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Calibrating Analytical Models for Semilocal Strings
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Abstract. In this work we calibrate two different analytic models of semilocal strings by
constraining the values of their free parameters. In order to do so, we use data obtained from
the largest and most accurate field theory simulations of semilocal strings to date, and compare
several key properties with the predictions of the models. As this is still work in progress, we
present some preliminary results together with descriptions of the methodology we are using in
the characterisation of semilocal string networks.

1. Introduction
Understanding the evolution of string networks is crucial for predicting their number densities,
which in turn determine their potentially observable effects. However, the quantitatively
accurate modelling of string network evolution is a difficult problem, requiring the combination
of a range of techniques (both numerical and analytical), and interpolating between physics at
very different energy scales.

Here, we present a calibration of analytical models for semilocal strings using field theory
simulations. This work is part of an ongoing project where we tackle in turn different aspects
of the calibration procedure by comparing the numerical simulations with predictions for the
analytic models. In section 3, we study the large-scale properties of the simulated networks
[1]. Then, in section 4, we outline the comparison between field theory simulations and the
analytic models, anticipating work that will appear in [2]. Section 5 shows the last ingredient
of our analysis, where we present the techniques we will use in a future work [3] to estimate the
velocities of the semilocal strings. Prior to all this, in section 2 we introduce the semilocal model
and the analytic models used in this work, as well as the numerical simulations performed.

2. The Model
2.1. Semilocal Model
Semilocal strings [5, 6, 7] were introduced as a minimal extension of the Abelian Higgs (AH)
model with two complex scalar fields instead of just one, that form an SU(2) doublet. This leads
to U(1) flux-tube solutions even though the vacuum manifold is simply connected. The strings
of this extended model have some similarities with ordinary local U(1) strings, but they are not
purely topological and will therefore have different properties. For example, since they are not
topological, they need not be closed or infinite and can have ends. These ends are effectively
global monopoles which have long-range interactions[8].
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The relevant action for the simplest semilocal string model, the one we will use in the
numerical simulations, reads:

S =

∫
d4x

(
[(∂µ − iAµ)Φ]2 − 1

4
F 2 − β

4
(Φ+Φ)2

)
, (1)

where Φ = (φ, ϕ) (φ and ϕ are complex scalar fields), F 2 = FµνF
µν and Fµν = ∂µAν − ∂νAµ. It

can be easily seen that setting one of the two scalar fields to zero, we recover the AH model.
The stability of the strings is not trivial, and it will depend on the value of the parameter

β = m2
scalar/m

2
gauge: for β < 1 the string is stable, for β > 1 it is unstable, and for β = 1 it is

neutrally stable [5, 6, 7]. Only low values of β will be of interest for the comparison, because
otherwise the string network is either unstable or disappears very fast. It is also known that the
lower the β, the more it looks like AH strings.

2.2. Analytic Models
Broadly speaking there are two ways to model the evolution of these defects [4] using effective
models. The simplest one attempts to model the overall network, specifically focusing on the
evolution of the monopoles (which are known to dominate the dynamics of the network). This
is a ’classical’ one-scale model description. On the other hand, given that the evolution of the
semilocal segments is highly non-trivial, a more accurate description must necessary include the
evolution of this segment population. In this subsection we will concentrate on the latter.

Numerical simulations indicate that while some segments shrink and disappear, there is also
a significant probability that segments merge and form longer segments. This is due to the long
range interactions of the global monopoles at the end of segments. To account for this behaviour
we start from the evolution equations for segment size introduced in the velocity-dependent one-
scale (VOS) model, where the equations come from the statistical averaging of the microscopic
equations of motion [10, 11]:

dls
dt

= Hls − v2s
ls
ld
,

dvs
dt

= (1− v2s)
[ k
ls
− vs
ld

]
, (2)

where ls is the length of the segment under consideration, vs is the root mean square (RMS)
velocity, k a free parameter describing string curvature(to be calibrated), H the Hubble
parameter and ld is the string damping length. We now modify those equations in two possible
phenomenological ways [4]:

2.2.1. Scale-dependent Behaviour: A simple generalisation of the equations (2) would be

dls
dt

= Hls − v2s
ls
ld

+ σ
(
1− L

ls

)
v2m,

dvs
dt

= (1− v2s)
[ k
ls
− vs
ld

]
(3)

where L is the characteristic scale of the monopoles and σ is a free parameter controlling
the importance of the newly introduced term. The new term was added on phenomenological
reasoning that, to a first approximation, small segments should shrink and large ones should
grow and merge [8]. This can be intuited as a competition between two characteristic timescales.
Each segment will have an annihilation timescale, and each monopole will have a characteristic
timescale in which to find its (anti)partner and annihilate, thereby producing a longer segment.
The second process is expected to become relatively more likely as the segment size increases.
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2.2.2. Balance Equation: The following modification for the evolution equations is considered

dls
dt

= Hls − v2s
ls
ld

+ dvs
( ls
L
− 1

)
,

dvs
dt

= (1− v2s)
[ k
ls
− vs
ld

]
(4)

In these we are assuming that the network of string segments has a Brownian distribution,
something that can be tested in numerical simulations. The new term (including new free
parameter, d) accounts for the probability that different segments intersect, which depends
both on the length/number density and velocity of the segments.

2.3. Field Theory Simulations
We simulated numerically the semilocal model introduced in section 2.1 so as to provide us
with data to be used for comparison with the analytic models. The parameter space we want
to explore is rather large, so we carefully chose the cases to study, and tried to maximise the
information we could obtain from simulations given the computer resources available to us. The
cases for study chosen are β = 0.01, 0.04, 0.09; the cosmologies under consideration correspond
to expanding universes, both in radiation and matter eras. We perform each one of these cases
for two different lattice spacings δx = 0.5, 1.

We discretised the action given in equation (1) by standard techniques (using lattice-link
variables and a staggered-leapfrog method) and evolved the discretised action in 10243 lattices
with periodic boundary conditions, similar to [9].

Once the system reaches scaling, quantities of interest can be measured. Semilocal strings are
non topological entities; therefore, we cannot use topology to detect them. This kind of strings
can be thought of as concentrations of magnetic energy, and that is the strategy we follow: we
first calculate the maximum of the magnetic field strength, and the radius, of a straight and
infinite AH string for a given β. We use those values for the simulated semilocal string network:
if the magnetic field strength of a simulated semilocal model measured at a point of the box
exceeds the 25% of the maximum of the corresponding AH string, we consider that point to be
part of a semilocal string segment. The output of our simulation is thus an array of points from
the simulated box which have a considerable concentration of magnetic field strength.

Figure 1. Semilocal string network, in matter domination with β = 0.04. The left figure shows
two types of structures: on the one hand we have tube-like structures (proper strings) and on
the other short blobs. These blobs we disregard in our analysis. The right figure shows the
network without blobs, and also each segment has been identified and plotted with a different
colour. As the number of segments is large, the colours are unfortunately used for more than
one string segment. Note also that the blob removal procedure does sometimes fail to identify
some sphere-like structures, since their volume is large.
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We then group together the points that have been output by the simulations into segments.
These segments are mostly tube-like, but some are sphere-like instead of tube-like, i.e., they
are blobs of energy. These can be formed, for example, after a segment collapsed into itself.
We do not wish to count these blobs as part of our network, and we introduce a lower cut-off:
those segments that are not longer than a given factor times the typical radius of a string are
considered to be blobs and are discarded. One typical simulation snapshot is shown in Fig. 1.

3. Large-scale Properties [1]
We have performed 12 simulations for each case of our set of parameters, and use the results
to obtain basic statistics about the properties of the networks. All in all, for each one of those
simulations, and for specific values of the simulation time, we obtain the total string length
L(t) and monopole number N (t) in the box. Both of these provide simple diagnostics for the
large-scale evolution of the network, and specifically for the presence of scaling.

Fig. 2 provides an example of the evolution of these quantities for the case β = 0.09, δx = 1
and matter era simulation. This is representative of all the sets of simulations we have performed.
This analysis therefore shows that all the networks have reached the scaling solution.

The string lengths and number of monopoles obtained can easily be translated into VOS-type
length scales using [10, 11],

γs ≡
Ls
t

=
1

t

√
V

L
, (5)

γm ≡
Lm
t

=
1

t

( V
N

)1/3
. (6)

After analysing the VOS-type length
scales, in all cases under study, we can see
that in matter era γs is larger and γm smaller
than in radiation era. This is because in ra-
diation era the effective monopole velocity is
higher and segments move faster to either
grow and meet with other segments or col-
lapse, giving a longer typical string length
and smaller number of monopoles. Note that
γs and γm are inversely proportional to L and
N , respectively.

Figure 2. Scaling plots for L and N for
β = 0.09, in the matter era, with δx = 1.
The error bars show statistical errors over the
12 simulations.

However for a given cosmology, γs grows with β and γm gets smaller. This is also to be
expected since for lower β we expect the system to behave more like an AH network, which has
longer strings and fewer segments.

4. Segment Distribution [2]
Our simulations have sufficient resolution and dynamical range to allow us to perform
quantitative diagnostics, and study in much more detail the structure and evolution of our
string networks. While the previous section focused only on two important physical quantities,
L and N , in this section we will take this further and study the statistics of string segment
length distributions. Starting from initial configurations of the semilocal string networks, we
can group, at any given time, all string segments into suitable chosen length bins and study how
the length distributions evolve in time.

Furthermore we can evolve these length distributions using our analytic models, so as to
compare data from field theory simulations and analytic models. For example in Fig. 3 we can
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see length distributions for different time steps directly coming from the simulations, as well as,
from analytic models. Now we can employ χ2 minimisation to calibrate the free parameters of
the analytic models.

Figure 3. Number of strings in each bin for different
time steps for β = 0.01, radiation era and δx = 0.5.
Red columns show values coming from the simulations,
while blue columns represents the 2.2.1 model and green
columns the 2.2.2 model.

Figure 4. Contour plot showing
the best values for the parameter
space for β = 0.01, radiation era
and δx = 0.5.

In Fig 4 we have a typical contour plot obtained after the χ2 minimisation. The figure
shown is a preliminary result for the scale-dependent behaviour case. There we can see that the
parameter σ is constrained [1.4, 2.2], but the parameter k is unconstrained.

5. Velocities [3]
In this last section we will reduce systematic uncertainties in our modelling to give a fully
quantitative calibration. To do this, we will calculate transverse velocity of the string segments
and also we will measure the monopole velocity by tracking monopoles during the evolution.
The results obtained using these method will appear in [3].

5.1. String Transverse Velocity
In order to work out the transverse velocities we will use the method proposed by [12].

γ2F 〈ẋ2〉F =
E2

L
B2

L
γ2G〈ẋ2〉G =

Π2
L

(DΦ)2L
(7)

In the first case Ei = F0i and Bk = εijkFij/2 are the electric and magnetic fields respectively

where εijk is the Levi-Civita symbol. In the second case Π = Φ̇ is the canonical momentum and
DΦ = ∂Φ/∂x + iAΦ represents the spatial gradients of the fields. γ2 is calculated using 〈ẋ2〉,
and subscript L denotes a Lagrangian weighting of a field X according to

XL =

∫
d3x X L∫
d3x L

. (8)

5.2. Monopole Velocity
As said before semilocal strings can have ends. These ends are effectively global monopoles, and
we investigate the velocity of these ends. In order to measure this velocity, we need to pinpoint
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where a monopole moves at every step, but it is difficult taking into account that there are lots
of strings in the simulation box.

Firstly, we have to detect all the monopoles individually. As we know, monopoles are
characterised by their topological charge. In order to detect them we compute the topological
charge around a lattice point using the method described in [6].

Finally we track the path of all individual monopoles by taking into account that they cannot
travel faster than the speed of light and that they conserve their topological charge. Thus, we can
measure the monopole velocity directly using the path they have travelled during the evolution.

6. Summary
Here, we have presented a numerical study of semilocal string networks. Firstly, we have
discussed the large-scale properties of simulated semilocal networks, covering couplings in the
range 0.01 ≤ β ≤ 0.09, and damping terms corresponding to expanding universes dominated by
radiation and matter. We have demonstrated scaling behaviour for semilocal networks. Then we
have described a comparison of our simulations with analytical models: starting from an initial
configuration of a semilocal network we are gathering all string segments into length bins and
we are comparing the evolution of the segments in each bin using our field theory simulation
and our analytic models. An important source of uncertainty in this comparison is related to
our lack of knowledge of the velocity in simulations of semilocal strings. Therefore, in the last
part we have presented the methods that we will use to compute the transverse string velocity
and the monopole velocity.
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