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Abstract

In this paper, we present some coincidence point theorems in the setting of
quasi-metric spaces that can be applied to operators which not necessarily have the
mixed monotone property. As a consequence, we particularize our results to the field
of metric spaces, partially ordered metric spaces and G-metric spaces, obtaining some
very recent results. Finally, we show how to use our main theorems to obtain coupled,
tripled, quadrupled and multidimensional coincidence point results.

1 Introduction

In recent times, one of the branches of fixed point theory that has attracted much atten-
tion is the field devoted to studying this kind of results in the setting of partially ordered
metric spaces. After the appearance of the first works in this sense (by Ran and Reurings
[1], by Nieto and Rodriguez-Lépez [2], by Gnana-Bhaskar and Lakshmikantham [3], and
by Lakshmikantham and Ciri¢ [4], to cite some of them), the literature on this topic has
expanded significantly. In [3], the authors introduced the notion of mixed monotone prop-
erty, which has been one of the most usual hypotheses in this kind of results. However,
some theorems avoiding these conditions have appeared very recently (see, for instance,
[5]). One of the results on this line of study was given by Charoensawan and Thangthong
in [6]. To understand their statement, the following notions were considered.

Definition 1.1 Let (X,d) be a metric space and F: X x X — X and g: X — X be given
mappings. Let M be a nonempty subset of X°. We say that M is an (F*,g)-invariant subset
of X if and only if for all %, y,z, u,v,w € X,

1. @wuyvz,w)eM < (w,z,v,y,u,x) € M;

2. (gx,gu,gy,9v,22,gw) € M = (F(x,u), F(u,x), F(y,v), F(v,y), F(z,w), F(w, 2)) € M.

Definition 1.2 Let (X,d) be a metric space and M be a subset of X°. We say that M satisfies
the transitive property if and only if for all x,y, w, z,a,b,¢,d, e,f € X,

wy,w,z,a,b)e M and (a,b,c,d,ef)eM = (xy,wzef)eM.
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Definition 1.3 Let ® be the family of all functions ¢ : [0, 00) — [0, 00) satisfying
L ¢'({o}) ={0},
2. @) <tforallt>0,
3. limg_ 4+ @(s) <t forall £> 0.

Using the previous preliminaries, they proved the following result in the context of G-

metric spaces, which is recalled in Section 2.1.

Theorem 1.1 (Charoensawan and Thangthong [6], Theorem 3.1) Let (X, %) be a partially
ordered set and G be a G-metric on X such that (X, G) is a complete G-metric space, and
let M be a nonempty subset of X°. Assume that there exists ¢ € ® and also suppose that
F:XxX— Xandg:X— X such that

[G(F(x, u), F(y,v), F(z,w)) + G(F(u, %), F(v,y), F(w, z))]

< ¢(Glgr, gy, g2) + G(gu, gv,.gw)) 1)

for all (gx,gu, gy, gv,gz,gw) € M.
Suppose also that F is continuous, F(X x X) C g(X) and g is continuous and commutes
with F. If there exist xo,y0 € X such that

(F(xo;)/o);F()/ony),F(xO;J’O);F()/nyo),gxo;gyo) eM

and M is an (F*,g)-invariant set which satisfies the transitive property, then there exist
x,y € X such that gx = F(x,y) and gy = F(y, x).

First of all, notice that the partial order < in the hypothesis has no sense in the statement
of Theorem 1.1. This is only a mistake that proves the special importance of partial orders
in this class of results.

In this paper, we show that Theorem 1.1 can be easily deduced from a unidimensional
version of the same result. In fact, we prove that the middle variables of M C X% are un-
necessary. But the main aim of this work is to obtain some coincidence point theorems in
the context of quasi-metric spaces that can be applied in several frameworks, including
metric spaces and G-metric spaces. The hypotheses of our main results are very general,
and they can be particularized in a variety of different contexts, unidimensional or multidi-
mensional ones, even if the involved mappings do not have the mixed monotone property.
Our results also extend and unify some recent theorems that can be found in [7]. As a con-
sequence, we prove that many results in this field of study can be easily derived from our

statements.

2 Preliminaries

For the sake of completeness, we collect in this section some basic definitions and well-
known results in this field. Firstly, let N and R denote the sets of all positive integers and
all real numbers, respectively. Furthermore, we let Ny = NU {0}. If A € R is a nonempty
subset of R, the Euclidean metric on A is d(x,y) = |x — y| for all x,y € A. In the sequel, let
X be a nonempty set. Given a natural number #n, we use X” to denote the nth Cartesian
power of X, thatis, X x X x --- x X (n times).
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From now on, let 7: X — X be a self-mapping (also called operator). For simplicity, we
denote T'(x) by Tx and T o T by T?. In general, the iterates of a self-mapping T are the
mappings {T": X — X},>0 defined by

T° = identity mapping on X, =T, T>=ToT,

T =ToT" foralln>2.

Given a point x € X, the Picard sequence of the operator T (based on x) is the sequence
{T"x},>0, which we will denote by {x,}.

The main aim of this manuscript is to show some sufficient conditions to ensure exis-
tence and uniqueness of the following kinds of points. A coincidence point of two map-
pings T,g: X — X is a point x € X such that Tx = gx. And a coupled coincidence point of
two mappings F: X* — X and g: X — X is a point (x,%) € X2 such that F(x,y) = gx and
F(y,x) = gy. If g is the identity mapping on X, then both kinds of points are called coupled
fixed point of T and coupled fixed point of F, respectively.

A metric (or a distance function) on a nonempty set X is a mapping d : X x X — [0, 00)
verifying the following conditions: for all x, 7,z € X,

(M;) d(x,x) =0; (Mp) d(x,y)>0 ifx+#y;
(M3) dx,y) =d(y,x); (My) d(x,y) <d(x,z)+d(z,y).

In such a case, the pair (X, d) is called a metric space.

We say that two mappings T, g : X — X are commuting if gTx = Tgx for all x € X. We say
that F: X” — X and g: X — X are commuting if gF(x1,%,...,%,) = F(gx1,gx>,...,8x,) for
all xy,...,x, € X.

A binary relation on X is a nonempty subset R of X2. For simplicity, we will write x < y
if (x,y) € R, and we will say that < is the binary relation. We will write x <y when x <y
and x # y, and we will write y = x when x < y. We will say that x and y are <-comparable
ifx<yory=<u.

A binary relation < on X is transitive if x < z for all x, 5,z € X such thatx < yand y < z.
A preorder (or a quasi-order) < on X is a binary relation on X that is reflexive (i.e., x < x
for all x € X) and transitive. In such a case, we say that (X, <) is a preordered space (or a
preordered set). If a preorder < is also antisymmetric (x < y and y < x implies x = y), then
< is called a partial order, and (X, <) is a partially ordered space.

If (X, <) is a preordered space and T,g : X — X are two mappings, we say that T is
a (g, <)-nondecreasing mapping if Tx < Ty for all x,y € X such that gx < gy. If g is the
identity mapping on X, T is nondecreasing w.rt. < (or it is <-nondecreasing).

If (X,d) is a metric space, a mapping T : X — X is continuous if {Tx,} — Tz for all
sequences {x,} € X such that {x,} — z € X. If X is a binary relation on X, we say that
T is (g, X)-nondecreasing-continuous if {Tx,} — Tz for all sequences {x,} C X such that
{x,} — z € X verifying that gx,, < gx,,,1 for all n € N. If g is the identity mapping on X, we

say that T is <-nondecreasing-continuous.

2.1 G-metric spaces

The notion of G-metric space is defined as follows.
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Definition 2.1 (Mustafa and Sims [8]) Let X be a nonempty set,andlet G: X x X x X —
R* be a function satisfying the following properties:

(G1) Gx,9,2)=0ifx=y=z;

(G) 0<G(x,x,y) forallx,y € X withx #y;

(G3) G(x,x,9) < G(x,9,2) for all x,y,z € X with y # z;

(Ga) G(x,9,2) = G(x,2,9) = G(y,z,x) = - - - (symmetry in all three variables);
(Gs) G(x,9,2) < G(x,a,a) + G(a,y,z) (rectangle inequality) for all x,y,z,a € X.

Then the function G is called a generalized metric, or, more specifically, a G-metric on X,
and the pair (X, G) is called a G-metric space.

Note that every G-metric on X induces a metric dg on X defined by
dc(x,y) = G, 9,9) + G(y,x,x) forallx,y e X.
For a better understanding of the subject, we give the following examples of G-metrics.

Example 2.1 Let (X, d) be a metric space. The function G : X x X x X — [0, +00), defined
by

G(x,y,2) = max{d(x,y),d(y,2), d(z, %)}
forall x,y,z € X, is a G-metric on X.

Example 2.2 (see, e.g., [8]) Let X = [0,00). The function G: X x X x X — [0, 00), defined
by

G(x,y,2) = lx =yl + |y —z| + |z — x|
for all x,7,z € X, is a G-metric on X.

In their initial paper, Mustafa and Sims [8] also defined the basic topological concepts
in G-metric spaces as follows.

Definition 2.2 (Mustafa and Sims [8]) Let (X, G) be a G-metric space, and let {x,} be a
sequence of points of X. We say that {x,} is G-convergent to x € X if

lim G(x,x,,%,) =0,
n,m—> 00

that is, for any ¢ > 0, there exists N € N such that G(x, x,,, x,,) < ¢ for all n,m > N. We call
x the limit of the sequence, and we write {x,,} — x or lim,,_, o, x,, = x.

It is clear that the limit of a convergent sequence is unique.

Proposition 2.1 (Mustafa and Sims [8]) In a G-metric space (X, G), the following condi-
tions are equivalent.

1. {x,} is G-convergent to x.
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2. Gxy,%x,,%) — 0asn— o0.

3. Gxy,x,x) — 0asn— oo.

Definition 2.3 (Mustafa and Sims [8]) Let (X, G) be a G-metric space. A sequence {x,} is
called a G-Cauchy sequence if, for any ¢ > 0, there exists N € N such that G(x,, x,,,x;) < &
for all m,n,l > N, that is, G(x,, x,,,,x;) — 0 as n,m, [ — oo.

Proposition 2.2 (Mustafa and Sims [8]) In a G-metric space (X, G), the following condi-
tions are equivalent.

1. The sequence {x,} is G-Cauchy.

2. Forany e >0, there exists N € N such that G(x,,, %, %) < € for all m,n > N.

Definition 2.4 (Mustafa and Sims [8]) A G-metric space (X, G) is called G-complete if
every G-Cauchy sequence is G-convergent in (X, G).

Definition 2.5 Let (X, G) be a G-metric space. A mapping T : X — X is said to be G-
continuous if {Tx,} G-converges to Tx for any G-convergent sequence {x,} to x € X. In
general, given m € N, amapping F : X" — X is said to be G-continuous if {F(x},x2,...,x™)}
G-converges to F(x',x?,...,x™) for any G-convergent sequences {x.}, {x?},...,{x"} C X
such that {x'} — x' € X foralli € {1,2,...,m}.

The following lemma shows a simple way to consider some G-metrics on X? from a
G-metric on X.

Lemma 2.1 (Agarwal et al. [9]) Let G: X® — [0,00) and G2, G2, : (X*)* — [0, 00) be three
mappings verifying

Gsz ((xbyl)r (%2, 72), (x3,y3)) = G(x1,%2,%3) + G(y1,¥2,¥3) and
an((xlryl)) (x27y2)7 (x3:y3)) = maX{G(xler:x?))’ G()’l,y2,)’3)}

JSor all x1,%,%3,91,92,y3 € X.

Then the following conditions are equivalent.
(@) Gisa G*-metricon X.
(b) G?isa G*-metric on X*.
(c) G2, isa G*-metric on X*.
In such a case, the following properties hold.

1. Every sequence {(x,,y,)} C X? verifies:
2 2

()] —> (5,9) = (G0 70)) — (5,9) = [0} —> 2 and 1y} —> ).
2. {(xnyn)} € X% is G2-Cauchy <= {(x%4,y,)} is G%,-Cauchy <>
[{x,.} and {y,} are G-Cauchy].
3. (X, G) is G-complete <= (X?,G?) is G-complete <= (X?,G2,) is G-complete.

2.2 Quasi-metric spaces
Definition 2.6 A mapping g: X x X — [0,00) is a quasi-metric on X if it satisfies (M),
(M) and (My), that is, if it verifies, for all x,y,z € X:
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(q1) gx,y)=0ifand onlyifx =y,
(q@2) qx,y) <qx2) +q(z,y).

In such a case, the pair (X, q) is called a quasi-metric space.

Remark 2.1 Any metric space is a quasi-metric space, but the converse is not true in

general.

Now, we recollect some basic topological notions and related results about quasi-metric

spaces (see also, e.g., [10-13]).

Definition 2.7 Let (X, q) be a quasi-metric space, {x,} be a sequence in X, and x € X. We
will say that:
o {x,} converges to x (and we will denote it by {x,} —q> x or by {x,,} — x) if
lim,,—, o0 g2y, %) = lim,,_, o g(x, x,) = 0;
o {x,} is a Cauchy sequence if for all ¢ > 0, there exists ny € N such that g(x,, x,,) < € for
all n,m > ng.
The quasi-metric space (X, g) is said to be complete if every Cauchy sequence is conver-

gent on (X, q).

As g is not necessarily symmetric, some authors distinguished between left/right

Cauchy/convergent sequences and completeness.

Definition 2.8 (Jleli and Samet [14]) Let (X, q) be a quasi-metric space, {x,} be a sequence
in X, and x € X. We say that:

o {x,} right-converges to x if lim,,_, oo (%, %) = 0;

o {x,} left-converges to x if lim,,_, o, q(x, x,,) = 0;

o {x,} is a right-Cauchy sequence if for all ¢ > 0 there exists ny € N such that

q(Xn, %) < & for all m > n > no;

.

{x,} is a left-Cauchy sequence if for all € > 0 there exists ny € N such that g(x,,, x,) < &

for all m > n > nyp;

.

(X, q) is right-complete if every right-Cauchy sequence is right-convergent;
(X, q) is left-complete if every left-Cauchy sequence is left-convergent;

.

Remark 2.2 (see, e.g., [14]) A sequence {x,} in a quasi-metric space is Cauchy if and only
if it is left-Cauchy and right-Cauchy.

Remark 2.3
1. The limit of a sequence in a quasi-metric space, if it exists, is unique. However, this
is false if we consider right-limits or left-limits.
2. If{x,} - xand {y,} — y in a quasi-metric space, then {q(x,, y,)} = g(x,y), that is,

q is continuous in both arguments. It follows from

qx,y) — g% %,) — 40 Y) < qXns Yn) < qXns %) + g%, ¥) + G5 Y1)

for all n. In particular, {g(x,,2)} = q(x,2z) and {g(z,x,)} — q(z,x) for all z € X.
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3. If{x,} — % {q(x,,y,)} = 0 and {g(y,, x,)} — O, then {y,} — «. It follows from

AW %) < GWns%n) + q(xx)  and g, y,) < g%, %) + @K% V)

4. [Ifasequence {x,} has a right-limit x and a left-limit y, then x = y, {x,,} converges
and it has an only limit (from the right and from the left). However, it is possible
that a sequence has two different right-limits when it has no left-limit.

Example 2.3 Let X be a subset of R containing [0,1] and define, for all x,y € X,

x—y, ifx>y,
q(x,y) = ’ 4

1, otherwise.

Then (X, g) is a quasi-metric space. Notice that {g(1/7,0)} — 0 but {g(0,1/n)} — 1. There-
fore, {1/n} right-converges to 0 but it does not converge from the left.

The following result shows a simple way to consider quasi-metrics from G-metrics.

Lemma 2.2 (Agarwal et al. [9]) Let (X, G) be a G-metric space, and let us define qg, g :
X2 — [0,00) by

gcx,y) = Gx,y,y) and qgx,y)=Gx,xy) forallx,yeX.

Then the following properties hold.

1. gg and qy; are quasi-metrics on X. Moreover,
dcxy) <2qcx,y) <4qg(x,y) forallx,ye€X. (2)

2. In(X,qc) and in (X,qg), a sequence is right-convergent (respectively, left-convergent)
if and only if it is convergent. In such a case, its right-limit, its left-limit and its limit
coincide.

3. In(X,qc) and in (X,qg), a sequence is right-Cauchy (respectively, left-Cauchy) if
and only if it is Cauchy.

4. In(X,qg) and in (X, qy;), every right-convergent (respectively, left-convergent)
sequence has a unique right-limit (respectively, left-limit).

/

G q
5. If{x,} S Xandxe X, then {xn}—>x<:}{x,,}ﬁ>x<:}{xn}—G>x.
6. If{x,} CX, then {x,} is G-Cauchy <= {x,} is gg-Cauchy <= {x,} is q5-Cauchy.
7. (X, G) is complete <= (X,qg) is complete <= (X, qy;) is complete.

2.3 Control functions
Functions in @ (see Definition 1.3) verify the following properties.

Lemma 2.3 Let ¢ € ®.
1. @) <tforallt>0.
2. If{t,} C[0,00) is a sequence such that t,,; < ¢(t,) for all n, then {t,} — 0.
3. If{t.}, {su} C [0,00) are two sequences such that {t,} — 0 and s, < ¢(t,) for all n,
then {s,} — 0.


http://www.fixedpointtheoryandapplications.com/content/2014/1/184

Roldén-Lépez-de-Hierro et al. Fixed Point Theory and Applications 2014, 2014:184 Page 8 of 29
http://www.fixedpointtheoryandapplications.com/content/2014/1/184

Proof (2) By item 1, t,;1 < ¢(t,) <t, for all n, so {¢,} is a nonincreasing sequence of non-
negative real numbers. Then it is convergent. Let L = lim,_, » £, > 0. We claim that L = 0.
If L > 0, then {t,} is a sequence of numbers greater than L that converges to L. Hence,

L= lim t,; < lim ¢(t,) = lim ¢(s) < L,
n—00 n—00 s—>L*

which is a contradiction.

(3) It follows from item 2 taking into account that 0 <s, < ¢(¢,) <¢, for all n. O

Inspired by Boyd and Wong’s theorem [15], Mukherjea [16] introduced the following
kind of control functions:

v = {ga :10,00) = [0,00) : p(t) < t and rlirg @(r) < t for each ¢t > 0}.

Functions in W are more general than those in ®. The following properties are very useful.

Lemma 2.4 Let ¢ € V be a mapping, and let {t,,} C [0, 00) be a sequence.
1. Iftwa <@(ty) and t, # 0 for all m, then {t,,} — 0.
2. Let{t,},{sn} C [0,00) be two sequences such that {t,} — 0 and s, < ¢(t,) for all n.
Also assume that if t, = 0, then s, = 0. Hence {s,} — 0.

Proof (1) It is the same proof of item 2 of Lemma 2.3.
(2) It follows from the fact that s, < ¢(t,) < t, ift, > 0, and s, = 0 if £, = 0. In any case,
sy < t, for all n. O

Remark 2.4 The difference between items 2 and 3 of Lemma 2.3 and items 1 and 2 of
Lemma 2.4 is important. If we assume that ¢ € W and £,,,1 < ¢(¢,,) for all m, then it is
impossible to deduce that {t,,} — 0 or {¢(t,,)} — 0 in item 1 of the previous result. For
instance, define ¢(¢) = /2 if ¢ > 0, and ¢(0) = 1/2. Then ¢ € ¥ and the sequence {¢,,} =
{0,1/2,0,1/2,0,1/2,...} verifies t,,,1 < ¢(t,,) for all m but it does not converge.

3 Coincidence point theorems on quasi-metric spaces without the mixed
monotone property

In this section, we present some coincidence point theorems in the framework of quasi-

metric spaces under very general conditions which can be extended to the coupled case

and can be applied to mappings that have not necessarily the mixed monotone property.

3.1 Basic notions depending on a subset M
Definition 3.1 (See Kutbi et al. [5]) We say that a nonempty subset M of X? is:
o reflexive if (x,x) € M for all x € X;
o antisymmetric if x = y for all x,y € X such that (x,y), (y,x) € M;
« transitive if (x,z) € M for all x,7,z € X such that (x,y), (y,z) € M.
Given two mappings T,g : X — X, we say that M is:
« g-transitive if (gx,gz) € M for all x,y,z € X such that (gx, gy), (gy,g2) € M;
« g-closed if (gx,gy) € M for all x,y € X such that (x,y) € M;
o (T,g)-closed if (Tx, Ty) € M for all x,y € X such that (gx, gy) € M;
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o (T,g)-compatible if Tx = Ty for all x,y € X such that gx = gy and (gx, gy) € M.

Clearly, every transitive subset is also g-transitive. Moreover, M is g-closed if and only
if it is (g, Ix)-closed, where Ix denotes the identity mapping on X. The following lemma
shows a simple way to consider g-transitive, (T, g)-closed sets.

Lemma 3.1 Given a binary relation < on X, let us consider M« = {(x,y) € X? :x < y}, and
let T,g: X — X be two mappings.

1. If<isa preorder on X, then M is reflexive, transitive and g-transitive.

2. If<Xisa partial order on X, then M is reflexive, transitive, antisymmetric and

g-transitive.
3. My isg-closed if and only if g is <-nondecreasing.
. My is(T,g)-closed if and only if T is (g, <)-nondecreasing.
5. If<isa partial order on X and My is (T,g)-closed, then My is (T, g)-compatible.

Proof First four properties are obvious. We prove the last one. Since T is (g, <)-non-
decreasing,

< Tx< T
=gy = (&7 o S oo, .
Y=g Iy Ix

It is convenient to highlight that the notion of g-transitive, (T, g)-closed, nonempty sub-
set M C X? is more general than the idea of nondecreasing mapping on a preordered
space (following the previous lemma), as we show in the following example.

Example 3.1 Let X = [0,00) and let us define T,g: X — X by gx =x + 3 and Tx = x + 4 for
all x € X. Let M be the subset

M={(xy) eX*:3<x <y} U{(0,1),(1,0),(1,2)}.

Then M does not come from a preorder (or a partial order) on X because it is not re-
flexive ((0,0) ¢ M), nor transitive ((0,1),(1,2) € M but (0,2) ¢ M) nor antisymmetric
((0,1),(0,1) € M but 0 #1). However, M is g-transitive and (7, g)-closed.

In the following definitions, we will use sequences {x,} € X such that (x,,x,,) € M for
all n,m € N with n < m. In this sense, the following notions must be called ‘right-notions’
because the same concepts could also be introduced involving sequences {x,} € X such
that (x,,,%,,) € M for all n,m € N with n > m (in this case, they would be Teft-notions’).
Then we could talk about (7', g, M)-right-Picard sequences, M-right-continuity, (O, M)-
right-compatibility and right-regularity. However, we advice the reader that, in order not
to complicate the notation, we will omit the term ‘right’.

Definition 3.2 Let (X,q) be a quasi-metric space, let M be a nonempty subset of X2,
q
and let T: X — X be a mapping. We say that T is M-continuous if {Tx,} — Tu for all

sequences {x,} € X such that {x,} —q> u € X and (x,,x,,) € M for all n,m € N with n < m.

Remark 3.1 Every continuous mapping from a quasi-metric space into itself is also M-
continuous, whatever the subset M.
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Definition 3.3 Let T,g: X — X be two mappings, let {x,},>0 € X be a sequence, and let
M be a nonempty subset of X2. We say that {x,} is a:
o (T,g)-Picard sequence if

Gxns1 = Tx, forallm>0; 3)
o (T,g, M)-Picard sequence if it is a (T, g)-Picard sequence and
(g%, gxm) € M for all n,m € Ny such that n < m. (4)

Lemma 3.2 Let T,g: X — X be two mappings.
1. IfT(X) Cg(X), then there exists a (T, g)-Picard sequence based on each xo € X.
2. If M is a g-transitive, (T, g)-closed, nonempty subset of X2, then every (T,g)-Picard
sequence {x,},>0 such that (gxo, Txo) € M is a (T, g, M)-Picard sequence.

Proof (1) Let xy € X be arbitrary. Since Txy € T(X) C g(X), then there exists x; € X such
that gx; = Tx. Similarly, since Tx; € T(X) C g(X), then there exists x, € X such that gx, =
Tx;. Repeating this argument by induction, we may consider a (7, g)-Picard sequence {x,}
based on xg.

(2) Assume that {x,},>0 is a (T,g)-Picard sequence such that (gxo, Tx¢) € M. Since
(gx0,g%1) = (gx0, Txo) € M and M is (T, g)-closed, then (Txo, Tx;) € M, which means that
(gx1,g%) € M. By induction, it follows that (gx,, gx,.1) € M for all n > 0. And using that
M is g-transitive, we deduce that

(gxmgxnﬂ), (gxn+1,gxn+2)¢ ceey ngmfl,gxm) eM = (gxmgxm) eM
for all n,m € N such that n < m. O
The following definition extends some ideas that can be found in [17-19].

Definition 3.4 Let (X, q) be a quasi-metric space, and let M be a nonempty subset of X2.
Two mappings T,g: X — X are said to be (O, M)-compatible if

W}iinm q(@Tx,, Tgx,,) =0 and W}gnoo q(Tgx, gTx,,) = 0

provided that {x,,} is a sequence in X such that (gx,, gx,,) € M for all n < m and
W}E%o Tx,, = rﬂangogxm eX.

Similarly, T and g are said to be (O, M)-compatible if
W}i_r)noo q(gTx,,, Tgx,,) =0 or W}l_)rréo q(Tgx,,, gTx,,) =0

provided that {x,,} is a sequence in X such that (gx,, gx,,) € M for all n < m and

lim Tx,, = lim gx,, € X.
m—0o0

m— 00

Page 10 of 29
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Clearly, if T and g are commuting, then they are both (O, M)-compatible or (O’, M)-

compatible. The following notion also extends the regularity of an ordered metric space.

Definition 3.5 Let (X,q) be a quasi-metric space, and let A € X and M C X? be two
nonempty subsets. We say that (4, g, M) is regular (or A is (g, M)-regular) if we have that
(#n, u) € M for all n provided that {x,} is a g-convergent sequence on 4, u € A is its g-limit
and (x,,x,,) € M for all n < m.

3.2 Coincidence point theorems using (g, M, ®)-contractions of the first kind
Next, we present the kind of contractions we will use.

Definition 3.6 Let (X, g) be a quasi-metric space, let T, g : X — X be two mappings, and
let M C X2 be a nonempty subset of X2. We say that T is a (g, M, ®)-contraction of the
first kind if there exist ¢, ¢’ € ® such that

q(Tx, Ty) < w(q(gx, gy)) and (5)

q(Ty, Tx) < ¢'(q(gy, g%)) (6)

for all x,y € X such that (g, gy) € M.If ¢, ¢’ € ¥, we say that T is a (g, M, V)-contraction
of the first kind.

Remark 3.2 It is not necessary that functions in ¢ and in W verify all their properties in
[0, 00). In fact, as we shall only use inequalities (5)-(6), the properties of functions in ® and
in W must only be verified on the image of the quasi-metric g, that is, on g(X x X) < [0, 00),
which does not necessarily coincide with [0, 00) (for instance, if X is g-bounded).

Remark 3.3 One of the best advantages of using a subset M C X? is that a unique con-
dition covers two particularly interesting cases:
« M = X2, in which contractivity conditions (5)-(6) hold for all x,y € X; and
o M = Mg, where < is a preorder or a partial order on X, in which (5)-(6) must be
assumed for all x,y € X such that gx < gy.
Both possibilities were independently studied in the past, but this new vision unifies

them in an only assumption.
The following one is a first property of this kind of mappings.

Lemma 3.3 Let (X, q) be a quasi-metric space, let T,g : X — X be two mappings, and let
M C X? be a g-closed, nonempty subset of X* such that (X, q, M) is regular. Suppose that,
at least, one of the following conditions holds.

1. T isa (g, M,®)-contraction of the first kind.

2. Tisa(g, M,W¥)-contraction of the first kind and M is (T,g)-compatible.

Then T is M-continuous at every point in which g is M-continuous.

Proof Let {x,} C X beasequence such that {x,,} —q> z € X and (x,,,x,,) € M foralln,m e N

with n < m. Taking into account that g is M-continuous at z, then {gx,} IR gz. As M is
g-closed, then (gx,, gx,,) € M for all n,m € N with n < m. Furthermore, as (X,q, M) is
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regular, then (gx,, gz) € M for all n € N. Applying the contractivity conditions (5)-(6), we
have that, for all #,

q(Txu, T2) < 9(q(gxn.g2)) and  q(Tz, Tx,) < ¢’ (q(gz, gxn)).

Ifp, ¢’ € ®, then item 3 of Lemma 2.3 guarantees that {g(Tx,, Tz)} — 0 and {g(7%z, Tx,)} —
0, so {Tx,} q-converges to Tz. If ¢,¢’ € ¥ and we additionally assume that M is (T, g)-
compatible, we can use item 2 of Lemma 2.4 applied to the sequences {t, = q(Tx,, Tz)} and
{sn = q(gx4,gz)} in order to deduce that {g(Tx,, Tz)} — O (notice that if s, = 0, then ¢, = 0)
and similarly {g(T%, Tx,)} — O. (]

The first main result of this work is the following one.

Theorem 3.1 Let (X, q) be a quasi-metric space, let T,g : X — X be two mappings, and let
M be a nonempty subset of X2. Suppose that the following conditions are fulfilled.
(A) There exists a (T,g, M)-Picard sequence on X.
(B) T isa (g, M, ®)-contraction of the first kind.
Also assume that, at least, one of the following conditions holds.
(@) X (or g(X) or T(X)) is g-complete, T and g are M-continuous and the pair (T,g) is
(O, M)-compatible;
(b) X (or g(X) or T(X)) is g-complete and T and g are M-continuous and commuting;
(o) (g(X),q) is complete and X (or g(X)) is (g, M)-regular;
(d) (X,q) is complete, g(X) is closed and X (or g(X)) is (q, M)-regular;
(e) (X,q) is complete, g is M-continuous, M is g-closed, the pair (T,g) is
(O, M)-compatible and X is (q, M)-regular.
Then T and g have, at least, a coincidence point.

Notice that, by Lemma 3.2, the previous result also holds if we replace condition (A) by
one of the following stronger hypotheses:

(A") T(X) < g(X)and M is g-transitive and (T, g)-closed.
(A”) M is g-transitive and (T, g)-closed, and there exists a (T, g)-Picard sequence {x,},>0
such that (gxo, Txo) € M.

And by Remark 3.1, the M-continuity of the mappings can be replaced by continuity.
Proof Let {x,} be an arbitrary (7, g, M)-Picard sequence on X, and let ¢, ¢’ € ® be such
that (5)-(6) hold. If there exists some 7y € N such that gx,,, = gx,,.1, then g, ; = gx,0.1 =

Ty, SO Xy, is a coincidence point of T' and g, and the proof is finished. On the contrary,
assume that gx,, # gx,,,1 for all n > 0. Therefore,

q(gxn, g%ui1) >0 and  q(gx,1,8x,) >0 forallm>0. (7)
Step 1. We claim that lim,,_, o q(gx,, g%,41) = im0 q(gx,41,g%,) = 0. Taking into ac-

count (4), if we apply the contractivity condition (5) to x = gx,.,1 and y = gx,,,2, we obtain
that

q(gxnﬂ:gx;ﬁz) = q(Txnr Txn+1) =< ¢(q(gxn,gxn+1)) for all n > 0.
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By item 2 of Lemma 2.3, we have that {g(gx,, gx,,1)} — 0. Similarly, using x = gx,,,, and
y = gxyy1 and the contractivity condition (6), we could deduce that {g(gx,.1,8%,)} — O.
Therefore, we have proved that

lim q(gxmgxrﬁl) = lim q(gxnﬂ;gxn) =0. (8)
n—00 n—oo
Step 2. We claim that {gx,} is right-Cauchy in (X, q), that is, for all ¢ > 0, there is ny €
N such that q(gx,,gxy) < € for all m > n > ny. We reason by contradiction. If {gx,} is
not right-Cauchy, there exist &y > 0 and two subsequences {gx,)}ken, and {gxmuw) tren,
verifying that

k <n(k) <m(k), q(gxni),¥mi) >€o forall k. 9)

Taking m(k) as the smallest integer, greater than n(k), verifying this property, we can sup-

pose that
q(@% (i) @miy—1) < &0 forall k.

Therefore €y < q(gxu), EXm)) < 4(@Xnk) Emi-1) + G @Xm()-1,8%mi) < €0 + q(EXm@t)-15
Z%m()), and taking limit as k — oo, it follows from (8) that

lim q(gxn(k),gxm(k)) =£&op.

k—o0
Notice that, for all k,

q(@Xn(t)+1> Em)+1) < G(Xn(k)+158%n(k)) + 4(GXn(k)» §Xmik)) + G(&Xmik)s ZEm(k)+1)s
and

80 < 4(@Xn(k)> &Xmk)) =< G(&Xn(k)» &Xn(k)+1) + G(GXn(k)+15 §Xm(k)+1) + G(&Xmik)+1, ZEm(k))-

Joining both inequalities we deduce that, for all k,

€0 — q(%n(k) 8Xn(k)+1) — G @Xm(k)+1> §¥mk))

< q(@Xn(t)+1, 8Emk)+1) < G(@Xn(k)+158%n(k)) + 4 GXn(k)s §Xmk)) + T(&Xmik)» ZEmk)+1)-
Letting k — o0, it follows from (8) that
klggo q(@Xn(t)+1, G¥m(k)+1) = E0- (10)

Next, let us apply the contractivity condition (5) to x = g, and y = g, taking into
account that, by (7), (%), £6m@)) € M. We get that, for all k > 0,

q(gxn(k)+1:gxm(k)+l) = q(Txn(k)¢ Txm(k)) = (p(q(gxn(k))gxm(k)))- (11)
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Since q(gxu(i), 8xmk)) > €o for all n, {q(gxu), Emr)} — €0 and ¢ € P, then
lim ¢ (q(g%n(r), §Xmk))) = lim ¢(s) < &o. (12)
k—o00 s—>e]
Letting k — oo in (11) and taking into account (10) and (12), it follows that
g0 = lim q(@xu()+1, &me+1) < 1im @ (q(gxn(), 8mk))) < €0,
k—o00 k—o00

which is a contradiction. This contradiction ensures us that {gx, } is right-Cauchy in (X, g),
and Step 2 holds.

Similarly, using the contractivity condition (6), it can be proved that {gx, } is left-Cauchy
in (X, q), so we conclude that {gx,} is a Cauchy sequence in (X, q). Now, we prove that T
and g have a coincidence point distinguishing between cases (a)-(e).

Case (a): X (or g(X) or T(X)) is g-complete, T and g are M-continuous and the pair
(T,g) is (O, M)-compatible. As (X, q) is complete, there exists u € X such that {gx,} — u
(notice that as {gx,,,1} = {Tx,} C g(X) N T(X), then this property also occurs if g(X) or T(X)
is g-complete). As T and g are M-continuous, it follows from (4) that {7gx,} — Tu and
{ggx,} — gu. Taking into account that the pair (7,g) is (O’, M)-compatible, we deduce
that

lim g(gTx,, Tgx) =0 or  lim q(Tgx,,gTx.,) = 0.
In such a case, using item 2 of Remark 2.3, we conclude that

q(gu, Tu) = lim q(ggx,.1, Tgx,) = lim q(gTx,, Tgx,) =0

(the other case is similar). Hence, u is a coincidence point of 7" and g.

Case (b): X (or g(X) or T(X)) is q-complete and T and g are M-continuous and com-
muting. It is obvious because (b) implies (a).

Case (c): (g(X),q) is complete and X (or g(X)) is (g, M)-regular. As {gx,,} is a Cauchy
sequence in the complete space (g(X), q), there is u# € g(X) such that {gx,,} - u. Letve X
be any point such that u = gv. In this case, {gx,,} — gv. We are also going to show that
{gxm} — Tv, so we will conclude that gv = Tv (and v is a coincidence point of T and g).

Indeed, as {gx,} is a convergent sequence in g(X) such that (gx,, gx,,) € M for all n < m,
and X (or g(X)) is (g, M)-regular, then (gx,,gv) € M for all n, where gv = u € g(X) is the
limit of {gx,}. Applying the contractivity conditions (5)-(6),

q(gxni1, Tv) = q(Tx,, Tv) < go(q(gxn,gv)) and 13)

q(Tv, gxy.1) = q(Tv, Tx,) < go(q(gv,gx,,)) forall n > 0. (14)

By item 3 of Lemma 2.3, {gx,} g-converges to Tv.

Case (d): (X, q) is complete, g(X) is closed and X (or g(X)) is (g, M)-regular. 1t follows
from the fact that a closed subset of a complete quasi-metric space is also complete. Then
(g(X),q) is complete and case (c) is applicable.

Case (e): (X, q) is complete, g is M-continuous, M is g-closed, the pair (T, g) is (O, M)-
compatible and X is (q, M)-regular. As (X, q) is complete, there exists u € X such that
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{gxm} — u. As Tx,, = g,y for all m, we also have that {Tx,,} — u. As g is M-continuous
and (gx,,gx,) € M for all n < m, then {ggx,,} — gu. Furthermore, as the pair (7,g) is
(O, M)-compatible, then

lim q(ggxim.1, Tgxm) = lim q(gTx,,, Tgx,,) =0 and
m— 00 m— 00

lim g(Tgx,,, ggx+1) = lim q(Tgx,,,gTx,,) = 0.
m—>00 m— 00

By item 3 of Remark 2.3, as {ggx,,} — gu, the previous properties imply that { 7gx,,} — gu.
We are going to show that {7gx,,} — Tu and this finishes the proof.

Indeed, since X is (g, M)-regular, {gx,,} — u and (gx,,gx,,) € M for all n < m, then
(gx,,, u) € M for all n. Moreover, taking into account that M is g-closed, then (ggx,,, gu) €
M for all n. Applying the contractivity conditions (5)-(6),

q(Tgx,, Tu) < (p(q(ggx,,, gu)) and (15)
q(Tu, Tgx,) < ¢(q(gu.ggx,)) forallnm > 0. (16)
As {ggx,} — gu, then {Tgx,} — Tu. O

Example 3.2 To illustrate the applicability of Theorem 3.1, we show the following exam-
ple in which mappings are nonlinear. Let X = R and let

M= {(x,x):xeR} U {(x,y):05y<x§1} U {(9,16),(16,9)} c R

Clearly, M does not come from any partial order on X as in Lemma 3.1 because it is
not antisymmetric: (9,16), (16,9) € M but 9 #16. Let us consider on X the function ¢ :
X x X — [0,00) given, for all x,y € X, by

y—%, ifx<y,
x,y) =
99 2x—y), ifx>y.

Then ¢ is a complete quasi-metric on R. In fact, it has the same convergent sequences to
the same limits as the Euclidean metric d(x,y) = |x — y| for all x,y € R because

lx —y| < qlx,y) <2|x—y| <2q(x,y) forallxyeR.
However, g is not a metric because ¢(1,2) # ¢(2,1).

Now, given a real number A € (0.5,1), let us consider the mappings T',g : R — R defined,
for allx € R, by

x%, ifx<0 —x?, ifx<0
Tx=3Arx, if0<x<1, gx=1x, if0<x<1,
x, ifx>1, x2,  ifx>1.

Also consider the function ¢, : [0,00) — [0,00) defined by ¢; (¢) = At for all ¢ € [0, 00).
Clearly, ¢, € ® N . We are going to show that Theorem 3.1 is applicable to the previous
setting, because the previous properties hold.
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Bw N e

The sequence {x,}, given by x,, = A" for all n € Ny, is a (T, g, M)-Picard sequence.
The function g : R — R is bijective and nondecreasing.
The range of g, which is g(X) = R, is closed and complete in (R, g).
We claim that T is a (g, M, ®)-contraction of the first kind. To prove it, let x,y € X
be such that (gx, gy) € M. If Tx = Ty, then (5)-(6) are obvious. Next, assume that
Tx # Ty. In particular, x # y. Hence, gx # gy because g is bijective. Therefore, the
condition (gx,gy) € M leads to two cases.

« If0<gy<gx<1,then 0 <y<x <1. Therefore

q(Tx’ TJ’) = Q()»x, M’) = 2)‘(.)/ —x) = @A(Z(y _x)) = WA(Q(%J’));

q(Ty, Tx) = q(Ax, Ay) = My — x) = 92.(y — ) = 2 (q(, %))
o If {gx, gy} = {9,16}, then {x,y} = {3,4}. In such a case,

q(T3,T4) =q(3,4) =1 <7 = 24(9,16) = 9, (q(¢3,¢%));

q(T4,T3) =q(4,3) =2 <141 = 1q(16,9) = @, (q(g4,g3)).

Let {x,} C R be a sequence such that (x,,x,,1) € M for all n € Ny. Then one, and

only one, of the following cases holds.

(5.a) There exists 1y € N such that x,,, € [0,1]. In this case, x,, € [0,1] and w1 <x,
for all n € Ny.

To prove it, notice that (x,,,%,,+1) € M is only possible when x,,, = ;.1 or

0 <%yy41 <%y, <1.Inany case, x,,41 € [0,1]. Repeating this argument,
x, € [0,1] for all n > ngy. But if ny — 1 € N, the condition (x,,y_1,%y,) € M also
leads to x,,,-1 € [0,1]. And we can again repeat the argument.

(5.b) There exists ny € N such that x,,, € {9,16}. In this case, x, € {9,16} for all
n € Np.

(5.c) There exists z € R\ ([0,1] U {9,16}) such that x,, = z for all € Nj. In this case,
{x,} is a constant sequence.

The range g(X) = R is (g, M)-regular. To prove it, let # € R and let {x,} C R be a

sequence such that{x,} Ay and (%4> x141) € M for all n € Ny. In particular,

{x,} — u using the Euclidean metric. We can distinguish the previous three cases.

(6.a) Suppose that x;, € [0,1] and x,,,; <, for all # € Ny. Therefore, u € [0,1] and
U <%, <x, forall n € Ny, so (x,, u) € M for all n € Ny.

(6.b) Suppose that x,, € {9,16} for all n € Ny. Then u € {9,16} and, therefore,
(%, 1) € M forall n € Ny.

(6.c) Suppose that x, =z € R\ ([0,1] U {9,16}) for all n € Ny. Therefore u = z and
(%, u) € M for all n € Nj.

The previous properties show that case (c) of Theorem 3.1 is applicable, so T and g have,

at least, a coincidence point, which is x = 0.

Notice that 7" and g do not satisfy the condition

q(Tx, Ty) < <p(q(gx,g}/)) forallx,y € X
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because if x = -2 and y = —1, then
q(T(-2), T(-1)) = q(4,1) = 6 > 3 = g(-4,-1) = q(g(-2), g(-1)).
We extend the previous theorem to the case in which ¢ € .

Theorem 3.2 If we additionally assume that M is (T,g)-compatible, then Theorem 3.1
also holds even if T is a (g, M, ¥)-contraction of the first kind.

Proof We can follow, point by point, the proof of the previous result and obtain inequal-
ities (13)-(14). In this case, we cannot use Lemma 2.3, but we may use the fact that M is
(T, g)-compatible. Therefore, we know that, as (gx,, gv) € M for all #, then

qgxn,gv)=0 = gx,=gv = TIx,=1Tv = qlgru., ITv) = q(Tx,, Tv) = 0.

By item 2 of Lemma 2.4 we conclude that {g(gx,.1, Tv)} — 0. In the same way, {g(7v,
gx,11)} — 0, so {gx,} g-converges to Tv.
The same argument is valid when applied to inequalities (15)-(16). O

3.3 Coincidence point theorems using (g, M, ®)-contractions of the second kind
Many results on fixed point theory in the setting of G-metrics can be similarly proved
using the quasi-metrics g¢ and gy associated to G as in Lemma 2.2 (see, for instance,
Agarwal et al. [9]). These families of quasi-metrics verify additional properties that are
not true for an arbitrary quasi-metric. Using these properties, it is possible to relax some
conditions on the kind of considered contractions, obtaining similar results. This is the
case of the following kind of mappings.

Definition 3.7 Let (X, q) be a quasi-metric space, let T,g : X — X be two mappings, and
let M C X2 be a nonempty subset of X2. We say that T is a (g, M, ®)-contraction of the
second kind if there exists ¢ € ® such that

q(Tx, Ty) < ¢(q(gx.gy)) 17)

for all x,y € X such that (gx, gy) € M. If ¢ € ¥, we say that T is a (g, M, V)-contraction of
the second kind.

Notice that condition (17) is not symmetric on x and y because (gx, gy) € M does not
imply (gy,gx) € M. In order to compensate this absence of symmetry, we will suppose an
additional condition on the ambient space.

Definition 3.8 We say that a quasi-metric space (X, g) is:
« right-Cauchy if every right-Cauchy sequence in (X, g) is, in fact, a Cauchy sequence in
X, q);
o left-Cauchy if every left-Cauchy sequence in (X, g) is, in fact, a Cauchy sequence in
X, 9);
« right-convergent if every right-convergent sequence in (X, g) is, in fact, a convergent

sequence in (X, q);
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o left-convergent if every left-convergent sequence in (X, g) is, in fact, a convergent

sequence in (X, q).

It is convenient not to confuse the previous notions with the concept of left/right com-
plete quasi-metric space given in Definition 2.8. Lemma 2.2 guarantees that there exists a
wide family of quasi-metrics that verify all the previous properties.

Corollary 3.1 Every quasi-metric qg and g, associated to a G-metric G on X is right and
left-Cauchy and right and left-convergent.

Next we prove a similar result to Theorem 3.1. In this case, the contractivity condition
is weaker but we suppose additional conditions on the ambient space.

Theorem 3.3 Let (X,q) be a right-Cauchy quasi-metric space, let T,g : X — X be two
mappings, and let M be a nonempty subset of X*. Suppose that the following conditions
are fulfilled.
(A) There exists a (T,g, M)-Picard sequence on X.
(B) T isa (g, M, ®)-contraction of the second kind.
Also assume that, at least, one of the following conditions holds.
(@) X (or g(X) or T(X)) is g-complete, T and g are M-continuous and the pair (T,g) is
(O, M)-compatible;
(b) X (or g(X) or T(X)) is g-complete and T and g are M-continuous and commuting;
(o) (g(X),q) is complete and right-convergent, and X (or g(X)) is (q, M)-regular;
(d) (X,q) is complete and right-convergent, g(X) is closed and X (or g(X)) is
(g, M)-regular;
(e) (X,q) is complete and right-convergent, g is M-continuous, M is g-closed, the pair
(T,g) is (O, M)-compatible and X is (q, M)-regular.
Then T and g have, at least, a coincidence point.

Notice that, by Lemma 3.2, the previous result also holds if we replace condition (A) by
one of the following stronger hypotheses:

(A") T(X)C g(X)and M is g-transitive and (T, g)-closed.
(A”) M is g-transitive and (7, g)-closed, and there exists a (7, g)-Picard sequence {x,},>0
such that (gxo, Txo) € M.

And by Remark 3.1, the M-continuity of the mappings can be replaced by continuity.

Proof We can follow, step by step, the lines of the proof of Theorem 3.1 to deduce, in
the case gx,, # gxy41 for all m > 0, that {gx,} is right-Cauchy in (X, q). Using that (X, q) is
right-Cauchy, then it is a Cauchy sequence in (X, g). Now, we prove that T and g have a
coincidence point distinguishing between cases (a)-(e). Cases (a) and (b) have the same
proof as in Theorem 3.1.

Case (c): (g(X),q) is complete and right-convergent, and X (or g(X)) is (q, M)-regular.
As {gx,,} is a Cauchy sequence in the complete space (g(X), g), there is u € g(X) such that
{gxm} — u. Let v € X be any point such that u = gv. In this case, {gx,,} — gv. We are also
going to show that {gx,,} — Tv, so we will conclude that gv = Tv (and v is a coincidence
point of T and g).
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Indeed, as {gx,} is a convergent sequence in g(X) such that (gx,, gx,,) € M for all n < m,
and X (or g(X)) is (g, M)-regular, then (gx,,gv) € M for all n, where gv = u € g(X) is the
limit of {gx,}. Applying the contractivity condition (17),

q(gxni1, Tv) = q(Tx,, Tv) < (p(q(gx,,,gv)) for all n.

By item 3 of Lemma 2.3, we have that {g(gx;.1, Tv)} — 0, which means that {gx,} right-
converges to Tv. Since (X, q) is right-convergent, then {gx,} is a convergent sequence in
(X, ), and by item 4 of Remark 2.3, it converges to Tv.

Case (d): (X, q) is complete and right-convergent, g(X) is closed and X (or g(X)) is (g, M)-
regular. It follows from the fact that a closed subset of a complete quasi-metric space is
also complete. Then (g(X), g) is complete and case (c) is applicable.

Case (e): (X, q) is complete and right-convergent, g is M-continuous, M is g-closed, the
pair (T,g) is (O, M)-compatible and X is (q, M)-regular. It follows step by step as in case
(e) of the proof of Theorem 3.1 but, replacing (15)-(16) by the only inequality

q(Tgxn, Tu) < ¢(q(ggxn gu)) forallnm>0.

In this case, by item 3 of Lemma 2.3, we have that {g(7gx,, Tu)} — 0, which means that
{Tgx,} right-converges to Tu. Since (X, q) is right-convergent, then {7gx,} is a convergent
sequence in (X, g), and by item 4 of Remark 2.3, it converges to Tu. g

Example 3.3 Theorem 3.3 can also be applied to mappings given in Example 3.2 because
(R, g) is right-convergent.

Repeating the arguments of Theorem 3.2, we extend the previous theorem to the case
in which ¢ € W.

Theorem 3.4 If we additionally assume that M is (T,g)-compatible, then Theorem 3.3
also holds even if T is a (g, M, V)-contraction of the second kind.

3.4 Consequences
The previous theorems admit a lot of different particular cases employing continuity, the
condition T'(X) C g(X) and the case in which g is the identity mapping on X. We highlight
the following one in which a partial order is involved. Preliminaries of the following result
can be found in [20].

Corollary 3.2 (Al-Mezel et al. [20], Theorem 34) Let (X, d, <) be an ordered metric space,
and let T,g: X — X be two mappings such that the following properties are fulfilled.
(i) T(X) Cg(X);
(i) T is monotone (g, x)-nondecreasing;
(ili) there exists xo € X such that gxo < Txo;
(iv) there exists ¢ € WV verifying

d(Tx, Ty) < (p(d(gx,gy)) forall x,y € X such that gx < gy.

Also assume that, at least, one of the following conditions holds.
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() (X,d) is complete, T and g are continuous and the pair (T,g) is O-compatible;

(b) (X,d) is complete and T and g are continuous and commuting;

(o) (g(X),d) is complete and (X, d, X) is nondecreasing-regular;

(d) (X,d) is complete, g(X) is closed and (X, d, <) is nondecreasing-regular;

(e) (X,d) is complete, g is continuous and monotone <-nondecreasing, the pair (T,g) is
O-compatible and (X, d, <) is nondecreasing-regular.

Then T and g have, at least, a coincidence point.

Proof It is only necessary to apply Theorem 3.2 to the subset M« = {(x,7) € X*: x <y},
taking into account the properties given in Lemma 3.1. Notice that in case (e), we use
Lemma 3.3 to avoid assuming that T is continuous. O

The following result improves the last one because we do not assume that 7' is M-
continuous in hypothesis (b).

Corollary 3.3 Let (X,q) be a complete quasi-metric space, let T,g : X — X be two map-
pings such that T(X) C g(X), and let M be a g-transitive, (T,g)-closed, nonempty subset
of X2. Suppose that T is a (g, M, ®)-contraction (respectively, T is a (g, M, ¥)-contraction
and M is (T, g)-compatible), g is M-continuous, T and g are commuting and there exists
x0 € X such that (gxo, Txo) € M. Also assume that, at least, one of the following conditions
holds.

(a) T is M-continuous, or

(b) M is g-closed and (X, q, M) is regular.

Then T and g have, at least, a coincidence point.

Proof We show that case (b) in Theorem 3.1 is applicable. By item 1 of Lemma 3.2, X
contains a (T, g)-Picard sequence {x,} based on xy € X, and by item 2 of the same lemma,
{x,}is a (T,g, M)-Picard sequence.

If T is M-continuous, item (b) of Theorem 3.1 (and also Theorem 3.2 in the case of a
(g, M, W)-contraction) can be used to ensure that 7" and g have, at least, a coincidence
point. In other case, if M is g-closed and (X, g, M) is regular, then Lemma 3.3 guarantees
that T is M-continuous. O

Another interesting particularization is the following one.

Corollary 3.4 (Karapinar et al. [7], Theorem 33) Let (X, d) be a complete metric space, let
T,g:X — X be two mappings such that TX C gX, and let M C X% bea (T, g)-compatible,
(T, g)-closed, transitive subset. Assume that there exists ¢ € ® such that

d(Tx, Ty) < ¢(d(gr.gy)) forall x,y € X such that (gx,gy) € M. (18)

Also assume that, at least, one of the following conditions holds.

(@) T and g are M-continuous and (O, M)-compatible;

(b) T and g are continuous and commuting;

() (X,d,M) is regular and gX is closed.

If there exists a point xo € X such that (gxo, Txo) € M, then T and g have, at least, a
coincidence point.
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As a consequence, in the following result, a partial order is not necessary.

Corollary 3.5 (Karapinar et al. [7], Corollary 35) Let (X, d) be a complete metric space, and
let < be a transitive relation on X. Let T,g : X — X be two mappings such that TX C gX
and T is (g, <)-nondecreasing. Suppose that there exists ¢ € ® such that

d(Tx, Ty) < ¢(d(gx,gy)) forall x,y € X such that gx < gy. (19)
Also suppose that
©(0)=0 or < isantisymmetric.

Assume that either

(a) T and g are continuous and commuting, or

(b) (X,d, =) is regular and gX is closed.

If there exists a point xo € X such that gxo < Txo, then T and g have, at least, a coinci-
dence point.

4 Applications to G-metric spaces

One of the most interesting, recent lines of research in the field of fixed point theory is
devoted to G-metric spaces. Taking into account Lemma 2.2, we can take advantage of
our main results to present some new theorems in this area. The following result is an
easy application to G-metric spaces.

Corollary 4.1 Let (X, G) be a complete G-metric space, let T,g : X — X be two mappings
such that T(X) C g(X), and let M C X? be a g-transitive, (T,g)-closed, nonempty subset
of X2. Assume that T and g are continuous and commuting, and there exists ¢ € ® such
that

G(Tx, Tx, Ty) < ¢(Glgx, g%, gy))

forall x,y € X such that (gx,gy) € M. If there exists xo € X such that (gxo, Txo) € M, then
T and g have, at least, a coincidence point.

Notice that this result is also valid if ¢ € ¥ and M is (T, g)-compatible.

Proof 1t follows from Theorem 3.3 and Corollary 3.1 using the quasi-metric g; associated
to G (as in Lemma 2.2). Notice that there exists a (7, g, M)-Picard sequence on X by items
1and 2 of Lemma 3.2. O

In order not to lose the power and usability of Theorems 3.3 and 3.4, we present the
following properties comparing g¢ and g;.

Definition 4.1 Let (X,G) be a G-metric space, and let A € X and M € X? be two
nonempty subsets. We say that (4, G, M) is regular (or A is (G, M)-regular) if we have
that (x,, u) € M for all n provided that {x,} is a G-convergent sequence on A, u € A is its
G-limit and (x,,x,,) € M for all n < m.
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Lemma 4.1 Given a G-metric space (X, G) and nonempty subsets M C X* and A C X, the
following conditions are equivalent:

1. the subset A is (G, M)-regular;

2. thesubset A is (qg, M)-regular;

3. the subset A is (qg, M)-regular.

Proof 1t follows from the fact that (X, G), (X, q¢) and (X, q) have the same convergent

sequences, and they converge to the same limits. O
Similarly, the following result can be proved.

Lemma 4.2 Given a G-metric space (X, G), a nonempty subset M C X? and two map-
pings T,g : X — X, we have that the pair (T,g) is (O, M)-compatible (respectively,
(O, M)-compatible) in (X, qc) if and only if it is (O, M)-compatible (respectively, (O', M)-
compatible) in (X, q).

Proof It follows from the fact that (X, g¢) and (X, g;) have the same convergent sequences,
and they converge to the same limits. Furthermore, taking into account that g < 2g; <
4qg, then {gc(x,,y,)} — 0 if and only if {gg (x4, y.)} = O. O

Definition 4.2 Let (X, G) be a G-metric space, and let M be a nonempty subset of X2.
Two mappings T,g : X — X are said to be (O, M)-compatible if the pair (T,g) is (O, M)-
compatible in (X, g¢) (or, equivalently, in (X, g;;)).

Similarly, the notion of (O’, M)-compatibility in a G -metric space (X, G) can be defined.
We present the following result, which is a complete version of our main results in the
context of G-metric spaces.

Corollary 4.2 Let (X, G) be a G-metric space, let T,g : X — X be two mappings, and let
M be a nonempty subset of X2. Suppose that, at least, one of the following conditions holds.

(A) There exists a (T, g, M)-Picard sequence on X.

(A) T(X) Cg(X) and M is g-transitive and (T, g)-closed.

(A") M is g-transitive and (T,g)-closed, and there exists a (T,g)-Picard sequence {x,},>0
such that (gxo, Txo) € M.

Also assume that, at least, one of the following two conditions holds.

(B) There exists ¢ € ® such that

G(Tx, Tx, Ty) < (p(G(gx, gox, gy))

forall x,y € X for which (gx,gy) € M.
(B') The subset M is (T,g)-compatible and there exists ¢ € V such that

G(Tx, Tx, Ty) < ¢(Glgx, gx,2))

Sor all x,y € X for which (gx,gy) € M.
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Additionally, assume that, at least, one of the following eight conditions holds.

(@) X (or g(X) or T(X)) is G-complete, T and g are M-continuous and the pair (T,g) is
(O, M)-compatible;

(@) X (or gX) or T(X)) is G-complete, T and g are continuous and the pair (T,g) is
(O, M)-compatible;

(b) X (or g(X) or T(X)) is G-complete and T and g are M-continuous and commuting;

(b") X (or g(X) or T(X)) is G-complete and T and g are continuous and commuting;

(o (g(X),G) is complete and X (or g(X)) is (G, M)-regular;

(d) (X,G) is complete, g(X) is closed and X (or g(X)) is (G, M)-regular;

(e) (X,G) is complete, g is M-continuous, M is g-closed, the pair (T,g) is (O, M)-
compatible and X is (G, M)-regular.

(e') (X, G) is complete, g is continuous, M is g-closed, the pair (T,g) is (O, M)-compatible
and X is (G, M)-regular.

Then T and g have, at least, a coincidence point.

Proof 1t follows from Theorems 3.3 and 3.4 taking into account Corollary 3.1, Lem-
mas 2.2, 4.2 and Definition 4.2. Notice that (A") = (A”) = (A), (@) = (a), (b') = (b)
and (¢/) = (e). O

We particularize the previous result to the case in which M = M, associated to a
preorder or a partial order < on X. In such a case, Lemma 3.1 is applicable. We leave
to the reader to interpret <-nondecreasing-continuity as M -continuity, G-regularity as
(G, M )-compatibility, O-compatibility as (O, M <)-compatibility, and O’-compatibility
as (0', Mg)-compatibility.

Corollary 4.3 Let (X, G) be a G-metric space provided with a preorder <, and let T, g :
X — X be two mappings such that T(X) C g(X) and T is (g, <)-nondecreasing. Assume
that, at least, one of the following two conditions holds.

(B) There exists ¢ € © such that

G(Tx, Tx, Ty) < (p(G(gx, gox, gy))

forall x,y € X for which gx < gy.
(B") < isa partial order on X and there exists ¢ € W such that

G(Tx, Tx, Ty) < ¢(Glgw, gx, )

Sor all x,y € X for which gx < gy.
Additionally, assume that, at least, one of the following eight conditions holds.

(@) X (or g(X) or T(X)) is G-complete, T and g are <-nondecreasing-continuous and the
pair (T,g) is O'-compatible;

(@) X (or g(X) or T(X)) is G-complete, T and g are continuous and the pair (T,g) is O'-
compatible;
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(b) X (or g(X) or T(X)) is G-complete and T and g are X—nondecreasing-continuous and
commuting;

(b") X (or g(X) or T(X)) is G-complete and T and g are continuous and commuting;

() (g(X),G) is complete and X (or g(X)) is G-regular;

(d) (X, Q) is complete, g(X) is closed and X (or g(X)) is G-regular;

(e) (X,G) is complete, g is <-nondecreasing and <-nondecreasing-continuous, the pair
(T,g) is O-compatible and X is G-regular.

(€) (X, G)iscomplete, g is <-nondecreasing and continuous, the pair (T, g) is O-compatible
and X is G-regular.

If there exists x € X verifying gxo < Txo, then T and g have, at least, a coincidence point.

We also leave to the reader the task of particularizing the previous results to the case in
which g is the identity mapping on X, obtaining fixed points of T'.

5 Coupled coincidence point theorems
In this section, we deduce that Theorem 1.1 follows from Theorem 3.3. However, the main
aim of this subsection is to describe how Theorems 3.1, 3.2, 3.3 and 3.4 can be employed
in order to obtain some coupled coincidence point theorems, because these techniques
can be extrapolated to many contexts.

We introduce the following notation. Given two mappings F: X?> — X and g: X — X,
we define Tr, G : X2 — X2, for all (x,y) € X2, by

TF(%)’) = (F(x:y)»F(%x)) and G( x:)’) (gx’gy)

Lemma 5.1 Let F: X% — X and g: X — X be two mappings.
L IfF(X?) Cg(X), then Tr(X*) € G(X?).
2. IfF and g are commuting, then Tr and G are also commuting.
3. A point (x,y) € X? is a coincidence point of Tr and G if and only if it is a coincidence
point of F and g.

Proof (2) It follows from

TrG(x,y) = Tr(gx,gy) = (F(gr.8y), F(g9,8%)) = (¢F (%), gF (,))
= G(F(x,9), F(y,%)) = GTr(x,9)
for all (x,y) € X2 d
5.1 Charoensawan and Thangthong’s coupled coincidence point result in
G-metric spaces
One of the key objectives of this subsection is to prove that, in Theorem 1.1, the middle
variables of M are not necessary. Indeed, given a nonempty subset M C X®, let us define

M/:{(x,u,y,v)€X4:(y,v,y,v,x,u)eM}. (20)

Notice that M’ is a subset of X* = X2 x X2.
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Lemma 5.2 Let F: X?* — X and g : X — X be two mappings, and let M C X°.
1. Ifthere exist x0,y0 € X such that

(F(xO’yO)’F(y(be):F(xO!yO)!F(yOer)’ng’gyO) EM:

then (G(xo, y0), Tr(x0,¥0)) € M'. In particular, M’ is nonempty.

2. If M is transitive, then M’ is transitive and G-transitive.

3. If M verifies the second property of Definition 1.1, then M' is a (T, G)-closed set.
If M is an (F*,g)-invariant set, then M’ is a (T, G)-closed set.

We point out that we will only use the second property of the notion of (F*, g)-invariant
set (Definition 1.1). This shows that (T, g)-closed sets are more general than an (F*,g)-
invariant set because the first property will not be employed (this was also established in
Kutbi et al. [5]).

Proof (1) By definition, (F(xo,0), F(¥0,%0), F(x0,Y0), F(¥o,%0),g%0,2¥0) € M implies that
(gx()’gy(]i F(xO!yO))F(yme)) € M/! which means that (g(xO!_yO)) TF(xOryO)) € M.

(2) Assume that M is transitive, and let x,u,y,v,z,w € X be such that (x,u,y,v),
(y,v,z,w) € M'. Therefore

(Z; w,z, Wyyy V); ()/, V,yy v, X, M) S M.
As M is transitive, then (z, w, z, w,x, u) € M, so (x, u,z, w) € M'. Therefore, M’ is transitive,
and it is also G-transitive because every transitive subset is also G-transitive, whatever G.
(3) Assume that M is an (F*,g)-invariant set, and let x, %,y,v € X be such that (G(x, 1),

G(y,v)) € M'. By definition, since (gx, gu, gy,gv) € M’, then (gy, gv, gy, gv, gx,gu) € M. As M
is (F*, g)-invariant, then

(F(y, v),F(v,y), F(y,v), F(v,y), F(x,u), F(u,x)) e M.

In particular, (F(x, u), F(u,x), F(y,v), F(v,y)) € M’, which means that (Tr(x,u), Tr(y,v)) €
M. Hence, M’ is a (TF, G)-closed set. O

In the following result, we use the quasi-metric gg, on X 2 associated, by Lemma 2.2, to
the G-metric G, : X2 x X2 x X2 — [0, 00) given by

Gy ((x, u), 5, v), (z, w)) =G, y,2) + G(u,v,w),
that is, for all (x, u), (y,v) € X2,
q6, ((x, u), (y, v)) =G, ((x, u), y,v), (9, V)) =G99 + G(u,v,v).

Using this notation, the following result is obvious.

Lemma 5.3 Let (X, G) be a G-metric space, and let M be a nonempty subset of X® such
that M' is nonempty. Let F : X? — X and g : X — X be two mappings such that there exists
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¢ € ® verifying

[G(F(x,u), E(y,v), E(y,v)) + G(F(u, %), F(v,3), F(v,))]
< ¢(Glgx.gy.y) + Glgu,gv,gv)) (21)

for all (gy,gv,gy,gv,gx,gu) € M. Then
46, (Te(x,u), Te(,v)) < 9(46, (9%, u), Gy, v)))
for all (x,u), (y,v) € X? such that (G(x,u),G(y,v)) € M'.

Notice that condition (21) is weaker than condition (1). The previous properties prove

the following consequence.

Lemma 5.4 Let (X,G) be a G-metric space, and let F: X*> — X and g : X — X be two
mappings.
1. IfF is G-continuous, then Tr is g, -continuous.

2. Ifgis G-continuous, then G is qg,-continuous.
Proof 1t is a straightforward exercise. O
Corollary 5.1 Theorem 1.1 follows from Theorem 3.3.

Proof Under the hypothesis of Theorem 1.1, let us consider the quasi-metric space
(X% 4G,), the mappings Tr and G and the subset M’ defined by (20). By item 3 of
Lemma 2.1, (X%, G,) is a complete G-metric space, and by item 7 of Lemma 2.2, (X, g¢,)
is a complete quasi-metric space. Furthermore, Corollary 3.1 guarantees that (X?,4g,) is
left/right-Cauchy and left/right-convergent. Lemma 5.4 ensures that Tr and G are gg, -
continuous. Lemma 5.2 proves that Tr(X?) C G(X?) and M’ is a transitive, (TF, G)-closed,
nonempty subset of (X?)2. Finally, Lemma 5.3 ensures that T is a (G, M, ®)-contraction
of the second kind. As a consequence, case (b) of Theorem 3.3 (replacing condition (A)
by (A’), and M -continuity by continuity) guarantees that 7r and G have, at least, a coin-

cidence point, which is a coincidence point of F and g. d

In fact, the previous proof shows that two conditions are not necessary in Theorem 3.3:
neither the first property of (F*,g)-invariant sets nor the middle variables of M in X°.

5.2 Kutbi et al.’s coupled fixed point theorems without the mixed monotone

property
In [5], the authors introduced the following notion and proved the following result.

Definition 5.1 (Kutbi et al. [5]) Let F: X? — X be a mapping, and let M be a nonempty
subset of X*. We say that M is an F-closed subset of X* if, for all x, y,u,v € X,

wyuvieM — (F(x,y),F(y,x),F(u,v),F(v,u))GM.
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Corollary 5.2 (Kutbi et al. [5], Theorem 16) Let (X,d) be a complete metric space, let
F:X x X — X be a continuous mapping, and let M be a subset of X*. Assume that:
(i) M is F-closed,;
(ii) there exists (xo,%0) € X2 such that (F(xo,0), F(¥0,%0), %0, Y0) € M;
(ili) there exists k € [0,1) such that for all (x,y,u,v) € M, we have

d(F(x,y),F(u, V)) + d(F(y,x),F(V, u)) < k(d(x, u) +d(y, v)).
Then F has a coupled fixed point.

5.3 Sintunaravat et al.’s coupled fixed point theorems without the mixed
monotone property
Similarly, the following result is a consequence of our main results.

Corollary 5.3 (Sintunaravat et al. [21]) Let (X,d) be a complete metric space and M be
a nonempty subset of X*. Assume that there is a function ¢ : [0,00) — [0,00) with 0 =
©(0) < @(t) < t and lim,_, 4+ ¢(r) < t for each t > 0, and also suppose that F: X x X — X isa
mapping such that

d(F(x,y),F(u,v)) < (p(w)

2

for all (x,y,u,v) € M. Suppose that either
(a) F is continuous, or
(b) for any two sequences (X}, {Ym} With (Xms1, Vimns1> X Ym) € M,

{xm} = %, {ym} =y,

forall m > 1, then (%, y, %, Ym) € M for all m > 1.
If there exists (xo,y0) € X X X such that (F(x0,%0), F(yo,%0),%0,Y0) € M and M is an F-
invariant set which satisfies the transitive property, then there exist x,y € X such that x =
F(x,y) and y = F(y,x), that is, F has a coupled fixed point.

5.4 Choudhury and Kundu'’s coupled coincidence point theorems under the
mixed g-monotone property

Although our main results in Section 3 do not need the mixed monotone property, we

show in this subsection how to interpret that property using a subset M C X*, so that our

main results are also applicable to this context. We start recalling this notion.

Definition 5.2 Let < be a binary relation on X, and let F: X> — X and g : X — X be two
mappings. We say that F has the mixed g-monotone property (with respect to <) if F(x,y)
is monotone g-nondecreasing in x and monotone g-nonincreasing in y, that is, for any

xyeX,

xx%€ X, gri<gxs = F(r,y) < F(xp,y) and

yuyeX, gn=sgn = Fn)=Fxy).
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The binary relation < on X can be extended to X? as follows:
@), v eX?, @)NCwy) & ksuy=vl

If < is a partial order on X, then C is a partial order on X?. It is easy to show that if F has
the mixed (g, <)-monotone property, then T is a (G, C)-nondecreasing mapping and, by
Lemma, Mc C X* is (TF, G)-closed.

Corollary 5.4 (Choudhury and Kundu [17], Theorem 3.1) Let (X, <) be a partially ordered
set, and let there be a metric d on X such that (X,d) is a complete metric space. Let ¢ :
[0,00) — [0, 00) be such that ¢(t) < t and lim,_,+ ¢(r) <t forallt >0.Let F: X x X - X
and g : X — X be two mappings such that F has the mixed g-monotone property and satisfy

d(E Gy, Fu, ) < qo(d(gx’g”) : d(gy,gv)>

forall x,y,u,v € X with gx < gu and gy = gv.

Let F(X x X) C g(X), g be continuous and monotone increasing and F and g be compatible
mappings. Also suppose that
(a) F is continuous, or
(b) X has the following properties:
(i) if a nondecreasing sequence {x,} — x, then x, < x for all n > 0;
(ii) if a nonincreasing sequence {y,} — vy, then y, =y for all n > 0.
If there exist xo,y0 € X such that gxo <X F(xo,Y0) and gyo = F(yo,%x0), then there exist
%,y € X such that gx = F(x,y) and gy = F(y,x), that is, F and g have a coupled coincidence
point in X.

Proof It is only necessary to consider the metric D? on X? given by

_dx,u) +d(y,v)

5 for all (x, ), (4, v) € X2

D*((x,9), (u,v))
and to use the previous properties in (X2, D?,C) using Tr and G. O

6 Conclusions

As conclusion, we highlight that coupled coincidence point theorems can be easily de-
duced from Theorems 3.1, 3.2, 3.3 and 3.4 applied to the quintuple (X?,qg,, Tr,G,M’).
Exactly in the same way, tripled, quadrupled and multidimensional coincidence point re-
sults can be derived (following the arguments in [9, 20, 22-26]).
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