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Introduction

A topological group is a group G equipped with a topology for which the
product application (z,y) — zy from G x G to G and inversion application
x — x~! from G to G are continuous. Thus in a topological group, the
algebraic structure allows us to operate with algebraic expressions and due
to the topology we may also talk about open sets, continuity, etc.

The main goal of this work is to give the reader a basic introduction into
the subject of topological groups, bringing together the areas of topology
and group theory. Even if the matter is as self-contained as possible, the
reader is supposed to have an elementary background on group theory and
topology. We have decided to omit most of the proofs given in the degree
in mathematics of UPV/EHU as well as some proofs of purely topological
results, to focus in those which are specific of topological groups. This
work (in exception of Chapter 6) is drawn out mostly following the first
two chapters of [3], with the aim of completing the proofs left to the reader
and setting out the theory in more detail to facilitate understanding. Many
other proofs, results and examples, such as the whole §6.2 and Appendix A,
are carried out by the author. Section 6.1 is extracted from [5].

The notes are arranged as follows. In Chapter 1 we give the definition of
a topological group and the most basic examples and properties. We show
that every topological group is a homogeneous space and so a neighbourhood
base at a fixed point suffices to describe the topology. In Chapter 2, we talk
about neighbourhood bases of the identity element and their properties.

Chapter 3 is dedicated to the construction of topological groups. In §3.1
we talk about subgroups of topological groups and we give their the basic
properties. In §3.2 we introduce the quotient groups and their properties,
such as the first and third isomorphism theorems for topological groups.
Section 3.3 is dedicated to the study of arbitrary products of topological
groups.

Chapter 4 talks about separation axioms. We show that every topologi-
cal space is regular and that the axioms Ty, 77,75 and T3 are equivalent for
topological groups.
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In Chapter 5 we recall basic results and notions on connectedness and we
show, among other results, that the connected component of any topological
group at the identity is always a normal subgroup.

Section 6.1 is extracted from [5]. Here we give a proof of Birkhoff-
Kakutani theorem, which states that a topological group is metrizable if
and only if it is Ty and first countable. In §6.2 we use the previous result
to show that the Sorgenfrey line, although it is an homogeneous space, does
not admit a group structure making it a topological group.

Chapter 7 is about compactness. In §7.1 we recall the basic defini-
tions and properties on compactness. Section 7.2 is completely dedicated
to give a proof of Tychonoff’s theorem, since in the degree in mathematics
of UPV/EHU it is only proved for a finite product. The proof is given by
means of lattices and ideals, but all the necessary definitions and results on
lattice theory are expounded so there is no need of previous knowledge in
this area. The last section (§7.3) is dedicated to discuss some properties
about compactness on topological groups.

Finally, in Appendix A we include some solved exercises, most of them
proposed in [3].

Although it is not included in the notes (in order not to exceed in length),
I’'ve also worked in profinite groups and Haar integration. In the former
subject I've studied profinite groups as inverse limits of finite discrete groups
and worked in the particular examples of the p-adic integers and the Galois
correspondence for infinite field extensions. In the latter, I've dealt mostly
with the third section of [3] and completed some exercises and proofs left to
the reader.



Chapter 1

Main definitions and
properties

Definition 1. A topological group G is a group which is also a topological
space, such that the maps

w:GxG—G v:G@— G
an

(xz,y) — zy z— !

are both continuous. (G x G is provided with the product topology.)

Examples 1. (i) The additive groups R and C equipped with the usual
topology are topological groups.

(ii) The multiplicative groups R* and C* equipped with the usual topology
are both topological groups.

(iii) Any group provided either with the discrete or trivial topology is a
topological group.

(iv) The one-dimensional sphere S! = {2z € C | |z| = 1} C C* together with
the subspace topology induced from the usual topology in C is a topological
group.

(v) The general linear group GL,,(R) of all non-singular real n x n matrices
is a multiplicative group and if we identify each matrix of GL,,(R) with an
element of R as follows,

r11 ... T1in
> (T11y s Tlny oo s Tnly e o oy Ton),

Inl -+ Ipn
we can regard to GL,(R) the induced topology from R,

1



Multiplication is given by a polynomial pu: R™ x R™ — R" so it is
continuous. Inversion is given by a rational function v: R™ — R™ where the
denominator is the determinant function (which is non-zero for every element
of GL,(R)), so inversion is also continuous and it follows that GL,(R) is a
topological group.

(vi) The same argument shows that GL,(C) is a topological group.

Definition 2. A topological space X is said to be homogeneous if for any
x,y € X there is an homeomorphism h: X — X such that h(z) = y.

The following proposition shows that every topological group is homoge-
neous. This is the main difference between topological groups and ordinary
topological spaces, and this fact will give us lots of new results and advan-
tages. For example, the fact that topological groups are homogeneous is
very useful when describing a topology on a group by neighbourhood bases
(see Proposition 2.1).

Proposition 1.1. All topological groups are homogeneous spaces.

Proof. Let G be a topological group with product function p and inversion
v. Since the identity map id : G — G and the constant map g — x are
continuous for any = € GG, the application

e G—GxG
g+— (9,2)
is also continuous and then so is the composition r, = p o ¢, sending g
to gx. Clearly, r, and r,-1 are inverse to each other, both continuous,

hence r; is an homeomorphism. In particular, given z,y € G, 1,1, is an
homeomorphism and r,-1,(z) = xx~ly =y for any z,y € G. O

The application r,, is called the right translation, and in the same way we
can define the left translation [, an homeomorphism given by I,(g) = xg.

The converse of Proposition 1.1 is not true. Indeed, the Sorgenfrey line
S cannot be a topological group although it is an homogeneous space. We
will prove this result in Section 6.2: after introducing some theorems on
metrization, assuming that S is a topological group will lead to contradic-
tion.

Proposition 1.2. Let G be a topological group, x € G and A, B C G. Then,

(i) if A is open then so are Ax and TA;
(ii) if A is open then so are AB and BA;

(iii) if A is closed then so are Az and xA;
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(iv) if A is closed and B finite then AB and BA are closed.

Proof. Ax and zA are the image of A under the homeomorphisms r, and [,
respectively. Hence, if A is open then so are Az and x A, and if A is closed
Ax and zA are closed too.

Write AB = | Jpep Ab and BA = | Jpep bA. If A is open, AB and BA are
a union of open subsets, hence open. And if A is closed and B finite, AB
and BA are a union of finitely many closed subsets, hence closed. O






Chapter 2

Neighbourhood bases

Recall that a family B of subsets of a topological space X is said to be a
neighbourhood base of v € X if for each open subset U of X containing x
there exists B € B such that x € B C U.

Proposition 2.1. Let G be a topological group and B a neighbourhood base
of the identity element e. Then, for each x € G the families B, = {xB |
B € B} and B, = {Bx | B € B} are both neighbourhood bases of x.

Proof. 1t is enough to notice that B = [;(B) and that [, is an homeomor-
phism. Analogously, Bx = r,(B) and r, is an homeomorphism. O

Now we give the fundamental properties of a neighbourhood base of the
identity element of a topological group.

Proposition 2.2. Let B be a neighbourhood base of e in G. Then, the
following properties are satisfied:

B

( for each U,V € B there exists W € B such that W CUNV;
(B2

(

(

for each U € B there exists V € B such that VV C U;

B3) for each U € B there exists V € B such that V~1 C U;

)
)
)
By) for each U € B and x € G there exists V € B such that x 1WVax CU.

Proof. Let G be a topological group with product function p and inversion

v and let B be a neighbourhood base of e.

(By) Every topological space satisfies this property, in particular topological
groups.

(By) Let U € B. As pu is continuous, u~!(U) is a neighbourhood of (e, e)
and so there exist Vi, Vs € B such that Vi x Vo C p~1(U). By (Bi) take

5



V € B such that V. .C Vi NV,. Then, V x V C u~1(U), and applying u we
have that V'V C u(p=Y(U)) C U.

(B3) Let U € B. Since v~!(U) is a neighbourhood of e there exists V € B
such that V' C v~1(U), and taking images by v we have that v(V) = V1 C
v(vI(U)) C U.

(By) Let € G and let ¢,: G — G be given by ¢.(9) = 27 lgz. @, is
continuous as is it equal to l,-1 o r, hence if U € B then ¢, 1(U) is a
neighbourhood of e. Take V' € B such that V C o, }(U) and finally, taking
images by ¢,

pr(V) =27V C o, (U)) CU. 0

Remark 1. In Proposition 2.2, the statements (B2) and (B3) may be re-
placed by

(B') for all U € B there exists V € B such that V="'V C U.

Proof. Assume (B3) and (Bs). If U € B, by (B2), there exists V; € B such
that V1V7 C U and by (B3) we may take V) € B such that V2_1 C V. By
(By), take a V' € B such that V C V; N Va. Now we have that

V'V, Mcwvivicu

as required.

Assume now (B'). Let U € B and take V € B such that V!V C U.
Then V! C V-V C U, so that (B3) holds. By (Bi), take a W € B
such that W C V"' NV. Then, as W C V and W C V!, we have that
WWCcVv-iv CU. O

And conversely, a non-empty family of subsets of a group G satisfying
these properties generates a group topology on G, i.e., a topology on G
making in a topological group.

Proposition 2.3. Let B be a non-empty collection of subsets of G family e.

If B satisfies the properties (B1),(B2), (Bs) and (Ba) then there is a unique
group topology such that B is a neighbourhood base of e in G.

Proof. Let G be an arbitrary group and let B be a non-empty collection of
subsets containing e and satisfying (B1), (B2), (B3) and (Ba4). Define

7={U C G |Vx €U 3B € B such that B C U}.

Our purpose is to show that 7 is a group topology on G.
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G and () are clearly in 7. Let U,V € 7 with UNV # () and take z € UNV.
By definition of 7, there exists By, By € B such that xtB; C U and By C V,
and by (B1) we can take B3 € B such that B3 C U NV. Then

nggx(BlﬂBg)nglﬂl'ngUﬁV.

Thus UNV e7. Let U; € 7 for all i € I and let € J;e; U;. Then z € U;,
for some iy € I and so there exists B € B such that 2B C U;, C (J;e; Us.
Therefore, | J;c; U; € 7 and it follows that 7 is a topology on the set G such
that By = {xB | B € B} is a neighbourhood base of = for any = € G.

Let us see that the product application p is continuous. Let U € B and
(z,y) € G x G. Since zyU is a neighbourhood of u(z,y) = xy, it suffices
to find a neighbourhood of (x,%) in G x G contained in p~!(zyU). By (Bs)
there exists V' € B such that VV C U and then zyVV C zyU. By (B4) we
may take a W € B such that y ='Wy C V and if we let W/ = W NV, then
W' is a neighbourhood of e such that y ='W’y C V and W’ C V. Then,

p(xW' x yW'y = aW'yW' = zy(y ' W'y)W’' C 2yVV C zyU.

By taking preimages, W’ x yW’ C p~'(xyU). So p is continuous since
W' x yW' is a neighbourhood of (x,y).

It remains to show that the inversion application v is continuous. Let
U € Band z € G. It is enough to find a neighbourhood of z~! contained
in v~ Y(2U). By (Bs) we can take V € B such that V~! C U. Then
v(Vz=') = 2V ~! C 2U, and by taking preimages, Vz~! C v=1(2U). Now,
by (Bs) there exists W € B such that x='Wax C V. Then,

e IW = (27 Wa)z™t C Vet C v al),
and it follows that v is continuous. O

Examples 2. (i) The family {(—e¢,€) | € > 0} generates a group topology
(the usual topology) on the additive group R.

(ii) For a fixed prime p we can consider the collection {p"Z | n € N} of
subsets of Z. It is easy to see that this collection satisfies (B), (B2), (B3)
and (By), so it generates a group topology on Z. (This topology is called
the p-adic topology.)

(iii) Let G be an arbitrary group and B the family of all subgroups of finite
index of G, that is, B={H < G | |G : H| < oo}. It can be shown that B
satisfies (B1), (B2), (Bs) and (B4) and hence it generates a group topology
on G. (This topology is called the profinite topology.)






Chapter 3

Subgroups, quotient groups
and product groups

3.1 Subgroups

Let G be a topological group and H a subgroup of G. Considering H with
the topology induced from G we do not loss the continuity of the product
and inversion applications, so H is a topological group.

Proposition 3.1. Let G be a topological group and H < G. Then,
(i) if H is open, then H is closed;
(ii) if H is closed and of finite index, then H is open;

(iii) if H contains a non-empty open subset, then H is open.

Proof. Let R be a set of representatives of the cosets zH other than H.
Then

GNH= U:UH
TER

If H is open, its complement is a union of open subsets (by Proposition 1.2),
therefore open. Hence H is closed. On the other hand, if H is closed and of
finite index, R is finite and the complement of H is a finite union of closed
subsets, so H is open.

Finally, if H contains an open subset U # (), then H = UH and by
Proposition 1.2 H is open. O
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3.2 Quotient groups

Let G be a topological group and H a subgroup of G (not necessarily nor-
mal). Consider the equivalence relation in G given by

r~y <— xH =yH.

For any = € G, its equivalence class [z] is exactly the coset xH, so if we
denote by G/H the quotient space of G by ~, then

G/H ={zH |z € G}.

The space G/H has a natural topology (the quotient topology) induced by
the canonical projection
¢:G— G/H

3.1

This topology is defined to be finest topology making ¢ continuous, thus a
subset U C G/H is open if and only if ¢~ (U) is open in G.

Remark 2. The canonical projection is a quotient map, i.e., it is surjective
and a subset U of G/H is open if and only if ¢~*(U) is open in G.

If the subgroup H is normal, G/H has a natural group structure. We
see that the quotient topology makes G/H a topological group.

Suppose that the group G has product p and inversion v and assume
that H is a normal subgroup. Let u* and v* be the product and inversion
applications respectively in the group G/H. If we consider the map g X ¢
given by (¢ x ¢)(z,y) = (q(x),q(y)), then the following diagrams clearly
commute.

a—Y .q G x G G
qh ‘q quh ‘q (3.2)
G/H — G/H G/H xG/H T G/H

Recall the following result.

Proposition 3.2. Let X, Y and Z be topological spaces and let q: X =Y
be a quotient map. Then a map f:Y — Z is continuous if and only if
foq: X — Z is continuous.
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In our case, v* is continuous if and only if so is v* o ¢q. By commutativity
of (3.2), v* oq = gowv and as the latter is a composition of continuous
functions, v* o q is continuous. Therefore so is the inversion v*.

The application ¢ is open an surjective (see Proposition 3.3) and then so
is ¢ x q (see Proposition 3.10). Thus ¢ X ¢ is continuous, open and surjective,
hence a quotient map. By commutativity of (3.2), u* o (¢ X q) is continuous
and then, by Proposition 3.2 so is u*. Whence G/H is a topological group.

If X is a topological space and ~ an equivalence relation on X, in general

it is not true that the canonical projection X — X/~ is an open map. It is
shown in the following example.

Example 3. Take the closed interval X = [0, 1] and the equivalence relation
~ identifying the points 0 and 1, together with the canonical projection
q: X — X/~. Let us see that the image of the open subset U = [0, %) under
q is not open in X/~. As ¢ is a quotient map it is enough to show that
g (q(U)) is not open in X. But

g ' (a(U)) = ¢ (a((0, 3))) Ug~*(a({0})) = (0, 3) U{0, 1}
and [0,1) U {1} is not open in X. Thus ¢ is not an open map.
Nevertheless, for topological groups the canonical projection defined in
(3.1) is always open.

Proposition 3.3. Let H be a subgroup (not necessarily normal) of a topo-
logical group G and let q: G — G/H be the canonical projection. Then q is
an open map.

Proof. Let U be an open subset of G. By definition of the quotient topology,
q(U) is open if and only if ¢~ !(¢(U)) is open in G. Expanding the expression,

¢ qU)=q¢ '{zH |z €U}) ={y€G|yH = zH for some 2 € U},
and yH = zH if and only if y € xH. Then, clearly

¢ 'qU)=J{yeGlyecaH} = ) 2H =UH,
zelU zelU

which is open by proposition 1.2. O

The converse of this proposition in general is not true in the following
sense: if GG is a group and 7T a topology on G such that for any subgroup
H of G the projection ¢: G — G/H is an open map, then (G,7) is not
necessarily a topological group. It is shown in the following example.

Lemma 3.4. A subgroup of R which is not of the form tZ for somet € R
s necessarily dense in R.
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Proof. Let H be a subgroup of R not of the form ¢Z. Let us see that there is
no least positive element in H. Suppose that r is the least positive member
of H, then nr € H for any n € Z and so rZ C H. Take x € H such that
x ¢ rZ and let m > 0 be the integer part of x/r. |z —mr| is an element of H
and 0 < |z —mr| < r. Therefore H has no least element and in consequence
there is a strictly decreasing positive sequence in H,

Ty >T > >T >

converging to 0. Now, given any interval (a,b) we can take an element z;
of the sequence such that 0 < z; < b — a. For some n € N, the element
nx; € H lies in (a,b), thus H is dense. O

Example 4. Let S denote the Sorgenfrey line, that is the real line R together
with the topology generated by all intervals of the form [a,b). We first see
that (S, +) is not a topological group. Indeed, the preimage of a basic open
subset [a, b) under the inversion application (given by x +— —z) is (—b, —a],
which is not open in S, thus the inversion application is not continuous.

Let us see now that for any subgroup H of (S, +) the projection ¢: S —
S/H is an open map. By Lemma 3.4, a subgroup of S may be either of the
form tZ or dense in R (with the usual topology), suppose first that H = tZ.
Then for an open subset [a,b) of S,

¢~ (a([a,0))) = {z € S | q(x) € q([a, b))}
={x € S|kt+xe€a,b) for some k € Z}

= (Jla+kt, b+ kt),
keZ

which is open as it is a union of open subsets. Thus ¢ is an open map.

Suppose now that H is dense in R. Our aim is to show that ¢! (q([a,b))) =
S for any basic open subset [a, b) of S. For any z € S, the subset (a—x,b—x)
is open in R and so there exists h € H such that a — z < h < b — x. Then
a < h+ 2z < b and so there exists y € (a,b) such that h + x = y. Hence,
y—x € H and

q(y) € q((a,0)) € q([a,b)),

q(z) =
implying that = € ¢~'(¢([a,b))). So ¢ is an open map.

Proposition 3.5 (First isomorphism theorem). Let G and H be topological
groups and f: G — H a continuous, open and surjective homomorphism.
Then, the application
o: G/ker f — H
z(ker ) — f(x)

s an isomorphism and an homeomorphism.
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Proof. 1t is well known that the application

o: G/ker f — H
a(ker f) — f(a)

is a group isomorphism, so it is enough to show that ¢ is open and contin-
uous.

Note that if g: G — G/ ker f is the canonical projection, then ¢(g(x)) =
o(z(ker f)) = f(x) for all x € G. In other words, p o ¢ = f. Now, as f is
continuous, by Proposition 3.2 so is (.

We finally see that ¢ is an open map. For any open subset U C G/ ker f,
as ¢ is continuous and f open, f(¢g~'(U)) is open in H. But since ¢ is
surjective,

Fla ' (U) = (pogoq ) (U) = (U),
thus ¢ is open. O

Examples 5. (i) Consider the topological groups R and S' and the expo-
nential application f: R — S! given by f(x) = €2™®. f is clearly a group
homomorphism. Considering S! C R?, f is defined by (cos 27z, sin 27z) and
since both components are continuous, so is f itself. The image of an open
interval (a,b) C R may be either the whole S! (if b —a > 1), an open arc (if
b—a<1)orS!< {p} for some p € S! (if b —a = 1). But the image by f is
open anywise, as the following images show.

p
f f
T T~
— ——
a b a b
b—a<1 b—a=1

So that f is an open map.
Clearly f(R) = S! and

ker f = {z € R | *™ =1} = Z.

Hence, by Proposition 3.5 the topological group R/Z is isomorphic and
homeomorphic to S'.

(i) Take the general linear group GL,(R) (as a subspace of R™") together
with the topology induced from R"™ as in Examples 1 (v). The determinant
function ¢ : GL,(R) — R* is an homomorphism and it is continuous since
it is given by a polynomial. Let us show that it is also open.

Let U be an open subset of GL,(R). Since {0} is closed in R and ¢
is continuous, GL,(R) = R™ ~ ¢~ 1({0}) is open in R". Then U is open
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also in R"*. To show that o(U) is open, fix d € ¢(U) and take z € U with
determinant d. Since z € U and U is open, there is an open ball B(x,r)
contained in U. We affirm that there exists ¢ > 0 such that tz € B(z,r) for
all t € (1 —¢€,1+¢€). Indeed,
tr € B(z,r) < |z —tz|| <r
= 1tz <r

= |1t < 7.

So that we can clearly take e = r/||z|| > 0. Now by taking determinants,
p(tr) =t"d € p(U) for all t € (1 —¢,1+¢), that is to say ((1 —€)"d, (1 +
€)"d) C o(U). Therefore ¢ is open.

For each d € R*, the matrix

d 0 - 0
0 1 0
00 - 1

has determinant d, so ¢ is a surjection. And since
ker p = {z € GL,(R) | ¢(z) = 1} = SL,(R),
by Proposition 3.5, GL,, (R)/SLy,(R) is isomoprhic and homeomorphic to R*.

Proposition 3.6 (Third isomorphism theorem). Let N < G and M < G
with N < M. Then

G/N _ G

M/N M
in the sense of being isomorphic and homeomorphic.

Proof. See Exercise 3. O

At this point one can expect an analogue result to the second isomor-
phism theorem of group theory, but the following example shows that it
does not hold for topological groups.

Example 6. Consider the additive group R and its normal subgroups Z and
AZ, where A is an irrational number. The third isomorphism theorem for
topological groups would say that (Z + A\Z)/7Z is homeomorphic to AZ/(Z N
AZ). Since A is irrational, NZ/(ZNAZ) = M\Z/{0} is discrete. The subgroup
Z + A7 of R is not of the type tZ, indeed, Z + A\Z = tZ would imply 1 = mt
and A\ = nt for some m,n € Z, whence A = n/m and it would be rational.

Therefore, by Lemma 3.4 Z 4+ AZ is dense in R and so the quotient
(Z + \Z)/Z is dense as a subspace of S'. Any open subset of (Z + \Z)/Z
contains infinitely many elements of (Z + AZ)/Z, so it is not discrete and
then not homeomorphic to \Z/(Z N A\Z).
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Proposition 3.7. Let G be a topological group and N, M < G with N < M.
If 1y is the topology on M /N as subspace of G/N and 1o the topology on M /N
as quotient space of M, then 11 = To.

Proof. Let q: G — G/N be the canonical projection. Note that ¢(z) = 2N
lies in M/N if and only if x € M, so we may define

fi M — (M/N,7)
x— q(x),

which is clearly a surjective group homomorphism. Let us see that it is
continuous. If U € 71, there exists an open subset V' of G/N such that
U=VNM/N. Then f~Y(U) = ¢'(U) = ¢ (VN M/N) = ¢ (V)N
¢ Y (M/N) = q (V)N M. Since q is continuous, ¢~*(V) is open in G and
then f is continuous.

We show now that f is open. Let U be open in M and write U = M NV,
with V open in G. Since M = |J ey *N we have

U= J@NnV)
xeM

and then,

fO)=q(J@NnV))={J qaNnV)= |J{yN|ycaNnV}

rxeM xeM reM
= U (a@)n{yN [y e V}) =q(M)Nq(V)=M/Nnqg(V).
xeM

Since ¢ is open (by Proposition 3.3), ¢(V') is open and we have that f is an
open map.
On the other hand, ker f = {x € M | zN = N} = N, so by Proposition
3.5 the application
(M/N,19) — (M/N, 1)
N — N

is an homeomorphism. Thus 7 = 5. O

Corollary 3.8. If N is a normal subgroup of a topological group G, then
every subgroup of G /N is isomorphic and homeomorphic to a quotient group
M/N, where N < M <4 @G.

Proof. The result is well known for groups: if H is a subgroup of G/N then
there exists a normal subgroup M of G containing N such that H = M/N.
We have seen that H and M /N both have the same topology, so they are
also homeomorphic. O
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3.3 Product groups

In order to introduce the concept of the product of topological groups, we
shall first recall how the product topology is defined. Let {(X;, 7;)}ier be a
family of topological groups (not necessarily finite), and consider the Carte-
sian product X = [[;er Xi = {(zi)ier | ©i € X;,Vi € I} together with the
projections p;: X — X;. (When there is no danger of confusion we may
write (z;) instead of (x;);cr.) The product topology in X is the topology
generated by the sub-base

o={p; (Vi) | Ui €, i€}

In other words, U is open in X if and only if for each x € U there exist
By,...,B, € o such that x € ByN...N B, C U. The product topology is
the weakest topology on X for which each projection is continuous.

Now let {G;}ier be a family of topological groups an let G = [[;es Gi-
G has a natural group structure derived by multiplying elements of G' com-
ponent by component, i.e., for (z;), (y;) € G the product of (z;) and (y;) is
given by (z;y;). In the following lines we show that the group G equipped
with the product topology is a topological group.

By how the group operation is defined in G, the following diagrams are
commutative for each i € I.

v 2

G— G GxG——(
pz“ ‘pi pi X pz“ ‘pi (3.3)
V; 1223

Recall the following result.

Proposition 3.9. Let {X;}icr be a family of topological spaces and let X =
[Ticr Xi be equipped with the product topology. IfY is a topological space,
a map f:Y — X is continuous iff p; o f: Y — X; is continuous for each
1€l

Since p;, v; and p; are continuous for each i, so are v; o p; and pu; o (p; X
pi). By commutativity of (3.3), p; o v and p; o p are continuous, and by
Proposition 3.9 so are v and pu. Hence G is a topological group.
Proposition 3.10. Let {X;}ier and {Y;}icr be two families of topological
spaces and let X = [[;er Xi and Y = [[;er Ys. If fi: Xi = Y5 is an open
surjection for each i € I, then the application

f: X —Y
(i) — (filz:))
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is an open surjection. In other words, the product of open surjections is
again an open surjection.

Corollary 3.11. Let {G;}icr be a family of topological groups and let H;
be a normal subgroup of G; for each i. Let G = [[;e; Gi and H = [];c; Hi.

Then,
G _ G;
m =1l
el

in the sense of being isomorphic and homeomorphic.

Proof. Denote by ¢; the canonical projection G; — G;/H;. By Proposition
3.5 it suffices to show that the application

G;
f1G— ||+

(z:) — (qi(x:))

is a surjective, open and continuous homomorphism with ker f = H. Since
canonical projections ¢; are open surjections, by Proposition 3.10 f is an
open surjection. It is clearly a group homomorphism since

f((@iyi)) = (qi(ziyi) = (qi(@i)qi(yi)) = (qi(xi))(qi(vi)) = f((2i) f((y3)-

Consider now the diagram

¢ piof
f o
l@»\

157

iel Tt Di

=8

and note that p; o f = ¢; o p;. Since g; o p; is continuous, by Proposition 3.9
so is f.

Finally, it is easy to see that ker f = H.
(gi(z;)) =(H;) <= x; € H; foralliel < (x;) € H. O

Example 7. The n-tours, defined as T" = S! x - x S! is a topological
group, and by Corollary 3.11, it is isomorphic and homeomorphic to R™/Z".






Chapter 4

Separation axioms

We will proceed by stating the main separation axioms: Ty, 11, 75 and T3.

Definition 3. Let X be a topological space.

e X is said to be a Tj space if for any x # y € X there exists an open
subset containing exactly one of them.

e X is said to be T3 if for any = # y € X there exists two open subsets
Uand V such that r €e Uy ¢ U and y € V,x ¢ V.

e X is said to be Ty or Hausdorff if for any z # y € X there exists two
disjoint open subsets U and V such that x € U and y € V.

e X is said to be T3 if it is 77 and for any closed subset F' and = ¢ F
there exists two disjoint open subsets U and V such that F' C U and
reV.

The following implications are well known for any topological space X:
XisTy = XisT, = XisT) = X is Tp.

The next results show that the previous implications are equivalences if X
is a topological group.

Definition 4. A topological space X is said to be regular if for any closed
subset F' and = ¢ F there exist two disjoint open subsets U and V' such that
F CU and z € V. In this case we will say that U and V separate F' and .

This definition is easily seen to be equivalent to the following condition:
every neighbourhood of each point x € X contains a closed neighbourhood
of .

Remark 3. Note that the property T3 is equivalent to be 77 and regular.

19
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Proposition 4.1. Every topological group is reqular.

Proof. Let G be a topological group. We will show first that if F is a closed
subset not containing e, then there exist open subsets U and V separating
F and e.

Since F' is closed, G~ F' is an open neighbourhood of e and by Remark 1,
we can find a neighbourhood V of e such that V=1V C G \ F. Note that

VIWWCGNF < 2z 'y¢dF Vr,yeV
— y<&al Vr,yeV
<~ VNVF =4.

Since V is open, so is VF, and we have that F C VF, e € V and VFNV = (.
Thus V and V I separate e and F'.

Finally, if F is an arbitrary closed subset and z ¢ F, then 27 'F is a
closed subset not containing e, so there exist open subsets U and V sepa-
rating 7' F and e. Clearly U and zV are two open subset separating F
and x. O

Proposition 4.2. For a topological group the properties Ty, 11, 1o and Tj
are equivalent.

Proof. Since every topological group is regular, by Remark 3 it is enough
to show that a Ty topological group is 77. Suppose then that G is a Tj
topological group. Let x # y € G and without loss of generality suppose
that U is an open subset containing z but not y. Now, G \ U is a closed
subset not containing x and by regularity we can find two open subsets
and Vs separating G ~\ U and . We have that x € V5, y € G~ U C V; and
Vi NV, = (), therefore G is Hausdorff and consequently T;. O

The proposition below gives some characterizations of the Hausdorff
property for topological groups. The statements (i) and (ii) are equiva-
lent for topological spaces (note that the proof of (i)=-(ii) does not use the
group structure of (), whereas the equivalence of (i), (iii), (iv) and (v) is
specific of topological groups.

Proposition 4.3. If G is a topological group and B a neighbourhood base
of e, then the following statements are equivalent:

(i) G is Hausdorff;
(ii) the diagonal map 0: G — G x G given by x — (x,x) is a closed map;

(iii) of H 1is a topological group and f: H — G a continuous homomor-
phism, then ker f is a closed subgroup of H;
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(iv) {e} is a closed subset of G;
(v) NB = {e}.

Proof. (i)= (ii) Let F' be a closed subset of G. If (z,y) € (F), then either
x # y or x = y. In the former case, since G is assumed to be Hausdorff,

there exist disjoint open subsets U and V such that x € U and y € V.
Therefore, U x V is an open neighbourhood of (z,y) and since UNV = (),

(UxV)NO(F)={(z,2) | z€ Fand z€e UNV} = 0.

In the case x = y, since (z,x) € §(F), we have that x ¢ F, being
F closed. Hence there exists an open subset U of GG such that x € U and
UNF = (. UxU is an open neighbourhood of (z,z) and (U xU)NJ(F) = (.
So that, 6(F) is closed in G x G.

(ii)=(ili) Let ¢: G — G x G be defined by = — (f(x),e), and note that
since f is continuous, so is ¢. Now, A = §(G) is closed in G x G because it
is the image of a closed subset by a closed map. Therefore, by continuity

p H(A)={reH|fx)=¢}=kerf

is closed.

(iii)=(iv) The identity map id: G — G is a continuous homomorphism and
ker id = {e} is closed by hypothesis.

(iv)=(v) Let x # e € G. By homogeneity {z} is closed and then, there
exists B € B such that z ¢ B. So that = ¢ N B.

(v)=(i) Let x # y € G. Since ﬂ B = {e}, there exists By € B such
BeB

that 2~ 'y ¢ B. Therefore, y ¢ B and G is T1. By Proposition 4.2, G is

Hausdorff. 0

Now we need to introduce a basic result in topology.

Proposition 4.4. (i) If X is a Hausdorff space and f: Y — X a continuous
injection, then Y is Hausdorff.

(ii) If {X;}ier is a family of topological spaces, then [[;cr Xi is Hausdorff if
and only if X; is Hausdorff for each i € I.

Proposition 4.5. Let {G;}icr be a family of topological groups and let H
be a normal subgroup of a topological group G. Then,

(i) if G is Hausdorff so is H;

(i) G/H is Hausdorff if and only if H is closed;
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(iii) of H and G/H are Hausdorff, then so is G;
(iv) Tlier Gi is Hausdorff if and only if G; is Hausdorff for each i € I.

In consequence, if H is closed and Hausdorff, by (ii) G/H is Hausdorff and
then by(iil) G is Hausdorff.

Proof. (i) The result follows from Proposition 4.4, since the inclusion map
is a continuous injection.

(ii) The identity element in G/H is H, so that, by Proposition 4.3

G/H Hausdorff < {H} closed in G/H
«— ¢ Y(H) closed in G.

And ¢ Y (H)={r€G|zH=H} =H.

(iii) If H is Hausdorff {e} is closed in H, so there exists a closed subset F
of G such that H N F = {e}. If also G/H is Hausdorff, by (ii) H is closed
in G and then so is H N F' = {e}. Therefore, G is Hausdorff.

(iv) The result follows directly from Proposition 4.4. O]

Examples 8. (i) Since R is Hausdorff, so are R" and all its subgroups for
each n € N. Also C" is Hausdorff as it is homeomorphic to R?".

(i) S! = R/Z is Hausdorff as Z is closed in R. Alternatively, S! is Hausdorff
since it is a subgroup of the Hausdorff group C*.

(iii) GL,(R) and SL,(R) are Hausdorff groups as subsets of the Hausdorff

2
space R™".

(iv) Since Q is not closed in R, the quotient R/Q is a non-Hausdorff topo-
logical group.
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Connectedness

Definition 5. A topological space X is said to be disconnected if there
exists U and V' two non-empty open subset of X such that U UV = X and
UNV ={. In this case we say that (U, V) is a disconnection of X.

Definition 6. A topological space X is said to be connected if it is not
disconnected.

We may give a clearly equivalent definition of connectedness: a topolog-
ical space X is connected if the only clopen (closed and open) subsets are ()
and X.

Definition 7. A topological space X is said to be path-connected if for all
x,y € X there exists a continuous function f: [0,1] — X such that f(0) =z
and f(1) =y. Such an f is called a path from z to y.

A well-known fact is that if a space is path-connected, then it is neces-
sarily connected. The converse is not always true.

Proposition 5.1. A connected topological group has neither proper open
subgroups nor proper closed subgroups of finite index.

Proof. 1t is enough to notice that open subgroups are closed and closed
subgroups of finite index are open (Proposition 3.1). O

Proposition 5.2. If G is a connected group and U a non-empty open subset
of G, then G is the group generated by U. In other words, G = (U).

Proof. Since (U) is a subgroup of G containing a non-empty open subset,
by Proposition 3.1 it is an open subgroup. By Proposition 5.1, (U) cannot
be proper and it follows that (U) = G. O

23
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Example 9. The subgroup R* = (0,00) of the multiplicative group R* is
connected. Then, any open interval (a,b) C RT generates the whole RT. In
other words, given any x € R*, we can write z as a product of finitely many
elements of (a,b) and its inverses.

Proposition 5.3. (i) If X is a connected space and f: X — 'Y continuous,
then f(X) is connected.

(i1) If {X;}ier is a family of topological spaces, then [[;er Xi is connected if
and only if X; is connected for each i € I.

Proposition 5.4. Let {G;}icr be a family of topological groups and let H
be a normal subgroup of a topological group G. Then,

(i) if G is connected then so is G/H;
(ii) of H and G/H are connected then so is G;

(i) [I;er Gi is connected if and only if G; is connected for all i € I.

Proof. Since the canonical projection G — G/H is a continuous surjection,
(i) and (iii) follows directly from Proposition 5.3.

(ii) By contradiction suppose that G and G/H are connected and that (U, V)
is a disconnection of GG. Without loss of generality assume that e € U. If for
some z € X the coset xH is not contained in U nor in V, then tH NU # ()
and xtH NV # (), so that (tHNU,xH NV) is a disconnection of xH which
must be connected as it is homeomorphic to H. Therefore for all x € X,
the coset xH is contained either in U or in V, so we can write

U=|NzH |2z €U} and V=|J{zH|zeV}.

Since the canonical projection ¢: G — G/H is an open map, ¢(U) and
q(V') are both open in G/H. Also q(U) ={zH |x € U} and ¢(V) = {zH |
x € V'}, so that they are disjoint. Finally, ¢(U)Uq(V)=q(UUV)=G/H
and it follows that (¢(U), ¢(V')) is a disconnection of G/H , which contradicts
our hypothesis. O

Proposition 5.5. Let {C;}icr be a family of connected subspaces of a topo-
logical space X such that ey Ci # 0. Then Jier C; is a connected subspace
of X.

Definition 8. Let X be a topological space and x € X. The union of all
connected subspaces of X containing x is called the connected component of
X at z (or simply the component at x).

Proposition 5.6. The closure of a connected subspace is connected.
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Corollary 5.7. If X is a topological space and x € X, then the connected
component at x is closed and connected.

Corollary 5.8. The connected components of a topological space X form a
partition of X.

Theorem 5.9. If G is a topological group and N the component at e, then
N is a closed and connected normal subgroup of G and for any x € X, *N
s the component at x.

Proof. By Corollary 5.7, N is closed and connected. Let us show that N is
a normal subgroup of G. If n € N and = € G, both n~!N and = !Nz are
homeomorphic to N so they are connected. Since e € n~'N, by definition
of the connected component, n”'N C N and then N is a subgroup of G.
Similarly, e € 2 !Nz and 7' Na C N. Therefore N is a normal subgroup
of G.

Finally, since the left translation I,: G — G is an homeomorphism, xH
is the connected component of G at x for any x € X. O

Examples 10. (i) Any interval (a,b) C R is connected.

(ii) Since any interval is connected and R = | J,,en(—n,n), by Proposition 5.5,
R is a connected group.

(iii) The additive group R is connected, and its subgroup Z normal. Then,
by Proposition 5.4, S' = R/Z is also connected. Consequently, the n-torus
is also connected for any n € N.

(iv) The multiplicative group R* is not connected as the subsets U = (—o0, 0)
and V = (0,00) form a disconnection. U and V are clearly connected, so
they are the connected components of R*.

(v) The group of all nxn non-singular complex matrices GL,,(C) is connected,
(See Exercise 5). However, GL,(R) is not connected. Indeed, GL,(R) is
homeomorphic to R™ < ker(det), where det: R" — R is the determinant
function, which is given by a polynomial and so it is continuous. The subsets
(—00,0) and (0, 00) are both open in R, then U = det™!((—00,0)) and V =
det™'((0,00)) are open subsets of R"*. We have that UUV = R™ \ ker(det)
and U NV =0, thus GL,(R) is not connected.

In fact, it can be shown that U and V are the only two components of
GL,,(C), but the proof requires some more background on linear algebra.
However, for the case n =1, R™ < ker(det) is just R*, so the result follows
from example (iv).






Chapter 6

Metrization of topological
groups

6.1 Birkhoff-Kakutani theorem

In this section we give a proof of Birkhoff-Kakutani theorem, which states
that a topological group is metrizable if and only if it is 7y and first-
countable. The proof is extracted from [5], however, we have tried to phrase
it in more detail to ease understanding.

Definition 9. A pseudometric on a set X is an aplication d: X x X —
[0, +00) satisfying the following conditions:

(i)
(i)
(iii)

If d satisfies

i) d(z,x) =0 for all x € X,
i) d(z,y) = d(y,x) for all z,y € X,
d(z,z) < d(xz,y) +d(y,z) for all x,y,z € X.

(i) d(z,y) =01if and only if x =y
instead of (i), we will say that d is a metric.

If d is a pseudometric (note that every metric is also a pseudometric) on
X, define the open ball of radius v > 0 centered at x as

B(x,r):={y € X [d(z,y) <r}
and the topology generated by d as
74 ={U C X |V € U Ir > 0 such that B(z,r) C U}.

It is easy to see that 74 is a topology on X.

27
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Definition 10. A topological space (X, 7) is said to be metrizable (resp.
pseudometrizable) if there exists a metric (resp. pseudometric) generating 7.

Definition 11. A topological space X is said to be first-countable if every
x € X has a countable neighbourhood base, and it is said to be second-
countable if it has a countable base for its topology.

Remark 4. Note that by Proposition 2.1, a topological group is first-
countable if and only if the identity element has a countable neighbourhood
base.

Lemma 6.1. If G is a first-countable topological group, then there exists a
neighbourhood base { By }nen of € such that each B, is symmetric (B, =
B ') and B, 1By 1Bny1 C By, for alln € N.

Proof. Let {Up,}nen be a neighbourhood base of e. By taking V;, = U, NU,; !
we obtain a neighbourhood base {V,}nen of e consisting all of symmetric
neighbourhoods.

Let 21 = 1. Since G is a topological group, by Proposition 2.2 we can find
J > 41 for which V;V; C V;,. Now by taking io > i1 for which V;,V;, C Vj,
we have that V;,V;,V;, C V,V; C V;V; C V;,. In the same way we can find
an i3 > ig such that V;,V;, Vi, C V;,. Continuing in this fashion we obtain
an strictly increasing sequence (iy)nen such that Vi, 1V, 11Vi, 41 CV;, for
alln e N.

By taking B,, =V;, for all n € N, {B),},en is a neighbourhood base of

e (because (i) is strictly increasing) consisting of all symmetric neighbour-
hood and such that B, +1B,+1Bnt+1 C B, for all n € N. O

Lemma 6.2. Let A and B be subsets of R and consider the subset A+ B =
{a+b|aecAbe B}. Then.

(i) if A C B then inf A > inf B;
(ii) inf (A+ B) = inf A + inf B.

Theorem 6.3. A topological group is pseudometrizable if and only if it is
first-countable.

Proof. One implication is immediate: if (G, 7) is a pseudometrizable topo-
logical group, there is a pseudometric d on G generating 7. For each x € G,
{B(x,1/n)}nen is a countable neighbourhood base of x so that G is first-
countable.

Suppose now that G is first-countable. By Lemma 6.1 there exists a
neighbourhood base {B),},en of e consisting all of symmetric neighbour-
hoods and such that B, 11Bp+1Bn+1 C By for all n € N. Put By = G and
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define f: G x G — [0, +00) by

0, if 27y e ﬂ B,,
flz,y) = neN
27", if 27y € B, \ Bpy1.

In other words, f(z,y) = 27" if n is the greatest non-negative integer such
that 27!y € B, and f(x,y) = 0 if such an n does not exist. Note that
f(xz,z) = 0, and since each B, is symmetric, = 'y € B, if and only if
(x71y)"t =y~ 'z € B,. Hence f(x,y) = f(y,x) for all z,y € G (in this case
we say that f is symmetric).

Now let

Foy = {f(@1,22) + -+ flzr, 2p1) [ K EN, 21 = 2, 2341 = y}
and define the aplication

d: GxG—[0,00)
d(z,y) — inf Fy .

Our aim is to show that d is a pseudometric generating 7.

If ,y,z € G, evidently, d(z,y) > 0 and d(z,z) = 0. And since f is
symmetric, so is d. For proving the triangle inequality, is enough to note
that F,, + Fy . C Fu -, and by Lemma 6.2,

d(z,z) = inf F, , <inf(Fpy + Fyz) = inf Foy +inf Fy . = d(z,y) + d(y, 2).

Thus d is a pseudometric.

Note also that for all @ € G, 271y = (azx) ™! (ay) so that f is left-invariant
(f(z,y) = f(azx,ay)) and then so is d.

It remains to see that 74 is equal to 7, where 74 is the topology generated
by the pseudometric d. Since d is left-invariant,

B(z,r)={y € G|d(z,y) <r} =z{z 'y € G| d(e,x'y) < r} = zB(e,r)

so it is enough to check the neighbourhoods at the identity.

For showing that 7 is finer than 74, fix r > 0 and take an n € NU {0}
such that 27" < r. Let # € B,41. Then f(e,x) < 27"~ and by definition
of d, d(e,z) < f(e,r) < 271 < 27" Hence x € B(e,27") and then
Bpt+1 € B(e,27™) C B(e,r).

The task is now to prove that 74 is finer than 7, or equivalently, that for
each n € N we can find an r > 0 such that B(e,r) C B,,. Let z € B(e,27").
Since d(e,x) < 27", there exists k € N and z1,...,241 € G with z; = e,
Zk4+1 = « for which
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d(e,x) < f(w1,2) + -+ fwg, Tpg1) <27

Note that as f]fl_lxk+1 = x, the proof is completed if we show that

e 1 € By, (6.1)

For proving (6.1) we proceed by inductionon k. If k = 1, f(z1,22) <277,
then either f(x1,72) = 0 or f(w1,22) = 277 for some j > n. Anyway,
xl_la:g € Bj C B,,. So it holds for the base case.

Fix now k£ > 2 and assume that if

fyy2) +- -+ flunyi) <277,

then yflylﬂ € B, for arbitrary y1,...,y+1 € G and [ < k.
Suppose that

flxr,ze) + -+ flog, zpy1) <27 (6.2)
Clearly, for any i, f(z;,2z;11) < 27" Hence f(z;,2i11) < 277! and
xi_lel € Bpy1. If f(z1,22) > 27771 then f(x1,22) =277 ! and xl_lxg €
B, so if we want to hold (6.2),
f(ﬂ?g, 953) + -+ f(l‘k, xk_H) < o—n—1
By inductive hypothesis, 1xk+1 € Bp+1. Therefore
o1 i = (a7 22) (25 ' o y1) € Boy1Baga C B
Suppose finally that f(x1,22) < 27" ! and let 1 < i < k be the greatest

integer for which f(x1,22) + - + f(zs,7i41) < 277" 1. We only need to
check two cases:

e Ifi=kori=k—1, then
f(xla:EQ) + -+ f(xk:—laxk‘) < 2—71—1’
and by inductive hypothesis a:l_lxk € Bpy1. Also x,zlxkﬂ € Bp+1,

then
o1 g1 = (o7 ') (2, ' Tps1) € Buy1Boy1 C By,

e If i < k — 1, by choice of i,

flar,z2) + - 4 f(wig1, wige) > 27771
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and by (6.2),
—n—1

f(@ivo, Tivs) + -+ fog, Tpy1) <2777

By inductive hypothesis,
—-1,. -1 .. —1 B
Ty Tigl, Tif1Tid2, TifoTk+1 € Dng1.
Hence,
-1 -1 -1 -1
vy T = (2] Tir1) (T i) (T 9Tk 11) € Bry1Bny1Bat1 € By,

We checked all possible cases, so we are finished with the proof. O

Proposition 6.4. If d is a pseudometric on a Ty topological space, then d
18 a metric.

Proof. Let d be a pseudometric on a Ty topological space X. Let z # y € X.
Since X is Ty, there exists r > 0 such that either x ¢ B(y,r) or y € B(x,r).
Then d(z,y) > r > 0 and it follows that d is a metric. O

Corollary 6.5 (Birkhoff-Kakutani theorem). A topological group is metriz-
able if and only if it is Ty and first-countable. In this case, G admits a
left-invariant metric generating its topology.

Proof. One implication is immediate, since every metrizable topological
space is Ty and first-countable. On the other hand, by Theorem 6.3, a
first-countable topological group is pseudometrizable and if it is also Ty, it
must be metrizable by Proposition 6.4. Finally, if G is metrizable, it admits
a left-invariant metric since the pseudometric d (G is Ty, so d is a metric) we
have construct in the proof of Theorem 6.3 is left-invariant and generates
the topology of G. O

6.2 The Sorgenfrey line

Once seen this characterization of metrizability we can give a counter exam-
ple to the converse of Proposition 1.1. Indeed, we will see that the Sorgenfrey
line, being an homogeneous space, cannot be a topological group.

Until the end of the chapter we will denote by S the Sorgenfrey line,
that is the real line R together with the topology generated by all intervals
of the form [a,b). In Example 4 we have shown that the topological space
S together with the sum of R is not a topological group since the inversion
application is not continuous. In this section we will prove a stronger result:
for any operation *: S x S — S, the space (S, %) is not a topological group.
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First, we need to show some properties of the space S. In the follow-
ing lines we show that it is separable and first-countable, but not second-
countable. (A space is said to be separable if it has a countable dense
subset.)

The subset Q of S is countable and clearly dense since for any interval
[a,b) there is a rational number lying on it; thus S is separable. It is also
first-countable as {[z,z + 1/n) | n € N} is a neighbourhood base for each
rxelS.

We need a more elaborated argument to show that S is not second-
countable. Suppose by contradiction that § is a countable base for the
topology in S. For any = € S the interval [z,z + 1) is open and contains z,
so we may choose B, € [ such that x € B, C [z,z 4+ 1). Now for & # vy,
(suppose that « < y) the subsets B, and B, are distinct as « & [y,y + 1) 2
By, hence the application

S—pB

r+— B,

is injective. This is a contradiction since S has cardinality strictly grater
than the cardinality of 3.

Then S is separable and first-countable, but not second-countable. The
last result we need is the following theorem.

Theorem 6.6. A metrizable space is second countable if and only if it is
separable.

Proof. Let X be a topological space and let d be a metric generating its
topology. If X is second countable it has a countable base 8. Now for each
B € 3 choose zp € B and define D = {zp | B € #}. The subset D of X is
clearly dense and countable, so X is separable.

Suppose now that X is a separable space. Let D be a countable dense
subset and define 8 = {B(x,r) | z € D,r € N'}, where N = {1/n | n € N}.
For showing that [ is a base for the topology on X, let U be an open subset
and let z € U. Since {B(z,7)}ren is a neighbourhood base at z, there
exists 79 € N for which B(z,r9) C U. As D is dense, every open subset has
a point on it, in particular, there exists y € D N B(x,rp/2). Then by the
triangular inequality

Yy e B(y7r0/2) - B(:l:aTO) c Ua
and since B(y,r/2) € (3, the proof concludes here. O

Theorem 6.7. The Sorgenfrey line S does not admit any group structure
making it a topological group.
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Proof. Suppose by contradiction that S is a topological group. Since S is
Ty and first countable, by Theorem 6.3 S must be metrizable. On the other
hand, as S is separable, by Theorem 6.6 it would be second-countable, but
we have seen that S is not second countable, so it cannot be a topological
group. O






Chapter 7

Compactness

7.1 Basic definitions and properties

In this section we give the most elemental definitions and results about
compactness.

Definition 12. A cover of a topological space X is a family U = {U; }ier
of subsets of X such that (J;c; U; = X. If each U; is an open subset we will
say that U is an open cover. Finally, V is said to be a subcover of U if it is
a cover of X and V C U.

Definition 13. A topological space X is said to be compact if every open
cover of X has a finite subcover.

Examples 11. (i) Every finite space is compact.
(ii) A discrete space is compact if and only if it is finite.

(iii) R with the usual topology is not compact.

Proposition 7.1. (i) Any closed subspace of a compact space is compact.
(ii) Any compact subspace of a Hausdorff space is closed.

(iii) If X is a compact space and f: X — Y a continuous surjection, then
Y is compact.

(iv) If A and B are compact subspaces of a topological space X, then AU B
18 compact.

Below we state a well known characterization for compactness in the
Euclidean space R” for which we will not give a proof.

Theorem 7.2 (Heine-Borel theorem). A subset of R™ is compact if and only
if it is closed and bounded.

35
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Once seen some results, we can give more examples of compact spaces:

Examples 12. (i) Any interval [a,b] C R is compact, as it is closed and
bounded.

(ii) The interval [0, 1] is compact and the application f: [0,1] — S! given by
f(x) = €"P* continuous and surjective. Then, by Proposition 7.1, the one
dimensional sphere S! is compact. Alternatively, S! is compact as it is closed
and bounded in C = R2. The same argument shows that the n-dimensional
sphere S" is compact for any n € N.

Proposition 7.3. Let X be a topological space. Then, the following state-
ments are equivalent:

(i) X is compact;

(i) of {Citier is a family of closed subsets of X such that every finite
sub-family has non-empty intersection, then N;cr Ci # 0.

Proof. (i)=(ii) Let X be a compact space and take a family of closed subsets
{Ci}ier such that every finite sub-family has non-empty intersection. By
contradiction, suppose that (;c; C; = (0. Then, if we let U; = X \ C; (note
that Uj; is open for each ¢ € I), we have that

X=X~Ci=U.
i€l i€l
Since X is compact, there exist a finite subset J C I such that | J;c; U; = X,
and so e C; = 0.

(ii)=(i) Let {U;}icr be an open cover of X. Then, if we let C; = X \ U},
{Ci}ier is a family of closed subsets of X such that ;c; C; = (0. By hypoth-
esis, there exists a finite subset J C I such that (;c; C; = 0, or in other
words, JjesU; = X. O

7.2 Tychonoff’s theorem

Thychonoff’s theorem states that any product of compact spaces is compact
with respect to the product topology and is known as one of the most im-
portant single result in topology. We will give a proof by means of lattices
and ideals so we need first to see some definitions.

Definition 14. Let (L, <) be a poset (partially ordered set). We say that L
is a lattice if for each x,y € L there exist both meet (z A y) and join (z V y)
in L. A lattice L is said to be distributive if for all x,y,z € L

xA(yVz)=(xAy)Vz.
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Definition 15. Let L be a lattice and a C L. a is said to be an ideal of L
if it satisfies the following conditions:

(i) if z € aand y < z, then y € a;
(ii) if x,y € a, then x V y € a.

We say that an ideal a is proper if a # L.

Definition 16. Let L be a lattice and F' C L. F' is said to be an filter of L
if it satisfies the following conditions:

(i) if x € F and x < gy, then y € F;
(i) if x,y € F, then x Ay € F.

We say that a filter F' is proper if F' # L. (Some authors include the
condition of being proper when defining filters.)

Remark 5. Let (L, <) be a lattice and consider the opposite order <., that
is, x <cp y if y < z. Then (L, <,p) is clearly a lattice, ideals in (L, <) are
filters in (L, <.p) and filters in (L, <) are ideals in (L, <p).

For proving the existence of maximal ideals, we first see that if A is a
chain of proper ideals of a lattice L with top element 1, then UA is a proper
ideal. Indeed, let x € UA and y < 2. Then x € a for some a € A and since
a is an ideal, y € a € UA. On the other hand, if x,y € UA, x € a and
y € b for some a,b € A. (Since A is a chain, we may suppose without loss
of generality that b C a). Since a is an ideal and z,y € a, we have that
zVy € aC UA. Finally, as every ideal of A is proper, we have that 1 € a
for all a € A and so 1 € UA. Thus UA is a proper ideal.

Now, by Zorn’s lemma we deduce that every proper ideal is contained in
a maximal one. A similar argument proves the existence of maximal filters
in lattices with bottom element. (Maximal filters are called ultrafilters.)

Definition 17. An ideal p of a lattice L is said to be prime if it is proper
and if whenever x A y € p then either z € p or y € p.

Dually, a filter F' of L is said to be prime if it is proper and if whenever
xVy €I then eitherx € [ or y € 1.

Note that in the correspondence defined in Remark 5, prime ideals cor-
respond to prime filters and vice-versa.

Proposition 7.4. Let L be a distributive lattice, let m be a maximal ideal
of L and let F be a mazimal filter of L. Then,

(i) if L has top element, m is prime;
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(ii) if L has bottom element, F is prime.

Proof. (i) Let (L, <) be a distributive lattice with top element 1 and let m
be a maximal ideal. Suppose that a Ab € m with a € m. Our aim is to see
that b € m. It is easy to see that the subset

a={x € L | 3Im € m such that x < aVm}

is an ideal of L. Indeed,

e if £1,29 € a then there exist mq, mo € m such that 1 < a VvV mq and
r9 < aV mso. Then

r1Vay<(aVmy)V(aVma)=aV(mVms),
and since mq V mg € m it follows that z1 V x5 € a;

e if x € a and y € L with y < z, then there exists m € m such that
x < aV m. Therefore y < a vV m and it follows that y € a.

Note also that as a < a V m for all m € m, we have a € a. Similarly, as
m<aVm,m € afor all m € m and then m C a. Thus a is an ideal strictly
contained in a maximal one since a € a ~ m. Then a = L. In particular,
1 € a, so there exists m € m such that 1 = a V m. Hence

(aAD)Vm=(aVm)ANDBVm)=1A(bVm)=bVm>b,

and since both aAb and m are in m, (aAb)Vm € m. Finally, as b < (aAb)Vm,
we have that b € m.

(ii) By duality, F is a maximal ideal of (L, <), and as (L, <) has a bottom
element, (L, <,p) has a top element. Now, applying (i), F is a prime ideal
of (L, <¢p), hence it is a prime filter of (L, <). O

For introducing the next lemma we need first to notice that if X is a
topological space, then the family of open sets OX and the family of closed
sets CX are both lattices with respect to the inclusion order.

Lemma 7.5. Let X be a topological space. Then the following conditions
are equivalent:

(i) X is a compact space;
(i) if a is a proper ideal in OX, then |Ja # X;

(iii) if F is a proper filter in CX, then N F # 0.
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Proof. (ii) and (iii) are clearly equivalent by taking complements. Indeed,
assume (ii) and suppose that F' is a proper filter in CX. Then a = {X \ A |
A € F} is a proper ideal in OX, so that (Ja # X and it follows that
NF=X~Ua# XX =0. In the same way is shown that (iii) implies
(ii).

We see now that (i) implies (ii). Let X be a compact space and let a
be a proper ideal in OX. By contradiction suppose that |Ja = X. Then
a is clearly an open cover of X, so it has a finite subcover, i.e., there exist
Uq,...,U, € asuch that U; U...UU, = X. Since ideals are closed under
finite union, X € a, thus any open subset contained in X is in a. Hence,
a = OX and it is not proper.

We show finally that (ii) implies (i). Assume (ii) and suppose that
{Ui}ier is an open cover of X. Define a to be the family of all open subsets
A of X such that A can be covered by finitely many of the U;. In other
words,

a= {A € OX | 3J4 C I finite, such that A C U Uz}.

1€Ja
Let us see that a is an ideal of OX. Let A, B € a together with their finite
subsets J4,Jg C I. Then J4 U Jpg is finite and

AuBC |J U,
JEJAUJB
So AUB € a. Also, if C € OX and C C A, we have that C' € a since
C C Ujes, Uj- Thus a is an ideal in OX.

Clearly U; € a for all ¢ € I, and since {U,};cs is a cover of X, then
(Ua = X. Hence, by assumption, a cannot be proper, that is, a = OX.
In particular, X € a and there exists a finite subset Jx of I such that
X = Ujesx Uj- =

Theorem 7.6 (Tychonoff’s theorem). Any product of compact spaces is
compact.

Proof. Let {X;}ier be a family of compact subsets. Let X = [];c; X; and
suppose that a is a proper ideal of OX. If we show that [ Ja # X, the result
follows by Lemma 7.5.

Let m be a maximal ideal of OX containing a and note that as(Ja C [Jm,
it suffices to show that Jm # X.

For each i € I, define
m; = {A € OX; | p; ' (A) € m},

where p;: X — X, is the i-th projection. We affirm that m; is an ideal of
OX; for all i € I. Indeed,
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e if A, B € m;, then both p;*(A) and p; *(B) are in m, and since m is
closed under unions,

p; ((AUB) =p; ' (A) Up; ' (B) € m.
Then AU B € m;;

e if Acm; and B € OX; with B C A, then p; '(B) C p; *(A) € m, and
it follows that p; *(B) € m. So that B € m;.

Thus m; is an ideal of O X, and it is proper since p;l(Xl-) =X Zm.

Now, since each X; is compact, by Lemma 7.5, [Jm; # X;. For each
i € I take an element x; € X; not belonging to |Jm; and put x = (x;)er.
Our aim is to show that z & |Jm.

By contradiction, suppose that € |Jm. Then there exists A € m such
that z € A. Since A is open in X, by definition of the product topology,
there exists an open subset V' such that x € V C A and V is of the form

V= ﬂ pj_l(‘/j)7
JjeJ

where J is a finite subset of I and V; € OX; for all j € J. In particular
for each j € J, we have that z € V C pjfl(Vj), and taking images by p;, we
obtain z; € Vj.

Write U; = pj_l(V}) and note that since A € mand V C A, then V € m.
Further, as OX has top element X, by Proposition 7.4, m is a prime ideal.
By definition of prime ideal, since

ﬂ Uj em

jeJ
and J is finite, there exists k € J such that Uy € m. So that, by definition
of my, we have that Vi € my. Thus z; € Vi € my and then z, € (Jmy.
This contradicts the choice of x, so x € |Jm and by Lemma 7.5, X is
compact. O

The converse of Tyhchonoff’s theorem is also true: if X = [];c; X; is
compact, then so is its image under any continuous surjection. In particular,
pi(X) = X; is compact.

7.3 Compactness in topological groups

In this section we discuss some properties about compactness in topological
groups.
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Proposition 7.7. Let G be a topological group, C C G compact and U an
open subset containing C. Then there exists an open neighbourhood N of e

such that NC C U.

Proof. Since every point € C'is an interior point of U, by Proposition 2.1,
there is an open neighbourhood M, of e such that M,z C U, and by (B2) in
Proposition 2.2, there is an open neighbourhood N, of e such that N, N, C
M,. Since = € Nz, the family {N,x},cc is an open cover of C, and since
C' is compact we may take a finite number of subsets Ni,..., N, € {N;}zec
(corresponding to x1,...,x,) such that

=1

Take N = N, IV;, an open neighbourhood of e. Then,

-

NC C N J(Nizs) =

i=1 =1

And since
NN;x; € NyN;jx; € Mz; CU

foralli=1,...,n, it follows that NC C U. (M,,..., M, are corresponding

to T1, ..., Xpn.) O

Proposition 7.8. Let {G;}icr be a family of topological groups and H a
subgroup (not necessarily normal) of a topological group G. Then,

(i) if G is compact and H closed, then H is compact;
(ii) if G is compact, then G/H is compact;
(iii) if H and G/H are both compact, then G is compact;
)

(iv) Tlier Gi is compact if and only if each G; is compact.

Proof. (i) follows directly from Proposition 7.1 (i), as H is a closed subset
of G. On the other hand, since the canonical projection p: G — G/H is
continuous, (ii) follows from Proposition 7.1 (ii). (iv) follows directly from
Tychonoff’s theorem.

We finally prove (iii). Let G be a topological group and suppose that
H is a normal subgroup of G such that both H and G/H are compact, and
let {U;}ier be an open cover of G. For any = € G, the coset zH is compact
and it is covered by {U;}cr, so there exists J, C I finite such that

1€,



42 7.3. Compactness in topological groups

Since | J;e s, Ui is open, by Proposition 7.7 there exists a neighbourhood N,
of e such that

N.zH C | ] Us.
1€Jg

On the other hand, since the canonical projection ¢: G — G/H is open
(Proposition 3.3) and since € NyzH, the family {¢(NyzH)}zeq is an open
cover of G/H. Hence there exist x1,...,z, € G such that

U a(Nay2;H) = G/H
j=1

Note that N,z H is a union of cosets and so

¢ aWNezt) = (o U vH))= U o alyH))

YyENT YyENz T
= |J yH =N,zH.
yENgx
Thus
n n
G=q " (G/H) =q " (| aWeyz;H)) = | a " (a(Noy2; H))
7j=1 7j=1
n n
= JWe,z;H)C | Ui
j=1 j=1 iEsz
We have found a finite sub-cover of G, so this completes the proof. O

Proposition 7.9. Fvery open subgroup of a compact group has finite indez.

Proof. Let H be an open subgroup of a compact topological group G. Then
{xH},cc is an open cover of G, and since any two cosets are either equal
or disjoint, it has no proper sub-covers. Thus {zH },c¢ must be finite and
it follows that H has finite index. O

Examples 13. (i) The topological group S! is compact. Thus by Proposi-
tion 7.8, the n-torus T = S! x - x S! is compact.

(i) Conmsider the orthogonal group O,(R) = {4 € GL,(R) | AA' = I,,}
consisting of all orthogonal real n x n matrices as a subspace of R™. If we
write A = (a;j), the condition AA" = I, is equivalent to

Zaijaik_éjkzo> Vjvkzl""n’ (71)
=1
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where d;y, is the Kronecker delta (0, = 1if j = k and d;, = 0if j # k). Since
O, (R) is the preimage of the closed subset {0} C R"* under a continuous
function R — R”Q, it is closed.

Moreover, by taking j = k in (7.1), we obtain

n

2 _
>oag=1,
=1

so that |a;;| < 1foralli,j =1,...,n, and it follows that O,(R) is bounded
in R"”. Thus the orthogonal group O, (R) is compact.






Appendix A

Solved exercises

Exercise 1. Let GG be a topological group. Prove that
(i) A~1=(A)~" and (A)(B) C AB for any A, B C G;

(i) if H is a subgroup of G, then so is H and if H, in addition, is normal
then H is also normal.

Solution. (i) The inversion application is an homeomorphism, so it preserves
the closure operator. Then A1 = (A4)~L.

Let B be a neighbourhood base of the identity element e and let x € A
and y € B. Our aim is to show that zy € AB. Since {zyU | U € B} is a
neighbourhood base of zy, fixed U € B it suffices to show that zyUNAB # ().
By Proposition 2.2, take Vi, V5,V € B such that ViV; C U, y~'Voy C 1}
and V C Vi N Vs, Then,

2VyV = a:y(yilVy)V - a:y(yilvgy)v C axyVhVq C ayU.

Since x and y are in the closure of A and B respectively, there exist a €
zVNAand beyVNB,soabexVyV and ab € AB. Hence,

abexzVyVNAB CxyUN AB

and it follows that zy € AB.

(ii) If H is a subgroup of G, H~! = H. Then, using the first part of the
exercise, (H)™' = H-1 = H. Also HH = H, so (H)(H) C HH = H. Thus
H is a subgroup of G.

Assume now that H is a normal subgroup of G. For any = € G, the
conjugation application f,: G — G given by g — z~'gx is continuous, and
it has continuous inverse f,-1, thus it is an homeomorphism. So f, preserves
the closure operator and then

2 YHy =2 'Hx = H.

45
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Hence, H is a normal subgroup of G. O

Exercise 2. Let A and B be topological groups and let G = A x B. Prove
that G/Ap is isomorphic and homeomorphic to B, where Ag = A x {eg}.

Proof. The projection p: G — B is an open, continuous and surjective ho-
momorphism, so by Proposition 3.5 is enough to show that kerp = Ag.

kerp = {(a,b) € G| b=-ep} = Aop. O

Exercise 3. Prove that if N and M are normal subgroups of a topological
group G such that N C M, then

G/N
M/N

is isomorphic and homeomorphic to G/M.

Solution. By first isomorphism theorem for topological groups (Proposition 3.5)
it suffices to show that the application

f:G/N — G/M
N — oM

is a continuous and open homomorphism with kernel M/N.
Firstly, f is well-defined as

tN=yN = a2y e NCM = zM =yM,
and it is a group homomorphism since
fayN) = ayM = aMyM = f(zN)f(yN).

Also, ker f = {aN € G/N |x € M} = M/N.
Secondly, to show that f is continuous, we consider the following dia-
gram, which is clearly commutative:

RN

G/M

(p and ¢ are the corresponding canonical projections). Now by Proposition
3.1, as p is continuous so is f.
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We finally see that f is open. Let U be an open subset of G/N. Since p
is a quotient map, f(U) is open if and only if p~'(f(U)) is open in G. We

hav
e p Y f(U)) ={z € G|xzM = f(yN) for some yN € U}

={zr € G|zM = yM for some y € q_l(U)}
={r e G|z e€yM for some y € q_l(U)}
yeq~1(U)
= q_l(U)M,
and ¢~ (U) is open since ¢ is continuous, so by Proposition 1.2, p~1(f(U))
is open. Thus, f is open and it follows that
G/N
M/N

is isomorphic and homeomorphic to G/N. O

Exercise 4. Let G be a topological group with identity eq and let E denote
the closure of {es}. Note that by Exercise 1, F is a normal subgroup of G.

(i) Show that G/E is the universal Hausdorff group on G, i.e., for any
continuous homomorphism f: G — H, where H is Hausdorff, there exists
a unique continuous homomorphism f,: G/E — H such that f = f, ogq,
where q: G — G/FE is the canonical projection.

—

PN

G/E

G

(ii) Prove that if Go denotes the group G together with the trivial topology,
then the map h: G — (G/E) x Go given by x — (zE,z) embeds G as a
topological group in (G/E) x Gy.

Solution. (i) Since E is closed, by Proposition 4.5, G/E is Hausdorff. Let eg
and ey denote the identity elements in G and H respectively. For proving
the existence we define the application

f«: G/E — H

We first see that f, is well-defined. If zFE = yF in G/E, then 2~ 'y € E and
SO

F@E) u(yE) = f(aly) € f({ec}) € F({ec)) = {en}-
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Since H is Hausdorff, {ey} = {en}, hence f.(zF) = f.(yE). And f, is
clearly a group homomorphism since

f(aByE) = fu(zyE) = f(zy) = f(2)f(y) = f+(zE) fo(yE).
Note also that for all x € G, fi(¢(z)) = f«(zE) = f(x), so froq=f.

Let us see now that f is continuous. If U is an open subset of H, f,1(U)
is open if and only if ¢~!(f1(U)) is open in G. But

g (fHU) = (froq)H (U) = fFHU),

and the latter is open since f is continuous. Then f, is a continuous homo-
morphism.

Suppose now that f': G/E — H is another continuous homomorphism
such that f'oq = f. Then, for any = € G,

fi(@E) = f(z) = (f o q)(x) = f'(2E).
Hence, [’ = f..

(ii) h is an embedding of topological groups if and only if it is a continuous
and injective homomorphism and if A(U) is open in h(G) for any open
subset U C G. The application h is given by x — (xE,x) so it is clearly
injective and also a group homomorphism (since it is an homomorphism at
each component.)

To see that h is continuous, by Proposition 3.9, it suffices to show that
both p; o h and py o h are continuous, but the former is continuous as it
is the canonical projection G — G/E. The latter is continuous since so is
every application G — Gy. (Because Gy has the trivial topology.)

It remains to show that if U is open in G, then A(U) is open in h(G) =
{(zE,z) | x € G}. Tt is immediate that h(U) C h(G) N (¢(U) x Gp), let us
see that it is in fact an equality. Suppose that (zE,y) € h(G)N(q(U) x Gy).
From the condition (zE,y) € h(G) we obtain that necessarily xF = yE. On
the other hand, since zE € q(U), there exists z € U such that *FE = zFE.

By Proposition 4.1, G is a regular space and then, since U is a neighbour-
hood of z, there exists a closed neighbourhood F' of z such that F' C U. But
as zF = z{eg} = {2} (because the left translation is an homeomorphism)
and {z} is the smallest closed subset containing z, then y € yE = 2E C
F CU. Thus (zE,y) = (yE,y) € h(U) and it follows that

h(U) = h(G) N (qg(U) x Go).

Finally, by Proposition 3.3, ¢ is an open map and so ¢(U) is open. Then
q(U) x Gy is open in (G/E) x Gy and consequently h(U) is open in h(G).
Hence, h is an embedding of topological groups. O
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Exercise 5. Prove that the topological group GL,,(C) is connected.

Solution. For the basic case, when n = 1, the result is immediate, as GL1(C)
is homeomorphic to the connected space C ~\ {0}.

We now prove the result for an arbitrary n. Since GL,(C) is homeomor-
phic to c ~ker(det) and the determinant function is given by a polynomial,
it is enough to show that for any polynomial p: C* — C the space C" \ ker p
is connected.

Let z,w € C" \ kerp, where p: C" — C is a polynomial. Define the
linear map
v:C—C"
t—s (1 —t)z +tw

and take A = ker(po~y). Note that as v(0) = z € ker p and (1) = w & ker p,
then 0,1 ¢ A. Since poy: C — C is a polynomial, A is a finite subset of C
and so C \ A is path-connected. Thus there exists a path a: [0,1] - C~\ A
such that a(0) =0 and a(1) = 1.

Finally, for all t € [0, 1], we have that a(t) & ker(poy), that is p(y(«a(t))) #
0. Or equivalently (yoa)(t) & ker p. So yoa is a path from z to w in C"*~\ker p
and it follows that it is path-connected, hence connected. ]

Exercise 6. Prove that if a finite topological group is connected then it
must have the trivial topology.

Solution. Let G be a finite topological group with a non-trivial topology.
Our aim is to show that G is not connected, that is equivalent (by Proposi-
tion 5.1) to find a proper open subgroup.

Let B be a neighbourhood base of the identity element and for each
B € B let Vg be an open subset such that e € Vg C B. We have that
V = {Vp | B € B} is a neighbourhood base of e consisting all of open subsets.

By hypothesis there is a non-empty open subset Uy # G. For any x € U,
the subset 21U is open, proper and contains e, so we may suppose without
loss of generality that e € Uy. By Remark 1, there exists U; € V such that
Ul_lUl C Up. (Note that e € Ul_1 and so Uy C Up.) Take now Uz € V
such that Uy Uy C Uy. Continuing in this fashion we obtain a decreasing
sequence

G#Uy2U1 DU D+ D {e},

consisting all of open neighbourhoods of e and such that U, +11Un+1 c U,
for all n > 0. Since G is finite, there exists an integer ng > 0 for which
Uno+1 = Upny- Then

—1 —1
U, Uno = Un0+1Un0+1 C Unov

no
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thus Uy, is a subgroup of G. It is also proper and open, so by Proposition
5.1 G is not connected. O

Exercise 7. Show that the topological group SL,(R) is not compact if
n > 2.

Solution. For each k € N take the n x n matrix

£ 0 - 00
01 -~ 00
A = : :
0 0 10
0 0 k

which is clearly in SL,(R). If we identify the matrix Ay with an element ay,
of R" then

1 1
laxll = \/zz +n—2+k = \/k2+k? > k.
Therefore, SL, (R) is not bounded in R"* and then by Heine-Borel theorem
it is not compact. O

Exercise 8. Show that Z is not a compact group with the p-adic topology
when p is a prime number other than 2.

Solution. The p-adic topology is generated by the family {p"Z},cn, then
{x 4+ p"Z} en is a neighbourhood base of x for any = € Z. Each p"Z is a
closed subset. Indeed, if x & p"Z, then x + p"Z N p"Z = (. Now, for each
n € N let

By=1+p+---+p" ' +p"Z

and note that since translations are homeomorphisms, each B, is a closed
subset. Since B, = B,, + p" and p"*'Z C p"Z, we have that Bhy1 C B,
Then, if J is a finite subset of N, N;c; Bj = Bmaxs # 0.

If we show that the family {B,},cn have empty intersection, then by
Proposition 7.3 follows that Z is not compact.

Let rn:1+p+...+p"—1 and [, = r, — p"™. Since

n_pn_l

ln=10—p

we have that r, and [,, are the closest points of B,, to 0. Thusifl,, < z < ry,
then = ¢ B,. It is immediate that for any n € N, r,1; > r, (because
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Tn+1 = p" +1y). Also,
i1 <lp == 1oy —p" <1y —p"
= Pt —p <, ="
— 2p" < pp" '
= p>2
Therefore, when p > 2, for any x € Z there exists n € N such that [, < x <
rn. Then x € B,, O (;en Bi and it follows that ();en B; must be empty. [

Exercise 9. Prove that if GG is a topological group and A and B are compact
subsets of G, then AB is compact.

Solution. Let {U;};cr be an open cover of AB. Since the map
fiGxGE@—G

(z,y) — ay
is continuous and A x B C f~1(AB), we have that {f~1(U;)};cs is an open

cover of A x B. By Tychonoff’s theorem A x B is compact, and then we can
take a finite subset J C I such that

AxBc | rwy=r"(Uu).
jeJ =
Now applying f we obtain a finite subcover of AB:
fAxB)=ABC f(f(Uu) < UUus 0
Jje€J Jje€J

Exercise 10. Let G be a topological group, A C G closed and C C G a
compact subset. Prove that AC' is closed in G.

Solution. Fix x € G~ AC. Then, a 'z ¢ a ' AC for any a € A and since
C C a 'AC we have that a= 'z & C for any a € A. Thus A~'2aNC =0, or
equivalently, C C G ~ A7 'z.

Now, since C' is compact and G~ A~ !z is open, by Proposition 7.7 there
is an open neighbourhood V of e such that CV C G ~ A~ 'z.
CVCG~NA'lzs = CVNnAla=1(
— ACVNAA 'z =0
= ACVV 'naV'=4(
— ACNzV =0

So V! is an open subset containing = and disjoint with AC, hence AC is
closed. ]
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