypothesis on {¢}, {p, ¥}, {—¢, =9}, {¢} and
{—¢}, respectively.

For ¢ U 1), by Propositions 3.4.4 and 3.4.5, there should exist a finite subsequence sg, s1, - . ., Sp,
of Sg, such that so = s, € s, and ¢ € s; for every ¢ € {0,...,n — 1}. By the induction
hypothesis, (Gp, sn) = ¥ and (G, s;) = ¢ forevery i € {0,...,n — 1} and consequently
(Gb,5) = U

For —(p U 1)) formulas, by the above Propositions 3.4.3 and 3.4.17 and the induction hypothe-
sis, there does not exist any finite path sg, s1, . .., s, in Sg, such that sg = s, (G, sp,) = ¢ and
(Gp, si) = ¢ forevery i € {0,...,n — 1}. Consequently (Gy, s) I~ ¢ U1 and hence (G, s)
= (pU ). .

Corollary 3.4.19. G, = @

Proof. Immediate consequence of Lemma 3.4.18. n

By means of the collection of results proved in this section, we provide an alternative proof
of the result that states that “every satisfiable set of PLTL-formulas has a cyclic model” (see
Theorem 7.1 in [128] and Theorem 1 in [15]). Our proof is constructive in the sense that it gives
a tableau-based procedure that constructs the cyclic model G, for any satisfiable .

Now, we prove the refutational completeness of the tableau system TTM.

Theorem 3.4.20. If O is unsatisfiable then there exists a closed tableau for ®.

Proof. Suppose that it does not exist any closed TTM-tableau for ®. Then the systematic tableau
T3 would be open and there would be at least one expanded branch b of 7. By Corollary 3.4.19,
Gy = ®. Consequently ® would be satisfiable. "

Moreover, the tableau method TTM is also complete.

Theorem 3.4.21. If O is satisfiable then there exists a (finite) open expanded tableau for ®.

Proof. The systematic tableau 7 suffices to prove this fact. "

Hence, the system TTM can be used as a satisfiability decision procedure for PLTL.

3.4.5 Improving Eventuality Handling

The application of the rule (I )2 builds up complex formulas that involve the whole context.
Hence, for practical purposes, it is interesting to simplify these formulas as much as possible. In
this subsection we are going to show some ideas for avoiding redundant formulas in the negated
context produced by application of the rule (I )s. That is, we introduce a new rule (U )3 (see
Figure 3.16) that is an improvement of (I )o that prevents two kinds of redundancy:

1. Disjuncts stating that the next stage fails to satisfy a formula which the context ensures
forever.

2. Duplication of formulas.
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The first kind of redundancy is related to the logical equivalence of the formulas Od; A
o((p A (0001 V —d2))U) and 61 A o((¢p A —d2) U 1). By means of this improvement,
formulas of the form o'  and syntactical variants (which are called persistent formulas in the
forthcoming Definition 3.4.24 and Proposition 3.4.23) are left out of the context. The second
kind of redundancy corresponds to the equivalence of ¢ A ¢ and ¢.

At the end of this subsection, we analyze the gain of the new rule with respect to the older
one.

In order to deal with the first kind of redundancy, we introduce the following notion of
persistence.

Definition 3.4.22. A formula ¢ is called persistent iff for all M and all s; € Sy, if (M, s;5) =
@ then (M, sy) = ¢ forall k > j.

When decomposing formulas in a systematic derivation process some syntactical patterns
may be used to detect persistent formulas. That is the case of the formulas of the form O and
od¢. By taking also into account that

Op=-Co=-(tUp)=—(-FUP) =FRe=-"TR¢
it is easy to prove the following result which constitutes a syntactical characterization of a subset
of persistent formulas.
Proposition 3.4.23. Every formula that matches one of the following patterns:

oi;‘ ®, oi_'<> ®, _'Oi<'> 2 Oiﬁ(TL{' 90)7 —|Oi(TL[ 90)7
OZ_'(_'FU 90)7 _'OZ(_'FUSD)v OZ(FRSD)v T, 7F

is persistent. "

Note that we have characterized a proper subset of the set of all the persistent formulas. For
example, —~((—(¢ A —p)) U 1)) is a persistent formula which does not match any of the above
syntactic patterns.

Definition 3.4.24. For any set of formulas ®, we write persist_ch(®) to denote the set of all
v € ® such that vy fits one of the forms considered in Proposition 3.4.23.

On one hand, in order to avoid the inclusion of persistent formulas in the negation of the
context, we define the following operator:

A = =(A\ persist_ch(A))

Therefore, to get rid of the above first kind of redundancy, the rule (/)3 applies this new
operator _ instead of the previous operator —(_) to the context.

On the other hand, we define an operator M in order to prevent duplication of formulas. First,
we need to extract all the negative conjuncts of a formula. The set cnjts(y) consists of all the
conjuncts of ¢ and is recursively defined as follows:

: _J cnjts(p1) Ucnjts(pa)  if @ is g1 A oo
enjts(p) = { {¢} otherwise
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Rule I} B1(5) By (8, A)
U)s | pUv | {9} | {p 0. o((en D)UY)}
(s | op | {e} {op oAU ¢)}

Figure 3.16: The Rules (U )3 and (¢)3

Then, the set of all negative conjuncts of ¢ is
negenjts(v) = {¢ | ¥ € cnjts(p) and 1 is F or a formula of the form —y}

Consequently, the operator M is defined as follows:

F if (A \ persist_ch(A)) = 0 or F € negcnjts(y)
AR_)F if A € {cnjts(¢)) | 1 € negenjts(p) }
paS=a r if (A\ persist_ch(A)) € {cnjts(¢)) | 7 € negenjts(p) }

A A otherwise

Now we give some details to clarify the four cases in the definition of ¢ M A. First of all, let us
consider the set

Y= {X17"'7X7L7717"'77m7§07_'¢7o((30/\_'(><1 Ao AXnAm /\/\ym))bhﬁ)}
where persist_ch(X1) = {x1, - .., Xn}- The set 31 is equivalent to the set

22 = {Xla---aXlea---ana‘Pa —|¢7O((g0/\—|(’71/\/\’ym))u¢)}

Consequently, in the definition of ¢ M A, we can exclude the persistent formulas in A that
belong to persist_ch(A). In the first case, on one hand, if A \ persist_ch(A) = () then, since
the negation of the empty set is F, we consider the equivalence ¢ A F = F. On the other
hand, if F € negcnjts(y) then we consider the equivalence F A ¢ = F. In the second case,
if A € {cnjts(¢p) | =1p € negenjts(p)} then ¢ is of the form p; A ... A ¢ with & > 1 and
¢p; = ~Aforsome j € {1,..., k}. Therefore, we could consider the equivalence ¢ A =A = ¢
and state that in the second case ¢ @ A is . However, {x, (y A =x)U A} is equivalent to
{x, FU A} for any formulas y, v and X and, consequently, we choose ¢ M A to be F. The third
case is like the second one, but without considering the persistent formulas. The fourth case is
the general case where the only simplification consists in leaving out the persistent formulas.

By taking into account the above explanation, it is easy to see that the following two sets of
formulas are logically equivalent:

Au{o((pmA)U)} and AU {o((p A =A)U)}

The rule (U )3 in Figure 3.16 refines the rule (2 ), in Figure 3.1 since the second premise
o((¢ A =A)Up) of the rule (U )5 is substituted by o( (¢ M A) U ) in the rule (¢ )3. It is easy
to derive, from the new rule (I )3, the corresponding rule (¢)3 for the defined connective ¢ .

Now, let us give two examples that make use of these two new rules (¢)3 and (U )3 showed
in Figure 3.16. In these examples, the tableaux are built by using the systematic tableau algo-
rithm in Figure 3.9 and the rules (¢)3 and (U )3 instead of the rules (¢)2 and (U )2. In order to
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show each tableau we follow the same notation as in Subsection 3.4.3 (and Subsection 3.3.5).
As in the applications of the rules (¢)2 and (U )2, in the applications of the rules (¢)3 and (U )3
we only underline the eventuality to which the rule is applied.

Example 3.4.25. In Figures 3.17 and 3.18 we depict a systematic tableau for {p, 0 p} obtained
by using the rules (¢)3 and (U )s3. As expected from the satisfiability of the root set, the tableau
is open. Concretely, there are two cyclic (expanded) branches with a common repeated node.
Both rules (¢)s and (U )3 are used twice. In the first application (from the top) of the rule
(©)3, the persistent formula o0 p is left out of the negation of the context. Consequently, only
the negation of p is considered in the formula o((—p)U p), which belongs to the label of the
child on the right. In the second application of the rule (¢)s, again the persistent formula
od¢p is left out of the negation of the context. Since there are no more formulas, the set of
non-persistent formulas is empty and the formula o(FU p) is in the label of the child on the
right. In both applications of the rule (U )s, the selected eventuality is ¥ U p. In both cases,
the corresponding context contains at least one formula that is not persistent but, by definition
of the operator M, the formula o(FU p) is produced in both cases because of the formula F in
FU p.

The left-most open brach, by, is formed by six nodes ny, . . ., ns where L(ny) = L(ns), and
yields two stages, ro = ng, ny,ne and x1 = ng, ng, ns. Consequently path(by) = zg - (x1)%.
The right-most open brach, by, is formed by ten nodes nyy, . . ., ny where L(n}) = L(ng) and
gives rise to three stages, yo = ng,ny,nb, y1 = ns,ny,ns and yo = ng, ..., ny. Therefore
path(b2) = yo - (y1, y2)*. In the models described by by, p is true in all the states. In the models
described by by, p is true in the states Sy, S, Sa, . . . whereas —p is true in the remaining states

(51,53, 85, ).

Example 3.4.26. By means of Figures 3.19 and 3.20, we show a systematic closed tableau for
the unsatisfiable set {p,0(—p V op), < —p}. In this tableau we use the rules (¢)3 and (U )s.
In the nodes where (¢)3 and (U )3 are applied the context is {p,op,o0(—p V op)} and the
set persist_ch({p, op, o0 (—p V op)}) = {p, op}. Therefore, when the rule ()3 is applied, the
considered set of formulas is Ay = {p,op} and the formula o((—=Ay) U —p) is obtained. In
the same way, when the rule (U )3 is applied, the considered set of formulas is A1 = {p, op}.
However, since Ag = A1, the application of the rule (U )3 yields the formula o(F U —p) instead
of the formula o((—Ag N A1) U —p) generated by the rule (U )y in Figure 3.12. As can be
appreciated in the definitions of Ag and A1, the persistent formula o0 (—p\ op) is left out of the
context in the applications of the rules (¢)3 and (U )s. Additionally, the application of the rule
(U )3 avoids the repetition of Ay and obtains a simplified formula by using ¥. As a consequence
of these improvements the tableau has one branch less than the tableau constructed in Example
3.4.14 and the longest branch contains one node less than the longest branch in Example 3.4.14
(Figure 3.12).

Finally, we formally analyze the gain of using the rule (/)3 instead of the rule (U )o. This
analysis yields a small difference between both worst cases, although the improvement is very
useful for practical implementation.

We reformulate the notion of closure for the system (TT™M \ {( )2}) U{(U )3}. To this end,
we also need to redefine some other previously defined sets of formulas. However, other auxil-
iary sets, e.g. preclosure, remain defined as before. In order to stress which sets are redefined,
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Figure 3.17: Systematic expanded tableau for {p, 00 p} by using (¢ )3 and (U )3 (Part 1 of 2)
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Figure 3.18: Systematic expanded tableau for {p, 00 p} by using (¢ )3 and (U )3 (Part 2 of 2)

we use the prefix new_. The new definitions for the sets of negated contexts and conjunctions
are:
new_negctx(®) = {—A | A C (preclo(®) \ persist_ch(preclo(®)))}.

new_conj(®) = {/\ d | I' C new_negctx(®P) and I' is adequate}.
oel’

where we say that I' C new_negctx(®) is adequate iff
cnjts(8) # cnjts(d’) for every pair (-9, ~6’) € T x T such that § # §'.
Now, the closure of ® can be redefined as follows:

new_clo(®) = preclo(®) Unew_conj(®) U Q
where

Q={(eAy)Up,o((p Ay)UP),FUP,o(FUY) | U € sf(P) and v € new_conj(P)}

Hence, the cardinality of this closure is a bit smaller than stated in Proposition 3.4.10. Actually,
if |preclo(®)| = n then |new_negctx(®)| € O(2"). Therefore

Inew_conj(®)], [new_clo(®)| € O(22").

Recall that |clo(®)| € O(203").
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Figure 3.19: Systematic closed tableau for {p, 0

(—p V op), © —p} by using (¢)3 and (U

)3 (Part 1 of 2)
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(0) ©)

Figure 3.20: Systematic closed tableau for {p,0(—p V op),© —p} by using ()3 and (U )3 (Part 2 of 2)

3.5 The Sequent Calculus TTC

In this section we introduce the sequent calculus TTC that directly corresponds to the previously
introduced tableau system TTM. It is a reformulation of TTM as a one-sided sequent calculus
that serves as a bridge from TTM to the two-sided sequent calculus GTC that we introduce in the
next section (Section 3.6).

The sequent calculus TTC follows the left-handed one-sided approach (also known as Tait-
style, [123]), where sequents are formed by a set of formulas. We write A F to represent a
sequent whose set of formulas is A and whose intended meaning is A A — F,i.e. =(/A\ A).

The rules of TTC (see Figure 3.21) are obtained essentially from the TTM-rules writing them
upside down with the difference that in TTC we have left-handed sequents and in TTM we have
simply sets of formulas. The only exception is the rule (o) that corresponds to the application of
the operator unnext in TTM. This direct relation between both systems makes possible to obtain
a TTC-proof from any closed TTM-tableau in a straightforward manner.

The strong similarity between tableau refutations and left-handed sequent proofs that are
cut-free, contraction-free and weakening-free is evident. As a consequence, TTC is cut-free,
invariant-free, weakening-free and contraction-free.

We have split the primitive rules of TTC into three packages. Two of them consist of rules
for classical and temporal connectives, respectively. These rules follow the traditional style of
introduction of the connective and its negation in the sequent. In addition, we need two structural
rules which form the third package.
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Rules for the Classical Connectives

AMPM/”‘ A,_‘QD}_ A, H
T E—r WEener VT aGrar

Rules for the Temporal Connectives
unnext(A) - Ay A, o(pUY)
(o) (A) (U), 2Y ¢ 2, o(pUY)
AF A oUY
A, omp - Al Ap,po((p A A UYP) E

C) A oo (U Aol

y 1Y y P 7/1 =
(_|Z/{) Av P, _‘7/1 - Av@v _‘¢a_‘o(¢u¢) -
A, ~(pUrp) B
Structural Rules

dy) ——— dg) —
N ¥

Figure 3.21: Primitive TTC-Rules

As TTC is sound and complete (Theorems 3.5.1 and 3.5.3), given a set of formulas A, it
holds that A is unsatisfiable if and only if there is a TTC-proof for A .

A TTC-derivation is a possibly infinite tree labelled with sequents and built according to the
inference rules in TTC. A TTC-proof is a finite derivation where the sequent to be proved labels
its root and the leaves are labelled with axioms (which are rules without premises).

A set of formulas I' is TTC-consistent if and only if there is no any TTC-proof for the sequent
'k

The soundness of TTC means that every TTC-provable sequent, namely I" I, is correct re-
garding to satisfiability. In particular, every satisfiable set of formulas I" is TTC-consistent.

In the TTC sequent calculus all the non-structural rules are invertible with the exception of
the rule (o). A rule is invertible when it holds that if the conclusion is provable, so are the
premises.

Theorem 3.5.1. (Soundness) For any set of formulas T, if " is not TTC-consistent, i.e., if there
exists a TTC-proof, then I is unsatisfiable.

Proof. By induction on the length of the TTC-proof, it suffices to prove that every primitive rule
of TTC (see Figure 3.21) is correct in the sense that if the set of formulas of each premise is
unsatisfiable then the set of formulas of the conclusion is unsatisfiable. The only difficult case
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is the case of the rule (U ). The justification for that case is already given in Theorem 3.4.2. =

Next, we prove that TTC is a complete calculus by relating its completeness to the complete-
ness of TTM.

Proposition 3.5.2. For any set of formulas ®, if Te is a closed expanded tableau for ® then
there exists a TTC-proof for the sequent ® .

Proof. Since each TTM-rule has its corresponding TTC-rule, the TTC-proof is directly obtained
from the closed TTM-tableau for ®. "

Theorem 3.5.3. (Completeness) For any set of formulas ®, if ® is unsatisfiable, then there
exists a TTC-proof for P.

Proof. If ® is unsatisfiable then there exists a closed TTM-tableau for ®. Hence, by Proposition
3.5.2 there exists a TTC-proof for . "

As in the case of TTM, the exhaustive application of the rules in the calculus TTC, with-
out any additional restriction or strategy, does not yield a decision procedure for PLTL. The
reason is that TTC, by itself, does not satisfy the weak analytic superformula property (WASP)
(see Subsection 3.4.2). Remember that the systematic tableau algorithm of Subsection 3.4.2
incorporates a strategy for the application of (U ), which contributes to the satisfaction of the
WASP.

When building a TTC-derivation we can use primitive rules, derived rules and also admis-
sible rules. The admissible rules are new sound rules that cannot be derived from the primitive
rules of TTC, but do not add deductive power to the system. That is, a set @ is consistent with
respect to TTC if and only if ® is consistent with respect to TTC plus the admissible rules. In
other words, for every TTC-proof that includes the use of some admissible rules there exists
another TTC-proof that does not use any admissible rule.

The derived rules can be used as a shortcut for several lines of proofs that are built by using
only primitive and admissible rules.

Among the admissible rules the most outstanding ones are the following classical structural
rules of Weakening and Cut:

AF Aok A -pk
NN (Cut) AR

(WE)

The sequent calculus TTC is cut-free since we have already proved its soundness and complete-
ness and the cut rule is omitted in TTC. Since TTC is complete without the cut rule, the cut rule
is admissible in TTC. However, the classical syntactical techniques for cut elimination cannot
be applied here because of the context used in the rule (¢ )2. Hence, we have been unable to
give a syntactic proof of cut elimination. However, we are aware of the work of K. Briinnler,
who introduced the notion of deep sequent and gave a cut-elimination procedure for modal logic
([19]). It remains open to see whether the same technique applied to our calculi (extended with
the cut rule) could yield a syntactical cut-elimination procedure for PLTL.
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Figure 3.22: Some Derived Rules for TTC

The weakening rule (Wk) is non-invertible so it must be used carefully. The rules (T) and
(—F), that appear below, are particular cases of the rule (W k) but they are invertible. So they
can be used to eliminate the formulas T and —F knowing that the equivalence with respect to the
TTC-consistency is preserved:

AF Ak
N

Since TTC is also contraction-free, admissible rules could be obtained by associating to
every non-structural rule (R) the rule (RC') that produces an (implicit) contraction in (R). For
example, the rule below (AC') is the admissible rule that corresponds to the primitive rule (A).

A, o N, 9 F
A oAy F

(AC)

Regarding derived rules, first we use the usual abbreviations of defined connectives in order
to derive the rules in Figure 3.22. It is easy to check that (V) is derived from (—A) and (——);
(=V) from (——) and (A); (R ) from (—=U ) and (=—); for i € {1,2}: (=R ), is derived from
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(Cdy) (Cdy)
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Figure 3.23: TTC-proof for the set of formulas {q, pU F}

(==) and (U );; fori € {1,2}: (0); is derived from (U ); and (T); (—¢) is derived from (= ),
(T), (=) and (Cd)2; (O) from (—=¢), (=), (T) and (—0o); and for i € {1,2}: (—-0O); from
(=), (0); and (T).

The soundness and invertibility of these derived rules is guaranteed by the fact that they have
been obtained using only sound and invertible rules. Note that if the rule (W) is used instead
of () for deriving the previous rules their invertibility could not be directly guaranteed.

It is well known that the connective U/ is not expressible in temporal logic with only o, O,
and ¢ as temporal connectives (cf. [80, 53]). As a consequence, a complete calculus for the
sublogic that uses ¢ instead of ¢/ cannot be derived (by abbreviation) from TTC, since the rule
()2 needs the connective U for expressing its second premise.

Finally, let us recall the respective refinements (¢)3 and (U )3 of the rules (¢)o and (U )9
that allow us to avoid the inclusion of persistent formulas and duplications in the negation of the
context (see Subsection 3.4.5):

Aok Ay
(0) Av —p, O(AUSD) F Av @, _'¢7 O((QD@ A)u¢) -
3 A ootk A, oUY +

Now, let us illustrate the TTC-style of reasoning by means of some examples of TTC-proofs.
In order to enhance readability, we have underlined, at each step, the principal formula. How-
ever, when the rule (o) is applied, we do not underline any formula. In the nodes in which we
apply the rules (U )2, (¢)2, (U )3 or (¢)3, we only underline the eventuality to which the rule is
applied.

Actually, each derivation can be seen as an inverted closed TTM tableau.

(U)s

Example 3.5.4. The TTC-proof in Figure 3.23 shows that the set of formulas {q,pU ¥} is un-
satisfiable.

Note that in the first application (from the bottom) of the rule (U )3 the obtained premises
coincide with the ones that we would obtain by using the rule (U )2. By contrast, in the second
application of the rule (U )3, the right-hand premise is different from the one that we would
obtain by using the rule (U )o. By using (U )2 we would obtain the sequent p \ —q, —F, o((p A
—q A\ F)UF) F instead of the sequent p \ —~q, —F,o(FU F) t. It is also worth noting that this
TTC-proof does not exactly follow the strategy formalized by means of the systematic tableau
algorithm in Figure 3.9. In particular, in the second application (from the bottom) of the rule
(o) the sequent p \ —q, —F, o(FU F) & is not formed only by elementary formulas.
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Figure 3.24: TTC-proof for the set of formulas {pU ¢, ~0¢ ¢, ~q}
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Figure 3.25: TTC-proof for the set of formulas {00 —p, ©p}

Example 3.5.5. In Figure 3.24 we depict a TTC-proof for the unsatisfiable set of formulas
{pU g, ~00 q, —q}.

Note that in the first application (from the bottom) of the rule (U )3, we avoid to consider the
permanent formula o—<¢ q in the negation of the context. Consequently in the right-hand premise
we obtain the sequent p,—q,o((p A =—q)U q),0— q F instead of the sequent p, —~q,o((p A
——g A ~0—0q)U q), 00 q - that we would obtain by using the rule (U ). In the second
application of the rule (U )3, we obtain the sequent p A\ —=—q,—q, o(FU q),0—>q F as the
right-hand premise because we dispense with the persistent formula o—<¢ q and because the
negation of —q (i.e. the negation of the context without persistent formulas) is a conjunct of the
left-hand subformula of (p N =—q) U q.

Example 3.5.6. In Figure 3.25 we show a TTC-proof for the unsatisfiable set of formulas
{O-p,op}.

Note that, when the rule (©)s is applied to the sequent O—p, o p b, the formula O—p is
left out of the negation of the context. Therefore the negation of the context without persistent
formulas is . When the rule (U )3 is applied to the sequent O—p,FU p t, on one hand the
formula O—p is left out of the negation of the context. On the other hand, the negation of the
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context without persistent formulas is ¥. However, F is not repeated in the new formula that
contains the connective U, i.e., the new formula is o(F U p) instead of o((F ANF) U p), which we
would obtain if the rule (U )y were used. Note also that this TTC-proof does not exactly follow
the strategy formalized by means of the systematic tableau algorithm in Figure 3.9, because the
rules (U )3 and (©)3 are applied to sets of formulas that are not elementary.

Example 3.5.7. The TTC-proof in Figure 3.26 shows that the set of formulas {p,0(-p V
op),©—p} is unsatisfiable. Actually, this proof can be obtained by inverting the closed tableau
built in Example 3.4.14 (Figures 3.12 and 3.13). Note that every set ¥;, withi € {0,...,5}, is
inconsistent and the rule (Cdy) is used for each of them. In particular, sets X, . . ., ¥.3 contain
p and —p, ¥4 contains op and —op and X5 contains 01 and -0 where 1) = 0O (—p V op).

3.6 The Sequent Calculus GTC

In this section we present the sequent calculus GTC (see Figure 3.27) that is two-sided and one-
conclusioned (or asymmetric). We prove the soundness of GTC and, then, we discuss about
admissible and derived rules. Afterwards, we prove the completeness of GTC with the help of
some previously derived rules. Finally, we give four examples of GTC-proofs.

The calculus GTC (see Figure 3.27) is straightforwardly obtained from the previous calculus
TTC. Actually, almost each primitive rule of TTC has a counterpart in GTC that results from
adding a conclusion x to each sequent in the rule. The only exception are the rules where the
context is combined with the principal formula to produce the sequents in the numerator, where
x (or better —y) behaves as part of the context. Moreover, admissible or derived rules in GTC
are the same kind of counterparts of TTC rules as the primitive ones.

The soundness of GTC means that every GTC-provable sequent, namely I" |- 1, is correct re-
garding to logical consequence. In particular, every satisfiable set of formulas is GTC-consistent.

Theorem 3.6.1. (Soundness) For any set of formulas ' U{x}, if T' b x is GTC-provable then
I'E=x.

Proof. By induction on the length of the GTC-proof, it suffices to prove that every primitive rule
of GTC (see Figure 3.27) is correct in the sense of preserving the logical consequence relation
between the antecedent and the consequent.

The correctness proof of most rules is just routine. Actually, the only correctness proof that
poses some difficulties is the proof of the rule (¢ L)2. Hence, we only give the details for this
rule.

We prove, by contradiction, that if x is a logical consequence of the antecedents of the
premises of the rule (U L)y then, y is also a logical consequence of AU{pU }. Let us
assume that x is not a logical consequence of the set of formulas AU{pU 1}, i.e. the set
AU{pU1p,—x} is satisfiable. Then, by Proposition 3.3.3, the set AU{¢, —~x} or the set
AU{p, 7, o((pA=(AU{=x})) U ), —x} (at least one them) is satisfiable. Consequently, x
is not a logical consequence of A U {1} or y is not a logical consequence of A U {¢, =), o((pA
—(AU{=x}))U1)}. So that, we can build a countermodel for some of the two premises of the
rule (U L)s. n
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Figure 3.26: TTC-proof for the set of formulas {p, 0 (—p V op), ©—p}
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Rules for the Classical Connectives

AF

_AfFy Al F
A, —p = x

-L
(=) AlF -

(R-)

Ao, x
A, o NP x

Ay ARy

(AL) AF @Ay

(RA)

Rules for the Temporal Connectives

A, o =y unnext(A) F ¢

AFop

A}——!OQD

(—oL) (RoL) (Ro-)

A, —op = x

AM/”‘X Aa%ﬂ/%oﬁpuq/f)’_x

L
(ULh A, oUY = x

Aa_‘w’_ﬁf Aa%_‘owuﬁ’)’_ﬁf
AF oUD

(RU)

Ay x A, o, ), 0o((p A =2(AU{—x}))UY) - x
AUy = x

A}—O—mp

Structural Rules

A, —pkF A F oF

(O =& ) XFx

Figure 3.27: Primitive Rules for the Sequent Calculus GTC



3. Dual Systems of Tableaux and Sequents for PLTL 61

Aot x
L) — L)—mM L) —2 X
(FL) A, FEx (CdL) A, o,k x ( ) A, =p = x
A -k x A,y unnext(A) F F
-AL
( ) A, —(eN)Ex (oL) Ak x

Av 2 _'¢ F X Av 2 _'¢7 —|o(<pL{¢) F X
A —(eUY) Ex

(-UL)

Figure 3.28: Some Derived GTC-Rules

The calculus GTC is more versatile than TTC, in particular GTC allows not only refutation
proofs, but also goal-directed proofs or, in general, the consequent can directly be used as prin-
cipal formula in GTC-proofs. As a consequence, in GTC, we can derive rules that have no sense
in one-sided systems. For example, the contraposition rules:

A, —pk9y
Av_'¢|_30

Apky

(Cpl) (Cp2) N

which can be derived in the usual way from the primitive GTC-rules for the classical connectives.
The derived rules in Figure 3.28 are useful for proving the completeness of GTC. They are

easily derived with the help of the above rules (Cpl) and (Cp2). It is easy to check that (FL) is

derived from (Cd) and (As); (CdL) from (=L) and (As); (oL) from (oF) and (RoL); (——L)

from (Cpl) and (Cp2); (= A L) from (Cpl) and (RA); and (=Y L) from (Cpl) and (RU ).
Now, we can associate to each TTC-proof a GTC-proof.

Proposition 3.6.2. If ® |- is TTC-provable then ® - F is GTC-provable.

Proof. Suppose that ® - is TTC-provable. Then, by admissibility of the rule (—F) (see Section
3.5), @, —F - is also TTC-provable.

It is easy to see that for each TTC-rule there is a closely related (primitive or derived) GTC-
rule. In particular, TTC-rules are GTC-derived rules or single instances of GTC-rules. More
precisely, the TTC-rules (——), (V), (=V), (o), (U )1, (U )2, (—0), (=U ), (Cdy) and (Cdy), re-
spectively correspond to (——L), (VL), (=V L), (oL), (U L)1, (U L), (—oL), (~U L), (CdL)
and (FL). As a consequence, we can construct a GTC-proof of the two-sided sequent &, —F - F.
Therefore, using the GTC-rule (C'd), the sequent ® + F, is also GTC-provable. "

Theorem 3.6.3. (Completeness) For any set of formulas T U{x}, if I' = x then T F x is
GTC-provable.

Proof. If T' = x is not GTC-provable, then by rule (C'd) the sequent I' U {—x} F F is not GTC-
provable. By Proposition 3.6.2, I'U{—x} F is not TTC-provable, which is a contradiction by
Theorem 3.5.3. n
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Using the abbreviations ¢ ¢ and O¢ for TU ¢ and —<¢ ¢, respectively, we are also able to
derive the following useful rules:

A, ok x A, ok x
A, - - A, =, o(—~(AU - -
(o), 2 p,o(TU ) - x (0 L)y 2 @, o(=(AU{-x}HUp)Fx
A, o0k x A, ok x
A, =00 p A, p, 000 F x
L
(Fo) AFop ©L) A,Opkx
Al Al
A, o(TU ~p) =~ A, o(=AU ~p) F
(RO)y AF Oy (RO)s AFOg

In addition, the TTC-rules (U )3 and (¢)3 produce the corresponding GTC-rules where A’ =
AU{-x}:

Ak x Aok x

Ao (e MAVUD EX o Ao oD UG F X
AU X P Aopkx

(UL)3

and it is easy to derive the following rule (RO )3 for the defined connective O

Al
A, o( AU —p) F —p

()3 AF Oy

Note that, by (L) and (CdL), the following contradiction rule is also derivable:

(Cdo)
A,O¢,—o0¢p F x

Let us now illustrate the GTC-style of reasoning by means of some examples of GTC-proofs.
In order to enhance readability, we underline, at each step, the principal formula. However,
we do not underline any formula in the applications of the rules (RoL), (oF) and (oL). Both
primitive and derived rules are used in the derivations.

Example 3.6.4. The GTC-proofin Figure 3.29 shows that the formula q is a logical consequence
of the set of formulas {pU q, ~o© q}. This GTC-proof is similar to the TTC-proof showed in
Example 3.5.5 (Figure 3.24).

Note that in the first application (from the bottom) of the rule (U L) the persistent formula
0= q is left out of the negation of the context. In the second application of the rule (U L)3 we
obtain, in the right-hand premise, the formula o(FU q) because we dispense with the persistent
formula o—¢ q and because the negation of —q is a conjunct of the subformula p A ——q in the
Sformula (p A ——q)U q.
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(CdL)

(M)
(UL)3

b, 7™q, g, O(FUQ)a 00 gt q
» A =g, g, o(FL{ q)7 o—¢oqtgq

(As)

(pA—qQ)Uq,0~0qFq

q, —|o<>q|—g

(~oL)
(Ro)
(-L)
P, =g, o((p A —~=q)U q),0-¢q I- oF

p,—q,o((p A —~—q)Uq),0~0qFq
pUq,0=0qtq

(pAN=—q)U q,—00q ¢
(pA=—q)Uqlkog

(PA==q)Uq,~0qFF

(RoL)
(oF)
(UL)3

q, o—|<>q|—g

pUq,—00qtq (7oL)

Figure 3.29: GTC-proof that shows that the formula ¢ is a logical consequence of {pU ¢, 70® ¢}

Example 3.6.5. The GTC-proof in Figure 3.30 shows that the formula —¢ p is a logical conse-
quence of the set of formulas {0 —p}. This GTC-proof is similar to the TTC-proof in Example
3.5.6 (Figure 3.25).

Note that, when applying the rule (¢ L)s and (U L)s, the persistent formulas O—p and —F
are left out of the negation of the context. As in the case of the TTC-proof in Example 3.5.6
(Figure 3.25), this GTC-proof does not strictly follow the strategy presented by means of the
systematic tableau algorithm in Figure 3.9, because the rules (U L)s and (¢L)3 are applied to
sets of formulas that are non-elementary.

Example 3.6.6. By means of the GTC-proof in Figure 3.31, we show that the formula Op is a
logical consequence of the set of formulas {p,0(—p V op)}. The sets ¥;, with i € {0,...,5},
are inconsistent since they contain a formula and its negation and the derived rule (CdL) is
applied to each of them. Although the structure of the proof is the same as the TTC-proof in
Figure 3.26 of Example 3.5.7, the set ¥ is different and the set 3.1 appears only once. In the
place of the first appearance (from the left) of the set X1 in Figure 3.26 of Example 3.5.7 now,
in Figure 3.31, we use the structural rule (As).

Note that, since we use (RO)o and (U L)s, the persistent formula o) = oO(—p V op)
is included in the negation of the context and that repetitions are not avoided in the formula
@ = o((=Ag A =A1) U —p). However, the formula i) could be left out of the negation of the
context and the repetition in p could also be avoided as shown in Example 3.6.7.

Example 3.6.7. As well as the proof given in Example 3.6.6, the GTC-proof in Figure 3.32
shows that the formula Op is a logical consequence of {p,0(—p V op)}. However, in Figure
3.32 we use the rules (RO )3 and (U )3 whereas in Figure 3.31 the rules (RO)q and (U )9 are
used. Additionally, the approach in Figure 3.32 is more “goal-directed” in the sense that in
order to prove that the formula Op follows from the set of formulas {p,0(—p V op)}, in the
first derivation step Qp is the principal formula. By contrast, the GTC-proof in Figure 3.31 is
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poopprr )
— = L) (FL)
D_'pvp}_F Dﬂp,g,—'p,O(FL{p)l—F
. (UL)3
-p,FUpFF
— (RoL)
(CdL) OD_|p7 _|p7 O(Fup) '_ OF (OF)
—p,o0-p,pEF o0 —p, —p,o(FUp) F F
O-p,pkF O-p, —p,o(FUP) - F
D—|p,<>_p}— F (0L)s

k=)

d-p - —Op

Figure 3.30: GTC-proof that shows that the formula =< p is a logical consequence of {0 —p}

a direct adaptation of the TTC-proof in Figure 3.26 and is not driven by the “goal’, i.e. by the
Sformula Op, which we want to proof from {p,0(—p V op)}.

The GTC-proof in Figure 3.32 does not strictly follow the strategy presented by means of
the systematic tableau algorithm in Figure 3.9. In order to follow such strategy, either the rule
(U L)3 or the rule (U L)o should be used instead of the rule (U L);.

3.7 Related Work

In Section 3.1 we have briefly surveyed the main representatives of the different approaches in
the tableau and sequent frameworks. In this section we add more details about these related
proposals.

3.7.1 Tableau Systems

The traditional tableau methods for temporal logic (e.g. [128, 73, 8, 87, 79, 81]) are based on
the usual inductive definitions of the temporal connectives. A traditional rule system for the
tableau framework can be obtained from TTM (Figure 3.1) by just removing the rule (U )s.
In such systems an auxiliary graph is built in a first pass. For instance, an auxiliary graph
for the set of formulas {p, 0(—p V op),©—p} is very similar to the right-most branch of the
tableau in Figure 3.14 (a). Edges would be directed downwards and instead of the last node
of the branch, there would be an edge from the previous node to the root node. So that, the
whole auxiliary graph would be a strongly connected component made up of five nodes. The
second pass serves to check whether an infinite path that yields a model for the root set can be
built from the graph. With that purpose, maximal strongly connected components that are not
fulfilling for some eventuality and from which no other maximal strongly connected component
can be reached, are deleted. This process is repeated until no node can be eliminated. In the
above mentioned example, the only maximal strongly connected component (i.e. the whole
auxiliary graph) would be removed because it is not fulfilling for the eventuality ¢ —p and no
other nodes can be reached from it. Since the result would be an empty graph, the root set
would be classified as unsatisfiable. Our tableau method TTM is one-pass. In Figure 3.12 it
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Figure 3.31: GTC-proof that shows that the formula 0O p is a logical consequence of the set of formulas {p, O (—p V op)} (Ist version)
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Figure 3.32: GTC-proof that shows that the formula 0O p is a logical consequence of the set of formulas {p,0(—p V op)} (2nd version)
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can be appreciated that, by using the TTM-rules (¢)5 and (U ), and by following the systematic
tableau algorithm in Figure 3.9, we are able to close all the branches without a second pass.
The first one-pass tableau method for PLTL was presented by Schwendimann in [117] and
it avoids the second pass by adding extra information to the nodes in the tableau. This method
is also based on the usual inductive definition of the temporal connectives. As in TTM, branches

can be seen as sequences of stages s, s1, ..., s; where each stage s; is a sequence of nodes
ng, n}, cey nj]. Each application of the rule Nezttime (which corresponds to an application

of the operator unnext in TTM) to an elementary set of formulas gives rise to a new stage. Each
node n? of a tableau is labelled with a triple of the form (I" ?, S ave?, Res?) where

° F? is a finite set of formulas.

h
J
precisely, E’U;L is a set of formulas representing the eventualities that are fulfilled in the

0 pl

e Save! is a pair of the form (Evgl, Br;) that serves to store history information. More

nodes n n;»‘, and Br; (which only depends on the stage) is the sequence of pairs

STECTRREY
k k k k kj—
(Lo, Evg®), (T, Evyt), ..y (Fjj_lla

FI;g is the set of formulas of the last node of the stage s, for every g € {0,...,7 — 1}.

kj .
Ev ; ’7') representing the current branch. Note that

hos - h h
® Resj is a pair of the form (r}, uev;

More precisely, r? is a natural number that represents the earliest node n% (i.e. = < j)

) that is used to store partial result information.

that is reachable from n? On the other hand, uev? is the set formed by the unfulfilled
eventualities of the current branch.

The information in S ave? is produced in a top-down manner, from parent to child, whereas

the information in Res? is synthesized bottom-up, from children to parent. The bottom-up
synthesis of information starts once a terminal rule is applied (i.e. a leaf is generated). The
information synthesized bottom-up in Res? is needed because an eventuality that appears in a
cyclic branch but is not fulfilled directly in such branch, can be fulfilled in some other reachable
branch.

In TTM the fulfillment of an eventuality depends only on one branch. Consequently, given a
satisfiable set of formulas as root set, an expanded open branch yields a model for the root set in
TTM whereas in [117] more than one cyclic branch may be required to obtain a cycle that gives
rise to a model for the set of formulas in the root. Additionally, nodes in TTM do not require so
much extra information. Moreover, given an unsatisfiable set of formulas, instead of expanded
non-fulfilling cyclic branches, TTM obtains closed branches (whose last nodes are inconsistent,
see Definition 3.3.5). For instance, if we consider the set of formulas {p, O(—p V op), ¢ —p},
Schwendimann’s tableau method would obtain a tree that contains the same nodes as the tableau
in Figure 3.14 (a), but with the above indicated extra information in each node. Then, in the
right-most branch, the bottom-up synthesis would be necessary to detect that ¢ —p cannot be
fulfilled. By contrast, TTM obtains the closed tableau showed by means of Figures 3.12 and
3.13. The rule (U ), together with the strategy expressed by means of the systematic tableau
algorithm in Figure 3.9 are the key for this different deductive approach for PLTL.

In order to detect whether an open cyclic branch is expanded, i.e. in order to decide whether
a cyclic branch is fulfilling, the systematic tableau algorithm for TTM does not directly check
whether each eventuality is fulfilled, instead it checks whether the eventualities that belong to
the first node of each stage of the cycle have been selected along the cycle (see Definition 3.3.12
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and Remarks 3.3.13 and 3.4.8). This is another remarkable difference with respect to the above
mentioned approaches.

The complexity of the two-pass methods is exponential (even in the average case) due to
the fact that the size of the graph is exponential in the size of the set of formulas in the root,
although some improvements such as not building the unreachable nodes can be considered (see
e.g. [81]). The worst case complexity for Schwendimann’s tableau method and TTM is doubly
exponential. However, it has been shown by means of experimental analysis (see e.g. [76])
that, in some cases, doubly exponential algorithms can outperform exponential ones because
the occurrence of the worst case in the doubly exponential algorithms is rare. We are convinced
that a practical implementation that incorporates the simplifications explained in Section 3.4.5
may compete with traditional methods in several cases —e.g. when most of the formulas (in
the context) are always-formulas— and even be faster in others, e.g. when satisfiability can be
detected without constructing the whole graph. Of course, a lot of experimental work needs
to be done in order to precisely compare the performance of these different approaches. As
a first step, we have implemented a preliminary prototype for the TTM tableau method which
is available online in http://www.sc.ehu.es/jiwlucap/TTM.html. A report about the
implementation details of this prototype for the TTM tableau method can be found in [63].

3.7.2 Sequent Systems

The sequent calculus FC introduced in [60] is the first finitary sequent calculus for PLTL that
dispenses with the cut rule and also with invariant-based rules. This cut-freeness and invariant-
freeness is achieved by means of the rule (I ), and the strategy represented by the systematic
tableau algorithm for TTM. The sequent calculus FC is very similar to GTC. However, in order
to prove the completeness of FC, the weakening rule (Wk), as well as a hidden contraction, are
used in [60] (in Lemma 22 and Lemma 11, respectively). By contrast, the sequent calculus GTC
is weakening-free and contraction-free. In this sense, the completeness result obtained for GTC
is an improvement of the completeness result obtained for 7C. This improvement is achieved
by using the duality of GTC with the tableau system TTM.

Traditional sequent systems include either an infinitary rule or an invariant-based rule. For
instance, in one of the sequent calculi presented in [105] we can find an infinitary rule that, in
terms of this dissertation, i.e., with non-relevant minor syntactical changes, is as follows:

Aok x A, op - x A, 0*p -y
A, o0k x

Note that the above rule contains infinite premises.
We can also find an invariant-based rule in the sequent calculi introduced in [105] which, in
our notation, can be presented as follows:

Ak P oy v
AFOyp

The above formula + is called the invariant formula. These kinds of invariant-based rules require
an additional search for the invariant that is not addressed by the sequent calculi. A similar
invariant-based rule can be found in e.g. [104, 121].

The cut-free and also invariant-free sequent calculus LT2 for PLTL introduced in [20] is right
handed. So that, sequents are of the form I~ vy, . . ., ¥,,. The meaning of a sequent - %1, ..., ¥,
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isT — 1 V...V, orequivalently 11 V...V ,. This sequent calculus is dual to our sequent
calculus TTC in the sense that a TTC-proof for A F states that A is unsatisfiable whereas an
LT2-proof for - A states that A is valid, i.e., A is true in every state of every PLTL-structure.
Additionally, the LT2-rule that corresponds to the TTM-rule (U )2 deals with annotated formulas
of the form ¢ R y1p, ” where the annotation or history H is a finite set of finite sets of formulas
{Ty,..., T} If T, = {1, ..., ©m}, the meaning of T'; is 1 V.. .V ¢, and the corresponding
formula for H is I'; A ... A T',,. The formula represented by the annotated formula ¢ R g is
(¢ V—=H)R (p v —H). The key rule that deals with the annotated formulas is as follows:

F A7¢7 -H F Av O((,DRH7A¢), @, -H
A 0R gy

where H, A means H U{A} in the subindex of the connective R . This rule is similar to our
rule (U )2. As already mentioned in Section 3.1, the idea behind the way in which eventualities
are dealt with and the strategy that leads to completeness coincide in the sequent calculi LT2
and TTC, even in the fairness requirement in the selection of eventualities. However, unlike TTC,
the sequent calculus LT2 incorporates the selection of eventualities in the rule system by means
of a rule that carries out the selection of an eventuality by generating an annotated formula
@R g from a formula ¢ R ¢». Additionally, the strategy of sticking to a selected eventuality
—which is an annotated formula— until it is fulfilled, is also incorporated in the system sequent
by not allowing more than one annotated formula in each sequent of a derivation. Note also
that annotated formulas do not belong to the logical language. In other words, an additional
variable —or annotation— for saving the history is used in LT2 whereas in TTC all the formulas
belong to the logical language and no extra variable is used for history management. Moreover,
in TTC, the restrictions that lead to completeness are not incorporated in the sequent system. As
a consequence, we allow different strategies and different derivations, although we follow the
systematic tableau algorithm to guarantee completeness.

7 Note that the use of the connective R on the right-hand side of a sequent corresponds to the use of the connective
U on the left-hand side. So that, a formula of the form ¢ R 1) on the right-hand side of a sequent represents an
eventuality.






4. INVARIANT-FREE CLAUSAL TEMPORAL RESOLUTION FOR PLTL

4.1 Introduction

In this chapter, we deal with clausal resolution for PLTL. The method of resolution, invented by
J.A. Robinsonin 1965 ([111]), is an efficient refutation proof method that has provided the basis
for several well-known theorem provers for classical logics. As well as tableau methods, in the
case of decidable logics, resolution methods yield decision procedures for the satisfiability of
sets of formulas.

Different approaches have been proposed in the literature for adapting the classical reso-
lution method to temporal logic but without consensus in the clausal normal form or in the
temporal resolution itself. The earliest temporal resolution method [1] uses a non-clausal ap-
proach, hence a large number of rules are required for handling general formulas instead of
clauses. There is also early work (e.g. [12, 29]) related to clausal resolution for (less expressive)
sublogics of PLTL. In the language considered in [12] there are no eventualities at all, whereas
in [29] the authors consider the strictly less expressive sublanguage of PLTL defined by using
only o and ¢ as temporal connectives. The early clausal method presented in [126] tackles full
PLTL and uses a clausal form similar to ours, but completeness is only achieved in absence of
eventualities. More recently, a fruitful trend of clausal temporal resolution methods, starting
with the seminal paper of M. Fisher [40], achieves completeness for full PLTL by means of a
specialized temporal resolution rule that needs to generate an invariant formula from a set of
clauses that behaves as a loop. The methods and techniques developed in such an approach
have been successfully adapted to Computation Tree Logic (CTL) (see [18]) and some exten-
sions of CTL such as ECTL and ECTL™ (see [17, 16]), but not to Full Computation Tree Logic
(CTL*). It is remarkable that the clausal normal forms used in [12], [29], [126] and [40] are
quite different.

In this thesis, we introduce a new clausal resolution method that is sound and complete
for full PLTL. Our method is based on the dual methods of tableaux and sequents for PLTL
presented in the previous chapter. On this basis we are able to perform clausal resolution in the
presence of eventualities avoiding the requirement of invariant generation. We define a notion of
clausal normal form and prove that every PLTL-formula can be translated into an equisatisfiable
set of clauses. Our resolution mechanism explicitly simulates the transition from one world to
the next one. Inside each world, we apply two kinds of rules: (1) the resolution and subsumption
rules and (2) the fixpoint rules for decomposing temporal literals. The latter split a clause with
a temporal literal into a finite number of new clauses. We prove that the method is sound and
complete. In fact, it finishes for any set of clauses deciding its (un)satisfiability, hence it gives
rise to a new decision procedure for PLTL. In Section 4.8 we compare our approach with the
methods in [29, 1, 126, 40]. We also give more details on the relation between TRS-resolution
and the TTM tableau method that is its forerunner.

Outline of the chapter. In Section 4.2 we introduce the syntactic notion of clause (Subsec-
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tion 4.2.1), we show that any PLTL-formula can be transformed into a set of clauses (Subsection
4.2.2) and we analyze the complexity of this transformation (Subsection 4.2.3). In Section 4.3
we introduce the system TRS of inference rules in two subsections: the first one presents the ba-
sic rules and the second one presents the rule for solving eventualities in a way that prevents their
indefinite delay. Then, in Section 4.4, we present the notion of TRS-derivation, provide some
sample derivations and study the relationship between TRS-resolution and classical (proposi-
tional) resolution. The soundness of TRS is proved in Section 4.5. In Section 4.6 we propose an
algorithm for systematically obtaining, for any set of clauses I', a finite derivation that proves
that I is either satisfiable or unsatisfiable. We also show some examples of application of the
algorithm in Subsection 4.6.2. An important issue for this algorithm is to prove its termination
for every input. This proof is presented in Subsection 4.6.3. In Subsection 4.6.4 we provide a
bound of the worst-case complexity of the algorithm. In Section 4.7, we prove the completeness
of TRS-resolution on the basis of the algorithm that outputs a finite derivation for every set of
clauses. Finally, in Section 4.8 we discuss significant related work.

4.2 The Clausal Language

In this section we first define the conjunctive normal form of a formula. This is the basis for our
notion of clause. In the second subsection we explain how to convert any formula into a set of
clauses. Thirdly, we give the worst case complexity of the translation.

4.2.1 Conjunctive Normal Form for Formulas

Our notion of literal extends the classical notion of propositional literal. This extension intro-
duces both temporal literals and (possibly empty) prefixed chains of the connective o in front of
temporal and propositional literals. That is, using the usual BNF-notation:

Pu=p|-p
T:=PUP, | PRP | oP | aopP
L= o'P | o'T

where p € Prop and ¢ € IN. P stands for a propositional literal, T" for a (basic) temporal literal
and L for a literal. In the sequel, we use the term literal in the latter sense and only if needed we
will specify whether a literal is propositional or temporal.! Sub- and superscripts are used when
necessary.

We extend the classical notion of the complement L of a literal L as follows:

p=-p, p=p, oL=oL, PLUP,=PRP, and PLRP,=PUP,

It is easy to see that OP =oPandoP = OP. Although ¢ P and O P can be respectively
defined by PU P and PR P, we have intentionally introduced ¢ P and O P as temporal literals
because of technical convenience.

A now-clause N is a finite disjunction of literals (above denoted by L):

Nu:=1|LVN

! Note that o is the only temporal connective that does not occur in the so-called (basic) temporal literals.
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where | represents the empty disjunction (or the empty now-clause). We identify finite dis-
junctions of literals with sets of literals. Hence, we assume that there are neither repetitions nor
any established order in the literals of a clause. This assumption is especially advantageous for
presenting the resolution rule, because it avoids factoring and ordering problems. However, for
readability, we always write the disjunction symbol between the literals of a clause.

A clause is either a now-clause or a now-clause preceded by the connective O

C:=N|ON

A clause of the form O N is called an always-clause. In this chapter, we use the superscript b
varying in {0, 1} to represent a formula with or without a prefixed unary connective (in particular
a clause with or without a prefixed 0). For instance, 0% is 0 whenever b is 1 and ¢ whenever
b is 0. Along the rest of the chapter superscripts starting by b (from bit) range in {0, 1}. These
kinds of superscripts are notation, hence they are not part of the syntax. Note that the formula
0% L represents the two possible syntactic forms of the empty clause, as now- or always-clause.

For a clause C = 0°%(Ly V ...V L,) we denote by Lits(C) the set { L, ..., L,} and for a
set of clauses I" we denote by Lits(T") the set (Jr Lits(C).

Definition 4.2.1. The set of all clauses in T that contain the literal L is denoted by T | {L}, i.e.
I{L}={CeTl|LeLits(C)}.

Since o distributes over disjunction, for a given now-clause N = L1 V ...V L,, we denote
by oN the now-clause oL; V ...V oL,. We say that a clause C' is o-free if Lits(C) does not
contain any literal of the form oL.

Definition 4.2.2. Given a set of clauses T, we define alw(I') = {ON |ON € '} and now(T") =
I\ alw(D).

Note that a formula of the form O P, can be understood as a now-clause consisting of one
temporal literal or as an always-clause consisting of one propositional literal. If a set of clauses
I" contains this kind of formulas, by convention those formulas are considered to be in alw(I").

Definition 4.2.3. For any set of clauses T
(a) drops(T) = now(I") U{N | ON € alw(I)}.
(b) BTL(T) = {T'| T V N € drops(I')}.
(c) unnext(T) = alw(T") U {N |0%(oN) € T}.

The set drop (I') is formed by all the now-clauses in I' together with the inner now-clause
of all the always-clauses in I'.

BTL(T") is the set of all the (basic) temporal literals that occur in I'. Hence, BTL(T') is a
subset of Lits(I"). It is worth noting that any literal in Lits(I") that does not belong to BTL(I")
is either a propositional literal P or a literal of the form oL, according to the grammar at the
beginning of this subsection.

The set unnext(I") consists of all the clauses that should be satisfied at the next state of a
state that satisfies I'. This definition of unnext is an adaptation to clauses of the operator unnext
presented in Definition 3.3.4. Note also that unnext implicitly uses the equivalence between
ON and {N,000N}.
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A formula is in conjunctive normal form whenever it is a conjunction of clauses. For sim-
plicity, we identify a set of clauses with the conjunction of the clauses in it. Concretely, we
identify any formula in conjunctive normal form

NiANgA...AN, AONpy1 A ... AONg

with the set of clauses
{Nl, No,...,N,,0ON,11,..., DNk}

where each N; is a now-clause, k > landr € {0, ..., k}.

4.2.2 Transforming Formulas into CNF

In this subsection we present a transformation CNF which maps any formula ¢ to its conjunctive
normal form CNF(p). First, we show that any formula ¢ can be transformed into another
formula NNF (), called the negation normal form of ¢, such that every connective — is in
front of a proposition. Second, we introduce an intermediate notion of normal form, called
distributed normal form, denoted DtNF (i) for input formula . The transformations NNF and
DtNF preserve logical equivalence. Finally we present the transformation of any formula to
its conjunctive normal form. The formulas ¢ and CNF(y) are equisatisfiable (Definition 2.2.2)
although, in general, they are not logically equivalent.

Proposition 4.2.4. For any formula ¢ there exists a logically equivalent formula NNF () such
that x € Prop for every subformula of NNF () of the form —.

Proof. NNF(¢) is obtained by repeatedly applying to any subformula of ¢ the following reduc-
tion rules until no one can be applied

-

nn

——p 2 (31 V 1ha) ™y A iy
o) ™% o (1 A th) " by V
~09 ™ o (41 Uh2) ™ ~pr R~y
—ay ™ o (11 R apa) ™™ =1 U~y

. . . f . .
It is routine to see that the relation ~— (defined above) preserves logical equivalence and the

process of repeatedly applying the transformation LN stops after a finite number of steps.
Therefore, ¢ and NNF () are logically equivalent. n

Now, in the distributed normal form, every connective — is in front of a propositional vari-
able, every connective V is distributed over A, temporal connectives that are distributive over
V and A are distributed, for formulas of the form ¢ U (6 U 1) and of the form ¢ R (R ) the
subformulas ¢ and J are different and non-empty sequences of the form ¢ .. .< and of the form
O ...0 are of length 1.

Definition 4.2.5. A formula is in distributed normal form if it has the form (yi V ...V yfl) A
AN (YR VoV R where each vy denotes a formula of one of the following forms

° oiP
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o o'(aR f) for some o and 3 # 'R 1) for any
o o'(BU «) for some 3 and oo # BU Y for any 1)
e o'0 for some 3 # O for any 1
e o'ca for some o £ o1 for any ¥

where o and (B denote two special cases of distributed normal form. Concretely, 3 stands for
a formula of the form (v V ...V yfl) with k1 > 1 and « stands for either a formula i or a
formula (viV.. .\/yfl)/\. CANEVL L VAEY withn > 2 and ky, > 1 forevery h € {1,...,n}.

Note that if a formula is in distributed normal form then it is also in negation normal form.

Proposition 4.2.6. For any formula o there exists a logically equivalent formula DtNF () such
that DtNF(y) is in distributed normal form.

Proof. First, we transform ¢ into NNF () and then we repeatedly apply to NNF () the follow-
ing reduction rules

(91 A 02) VI &5 (01 V) A (102 V 1) YV (91 Apa) &5 (V1) A (1 V p2)
o(ip1 V p2) % 0001 V 00 o(ip1 A p2) % 0001 A 0y

YU (01 V 2) 5 (YU 1) V (YU p2) YR (01 A p2) % (PR 1) A (YR ¢2)
(1 A p2) U & (o1 U ) A (92U W) (p1V2) RY & (01 RY) V (92 R W)
o1V p2) &5 001 Vo O(p1 Ag2) ™™ 0y ADgs

PLU (1 U ) & G U Y1 R (1 R o) =% 1 Ry
<><>¢M<>¢ DD¢MD¢

It is routine to see that this reduction always terminates giving a formula in distributed normal
. . dtnf . .
form. Additionally, it must be proved that every & rule preserves logical equivalence. For

that, the only non-trivial 4 _rules are the ones for transforming Y U (o1 V ¢2), (1 A p2) U,
YR (p1 A p2), and (1 V @2) R 1. Here, we give the proof details for the first one. The re-
maining three are similar.

Suppose that (M, s;) = 1 U (p1V ¢2). Then, there exists & > j such that (M, sz) = @1V 2
and (M, s;) [= 1 for every i such that j < i < k. Hence, for such k, either (M, si) = 1 or
(M, si) = 2. In the former case, (M, s;) = 1)U o1, whereas in the latter (M, s;) = YU po.
Therefore (M, s;) = (YU 1) V (YU p2).

Conversely, if (M, s;) = (YU ¢1) V (YU @2), then either (M, s;) = (YU ¢1) or (M, s;) |=
(v U p2). Hence, there exists k£ > j such that (M, s;) |= 1 for all 7 such that j < i < k and
(M, si) = @1 0r (M, s) = 2. Then, (M, si) = @1V @2 and (M, s;) = 9 for every i such
that j <14 < k. Therefore, (M, s;) = YU (p1V 2). .

As the following theorem shows, we will use the distributed normal form as a preliminary
step for transforming a formula into its conjunctive normal form.
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Theorem 4.2.7. For any formula o there exists an equisatisfiable formula CNF () such that
CNF(y) is in conjunctive normal form.

Proof. First, we transform ¢ into DtNF (). Second, we repeatedly apply the following rules
until no one can be applied. In the rules bellow %) is the whole formula (in distributed normal
form) and the expressions of the form ¢)[«v = /3] denote the formula obtained by simultaneously
replacing all the occurrences of the subformula « in ¢ by the formula (3, where « is any non-
literal subformula of any conjunct of 1 that is not a clause yet.

cnf

) ¥ o' (o1 U pa) = o' (mUps)] A CNF(@(=p1 V1)) A CNF(D(=p2 V ¢2))
¥ 091 Rpy) = o' (p1 Rpa)] A CNF(O(=p1 Vpr)) A CNF(O(-p2 V 2))
¥+ ylo'oy = o'op] A CNF(T(—p VA7)
¥ < ploiory = olop] A CNF(@(=p V)

Y= Y[0(yVvOx) =0(yVvOp) A CNF(O(-pV X))
cnf

)
cnf (
¢ r—¢[0(@xVy)=0@pVy)] A CNF@O(-p VX))
where p, p; and po are fresh new propositional variables and the formula y is not a propositional
literal. Note that the new conjunctions of the form CNF (O (-t V 12)) serve to define the fresh
new symbols ¢)1. We will prove that the transformation from ¢ to CNF(() stops after a finite

number of steps and both formulas are equisatisfiable.

On one hand, each application of a ", rule reduces the depth of (at least) one non-literal
subformula of a formula in DtNF-form. Additionally, the number of fresh new variables is
bounded by the number of subformulas. These two facts ensure termination.

On the other hand we prove, by structural induction, that the formulas in both sides of each

<, rule are equisatisfiable. Here we only show the details for the first rule above (the remaining
rules are similar or particular cases). Suppose that (M, s;) |= 1) where 1) is in distributed normal
form and oi(gpl U @) is a non-literal subformula of any conjunct of ) that is not a clause yet.
Then, since p; and po are fresh, p1, po & Vaq(si) for all k& > 0. Therefore, we define M’ to be
the extension of M such that p, € Vi (s},) iff (M, si) = ¢p, forall k > 0and h € {1,2}.
As a consequence, for all & > 0, (M, sg) | o' (p1U po) iff (M, s}) = o' (p1U py) and
(M, s)) = O(=p1 V1) AO(—p2 V ¢2). Hence,

(M, sl) E [0 (p1U 2) = o' (piUp2)] AT (=p1 V1) AD(=p2 V 92).

By the induction hypothesis, the transformation of O (—p1 V ¢1) and O (—p2 V ¢2) to conjunctive
normal form preserves equisatisfiability.

Conversely, consider any model M of the right-hand part of the first <, rule. I (M, s0)
oi(pl U p2), then (M, sp) must satisfy some other disjunct in every conjunct of the formula 1)
where o’ (p; U pa) occurs in. Therefore M is also a model of . If (M, s¢) = o' (py U p2), then
there exists a j > ¢ such that (M, s;) |= p2 and (M, si) = p1 for all k such that i < k < j.
Additionally, for all k£ > 0, (M, si) = 0O(—ps V @) for b € {1, 2}. Therefore, (M, s;) = @2
and (M, s1.) |= @1 for all k such thati < k < j. Hence, (M, s) |= o' (¢1 U p3), which means
that M must be a model of ). "
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Example 4.2.8. Let us consider the following formula ¢ = =(p Ar AO(—=(pAr)Vo(pAT)))
Note that ¢ is equivalent to =0 (p A 1) by means of induction on time. First, we transform ¢
into

NNF(¢) =—pV-rvo(pArAo(—-pV -r))

Then, its distributed normal form is
DtNF(¢) = —pV-rVo(pArA (o—pV o))
Finally, the conjunctive (or clausal) normal form of ¢ is

CNF(¢) = (-pV —rVoa) ACNF(O(-a V (pAT A (0o—pVo-r)))) =
=(-pV-rVvoa)AO(-aVp)ANO(-aVr)AO(—aVo-pVor)

where a new propositional variable a € Prop has been introduced and new clauses that define
the variable a have been added. The formula CNF () can also be understood as the set of
clauses {(—pV —r VvV oa),0(-a V p),0(-aVr),0(-aVo-pVo-r)}h

4.2.3 Complexity of the Translation

In this subsection we show that the worst case of the translation to CNF is bounded by an
exponential on the size of the input formula.

Definition 4.2.9. Given a formula p, we define the size of ¢, namely size(p), as the number of
connectives cnt() plus the number of propositional variables, pv(p) in .

Proposition 4.2.10. For any formula o, size(CNF(p)) e 20(size(¢))

Proof. The complexity of the first transformation from ¢ to NNF(¢) is linear because the worst
case is when the connective — appears only once and it occurs as the outermost connective, i.e.
 is of the form —¢) for some formula . In such a case — will end up appearing in front of
every propositional variable. Hence, size(NNF(¢)) = cnt(p) — 1 + 2 x pv(p) which is smaller
or equal than 2 X size(y).

In the second transformation to DtNF (), each use of the distribution laws can almost double
the size of the initial formula. So, we only can ensure that size(DtNF(¢p)) < 252¢(NNF(¢)) or
equivalently that size(DtNF(p)) € O(257¢(%)),

Finally, the last transformation to CNF () has again linear complexity. This is basically because
—in the rules of Theorem 4.2.7— each new variable replaces a subformula of a formula ¢ that is
already in DtNF form.

Summarizing, size(CNF(p)) € O(20(ize(9))) = 20(size(¢)), .

We would like to remark that the exponential blow-up is only due —as in classical cnf- to
the distribution laws and it can be prevented using fresh variables as it is made in the so-called
definitional cnf (see [39]). Therefore, as in classical cnf, for practical purposes, we could use
new variables to achieve a transformation to clausal form of linear complexity.
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0% LV N) oY (L Vv N')
Dbxb’(N N N/)

(Res)

Figure 4.1: The Resolution Rule

(Sbm) {O°N,0°N'} — {0PN'} if N'C N

Figure 4.2: The Subsumption Rule

4.3 The Temporal Resolution Rules

In this section, we present the rules of our temporal resolution system. In addition to a resolution-
like rule (Res), the Temporal Resolution System TRS includes a subsumption rule (Sbm) and
also the three so-called fixpoint rules —( R Fix), (U Fiz) and (U Set)— for decomposing tem-
poral literals. The rule (Sbm) is a natural extension of (traditional) clausal subsumption. The
rules (R Fiz) and (U Fiz) are based on the usual inductive definition of the connectives R
and U , respectively, whereas (U Set) is based on a more complex inductive definition of U
(already explained in the previous chapter of this thesis) that is the basis of our approach. There-
fore, this section is split into two subsections. The first subsection is devoted to the first four
rules which we call Basic Rules. The details about the rule (U Set) are explained in the second
subsection. The corresponding derived rules for O and ¢ are showed in both subsections. In the
sequel, the rules explained in this section are called TRS-rules and the system is called TRS.

4.3.1 Basic Rules

Considering that T" is the current set of clauses, the resolution rule ( Res) in Figure 4.1 is applied
to two clauses (the premises) in I" and obtains a new clause (the resolvent). The rule (Res) is
a very natural generalization of classical resolution for always-clauses, and it is written in the
usual format of premises and resolvent separated by a horizontal line. (Res) applies to two
clauses (the premises) that contain two complementary literals. Both premises can be headed
or not by an always connective (depending on superscripts b and b’ whose range is {0, 1}). By
means of the product b x b’ in the superscript of the resolvent, only when both premises are
always-clauses, the resolvent is also an always-clause. In particular, when N and N’ are both
1, the resolvent is O bXb/J_, i.e. either O L or L. The resolvent is added to I" while the premises
remain in I". That is, each application of the rule (Res) adds a clause to the current set of
clauses. On the contrary, the remaining TRS-rules replace a set of clauses > C I' with another
set of clauses, namely W. We write them as transformation rules > +— W. The sets > and ¥
are respectively called the antecedent and the consequent and they are in general equisatisfiable
but in some cases logically equivalent. So that, each application of these transformation rules
removes the clauses in X from the current set of clauses and adds the clauses in W.

The first transformation rule is the subsumption rule (Sbm) in Figure 4.2, which generalizes
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(R Fiz) {0°(PLRP)VN)} — {0%P,VN)
0% P, Vo(PLRP)V N)}

(U Fiz) {0°(PLUP)VN)}y — {0%P,v P VN)
0%(Py Vo(PLUPy) VvV N)}

Figure 4.3: The Fixpoint Rules (R F'iz) and (U Fix)

(OFiz) {0®0P Vv N)}— {0%PVN), ab(coPvVv N)}

(o Fiz) {0b(ePV N)} — {0%PVooPVN)}

Figure 4.4: The Fixpoint Rules (0 Fiz) and (¢ Fix)

classical subsumption to always-clauses.” This rule can be applied to any set that contains a
clause of the form 0°N and a clause of the form 0°N’, such that N/ C N. The application of
the rule (Sbm) eliminates the clause 0° N while the clause 0° N’ remains. Regarding these two
clauses in the antecedent, it is said that the clause 0N is subsumed by the clause O°N’. Our
resolution mechanism requires the rule (Sbm) for completeness. Actually, subsumption is used
in Lemma 4.6.13 which allows to prove Theorem 4.6.14.

The fixpoint rules (R Fiz) and (U Fizx) in Figure 4.3 serve to replace a clause of the form
0°%(TVN) with a logically equivalent set of clauses. The rule ( R F'iz) splits the temporal literal
PR P, by using the well-known inductive definition of the connective R: PL R P, = P, A
(P1 Vo(P1R P,)). Likewise, the rule (U Fiix) uses the inductive definition of the connective
U:PLUP, =P,V (P ANo(PiU Py)). In both cases, a simple distribution gives the equivalent
set of two clauses that is shown in the consequent of each rule. In order to illustrate this point
let us consider the case of the connective ¢/ . By the inductive definition of ¢/ and distributivity
of VV over A,

PUP, =PV (P1 AN O(P1L{P2)) = (P2 V Pl) AN (P2 V o(P1L{P2))

Hence, 0°((P,U P;) V N) is logically equivalent to the conjunction of the two clauses 0°( Py v
PyVN)and 0% P Vo(P U P,) vV N). So that, the antecedent of the rule (¢ Fiix) is logically
equivalent to the conjunction of the two clauses in the consequent.

Since the connectives O and < can be seen as particular cases of R and U respectively, the
rules in Figure 4.4 constitute the corresponding specializations of the rules in Figure 4.3.

4.3.2 The Rule (U Set)

The rule (U Set) in Figure 4.5 is an adaptation to the resolution system of the TTM-rule (U )2
presented in Figure 3.1. The construction of the consequent of the rule (U Set) takes into

2 Note that the same superscript b occurs in both clauses.
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(USet) & U {O%(PLUP)VN;)|1<i<n}

— & U{PR VP VN;| 1<i<n}
U{P,Vo(aUP)VN; | 1<i<n}
U CNF(def(a, P;,A))
U{O(o(PLUP,)VoN;) | bj=1and1<i<n}

where n > 1

A = now(®P)

a € Prop is fresh

def(a, Pi,A) =0(-aV (PL A=A))if A #0(

def(a, Pi,A) =0-aif A =10

Figure 4.5: The Rule (U Set)

account, not only a (non-empty) set whose clauses include a temporal atom P; U P, but also
the remaining clauses. Consequently, the antecedent of the rule (U Set) is

dU{D(PLUP)VN;) |1 <i<n}

where n > 1 and ® stands for the set consisting of all the remaining clauses in the set to which
(U Set) is applied. The antecedent of (U Set) must be interpreted as a partition of the whole
set of clauses (on which we are applying temporal resolution) into two sets. The second set
{Ob((PLU Py) V N;) | 1 <i < n} in the antecedent is a non-empty set of clauses that contain
the same (basic) temporal literal P; U/ P». It is worth noting that the literal P, U P> can also
occur in ®. The opposite restriction is not required for soundness. However, for achieving
completeness the rule (U Set) is applied over a partition of the current set of clauses into a set
formed by all the clauses that include P; &/ P, and the remaining clauses.

Example 4.3.1. Let us apply the rule (U Set) to the eventuality r U s in the set of clauses

{p,oq,0u,0((rid s) Vv (ot))}.

Then ® = {p,oq,0u} and A = now(®) = {p, oq}, where now is the operator on sets of
clauses introduced in Definition 4.2.2. Therefore, the consequent of this (U Set) application is

{p,oq,0u} U{sVrVot,sVolalds)V ot}
U{O(—aVr),d(-aV-pVo-q)}
U{o((o(rids)) Vv (ocot))}

where a is the fresh variable and def (a,r, A) = {O(—a V r),0(—a V —p V 0—q)}. Below we
Justify the construction of A = now(®) for excluding always-clauses from the definition of the
fresh variable a. We call A the context. Let us give a clue on context handling through this
example. If we used the whole set ® instead of A in the definition of a, then the second clause
in def(a, r, ®) would be O (—a V —p V o=q V © —u). However, since Ou is in D, the clause Ou
also belongs to the consequent. Therefore, the disjunct © —u of the above clause, would never
be satisfied.
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Next, we explain the intuition behind the rule (U Set) and introduce the definition of con-
text.

The crucial idea behind the rule (U Set) (and, hence, behind the TRS resolution system)
is based on the equisatisfiability result presented in Proposition 3.3.3 (Section 3.3.2). Here we
provide an adaptation of Proposition 3.3.3 to the clausal language.

Proposition 4.3.2. Let A be a set of formulas, 1 = AU{PoV P,V 3, P,V o(PLU Py) V 3}
and Y9 = AU{P,V PV 3, PaVo((PLA-A)U Py)V 3}. Then X1 and X9 are equisatisfiable.

Proof. Suppose that 31 has a model M. If (M, sg) = AU{P} or (M, sp) = AU{3}, then
M is also a model of ¥y. Otherwise, (M, so) = {P1,o(P1U P,)} and P, should be satisfied
in some state s; with j > 1 and P is true in all the states s; such that 0 < h < j. Let k be
the greatest index in {0, ..., j — 1} such that (M, sx) = A and A is not satisfied in the states
Skt1,---,Sj—1 of M. Then, we can construct a model M’ of A by simply deleting the states
50, - - -, Sk—1 in M. As a consequence of the choice of k, the PLTL-structure M’ is also a model
of { Py, o((Py A—=A)U P»)}. Hence, M’ = . Conversely, any model of Y9 is a model of 3;.

Now, we transform the antecedent of (/ Set) into its consequent, while preserving equisat-
isfiability (indeed, logical equivalence is preserved at most steps).
The first transformation step is based on the equivalence O = 1 A Oov. Consequently, each
clause 0% ((P U Py) V N;) such that b; = 1 is split (while clauses with b; = 0 remain un-
changed). So that, the set in the antecedent of (U Set):
VUo=0 U {0%(PLUPR)VN;)|1<i<n}
is equivalent to
U= U {(P1L{P2)\/NZ | 1§Z§’I’L}
@] {Dbi((P1L{P2) V Nz) | b;=1,1<:< ’I’L}
Then, as explained for the rule (U Fiiz), the set ¥; is equivalent to the set
Uy=0o U {Pg\/Pl\/NZ'| 1§Z§TL}
U {Pg\/O(Plupg)\/Ni | 1 SZS’I’L}
U {o%(o(PiUP;)VoN;) | b;=1and1<i<n}
Let T be the last set in the description of Wo, that is

T = {Dbi(O(PluPQ)\/ONZ-) | bZ —land 1 SZS'I’L},

we replace the above underlined set (inside W5) with the following set
{PyVO((PLA=(PUY)UP)VN; | 1<i<n} 4.1)

Hence, we obtain

Ug3=0o U {Pg\/Pl\/NZ'| 1§’L§’I’L}
U {PQVO((Pl/\—'(q)UT))UPQ)\/NZ' | 1§Z§’I’L}
U {ob(o(PiUP;)VoN;) | bj=1and1 <i<n}

By Proposition 4.3.2, the sets U9 and W3 are equisatisfiable. Additionally, any set of the form

{Ox1,0x2, -+, Oxm, o((e A (yV-Ox1 V—-Ox2 V...V -Oxm)) Up)}
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is equivalent to the set

{DX17 Ux2, -, UXm, O((SD/\V)L“M}

because if the formulas y1, X2, - . ., X are true from now forever, then the truth of the formula

o((pA(yV-Ox1V-Oxz2V...V-Oxm))UY)

does not depend on the truth of the disjunction =0 x1 V ~Ox2 V ...V =0 X, Which should be
false. Consequently, it is not necessary to consider the clauses that belong to alw(®) UY (see
Definition 4.2.2) in the subset of W3 considered in (4.1) because only clauses in now(®) are
needed. Therefore, we replace the subformula —(® UY) with —now(®) in ¥3 and we obtain
the following (logically equivalent) set

Uy=0 U {Pg\/Pl\/Ni| 1§’L§’I’L}
U {PVo((PLA-now(®)UP) VN, | 1<i<n)
U {0%(c(PiUP)VoN;)|bj=1and1<i<n}

The logical equivalence of U3 and ¥4 motivates the following notion of context.

Definition 4.3.3. In an application of the rule (U Set) (see Figure 4.5) to an antecedent that is
partitioned in the two sets ® and {0% (P, U Py) V N;) | 1 < i < n}, we say that A = now(®)
is the context. 3

Since the above formula o((P; A —now(®)) U P,) is not (in general) a literal, we should
transform W, into clausal form. For that, we substitute the subformula P; A —now(®) by the
fresh variable a and we add the clauses that define the meaning of a. This gives the following set
U5 where def (a, Py, now(®)) is the result of transforming the formula O (—a V (P; A—now(®)))
to a set of clauses (whose definition is given in Figure 4.5):

Us =0 U {Pg\/Pl\/NZ|1§Z§’I’L}
@] {PQ\/O((IUPQ)\/NZ' | 1§Z§’I’L}
U CNF(def(a, P1, now(®)))
U {o%(c(PLUPy)VoN;) | b;=1and1 <i<n}

Finally, let us check that the sets ¥4 and U5 are equisatisfiable. On the one hand, since a does not
appear in ¥4, a model M’ of U5 can be built from a model M of ¥, by just defining VM/(s;) as
Vm(sj) U{a}if Py A—now(®)is true in the state s; of M and by defining Vi (s7) as Vaa(s;) \
{a} if P; A —now(®) is not true in the state s; of M. On the other hand, since every model of
U5 satisfies the formula O (—a V (P; A —now(®))), we can ensure that P; A —now(®) is true in
any state s of a model of W5 whenever a is true in s. Consequently, o((Py A —now(®)) U Ps) is
true in any state s of a model of W5 whenever o(alf P,) is true in s. Therefore, every model of
Ur is also a model of Uy.

At first sight it could seem that the definition of the fresh variable a should be given by the
cnf form of the formula O (—aV (P A—now(®)))AQ (aV— (P A—now(P))). However, as can be
seen in the above reasoning, the clauses that correspond to the formula O (aV —(P; A—now(®)))
are not needed for equisatisfiability. Therefore, we do not add the clauses that correspond to
O(aV —(P1 A —now(P))).

To summarize, the initial set ¥y —which is the antecedent of the rule (I Set)— and the last set
U5 —which is the consequent of the rule (U Set)— are equisatisfiable.

® The operator now is introduced in Definition 4.2.2.
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(0Set) @ U {OY%(oPVN)|1<i<n}
— & U{PVo(alUP)VN; | 1<i<n}
U CNF(def(a, A))
U{dO(coPVoN;) | bj=1land1 <i<n}
where n > 1
A = now(QP)
a € Propis fresh
def(a, A) =0O(—-a V —A)if A #£(
def(a, A) =0-aif A =0

Figure 4.6: The Rule (¢ Set)

The correctness of the rule (U Set) is shown in detail in the proof of Proposition 4.5.2.

The rule (U Set) leads to a complete resolution method that does not require invariant gen-
eration. This is mainly due to the above explained management of the so-called contexts by
means of the rule (U Set). An adaptation to clauses of the strategy followed in the systematic
tableau algorithm for TTM (Figure 3.9), prevents from postponing indefinitely the satisfaction
of PLU P,. Example 4.4.4 in Section 4.4 illustrates how contexts are handled to cause incon-
sistency whenever the fulfillment of an eventuality could be infinitely delayed. There is a finite
number of possible different contexts and the repetition of a previous context, while postpon-
ing an eventuality, also causes inconsistency. Therefore, there is a clear strategy to achieve
termination and completeness.

The rule (¢ Set) in Figure 4.6 is the specialization of (U Set) that corresponds to the equiv-
alence of P = PU P. Consequently, along the rest of the chapter, the rule (¢ Set) is treated
as a derived rule, in the sense that most technical details are given only for the general rule
(U Set).

4.4 Temporal Resolution Derivations

A classical resolution derivation for a set of propositional clauses I' is a sequence of sets of
clauses
I'o—T1—...=T1%

where I' = I'y and each I';;; is obtained from I'; by means of a resolution-step that consists in
applying the (classical) resolution rule. The sequence ends when either 'y, contains the empty
clause L or every application of the resolution rule on formulas in I'y, yields a formula that is
already in I'y. For classical propositional logic, resolution is sound, refutationally complete and,
even, complete. Soundness and refutational completeness mean that the method obtains a set
I, that contains L for some k& € IN if and only if I" is unsatisfiable. Moreover, in classical
propositional resolution the sequence obtained is always finite (if the pairs of clauses for apply-
ing the resolution rule are selected fairly) and consequently classical propositional resolution is
also complete and serves as a decision procedure.



4. Invariant-Free Clausal Temporal Resolution for PLTL 84

In this section we first extend the classical notion of derivation —to the temporal case of
PLTL- introducing TRS-derivations. We also provide some sample TRS-derivations. The notion
of TRS-derivation is the basis of the sound, refutationally complete, and complete resolution
mechanism that is presented in this chapter. In the second subsection we prove technical results
on the relationship between TRS-resolution and classical (propositional) resolution.

4.4.1 TRS-Derivations and Examples

Our notion of derivation explicitly simulates the transition from one state to the next one, in the
sense that whenever in the current set of clauses no more resolution resolvents can be added,
then we use the operator unnext (see Definition 4.2.3) to get the clauses that must be satisfied
in the state that follows (is next to) the current one. Inside each state, the TRS-rules are applied,
hence the so-called local derivations are (roughly speaking) an extension of classical derivations.

Definition 4.4.1. A TRS-derivation for a set of clauses I is a sequence
D:F8»—>F(1]r—>...r—>F8() SN N N = T

where

(a) T{=T

(b) — represents the application of a TRS-rule

(c) = represents the application of the operator unnext.

If any set Fg in D contains OYL, then D is called a refutation for I. We say that a TRS-
derivation is a local derivation if it does not contain any application of the operator unnext. A
local derivation is called a local refutation if it is a refutation.

Note that we use two different symbols (— and =) to highlight the difference between the
application of a TRS-rule and the application of the operator unnext. The former applications
produce sets I f ! from T f and are called TRS-steps. The latter applications yield 'Y 1 from I’ ?Z
and are called unnext-steps.

In the sequel we only use the prefix TRS- whenever confusion might result, otherwise we
simply say derivation.

Now we give four examples of refutations. For readability, the derivations are represented
as vertical sequences of rule applications with the name of the applied rule at the right-hand side
of each step. In addition, the clauses to which each rule affects have been underlined. However,
we do not underline any formula in the applications of the operator unnext. The first example
shows that in some cases, even if temporal literals are involved, the refutation is achieved using
only the resolution rule (Res) and the operator unnext. The second example illustrates that
sometimes the rule (U Set) is not necessary and the rule (U Fizx) is enough. The third example
shows how contexts are handled to cause inconsistency whenever the fulfillment of an eventu-
ality could be infinitely delayed. Finally, in the fourth example, the rule (U Set) is applied to a
proper subset of the set of clauses that contain the literal pf q. In general, it can be applied to
any non-empty subset.

Example 4.4.2. In Figure 4.7 a TRS-refutation for the unsatisfiable set of clauses



4. Invariant-Free Clausal Temporal Resolution for PLTL 85

)= {O(rVvop),00-r,00-p,a(orV —qVeop),pVaq, ~q} (unnext)
Y = {0(rVop),00-r,or,0-p,0(0r V-gVop)} (Res)
I'i = {O(rVop),00-r,—r,0-p,0(or V=gV op),op} (Res)
I'? = {O(rVop),op,00-r, —r,0-p,0(or V-qVop), L}

Figure 4.7: TRS-refutation for the set of clauses {0 (r V¢ p),00—r, o0 —p,0(0rV —qgV<op),pVq, —q}

Iy = {0-p,0(rU p), (-r)U p} (U Fiz)
= {Dﬂp,w,m(p\/r),m(p\/owu )} (U Fix)
I5= {0-p,0(@Vr),0(pVo(rlU p)),pV-rpVo((-r)U p)} (Res)
I3 = {0-p.0(Vr),0®mVo(rU p)),pV-r,pVo((-r)U p),0r} (Res)
Iy = {0-p,0(pVr),0(pVo(rU p)),pV -r,pVo((-r)U p),0r,-r}  (Res)
I = {0-p,0(pVr),0(pVo(rid p)),pV -r,pVo((=r)U p),0r,-r, L}

Figure 4.8: TRS-refutation for the set of clauses {00 —p,0(rU p), (—r)U p}

{D(T \/Op)v go—r, ol —p, D(OT \ _'q\/op)vp\/(L _'Q}

is provided. It is worth remarking that in the TRS-step that yields T2 from T'} the formula O—p
is treated as a now-clause formed by a temporal literal. Although (basic) temporal literals are
involved in the derivation process, the rules for decomposing temporal literals are not needed.

Example 4.4.3. In Figure 4.8 a TRS-refutation for the unsatisfiable set of clauses
{O-p, 00U p),(-r)U p}

is showed. In this example the formulas O—p and Or are treated as always-clauses formed
by one propositional literal. Although literals that contain the connective U are involved, the
refutation is obtained without using the rule (U Set). The rule (U Fix) is enough in this case.
Example 4.4.4. Let ') = {0 (—pV op), p, rUd —p}. Then, by applying (U Set) to rU —p in T'§
where & = {0O(—p V op), p} and A = {p}, we obtain

ry={a(=pVop),p,—~pVr,-pVolald-p),0(-aV -p),0(-aVr)}

where a is the fresh variable whose meaning is defined to be v N\ —p by the last two clauses.
Note that —p is —=A. Then, by four applications of the rule (Res) that respectively resolve the
singleton clause p with the four occurrences of —p, we obtain

8 ={0(-pVop),op,r,p,~pVr,—pVolald —p),o(ald —p),—a,0(—-aV —p),0(-aVr)}.
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rf = {0((pUq)Vr),0((pUq)V ©s),0-q,0s} (Res)
L= {0((pUq)Vr),0((pUq)V ©s),0-q,0-s, (pUq)} (U Set)
I? = {0((pUq) Vr),0((pUq) Vos),0-q,0-s,qVp, (Res)

qVv O(GUQ)v D_'a}

It = {O0((pUq)Vr),0((pUq)Vos),0-g,07s,qV p, (unnext)
q \ O(aUq), O-a, O(GUQ)}

Y= {O((pUq)Vr),0((pUq)V ¢s),0-qg,0-s,0-a,all g} (U Set)

It = {o((pUq)Vr),0((pUq)Vos),0-¢q,0-s,0-a,qVa,  (Res)
qVv o(bUQ)v D_'b}
I'f = {o((pUq)Vr),0((pUq)Vos),0-¢,0-s,0-a,qVa,  (Res)

qVo(bUq),0-b,q}

I? = {o((pUq)Vr),0((pUq)Vos),0-q,0-s,0-a,qV a,
q\/o(bUQ)vE‘_'bv q, J—}

Figure 4.9: TRS-refutation for the set of clauses {0 ((pU q) V r),0((pU q) V ¢5),0-¢q,0-s}

Now, the operator unnext produces
19 = {0(-p V op),p,ald —p,0(=a V =p),0(-a V r)}.

Hence, the application of (U Set) to ald —p in T where ® = {0(-p V op),p,0(—a V
—p),0(—a V 1)} and A = {p} yields

F% ={0(-pVop),p,—pVa,-pVo(bUU—-p),0(-bV-p),0(=bVa),0(-aV-p),0(-aVr)}

where the fresh variable b is defined as a N\ —p by the clauses O (—bV —p),0(—=bV a). Then,
the application of (Res) to p and —p \ a yields a. Finally, the resolution of p and O (—a \V —p)
vields —a. Hence, the empty clause is immediately obtained from a and —a.

Roughly speaking, a holds whenever the satisfaction of —p (or equivalently the fullfilment of
rU —p) is postponed. However, a means v A —p, where —p is the negated context. So that, the
part of the definition of a given by the clause O(—a \V —p) allows the inference of —a, which
leads to the inconsistency.

Example 4.4.5. In Figure 4.9 we show a TRS-refutation for the unsatisfiable set of clauses
{O((pUq)Vr),0((pUq)Vos),0q,a-s}. Note that the formula O —s is treated as a literal
inl 8 and as an always-clause in T’ (1]. Besides, it is worth noting that in T (1] there are three
occurrences of pU q, but the rule (U Set) is applied by considering the set ® to be formed by
the first four clauses, i.e., ® = {O0((pUq) vV r),0((pUq) V ©s),0-q,0-s}. So that, in this
case the set ® includes clauses that contain the literal pU q.
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4.4.2 Relating TRS-Resolution to Classical Resolution

In this subsection we define the notion of linear local derivation and, based on it, we establish
a relation between TRS-resolution and classical resolution that enables us to use well-known
results from classical propositional logic.

Definition 4.4.6. A set of clauses 1" is closed with respect to TRS-rules (shortly, TRS-closed) iff
it satisfies the following three conditions:

(a) BTL(') = 0 (i.e. any literal in T is either propositional (p or —p) or starts by o)*
(b) The subsumption rule (Sbm) cannot be applied to T’

(c¢) Every clause obtained from I by application of the resolution rule (Res) is already in T or
it is subsumed by some clause in T

Definition 4.4.7. Let I" be a set of clauses, we denote by I'* any set such that there exists a local
derivationT — ... — T'* and either O’ L € T'* or I'* is TRS-closed.

Note that, in general, given a set of clauses I', a local derivation that yields a set ['* that
either contains the clause 0% L or is TRS-closed, may include some applications of the rules
(U Set) and (¢ Set).

Definition 4.4.8. Let I be a set of clauses, the non-deterministic operation that yields I'* from
I without any application of the rules (U Set) and (¢ Set) is denoted by fix_close.

In the algorithm presented in Figure 4.10 (Section 4.6) we use the procedure fix_close that
implements the operation fix_close during the construction of a derivation.

Definition 4.4.9. A set of clauses I is locally inconsistent iff there exists a local refutation for
T". Otherwise it is locally consistent.

Proposition 4.4.10. For any TRS-closed set of clauses T, if 0 L & T then T is locally consis-
tent.

Proof. If I' is TRS-closed, every clause that can be obtained by means of the rule (Res) is al-
ready in I or is subsumed by some other clause in I". If 0% L is not in I then there is no way to
obtain it by means of a local derivation. n

The following notion is an adaptation of the concept of linear resolution based on a clause
(see e.g. Section 2.6 in [115]).

Definition 4.4.11. A local derivation D for T is linear with respect to a clause C € T iff it
satisfies the following three conditions

(a) Every TRS-step in D is an application of the rule (Res)
(b) C is one of the premises for (Res) in the first TRS-step

(c) For every TRS-step in D, with the exception of the first one, one of the premises is the
resolvent obtained in the previous TRS-step.

4 see Subsection 4.2.1.



4. Invariant-Free Clausal Temporal Resolution for PLTL 88

Next, we formulate a useful relationship between TRS-resolution and classical propositional
resolution.

Definition 4.4.12. Let T" be a set of clauses, prop(I') is the set that results from dropg (') by
replacing all the occurrences of each non-propositional literal L € Lits(dropg(T")) with a fresh
propositional literal in a coherent way, in the sense that complementary literals are replaced
with complementary propositional literals.

Proposition 4.4.13. Ler T be a set of clauses such that BTL(T") = ().
(i) dropg () is locally inconsistent iff prop(I') is inconsistent (in classical logic).
(ii) T is locally inconsistent iff dropg (') is locally inconsistent.

Proof. (i) For the left to right implication, since BTL(I") = 0, if dropy(T") is locally incon-

sistent then there exists a local refutation for dropg (I") where every TRS-step is an ap-
plication of the rule (Res) or the rule (Sbm). Hence, we can trivially build a classical
refutation for prop(I") with the same number of steps and using classical resolution and
subsumption instead of (Res) and (Sbm), respectively.
Conversely, if prop(T") is inconsistent then by completeness of classical propositional res-
olution there exists a refutation for prop(I') where only the classical resolution rule is
used. Then, it is easy to obtain a local refutation for drops(I") applying the resolution
rule (Res) to the corresponding clauses.

(ii) Since BTL(T") = 0, if " is locally inconsistent then there exists a local refutation D for I’
where every TRS-step is an application of the rule (Res) or the rule (Sbm). From D we
can build a local refutation D’ for I where every TRS-step is an application of the rule
(Res). It suffices to remove from D the TRS-steps in which the rule (Sbm) is applied and
to keep (or add) the clauses subsumed in D by the applications of the rule (Sbm). From
D’ we can obtain a local refutation for dropy(I") in a trivial manner, by using a clause N
whenever the original derivation D’ uses the corresponding O V.

If dropo(T') is locally inconsistent then, by (i) and the completeness of classical propo-
sitional resolution, there exists a refutation D for prop(I') where every TRS-step is an
application of the classical resolution rule. From D, it is straightforward to obtain a local
refutation D’ for dropg (I') where every TRS-step is an application of the rule (Res). This
local refutation is trivially convertible into a local refutation for I', by using the clause
ON € I'instead of N € dropy(I'") whenever N ¢ I .

Next, we provide a basic result that is used in Section 4.7 for proving completeness. This
result is an adaptation of the completeness of classical linear resolution (see Section 2.6 in [115])
that states

Given a consistent set of propositional clauses @, if for a propositional clause 3 ¢ ®
the set ® U {3} is inconsistent then there exists a refutation for ® U {3} that s linear
with respect to the clause (.

Proposition 4.4.14. Let T" be a locally consistent set of clauses such that BTL(T") = () and let
C' be a clause that is not in T such that BTL({C}) = 0. If T U{C'} is locally inconsistent then
there exists a local refutation for T' U {C'} that is linear with respect to the clause C.
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Proof. If "' U{C} is locally inconsistent, by Proposition 4.4.13 the set prop(I' U{C'}) is incon-
sistent and, by completeness of classical linear resolution (see above), there exists a refutation
D’ for prop(I' U{C?}) that is linear with respect to the clause C’ € prop(I'U{C}) that corre-
sponds to the clause C. From D/, it is trivial to build a local refutation D for I' U {C'} that is
linear with respect to C. "

4.5 Soundness

A resolution system is sound if, whenever a refutation exists for a set of clauses I', then I"
is unsatisfiable. The soundness of a system can be guaranteed rule by rule, where a rule is
sound whenever it preserves the satisfiability. Often some rules preserve stronger properties
than satisfiability. In this section, we analyze each rule from the point of view of soundness and
stronger properties and prove that the resolution system TRS is sound.

Proposition 4.5.1. The Basic Rules of Subsection 4.3.1 are sound. Moreover, every application
of these rules yields a new set of clauses that is logically equivalent to the initial set.

Proof. When (Res) is applied to two clauses (the premises) O°(L V N) and 0Y (L vV N) in
I, the resolvent 0*?' (N vV N”) is a logical consequence of {0°(L v N),0% (L v N’)} and,
consequently, the new set of clauses I = T U{0"*¥ (N v N’)} is logically equivalent to the
set of clauses I'.

For soundness of (Sbm), suppose that 1° N and 0° N’ are in T" and that N’ C N. It is trivial
that any model of I is also a model of I' \ {d0®N} and vice-versa.

Given a set of clauses I, the rule (U Fiz) replaces a clause O°((PLU P,) V N) € T
with two clauses O%(P, vV Py vV N) and 0% P, V o(PyU P,) V N) obtaining a new set I
= (I'\ {0°(PLUP) v N)Hu{o®(P, v P, vV N),0%Py vV o(PLUP,) V N)}. The two
sets, I' and T”, are logically equivalent since the clause that contains the literal of the form
Py U P, is replaced with the clauses obtained by taking into account the inductive definition
of the connective /. Similarly, the rule (R Fiz) replaces a clause O°((P, R P2) V N) €
I' with two clauses 0°(P, vV N) and 0%(P; V o(P, R P,) V N) obtaining a new set I =
T\ {0°(PLRP) v N)Hu{o® P, v N),0%P, vV o(PLRP;) V N)}. The sets I" and
I are logically equivalent because the clause that contains the literal of the form P; R P is
substituted by the clauses obtained by using the inductive definition of the connective R. In
particular, every application of the rules (O F'iz) and (¢ Fiz) yields a new set of clauses that is
logically equivalent to the initial set. Therefore, they are also sound. n

Proposition 4.5.2. The rule (U Set) is sound. Moreover, the initial and the target sets of every
application of (U Set) are equisatisfiable.

Proof. When the rule (U Set) is applied to a set of clauses I', a non-empty subset
{o%(PLUP,VN;) | 1<i<n}

is replaced with a set of clauses
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U= {P,VPVN; P,bVo(aUP)VN; | 1<i<n}
U CNF(def(a, Py, A))
U{D(o(PLUPy) VoN;) | bj=1and1 <i<n}

where A = now(T'\ {0%(PLU P, v N;) | 1 < i <n}),ac Propis fresh, def(a, P;, A) =
=0O-aif A = 0.

|
O(=aV (PiA=A))if A # ( and def(a, Pr, A)
So the new set I is

(C\{O%(PLUP,VN;) |1 <i<n})UWU.

We first show, in item (a), that if I is satisfiable then I is satisfiable and then, in item (b),
we show that if T" is satisfiable then T is satisfiable:

(a) By Theorem 4.2.7, the set ¥ and the following set T are equisatisfiable:

Y= {P,VP VN;, P,Vo(aUP)VN; | 1<i<n}
U def(a, Pr, A)
U{D(o(PLUPy) VoN;) | bj=1and1 <i<n}

Consequently, the set I and the set
I"=(M\®uUTY) =T\ {o%PUP,VN;) |1 <i<n})UT)

are equisatisfiable. Let (M”, s{)) |= I"”, since a does appear neither in the P» V N;’s nor
in I', we build a model M of I in the following two cases:

1. If (M",s5) = P,V N; foralli € {1,...,n}, then we can define the model M for
T" as follows
o a ¢ Vp(s;)forevery j € IN
o p € V(s;)iff p € Vir(s}) forall j € IN and all p € Prop such that p # a.
2. If (M”, s() £ Pa vV N, forsome i € {1,...,n}, then it should be that (M", s{)) |=
{P1,0(aU P»)}. Let x be the least z > 1 such that (M", s"/) = P». If x = 1 then,

since a does not appear in P, and (M”, s(j) = P1, the model M of T" can be built
just as in the case 1 of this item (a). If x > 1, then

(M",s) = {a} U def(a, P, A)

for every y such that 1 < y < z. Note that A cannot be the empty set () because in
such case a would not be true for any y such that 1 < y < z. As a consequence,

(M”,sy) E{ayu{P A -A}

for every y suchthat 1 <y < .
So that the model M of T" can be built just as in the case 1 of this item (a).

(b) Now we show the converse implication. Let (M, sg) |= T, since a does not appear in the
N;’s, we build a model M’ of T” in the following two cases.
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1. Let us consider that (M, sg) = N; forall i € {1,...,n}. Then we can define a
model M’ for I as follows:

o a ¢ Vy(s)) forevery j € IN
o p € Vi(s))iff p € Vay(s;) forall j € IN and all p € Prop such that p # a

2. If (M, sg) = N; for some i € {1,...,n}, then it should be that (M, sg) =
PyU P,. Let x be the least z > 0 such that (M, s,) &= P,. If z = 0 then, since a
does not appear in P, a model M’ of T” can be built just as in the case 1 of item
(b). If z > 0, let y be the greatest z such that 0 < z < z and

(M, s.) Enow(T\ {O¥(PLUP,VN;)|1<i<n})U{PUP}.

Note that at least = = 0 must satisfy the above set of clauses. As a consequence of
the choice of = and v, it holds that

<M, Sy> ’: {Pl, Py, O((Pl/\—!nOW(F\{Dbi(PlUPQ\/NZ') | 1< < ’I’L}))UPQ)}

Besides, (M, s,) = now(I'\ {0%(PiU P, v N;) | 1 <i < n}). So that, we can
define a model M’ for I" as follows

e pc VM/(s;») iff p € Vaq(sj4y) forall j € IN and all p € Prop such that p # a
o a ¢ Vi(sp)

o ac Vi
o ad Vi(

As a particular case of Proposition 4.5.2, the derived rule (¢ Set) is also sound.

forevery j € {1,...,20 —y—1}

/
s})
s;) forevery j > = — y. .

Proposition 4.5.3. The operator unnext (see Definition 4.2.3) preserves satisfiability.

Proof. If M is a model of I" then unnext(I") is true in the state s; of M, which obviously gives
a model for unnext(I"). n

Note that the equisatisfiability, in general, of initial and target sets of unnext cannot be
ensured. For example, {p, —p, oq} is unsatisfiable, but unnext({p, —p, oq}) = {q} is satisfiable.

As a direct consequence of the above Propositions 4.5.1, 4.5.2 and 4.5.3, we have the fol-
lowing soundness theorem:

Theorem 4.5.4. If the resolution system TRS produces a refutation from U, then U is unsatisfi-
able. n

4.6 The Algorithm SR for Systematic TRS-Resolution

The nondeterministic application of the set of TRS-rules yields sound derivations but it does not
guarantee completeness, even with the proviso of fairness. In this section we first introduce an
algorithm for systematic resolution derivation called SR that uses the system TRS in a more
(not fully) deterministic way which ensures completeness. Then, in the second subsection we
provide some detailed examples of application of SR. In the third and fourth subsections we
respectively provide the termination and the worst case complexity results for SR.
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Input: A finite set of clauses I'
Output: A resolution proof for I' called D(I")

| F8::F;i::0;j::0;

> sel_ev_setq := fair_select(T'));

3 loop

4 if sel_ev_set; # ()

5 then (T}, sel_ev_set?) := apply_U Set(I'?, sel ev_set;); j :=1;
6 else sel_ev_set} := ()

7 end if;;

s T := fix_close(I);

9 if 0% L € T} or is_cycling(D(T')) then exit; end if;

10 'Y, == unnext(I});

n if sel_ev_set] Nevent(I'? ;) = () then sel_ev_set;; := fair_select(I'?, , );
12 else sel_ev_set; 1 := sel_ev_set;
13 end if;

14 t:=1+1; j:=0;

15 end loop;

Figure 4.10: The Algorithm SR for Systematic TRS-Resolution

4.6.1 The Algorithm SR

The algorithm SR, for any input set of clauses I, obtains a finite resolution proof —called D(I")—
of the form

F8*—>...&—>F8°):>F(1]¢—>...&—>F?1):>...3:>F2¢—>...&—>FZ‘“

As we will respectively show in Subsection 4.6.3 and Section 4.7, D(T") is always finite and
D(T) is a refutation whenever the input set I" is unsatisfiable. When convenient, we represent
D(T") by sequences of pairs

(To, I & (', T]) = ... (T, T%)

where I'; and T} coincide with I'Y and F?i respectively, for every i € {0, ..., k}.

Derivations (refutations) obtained by means of the algorithm SR are called systematic
derivations (refutations) and systematic TRS-derivations (refutations).

The construction of D(I"), for any input I', is expressed by means of a while-program in
Figure 4.10, called the algorithm SR, which we explain next. In order to ensure that D(T") is
finite, the rule (U Set) is applied exactly to one eventuality (if there is any) between each two
consecutive unnext-steps (see Subsection 4.4.1). For that purpose, the algorithm SR keeps two
variables sel_ev_set; and sel_ev_set] for every ¢ > 0. Both variables sel_ev_set; and sel_ev_set;
take as value a set that is a singleton or empty, depending on whether I'Y contains at least one

5 see Definition 2.2.1.
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eventuality or not, respectively. The variable sel_ev_set; stands for the selected eventuality in
T ?, whereas sel_ev_set corresponds to the eventuality selected in every set of the sequence from
'} until 17,

The algorithm SR (see Figure 4.10) initializes both the set of clauses for starting the derivation
T 8 to be the input set I" and the variable sel_ev_sety to be either, a fairly selected eventuality
in F8 if there is any, or empty, otherwise. The expression fair_select(T" g) encapsulates the fair
selection of an eventuality in I'Y, where fairness means that if an eventuality appears as available
(from some moment onwards) for being selected whenever an eventuality must be selected, such
eventuality cannot remain indefinitely unselected.

After initialization, each iteration-step of the algorithm SR serves to extend the derivation from
I'Y to T’} by means of the following process:

e The lines 4 to 8 serve to extend the derivation from F? toI'Y.

First, by lines 4-7, the rule (U Set) is applied exactly to the selected eventuality provided
that sel_ev_set; # (. More precisely, if sel_ev_set; = {T'}, then the rule (U Set) is
applied to a partition of T'Y of the form ® U (I'? | sel_ev_set;).% producing the set I'lin
D(I'). Additionally, as part of this application of the rule (U Set), the variable sel_ev_set;
gets the value {a U P} where al{ P is the new eventuality introduced by the rule (U Set)
with a fresh variable a. Otherwise, if sel_ev_set; is empty, the rule (U Set) is not applied
and sel_ev_set gets the value (. '

Second, by line 8, the remaining TRS-rules are repeatedly applied to I'} (where j = 0 or
j = 1) to construct I';. The operation fix_close is introduced in Definition 4.4.8. Hence,
I} is either TRS-closed (see Definition 4.4.6) or contains the empty clause. Moreover, the
variable sel_ev_set; is not changed by the operation fix_close. Hence, at line 11 the value
of sel_ev_set; is the same as at line 7.

e Inline 9, the loop is exited if either the empty clause has been added to I'] or a cycle in
D(T) is detected according to the following definition.

Definition 4.6.1. Let D = (I'g, ') = (I'l,I7) &= ... = (Fj,l“;) ... (I17)
be a derivation (where 0 < j < k), we say that D is cycling with respect to j and k iff D
satisfies the following conditions

1. O%1L ¢ T% foreveryi € {0,...,k}
2. now(unnext(I'})) = now(T';)

3. For every eventuality T such that T' € Lits(now(I'y)) forall g € {j,..., k}, there
exists h € {j, ..., k} such that sel_ev_set;, = {T'}.

The function is_cycling (line 9) is supposed to implement a test of the conditions (2) and
(3) in Definition 4.6.1 on the current derivation D(I') = (T'o, ) = ... & ([, T7).

e Otherwise, if the loop is not exited, the operator unnext (Definition 4.2.3) is applied to
the TRS-closed set I} to yield T'Y 1 (line 10), which will be the I' Y of the next step, after
increasing ¢ (line 14).

% See Definition 4.2.1.
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e Finally, the lines 11 to 13 serve to initialize the variable sel_ev_set; ;. Note that, after the
application of the subsumption rule and/or of the operator unnext, every clause that in-
cludes the selected eventuality sel_ev_set; could have disappeared from the current I') 11

In other words, although o(a/ P) occurs in some I" g , it could happen that the selected
eventuality a i/ P does not occur in I" g 1- The function event (line 11) returns the set of
all eventualities occurring in an input set of clauses, that is

Definition 4.6.2. Let U be a set of clauses, event(¥) = {P,U P, |0°((PLUP,) V N) €
Ul

Therefore, if sel_ev_set N event(I'? ',1) is non-empty, then the selected eventuality remains
selected. Otherwise, the function fair_select is used to fairly select an eventuality from
event(I'Y, ;).

We would like to remark the following three issues about the construction of D(I") by the
algorithm SR

1. Although (Sbm) can be correctly applied whenever it is possible, in order to guarantee
termination it suffices to apply (Sbm) just before testing for a cycling derivation. This
can be seen in the proof of Lemma 4.6.13.

2. For achieving completeness the operator unnext must always be applied to TRS-closed
sets. Otherwise, equisatisfiability is not guaranteed because the operator unnext preserves
satisfiability (Proposition 4.5.3) but, in general, does not preserve unsatisfiability.

3. In the intermediate sets I' g of the process for obtaining I'; from I';, literals can appear that
are neither in I'; nor in I';. This fact can be easily observed applying the algorithm SR
to (e.g.) thesetI' = {pU q, q}.

4.6.2 Examples

In this subsection we apply the algorithm SR to some illustrative examples. As in the examples
showed in Subsection 4.4.1, the clauses to which each rule affects have been underlined but
we do not underline any formula in the applications of the operator unnext. Since these TRS-
derivations are built by using the algorithm SR, in each figure we show the value of the variables
sel_ev_set; and sel_ev_set].

Example 4.6.3. The derivation in Figure 4.11 is a refutation of the unsatisfiable set of clauses
{p,0(—p V op), o —p} that has been obtained following the algorithm SR. First of all, in Ty,
ie,inl 8 the selected eventuality is © —p and consequently sel_ev_sety = {©—p}. Then, the
application of the rule (¢ Set) with context {p} (always-clauses are excluded from the negation
of the context) introduces a new propositional variable a and transforms the clause ¢ —p into the
last two clauses in T}, =p V o(ald —p) and O (—a V —p). Additionally, the value of sel_ev_set]
is set to {aU —p}. Then, the rule applications that correspond to the operation fix_close (line 8,
Figure 4.10) are performed and the TRS-closed set T’ 8, i.e., I' is obtained. In order to obtain the
TRS-closed set T’ 8 from T’ (1] the resolution rule (Res) is applied three times and the subsumption
rule (Sbm) is applied once. In the application of the rule (Res) to the set I}, the clauses p and
O(—p V op) are the premises and the resolvent is the last clause op in T'3. Then the rule (Res)
is applied to the first and third clauses in T’ %, giving the last clause o(ald —p) in T 8. Again, by
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Ty = T9= {p,O(-pV op),o—p} (oSet)  sel_ev.seto = {o-p}
Ty = {p,0(=pVop),—pVo(ald —p), (Res)  sel_evset) = {ald—p}
O(—aV -p)}
I5= {p,0(-pVop),~pVo(ald —p), (Res)
O(—a V —p), op}
I3 = {p,0(=pVop),~pVo(all —p), (Res)

O(—a V —p),op,o(ald —p)}

= {p,0(=pVop),=pVolald —p), (Sbm)
g (_'a \4 _'p)v op, O(au _'p)v _'a}

I = Tg= {p,0(=pVop),0(-aV —p),op, (unnext)
O(au _'p)v _|(1}

' =TY= {O(-pVop),0(—-aV -p),p,ald—p} (USet) sel_evset; = {ald—p}

I'f = {O(=pVop),0(-aV-p),p,-pVa, (Res)  selevset]={bUp}
—pVo(bU—p),0(-bV a),
O(=bV -p)}

I'? = {d(-pVop),0(-aV -p),p,~pVa, (Res)
—pVo(bU—p),0(-bV a),
D(_'b\/ _'p),(l}

Y= {O(-pVop),0(-aV-p),p,~pVa, (Res)
—pVo(bU—p),0(-bV a),
O(=bV —p),a, -a}

I'f =TI = {0(-pVop),a(-aV -p),p,-pVa,
—pV o(bU —p),0(=bV a),
D(_‘b \ _'p)v a, —a, J—}

Figure 4.11: Systematic TRS-refutation for the set of clauses {p,0(—p V op), > —p}
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resolution of the first and fourth clauses in T’ 8, we obtain the clause —a in T’ é. By subsumption,
the third clause is dropped, since it is subsumed by the sixth one, yielding T’ 8. Then, since
no other rule can be applied, the operator unnext transforms the TRS-closed set T’ 8 into I';.
The latter represents the clauses that must be satisfied in the state s1, provided that the state
so satisfies Tg. Since all —p belongs to event(I'}), the value of the set sel ev_sety is {ald —p}.
Since the selected eventuality must be immediately handled (after the application of the operator
unnext), the rule (U Set) is applied to Ty = T'Y. Note that, the context is again {p}. Then,
T % contains four new clauses that substitute the clause ald —p. A new propositional variable b
occurs in the new clauses and sel_ev_set] is {bU —p}. Finally, by three consecutive applications
of the rule (Res) —which correspond to the operation fix_close— to the three underlined pairs of
clauses, the empty clause is obtained in T’ ‘11. Note that the repeated context in I'g and 'y leads
to find a contradiction.

In the previous example, if we had used the rules (¢ Fiiz) and (U Fiiz) instead of the rules
(¢ Set) and (U Set), we would have not obtained the empty clause. The following example
illustrates this fact.

Example 4.6.4. In Figure 4.12 we show a derivation whose initial set T} coincides with the
initial unsatisfiable set considered in Example 4.6.3 (Figure 4.11). Whereas in the refutation
presented in Figure 4.11 we first apply the rule (¢ Set), we start the derivation in Figure 4.12 by
applying the rule (¢ Fix). Then the resolution rule ( Res) is applied twice and the subsumption
rule (Sbm) once, obtaining the TRS-closed set T’ é. The application of the operator unnext fo
the set T’ é vields the set T’ (1] which contains the same clauses as I’ 8. By repeating this process,
we could obtain an endless resolution derivation. Indeed, we will never obtain the empty clause
unless we use the rules (¢ Set) and (U Set) in an appropriate manner. Obviously, the derivation
in Figure 4.12 does not follow the algorithm SR.

The next example shows how the systematic TRS-resolution deals with clauses of the form
opP.

Example 4.6.5. In Figure 4.13 we provide a systematic TRS-refutation for the unsatisfiable set
of clauses {Op, o —p}. Since the procedure fix_close in the algorithm SR uses the function
BTL (see Definitions 4.2.3 and 4.4.8) in order to decide whether a set of clauses is TRS-closed
(Definition 4.4.6) and since BTL is based on the function dropy (Definition 4.2.3), clauses of
the form O P are considered always-clauses formed by one propositional literal and not now-
clauses formed by one (basic) temporal literal. So following the algorithm SR we obtain the
refutation in Figure 4.13. But we would like to remark that if we do not follow the algorithm
SR, it is possible to build the refutation in Figure 4.14.

The following two examples show that the subsumption rule (Sbm) is required to guarantee
the termination of the algorithm SR. In the case of Example 4.6.6 the concerned set of clauses
is satisfiable, whereas in Example 4.6.7 is not.

Example 4.6.6. Let us consider the derivation for the satisfiable set of clauses {(pUq) V
Or,0-p,0-q} that is showed split (due to space reasons) in Figures 4.15 and 4.16. The
derivation is only developed until the first application of the operator unnext, which yields the
set TY.

It is worth noting that if the rule (Sbm) were not applied to the sets from F(l]l to F%l, then
the set I'1 would be
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Figure 4.12: Non-systematic TRS

ry= {p,0(-pVop),op} (o Fiz)
It = {p,0(-pVop),—pVoo-p} (Res)
= {p,0(-pVop),-pV oo-p,op} (Res)
Is = {p,0(-pVop),—pVoo-popoo—p} (Shm)
o= {p,0(=pVop),op,o00-p} (unnext)
Y= {p,0(-pVop),o-p}

-derivation for the set of clauses {p,0(—p V op), ¢ —p}

Iy

= T}

T
I3

:rg

=19

I

= {Op,o—p}
= {%7 -pV o(aL{ —|p)7

= {Op, ~pVo(ald —p),

= {%7 O-a,pVa,

—pV o(bU —p),0-b}

0-b, a}

O-b,a, L}

{Op, o(ald =p),0-a}

= {Op,ald —=p,0-a}

(0 Set)  sel_ev_sety = {¢—p}
0-a} (Res)  sel_ev_set) = {ald —p}
o(al —p),0-a}  (Sbm)

(unnext)

(USet) sel_evset; = {ald —p}

(Res)  sel_ev.set] = {bU —p}

{Op,0=a,—pVa,—pVo(bUp), (Res)

{Dpv O-a,-pVa,pV O(bu_'p),

Figure 4.13: Systematic TRS-refutation for the set of clauses {0 p, ¢ —p}

{Op, o —p} (Res)

{Dpv ¢, J—}

Figure 4.14: Non-systemati

¢ TRs-refutation for the set of clauses {001 p, ¢ —p}
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o= IY=
r§=

10 _
FO —_—

{(pUq) vOr,0-p,0-q}

{gvpVvOr,qVvo(agUq)VOr,
U—p, g, D_'al}

{gVpVr,qVvpVoar,
qVolaildq)VOr,0-p,0-g,0-a1}

{gVpVr,qVpVoar,
qVolaihq)Vr,qVolalUq)VoOr,
D_'pvlj_'(LD_'al}

{gVpVr,qvpVonr,
qVolaihq)Vr,qVolalq)VoOr,
D_'pvlj_'(LD_'alvpvr}

{gVpVr,qVvpVoar,
qVolaiUUg)Vr,qgVolarldq)Vodr,
O-p,0-q,0-ay,pVr,pVolr}

{gVpVr,qVvpVoar,
qVolaUq)Vr,qVolaUq)VoOr,
Dﬁp,@,m—'al,p\/r,p\/ odr,
o(a1Uq) Vr}

{gVpVr,qVpVoar,
qVolartq)Vr,qVolalq)VoOr,
O-p,0-qg,0-a1,pVr,pVoar,
o(a1U q) Vr,0(a1U q) VoOr}

{gvpVvr,qVvpVodr,
qVolaihq)Vr,qVolalq)VoOr,
Dﬂp,D—'q,D—'al,p\/r,p\/ODT,
o(arU q) Vr,0(a1U q) VoOr,qVr}

{gVpVr,qVvpVoar,
qVolaihq)Vr,qVolalq)VoOr,
O-p,0-¢,0-a1,pVr, pVolr,
o(larUU q) Vr,o(arU q) VoOr,
qVr,qVodr}

{gVpVr,qVvpVoar,
qVolaihq)Vr,qVolalq)VoOr,
O-p,0-¢,0-a1,pVr,pVoadr,
o(larUU q) Vr,o(arU q) VoOr,
qVr,qVodrr}

(U Set)
(OFix)

(OFix)

(Res)

(Res)

(Res)

(Res)

(Res)

(Res)

(Res)

(Res)

sel_ev_setg = {pU q}

sel_ev_set; = {a1U q}

Figure 4.15: Systematic TRS-derivation for the set of clauses {(pU ¢) V Or,0-p,0—q} (Part 1 of 2)
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I =

11 _
FO -

13 _
FO —_—

14 _
FO —_—

20 _
FO —_—
21 _
FO -_—

_ 22 _
FO -_—

Iy =

{gqVpVr,qVvpVoar,

qVolaiUUq)Vr,qVolalUq)VoOr,

O-p,0-¢,0-ay,pVr,pVoar,
o(a1U q) Vr,0(arU q) VoOr,
qVr,qVoOdr,roir}

{gVpVr,qVvpVoar,
qgVolmUq) Vr,
O-p,0-g,0-a1,pVr,pVoar,
o(larUU q) Vr,o(art q) VoOr,
qVr,qVolOr rodr}

{gVpVr,qVvpVoar,
O-p,0-¢q,0-a1,pVr,pVoadr,
olarU g) Vr,o(a;Uq)Vodr,
qVr,qVolOr rodr}

{gVpVr,qVvpVoar,
O-p,0-g,0-a1,pVr,pVoar,
o(a1U q) VoOr,
qVr,qVolOrrodr}

{gVpVr,qvpVonr,
O-p,0-¢q,0-ay,pVr,pVoar,
qVr,qVoOdr,r,odr}

{q\/p\/T,D—'p,D—'q,D—'(Ll,
pVr,pVodr,
qVr,qVoldr,r,odr}

{O0-p,0-¢,0-ay,pVr,pVoldr,

qVr,qVoOdr,rodr}

{D_'pv O-q,07-a1,pVr,
qVr,qVoOdr,r,odr}

{D_'pv O-q,07-a1,pVr,
qVr,r,o0r}

{D_'pv O-q,07-a1,pVr,r, ODT}
{D_'pv O-q,07a1,qVr,r, ODT}
{D_'pv U—g,U—ay,r, ODT}

{D_'pv U—g,0—aq, DT}

(Sbm)

(Sbm)

(Sbm)

(Sbm)

(Sbm)

(Sbm)

(Sbm)

(Sbm)

(Sbm)

(Sbm)
(Sbm)
(unnext)

sel_ev_set; = ()

Figure 4.16: Systematic TRS-derivation for the set of clauses {(pU ¢) V Or,0-p,0—q} (Part 2 of 2)
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{(a1UQ) v Or,O0-p,0-q,0r, D_'al}

and sel_ev_set; = {(a1U q)}. Indeed, every set I'; (such that i > 1) obtained after i unnext-
steps would be of the form

{(alu(]) \4 Dr,Dﬂp,D—'q,DT}U{D—'ah | 1<h< Z}

and sel_ev_set; = {(a;U q)}. Consequently, it would be impossible to obtain two sets I'j and
Iy, such that 0 < j < k and now(I';) = now(unnext(I'})). Hence, the resolution process
would not stop. Actually, from the eleven applications of the rule (Sbm) in Figure 4.16, only
the application of the rule (Sbm) to the set T (1]4 is crucial. This application removes the clause
o(a1 U q) V oOr and yields the set T>. Note that the other ten clauses removed, respectively,
by the remaining ten applications of the rule (Sbm) would also be removed by the application
of the operator unnext. This example shows that the rule (Sbm) is needed for completeness of
the TRS-system.

Example 4.6.7. For the unsatisfiable set of clauses {(pU q) V (rUd s),0-p, 0—q,0-s}, if the
first selected eventuality is pU q then the same problem as in Example 4.6.6 happens, but with
(a;U q)V (rU s) instead of (a; U q) V Or, where a; is a fresh variable. This example shows that
the rule (Sbm) is also needed for refutational completeness of the TRS-system.

One could think that if there are more than one eventuality that can be selected by the
fair_select operation, then it could be that not all of the eventualities were right choices (e.g.
because the program prevents the satisfaction of some of them). This view leads to the idea that
wrong choices will have to be repaired by backtracking to the choice point and changing the
selection. Moreover, sometimes one eventuality ¢ must be necessarily fulfilled before another
eventuality . In those cases, one could think that selecting v before selecting ¢ could end
up requiring backtracking. In the next example we illustrate that TRS-resolution does not need
backtracking (independently of the selection strategy).

Example 4.6.8. We consider the satisfiable set of clauses T' = {¢ q,or,0(—q VvV O—-r)}. There
are two eventualities, ¢ q and ©r, that must be fulfilled, but the third clause O(—q V O-)
states that once the eventuality © q is fulfilled, the eventuality ©r cannot be fulfilled. So that,
the eventuality ¢ r must be fulfilled before the eventuality © q is fulfilled. The selection function
fair_select could first select the eventuality © q or could first select the eventuality ¢ r. However,
if fair_select first selects © q, it does not mean that <© q is fulfilled before ¢ r is fulfilled. Actually,
since & r must be fulfilled before ¢ q, that is what happens. The corresponding cycling systematic
TRS-derivation is shown in detail in Figures 4.17 and 4.18 (it is split due to space reasons).
After the first selection, sel_ev_setg = {©q}. Then the application of the rule (¢ Set) with
context {or} generates the clauses q V o(alUl q) and O (—a vV O—r) where a is a fresh propo-
sitional variable. At the same time, the value of sel_ev_set is set to {aU q}. Then, the rule
applications that correspond to the fix_close operation (see Figure 4.10, line 8) are carried out
and the TRS-closed set of clauses T (1]2 is obtained. Next, by the application of the operator
unnext, the set T is generated. Since the literal alUl q belongs to event(T'Y), it remains as the
selected literal and, consequently, the rule (U Set) is applied to T with all q as selected lit-
eral (i.e., sel_ev_set; = {al q}) and with empty context, obtaining the set of clauses T % and
setting sel_ev_set] to {bU q}, where b is a fresh propositional variable. The operation fix_close
that yields the TRS-closed set T’ I from '}, encapsulates several applications of the rule (Res)
and the rule (Sbm). The set T’ (2] is obtained from I' Z by using the operator unnext. Since the
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o= I
I

{og,or,0(=gVvO-r)}

{or,0(=gVvO-r),qVo(aldg),
O(-aVO-r)}

{O(2gVvO=r),qVolaldg),
O(-aVO-T),rVoor}

{gVolaldq),0(-aVO-r),rVoor,
O(-g vV —or),0(-g Vod-r)}

{qVolaU q),rVoor,O(—qV -r),

O(—g VoO-r),0(-a V —r),

O(—a VoO-r)}

{avo(alq),rVvoor,0(-qV -r),
O(—g VoO-r),0(-aV —r),
O(-a Vod-r),rV g}

{gVvolalq),rVoor,O(=gV -r),
O(—g VoO-r),0(-aV —r),

O(—a VoO-r),rV g, q}

{avo(alq),rVvoor,0(—qV -r),
O(—g VoO-r),0(-aV —r),
O(—a VoO-r),rV -q,—q,rV -a}

{gvo(alq),rVoor,0(—qV ),
O(—g VoO-r),0(-aV —r),

O(—aVoO-r),rV ~q,~q,rV —a, "a}

{gVolaldq),rV oor O(—gV -r),
O(—g VoO-r),0(-aV —r),
O(—aVoO-r),rV -q,—q,rV —a,
—a,0(allq)}

= {q\/ O((IU),T'\/ oo, D(_'q\/ _'T)a

O(—g VoO-r),0(-aV —r),

O(—a Vod-r),~q,rV na,na,o(aldq)}

= {qVo(alg),rVoor,O(-qV -r),

O(—g VoO-r),0(-aV —r),
0(-a v o0-r), ~g, ~a, o{ald 4)}

{rvoor,0(-gV-r),0(-gVoOd-r),
O(—a Vv —r),0(-a V oO-r), —q, —a,
o(altq)}

(o0 Set) sel_ev_sety = {¢q}

(¢ Fiz) sel_ev_set] = {al q}

(OFix)

(OFix)

(Res)

(Res)

(Res)

(Res)

(Res)

(Sbm)

(Sbm)

(Sbm)

(unnext)

Figure 4.17: Cycling systematic TRS-derivation for {¢ ¢, 7, 0(—g V O—r)} (Part 1 of 2)
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I'y =

{0(=q Vv —r),0(~gVono-r),

O(—-aV -r),0(-aVoo-r),ald q}

{0(=q Vv —r),0(~gVono-r),
O(-aV =r),0(-aVoo-r),
qVa,qVo(bUq),D-b}
{O(zqVv —-r),0(=qVon-r),
O(-aV =r),0(-aV oo-r),
qVa,qVo(bUq),0-b gV —r}
{o(=q Vv —r),0(ngVon-r),
O(-aV =r),0(-aV oO-r),

qVa,qVo(bUq),0-b,qV—r,—r}

{0(=q Vv —r),0(~gVono-r),

O(-aV-r),0(-aVod-r),qVa,
gV o(bUq),0-b,qV —r,—r,aVod-r}

{o(=q Vv —r),0(~gVon-r),

O(-aV -r),0(-aVoo-r),qVa,
gV o(bUgq),a0-b,qV —r,or,aV od-r od-r}

{0(=q Vv —r),0(~gVon-r),

O(-aV-r),0(-aVod-r),qVa,
qV o(bUq),0=b,~r,aV od—r, o0}

{O(=q Vv —r),0(~gVon-r),

O(-aV-r),0(-aVoo-r),qVa,

gV o(bUq),a—b,—r,o0-r}
{O(=qV —-r),0(=qVon-r),

O(-aV -r),0(-aVon-r),0-b,0-r}

{0(~qV 00-r),0(=aV ),
0 (-aVoo-r),0-b,0-r}

{O0(—¢g Vv oo-r),0(-aVoo-r),
O-b,0-r}

now(unnext(I'3)) = now(T9)

(U Set)

(Res)

(Res)

(Res)

(Res)

(Sbm)

(Sbm)

(unnext)

(Sbm)

(Sbm)

{_‘Qa T, _‘CL} = {Qa -, _‘b} = {_‘Ta _‘b} = {_‘Ta _‘b} T

sel_ev_setg = {alf q}

sel_ev_sety = ()

sel_ev_set; = ()

Figure 4.18: Cycling systematic TRS-derivation for {¢ ¢, 7, 0(—g V O—r)} (Part 2 of 2)
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set event(Fg) is empty, the value of sel_ev_sety as well as the value of sel_ev_set; is the empty
set. Therefore no context-dependent rule is applied to T (2] and we get the TRS-closed set T’ % by
applying the rule (Sbm) twice. At this point the derivation is cycling with respect to j = 2 and
k = 2 (see Definition 4.6.1). In particular this means that now(unnext(T'3)) = now(T'9). The
sets T, = T2, Tt = I'T and T'5 = T4 characterize a collection of models for the initial set of
clauses T'. All the models of such collection make true the literals {—q,r, —a} in s, the literals
{=r, =b} in s1 and also the literals {—r, b} in all the states sj such that j > 2. Additionally, q
must be true in sy, for some k > 1. Therefore, if we choose to make q true as soon as possible,
i.e. in the state s1, we can obtain an ultimately periodic model M of " with states sg, s1, S2, . . .
such that Vg (so) = {1}, Vam(s1) = {q} and Va(sj) = 0 for every j > 2.

In Example 4.6.8 we can see that the strategy for selecting eventualities does not compro-
mise the completeness of TRS-resolution. However it can affect efficiency. In particular, if we
had selected the eventuality ¢ r instead of the eventuality ¢ ¢, the derivation would have been
considerably longer.

Remark 4.6.9. Note that when T is a satisfiable set of (non-temporal) classical propositional
clauses, the derivation D(T') obtained by the algorithm SR is of the form T} — ... — Fg“ =
Y, and it can also be represented as (To, 1) = ('1,T%), where Ty = T§ =T, Fg“ =TI,
[y = T% = unnext(T}) = 0. The set T —which is at the same time T'y and T'}— is TRS-closed
and additionaly produces a cycle because D(I") verifies the three items of Definition 4.6.1 and,
in particular the second one since now(unnext(I'})) = now(T;). So the cycle is from T to
T (1]. Sets of temporal clauses, e.g. the singleton {oP}, can also give rise to this kind of cycling
derivation ended in an empty set. However, the singleton {00 P} produces a cycle with non-
empty set of clauses. In general, every systematic derivation that is not a refutation becomes
cyclic.

Along the rest of the chapter, we will denote by D(I") any derivation of the form (I'y, I'f))
B (I, I7) & ..e ([G,17) & ... ([, I'}) obtained by SR with initial set I'p = I'. In
particular, D(I") may be a refutation or a cycling derivation with respect to j and k.

4.6.3 Termination

In this subsection we show that the algorithm SR always obtains either a refutation or a cycling
derivation after a finite number of iterations. Remember that we assume that SR uses a fair
strategy for selecting eventualities.

The rule (U Set) introduces new eventualities involving fresh variables. In order to justify
that derivations that (potentially) use the rule (U Set) are finite, we have to show that, when-
ever a refutation is not obtained, the cycling conditions in Definition 4.6.1, in particular its third
requirement, will be satisfied after a finite number of iteration steps. In other words, the ter-
mination proof of SR requires to show that the algorithm cannot generate an infinite number
of new propositional variables. A priori, there are two ways for generating new propositional
variables in SR. The first is the translation to CNF applied in the output to the rule (U Set).
However, no new variable is introduced by SR in this way. The reason is that the translation to
CNF is applied to a formula that only needs DtNF-rules to be in CNF and DtNF-rules do not
use extra variables (see Proposition 4.2.6).

The second source of new propositional variables is the explicit occurrence of a fresh vari-
able in the consequent of the rule (U Set). However, as we will show, the sequence of new
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eventualities produced by successive applications of the rule (U Set) is always finite. There is a
twofold reason for the latter. On one hand, the clauses defining a new variable (see function def
in Figure 4.5) are always-clauses, which are excluded from the negated context. On the other
hand, in the algorithm SR, the rule (U Set) is always applied to sets where the propositional
variables introduced (as fresh) by previous applications of (U Set) are also out of the context.

In order to prove the termination result, we first define the set univlit(I") (Definition 4.6.10)
formed by all the literals that could appear in the clauses obtained from I' by means of all the
TRS-rules with the exception of the rule (2 Set) (and the derived rule (¢ Set)). Then the closure
of a set of clauses I' (Definition 4.6.11) is formed by all the clauses that can be generated from
the literals in univlit(I").

Definition 4.6.10. Ler T be a set of clauses. The set univlit(T") is the smallest set of literals
defined as follows’

o Lits(I") C univlit(T")

If L € univlit(T), then L € univit(T)

If PLU Py € univlit(T), then {o(P,U P), Py, P2} C univlit(T")

If PLR Py € univlit(T), then {o(Py R P), Py, Py} C univlit(T)

If P € univlit(T"), then {oo P, P} C univlit(T")

IfOP € univlit(T"), then {oO P, P} C univlit(T")

IfoL € univlit(I"), then L € univlit(T).

The set univlit(I") is finite for any set of clauses I' since we only consider finite sets of
clauses and finite clauses. Now, we define the closure of a set of clauses.

Definition 4.6.11. Let I" be a set of clauses. The set closure(T") is the set formed by all the
clauses C such that Lits(C) C univlit(T").

As a consequence of the finiteness of univlit(I") and of the fact that clauses do not contain
repeated literals, the set closure(I") is also finite.
We additionally consider the notions of direct descendant and sequence of descendants.

Definition 4.6.12. Let D(I') = (I'0, 1) = ... & (I'x,I'}) be the derivation constructed by
the algorithm SR (Figure 4.10). We say that an eventuality T' is the direct descendant of an
eventuality T in D(T) iff for some i € {0, ..., k}: sel_ev_set; = {T'} and sel_ev_set] = {T"}.
Let S =Ty, T, ..., T, be a sequence of eventualities. We say that S is the sequence of descen-
dants of Ty in D(T') iff T; 11 is a direct descendant of T; in D(T') forall i € {0,...,n—1}.

For example, ¢ —p, ald —p, bU —p is the sequence of descendants of ¢ —p in the derivation
in Example 4.6.5.

Next we first show that for all D(T") and every selected eventuality 7" in D(T"), the sequence
of descendants of 7" in D(I") is finite (Lemma 4.6.13). The proof is based on the fact that the
algorithm SR follows a specific strategy with two crucial features. First, the algorithm keeps at

7 Remember that Lits(0®(Ly V...V Ly)) = {L1,..., L, } and Lits(T") = Ucer Lits(C).
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most one selected eventuality to which the rule (U Set) can be applied and when a new even-
tuality is generated, by application of (U Set), that new eventuality has priority to become the
selected eventuality for the next application of the rule (U Set) (after an unnext-step). Second,
the rule (U Set) is applied before any other rule in each iteration step. As a consequence of these
two crucial features of the strategy followed by the algorithm SR, when the rule (U Set) is ap-
plied with selected eventuality 7', eventualities generated by previous applications of (U Set)
do not appear in the set of clauses ® (see Figure 4.5) and the propositional variables introduced
(as fresh) by previous applications of (U Set) appear only in always-clauses. Hence, the con-
text (Definition 4.3.3) is always a subset of the closure set, which is finite. Therefore, since the
number of possible different contexts is finite, if the sequence of descendants of an eventuality
were infinite, some context would be repeated, but context repetition produces the end of the
sequence of descendants (as shown in the proof of Lemma 4.6.13).

Lemma 4.6.13. For all D(I") and every selected eventuality T in D(T"), the sequence of descen-
dants of T in D(T") is finite.

Proof. Let T be PyU P. Suppose that T occurs in the set T'§ in D(T'), sel_ev_sety = { Py U P}
and the sequence of descendants of 7" in D(I") is infinite. When the rule (U Set) is applied to
a partition of T') of the form ®y U ') | {PyU P}, the set I') | { PyU P} is replaced with the
union of the following five disjoint sets of clauses

Ul ={PV PV Ny | O°((PyU P) vV Ny) € T}

V2 ={PVo(a ;U P)V Ny | 0P((PoU P) vV Ny) € T'o}
U3 ={O(o(PyUP)VoNy) | O((PyUP)V Ny) €T}
U5 ={0(-a1V Po)}

U5 = CNF(O(—ay V —now(®y)))

where W¢ U U3 corresponds to CNF (def (a1, Py, now(®g))) (see Figure 4.5).

Hence, the set F(l] is the union of ®( and the above five sets, and the new selected eventuality
isaj U P, i.e., sel_ev_set] = {a; U P}. The fresh variable a; only occurs in \Ifg and \Ifé U \118.
The latter is a set of always-clauses, and the occurrences of a; in \Ifé U \Ifg are not preceded by
o. Consequently, after the operations fix_close and unnext (lines 8 and 10 in Figure 4.10), all
the occurrences of a; in the set T'{ are either in an always-clause or in a now-clause that comes
from \IJ%. Hence, the only now-clauses where a; occurs in I’ (1] are of the form N Va1 U P, where
a1 U P is the new selected eventuality. Hence, the next application of the rule (U Set) does
not introduce any occurrence of a; in the negated context, because always-clauses and clauses
containing a; U P are both excluded from the context. Moreover, CNF (O (—a; V —now(®y)))
does not contain any other fresh variable (apart from a;). The reason is that DtNF(O (—a; V
—now(®y))) is already in conjunctive normal form, so the only transformation that uses new
fresh variables —which is detailed in the proof of Theorem 4.2.7— is left out.

The above reasoning about the construction of T'{ from F8 can be generalized to the con-
struction of F? 1 from T’ ? with selected eventuality a; I{ P to obtain a direct descendant a;1 U P
as follows. When the rule (U Set) is applied to a partition of T of the form ®; U T |
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{a; U P}, then the consequent I'} is the union of ®; and the following five disjoint sets

\Ile ={PVa;VN;| Db((aiL{P) VN;) eTl;}

U2 ={PVo(a1UP)V N; | 0°(a;U P)V N;) € T;}

\Ijlg = {D(o(aZUP) \/ONZ) | D((GZUP) \/NZ) S Fz}

\IJ;l = {D(—!al vV P(]), D(—ug V al), ce D(—MIZ' V ai_l), D(—MIZ'_H V al)}
U2 = CNF(O(—ai+1 V ~now(®;)))

where (U} \ ¥} | )UW? corresponds to CNF(def(a;11,a;, now(®;))) whenever i > 1 (see
Figure 4.5). Now, the fresh variables a1, . .., a;, a;41 occur in the above five sets \Ifi . The oc-
currences of fresh variables in \IJZQ U \Ifgl U \Iff are not filtered to the negated context in F? L1 by
the reasons explained above for I'{. Regarding the occurrences of a; in the set W}, since they
are not preceded by o, no one of them can be filtered to ') _ 1. Additionally, ? is empty for all
1 > 1. To realize this fact, it suffices to check the following three facts. First, whenever the rule
(U Set) is applied to the set T'Y_,, by considering the partition ®; 1 U(TY_; | sel_ev_set; 1),
the new literal o(a; U P) appears only in now-clauses. Second, the remaining basic rules (reso-
lution, subsumption and fixpoint rules), that are applied to obtain the TRS-closed set I'}_; from
I'l |, cannot introduce (in I} ;) an always-clause C' such that o(a; U P) € Lits(C). Third,
since I'Y is obtained from I'}_; by unnext, then I'Y cannot include an always-clause C' such that
o(a;U P) € Lits(C).

Consequently, every fresh variable a is not in Lits(now(I'})) forall 2 > £ and all £ > 1. There-
fore, fresh variables do not occur in any context of any application of the rule (U Set). So that,
the successive contexts are exclusively formed by formulas from the closure of ).

Since the set closure(I')) is finite, if the sequence of descendants of Py U/ P were infinite, there
would necessarily be two sets F(g] and ') such that g < h and now(T (g] \T (g] | sel_ev_sety) =
now(I'9 \ T | {a,U P})8. Without loss of generality, we consider g = 0 and h = i. By
repeatedly applying the rule (Res) to now(I') \ T | {PyU P}) and CNF(O(—a1 V —now (T \
Iy | {PoU P}))), the algorithm SR obtains —a; which resolves with O(—az V a1) produc-
ing —ay. Then —ag resolves with O(—ag V az). At the end of this process —a;_;1 resolves
with O (—a; V a;—1) producing —a;. This literal resolves with every clause in {P V a; V N; |
(a;U P) V N; € I';} producing the clauses in {P V N; | (a;U P)V N; € I';} which subsume
the clauses in {P V o(a; 41U P) V N; | (a;U P) V N; € T';}. Therefore, the selected tempo-
ral literal a; 1 U P disappears after the following unnext-step. Hence, a;41 U P cannot be the
selected eventuality at the next step, i.e., sel_ev_set;11 # {a;11 U P}. This is a contradiction
because the sequence of descendants of Fy U P has been supposed to be infinite. n

In the above proof we have considered that (U Set) is always applied with a non-empty
context. The proof for possibly empty contexts is just a especial case. Note also that the ap-
plication of the subsumption rule, together with the subsequent use of the operator unnext, is
essential in the above proof.

Theorem 4.6.14. The algorithm SR, for each input I, terminates giving a resolution proof.

Proof. Suppose that SR does not produce 0°L. On one hand, by Lemma 4.6.13, SR cannot
generate an infinite sequence of descendants of any selected eventuality. Besides, when the se-
quence of descendants of one eventuality finishes because the last one, namely 7', ceases to be

8 sel_ev sety, = {PoU P} if g = 0, and sel ev_set, = {a, U P} if g > 0.
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the selected eventuality in I'; for some ¢ > 1 (i.e. sel_ev_set; ; = {T'} and sel_ev_set; # {T'}),
then the set now(I';) is included in closure(I") because the fresh variables introduced by (U Set)
only occur in alw(T;). If the process continues and the algorithm SR selects another eventual-
ity, finiteness of sequences of descendants (Lemma 4.6.13) guarantees the existence of I'y, with
g > 1, such that now(I'y) is included in closure(I"). As the closure is finite, there must exist
j and k such that j < k and the set of now-clauses of I'; is exactly the set of now-clauses of

unnext(I'}).
On the other hand, fairness ensures that the third condition in Definition 4.6.1 must be satisfied
at some moment. n

4.6.4 Complexity

In order to analyze the worst case complexity of the algorithm SR, we first consider the
set closure(I") (see Definition 4.6.11) of all the possible clauses formed using the literals in
univlit(I") (see Definition 4.6.10).

Proposition 4.6.15. The number of clauses in closure(I") is 2", where n is the number of literals
in univlit(T"). .

Then, the set of all possible sets of clauses that could appear as context when applying
(U Set) has double-exponential size in n.

Proposition 4.6.16. Let contexts(I') = {A | A C closure(I")}, then the number of sets in
contexts(I") is 22" .

Therefore, the worst case complexity of the algorithm SR can be bounded to (9(20(2n)).

Proposition 4.6.17. The number of clauses generated by the resolution method is bounded
by O(2°C2") and the number of new variables is also bounded by O(2°%")) where n is the
number of literals in univlit(T").

Proof. In the worst case, each clause in closure(I") contains a selected eventuality that generates
a sequence of descendants with an eventuality for each possible context in contexts(I") plus a
repeated context. That is, each of the 2" initial clauses may generate 1 4 22" clauses with new
eventualities. So, f(n) = 2" x (1 + 22") = 2" 4 272" i5 the maximum number of different
clauses (with new eventualities) that can appear in a derivation. Since, each new eventuality
is associated to a new variable, 2" + 272" also bounds the number of fresh variables. In the
worst case, the definition of each new variable generates 2" new clauses. So that, g(n) =
221 4 92n+2" pounds the number of clauses defining new variables. To sum up, the worst case
is bounded to
on 4 f(’I’L) _|_g(n) —on 4 on _|_2n+2” +22.n + 22.n+2”

where the leftmost 2" stands for the size of the closure which bounds the initial set of clauses.
That is, in the worst case, the number of clauses is in O(29(2")) and the number of new variables
is in ©(2°") n
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4.7 Completeness

A resolution method is refutationally complete if, whenever a set of clauses I' is unsatisfiable, a
refutation for I' can be constructed. In our case we prove the refutational completeness of TRS-
resolution showing that there exists a model of I' whenever the resolution proof D(I") obtained
by the algorithm SR is a cycling derivation. This result together with the proof of termination
(Theorem 4.6.14) shows that our algorithm for systematic resolution (Figure 4.10) is complete
and, hence, a decision procedure for PLTL.

For the rest of this section we fix the derivation

D) = (Lo, Tf) = (M, T) = ... (0, 1) & e (D, T))

to be cycling with respect to j and k. In order to prove the existence of a model of I" from the
existence of D(I") we will show that the sets I'f in D(I") can be extended (with literals of their
own clauses) preserving its local consistency. These extensions, denoted as 1/“%, are literal-closed
in the sense that they contain at least one literal from each clause in I';. Remember that the sets
I'f in D(T") are TRS-closed (see Definition 4.4.6) which, in particular, means that BTL(I'}) = ()
(Definition 4.2.3). Actually, inside the collection of all the locally consistent literal-closed (Iclc,
in short) extensions of each I'}, we define the subclass of the so-called standard extensions. In
particular, standard Iclc-extensions of the sets I'} in D(I") allow us to ensure the model existence.
We define a successor relation on Iclc-extensions of the sets I'; that gives rise to infinite paths
of standard Iclc-extensions. These infinite paths can be used to characterize or define PLTL-
structures. Finally we show that at least one of those paths satisfies the suitable conditions
for defining a model of I'. Hence, this section is divided into a first subsection devoted to the
notion of Iclc-extensions of sets of clauses and their main properties, including the existence of
a non-empty subclass of standard Iclc-extensions for any locally consistent and TRS-closed set
of clauses. In the second subsection, we define the notion of successor and prove the existence
of infinite paths. Lastly, in the third subsection, we prove the existence of a model of T".

4.7.1 Extending Locally Consistent TRS-Closed Sets of Clauses

In this subsection we show that every TRS-closed set of clauses has at least one locally consistent
extension that is literal-closed and standard. We gradually define the notions and prove the
results.

Definition 4.7.1. A set of clauses T' is literal-closed iff ' N Lits(C) # 0 for every C € T 2
Besides, lcle(T) denotes the collection of all locally consistent sets of clauses I' such that I' C
I' CT'ULits(I") and T is literal-closed. We say that each I" € Iclc(T") is an Iclc-extension of T.

Note that if 1%L is in I then Iclc(T") = () by local inconsistency. Besides, since only literals
included in some clause in I" are used to build the elements in Iclc(I"), if no clause in I includes
any (basic) temporal literal (i.e. BTL(I") = (), see Subsection 4.2.1) then every Te Icle(T) also
satisfies that BTL(T') = 0. In particular, if I = () then Iclc(T") = {0}.

Next, we show that for every locally consistent set of clauses I' that does not contain (basic)
temporal literals there exists at least one Iclc-extension of T'.

Proposition 4.7.2. If T is a locally consistent set of clauses such that BTL(T') = () then
lcle(T) # 0.

? Note that literals in Lits(C) are viewed as singleton clauses.
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Proof. We will show that there exists a sequence S = (g, {11, {, ..., €, such that g > 0,
Qo = I'and Q1 = QU{L} (for every h € {0,...,9 — 1}) for some L € Lits(C') and
some C' € Qy, such that Lits(C) N Qp = 0 and Qp, U{L} is locally consistent. In addition,
Qg € Iclc(I") whereas 2y, ¢ Iclc(I") forall A € {0,...,g — 1}. Since the number of clauses is
finite, this inductive construction is also finite and shows that Iclc(T") # 0.

We have to show that, for every h such that Q0 ¢ Iclc(T"), there exists a locally consistent
Qp41 that extends €2, with a new literal from some clause in I'. Since €, & Iclc(T") there exists
(at least one) clause C' = 0% Ly V...V L,) € Qp such that L; & Q, foralli € {1,...,n}.
Suppose that Q5 U{L;} is not locally consistent for all i € {1,...,n}. Then, by Proposition
4.4.14, there exists a local refutation D; for €, U { L;} that is linear with respect to L;, for every
i € {1,...,n}. From these n local refutations we are able to construct a local refutation D for
Qy, that is linear with respect to C, contradicting the assumption that €, is locally consistent.
Hence, 5, U{L;} must be locally consistent for some ¢ € {1,...,n}. .

Definition 4.7.3. Let I" be a set of clauses such that Iclc(T') # 0 and let A C Lits(T"). We say
that A represents I' if T N A # () for all T € Icle(T). If; in addition, for every A" C A there exists
T € lcle(T) such that T N A" = (), then we say that A minimally represents T".

The following result shows that the minimal representatives of a TRS-closed set of clauses
I" are included (as clauses) in I'.

Proposition 4.7.4. For every A that minimally represents a non-empty locally consistent TRS-
closed set of clauses I there is a clause C' € T such that Lits(C) = A.

Proof. First we will show that I" must contain at least one clause C' such that Lits(C) C A. We
partition I" into the following two sets:

I, ={C el |Lits(C)NA =0}
Iy ={C el |Lits(C)NA#0}

We split the clauses in II5 into the sub-clauses formed by literals that do not appear in A and
the sub-clauses formed by literals that appear in A. These sets of clauses respectively are the
following sets 31 and X».

Y1 = {N | 0N Vv N') €Iy, Lits(N) N A = () and Lits(N’) C A}
Yy = {N'| 0% NV N') €I, Lits(N) N A = () and Lits(N’) C A}

Since I is locally consistent, 11, II> and also their proper subsets are locally consistent. In
addition, I" is TRS-closed, hence BTL(I") = ) and every set of clauses considered along the rest
of this proof does not contain any clause that includes any (basic) temporal literal.

Now we show, by contradiction, that 1 € II; U3; and, since II; is locally consistent, it
follows that 1 € ¥; and, consequently, there exists a clause C' € I' such that Lits(C) C
Lits(X2), i.e., Lits(C) C A.

Let us suppose that L ¢ II; UX;. First, suppose that II; UX; is locally consistent. By
Proposition 4.7.2, the set Iclc(II; U %) is non-empty and for every ¥ € Iclc(II; UX;) the set
Q=TU{L| L € ¥}isinlcle(T") and satisfies 2 N A = (). This contradicts that A minimally
represents I

Second, suppose that II; UX; is locally inconsistent, there exists some minimal locally
inconsistent subset ® of II; U (i.e. ® does not contain locally inconsistent proper subsets
of ITI; UX4). Since every subset of II; is locally consistent, then ® N X1 # (). Let N be any
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clause in ®NX;. By Proposition 4.4.14, there exists a local refutation D for ® that is linear with
respect to /V. By using the original clauses in IIs instead of their sub-clauses in ® N ¥, we can
build from D a derivation D’ whose last set contains a clause C' such that Lits(C') C Lits(Xs).
Hence, | € Y1 and this contradicts that | & 1Ty U >q.

So, since considering | ¢ 1I; U3 leads to a contradiction when we consider that IT; U 3
is locally consistent and when we consider that IT; U ¥J; is locally inconsistent, it follows that
1 € II; UX;. Therefore L € ¥; because II; is locally consistent and, consequently, there are
a clause C' € I" such that Lits(C') C A.

Finally, Lits(C') cannot be a proper subset of A because Lits(C') also represents I" and that
would contradict the minimality of the representation of I' by A (see Definition 4.7.3). Hence-
forth, Lits(C) = A. n

Next we introduce the notion of standard Iclc-extensions of a set of clauses.

Definition 4.7.5. Let I' be a locally consistent TRS-closed set of clauses. We say that Te Icle(T)
is standard iff it satisfies the following conditions:

(a) IfoL € T, then there exists a clause 0°(oL V oN) € T
(b) For every propositional literal P € Lits(T"), iff U{ P} is locally consistent, then P € T
(c) IfoL €T, thenT'U (f \ {oL}) is not literal-closed.

The following lemma ensures the existence of at least one standard Iclc-extension of any
locally consistent TRS-closed set of clauses.

Lemma 4.7.6. Let ' be a locally consistent TRS-closed set of clauses. There exists at least one
standard set in Iclc(T).

Proof. We first prove that there exists 2 € Iclc(I") that satisfies item (a) in Definition 4.7.5.
Second, we show that there exists ¥ O (2 such that ¥ € Iclc(T") and satisfies (a) and (b) in
Definition 4.7.5. Third, we show that there exists A C ¥ such that A € Iclc(I") and satisfies
(a), (b) and (c) in Definition 4.7.5.

1. By Proposition 4.7.2, Iclc(T") is non-empty. Now, let us suppose that for every set in
Iclc(I") there exists a literal of the form oL such that oL ¢ Lits(0%oN) for every clause
0%N € T. Then, for every T e Icle(T"), there exists some L € T that belongs to the
following set

U = {oL € Lits(T') | oL ¢ Lits(0?0N) for every clause O°0 N € I'}

Hence W represents I' and there should exist some A C W that minimally represents T".
Therefore, by Proposition 4.7.4, there exists a clause C' € I' such that Lits(C') = A. This
is a contradiction because the literals in ¥, and in particular the literals in A, do not belong
to any clause of the form 0”0 N in T. Therefore, there exists some set €2 in Iclc(T") that
satisfies Definition 4.7.5(a).

2. Since € is locally consistent and BTL(Q) = (), the sequence Qq, 1, Q, ..., Qg in the
proof of Proposition 4.7.2 is easily adapted for ensuring that each (2; satisfies Definition
4.7.5(a) and that ), satisfies Definition 4.7.5(b). So that X = ().
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3. We show that 3 should contain a subset A that satisfies the lemma. Since X belongs to
Icle(T), verifies Definition 4.7.5(a) and (b) and is a finite set, we can ensure the existence
of a finite sequence X, X1, X, ..., 2, such that 7 > 0, g = 3, 3, \ {oL} ¢ lclc(I)
for all oL € %, and Xp 1 = X \ {oLy} for some oLy, € ¥p and Xp11 € Icle(T)
for every h € {0,...,r — 1}. Therefore, ¥, satisfies Definition 4.7.5(a) and (b) for all
h € {0,...,r} and ¥, additionally satisfies (c). Hence, X, is the set A we were looking
for. "

For locally consistent TRS-closed sets, the subclass of their standard Iclc-extensions repre-
sents the whole class of their Iclc-extensions with respect to sets of next-literals in the sense
shown by the following proposition.

Proposition 4.7.7. Let I' be any locally consistent TRS-closed set of clauses and A C Lits(T")
be a set such that every literal in A is of the form oL. If T' N A # 0 for every standard set
I € Icle(T), then A represents T

Proof. Consider any A that satisfies the hypothesis but does not represent I". Hence, there exists
some non-standard set ¥ € Iclc(T") such that ¥ N A = (). Now, let

= {N|O%NVN')eTl,Lits(N)N A = 0and Lits(N") C A}
® = {N €1II| no clause in IT subsumes N }

Then, ® is TRS-closed and locally consistent. The former holds because I' is TRS-closed. For
the latter suppose that @ is not locally consistent. By Proposition 4.4.10, L € ®. Hence, by
definition of @, there exists a clause C' € T such that Lits(C') C A. But this contradicts the
assumption ¥ N A = () because ¥ is an Iclc-extension of I" and, consequently, Lits(C) N ¥
cannot be empty.

Since ® is TRS-closed and locally consistent, by Lemma 4.7.6, there is some € € Iclc(®)
that is standard. Hence, consider ¥ = TTU{L | L € Q} for some standard 2 € Iclc(®). First,
¥ is an Iclc-extension of I" because Lits(2) C Lits(I") and because for every clause C' € T’
there exists a clause N € @ such that Lits(/V) C Lits(C). Second, ¥ is standard because 2 is
a standard Iclc-extension of ® and A contains only literals of the form oL, so that X satisfies
Definition 4.7.5. Consequently, X is a standard Iclc-extension of T" such that X N A = (). This
contradicts that ' M A # () for all standard T € Icle(T"). Therefore, A represents I'. .

4.7.2 Building Infinite Paths of Standard Lclc-Extensions

In order to build sequences of standard Iclc-extensions of the TRS-closed sets I'; —in the cycling
derivation D(I")- that represent models of I, such sequences must be coherent with respect
to the meaning of temporal connectives. We mean that, e.g. if op belongs to a set €2 in the
sequence, then p must belong to the set that is the successor of €2 in the sequence. Similarly, for
eventualities where also the selections performed along D(I") are relevant. As a consequence
a successor relation is defined for the Iclc-extensions of the TRS-closed sets that appear in the
derivation D(I"):

(Lo, I9) = (I, ) & ... (1) & o5 (T, I)
which is cycling with respect to j and k. This successor relation on

{lele(I7) x Iele(T74) [ 0 < i < k}u(lele(T;) x lele(I))
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is presented in Definition 4.7.8. Along the rest of this chapter, f; denotes a member of Iclc(I'}).

Deﬁn1t10n478 Let i = h+1 th € {0,....k— 1} and let i = j if h = k: we say that
F* is a successor of F* or that F’;L is a predecessor of F* if for every oL € F* there is some
S € nxclo;(oL) such that S C F;-k, where nxclo; is defined as follows

e nxclo;(oP) = {{P}} where P is a propositional literal.

e nxclo;(coL) = {{oL}}

{{P},{P1,o(PLU Py)}} if PLU Py & sel_ev_set;
o nxclo;(o(PLUPy)) = ¢ {{Pa},{P1,0(ald P)}} otherwise
where ald Py € sel_ev_set;

{{P}, {00 P}} ifo P ¢ sel_ev_set;
e nxclo;(0o P) =< {{P},{o(alU P)}} otherwise
where alUd P € sel_ev_set;

o nxclo;(o(PL R P)) = {{P2, P}, {P2,0(PLR P5)}}

o nxclo;(c0P) = {{P,0 P}, {P,o0P}}.

The set of successors of a given set I} is denoted by succ(I'}).

The definition of nxclo;(o0 P) arises from the fact that the literal o0 P can be either a
singleton now-clause or a literal properly contained in a clause C'. In the first case, I'; contains
the always-clause O P which will not be affected by the rule (O Fix). Consequently, in such a
case I'; contains necessarily O P. However, in the second case, the literal o0 P is introduced by
application of the rule (O F'ix) to the clause C.

The existence of infinite paths of standard Iclc-extensions is based on the existence of a
predecessor for each standard Iclc-extension of a TRS-closed set in the derivation which is a
standard Iclc-extension of the previous TRS-closed set in the derivation.

Proposition 4.7.9. For every i € {1,...,k} and every standard I/f € Icle(T), there exists a
standard T}, € Iclc(I;_;) such that T} € succ(I'}_,).

Proof Let Wy = {f; € |c|c(F*) | f; is standard } foreach ¢ € {0, ..., k}. If there exists some

1 € I/VZ 1 such that F *_; does not contain any clause of the form oL, then F re succ(F )
for all F *. Otherwise, every set F _; € W;_1 contains at least one clause of the form oL. We
proceed by contradiction. Let us suppose that IV © is a member of W; such that T Z succ(F )
for all F/f\_l € W;_1. Hence, there exists at least one oL in every F/f\_l € W;_1 suchthat S & ff

for all S € nxclo;(oL). Therefore, the set

A={oL|oL e

Wi F/j\_l such that § Z ff forall S € nxclo;(oL)}
L EWi
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satisfies that A N F ¥, # 0 forall F ¥ | € Wi_1. Therefore, by Proposition 4.7.7, A represents
I'Y | and, consequently there exists some set {2 C A that minimally represents I'}_;. By Propo-
sition 4.7.4, there exists a clause C' = 0%(oLy V...V oL,) in I'_; such that Lits(C) = 2 and
r > 1. Since unnext({C'}) C Ty, then the clause C' = Ly V...V L, is in T';. Now, let

{S1,...,Sn} = | nxclo;(oLy)
g=1

(note that n > 1) and let {C1, ..., Cy,} be the set of all clauses of the form Ly V...V L,
such that Ly, € Sy forall h € {1,...,n}. By subsumption, I'’ contains a non-empty set of
(non-empty) clauses { D1, ..., D,,} such that Lits(D;) C Lits(C}) forallt € {1,...,m}. By
construction S ¢ l/ﬂf forall S € nxclo;(oLgy)and all g € {1,...,r}. Hence, for each pair (g, 5)
such that g € {1 .,r}and S € nxclo;(oLg), we can choose at least one literal L such that
LeSandL ¢ F* Asa consequence, there exists a clause Dy € I'; witht € {1 .,m} such
that Lits(D;) C Lits(Cy) where D; N F ¥ = (). This contradicts the fact that F ¥ contains at least

one literal from each clause in I'; . "
Proposition 4.7.10. For every i € {1,...,k} and every standard I/E, there exists a sequence
s, Iy, ..., I'f of standard sets such that I'}, € succ(I'}_,) forevery h € {1,...,i}.

Proof. By Lemma 4.7.6 and Proposition 4.7.9. n

Proposition 4.7.11. For every standard l/ﬂ? there exists at least one standard fi such that f? =
succ(fi).

Proof. The proof is very similar to the one of Proposition 4.7.9, but using that now(I';) =
now(unnext(I';)) instead of I'; = unnext(I'7_;) and also using the fact that the set {N |
OoN € I'} } is contained into the set now(unnext(F %)) (by definition of the operator unnext). m

We construct pre-models of I" by means of sequences of standard Iclc-extensions of the sets
in D(I") which will be ordered by the successor relation. For that, we need some notation on
such sequences. For g and h, where 0 < g < h < k, we denote by D(F)[g“h], the set of

JERPRIE f\fl such that fl; € succ(lﬂ) for every
i €{g+1,...,h}. The functions first and last respectively return the first and the last set of a
given interval. We use superscripts notation to denote subsequences of an interval s € D(T" )[g 1]
as follows. For m and m such that ¢ < n < m < h, the subsequence s™"* denotes the

all intervals of standard Iclc-extensions I/E, I

subsequence formed by the sets F * F/n:p .. .,F of s. In particular, if n = m we write
s™ instead of s™" and intentlonally confuse the sequence of one set with the set itself. For
s € D(T')(..n)» we denote by range(s) the set of natural numbers {n | g < n < h}. Since
D(T') is cycling with respect to j and k, the two sets of intervals D(I')jg ;1) and D(T')(;. 5] are
respectively called initial and inner. Note that, since j could be 0, the set D(T" )[0“ j—1) could be
empty, but D(I")[;. 4] is non-empty for any D(T’).

Proposition 4.7.12. For each standard ff there exists s € D(I)(;. ) such thatff € succ(last(s)).

Proof. By Propositions 4.7.10 and 4.7.11. n
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Note that in the above proposition ff and first(s) can be different.
Now, we define when a sequence of elements from D(T") [j..k] forms a cycle, which is called
a D(T")-cycle. Then we prove that there exists at least one D(I")-cycle.

Definition 4.7.13. A D(T")-cycle is a finite non-empty sequence S, $1, - - -, Sp, such that
(i) s; € D(T)};.p foralli € {0,...,n}

(ii) first(s;+1) € succ(last(s;)) foralli € {0,...,n— 1} and

(iii) first(sp) € succ(last(sy,)).

Proposition 4.7.14. There exists at least one D(I")-cycle.

Proof. By Lemma 4.7.6, there exists at least one standard set in Iclc(I" j) Let us consider any
standard l/ﬂ? in Iclc(I'}). By Proposition 4.7.12, there exists an interval rg € D(I)(;_ ) such that

ff € succ(last(rg)). Additionally, by repeatedly applying Proposition 4.7.12, we can build an
infinite sequence of intervals ro, 71, ... in D(I")(; ) such that first(r;_1) € succ(last(r;)) for
every ¢ > 1. Since D(F)[jnk] is finite, 7, = r must hold for some g and A such that 0 < g < h.
Then, the reverse of the sequence r, . . ., 7,1, i.e. the sequence 7,1, . .., 74 is a D(I")-cycle.

Note that the minimal cycles consist of exactly one interval s € D(T") ;. 1) such that first(s) €
succ(last(s)).

4.7.3 Model Existence

In this subsection we prove that there exists at least one model of I' on the basis of the cy-
cling derivation D(I"). First, we define a graph structure Gpry whose nodes are intervals in
D(T)jp..j—1) and D(T)(; ). There is a (directed) edge (s, s") in Gp(ry whenever first(s') €
succ(last(s)). Note that every node in Gp(ry is related to a node from D(T')(; ). Second, we
define a notion of self-fulfilling path in this graph. Then, we prove that Gp (1) contains at least
one strongly connected component (a D(I")-cycle) that is self-fulfilling. Finally, we define a
model of I" on the basis of this strongly connected component in Gp ).

Definition 4.7.15. We associate to D(I") the graph Gp(r) that is formed by the following set of
nodes Sp(ry and the following edge-relation Rpy on Sp(r):

e Spry =D([D)p.;—1UDT)j.4
o sRpmys' iff s' € D(T);. k) and first(s") € succ(last(s)).

Paths and strongly connected components in Gp(r) are defined as usual in graph theory. The
notion of D(T')-cycle (see Definition 4.7.13) has an obvious extension to Gp(ry. Therefore, by
Proposition 4.7.14, the graph Gpr) has at least one cycle. The minimal graphs Gp(r) consist of
exactly one node n with one edge from n to n.

We would like to remark that, from a locally consistent literal-closed set, interleaved unnext-
steps and TRS-steps could yield a TRS-refutation. As a consequence, there could exist some
interval s in Sp(r) such that no s e Sp(r) satisfies sRD(p)s’ and, hence, there could exist
Iclc-extensions that do not belong to any interval in Sp(r).
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The paths in Gp 1y are formed by standard Iclc-extensions of TRS-closed sets which do not
include any (basic) temporal literal. Consequently, any occurrence of an eventuality in the states
of Gp(ry must be preceded by a connective o. This fact leads us to define the following notion
of eventuality fulfillment in the paths of Gp(r).

Definition 4.7.16. Let m = sq, 51, . . . be a path in Gp(ry such that o(PLU Py) € sg for some
g > 0and i € range(sy). We say that 7 fulfills o( Py U P) iff either

e there exists h € range(sy) such that h > i, P, € 32 and P € sg forall l € {i+
1,...,h =1}, or

o there exist 7 > g and h € range(s,) such that Py € s and P, € s’ for all (z,() such
that g < z < r and { € range(s,) and P, € s’ forall¢ € {j,...,h —1} and P, € sg
foralll € {i+1,...,m} where m is the maximum in range(sg).

A path 7 is self-fulfilling iff = fulfills every o( Py U P») that occurs in any of its sets. Besides, a
D(I')-cycle o in Gp(ry is self-fulfilling if the path o is self-fulfilling.

Since o¢ P and o(ﬁu P) are equivalent, the fulfillment notion for oo P is a particular case
of Definition 4.7.16.

The next three propositions are auxiliary results about the fulfillment of eventualities, which
are useful for proving the Lemma 4.7.20.

Proposition 4.7.17. Let s be an interval in D(I') 1) for some g € {0,. .., k—1}. Ifo(PyU P) €
s9 and PyU P € sel_ev_sety, 1, then P € s' forsomei € {g+1,...,k}.

Proof. Let us suppose that P ¢ s for every i € {g+ 1,...,k}. Then, since s is an inter-
val, s' € succ(s~1) for every i € {g+ 1,...,k}. Hence, by Definition 4.7.8, there exists a
sequence of literals of the form P, iU P, ..., P,U P such that sel_ev_set; = {P,U P} for
every h € {g+1,...,k} and P, U P is the direct descendant of P,_; U P in D(I") for every
he{g+1,...,k}. Since s* is standard, by item (a) in Definition 4.7.5, there exists a clause
of the form oN € I'} such that o( P, U P) € Lits(oN). Consequently, since D(I") is a cycling
derivation with respect to j and k, there exists N € I'; such that P,U/ P € Lits(NN). This
contradicts the fact that P, is (according to the rule (U Set)) a fresh variable that cannot appear
in the set I';. n

Proposition 4.7.18. Let s be an interval in D(L)(,_p for some g and h such that 0 < g < h <
k—1.Ifo(PyUP) € s9 PyUP € selevsety i and P ¢ s' foralli € {g+1,...,h}, then
Pye s forallie {g+1,...,h}.

Proof. It h = g+1then P, € s" because s” is a successor of s¢ (see Definition 4.7.8). Now, in
the case of h > g+ 2, let us suppose that there exists some r € {g+2, ..., h} suchthat P, ¢ s".
Since s is an interval, s* € succ(s~!) forevery £ € {g+1,..., h}. Hence, by Definition 4.7.8,
there exists a sequence of literals of the form Py U P,..., P,U P such that PyU P is the
direct descendant of P,_y U P in D(T), sel_ev_set; = {P,U P} and {P;_1,0(P;U P)} C s*
forevery ¢ € {g+ 1,...,h}. Then, P,_; € s". Additionally, by construction of D(I),
there exists either a clause of the form C; = O(—PF; V P,_1) or C; = O—P; in s" for every
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i€ {g+1,...,r}.19 Since we are supposing that P, & s", then {=P,41,..., =P} C s" must
hold because s” is literal-closed. Then, —P,_; is also in s". Therefore {P,_1, - P._1} C s",
which contradicts the fact that s” is locally consistent. n

Proposition 4.7.19. Let m = s, s1, - . ., Sn, be a D(T')-cycle. If there exists aliteral o( PyU P) €
univlit(T) such that o(PyU P) € s, for some ¢ € {0,...,n} and some i € {j,..., k}, and the
path 7 does not fulfill o(PyU P), then PyU P ¢ sel_ev_sety and { Py, o(PyU P)} C s} for
everyh € {0,...,n} andevery g € {j,..., k}.

Proof. Since 7 is a D(I")-cycle and 7 does not fulfill o(PyU P), we can ensure, by Def-
initions 4.7.13, 4.7.8 and 4.7.16 that Py € s and P ¢ s) for every h € {0,...,n} and
every g € {j,...,k}. Therefore, by using Proposition 4.7.17 and Proposition 4.7.18, we can
ensure that PyU P ¢ sel_ev_set, for every g € {j,...,k}, since otherwise 7% would ful-
fill o(PyU P). Consequently, by Definition 4.7.8 and Definition 4.7.13, we can ensure that
{Py,o(PyU P)} C s] forevery h € {0,...,n} andevery g € {j,..., k}. .

Next, we prove that every D(T')-cycle in Gpr) is self-fulfilling. As a consequence, we know
that there exists at least one self-fulfilling infinite path in the graph Gp ).

Lemma 4.7.20. For any cycling derivation D(T"), the graph Gp(r) contains at least one self-
fulfilling D(T')-cycle.

Proof. By Proposition 4.7.14 there is at least one D(I")-cycle in Gp(ry. We show, by contra-
diction, that every D(I")-cycle in Gp(ry is self-fulfilling. For that, let us suppose that there is
a D(T)-cycle 7 = sg, 51, - - ., Sp in Gp(r) that is non-self-fulfilling, i.e., the path 7 does not
fulfill a literal o(PyU P) € s} for some £ € {0,...,n} and some i € {j,...,k}. Then, by
Proposition 4.7.19, PyU P ¢ sel_ev_set, for every g € {j,...,k} and {Py,o(PoU P)} C s},
forevery ¢ € {0,...,n}andeveryi € {j, ..., k}. Since s is standard for every ¢ € {0, ..., n}
andeveryi € {j, ..., k}, we conclude that, forevery i € {j, ..., k}, thesetI'} contains a clause
C = 0% N such that o( PyU P) € Lits(C) and, consequently, Py P € Lits(now(T};)) for ev-
ery i € {J, ..., k}. Therefore, by Definition 4.6.1(3), D(T") is not a cycling derivation, which is
a contradiction. n

The particular case of Propositions 4.7.17, 4.7.18 and 4.7.19 and Lemma 4.7.20 for eventu-
alities of the form ¢ P follows easily.
Next, we introduce pre-models as a kind of paths along Gp(r).

Definition 4.7.21. PMod(Gpr)) is the collection of all finite paths m = s, 51,52, - . ., Sp in
Gp(r) such that

(a) so € D(I)g.j—1] and o = s1, 82, . . ., 5, € cycles(Gpr)), if D(D)jg..j—1] # D
(b) = 80,51, ..,5n € cycles(Gpr)), if D(T')p. j—1) =0

where cycles(Gp(ry) is the collection of all the self-fulfilling cycles in Gp(r).

19 The form of the clause respectively depends on whether the context is empty or not when the rule (U Set) is
applied to I';.
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As a direct consequence of Propositions 4.7.10 and 4.7.14 and Lemma 4.7.20, there exists
at least one pre-model in the graph Gp ).

Proposition 4.7.22. PMod(Gp(ry) is non-empty. "

Finally, the above pre-model allows us to construct a model of I". This proves the complete-
ness of our TRS-resolution system.

Theorem 4.7.23. For any set of clauses T, if T is unsatisfiable then there exists a TRS-refutation
forT.

Proof. Suppose that there is no TRS-refutation for I', then the algorithm SR in Figure 4.10
produces a cycling derivation D(I'). By Proposition 4.7.22, there exists a pre-model w7 =
50, 81, 82, - - -, 8n in PMod(Gp(ry). If D(I')jg.j_1] = () we define o as the infinite path 7.
Otherwise 0 = sg - p* where p = s1, S9, . . ., Sp,. Now, we define the PLTL-structure M, =
(0, V., ) where the states are the standard Iclc-extensions that form the intervals in o which can
be seen as

0 r J k J k j k J k
9T 07K o SR 0 LK o SR o SO o XA 9 . o /AU o SO

where r = j — 1 and £ = 1if D(T')(g. j—1) # 0, whereas r = k and £ = 0 if D(I")p_j_1] = 0.
Additionally, Q] is in Iclc(T";) and Vg, (Q]) = {p € Prop | p € Qj } forevery g € {0,...,k}
and every h € {0,...,n}. Itis routine to see that (M, ;) = C holds for all C' € I'}. Since
any Iclc-extension contains at least one literal of C, this is made by structural induction on the
form of the literal and using Definition 4.7.8 and the fact that o is self-fulfilling (by Lemma
4.7.20). In particular, M, is a model of I'j and, by Propositions 4.5.1 and 4.5.2, the set I'g is
satisfiable. Hence, since I' = I', the set of clauses I" is satisfiable. n

4.8 Related Work

In this section we describe the contributions in the literature that are more closely related to our
approach to clausal temporal resolution. First, we explain the relation with the tableau method
TTM (presented in the previous chapter) that inspired TRS-resolution. And then, we discuss
and compare the four clausal resolution methods ([29, 1, 126, 40]) that are more similar to
TRS-resolution.

4.8.1 The TTM Tableau Method [58, 61]

The TRS-resolution method is strongly inspired in the TTM tableau method introduced in the
previous chapter (see also [58, 61]). Indeed, the TRS-rule (U Set) is a clausal variant of the
TTM-rule (U )2. In Chapter 3 (see also [60, 61]), the idea behind the rule (/)2 is used for
achieving cut-freeness (in particular, invariant-freeness) in the framework of sequent calculi
for PLTL. In particular, the cut-free sequent calculus GTC that is dual to the one-pass tableau
method TTM is presented.

The crucial point —in both rules (I )2 and (U Set)- is the fact that whenever a set of for-
mulas AU {@ U} is satisfiable, there must exist a model M (with states sg, $1, . . .) that is
minimal in the following sense:
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M satisfies either AU {1} or AU{p,o((p A=A)UP)}

In other words, in a minimal model M such that (M, sq) [~ 1, the so-called context A cannot
be true from the state s; until the state where 1 is true. Regarding tableaux, the rule (U )2
—which is crucial in our approach for getting a one-pass method— allows to split a branch con-
taining a node labelled by A U {( U 1)} into two branches respectively labelled by A U{¢} and
AU{p,o((p A —=A)U1)}. Hence, the negation of the successive contexts A will be required
by the postponed eventuality. Provided that the number of possible contexts A is finite, the ful-
fillment of ¢ U v cannot be indefinitely postponed, without getting a contradiction. Of course,
the procedure must fairly select an eventuality to ensure termination. Tableau rules handle gen-
eral formulas, whereas resolution needs a preliminary transformation to the clausal language
before the rules can be applied. The rule (U Set) introduced in this chapter is an adaptation —to
the clausal language setting— of the tableau rule (I )9, in the sense that (U Set) is applied to a
set of clauses and the eventuality is inside a clause whereas in (U )2 the eventuality is itself a
formula.

Regarding worst-case complexity, the upper bound given for TTM in Proposition 3.4.10 co-
incides with the one for TRS-resolution (see Proposition 4.6.17). The computational cost of
introducing the negation of the context in postponed eventualities not only depends on the size
of the context but also on its form. As pointed out in Subsection 3.4.5, there are syntactically
detectable classes of formulas that can be disregarded when negating the context. In particular
the most remarkable class is formed by formulas of the form O. The rule (U Set), by defini-
tion, does not consider the always-clauses when negating the context. Since often most of the
clauses are always-clauses, i.e. formulas of the form O where ¢ is in clausal normal form, the
rule (U Set) is specifically well suited for clausal resolution.

4.8.2 The Resolution Method of Cavali & Farinas del Cerro [29]

The complete resolution method presented in [29] deals with a language that is strictly less ex-
pressive than full PLTL since only the temporal connectives o, 0 and < are allowed. The normal
form is based only on distribution laws, and renaming is not used to remove any nesting of op-
erators. Consequently, their translation into the normal form does not introduce new variables,
at the price of achieving little reduction of nesting of classical and temporal connectives. A
formula in Conjunctive Normal Form is a conjunction of clauses C; A ... A C, where every
clause C; has the following recursive structure

LyVv...vVL,vO&h V...VOI,,VOKLV...VOK

Here each L; is of the form o’p or o'—p with p being a propositional atom, each J; is a clause
and each k; is a conjunction where every conjunct is a clause. The resolution method is based on
considering different cases in order to check whether formulas that must be satisfied at the same
state are contradictory or not. For instance, for deciding whether {Tp, ¢} is unsatisfiable,
the unsatisfiability of {¢ (¢ A 1)} is analyzed. Similarly, in order to decide whether {¢ ¢, 09}
is unsatisfiable, the unsatisfiability of {0 ¢, 1} and {p, ¢} is analyzed. Also formulas of the
form o Vop V...V Oigo and of the form ~p A o—=p A ... A oi_l—mp A oigo are considered for
dealing with ¢ ¢ and formulas of the form p Aop A. .. A Oicp for dealing with O, with ¢ ranging
in a finite set of the form {0, ..., g} where g > 0. These latter cases represent an attempt to
decide whether there exists a future state (in a finite scope) in which the involved formula (the
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formula ¢ from ¢ ¢ or from O¢) does not generate an inconsistency. However, there is not a
clear algorithm to construct derivations and, therefore, complexity cannot be analyzed. In our
approach, the nesting of connectives in the normal form is much more restricted. Our resolution
method is based on reasoning “forwards in time” state by state. And, finally, our method is
complete for full PLTL and we provide a terminating algorithm to construct derivations. In [28]
an extension of the resolution method presented in [29] is shown and the full expressiveness
of PLTL is achieved by means of the connectives o and P (“precedes”) such that ¢ P ¢ is
equivalent to the until-formula (=) U (¢ A —1)), but the completeness result for the extended
method is not provided.

4.8.3 The Nonclausal Resolution Method of Abadi & Manna [1]

A nonclausal resolution method for full PLTL is presented in [1] (see also [4]). Eventualities
are expressed by means of the connectives ¢ and P (“precedes”). Since they deal with general
formulas (instead of clauses), the provided rules enable the manipulation and simplification of
subformulas at any level but with some restrictions for preserving soundness. The resolution
rule is of the form

olx], x| — pltrue] v [ false]

where the occurrences of the subformula y in ¢ and ¢ that are replaced with ¢true and false,
respectively, are all in the scope of the same number of o’s and are not in the scope of any
other modal operator in either ¢ or . They also use modality rules, such as e.g. O, 09 —
o ((Op)AY)and 0, 01h — < ((0 @) A1) V o(p Aor), that makes this non-clausal method
very different from our proposal. However, they also introduce induction rules for dealing with
eventualities. These induction rules are very close to our rule (U Set). Here, for simplicity and
clarity, we only describe the induction rule for ¢, which in terms of the present thesis says

AN oo — AN O (mp Ao(pA=A))if F=(AAp)

where A and A’ are set of formulas. This rule states that if A and ¢ cannot hold at the same
time but ¢ eventually holds, then there must be a sate s; where ¢ does not hold and at the next
state s;41 the formulas ¢ and —A hold. Hence, the above A (called a fringe in [1]) resembles
our context, but the technical handling of fringes in [1] is quite different from our treatment
of contexts. The first important difference is that induction rules use an aside condition (see
F (A A @) above) for choosing the fringe A. In our approach, contexts are syntactically
determined without any auxiliary derivation. Second, in (U Set) accumulation of the contexts
is made in the non-eventuality part of the until-formula, i.e. the left-hand subformula of the
until-formula. Indeed, the consequent of the TRS-rule (¢ Set) introduces an until-formula with
the negated context in the left-hand subformula. In contrast, negated fringes are accumulated in
the eventuality part. Third, the method in [1] does not impose any deterministic or systematic
strategy to apply the induction rules although the completeness proof outlines a strategy based
on the finiteness of the set of possible fringes. We provide, by means of the algorithm SR, a
systematic method. Additionally, in our method when a context is repeated, the derivation of
a refutation is straightforward, whereas in [1] obtaining a refutation after a repetition is not so
direct. The reason is that our forward reasoning approach keeps a better structure for detecting
the contradiction between a context and its negation. This fact can be seen by looking at the
following example {p, 0(—p V op),©—p}. In our method a refutation is easily achieved when
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the context {p} is repeated (see Example 4.6.3). However, by using the induction rule in [1]
with A = {p}and A’ = {T(—p V op)}, they get

{p,0(=pVop),o(=—pAo(=pA-p))}

Applying some other rules, which we cannot detail here, this set is transformed into

{p, op,o0(—p V op),o(p Ao—p)}.

The resolution rule is not enough for achieving a contradiction from the latter set. Fourth, [1]
does not address the problem of satisfiable input sets, whereas we ensure the existence of a
model for any satisfiable input through the notion of cycling derivation. Finally, complexity is
not discussed in [1, 4] and is difficult to assess due to the lack of a clear strategy for applying
the rules.

4.8.4 Venkatesh’s Temporal Resolution [126]

The resolution method presented in [126] is very similar to ours in everything but the way of
dealing with eventualities. The normal form and even the way in which the new variables are
used during the translation process are the same as ours. The resolution rule and the way of
unwinding temporal literals —in the case of our rules (& Fiz) and ( R Fiz)- follow the same
idea. Also the approach of reasoning forwards, i.e., jumping to the next state carrying the
clauses that must be necessarily satisfied in the next state, appears in both methods. However,
in sharp contrast to our TRS-resolution, the method in [126] needs invariant property generation
for dealing with eventualities that can unwind indefinitely (or whose fulfillment can be delayed
indefinitely). More precisely, cyclic sequences of sets of clauses that contain the so-called per-
sistent eventualities —eventualities that can be unwound indefinitely and cannot be satisfied—
must be detected and the persistent eventualities must be removed. Detecting those cycles can
be seen as finding an invariant property x that ensures that a given eventuality ¢ U 1) cannot
be fulfilled because 01— follows from . Finding the invariant property requires an additional
process whose development is not tackled in [126], therefore the complexity of the method can-
not be directly assessed. Instead of invariant properties, we use the concept of context —in the
applications of the rule (U Set)- for preventing indefinite unwinding of eventualities.

4.8.5 Fisher’s Temporal Resolution [40]

The resolution method presented in [40] is also for full PLTL. The structure of a formula in the
Separated Normal Form (SNF) is 0Cj A. . .AOC, and since it is equivalentto O (C1 A. . . A C;.),
the calculations are made using only the so-called PLTL-clauses C1, ..., C,, without O. Each
C; is of one of the following three forms

start — § K— 00 K — O\

where — is the classical connective of implication (i.e. x — v = —x V ), start is a nullary
connective that is only true in the initial state, § is a disjunction of propositional literals, & is
a conjunction of propositional literals and A is a propositional literal. The use of start makes
possible to differentiate the clauses that refer only to the first state and the clauses that refer to all
the states. Additionally, in SNF only the temporal connectives o and ¢ are kept, since any clause
involving one of the remaining connectives (U, O, etc.) is expressed by a set of new clauses
whose only temporal connectives are © and ¢. A formula and the corresponding set of clauses
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in SNF are equisatisfiable but, in general, they are not logically equivalent. The three kinds of
clauses are called, respectively, initial PLTL-clauses, step PLTL-clauses and sometime PLTL-
clauses. Resolution between the former two kinds of clauses is a straightforward generalization
of classical resolution but the so-called temporal resolution rule for sometime PLTL-clauses is
more complicated:

Ko — 000, ..., K — O00p, Kpp1 — O A
SNF(I{n_H — (—%0 VANRAN _%n)W/\)

where the unless or weak until connective W is defined as oW1 = (pU 1) V Op. Additionally
the following loop side conditions must be valid

d; = =Xand 6; — (ko V...V ky) forevery j € {0,...,n}

The idea is that if the set Q@ = {kg — 0y, ..., K, — 00, } satisfies the loop side conditions,
then it follows that (ko V ...V K,) — oO-A. In such a case 2 is called a loop in ¢ A and
Ko V ...V Ky is called a loop formula (also called invariant) in —A. So the method is based on
searching for the existence of these invariant properties. This task requires specialized graph
search algorithms (see [45, 33]) and is the most intricate part of this approach. The worst-
case complexity is discussed in [45], where the translation to SNF is proved to be linear in
the length of the input, whereas resolution is doubly exponential in the number of proposition
symbols. An improved and simplified version of the resolution method in [40] can be found
in [32]. The main differences with respect to TRS-resolution method are three. First, although
the technique of renaming complex subformulas by a new proposition symbol is used in both
approaches, in our normal form the temporal connectives &/ and R are kept. Second, we follow
the approach of reasoning forwards and jumping to the next state when necessary, whereas the
method presented in [40] involves reasoning backwards. Actually, contradictions are achieved
at the initial state. Third, the most remarkable difference is the way of dealing with eventualities,
since we dispense with invariant generation by means of the rule (U Set) and the strategy
presented in the algorithm SR.






S. LOGICAL FOUNDATIONS FOR MORE EXPRESSIVE DECLARATIVE
TEMPORAL LOGIC PROGRAMMING LANGUAGES

5.1 Introduction

Temporal Logic Programming (TLP) deals with the direct execution of temporal logic formulas.
Hence TLP provides a single framework in which dynamic systems can be specified, developed,
validated and verified by means of executable specifications that make possible to prototype,
debug and improve systems before their final use. In TLP, the direct execution of a formula
corresponds to building a model for that formula. The idea of directly executing logic formulas
has been thoroughly studied in (classical) Logic Programming (LP). Given a program II, the
computation of a goal 1 «— ~ with respect to II in an LP system is a search for a refutation
proof of IT U {—v}. However, this proof search can also be seen as an attempt to build a model
of ITU {~}. This model is (in general) partially specified, because it only determines the truth
value of the atoms (from II) that are involved in the refutation proof. We illustrate this view (of
LP) in the next example.

Example 5.1.1. Let us consider the following (classical) logic program:

q(0) < T

g X)—qgY)NX =Y +1
r(X)—qg¥Y)NX=Y+2
w(X) — qY)AX =Y +3

The computation of the goal L «— r(Z) gives rise to the infinite sequence of answer substitutions
{Z «—2},{Z « 3},{Z «— 4}, .. .that partially shows the implicit step by step construction of
the infinite minimal model {q(j),r(j+2) | j € IN } for the body of the goal (i.e. r(Z)) and the
subprogram that contains the first three program clauses. However, this model does not specify
which instances of w(X) are true.

TLP, in a broad sense, means programming in any language based on temporal logic. In
TLP two different approaches have arisen: the imperative future approach and the declarative
approach. In the imperative future approach a program is a set of rules of the form ¢ — oy
asserting that whenever the formula ¢ is true in a state s, the next state s’ must make true the
formula . The imperative future approach tries to construct a model of the whole input pro-
gram by using a forward chaining process. By contrast, the declarative approach to TLP is
based on extending classical resolution for dealing with temporal connectives. Hence the (im-
plicit) attempt of constructing a model is driven by the goal. As the above Example 5.1.1 shows,
such model determines only the predicates involved in the refutational process. Next, we briefly
review the most significant proposals in the literature for both approaches. More discussion
and references about programming languages with capabilities for reasoning about time can be
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found e.g. in [67, 44, 98, 100].

Imperative future TLP languages. The most significant representatives of this approach
are Tempura [94] and MetateM [9]. The language Tempura is based on a fragment of Interval
Temporal Logic with a restricted use of eventualities. The Tempura approach has been contin-
ued ([27, 95]) and extended to Framed Tempura and Projection Temporal Logic Programming
[37, 38, 129].

The language MetateM develops the methodology outlined in [54]. MetateM is based on First-
order Linear-time Temporal Logic (FLTL) and formulas are written in the Separated Normal
Form (SNF) presented in [40, 41]. The propositional fragment of MetateM is complete, how-
ever, since FLTL is incomplete ([92, 122, 121]), the execution of a first-order MetateM program
attempts to build a model, but the success of such construction is not guaranteed (see Example
5.1.4). In MetateM disjunctions are seen as choices and one disjunct is selected from each dis-
junction as part of the process of building a model. If a choice is later shown to be inappropriate,
because it leads to inconsistency, then backtracking is used to return to the last point where a
choice was made. In propositional MetateM the termination is addressed by explicitly consid-
ering the small model property, which allows to calculate an upper bound of forward chaining
steps. If a model is not obtained bellow this upper bound, then the attempt is given up and the
procedure backtracks. MetateM was extended to Concurrent MetateM in [42]. Among its ap-
plications we can mention, e.g., the development of agent systems ([43, 47]). More references
on MetateM, Concurrent MetateM and their applications can be found in [44]. A fragment
of Linear-time Temporal Logic is presented as imperative future TLP language in [93]. This
language, for efficiency, restricts the use of eventualities (and also disjunctions). The clausal
normal form and the idea of forward chaining construction of models introduced in MetateM
are used in [6, 7] to obtain a temporal extension of the Answer Set Programming paradigm
(non-monotonic reasoning).

Finally, we also mention the assembly-like TLP language XYZ/E that was presented in [124,
125] as a vehicle for providing temporal semantics to programs written in conventional imper-
ative programming languages. An imperative program is expressed in XYZ/E on the basis of
the execution sequences that it generates along the timeline. A similar approach can be found in
Chapter 3 of [44].

Declarative TLP languages. There are several works on extending classical LP (in partic-
ular Prolog) for reasoning about time. Some proposals are purely based on temporal logic and
extensions of SLD resolution, but the incompleteness of FLTL becomes a delicate issue for us-
ing fragments of FLTL as TLP languages. Also the complexity result is a drawback even for the
propositional fragment (see [119]). Additionally, the interaction between the O (“always”) and
the o (“next”) connectives makes possible to encode the so-called induction on time by means
of loops or hidden invariants (see Section 2.4) that, in an indirect way, state that a formula
is satisfied in every moment in time. The presence of these loops or hidden invariants makes
necessary to consider quite intricate mechanisms for detecting (un)satisfiable eventualities (Def-
inition 2.2.1). Many temporal extensions of LP are not purely founded on temporal logic due to
their extra-logical features for handling eventualities. Next, we summarize representative pub-
lished work concerning the variety of proposals in declarative TLP languages (including some
approaches that are not purely based on temporal logic).

The language Tokio [52, 82, 83, 96] extends Prolog by adding temporal reasoning capabilities
inspired by both Linear-time Temporal Logic and Interval Temporal Logic. In Tokio there are
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restrictions regarding the use of temporal connectives and, unlike Prolog variables, the so-called
temporal variables used in Tokio have state, what makes possible to express properties like
oY =Y + 1 stating that the value of the variable Y in the next time instant will be its present
value plus one. Obviously, this kind of expressions are no supported by conventional temporal
logic.

A different temporal extension of Prolog was introduced by Hrycej in [74, 75] where time inter-
vals are considered as conceptual primitives. The Hrycej’s language is a non-modal approach
based on first-order logic with capabilities to deal with time intervals. More precisely, the first-
order “reified” logic ([108, 118]) is considered as the basis for the implementation of the lan-
guage.

Metric temporal operators and dense time are considered in [21, 22, 24, 23, 25, 26] where ex-
ecution is based on translating temporal logic programs into Constraint Logic Programming.
Temporal Annotated Constraint Logic Programming is presented in [50, 49, 51, 107].

The Temporal Prolog presented in [114] extends Prolog by introducing linear-time temporal
connectives. Programs are transformed into a normal form that is similar to the Separated Nor-
mal Form used in MetateM. This transformation removes most temporal connectives by intro-
ducing fresh predicates. The transformation of eventualities yields negated atoms. If negated
atoms (i.e., eventualities) are involved in a program, then the Herbrand universe must be finite
and, in this case, computation is performed on the basis of a nondeterministic finite automaton
that corresponds to the program. Two implementation options are devised: first, by translat-
ing programs into Prolog (if the program contains negation, then a pure Prolog program is not
obtained) and second, asserting the facts which are true at each point in time (although this im-
plementation option is not explained in detail, it resembles, at first sight, the imperative future
approach).

A sequent-based proposal for establishing logical foundation for declarative TLP is presented in
[106]. This approach considers a complete fragment of FLTL where eventualities are allowed.
In order to handle eventualities, the sequent system contains an invariant-based rule.

We finally review the three existing declarative TLP languages that are based on pure extensions
of classical logic programming languages and resolution, which are Chronolog [127, 99], Tem-
plog[2, 3, 10, 11, 12, 13, 14] and Gabbay’s Temporal Prolog [55]. Chronolog and Templog are
the most studied and the most representative languages in the purely declarative approach. The
underlying logic for the languages Templog and Chronolog is FLTL. In the case of Gabbay’s
Temporal Prolog, the presented system is intended for both branching-time and linear-time tem-
poral logic. In Chronolog, the connectives first (to refer to the state sg) and next (to refer to
the next state) are the only temporal connectives. Templog’s syntax allows the always connec-
tive (O) to occur in clause heads and the eventually connective (¢) in clause bodies. However,
Templog programs are expressible by using o as the unique temporal connective in clause heads
and bodies ([12, 14]) and consequently it has the same expressive power as Chronolog. This
restriction is so strong that it allows reducing any temporal program to a (possibly infinite)
classical logic program. Templog and Chronolog have also the same metalogical properties
of existence of minimal model and fixpoint characterization. Gabbay’s Temporal Prolog is a
more expressive language that allows eventualities in clause heads (although it does not allow
O in clause bodies). The resolution-based computation procedure outlined in [55] is proved to
be sound, however its completeness has not been addressed. The development of these three
declarative languages was mainly done in the early nineties, in contrast to the imperative future
approach (e.g. Tempura and MetateM) which has been evolving until present days. During the
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last two decades, no other clausal sublanguage of linear-time temporal logic has been proposed
as declarative TLP language. Hence, nowadays, Templog, Chronolog and Gabbay’s Temporal
Prolog remain as the most expressive proposals of declarative TLP languages. Later extensions
of Chronolog (e.g. [103, 102, 112, 113, 68]) did not add significant temporal expressiveness. In
the case of Gabbay’s Temporal Prolog, although the expressive power was considerably high, it
seems that the lack of completeness was a handicap for further study and development.

In general, it seems that the troublesome solving (in the resolution sense) of the so-called
eventualities has been blocking the steps toward more expressive resolution-based declarative
TLP languages. Indeed, even in the propositional fragment —i.e. in PLTL- the solving of even-
tualities is the most intricate part that often requires techniques such as invariant generation
([40, 45)).

In this thesis, we contribute to the effort of increasing the temporal expressiveness of declar-
ative TLP languages on the basis of the temporal resolution-based mechanism presented in
the previous chapter (see also [62]) that is complete (in the propositional setting). As already
explained in Chapter 4, the main novelty of this temporal resolution lies in a new approach
to handle eventualities. We introduce a purely declarative propositional TLP language, called
TeDilog, that allows both O and ¢ in clause heads and bodies. Hence, TeDilog is strictly more
expressive than the propositional fragments of the above mentioned purely declarative propos-
als: Templog [3, 12], Chronolog [127, 99] and Gabbay’s Temporal Prolog [55]. Additionally
TeDilLog is as expressive as propositional MetateM [9]. However, MetateM follows the imper-
ative future approach and is not based on resolution. Two crucial differences of our proposal
with MetateM are that TeDiLog does not need backtracking and the resolution mechanism of
TeDilLog directly manages unsatisfiable eventualities, hence upper bounds are not needed.

A very preliminary version of the content provided in this chapter was presented at the
Spanish Workshop PROLE 2009 (see [64]).

Along the chapter, we compare TeDilLog with its most closely related proposals: Templog,
Chronolog, the linear-time Gabbay’s Temporal Prolog and MetateM. The technical content of
this chapter is focused on the propositional language TeDiLog. However, for a better illustration
of the aim of our proposal, we next discuss some first-order program examples. They are written
in the natural extension of TeDiLog with predicates and variables.

Example 5.1.2. Consider the following program (on Fibonacci numbers):

fib(0) — T
ofib(1) «— T
0 (% fib(V) «— fib(X)Aofib(Y)AV =X +7Y)

The goal L «— o®fib(Z) yields the answer substitution {Z «— 2}. The goal L — o fib(Z)
produces an infinite sequence of answer substitutions {Z «— 0}, {Z «— 1}, {Z «— 1}, {Z
2}, ..., that is, the sequence of Fibonacci numbers. Now, consider the goal L «— O fib(Z)
which is not expressible in Templog, Chronolog and Gabbay’s Temporal Prolog. The TeDilLog
computation does not finish and does not produce any answer. Note that O fib(j) is not a logical
consequence of the program for any j € IN.

The above program is expressible in MetateM through a simple transformation. The MetateM
program execution, which does not need a goal, builds the infinite model

{fib(0), ofib(1), o> fib(1), 0> fib(2), .. .}
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for the above program.
Example 5.1.3. The following program encodes the so-called induction on time (for q(a)):

g(a) — T
0(og(X) « ¢(X))

Hence, q(a) is true at every instant along the time. The goal 1 «— ogq(Z ) yields the an-
swer substitution {Z «— a}. The goal L — ¢ q(Z) generates the infinite sequence of answer
substitutions {Z — a}, {Z «— a}, {Z «— a}, {Z <« a}, .... The goal L. — 0q(Z) also
yields the answer substitution {Z «— a}. The latter goal is neither expressible in Templog,
nor Chronolog, nor Gabbay’s Temporal Prolog. The MetateM system builds the infinite model
{q(a), 0q(a), o%*q(a), .. .} for the above program.

Example 5.1.4. The following program shows that, as expected, the natural first-order extension
of TeDilog gives rise to an incomplete system:

q(0) < T

0(og(X) < q(X))
O(og(X)—qg(Y)YANX =Y +1)
O(w(X) « 0g(X))

This fact is due to the interaction between the infinite domain and the connective O in the body
of the last clause. By means of the first three clauses, for every i € IN, q(i) holds in all
states s; such that j > i. As a consequence, w(i) holds in a state s; if i > j. Indeed, the
atoms w(0), ow(0), ow(1), o*w(0), 0*w(1), o*w(2), . . . are logical consequences of the pro-
gram. However, the first-order extension of our resolution method will neither yield any answer
for the goal 1. «— ow(Z) nor for any goal 1. — oFw(Z) where k > 0. The reason is that, by
contrast with the previous Example 5.1.3, here the goal 1. «— 0q(V') does not give any answer
(due to the infinite domain), and consequently the last program clause cannot be used to pro-
duce w(V).

In order to obtain a MetateM program, the last program clause above is translated into SNF
giving rise to two clauses: O (or(X) «— q(X) A ~w(X)) and O(0—q(X) «— r(X)), where
r is a fresh predicate symbol. Consequently MetateM attempts to construct a model for the
following program':

q(0) =T

O(og(X) < q(X))

O(og(X) —qg(YYANX =Y +1)
O(or(X) « q(X) A ~w(X))
0(0—g(X) « r(X))

Then, the atoms in {q(0), 0g(0), og(1), 0%q(0), 0%q(1), 0%¢(2), .. .} are successively obtained.
In addition, since there is no clause with head w(Z), we can suppose that —w(X) succeeds in
a time instant for any X such that q(X) is true at that time instant. Therefore, the atoms

{or(0), 0% (0), 0*r(1), 0*r(0), 0*r(1), 0%r(2), .. .}

! Actually this program is not in pure SNF yet (see e.g. [41]). Some minor syntactical changes are still needed,
but they are irrelevant for our discussion.
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are also generated. According to the last program clause, the system attempts to satisfy ¢ —q(X),
however at each step the system must delay this task for the next step. Therefore, MetateM (as
TeDilLog) is not able to generate a model for this program.

In the rest of the chapter we restrict ourselves to the propositional setting. Hence, the logic
that underlies TeDilLog is the well-known Propositional Linear-time Temporal Logic (PLTL),
which is complete and decidable. We endow TeDilLog with logical and operational semantics
and prove their equivalence. The logical semantics is given by the set of all the (finite) formulas
of the form a1 V ...V «, that are logical consequences (in PLTL) of the program and where
each «; is either a body or a body prefixed by the connective ¢. The operational semantics of
TeDilLog is based on the invariant-free resolution method that is presented in detail in Chapter
4 of this thesis (see also [62]) and dispenses with invariant generation. We cannot expect to
have the classical Minimal Model Property (MMP in short) that assigns to any program a min-
imal model, which is the intersection of all its models. The reason for this is twofold. First,
the non-conjunctive temporal connective ¢ appearing in clause heads, and also the non-finitary
connective O appearing in clause bodies, both (separately) prevent from holding the MMP (see
[101, 99]). For Gabbay’s Temporal Prolog the MMP does not hold because of the use of the
connective ¢ in clause heads. The second reason is that our resolution mechanism produces (in
computation time) disjunctive clauses, so TeDilLog is located in the disjunctive logic program-
ming (DLP) paradigm, which does not enjoy the MMP even in the classical (non-temporal)
case. In the DLP framework, the semantics of a program consists of the collection of all its
minimal models (see e.g. [89]). Temporal disjunctive logic programming has previously been
addressed in [68] where Chronolog is extended with DLP features. The satisfiability of a Tem-
plog/Chronolog program can be reduced to the satisfiability of a classical logic program. As a
consequence, the minimal model characterization of Templog and (Disjunctive) Chronolog (see
[12,68,127,99]) is a straightforward adaptation of the classical (disjunctive) case. In the case of
TeDilog, due to the fact that syntactical cut elimination seems to be unfeasible in PLTL (indeed,
itis an open problem in [20] and [61]), the collection of minimal models associated to a program
should be related to every possible goal. This results in a too intricate (hence, unseemly) model-
theoretic characterization to be used as declarative semantics for TeDiLog. Indeed, although
a continuous immediate consequence operator can be associated to every program, there are
great difficulties (related to cut elimination) for using this operator in a customary completeness
proof. Hence, we prove completeness with respect to the logical semantics through a particular
model construction.

Our resolution system requires the expressive power of full temporal logic. That is, the
resolution of a ©-goal, necessarily generates subgoals involving the strictly more expressive
connective U . Hence, we directly formulate our language in terms of the temporal connectives
U and its dual: the connective R . We present a complete algorithm which performs resolution
of a goal with respect to a program. This algorithm is based on a natural extension of the classi-
cal LP rule for (binary) resolution in two senses: temporal (O in front of clauses) and disjunctive
(disjunction in clause heads). The algorithm not only performs the standard (linear) resolution
between the current goal and a selected program clause, but also a controlled kind of resolution
called nx-resolution. This nx-resolution is performed to infer (from program clauses) all the
(program) clauses that have a connective o in front of every literal. Intuitively, nx-resolution
allows to extract all the implicit information about the next state that is crucial to achieve com-
pleteness.
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Li=p|-p H:=1|AVH

o 5 B:=T |AAB
T:=LUp |LRp|op |Op =
A= op | o'T D :=0°AV H < B)

G :=0%L « B)

where p € Prop, i € IN, L is the empty disjunction,
T is the empty conjunction and b € {0, 1}.

Figure 5.1: Syntax of TeDilLog

Outline of the chapter. In Section 5.2 we introduce the syntax of TeDilLog, some preliminary
definitions and a sample TeDilLog specification of a reactive system. In Section 5.3 we present
the system of rules that are the basis for the operational semantics of TeDiLog. Section 5.4 is
devoted to the operational and logical semantics and their equivalence. In Subsection 5.4.1 we
present the operational semantics of TeDiLog. Then, in Subsection 5.4.2 we detail some sample
derivations. The logical semantics is described in Subsection 5.4.3. We prove the equivalence
between both semantics in Subsection 5.4.4. Finally, we discuss relevant related work in Section
5.5.

5.2 The Language TeDilog

In this section we introduce the syntax of TeDilLog along with an illustrative example of a
TeDilLog specification for a reactive system.

The syntax of TeDiLog (Figure 5.1) is an adaptation, to the usual logic programming style,
of the clausal normal form previously presented for clausal temporal resolution (Section 4.2).
The programming language TeDilog is a twofold extension of propositional Horn clauses that
incorporates temporal connectives in atoms and disjunctions in clause heads. It is the Temporal
Disjunctive Logic programming language given in Figure 5.1, where the metavariable A de-
notes atom, L stands for (classical) literal, T" for temporal atom, H for head, B for body, D for
(disjunctive) program clause, and G for goal clause. As in the previous chapter, we use the su-
perscript b varying in {0, 1} to represent a formula with or without a prefixed unary connective
(in particular for the connectives O and ¢ ). So that, along the rest of the chapter superscripts b
(from bit) range in {0, 1}. These kinds of superscripts are notation, hence they are not part of
the syntax. Due to the superscript b, the metavariable D represents two kinds of clauses. The
expression O b(H — B), for b = 0, represents H < B, which is called a now-clause, whereas
for b = 1, it represents O (H « B), which is called an always-clause. The same classification
applies to the goal clauses denoted by G. In particular, 0°(_L « T) represents the two possible
syntactic forms of the empty clause, as now- or always-clause.

Definition 5.2.1. Given a set of clauses ®, the set alw(®) is formed by all the always-clauses
in ®, i.e. all the clauses of the form O (H «— B). In addition, the set now(®) is ® \ alw(®).
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A program is a set of program clauses and a goal is a set of goal clauses.

The set of atoms of a clause C = O%A; V...V A, «— A A ... A AL) is the set
{A1, ..., A, A, ..., Al }. We assume that there is neither repetitions nor established order
in the atoms of a head or a body. An atom is said to be o-free if it is a temporal atom or a
classical propositional atom. The connective o is distributive over every other connective and,
consequently, o0 (A; V...V A, «— A A ... A A]) is equivalentto O(0A; V...V 04, «—
oAy N...NoAL). Given a head, body, program clause or goal clause 1, we denote by o1 the
head, body, program clause or goal clause that is obtained by adding one connective o to every
atom in ¢). For instance, o0 (pV g «— or) denotes O (opV og «— oor) and o0 (_L « or) denotes
0O(L « oor). Note that o_L is written just L and oT is written T.

A clause 0°(H « B) is semantically equivalent to the formula 0°( H V—B). Consequently,
not only the temporal atoms of the form ¢ p and LU p that occur in the head H of the clause
behave as eventualities, but also the temporal atoms Op and L R p in the body B, which respec-
tively correspond to (temporal) literals =0 p and —(L R p). Hence, we define the eventuality
literals of a clause, on the basis of the notion of eventuality (see Definition 2.2.1).

Definition 5.2.2. Let C be a clause 0°(Ay V ...V Ay — AL AL AN AL). Lits(C) denotes
the set {A1, ..., Ay, —AY, ..., —Al} whose elements are called the temporal literals of C.
Additionally, EventLits(C) denotes the set of all the eventuality literals in C, i.e. {N | N €
Lits(C) and N is an eventuality}.

Both notations are extended to a set of clauses V in the obvious manner:

Lits(V) = Upey Lits(C) and EventLits(V) = | Joy EventLits(C).

Note that eventuality literals from clauses have one of the following four forms: ¢p, L U p,
—0Op and —~(L R p), where p is a propositional variable and L a classical literal.

TeDilLog is syntactically a sublanguage of PLTL, but every PLTL-formula can be translated
into TeDilLog by using, in general, new propositional variables. The translation yields an equi-
satisfiable set of (program and goal) clauses. For example, the PLTL-formula O—p <« ¢ (i.e.
O-p V —q) can be translated into TeDilLog as the goal 1 < ¢ A ©p but also as the set formed
by the program clause 07 < ¢ and the goal clause O (L < r A p) where r is a fresh proposi-
tional variable. For the PLTL-formula O(z V y) < z we obtain the program clauses Dw « z
and O (x V y < w) where w is a fresh propositional variable. A detailed translation method is
presented in Subsection 4.2.2.

To finish this section, let us illustrate (with an example) how TeDiLog can be used to specify
reactive systems and to verify properties that are satisfied by these systems. We also use the next
example to compare the expressiveness of TeDiLog with the more closely related proposals in
the literature.

Example 5.2.3. Let us consider a system where a device (dv) and a system manager (sm) inter-
act with each other. When the device dv needs to execute a process, it sends a request req_dv to
the system manager sm to get permission and goes into waiting-state until the system manager
sm sends the acknowledgement signal ack_sm giving permission to execute the process.

O (waiting-dvU ack_sm «— req_dv) (5.1)
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Whenever dv asks for permission, the system manager sm will eventually give permission by
sending the acknowledgement signal ack_sm in a later state.

0O (oo ack_sm «— req_dv) (5.2)

Once the system manager produces the signal ack_sm (giving permission), the device dv goes
into working-state until it communicates the end of the process by means of the eop_dv signal.

O(working_dvU eop_dv «— ack_sm) (5.3)

Whenever the device generates the eop_dv signal, then it will not be in working-state until it
receives the ack_sm signal giving permission to execute another process.

O (—~working-dvU ack_sm < eop_dv) (5.4)
From time to time, the system manager generates a control signal ctr _sm
O(octr_sm «— T) (5.5)

The interaction generated after the control signal ctr _sm corresponds to the fact that the system
manager has to regularly control whether the device is correctly connected to the system. This
signal ctr_sm is always eventually followed by the signal conn_sm which is received by the
device.

0O (¢ conn_sm « ctr_sm) (5.6)

After receiving the signal conn_sm, the device dv answers by sending the signal conn_dv to the
system manager.
0 (oo conn_dv «— conn_sm) (5.7)

The device dv is considered to be in communicating-state (com_dv) while the arising of the
conn_dv signal (now or in a future moment) is guaranteed.

0O (com_dv «— ¢ conn_dv) (5.8)

We would like to remark that the clauses (5.2) and (5.5)-(5.7) cannot be expressed neither in
Chronolog nor in Templog because of the eventualities in their heads. However, all of them are
syntactically correct in Gabbay’s Temporal Prolog. As for the clauses (5.1), (5.3) and (5.4), they
contain the connective U which is not allowed in the above mentioned three declarative TLP
languages.

Now, we can check whether the system specified by the TeDilLog clauses (5.1)-(5.8) verifies
some properties such as fairness, liveness, safety, mutual exclusion, etc. This is made by writing
the intended property as a TeDilLog goal and then checking if that goal can be inferred from the
program. For example we would be interested in checking whether the device dv will always
keep in communicating-state. The corresponding goal would be {1 «— Tcom_dv}. Actually,
the refutational mechanism of TeDilog checks the unsatisfiability of the eventuality & —com_dv
with respect to the specification.

None of the just above mentioned three languages (Chronolog, Templog and Gabbay’s Temporal
Prolog) allows always-atoms in clause bodies, hence the previous goal is not expressible in any
of these declarative TLP languages.
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0bAvV H « B) b (H — AAB)

R :
(Fes) OV (HVH — BADB)

b, € {0,1}

Figure 5.2: The Resolution Rule

The program clauses (5.1)-(5.8) can be expressed in propositional MetateM, although some
translation into SNF is needed. For the resulting specification, the MetateM execution system
builds a model step by step in the imperative future style. The process will stop when a loop
that gives rise to an ultimately periodic model for the program is detected. If we add to the
specification the SNF clauses that correspond to the goal 1. «— O com_dv, then MetateM finitely
detects the unsatisfiability of the extended specification.

5.3 The Rule System

In this section, we introduce the rule system that constitutes the basis of the operational seman-
tics of TeDiLog. This rule system is a straightforward adaptation ot the TRS-system presented
in Section 4.3. Hence our system includes a Resolution Rule, a collection of Temporal Rules for
decomposing temporal atoms, and two auxiliary rules respectively for jumping to the next state
and for subsumption. We explain these four kinds of rules in the following four subsections.

5.3.1 The Resolution Rule

The TeDilLog’s resolution rule (Res) is a natural generalization of the classical rule for binary
resolution. It is depicted in Figure 5.2 in the usual format of premises and resolvent separated
by an horizontal line. The rule (Res) applies to two temporal clauses such that one of the atoms
in the head of one clause is in the body of the other clause. The premises can be headed or not
by an always connective. By means of the product b x ' in the superscript of the resolvent,
the resolvent is an always-clause if and only if both premises are always-clauses. Note that the
resolvent is in general a program clause, but in particular when the premises respectively are a
single-headed program clause and a goal clause, the resolvent is a goal clause.

5.3.2 The Temporal Rules

The temporal rules serve to transform the set of clauses according to the inductive definitions
of temporal atoms. We write them as transformation rules ¢ — ¥ where ® and ¥ are sets of
clauses, respectivelly called the antecedent and the consequent. Temporal rules are grouped into
two classes. On the one hand, the context-free rules are based on the usual inductive definitions
of the temporal connectives. The antecedent and consequent of any context-free rule are logi-
cally equivalent. On the other hand, the context-dependent rules come up from a more complex
inductive definition of the connective U/ (already presented in the previous chapters), and their
antecedent and consequent are equisatisfiable.
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(UHy) O (mUp2)VH — B)
— {0%p2 V1 VH «— B), 0%pyVo(piUps)V H«— B)}

Figure 5.3: The Context-Free Rule (¢ H)

(UH_) O’ (-p1Ups)V H «— B)
— {0%(p2 VH < p1 AB), 0paVo(-p1Up:)V H — B)}

(UBy) 0O°(H « (p1Upsz) A B)
— {0°(H — pa A B), O°(H — p1 Ao(pUpsz) A B)}

(UB-) DO°H — (~p1Ups) A B)
— {0 H — pa A B), O°p1VH — o(-p1Upz) AB)}

Figure 5.4: The Context-Free Rules (U H_), (U By ) and (U B_)

Context-Free Rules

In the context-free rules, the antecedent & is a singleton and we write directly its unique clause.
The context-free rule (U H ) —depicted in Figure 5.3— deals with an atom of the form p; U po
that appears in the head of a clause. This rule replaces a clause of the form 0O°((p1 U p2) V
H — B) with a logically equivalent set of (two) clauses according to the well-known inductive
definition py U po = pa V (p1 A o(p1U p2)), from which the distribution law guarantees the
equivalence

p1Upz = (p2Vp1) A (p2 Vo(p1Ups2)) (5.9

which justifies that the antecedent (p1 U p2)V H < B of therule (U H.,) is logically equivalent
to the conjunction of the two clauses in its consequent: pa Vp; V H < Band py Vo(piU pa) V
H — B.

Our system also includes (see Figure 5.4) the rules (U H_), (U B+ ) and (U B_) for the re-
spective occurrences of —p; U ps in the clause head and p; U p2 and —p; U po in the clause body.
The rules (U H_), (U B;) and (U B_) are respectively obtained by using the inductive defi-
nition LU p = pV (L A o(LU p)) for —py U p2 in the clause head, and p; U py and —p1 U ps in
the clause body. Additionally, the rules (R Hy), (R H_), (R By) and (R B_) in Figure 5.5
are obtained from the inductive definition L R p = p A (L V o(L R p)) by considering the same
four kinds of occurrences of the release connective R in a clause.

Context-Dependent Rules

The context-dependent rules are based on an inductive definition of ¢/ that takes into account,
not only the clauses where the temporal atom occurs, but also the remaining now-clauses in the
antecedent of the rule. The rule (¢ C) in Figure 5.7 is the context-dependent rule that deals
with atoms of the form p; U py in clause heads. This rule is obtained by a direct adaptation,
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(RHy) ©Y%(piRp2)VH«— B)
— {0%p2VH «— B), 0%p1Vo(piRpy)VH — B)}

(RH-) 0% (-p1Rp2)VH < B)
— {0%(pa vV H — B), 0°(o(-p1Rp2) VH —pi AB)}

(RBy) 0O°H «— (p1Rp2) A B)
— {O%H < p2 Ap1 A B), O°(H < pa Ao(pi Rp2) A B)}

(RB_) 0OY%H « (—p1 Rp2) A B)
— {0%p1 VH « po A B), O°(H < py Ao(=p1 Rps2) A B)}

Figure 5.5: The Context-Free Rules (R Hy), (R H_), (R B4) and (R B_)

def(a, L,0) = {O(L < a)}
def(a,p,A)={0(p+—a)}U{O(H «— BAa) | H— Be-A}if A#£0
def(a,—p,A)={0(L—pAa)}U{O0(H «— BAa)|H+— Be-A}if A#£()

Figure 5.6: The set of clauses def (a, L, A)

to the syntax of TeDilog, of the rule (2 Set) in Figure 4.5. The antecedent of (¢ C) must
be interpreted as a partition of the whole set of clauses (on which we are applying temporal
resolution) into two sets. The second set {0% ((p1Upo) V H; «— B;) | 1 < i < n} in the
antecedent is a non-empty set of clauses that contain the same temporal atom p; U py in the
head. The first set, {2, is formed by all the remaining clauses. The now-clauses that belong
to 2 form what we call context (see Definition 4.3.3 and Subsection 4.3.2). The crucial idea
behind the context-dependent rule (& C) (and, hence, behind the resolution mechanism of
TeDilLog) is based on the equisatisfiability result in Proposition 4.3.2. The transformation of
such proposition into the syntax of TeDilLog is trivial because a TeDilLog clause of the form
0%(A1V.. VA, «— A\A. . .AA) corresponds to the clause 0°( A1 V. . VA, V-A; V.. V=AL)
in the clausal language presented in Chapter 4.

All the rules used in TeDilog are straightforward adaptations of the rules used in the TRS
resolution system. For instance, the transformation of the antecedent of (¢ C';) into its conse-
quent follows the same steps as the transformation of the antecedent of the rule (U Set) into its
consequent, showed in detail in Subsection 4.3.2.

Our system also includes a similar context-dependent rule (U C_) for —p; U po in the head,
which is depicted in Figure 5.8. The context-dependent rules (R Cy) and (R C_) in Figure 5.8
are due to the fact that a release atom appearing in the body of a clause C'is an eventuality literal
of C (see Definition 5.2.2). The rules for R are explained by its duality with /. Additionally,
by using the definitions ¢ = —pU ¢ and Op = —@ R ¢, the context-free rules (¢ H),
(¢ B4), (ODH4) and (OB ) and the context-dependent rules (¢ C) and (OC4) are derived.
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(UC+) QU{Dbi((plupg)\/sz—Bi) | 1§Z§’I’L}
— Q U {p2Vp1VH; «— B;, paVo(alps)VH; — B; | 1<i<n}
U def(a, p1, now(12))
U {O%(o(p1Upz) VoH; < oB;) | bj=1and1 <i<n}

where n > 1, a € Prop is fresh and def(a, p1, now(£2)) is defined in Figure 5.6.

Figure 5.7: The Context-Dependent Rule (U C')

(UC_) QU{Dbi((—'plupg)\/sz—Bi) | 1§Z§’I’L}
— Q U {pg\/HZ'<—p1/\BZ', pg\/O(aupg)\/HZ%—Bi | 1§Z§’I’L}
U def(a, =p1, now(12))
U {o%(o(-p1Upz) VoH; «—oB;) | bj=1and1 <i<n}

(RCy) Qu{n®(H; — (pRp2) ABi) | 1<i<n}
— Q U {H —po Ap1 A B;, H; — 2/\0(—|aRp2)/\BZ-|1§i§n}
U  def(a, —p1, now(12))

@] {Dbi(OHi «— O(lepg) /\OBZ) | bz =land1 <i < ’I’L}

(RC-) QU{OY(H; — (-p1Rp2) AB;) |1 <i
— Q U {p1VH; < psAB;, H;

U def(a, p1, now(12))
U {Dbi(OHiHO(ﬁlepg)/\OBi) |bZ:1and1§z§n}

< }
—p2Ao(maRp2) AB; |1 <i<n}

where n > 1, a € Prop is fresh and def(a, L, now(2)) is defined is in Figure 5.6.

Figure 5.8: The Context-Dependent Rules (U C_), (RCy) and (RC-)

These derived rules are depicted in Figure 5.10.

5.3.3 The Rule for Jumping to the Next State

The rule (Unx) in Figure 5.11 applies to a pair formed by a program and a goal, giving a new
pair of program and goal. The expression unnext (W) stands for the set of all clauses that should
be satisfied at the next state of a state that satisfies the set of clauses W. Note that the definition
of the function unnext implicitly uses the equivalence Oy = ¢ A O0o¢p and also that the unnext
target of a program (resp. goal) is also a program (resp. goal). It is worth remembering that T
and L respectively represent the empty body and the empty head, and it holds that every atom
in T and L is of the form oA. For example, unnext({O(or « T),0(q < T)}) is the set
{O(or < T),0(q« T),r«— T}
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{O0(L+a)} ifnow(2) =10

def (a, now(£2)) = { {O0(H — BAa)|H«— Bec-now(Q)} otherwise

Figure 5.9: The set of clauses def(a, now(2))

b(opV H « B) — {O°

—

pVoopV H «— B)}
H <« pAB), 0%H < oopA B)}
pVH « B), 0%copV H « B)}

(

(H—opAB
b(opvH «+— B
"(H «—OpA B) — {0

}—){Db

— {Db

)
)
)
)

H —pAoOpAB)}

(<>C+) QU{DbZ(Op\/HZ%BZ)|1§Z§’I’L}
— Q U {pVolaUp)VH,«—B; | 1<i<n}
U def(a, now(Q))
U {o%(copVoH; «—oB;) | by=1and1 <i<n}

(oCy) Quiob(H; —oOpAB;)|1<i<n}
— Q U {H;<—pAo(-aRp)AB;|1<i<n}
U def(a, now(Q))
U {O%(oH; « oOpAoB;)|b;=1and1<i<n}

where n > 1, a € Prop is fresh and def(a, now(£2)) is defined in Figure 5.9

Figure 5.10: Derived Rules for ¢ and O

5.3.4 The Subsumption Rule

The rule (Sbm) is formulated in Figure 5.12. Regarding the clauses in the antecedent, it is said
that the clause O°(H « B) is subsumed by the clause O°(H’ « B’).

Our resolution mechanism requires (Sbm) for completeness. Actually, subsumption is used in
Lemma 5.4.11, which is used in the proof of Proposition 5.4.24 and allows us to prove Theorem
5.4.28.

5.4 TeDilLog Semantics

In this section we summarize our results on TeDilog semantics. The first subsection is devoted
to the operational semantics that is formalized by means of the algorithm in Figure 5.13. The
second subsection shows three sample derivations. In the third subsection we define the logical
semantics. Finally, in the last subsection we prove the equivalence between the operational and
the logical semantics.
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(Unz) (II,T) — (unnext(II), unnext(T"))

where unnext(¥) = alw(¥) U {H « B |0O%0oH « oB) € ¥}

Figure 5.11: The Rule (Unx)

(Sbm) {QP(H — B),0b(H' — B')}—{0)(H' — B')}

where H' C H and B’ C B.

Figure 5.12: The Rule (Sbm)

5.4.1 Operational Semantics

In this subsection we formulate the operational semantics of TeDiLog. We refer to the refuta-
tion procedure underlying TeDiLog as IFT-resolution (for Invariant-Free Temporal resolution).
Every step of an IFT-derivation consists in applying one of the rules presented in Section 5.3.
However, as in the tableau method TTM and the resolution system TRS, the nondeterministic
application of those rules does not guarantee completeness. In Figure 5.13 we show the IFT-
resolution procedure that applies the rules in Section 5.3 in a more (not fully) deterministic way
that is complete. The algorithm in Figure 5.13 is an adaptation of the algorithm SR in Figure
4.10 to the language TeDiLog. Consequently, this subsection is an adaptation of Subsection
4.6.1 into the language TeDilog.

The 1FT-resolution procedure constructs an IFT-derivation from an input program IT and an
input goal I that we call D(II, T") and consists of a (possibly infinite) sequence

Sol=>51l=>52l=>...

where each S is a finite sequence of pairs
hj hj
(Hg,r?) = (Hjlvrjl) = (Hjjvrj])
such that
(a) (115, T4) = (IL,T)
(b) (I, TY9) = (unnext(HZ‘fll), unnext(FZlfll)) forevery k > 1

(c) Every pair (j,) such that j > Oand i € {1,...,h;} satisfies one of the following two
conditions
(i) Hé» UF;'. = Hé»_l UFé»_l U{O% H « B)} where 0%(H « B) is the resolvent ob-
tained by applying the rule (Res) to some pair of clauses in Hé»_l U Fé»_l

(i) T UTE = (I 1 Ul )\ ) U where X C (T UL ') and 3 — W according
to a temporal rule or the subsumption rule.
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I (I3, 1Y) := (I, T'); i:=0; j:=0;

> sel_ev_sety := fair_select(II3, I'));

3 loop

s if sel_ev_set; # ()

s then (IT}, T}, sel_ev_set}) := apply_ctx_dep(I1?, 'Y, sel_ev_set;); j := 1;
6 else sel_ev_set] := ();

7 end if;

8 (ILf, T%) == supported_free_close(Hg, Fg);

9 if 0%(L « T) € IT; UT then exit; end if;

10 (I, ;, 19, 1) := (unnext(II}), unnext(I'}));

n if sel_ev_set} N EventLits(II?,; UTY,;) =0

12 then sel_ev_set;; := fair_select (I, ;, 'Y, ;);
13 else sel_ev_set;; := sel_ev_set;;

14 end if;

15 1:=14+1;5:=0;

s end loop;

Figure 5.13: The 1FT-Resolution Procedure

Note that we use two different symbols (— and =) to highlight the difference between applying
the rule (Unz) and any other rule. We say that an IFT-derivation is a local derivation if it
does not contain any application of the rule (Unx). Each sequence S is a local derivation and
(Unz) serves to jump from each S; to the next sequence Sj41. In other words, the application
of (Unz) yields each (119, ;, T, ) from each (H?j : F?j).

The 1FT-resolution procedure first initializes (see line 1 in Figure 5.13) the pair (Hg, T 8)
with the input pair (I, T"). Then, the procedure iterates extending the derivation D(II, I") with
new pairs and stopping only if the empty clause is obtained (line 9). In this case, the reso-
lution proof D(II, I') is called an IFT-refutation. The IFT-resolution procedure uses a mark-
ing strategy for applying exactly one context-dependent rule between each two consecutive
applications of the rule (Unx).? For that, it keeps two variables sel_ev_set; and sel_ev_set;
for every ¢ > 0. Both variables, sel_ev_set; and sel_ev_set;, take as value the empty set or
a singleton that contains an eventuality literal, depending on whether EventLits(ITY UT?) —
see Definition 5.2.2— is empty or not, respectively. The variable sel_ev_set; stands for the
selected eventuality literal N in (TI9,TY), whereas sel_ev_set} corresponds to the eventual-
ity literal obtained from N by the application of the corresponding context-dependent rule,
which remains selected in all pairs from (I}, T'}) to (H?i, r ?Z) Consequently, in line 2 (Fig-
ure 5.13), the variable sel_ev_sety is initialized with a singleton that contains a fairly selected
temporal literal from EventLits(IIJ UT) whenever EventLits(II§ UTY) is non-empty. On the
contrary, if EventLits(TIJ UT) is empty, the variable sel_ev_set is initialized with the empty
set (line 2). The expression fair_select(I19, ') encapsulates the fair selection of a literal from
EventLits(H?L ur 2), where fairness means that a literal that belongs to every set in a sequence
of the form

2 Whenever there is at least one eventuality literal, exactly one is selected as the designated eventuality of the
corresponding context-dependent rule. Otherwise, no context-dependent rule is applicable.
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EventLits(IT) UTY), EventLits(TT), , UT} , ), EventLits(IT) , , UT} ), . ..

cannot remain indefinitely unselected in the derivation Sy = Sg11 B Sgqo = .. .

In addition to the above explained marking strategy, IFT-resolution requires a controlled
kind of saturation (with respect to the rules introduced in Section 5.3) before jumping from a
sequence S; to the next sequence S 11, which is also needed for completeness. Actually, every

pair (H?j ur ?j ) is IFT-closed (or saturated) in the sense given by the following definition.

Definition 5.4.1. Let 11 be a program and T a goal. The pair (11, T") is 1FT-closed if and only if
it satisfies the following four conditions:

(a) The set of atoms of the clauses in I1UT is exclusively formed by atoms in Prop and atoms
of the form o A.

(b) The subsumption rule (Sbm) cannot be applied to (11, T).

(c) Every clause that can be obtained by applying the rule (Res) to a clause in 11 and a clause
inT, is already in (I, T) or it is subsumed by some clause in (I1, T).

(d) Every clause of the form 0°(o H « oB) that can be obtained by means of a local derivation
where in each derivation step the rule (Res) is applied to two program clauses, is already
in (IL, T") or it is subsumed by some clause in (II,T").

Items (c) and (d) represent two particular forms of the well-known set-of-support restriction
of resolution® (see e.g. Section 2.6 in [115] and [34]). Note that, by (c), the pair (ITUT) is
saturated with all the resolvents that can be obtained from a program clause and a goal clause.
We call goal-resolution to every application of the rule (Res) related to (c). However, by (d),
the program II is saturated with all the resolvents R of two program clauses such that every
atom in R is preceded by the connective o. We call nx-resolution to every application of the rule
(Res) related to (d). The need of nx-resolution is illustrated in Example 5.4.5.

Definition 5.4.2. Let I be a program and T a goal. We denote by (I1*, T'*) any pair such that
there exists a local derivation (II,T) +— ... — (II*,T*) and either O°(L «— T) € T'* or
(IT*, ') is 1IFT-closed.

Consequently, the lines 4 to 8 (in Figure 5.13) serve to extend the derivation from (I1Y, I'Y) to
(I}, T'¥). First, by lines 4-7, if there is a selected eventuality literal, i.e., if sel_ev_set; # (), then
the corresponding context-dependent rule is applied considering that Q = (II?UTY) \ {C €
(MYUTY) | EventLits(C) N sel_ev_set; # (}. The value of sel_ev_set} is the singleton that
contains the new eventuality literal that is introduced by the applied context-dependent rule
(i.e. the eventuality literal that appears in the consequent of the applied context-dependent rule
preceded by a o connective). If there is no selected literal, none of the context-dependent rules
is applicable in the current iteration step and, additionally, the value of sel_ev_set; is the empty
set. Then, in line 8, denoted as supported_free_close, the context-free rules, the resolution rule
and the subsumption rule are repeatedly and nondeterministically applied until either an IFT-
refutation or an IFT-closed pair (see Definition 5.4.1) is obtained.

3 Also known as set-of-support strategy for resolution.
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Definition 5.4.3. Let (I1, I") be a pair where 1 is a program and T a goal, the non-deterministic
operation that yields (II*, 1) from (I1,T') without any application of the context-dependent
rules is denoted by supported_free_close.

In the algorithm presented in Figure 5.13 we use the procedure supported_free_close that
implements the operation supported_free_close during the construction of a derivation.

Once an IFT-closed pair is obtained —if a refutation is not found in line 9— the rule (Unz)
is applied (line 10). Then, an eventuality literal that belongs to EventLits(IIY Ul Y '11)s 18
fairly selected for the next iteration step (lines 11-14). If sel_ev_set; is empty or if the literal in
sel_ev_set; does not appear in EventLits(II{, ; UTY, ;) (line 11), then a new literal that belongs
to EventLits(T19 Ul Y ',1) is fairly selected for the next iteration step (line 12). Otherwise, the
literal in sel_ev_set] is kept as the selected one for the next iteration step (line 13).

5.4.2 Examples

In this section we present three detailed examples that illustrate the IFT-resolution procedure. In
Example 5.4.4 we simply show how IFT-resolution deals with eventualities. The Example 5.4.5
illustrates the need of nx-resolution (Definition 5.4.1 (d)). Finally, Example 5.4.7 shows that
the order in which eventuality literals a selected —by means of the fair_select operation— does
not necessarily determine the order in which eventuality literals are fulfilled. Moreover, this
example also serves to illustrate that the fulfillment of eventualities is handled by IFT-resolution
without backtracking. The three sample derivations are showed in the respective figures, where
we indicate which rule is applied and we underline the clauses designated by the rule application,
except for the rule (Unx). The values of sel_ev_set; and sel_ev_set] are pointed out too.

Example 5.4.4. We consider the program 11 = {qUr «— T} and the goal T' = {0O(L «— r)}.
The goal clause is equivalent to the formula O—r and I1UT is unsatisfiable. In Figure 5.14 we
show an 1FT-refutation for (I1, T"). First, H8 andT’ 8 are respectively initialized as 11 and T'. Since
qU r is the only eventuality literal in a clause that belongs to I1UT, it is selected. Therefore
sel_ev_sety = {qUr}. We apply the rule (UCy) to I UTY with selected literal qU r and
empty context. Hence, we obtain the new program clausesrV q «<— T andrVo(alr) «— T and
the goal clause O (L < a), where a is a fresh variable. Since the context is empty (its negation
is L), the goal clause O (L «— a) gives meaning to the fresh variable a. The new atom alU r is
the new selected literal, i.e, sel_ev_setl, = {aU r}. Then the resolution rule and the subsumption
rule are applied twice, and the TFT-closed pair (Hg, Tr 8) is obtained. These applications of the
rules (Res) and (Sbm) correspond to the operation supported_free_close (Definition 5.4.3).
Since a refutation cannot be obtained in this state, the application of the rule (Unzx) serves to
jump to the next state, generating 113 and T'Y. Since the atom aUl v appears as eventuality literal
in a clause that belongs to H(1] Uy, it is kept as selected literal, i.e., sel_ev_sety = {aldr}.
Now the rule (U C) is applied to the set TI{ UTY with selected literal ald v and empty context.
Then, we obtain two new program clauses, r NV a < T and vV o(bUr) < T, and the goal
clause O(L <« b), where b is a fresh variable. Now sel_ev_set] = {bUr}. Two additional
applications of the rule (Res) —that correspond to the operation supported_free_close— yield
the empty clause 1 «— T.

In the next example we illustrate why nx-resolution (Definition 5.4.1 (d)) is necessary for
completeness. This example is an adaptation, to TeDilLog, of the Example 4.6.3 (Figure 4.11).
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)= {qur —T} Y= {o(L<nr} (UC)) selevsety={qUr}
= {rvg<T, = {g(L<7r), (Res) sel_ev_set) = {ald r}
rvo(aldr)«— T} O(L«—a)}
M= {rvgeT, Ig= {0(L<r), (Som)
rvo(aldr) T, O(L«—a)}
q—T}

3= {rvolaUr)—T, Tp= {O(L<r), (Res)
q—T} O(L < a)}

= {rvolalr) =T, Ti= {O(L<7), (Sbm)

q—T, O(L«—a)}
olaUr) — T}
3= {qg« T, rg= {o(lL+r), (Unx)
olar) — T} O(L «a)}
9= {aldr « T} M= {Ol«7r), (UCy) selevset;={aldr}
(L — a)}
= {rva«T, I't= {O(L+<7), (Res) sel_ev_set] = {bUr}
rvo(bUr)— T} 0(L « a),
O(L < b)}
2= {rva<T, = {O(L+<7), (Res)
rVo(bUr)«— T, O(L < a),
a—T} O(L«<—b)}
= {rvaT, = {O(L«n),
rVo(bUr)«— T, O(L < a),
a— T} O(L <),
1T}

Figure 5.14: 1FT-Refutation for Il = {qUr «— T}andT = {O(L <« r)}
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)= {qg T, Y= {L<0g} (0C,) sel_ev_sety = {-Oq}
O(oq < q)}
U= {q< T, I'f= {L<qgAo(-aRq), (Res) sel_ev_set; = {=(-aR q)}
O(oq «q)} O(L+gAa)}
M= {qg—T, I3= {L<—gAo(-aRq), (Sbm)
O(oq < q)} O(L +gAa),
L o(-aRq))
ng {qg T, ng {O(L «~qgAa), (Res)
O(oqg <+ q)} 1 —o(-aRq)}
Ij= {qg<T, I'f= {0(L—qAa), (Res)
O(og < q)} L+ o(-aRyq),
1 «—a}
ng {qg T, ng {O(L —qAa), (Unzx)
O(ogq < q), L —o(-aRq),
oq<—T} J_<—a}
9= {O(oq«q), TY= {O(L«<qgAa), (RC-) sel_evset; = {~(-aRq)}
1T} | ~aRg}
I} = {O(oq«—gq), T1= {O(L<gqAa), (Res) sel evset] = {—~(-bRq)}
q—T, L+—gno(=bRq),
a <+ q, O(L«—qgAb)}
oa b))
7 = {O(cq—q), Ti= {O(L<—qAa), (Res)
q—T, L+—gno(=bRq),
a«—gq, O(L <« gAb),
O(a < b)} L—a}
I3 = {O(oqg—gq), = {O(L—qnra), (Res)
q—T, L+—gno(=bRq),
a <+ q, O(L«—qAb),
O(a < b)} 1L «—a,
1L —q}
I} = {0(cq «—q), Ti= {O(L<qAa),
q—T, L+—qgno(=bRq),
a«—gq, O(L -« gAb),
O(a < b)} 1L «—a,
1L —q
1T}

Figure 5.15: 1FT-refutation for Il = {¢ «— T,0(0¢ < ¢)} and T = {1 «— O¢q}
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Now we use the propositional variable g instead of the variable p that is used in Example 4.6.3.

Example 5.4.5. Let us consider the program 11 = {q «— T,0(cq < q)} and the goal
I' = {L <« Ogq}. The set of clauses I1UT is unsatisfiable. The 1FT-refutation for (IL,T") is
shown in Figure 5.15. The goal clause 1 «— Oq contains the only eventuality literal, -Oq,
in (IL,T). Hence sel_ev_sety = {—0Oq} and the application of the rule (0C,.) with context
{q «— T} generates the goal clauses L «— q A o(—aR q)and O(L <« q A a), where a is a
new propositional variable. Additionally, we have that sel_ev_set; = {=(—aR q)}. Now the
operation supported_free_close is carried out, which consists in three applications of (Res) and
one application of (Sbm). By applying the resolution rule to the program clause q «+— T € H(l]
and the goal clause | «+ q N\ o(=aR q) € T}, the goal clause | « o(—a R q) is obtained as
resolvent. Then, by (Sbm), the goal clause | «— qNo(—a R q) is subsumed by 1 «— o(—aR q).
The second application of (Res), this time with the program clause q < T and the goal clause
O(L < g A a) as premises, yields the goal clause 1. «— a. Then the rule (Res) is applied to
the two program clauses ¢ <— T and O(oq < q) and the program clause oq «— T is obtained
as resolvent before jumping to the next state by applying the rule (Unzx) to the 1FT-closed pair
(I, T3).

Remark 5.4.6. Note that (I3, ) is obtained by nx-resolution from (11§, T3). Let
us explain that this step is essential. In (Hé, r é) goal-resolution is not applicable.
If instead of applying nx-resolution to the clauses q < T and 0O (oq « q) in I,
we applied the rule (Unzx) to the pair (113, T'§), then we would obtain the program
I' = {O(oq < q)} and the goal T' = {1 «— —aR q,0(L < a)}. Since I UT’
is satisfiable, the refutation of 11 UT" would never be found.

By applying the rule (Unz) to (I13, '), we obtain the pair (11, T'Y). Then, we apply the context-
dependent rule ('R C_) with respect to the selected eventuality literal =(—a R q) and the clause
q < T as context. The pair (H%, F%) is obtained by replacing the goal clause | «— —a'R q in
T'Y with the program clauses a «— q and O (a «+ b) and the goal clauses 1. «— q N\ o(=bR q)
and O(L «— q A b), where b is a fresh propositional variable. The value of sel_ev_set] is
{=(=bR q)}. In (I}, T1) the resolution rule is applied with the program clause q < T and
the goal clause O (L < q A a) as premises, obtaining the goal clause | «— a as resolvent. In
(112, T2) the resolution between the program clause a < q and the goal clause 1 «+ a yields
the goal clause |« q. Finally, since 113 contains the program clause q + T and T'} contains
the goal clause 1. — q, the empty clause is obtained by applying the resolution rule (Res) to
these two clauses.

Next we straightforwardly adapt Example 4.6.8 (Figures 4.17 and 4.18) to the syntax of
TeDilLog. Let us recall that this example illustrates that our resolution mechanism does not need
backtracking (independently of the selection strategy carried out by the operation fair_select).

Example 5.4.7. We consider the program 11 = {oq «— T,or « T} and the goal T' =
{O(L < gAor)}. The set IIUT is satisfiable. There are two eventualities, ¢ q and o,
that must be fulfilled, but the goal clause states that once the eventuality © q is fulfilled, the
eventuality ©r cannot be fulfilled. An infinite IFT-derivation for I1UT is shown in detail in
Figures 5.16, 5.17 and 5.18 (it is split due to space reasons). Although the eventuality ¢ q is
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g
g

{0q— T,or— T}

{or T,
qVolalq) «+ T}

{gVvolallq) — T,
7"\/o<>7“<——|—}

{gVvolallq) — T,
7"\/o<>7“<——|—}

{gvolallq) — T,
7"\/o<>7“<——|—}

{gvolallq) — T,
rVoor«— T,
r—q}

{gvolallq) — T,
rVoor«— T,
r—q}

{gvolallq) — T,
rVoor«— T,
r<gq,

r—a}

{gvolallq) < T,
rVoor«— T,
r<—gq,

r—a}

{gvolalq) « T,
rVoor«— T,
r<—gdq,

T — a,

olaUq) — T}

rg
Ty

(O(L—gAor))

{O(L—gqgAor),
O(L+—anor)}

{O(L—gqgAor),
O(L+—anor)}

{O(L<—aAor),
O(L«qAr),
O(L«—gAoor)}

{O(L—qnr),
O(L« gAoor),
O(L«—aAr),
O(L«—aAnoor)}

{O(L—qAr),
O(L« gAoor),
O(L«—aAr),
O(L«—aAnoor)}

{O(L—qnr),
O(L« gAoor),
O(L«—aAr),
O(L«—aAnoor),
L —q}

{O(L—qnr),
O(L« gAoor),
O(L«—aAr),
O(L«—aAnoor),
L —q}

{B(L—qgnr),
O(L« gAoor),
O(L«—aAr),
O(L«—aAnoor),
Le—gq la}

{O(L—qnr),
O(L« gAoor),
O(L«—aAr),
O(L«—aAnoor),
Le—gq la}

(0Cy) sel_evsetg = {¢q}

(0Hy) sel_evset) = {aldq}

(0 By)

(0 By)

(Res)

(Res)

(Res)

(Res)

(Res)

(Sbm)

Figure 5.16: 1FT-derivation for IT = {0q « T,0r «— T}tand ' = {0 (L < g A or)} (Part 1 of 3)
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Figure 5.17: 1FT-derivation for IT = {0q « T,0r «— T}tand ' = {0 (L < g A o)} (Part 2 of 3)
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Figure 5.18: 1FT-derivation for IT = {0q « T,0r <« T}tand ' = {0 (L < g A o)} (Part 3 of 3)
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selected first by the operation fair_select, the eventuality ©r is fulfilled before ¢ q. Note that
backtracking is not used.

After the first selection, sel_ev_sety = {¢ q}. Then the application of the rule (¢ C5.) with
context {or «— T} generates the program clause q NV o(ald q) «— T and the goal clause
O(L < aAor) where a is a fresh propositional variable. Additionaly the value of sel_ev_set} is
setto {aU q}. Then, the rule applicationsthat correspond to the supported_free_close operation
(see Figure 5.13, line 8 and Definition 5.4.3) are carried out and the 1FT-closed pair (H(l]z, F(l]z)
is obtained. Next, by rule (Unzx), the pair (I, TY) is generated. Since the atom aUl q belongs
to EventLits(IY UTY), it remains as the selected literal and, consequently, the rule (U C.)
is applied to (TIYUTY) with all q as selected literal (i.e., sel_evset; = {allq}) and with
empty context, obtaining the pair (II1 UT1) and setting sel_ev_set} to {blU q}, where b is a
fresh propositional variable. The operation supported_free_close that yields the 1FT-closed pair
(M7UTYT) from (I} UTY), encapsulates several applications of the rule (Res) and the rule
(Sbm). The pair (1, 1Y) is obtained from (11 UT']) by using the rule (Unz). Since the set
EventLits(I13 UTY) is empty, the value of sel_ev_sety as well as the value of sel_ev_set} is the
empty set. Therefore no context-dependent rule is applied to (119, TY) and we get the IFT-closed
pair (113, T3) by applying the context-free rule (¢ B, ). From that point onwards the derivation
is a repetition where TT) = T13, '} = T'9, Tl = 11}, Ty = T'} and sel ev_set; = sel ev_set = {)
forevery 7 > 3.

The pairs (II§2, T4?), (I17, T'7), (113, T3), (T13, T'}), . .. characterize a collection of models
for the initial pair (I1, T"). All the models of such collection make true the literals {—q, r, —a} in
s0, the literals {—r, —b} in s and also the literals {—r, b} in all the states s; such that j > 2.
Moreover, the atom q must be true in sy for some k > 1. For instance, the PLTL-structure M
with states s, 51, S2, . . . such that Vaq(so) = {r}, Vam(s1) = {q} and Va(sj) = 0 for every
7 > 2isamodel of TTUT.

By means of Example 5.4.7 we would like to stress that the strategy for selecting eventuali-
ties does not compromise the completeness of our resolution mechanism, although it can affect
efficiency. As already pointed out after Example 4.6.8 , if we had selected the eventuality ¢ r
instead of the eventuality ¢ g, the derivation would have been considerably longer.

5.4.3 Logical Semantics

In this subsection we define the logical characterization of the declarative meaning of TeDilLog
programs.

The logical characterization of the declarative semantics of a TeDiLog program II is given,
as usual in Logic Programming, by the set of all the formulas that represent (in a particular
simplified way) negations of goals and that are logical consequences of the program II.

In classical LP (see e.g. [88]), and also in some extensions like Templog ([12]) and Chronolog
([127, 103, 99]), where a goal is of the form | « B, the declarative meaning of a program is
formalized in three equivalent ways:

1. Logically, as the set of bodies that are logical consequences of the program.
2. Model-theoretically, by means of the minimal model of the program.

3. By fixpoint characterization, based on the immediate consequence operator.
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These three formalizations are equivalent in the sense that, on one hand, the bodies that are
logical consequences of the program are just the bodies that are satisfied by the minimal model
of the program and, on the other hand, the minimal model of the program is the fixpoint of the
immediate consequence operator.

In DLP ([89]), and existing temporal extensions of DLP ([68]), where a goal is of the form
{L < By,...,L « B}, the logical characterization of the declarative meaning of a program
is provided by the set of formulas of the form By V ...V B, (i.e. disjunctions of bodies) that
are logical consequences of the program. The model-theoretic characterization is provided by
means of all the minimal models (in general there is no only one minimal model). The fixpoint
characterization can also be extended to the disjunctive paradigm as shown in [89, 68].

In TeDilog a goal T = {0% (L « By),...,0% (L « B,)} is understood as the conjunc-
tion of the goal clauses in I'. Since a goal clause 0%(L «+ B) represents the formula =0 °B,
the set I is logically equivalent to the formula =% B; A ... A =o % B,, or equivalently to
—|(<> b1B1 V...V Ob”Bn).

Definition 5.4.8. The declarative semantics of a TeDiLog program 11 is logically characterized
as the set of all the formulas of the form ©* By V .. .V o B, that are logical consequences of
1L

We do not provide model-theoretical and fixpoint characterizations for TeDiLog due to tech-
nical difficulties that we explain in the next subsection.

5.4.4 Equivalence between operational and logical semantics

In this subsection we address the soundness and completeness of IFT-resolution with respect to
the logical semantics of TeDilLog.

Soundness and completeness results guarantee the equivalence between operational and log-
ical semantics.

Soundness is a consequence of the fact that each rule preserves satisfiability (indeed, some
of them preserve logical equivalence).

Theorem 5.4.9. (Soundness) If there exists an 1FT-refutation from 11 with top-goal T, then
ITUT is unsatisfiable.

Proof. If0%(L « T) € I" for some (I',I”) in an IFT-derivation from (II, T'), then IT' UT" is
unsatisfiable. Therefore, since the rule (Unx) preserves satisfiability and the initial set and the
target set of every application of the remaining rules are equisatisfiable, IIUT" is also unsatisfi-
able. "

For more details about the proof of the above theorem see Section 4.5.

In logic programming, completeness proofs are usually addressed through the minimal
model and the immediate consequence operator. In the case of TeDilLog there are many dif-
ficulties for using classical notions of minimal model and immediate consequence operator 71y
in a customary completeness proof. The main reason is related to the contexts that are essential
for IFT-resolution. Concretely, context handling prevents to deduce the refutability of 77} (0)
from the refutability of 7} (f) (see e.g. Lemma 4.6 in [12]). As pointed out in Section 5.1,
these difficulties are closely related to the problem of syntactical cut elimination in PLTL. We
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have explored non-conventional notions of minimal model and immediate consequence oper-
ator, which are not only based on programs, but also need to consider all the possible goals.
Unfortunately, these intricate notions of minimal model and immediate consequence operator
do not facilitate the understanding of the declarative meaning of TeDilLog programs. Hence, we
decided not to include them in this thesis.

TeDilLog’s completeness means that whenever a set of clauses IIUT is unsatisfiable, the
IFT-resolution algorithm gives a refutation for (I, I"). Since the algorithm for IFT-resolution
is a straightforward adaptation of the systematic algorithm SR in Subsection 4.6.1, the idea
behind the completeness proof and the involved technical details are very similar with respect
to the ones presented to proof the completeness of the TRS resolution method. The main differ-
ences arise from the fact that, for satisfiable sets of clauses, the algorithm SR produces cyclic
derivations whereas the algorithm for IFT-resolution produces infinite derivations. In this sub-
section, we adapt notions and results introduced in Section 4.4, Subsection 4.6.3 and Section 4.7
to TeDiLog. To prove completeness, we build a model M of any satisfiable set of clauses [IUT"
on the basis of the infinite IFT-derivation D(II, I") obtained by the IFT-resolution algorithm. The
main difficulty in the construction of the model M are the eventuality literals. In particular, we
must ensure that the fulfillment of eventualities is not infinitely delayed in the PLTL-structures
obtained from D(II, T') and that are intended to give rise to models of IIUT. * With such a
purpose, we first show that the sequence of the so-called descendants of a selected eventuality
is finite.

Definition 5.4.10. We say that an eventuality literal N' is a direct descendant of other eventual-
ity literal N with respect to an 1FT-derivation D, if sel_ev_set; = {N} and sel_ev_set] = {N'}
in D. The sequence of descendants of N with respect to D, is the longest sequence Ny, N, . ..
such that No = N and for all j > 0: Nj 1 is a direct descendant of N; with respect to D. Any
literal N; in that sequence is called a descendant of N if j > 1.

An infinite sequence of descendants for the selected eventuality requires the existence of an
infinite number of different contexts, since the repetition of a context yields a refutation. An
infinite number of different contexts is only possible if the IFT-resolution procedure introduces
fresh propositional variables in the context. A priori, there could be two ways for generating new
propositional variables in the IFT-derivation. The first is the translation to clausal form applied
in the output to the context-dependent rules (function def). However, no new variables are
introduced in this way because classical distribution laws are enough to obtain the clausal form
(more details in Subsection 4.6.3 and Subsection 4.2.2). The second potential source of new
propositional variables is the explicit occurrence of a fresh variable in the consequent of each
context-dependent rule. However, we can ensure that the new variables explicitly introduced
by the context-dependent rules are never part of the context. Indeed, it is a consequence of the
following three facts:

1. The clauses defining a new variable are always-clauses, which are excluded from the
negated context.

2. The context-dependent rules are always applied just after the application of the rule (Unx)
to sets where the propositional variables introduced (as fresh) by previous applications of

* Under the assumption that the strategy for selecting eventualities is fair in the sense that every eventuality that
from some moment onwards is available for being selected whenever an eventuality must be selected, is selected at
some time.
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context-dependent rules are also out of the context.

3. The marking strategy prioritizes the selection of the descendants of an eventuality literal
that has previously been selected.

Consequently, the number of possible different contexts is finite and the construction of M is
based on the following auxiliary lemma that ensures that clauses containing eventuality literals
can be (finitely) satisfied in M.

Lemma 5.4.11. Let D(I1, ") be a derivation and let N be an eventuality literal such that N €
sel_ev_set; for some i > 0. The sequence of descendants of N with respect to D(I1, T) is finite.

Proof. This is a particular case of Lemma 4.6.13 in Chapter 4. n

Next, we construct a model M of (I, I') from the infinite IFT-derivation D(II, I"). First, we
introduce some auxiliary notions and results. In particular we need to extend (with literals) the
pairs in the derivation D(II, I') in a coherent way that allows us to get models.

Definition 5.4.12. A local derivation is called a local refutation if it is a refutation. Given a
program 11 and a goal T, the pair (I1, T") is locally inconsistent iff there exists a local refutation
for (I, T"). Otherwise it is locally consistent.

Definition 5.4.13. Let I1 be a program and I a goal. A literal-based extension of (IL, I') is any
pair (IT, T") of sets that satisfies the following conditions:

(a) I C II C (ITULits(I)) and T C T’ C (DU Lits(ITUT))

(b) For every literal N € IIUT, if N is of the form A then A ¢ T and if N is of the form ~A
then - A ¢ 1L

Given a literal-based extension (H r ) of (I, T"), we denote as PG(H r ) the pair formed by the
program ITU{A «— T | A € IINLits(II)} and the goal T U {L « A | ~A € T NLits(ITUT)}.

Definition 5.4.14. Let I1 be a program, I" a goal and (I, T') a literal-based extension of (I, T).
The pair (I, T) is literal-closed iff (IIUT) N Lits(C) # 0 for every C € IIUT. Besides,
Icle(I1, I') denotes the collection of all the literal-based extensions (II,T) of (IL,T') such that
(I, T) is literal-closed and PG(IL, T') is locally consistent. We say that each (II, T) € Iclc(II, T)
is an lclc-extension of (IL, T').

Proposition 5.4.15. If (I1, T") is a locally consistent pair such that the set of atoms of the clauses
in ITUT is exclusively formed by atoms in Prop and atoms of the form o A then, |clc(I1,T") # ().

Proof. Straightforward adaptation of Proposition 4.7.2. n

Next we introduce the notion of standard Iclc-extensions of a pair formed by a program and
a goal.

Definition 5.4.16. Let LHL\F ) be a locally consistent IFT-closed pair where 11 is a program and
I a goal. We say that (11, T") € Iclc(IL, T") is standard iff it satisfies the following conditions:

(a) If oA € IL, then there exists a clause 0%(cAVoH « oB) €l

(b) If~0A € T, then there exists a clause 0°(oH «— oA A oB) € (ITUT)
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(c) If A €11, then (I1\ {A},T) ¢ Iclc(I1, T).
(d) If-A €T, then (IL,T \ {—~A}) & Iclc(IL, T).

The following lemma ensures the existence of at least one standard Iclc-extension of any
locally consistent IFT-closed pair (IT, T").

Lemma 5.4.17. Let (II,T") be a locally consistent IFT-closed pair. There exists at least one
standard pair in Iclc(I1, T').

Proof. Straightforward adaptation of Lemma 4.7.6. "

We build standard Iclc-extensions of each IFT-closed pair (II7, I'7) in D(IL, T"). Note that
each (II, I'}) is the last pair of the sequence \S; (see Section 5.4.1) for every i > 0. We denote
by (ﬁ\j, 1/“\:) any lclc-extension of (II},I'Y). The infinite sequences of (ﬁ\j, ff) will represent
models of IIUTI'. Such infinite sequences must be coherent with respect to the meaning of
temporal connectives. To this end, a successor relation is defined for the Iclc-extensions of the
IFT-closed pairs (II7, I'Y). This successor relation on

{lele(IT_y, T_,) x lele(IT, T) | > 1)
is presented in Definition 5.4.18.

Definition 5.4.18. Let i > 1. We say that a pair (ﬁ\j, ff) is a successor of (ﬁj_\l, F/j:) if

for every o\ € (IIy_, UTF ;) N Lits(Il}_, UT}_,) there is some S € nxclo;(o\) such that
S C II7 U}, where nxclo; is defined as follows

1. nxclo;(op) = {{p}} and nxclo;(—op) = {{-p}}
. nxclo;j(00A) = {{oA}} and nxclo;(—00A) = {{-0A}}

2 (
3. nxclo;(o(p1U p2)) = {{p2}, {p1, o(p1U p2) }} if P1U P2 ¢ sel_ev_set;
4 (

. nxcloj(o(p1U p2)) = {{p2}, {p1, 0(alU p2)}} if pr U p € sel_ev_set; and
ald Py € sel_ev_set;

5. nxclo;(—o(p1 U p2)) = {{—p2, ~p1}, {2, "o(p1 U p2)}}.

The definition of nxclo; for each of the remaining cases —i.e. o(—p1U ps), —o(—p1 U p2),
o(LRp), =o(L R p), oo p, oo p, op and ~oUp— follows straightforwardly from the cor-
responding equivalence.

If (ﬁ\j, I/E) is a successor of (ﬁj_\l, F/j:), we also say that (ﬁj_\l, F/j:) is a predecessor of
(1T, 7). - -

The set of successors of a given pair (Hj», Fj) is denoted by succ(Hj», Fj)

The existence of infinite paths of standard Iclc-extensions is based on the existence of a
predecessor for each standard Iclc-extension of an IFT-closed pair in the derivation which is a
standard Iclc-extension of the previous IFT-closed set in the derivation.

Proposition 5.4.19. For every i > 1 and every standard pair (ﬁ\j, f\j) € lcle(IIf, I'Y), there
exists a standard pair (IT7_,,I'*_,) € lclc(IT}_,,I'}_,) such that (II}, I'Y) € succ(IL}_,,I'F ;).
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Proof. Straightforward adaptation of Proposition 4.7.9. n

Proposition 5.4.20. For every h > 0 and every standard pair (ﬁi, I/ﬂ%) € lclc(II}, T}, there
exists a sequence (II5, T'¢), (117, 17%), . . ., (I}, T} ) such that

(i) (I}, T7%) € Iclc(I1}, I'Y) and (117, I'}) is standard for all j € {0, ..., h} and

(i) (I}, T7) € succ(iT;_,,T5_,) forallk € {1,...,h}.

Proof. By induction on h. For h = 0 it holds trivially. For A > 1, by Proposition 5.4.19, there
exists a standard (II; ,, Ty ) € lclc(Il; _;,I';_;) such that (II;,I'}) € succ(Ily ,,I'; ),
therefore, by induction hypothesis on (I'T’;;_\l, F/’;L-_\l), we can ensure the existence of the se-
quence (HE,FE),(H’{,F’{),..,7(HZ,F2). u

Definition 5.4.21. We associate to D(I,T") the set Gpir that is formed by all the infinite
sequences of the form (11, I'Y), (I1§, I'Y), . . . such that (Hj», Fj) € IcIc(Hj», Fj) is standard for
all j > 0 and (ﬁ;’;, f\Z) € succ(lf,’;-_\l, F/,’;:)forevery k> 1

Proposition 5.4.22. If D(IL, I') is an infinite I1FT-derivation, then the set Gp(iyry is non-empty.

Proof. A direct consequence of Proposition 5.4.20. n

Definition 5.4.23. A sequence o € Gp(r ) is fulfilling for some (ﬁ\j, f?) in o and some literal
o(prUps) € (ﬁ\j,ff) iff there exists k > j such that py € (ﬁ;’;, fi) and p € (ﬁ\;, f%)for all
he{j+1,....,k—1}L

The fulfilling notion is extended to literals —p1 U pa, =(L R p), ©p and —Op in the obvious
manner. A sequence o is fulfilling iff it is fulfilling for every eventuality literal that occurs in any
of its pairs.

The next three propositions are auxiliary results about the fulfillment of eventualities, which
are useful for proving Lemma 5.4.27. In the three propositions only the case of eventuality
literals of the form p U g has been considered. The proofs for the remaining cases —i.e. (—p) U q,
=(pRq), ~((—p) R q), < q and =0 g— are very similar.

Proposition 5.4.24. Let o be a sequence in Gp(ri ry and (1{[\;, f\j) a pair in o such that j > 0
and o(p; U p) € ﬁ\j andp;Up € sel_ev_set; 1, thenp € ﬁ\,’Zfor some k > j.

Proof. Let us suppose that p ¢ II7 for every ¢ > j. Since o is infinite and (II;, I'} ) is a succes-

—_—

sor of (H’;L_l, T ’;L_l) for every h > 1, there exists, by Definition 5.4.18, an infinite sequence of
descendants for p; U p contradicting the result obtained in Lemma 5.4.11. ]

Proposition 5.4.25. Let o be a sequence in Gp(r ry and (ﬁ\j, f?) a pair in o such that j > 0,
o(pjUp) € ﬁ\j and pjUp € sel.evsetjii. Ifh > j+ 1landp ¢ lf[\,’;for every k € {j +
1,...,h}, thenp; € ﬁ?’;foreveryk e{j+1,...,h}
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Proof. A straightforward adaptation of Proposition 4.7.18. "

Proposition 5.4.26. Let o be a sequence in Gpry. If {poU p, o(poU p)} N Lits(TTUT') # 0
and o(poU p) € (ﬁ\j, f?)for some j > 0 and o is not fulfilling for (ﬁ\j, f?) and o(poU p), then
poU p & sel_ev_sety, and {py, o(poUp)} C f[\,’Zfor everyk > j+ 1.

Proof. Since o belongs to Gp (i1, by Definitions 5.4.18, 5.4.21 and 5.4.23, we can ensure that
Po € 1:[\,’2 and p ¢ 1:[\,’2 for every k > j + 1. Therefore, by using Propositions 5.4.24 and 5.4.25,
we can ensure that po U p ¢ sel_ev_sety, for every k > j + 1, since otherwise o would be ful-
filling for (I}, I'7) and o(po U p). Consequently, by Definitions 5.4.18 and 5.4.21, we can also

ensure that {po, o(poU p)} C II} for every k > j + 1. .

Next we prove that every o € Gp(rr is fulfilling. As a consequence, we know that there
exists at least one fulfilling sequence in Gp(r1 1)-

Lemma 5.4.27. For any infinite derivation D(I1,T), the set Gp(riry contains at least one ful-
filling sequence o.

Proof. By Proposition 5.4.22 the set Gp(y,r) is non-empty. We show, by contradiction, that
every sequence in Gp(ryr) is fulfilling. For that, let us suppose that there is a sequence o in

Gp(,r) that is non-fulfilling, i. e., o does not fulfill a literal o(poUDp) € ﬁ\j for some j > 0.

Then, by Proposition 5.4.26, poU p ¢ sel_ev_sety, for every k > j+1 and {pg, o(poU p)} C 1:[\,’;
for every k > j + 1. This contradicts the fairness of the selection operation. "

Theorem 5.4.28. (Completeness) For any program 11 and any goal T, if 11U T is unsatisfiable
then there exists an 1FT-refutation for (I1,T").

Proof. If there is no 1FT-refutation for (II, I'), the algorithm in Figure 5.13 produces an infinite
derivation D(II,T"). By Lemma 5.4.27 there exists an infinite fulfilling sequence o in paLr)-

Now we define the PLTL-structure M, = (o, V4, ) where the states are the pairs (ﬁ;’;, fi) that

form o, and VMU((ﬁ;’Z,fi)) = {p € Prop | p € II}} for every k > 0. It is routine to see that

(Mo, (ﬁ;’z, fi)} = C forall C € (II},T';) and all £ > 0. Since any lclc-extension contains at
least one element A that belongs to Lits(C'), this is made by structural induction on the form of
A and using Definition 5.4.18 and the fact that o is fulfilling (by Lemma 5.4.27). In particular
M, is a model of I UL and we can ensure that 1o U is satisfiable because all the rules
other than (Unx) preserve equisatisfiability. Hence, since IIo UTy = ITUT, the set of clauses
ITUT is satisfiable. "

5.5 Related work

In Section 5.1, we have already surveyed the main features of the works that are more close to
our proposal. In this section we add more details.
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5.5.1 Templog: Abadi & Manna [2] and Baudinet [12]

The only temporal connectives allowed in the TLP language Templog introduced in [2, 12] are O,
oand o. An atom is of the form o’ A where A is a classical atom. A body B is recursively defined
as a conjunction By A ... A B, withn > 0 and where each B; is a classical atom A, a formula
of the form oB’, i.e., a body preceded by the connective o, or a formula of the form ¢ B’, i.e.,
a body preceded bay the connective ¢. Program clauses are of the form 0°((0Y 0’A) «— B),
with b,b" € {0,1}, and goal clauses are of the form | « B. Templog does not deal with
eventualities because the connective ¢ appears only in clause bodies. As can be appreciated
in the recursive definition of bodies, the nesting of connectives in Templog clauses is not as
restricted as in TeDilLog. Therefore, the structure of clauses is considerably more complex in
Templog than in TeDiLog. For example, we do not allow the connective ¢ to prefix a conjunction
of atoms. Since this normal form of Templog clauses is not well suited for resolution, the notion
of canonical body is additionally considered in Templog. A canonical body is a body in which
occurrences of the connectives A and ¢ cannot appear in the scope of the connective o and
every atom of the form oA is in the scope of the least possible numbers of ¢. The equivalences
o(p A1) = op Ao, 001h = voh and © (00 p A o)) = o (0 A1) are used to obtain
the canonical form of bodies. However, although the bodies of the premises are in canonical
form, the resolvent obtained by a resolution application may yield a clause whose body is not in
canonical form, hence a transformation to obtain the canonical form may be required after each
resolution application. The resolution procedure TSLD ([12]) consists of eight rules obtained
by considering all the possible cases in which temporal atoms of a program clause and a goal
clause can be resolved. For instance, we depict here one of the rules

D(OjA<—B0) J_<—B1/\<>(B2/\OiA/\B3)/\B4
LB A O(Oj_iBg A By A Oj_iBg) A By

where j > i

This resolution rule states that a program clause of the form O (oj A — By) is resolved
with a goal clause of the form L <« By A ¢ (B2 A oA A Bs) A By and the resolvent |«
BiAO (oj _iBg ABy Aot _iBg) A By is obtained, whenever j > 4. Note that A is a classical atom.
The Templog resolution procedure does not follow the state by state forward reasoning approach
and, consequently, it does not use any rule similar to our rule (Unz). As already mentioned in
Section 5.1, the satisfiability of a Templog program can be reduced to the satisfiability of a
(possibly infinite) classical logic program. This is easily made by considering, for instance,
that a clause of the form o’A «— o B can be expressed by means of the infinite set of clauses
{o'A « o’B | j > 0} and, in the same way, a clause of the form (0o‘A) «— B can be
expressed by means of the infinite set of clauses {(0’t*A) «— B | j > 0}. This approach is
possible neither when the connectives ¢ and {/ appear in the head of a clause nor when the
connectives 0 and R appear in the body. For instance, note that a clause of the form ¢ A «+— B
should be replaced with a unique clause oA « B but the value of such k is unknown. As
a consequence, the minimal model characterization of Templog (see [12]) is a straightforward
adaptation of the classical case. Unlike Templog, TeDiLog does not have the classical Minimal
Model Property (MMP in short). The presence of the connectives ¢ and U in clause heads
and O and R in clause bodies (see [101]) as well as the use of disjunction in clause heads (see
e.g. [89]) prevent from having such property. The compensation for the loss of the MMP is that
TeDilLog is much more expressive than the propositional fragment of Templog.
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In order to study Templog’s expressiveness, Baudinet considers in [12, 14] the propositional
fragment TL1 where the connective ¢ is not allowed at all and O is not allowed in clause heads.
Consequently, TL1 program clauses are of the form Db(oiAO — oA AL N Ap,) where
b € {0,1} and n > 0 and goal clauses are of the form L « o/*A; A ... A o/ A, where
n > 0. Baudinet shows that the expressiveness of TL1 and propositional Templog is the same.
On one hand, Templog clauses of the form Doip < B can be expressed without using the
connective O by introducing a fresh propositional variable. So that, the above program clause
can be expressed by means of the program clauses {q < B, O (oip — q),0(oq < q)} where
q is fresh. On the other hand, each element of the form ¢ oip in a body of a clause, can be
substituted by a fresh propositional symbol ¢ and then the clauses that define the meaning of
¢ would be added: {01(q — o'p),0(q «— ogq)}. Moreover, Baudinet shows that, for instance,
it is possible to define, in TL1, a predicate that holds exactly when p{ ¢ holds, whereas the
connective U is not expressible in temporal logic with only o, O and ¢ (see [80]). So that,
there are predicates that can be defined by using TL1 but are inexpressible in temporal logic.
Baudinet also shows that, for instance, the connective O is not expressible in Templog, in the
sense that is not possible to prove Op or to write a Templog program defining a predicate that
would hold exactly when O p holds. This last result proves that TeDiLog is more expressive than
(propositional) Templog, because in TeDiLog Op can be proved, as has been shown in Example
5.4.5 (Figure 5.15).

5.5.2 Chronolog: Wadge [127] and Orgun [97, 99]

In Chronolog ([127, 97, 99]) the only temporal operators are the unary connectives first and next.
The connective first serves to refer to the state sy. Therefore the connective O is not needed to
differentiate between always- and now-clauses. The TeDilLog now-clauses p «— og, Op « oq
and p < ©og A r can be expressed in Chronolog as first p < first next ¢, p < first next ¢ and
first p < next g Afirst r, respectively. The TeDilLog always-clause O (p < og) can be expressed
in Chronolog as p < next g. Note that in the Chronolog clauses above, there is a hidden tempo-
ral information not made explicit by means of temporal connectives. Regarding always-clauses
of the form O(Op « oq) and O (s « ©r), the translations pointed out to obtain TL1 clauses
in the previous subsection must be considered for Op and ¢ r. Consequently, intricate sets of
Chronolog clauses are needed for expressing interesting properties. In TeDiLog, the explicit use
of temporal connectives, together with the fact that such connectives are more expressive, facil-
itates readability and understanding of program and goal clauses. In [14], Baudinet shows —by
means of TL1- that Templog and Chronolog have the same expressive power. Hence Chronolog
can be considered as a syntactical variant of Templog. In fact, Templog and Chronolog also co-
incide in the metalogical properties of minimal model existence and fixpoint characterization.
The resolution procedure TiSLD that defines the operational semantics of Chronolog, applies
the resolution rule to rigid instances of program clauses and goal clauses, which are formed by
atoms of the form first next™ p with n > 0. In [99], the inclusion of the temporal connectives
¢ and O is discussed. However, by taking into account the results presented in [101], and in
order to keep the metalogical properties of Chronolog, only the use of ¢ in clause bodies and
O in clause heads is proposed. This extension would yield a language that would be (syntacti-
cally) very similar to Templog. However, the expressive power would remain unchanged. The
disjunctive extension presented in [68] combines Chronolog with the Disjunctive LP paradigm.
Therefore, only the temporal connectives first and next are used and the results obtained in the
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Disjunctive Logic Programming paradigm are extended to the language presented in [68] in the
same way that the results obtained in classical Logic Programming are extended to Chronolog.

5.5.3 Temporal Prolog: Gabbay [55]

Gabbay’s Temporal Prolog allows eventuality literals in clause heads but not in clause bodies.
In particular, ¢ is allowed in clause heads but O is not allowed in clause bodies. A program
clause is either a now-clause H < B or an always clause O (H « B). The head H is either a
classical atom A or a formula of the form o¢ C' where C' is a conjunction of now-clauses. The
body B is a classical atom A, a conjunction of bodies or a formula of the form oo B’ where B’
is a body. A goal clause is of the form | <« B where B is a body. Additionally, a connective
to express “sometime in the past” is also used. So that, the clausal form of Gabbay’s Temporal
Prolog is more complex than ours. In particular, the nesting of connectives is not so restricted
as in TeDiLog. Although eventuality literals are allowed in clause heads, the way of dealing
with them is very different from our method. For instance, given a goal of the form L < o¢p
the resolution procedure tries to find a program clause whose head is either p or o¢ p. If such
clause is found, a forward jump is produced. The resolution procedure of TeDilLog is based
on a state by state forward reasoning and eventualities are dealt with by means of the context-
dependent rules which do not allow to indefinitely postpone the fulfillment of such eventualities.
As mentioned above, unlike in TeDilLog, the connective O is not allowed in clause bodies, hence
TeDilLog is more expressive. For Gabbay’s Temporal Prolog the MMP does not hold because of
the use of eventualities in clauses heads. Additionally, the completeness proof of the resolution
procedure is not provided. The IFT-resolution procedure for TeDiLog is complete.

5.5.4 MetateM: Barringer et al. [9]

MetateM programs are sets of clauses in the Separated Normal Form (SNF), where clauses are
of the form ¢ — 1) such that ¢ is a conjunction of propositional literals and ) is either of the
form ¢ y —where x is a propositional literal— or a disjunction of propositional literals prefixed by
the connective o (see also Subsection 4.8.5). MetateM is as expressive as TeDiLog and complete
for full PLTL. However, MetateM is based on the imperative future approach and is not based
on resolution. Regarding execution, at each step the MetateM execution procedure must build
the next state by choosing to make true one proposition from the ¢ part of each clause for which
the ¢ part is true in the current state. In this way, a sequence of states is produced with the
aim of building a model for the program. Choices that lead to inconsistency must be repaired
by means of backtracking, which serves to choose another disjunct from the corresponding 1)
part. Additionally, the finite-model property is used to calculate an upper bound of forward
chaining steps and, in this way, to detect model construction processes where the fulfillment
of an eventuality is being indefinitely delayed. Such upper bound, in the worst case, is 2°/
where |II| is the size of the initial program II (see [9] and Subsection 6.2.4 in [44]). The IFT-
resolution procedure underlying TeDilLog does need neither backtracking nor the calculation of
upper bounds. As in TeDilog, the execution mechanism of MetateM must make sure that the
satisfaction of an eventuality is not continually postponed. For a clause ¢ — o< p, it is possible
to make true p or to make true ¢ p in the next state. If there are two clauses of the form ¢ — 0o p
and ¢/ — 00 —p such that ¢ and ¢ are satisfied in every state, it is necessary to satisfy p and
—p in an interleaved way. Therefore, fairness is required when deciding which eventuality to
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satisfy. This is handled by keeping an ordered list of eventualities (see Subsection 6.2.7 in [44]).

5.5.5 Clausal Temporal Resolution for PLTL: Fisher [40]

The clausal temporal resolution method introduced in [40] (see also [45]) is complete for full
PLTL. Our clausal normal form is different from the Separated Normal Form used in that
method but the crucial difference of our method with respect to that method is that TeDiLog’s
resolution mechanism is powerful enough to deal with eventualities without requiring invariant
generation. See also Subsection 4.8.5 for more details.






6. CONCLUSIONS

This chapter reviews our central results and primary contributions, lists our publications and
relevant research activity related to the results that appear in this thesis and proposes areas for
future research.

6.1 Results and Contributions

In this section, we review the results and contributions that have been presented in previous
chapters.

We have introduced tableau, sequent and resolution methods that differ from previously ex-
isting systems in the way eventualities are dealt with. Traditional two-pass temporal tableaux
and the previously existing one-pass tableau method presented by Schwendimann in [117] need
to check the fulfillment of eventualities in cyclic sequences of states. By contrast, our one-pass
tableau method TTM includes a rule that prevents from indefinitely delaying the fulfillment of
eventualities. As a consequence, TTM generates classical-like tableaux. In the case of unsatisfi-
able sets of formulas, closed branches whose last nodes contain a formula and its negation are
obtained in TTM. Regarding satisfiable sets of formulas, when an open cyclic branch is marked
as expanded (i.e, sufficiently enlarged) in TTM, that branch yields a model. It is worth remark-
ing that given an unsatisfiable set of formulas, the tableau method in [117] may yield —unlike in
classical tableaux— cyclic and non-fulfilling (closed) branches whose last nodes do not contain a
formula and its negation. In order to detect that a cyclic branch is non-fulfilling (i.e. closed) and
that, consequently, it cannot yield a model, an additional handling of information is required
in [117] because accessible branches must be checked to rule out the existence of a fulfilling
cycle that may involve more than one branch. In the case of satisfiable sets of formulas, a cyclic
(open) branch —that cannot be enlarged— may not yield a model by itself in the Schwendimann’s
tableau system because the fulfillment of eventualities may depend on more than one cyclic
branch. The systematic tableau algorithm that we provide gives rise to a decision procedure for
PLTL. On the basis of this new temporal deductive approach, we have defined two cut-free and,
in particular, invariant-free finitary sequent calculi TTC and GTC that are also weakening- and
contraction-free. These tableau and sequent systems allow us to prove that the classical duality
between tableaux and sequents holds also for temporal logic.

By adapting the idea behind the dual tableau and sequent systems to the resolution frame-
work, we have presented a new method for temporal resolution that is sound and complete
for PLTL and does not require invariant generation. This feature is a crucial difference of our
method with respect to the clausal resolution method introduced in [40] (see also [45]) which
needs to generate invariant formulas for solving eventualities. We have provided the conversion
of any formula to clausal form, a resolution system called TRS that extends classical resolution,
and an easily implementable algorithm that decides the satisfiability of any set of clauses. More-
over, together with its yes/no answer, the algorithm provides an (un/)satisfiability proof. That
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is, either a systematic refutation or a canonical model of the set of clauses that has been given as
input. As in the classical case, models are more easily generated from cyclic tableau branches
than from cyclic resolution derivations.

On the basis of the invariant-free resolution method TRS, we have defined the propositional
temporal logic programming language TeDilLog with the aim of providing a single framework
in which dynamic systems can be specified, developed, validated and verified by means of
executable specifications. The language TeDilLog has a purely declarative nature and mathe-
matically defined semantics. This language is strictly more expressive than the propositional
fragments of the main declarative TLP languages in the literature ([2, 12, 127, 99, 55, 68]).
TeDilLog’s resolution mechanism is powerful enough to deal with eventualities and dispenses
with invariant generation. The most significant imperative TLP language MetateM ([9]) is as
expressive as TeDiLog. However, MetateM is a very different approach that is not based on res-
olution and uses an upper bound to detect unsuccessful model constructions and backtracking.
TeDilLog requires neither upper bounds nor backtracking. We see TeDilLog as the propositional
kernel of a new generation of TLP languages based on the invariant-free temporal resolution
method TRS. In this sense we hope that TeDilLog could influence the design of future TLP lan-
guages in order to incorporate more expressive temporal features and new resolution procedures
for temporal reasoning.

To sum up, we have contributed new ideas to the proof-theory of PLTL. In particular, we
believe that automated reasoning in temporal logic can take benefit from the systems presented
in this dissertation.

6.2 Related Publications, Presentations and Research Activity

Below we list the publications, presentations and relevant research activity we carried out in
relation to the results provided in this dissertation.

Journal Publications

e Dual Systems of Tableaux and Sequents for PLTL
J. Gaintzarain, M. Hermo, P. Lucio, M. Navarro and F. Orejas
Journal of Logic and Algebraic Programming, 78(8):701-722, 2009.
DOI 10.1016/j.j1ap.2009.05.001

e Invariant-Free Clausal Temporal Resolution
J. Gaintzarain, M. Hermo, P. Lucio, M. Navarro and F. Orejas
Journal of Automated Reasoning. To appear.
DOI 10.1007/s10817-011-9241-2
Published online: 2 December 2011

Conference Proceedings

e A Cut-Free and Invariant-Free Sequent Calculus for PLTL
J. Gaintzarain, M. Hermo, P. Lucio, M. Navarro and F. Orejas
J. Duparc, T. A. Henzinger (eds.) Proceedings of Computer Science Logic, 21st
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International Workshop, CSL 2007, 16th Annual Conference of the EACSL, Lau-
sanne, Switzerland, 11-15 September 2007, volume 4646 of Lecture Notes in Com-
puter Science, pages 481-495. Springer, 2007.

DOI: 10.1007/978-3-540-74915-8

e Systematic Semantic Tableaux for PLTL
J. Gaintzarain, M. Hermo, P. Lucio and M. Navarro
E. Pimentel (ed.) Proceedings of the 7th Spanish Conference on Programming and
Languages (PROLE 2007), Zaragoza, Spain, 11-14 September 2007, Selected Pa-
pers, volume 206 of Electronic Notes in Theoretical Computer Science, pages 59-73,
2008
DOI 10.1016/j.entcs.2008.03.075

e A New Approach to Temporal Logic Programming
J. Gaintzarain and P. Lucio
P. Lucio, G. Moreno, R. Pefa (eds.) Proceedings of the 9th Spanish Conference on
Programming and Languages (PROLE 2009), San Sebastidn, Spain, 8-11 Septem-
ber 2009, pages 341-350, 2009.
http://www.sistedes.es/ficheros/actas-conferencias/PROLE/2009.pdf
ISBN: 978-84-692-4600-9

¢ An Implementation of the Context-Based Tableau
J. Gaintzarain, J. A. Hernandez and P. Lucio
P. Arenas, V. M. Gulias, P. Nogueira (eds.) Proceedings of the 11th Spanish Con-
ference on Programming and Languages (PROLE 2011), A Corufia, Spain, 5-7
September 2011, pages 169-184,2011.
http://www.sistedes.es/ficheros/actas-conferencias/PROLE/2011.pdf
ISBN: 978-84-9749-487-8

Contributed Talk

e Invariant-Free Clausal Temporal Resolution
J. Gaintzarain, M. Hermo, P. Lucio, M. Navarro and F. Orejas
Workshop on Modal Fixpoint Logics 2008 (WMFL 2008)
http://staff.science.uva.nl/ yde/mfl/
http://staff.science.uva.nl/ yde/mfl/contributed/gaintzarain.pdf
Institute for Logic, Language and Computation, University of Amsterdam.
Amsterdam, The Netherlands, 25-27 March 2008

Research Seminars

¢ Invariant-Free Clausal Temporal Resolution
J. Gaintzarain, M. Hermo, P. Lucio, M. Navarro and F. Orejas
http://www?2.wmin.ac.uk/bolotoa/HSCS_SEMINARS/seminars.html
Department of Computer Science and Software Engineering, School of Electronics
and Computer Science, University of Westminster.
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London, United Kingdom, 27 November 2009

¢ Invariant-Free Deduction Methods for PLTL
P. Lucio and J. Gaintzarain
Department of Computer Science, University of Liverpool.
Liverpool, United Kingdom, 1 February 2011

Research Visit

e Research Area: Invariant-Free Deduction Systems for Temporal Logic
Research Visitor: Jose Gaintzarain
Supervisor: Alexander Bolotov
Distributed and Intelligent Systems Research Group
School of Electronics and Computer Science, University of Westminster.
London, United Kingdom, from 1 October 2009 to 31 January 2010

Journal Paper Under Review

e Logical Foundations for More Expressive Declarative Temporal Logic Pro-
gramming Languages
J. Gaintzarain and P. Lucio
Submitted (Under review)

6.3 Future Work

We believe that the work presented in this dissertation opens many interesting topics for future
research.
The extension of our invariant-free deductive approach to more expressive logics is a wide area
of work. In particular, we hope that the presented resolution method gives an opportunity to
develop the first resolution method for Full Computation Tree Logic CTL*. Although the first
complete tableau system for CTL* has been recently published in [109], a resolution procedure
for CTL* is not known yet. Additionally, a tableau method based on the invariant-free deductive
approach would still be valuable. The extension of TRS-resolution to the incomplete First-order
Linear-time Temporal Logic (FLTL), besides its own relevance, could produce a new class of
decidable fragments of FLTL along with their associated decision procedures based on TRS-
resolution. For instance, one may consider the clausal FLTL-language that is obtained from our
clausal language by allowing, as atoms, predicate symbols applied to first-order terms, instead
of propositional variables. A syntactical restriction of this clausal FLTL-language would be
decidable provided that the set of all possible different contexts —in any application of the rule
(U Set)— were ensured to be finite in the restricted language. Moreover, particular syntactical
restrictions could allow to specialize the general TRS-procedure in order to gain efficiency (as
it is done in [35, 36]). The TRS-resolution method could also be applied to other extensions of
PLTL like spatial, dynamic, etc.

The development of practical automated reasoning tools based on the TTM tableau method
and the TRS resolution system constitutes a broad area of present and future work. At the
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moment, preliminary prototypes for the TTM tableau method and the TRS resolution method
are available online, respectively, in http://www.sc.ehu.es/jiwlucap/TTM.html and
http://www.sc.ehu.es/jiwlucap/TRS.html. A report about the implementation of the
prototype for the TTM tableau method is provided in [63]. On one hand, this prototype for TTM
is a direct implementation of the systematic tableau algorithm. On the other hand, the prototype
for the TRS resolution method is a direct implementation of the transformation CNF and the
algorithm SR. There is only a small amount of nondeterminism in these algorithms. Moreover,
the form of nondeterminism in these algorithms is sometimes called angelic nondeterminism,
in the sense that backtracking is not required to ensure termination. The crucial actions upon
which the implementation of the systematic tableau algorithm and the algorithm SR depends
are the fair selection of eventualities, the application of each rule, and the test for termination.
We plan to gradually improve these prototypes and to compare them with other available auto-
mated reasoning tools for PLTL. In particular with the temporal resolution prover TRP++ [76]
that implements the method introduced in [40]. We are also interested in comparison with the
implementations of the tableau-based methods presented in [79, 117] that are available in the
Logics Workbench Version 1.1 (http://www.lwb.unibe.ch).

The decision problem for PLTL is known to be PSPACE-complete (see e.g. [119]). The
two-pass tableau method presented in [128] works in EXPTIME, hence it is optimal. The worst
case complexity of our tableau and resolution methods (as well as for the tableau method and the
resolution method presented, respectively, in [117] and [40]) is 2EXPTIME, and consequently
suboptimal. However it has been shown by experimental analysis (see e.g. [69, 78]) that for
many randomly generated formulas of some classes, the average performance of a doubly ex-
ponential algorithm can be better than the average performance of an exponential one. The
reason is that, in the former the cases with high complexity rarely occur, while in the latter the
cases with exponential complexity occur very often. The above mentioned classes of formulas
include conjunctions of eventualities, nested eventualities, especial conjunctions of clauses in
Separated Normal Form, etc. The results obtained in the empirical analysis carried out in [77]
give hints about improvements to be considered for a practical implementation. Also the above
mentioned possibility of searching for tractable fragments (see [35, 36]) is open. The accurate
study of the complexity of the TTM tableau method and the TRS resolution method seems to be
also interesting.

We are also considering the possibility of combining TRS-resolution with the one-pass
tableau method TTM to produce a kind of hyper tableaux that would be interesting for prac-
tical implementation purposes.

The implementation of TeDilLog remains as future work. The adaptation of the prototype for
the TRS resolution method (http://www.sc.ehu.es/jiwlucap/TRS.html)to TeDilLog is
straightforward, but much experimentation is needed for optimization and improvement. The
worst case complexity for TeDilLog (regarding the generation of a refutation proof) is doubly
exponential.

It is well known (see [11, 12, 13, 14]) that, although logic programs are formulas of a given
logic, a logic programming language may be in some respects more expressive than its under-
lying logic. Intuitively, a logic formula characterizes just the collection of its models whereas
a logic program characterizes the collection of facts that can be inferred from it. The notion of
deduction intervenes and adds the ability to express properties that are not expressible in the un-
derlying logic. In this sense it would be interesting to compare the expressiveness of TeDilLog to
other formalisms such as PLTL, automata-theoretic formalisms, quantified PLTL (i.e. QPTL),
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uTL, etc. We have already tackled the issue of relating different formalisms. Concretely, in
[59] we studied the translation of the propositional fragment of the logic programming lan-
guage Horn~ into Boolean circuits, Boolean formulas and conjunctions of propositional Horn
clauses. Horn- is a logic programming language that extends usual Horn clauses by adding
intuitionistic implication in goals and clause bodies.
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