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“Y todo, como el diamante,
Antes que luz es carbon”

José Marti (Versos Sencillos, 1891)






RESUMEN

La técnica de imagen de resonancia magnética por difusion es una modalidad de imagen de
resonancia magnética empleada para estudiar el proceso de difusion molecular del agua en
tejidos bioldgicos y medios porosos. Cuando el movimiento natural de las moléculas se ve
restringido y modificado por la presencia de barreras, los experimentos de resonancia
magnética por difusién brindan informacién sobre la geometria confinante. En los tltimos
afos esta técnica ha sido la principal herramienta para estudiar la microestructura y
organizacion espacial de los tejidos del cerebro de forma no invasiva. Existen numerosas
aplicaciones radiolégicas en tejidos de otros o6rganos, incluyendo los que conforman la

columna vertebral, el corazén, la lengua y musculos estriados unidos al esqueleto.

Entre los métodos de andlisis que se han propuesto para modelar e interpretar los datos
observados, el modelo del tensor de difusién fue el primero en considerar la anisotropia del
proceso de difusién del agua en el cerebro, donde la difusién ocurre de forma desigual en
diferentes direcciones debido a la disposicion espacial de los tejidos. Sin embargo, en este
modelo se asume que el proceso de difusién tiene una geometria elipsoidal, suposicién
invalida para muchas regiones del cerebro que compromete la interpretacion de los resultados.
Tal limitacién ha impulsado el reciente desarrollo de nuevos modelos tedricos, esquemas de
medicién y algoritmos de reconstruccidn. Mientras algunas de estas técnicas se han basado en
considerar un nimero minimo de suposiciones tedricas, como las técnicas de imagen g-ball, la
imagen espectral de difusion y en cierto grado la transformada de orientacién de la difusion,
otras técnicas se han basado en modelos paramétricos, como el modelo de mezcla de
multiples tensores de difusion y el método de deconvolucion esférica. A pesar de la notable
mejora que introducen estos métodos en relacidn al tensor de difusién, algunos de ellos tienen
limitaciones pricticas y su formulacion tedrica atin se encuentra en creciente desarrollo; en
otros, los métodos numéricos empleados en la estimacién no son necesariamente Optimos

debido a que han obviado aspectos que podrian ser relevantes.

Con el objetivo de extender y perfeccionar varias de las herramientas modernas dedicadas a la
modelizacién de imdgenes de resonancia magnética por difusidn, en el marco de esta tesis se
presenta un compendio de métodos para obtener estimadores mds realistas de la estructura
arquitectonica del cerebro humano. Las nuevas metodologias propuestas van acompafiadas de
desarrollos tedricos que permiten entender con mayor amplitud los conceptos sobre las que se
basan y su interrelacion. Las técnicas desarrolladas en este compendio encuentran aplicacién
en las neurociencias, la medicina y la psiquiatria. Estas han sido publicadas en revistas
cientificas de alto impacto y son actualmente empleadas en el estudio de las alteraciones
cerebrales en pacientes con enfermedades mentales, asi como en el mapeo del ‘conectoma

humano’ — el mapa de las conexiones estructurales en todo cerebro.
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PARTE I: INTRODUCCION

CAPITULO 1: INTRODUCCION

1.1 Motivacion

El cerebro humano contiene miles de millones de neuronas que se comunican entre si por
medio de sus axones, formando complejas redes neurales. Uno de los preceptos
fundamentales de la neurociencia moderna, planteado explicitamente en el trabajo de sus
fundadores, establece que las propiedades computacionales del cerebro son una consecuencia
directa de sus circuitos (1). La complejidad estructural de estos circuitos condiciona en gran
medida el funcionamiento de las redes neuronales, mediante las cuales el cerebro realiza
complejas tareas neurofisioldgicas como el lenguaje, la atencién y la percepcién. El mapeo
estructural de tales redes durante estados patoldgicos y de salud es esencial para entender el
funcionamiento de tan complicado érgano (2). Sin embargo, el estudio de la conectividad
estructural del cerebro se ha visto limitado histéricamente por la falta de métodos no

invasivos que permitan el adecuado estudio de la anatomia axonal.

Durante las ultimas décadas, el advenimiento de modernas técnicas de neuroimagen como la
resonancia magnética (del inglés: Magnetic Resonance Imaging, MRI) (3) ha posibilitado un
aumento sin precedentes en el nimero de investigaciones destinadas al estudio del cerebro.
Esta técnica permite visualizar las estructuras cerebrales por medio de la aplicacién de fuertes
campos magnéticos que actdan selectivamente sobre los dtomos de hidrégeno de nuestro
organismo. A diferencia de muchas otras técnicas empleadas en radiologia, la resonancia
magnética no produce radiaciones ionizantes dafiinas, lo que permite obtener visualizaciones
andtomo-funcionales tridimensionales del cerebro in vivo sin afectar al sujeto que se somete a
ella. Esta caracteristica, unida a que es la técnica de neuroimagen que posee mayor resolucién
espacial, explica su liderazgo como herramienta para el mapeo del cerebro humano, uno de

los principales retos cientificos del presente siglo (1).

En los ultimos afios ha emergido una nueva modalidad de imagen de resonancia magnética,
conocida como resonancia magnética por difusion (del inglés: Diffusion Magnetic Resonance
Imaging, dAMRI) (4). Esta técnica es empleada en el estudio de la geometria tridimensional del
proceso de difusién del agua en tejidos bioldgicos. Debido a que el proceso de difusion del
agua estd estrechamente relacionado con la geometria del medio que lo confina, esta

herramienta permite a su vez el estudio de la organizacién axonal en los tejidos del sistema



nervioso, donde el movimiento de las moléculas de agua se encuentra especialmente

obstaculizado (5).

La técnica de imagen dMRI sustenta sus bases en principios fisicos establecidos en las teorias
cinético-molecular, cudntica y electromagnética de la materia. Dichas teorias establecen que
el momento magnético de un espin (protén de hidrégeno) bajo la accién de un campo
magnético estitico externo (producido por el escdner mediante un electroiman) realiza un
movimiento de precesion en torno a la direccién de dicho campo (6). Como consecuencia, un
conjunto de espines orienta su magnetizacion neta de forma paralela a la direccién del campo
magnético externo aplicado. Mediante la aplicacion adicional de pulsos electromagnéticos de
radiofrecuencia es posible rotar el vector de magnetizacién neta hacia el plano transversal
correspondiente a la direccién del campo magnético estdtico. El proceso de difusién debido al
movimiento molecular de las moléculas provoca una disminucién en la magnetizacion
transversal neta del sistema. La idea bdsica de la dMRI reside en cuantificar la difusién
molecular a lo largo de diferentes direcciones espaciales por medio de este decaimiento de la
magnetizacién transversal y en usar estas medidas para caracterizar y determinar, mediante
modelacién inversa, la estructura de los tejidos (6). Este procedimiento ha permitido
visualizar estructuras celulares que no se pueden detectar con técnicas convencionales de
resonancia magnética (7). Desde el punto de vista clinico tiene importantes aplicaciones en la
deteccién de anomalias en la masa encefdlica, causadas por tumores, isquemia e infartos
cerebrales, enfermedades neurodegenerativas como el Alzheimer, Esclerosis, Ataxia,
enfermedad de Huntington, enfermedad de Parkinson, atrofia muscular espinal, o

enfermedades mentales como la esquizofrenia y otros trastornos psicéticos (2).

El disefio experimental de adquisicion de neuroimdgenes de resonancia magnética por
difusion se basa en medir la sefial generada en cada uno de los cientos de miles de pequefios
rectdngulos/pixeles tridimensionales (llamados voxels) en que es estructurado el cerebro para
su medicién. En cada uno de estos voxels se realizan miiltiples mediciones en diferentes
direcciones espaciales para caracterizar la anisotropia del proceso de difusién. Dicha
anisotropia se debe a la presencia de barreras celulares que obstaculizan el movimiento del
agua en determinadas direcciones, en funcion de su orientaciéon espacial y su forma
geométrica. Mediante esta metodologia se pueden obtener estimaciones a nivel local de la
organizacion direccional de los haces de fibras nerviosas en la sustancia blanca del cerebro.
Como resultado, se pueden construir campos vectoriales que representan la orientacion de las

fibras nerviosas en cada punto del cerebro. Posteriormente, esta informacién puede ser



aprovechada para determinar, mediante el uso de algoritmos de trazado de fibras (8) (del
inglés: fiber tracking o tractography), si dos regiones del cerebro se encuentran conectadas

por fibras nerviosas y para establecer la disposicién espacial de dichos tractos (9).

El desarrollo de la dMRI ha incrementado el interés en la estimacién y visualizacién de los
patrones de conectividad anatémica presentes en el cerebro humano. Tanto es asi que el
trazado de fibras nerviosas a partir de datos dMRI constituye la principal herramienta para

llevar a cabo el proyecto del ‘conectoma humano’ — un proyecto cientifico internacional que

tiene como objetivo bésico el conocimiento de las vias axonales que conectan las neuronas del
cerebro humano (5). Esta técnica también ha encontrado aplicacién en el campo de la
neurocirugia, para informar al cirujano sobre las relaciones anatémicas tridimensionales de

cada paciente (10).

La calidad de la estimacion de los patrones de conectividad cerebral depende en gran medida
de la exactitud de los métodos empleados en la determinacién de la orientacién axonal en
cada voxel. Por esta razén la comunidad cientifica estd dedicando un considerable esfuerzo al
desarrollo de nuevos modelos tedricos y algoritmos de estimacién ‘intravoxel’ que tienen
como propdsito obtener estimadores realistas de la geometria microscOpica de los tejidos. En
los tltimos afios se han venido realizando concursos internacionales (véase, por ejemplo (11)

y (12)) para identificar las mejores técnicas de reconstruccion.

1.2 Resonancia magnética por difusién: Breve recuento historico

Poco después del descubrimiento del fendmeno de la resonancia magnética nuclear (del
inglés: Nuclear Magnetic Resonance) por Bloch (13,14) y Purcell (15), laureados con el
premio nobel de fisica en 1952 por dicho hallazgo, Hahn publicé un trabajo (16) en el cual
not6é que el movimiento térmico aleatorio de los espines podia reducir la amplitud de la sefial
observada en presencia de un campo magnético no homogéneo. Seguidamente Carr y Purcell
(17) desarrollaron un conjunto de ecuaciones que relacionaban la atenuacién de la amplitud de
la sefial con saltos discretos de los espines y Torrey (18) llevé a cabo una descripcion
continua basdndose en la ecuacién de movimiento de la magnetizacién neta del sistema, a la
que afiadié un término que consideraba el proceso de difusién, conocida por ecuacién de

Bloch-Torrey.

En 1965 Stejskal y Tanner (19) desarrollaron la metodologia y teorfa de un experimento de

resonancia magnética basado en una secuencia de pulsos de gradientes que permitié la



medicion cuantitativa de los coeficientes de difusiéon molecular. Las primeras imdgenes de
resonancia magnética del cuerpo humano se obtuvieron en la década de los setenta, gracias a
los trabajos de Paul C. Lauterbur (20) y Peter Mansfield (21), condecorados con el premio
nobel de fisiologfa y medicina en 2003 por su invencion, la cual fue posteriormente mejorada
con la propuesta de Richard Ernst (22) de codificacién por frecuencia y fase, y el uso de la
transformada de Fourier, hallazgo por el cual este tltimo investigador recibié el premio nobel

de quimica en 1991.

Varios estudios acerca de la difusion en espacios restringidos fueron reportados por Woessner
(23), Stejskal y Tanner (19,24,25) y Cotts (26). A partir de la década de los setenta se
comenzo6 a estudiar la difusién molecular aplicada a la biologia (4)(27). Con el objetivo de
caracterizar por vez primera la anisotropia que presentan los tejidos cerebrales, en 1994
Basser (28) introdujo el formalismo del tensor de difusion del agua (del inglés: Diffusion
Tensor Imaging (DTI)) y propuso un método para estimarlo. Posteriormente se han
desarrollado otros modelos mds realistas y calculado otras magnitudes para describir y

cuantificar la difusién del agua.

Finalmente, en esta tultima década se han empleado técnicas de difusién en diversas
aplicaciones, desde el estudio de complejos fluidos en movimiento, medios porosos y
compuestos quimicos, hasta la caracterizacién de la anatomia cerebral y la cuantificacién de
su afectacién en diversas patologias. A modo de ejemplo, la base de datos de literatura
biomédica ‘PubMed’ muestra mds de 8700 articulos publicados en los tltimos 10 afios bajo el

término ‘Diffusion Tensor Imaging’.

1.3 Métodos de reconstruccion intravoxel: Breve revision y situacion actual

La técnica del tensor de difusidn posibilitd por vez primera obtener informacién relevante
sobre la estructura y orientacion de los tejidos bioldgicos in vivo y de forma no invasiva (29).
Sin embargo, esta técnica se sustenta en suposiciones tedricas que condicionan su validez e
interpretacion. La principal limitacion de la metodologia es que s6lo puede identificar la
orientacién de un haz de fibras nerviosas paralelas en cada voxel. Por tanto, la técnica falla en
regiones del cerebro donde existe mds de un haz de fibras por voxel, por ejemplo, en regiones
donde diferentes fibras se cruzan, divergen o convergen. Existe evidencia de que la sustancia
blanca del cerebro estd compuesta en gran parte por este tipo de regiones de estructura

compleja (30).



Para superar esta dificultad se han desarrollado otros métodos de reconstruccién, usualmente
basados en esquemas de medicién de la sefial que emplean un mayor nimero de direcciones
que las requeridas para estimar el tensor. Estos esquemas de alta resolucién angular (del
inglés: High Angular Resolution Diffusion Imaging (HARDI)) (31,32)(33), posibilitan una

mejor caracterizacién angular de la anisotropia.

Una clase muy popular de métodos de reconstruccion basados en esquemas HARDI son los
métodos ‘multi-compartimentos’, en los que se asume que el volumen contenido en el voxel
estd formado por un numero pequefio de compartimentos inconexos y que cada
compartimento contiene un Unico haz de fibras nerviosas paralelas. En estos métodos se
asume que la sefial medida es la mezcla, o suma ponderada, de las sefiales provenientes de
cada compartimento de fibras y que las sefiales son proporcionales a los volimenes que estos
ocupan. Un ejemplo de este tipo de modelo es el multi-tensor (33), el cual asume que el
proceso de difusion en cada compartimento se describe por un tensor de difusién. El objetivo
de tal modelizacién es obtener informacion, mediante estimacién inversa, sobre los
parametros relevantes de cada compartimento, como la orientacién de las fibras contenidas, su
grado de empaquetamiento, volumen, etc. En la practica la estimacién de este tipo de modelo
posee algunos problemas. Por una parte, el modelo resultante de la sefial pasa de ser mono-
exponencial, en el caso del tensor de difusién, a multi-exponencial para el modelo multi-
tensor, requiriendo este dltimo de la aplicacion de algoritmos numéricos inestables, altamente
dependientes del nivel de ruido en los datos y de los pardmetros del algoritmo. Por otra parte,
en el modelo multi-tensor también se hace necesario especificar de antemano el nimero ‘.’ de
compartimentos que existe en cada voxel del cerebro, informacién de la que no se dispone y
que ha obligado a aplicar métodos estadisticos de comparacién de modelos para seleccionar el
mas apropiado. Por ejemplo, Tuch y col. (33) utilizaron un méximo de k=2 compartimentos;
Hosey y col. (34) extendieron el marco de modelacién Bayesiana propuesto por Behrens y
col. (35) para calcular las probabilidades relativas de los modelos de k=1 y k=2
compartimentos de fibras; Behrens y col. (36) desarrollaron un método basado en el
formalismo de la ‘Determinacidn automadtica de relevancia Bayesiana’ (del inglés: Bayesian
Automatic Relevance Determination (ARD)) para inferir el nimero de fibras en el voxel, el

cual permitié detectar en algunos casos hasta k=3 compartimentos diferentes de fibras.

Otro tipo de aproximacion muy relacionado con los modelos multi-compartimentos es la
técnica de deconvolucién esférica (del inglés: Spherical Deconvolution (SD)) (37-40), la cual

se basa en una formulacién integral-continua de modelo de mezcla. Esta técnica permite



estimar directamente la funcién de distribucidn orientacional de las fibras de sustancia blanca
(del inglés: fiber Orientational Distribution Function (fODF)), sin necesidad de tener que
asumir a priori el nimero de compartimentos de fibras en el voxel. En el método SD primero
se estima el valor promedio de la sefal de difusién en regiones donde se sabe que sélo existen
fibras nerviosas paralelas (término conocido por funcién de respuesta de un haz de fibras), y
posteriormente, para cada voxel se estima la funcion fODF mediante un procedimiento de
inversion (deconvolucion) entre la sefial medida y la funcién de respuesta estimada. Entre los
métodos de estimacién mds populares se encuentran la deconvolucidn esférica restringida (del
inglés: Constrained Spherical Deconvolution (CSD)) (38) y la deconvolucidon esférica
amortiguada de Richardson-Lucy (del inglés: damped Richardson-Lucy Spherical
Deconvolution (dRL-SD)) (41). Sin embargo, a pesar de su buen funcionamiento en
comparaciéon con otras técnicas tradicionales de estimacidn, estos métodos atin poseen
limitaciones relevantes. Ambos asumen, en cierto grado, que el ruido producido por el escédner
es aditivo y proveniente de una distribucién gaussiana con valor medio igual a cero, por lo
que son potencialmente vulnerables a situaciones donde estos requisitos no se cumplen. De
hecho, se sabe que el ruido producido en los escdneres de resonancia magnética no sigue una
distribucién gaussiana y que la distribucion real depende de muchos factores tales como el
nimero de bobinas usadas en la mediciéon y el método usado para combinar las sefiales
resultantes. En concreto, los datos experimentales muestran que el ruido obedece
distribuciones de ‘Rice’ (42) y ‘Chi no central’ (43), evidenciando lo inapropiado de asumir
una distribucién gaussiana especialmente en imagenes de difusion, usualmente contaminadas

con altos niveles de ruido.

Existen otras metodologias, también de uso muy extendido, que se basan en obtener
informacion sobre la microgeometria del medio sin tener que asumir un modelo paramétrico
de sefial para cada posible compartimento. Por esta razén, a estas técnicas se les denomina
frecuentemente como ‘independientes de modelo’. Dentro de las mds avanzadas se encuentran
la imagen g-ball (del inglés: g-Ball Imaging QBI) (44,45) y la imagen espectral de difusién
(del inglés: Diffusion Spectrum Imaging (DSI)) (46) que han generado un considerable interés
debido a importantes ventajas, como son la mencionada independencia de modelo, solidez
tedrica y la habilidad intrinseca de resolver la heterogeneidad intravoxel. El método DSI
permite estimar la funcién de densidad de probabilidad de los desplazamientos moleculares,
conocida también como propagador de difusién, sin la necesidad de asumir ningiin modelo

paramétrico para la sefial ni el propagador (46). En la prictica, el propagador de difusién



dentro de cada voxel es reconstruido usando la Transformada discreta de Fourier de la sefal
de difusiéon medida en una ‘rejilla’ tridimensional, la cual se crea experimentalmente
empleando diferentes direcciones e intensidades de gradientes de difusion. Posteriormente,
este propagador es proyectado a un reticulo esférico para calcular la funcién de distribucién
orientacional de la difusién (del inglés: diffusion Orientation Distribution Function (ODF)).
El valor de la ODF en una direccién dada se obtiene a través de la sumatoria de los valores
del propagador de difusién en dicha direccién para todos los valores de longitud de
desplazamiento. Debido a que el proceso de difusion ocurre con mayor intensidad en las
direcciones paralelas a las fibras nerviosas, los valores de probabilidad de desplazamiento son
mas altos en estas direcciones. Por tanto, es de esperar que los valores de la funcién ODF sean
méximos justamente a lo largo de las orientaciones principales de las fibras. Por esta razoén, la
geometria de la ODF, obtenida al calcular esta funcién en muchas direcciones espaciales
diferentes, se utiliza para cuantificar la geometria y direccionalidad de los tejidos. Aunque el
método DSI en gran medida es el que ofrece mayor informacién y ademds emplea el nimero
menor de suposiciones tedricas, su implementacién en la clinica se ha visto limitada por la
gran cantidad de datos experimentales que requiere. Por ejemplo, en un escéner clinico esta
técnica necesita alrededor de 40 minutos para la adquisiciéon de datos, tiempo que no es
tolerado por muchos pacientes. No obstante, resulta interesante mencionar que gracias a
recientes avances tecnoldgicos que permiten acelerar el proceso de medicidn, esta técnica
actualmente constituye una de las principales herramientas con las que se pretende construir el

‘conectoma’ macroscopico del cerebro humano (47).

En contraposicién, el método QBI reconstruye la ODF directamente a partir de los datos sin la
necesidad de computar previamente el propagador de difusién. La ODF es estimada
indirectamente midiendo la sefial de difusién en una superficie esférica (lo cual es posible
experimentalmente al emplear una intensidad de gradiente de difusién constante para todas las
diferentes direcciones) y aplicando la transformada de Radon sobre la esfera a la sefial medida
(44,45). Este procedimiento hace el QBI mas apropiado que el DSI para aplicaciones clinicas
debido a que requiere un menor tiempo de adquisicién de datos en el escdner — usualmente
menos de la mitad. Sin embargo, la ODF computada por el QBI es s6lo una aproximacion de
la ODF exacta, teniendo ésta aproximacién menor capacidad que el DSI para detectar
diferentes grupos de fibras en un voxel, especialmente cuando estas se encuentran dispuestas

de tal forma que el angulo entre las fibras es pequefio (44,45)(48).



La transformada de orientacién de difusion (48) (del inglés: Diffusion Orientation Transform
Imaging (DOT)) es otro modelo propuesto para caracterizar la microgeometria de los tejidos
fibrosos. En el modelo DOT la Transformada de Fourier que aparece en el método DSI es
evaluada analiticamente en coordenadas esféricas bajo la suposiciéon de que la sefial de
difusiéon se atentia mono-exponencialmente a lo largo de cada direccion espacial y como
funcién de los valores de intensidad de los gradientes de difusion empleados y el coeficiente
de difusion ‘aparente’ en dicha direccion (del inglés: Apparent Diffusion Coefficient (ADC)).
Bajo esta aproximacién, el modelo DOT transforma la funciéon ADC en la funcién de
probabilidad de los desplazamientos moleculares evaluada a una longitud de desplazamiento
constante y que debe ser especificada de antemano — usualmente se elige en el rango de 10 a
20 micrémetros, una distancia mayor que el radio de los axones. Resulta interesante notar que
a diferencia de las técnicas DSI y QBI, que caracterizan la heterogeneidad en la orientacién de
las fibras mediante la funcién ODF, en el modelo DOT se accede a esta heterogeneidad
mediante una funcién diferente, la probabilidad de desplazamiento evaluada a la longitud
especificada. La principal limitacién de esta metodologia es que el modelo mono-exponencial
asumido es inexacto bajo algunas condiciones experimentales, tales como las que se
encuentran en esquemas de medicién que usan largos tiempos de difusion y fuertes gradientes
de campos magnéticos. Ademads, resulta complejo elegir de antemano el valor de longitud de

desplazamiento que posibilitard caracterizar los tejidos de forma Sptima.

En resumen, a pesar de que en los ultimos afios ha habido un avance importante en el
desarrollo de nuevos métodos para caracterizar la organizacién de los tejidos cerebrales, atin
existen problemas en las metodologias existentes. En el marco de esta tesis cada una de las
técnicas mencionadas serd abordada en profundidad para identificar y solucionar sus

principales limitaciones.



1.4 Planteamiento del problema

Las técnicas de estimacion intravoxel basadas en datos de resonancia magnética por difusién
ain no permiten obtener de forma precisa la informacién morfoldgica de los tejidos del
cerebro. Varias de las principales técnicas tienen margen de mejora en cuanto a su
formulacién tedrica, disefio de medicidon experimental y algoritmos de reconstruccién. Para
obtener una mejor caracterizacion de la microestructura de los tejidos es necesario mejorar los
modelos y técnicas de estimacidn actuales. Por otro lado, estos deben de adecuarse a las

restricciones que imponen la préctica clinica y la investigacion.

1.5 Hipétesis

El desarrollo de modelos fisico-matematicos y algoritmos de estimacién adecuados permitird
una caracterizacion mads realista de la estructura y orientacién del tejido cerebral, y una mejor

aplicacion en la prictica clinica y en la investigacion.

1.6 Objetivo general
Desarrollar y proponer un compendio de métodos que permita mejorar y extender las
principales herramientas modernas dedicadas al tratamiento de imagenes de difusidon para

obtener estimadores mds confiables de la estructura arquitectdnica del cerebro humano.

1.6.1 Objetivos especificos principales
e Desarrollo de un método que determine la funcién de orientacién del proceso de
difusion del agua (ODF) como extension a la técnica de imagen g-ball. Obtencién de
una expresion tedrica exacta para estimar la ODF a partir de imagenes de difusion de

alta resolucién angular en el espacio-q.

e Desarrollo de un formalismo matemdtico que extienda el método de la transformada
de orientacién de la difusion. Investigar aspectos tedricos y experimentales relevantes
a la calidad de la reconstruccion. Desarrollo de nuevas ecuaciones analiticas para
estimar diferentes variantes de la ODF que sean inmunes a los artefactos producidos

por la implementacién actual de la técnica.

e Desarrollo de un marco general para rectificar y descontaminar la funcién de

distribucién de probabilidad de los desplazamientos moleculares estimada por la



técnica de imagen espectral de difusion. Obtencion de mapas cuantitativos del proceso

de difusién con mayor contraste de los tejidos.

Desarrollo de un nuevo enfoque Bayesiano-Estadistico y su aplicacién en un
algoritmo de estimacién para la identificaciéon de los principales haces de fibras
nerviosas en cada voxel, asi como de los pardmetros fisicos que lo caracterizan.

Obtencioén de mapas probabilisticos de los cruces de fibras en el cerebro.

Desarrollo de un algoritmo robusto para la estimacion de la orientacién de las fibras
nerviosas mediante deconvolucién esférica que tenga en cuenta la verdadera
distribucién del ruido generado en los escdneres de resonancia magnética y su sesgo.
Incorporacién de un término de correccién espacial que tenga en cuenta la continuidad
espacial de las imdgenes del cerebro para minimizar el efecto del alto nivel de ruido

experimental.

Validacién de cada uno de los métodos anteriores en datos simulados y en datos reales
obtenidos a partir de un ‘phantom’ (compuesto por paquetes de capilares inmersos en
agua) que simula las fibras nerviosas del cerebro. Comparacién de la calidad de
reconstruccion de los nuevos métodos propuestos con sus predecesores. Aplicacion de

los métodos en datos reales de cerebros humanos.

Creaciéon de una péagina web ubicada en la web de la Sociedad Espafiola de
Neuroimagen donde esté disponible gratuitamente la implementacion de los métodos

abordados en la tesis.

1.7 Estructura de la tesis

La tesis consta de cuatro partes fundamentales:

I) Introduccién: Compuesta por el Capitulo 1, en el que se introduce el tema bajo estudio,

se exponen las motivaciones e hipdtesis y se detallan los objetivos del trabajo.

IT) Bases tedricas: Capitulos 2, 3 y 4. En ellos se describen brevemente los fundamentos

tedricos que se abordan en la tesis y que son ttiles para entender los capitulos que le suceden.

En particular estos capitulos abordan los principios del proceso de la difusién molecular, la

formacién de imdgenes de resonancia magnética por difusion y las caracteristicas de la

difusién en los tejidos cerebrales.
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IIT) Compendio de publicaciones: Capitulo 5, compuesto por cinco secciones. Presenta en
detalle el compendio de contribuciones que constituyen el aporte fundamental de esta tesis.
Las cinco secciones corresponden a articulos que ya han sido publicados en revistas

internacionales de alto impacto.

IV) Discusién: Capitulo 6 y apartados de apéndices y referencias. Contiene la discusion y
conclusiones generales de la tesis donde se resumen los aportes de este trabajo, asi como las
recomendaciones para los trabajos futuros que sigan desarrollando esta temdtica. Ademads, se
incluyen apéndices donde se amplian con mayor detalle algunas de las demostraciones
matemadticas de interés. Se listan todas las contribuciones del autor, asi como los premios y
reconocimientos a los trabajos incluidos en la presente memoria. En el dltimo apéndice se
describe una péagina web creada para facilitar los cédigos que implementan las técnicas
propuestas en esta tesis. Finalmente se incluye un apartado general de referencias

bibliogréficas.
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PARTE II: BASES TEORICAS

CAPITULO 2: PRINCIPIOS DE LA DIFUSION MOLECULAR

2.1 Ecuaciones de Fick

El concepto de difusién molecular hace referencia al transporte neto de moléculas entre
regiones del espacio con diferentes concentraciones como resultado del movimiento aleatorio
molecular. Este fendmeno pertenece a la familia de los procesos irreversibles de transporte
tales como la conduccién de calor o de electricidad. La descripcién fenomenoldgica clasica de
la difusién se sustenta en dos conceptos fisicos principales. El primero establece que el
transporte neto de material (en un fluido homogéneo como el agua) a través de un elemento
de superficie es proporcional al gradiente de la densidad del material, en la direccion
perpendicular al elemento de drea. Este concepto es conocido como la primera ley de Fick, y

en el caso unidimensional se escribe mediante la expresion (49):

7=-p%. @1
ox
donde J es la densidad de flujo molecular, D es el coeficiente de difusién (cuyo valor

depende de la sustancia que difunde) y C es la concentracién de moléculas.

El segundo principio establece que durante el movimiento la materia que difunde ni se crea ni
se destruye (no hay fuentes ni sumideros). Este concepto se conoce como condicién de

continuidad, y se expresa matemdticamente como:

oc _

) = 2.2
ot ox 22)

Sustituyendo la ecuacién (2.2) en (2.1) obtenemos la ecuacion diferencial basica del proceso

de difusién, conocida por segunda ley de Fick (49):

a—Czi(Da—C) 2.3)
ot  ox ox

Si el coeficiente de difusién no depende de la posicién espacial la ecuacién anterior toma la

forma:
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2
oc _,oC

g . 2.4
ot ox? 24

Estas ecuaciones pueden ser generalizadas de forma directa a un medio homogéneo
tridimensional, donde la sustancia que difunde tiene la misma libertad de movimiento en
todas las direcciones. A este tipo de proceso de difusion se le llama isétropo. En tres

dimensiones, la ecuacién (2.1) se escribe como:

- oC oC dC
=\J, J, J.)J=-D|— — — |=-DVC. 2.5
1 ( Y ) [ax dy azj 23)
Similarmente, la ecuacién (2.2) se transforma en:
oC__(9 9] o\ g5 (2.6)
ot ox dy 0z

Combinando las ecuaciones (2.5) y (2.6) obtenemos la segunda ley de Fick en un medio

homogéneo tridimensional:

2.7)

oC (a2c 9°C azc]
[ .

—=V.(DVC)=D
o~V (PVO)=D| oot as

2.2 Movimiento Browniano

A escala microscépica las moléculas estdn en constante movimiento. Este movimiento
erratico de las moléculas se conoce cémo movimiento Browniano después que Robert Brown
observé el fendmeno en granos de polen suspendidos en agua (50). Posteriormente el proceso
fue formulado por Albert Einstein (51), cuya teoria proporciona una explicacién cinético-
molecular del fendmeno macroscépico de difusion, regido por las leyes de Fick. Las
predicciones de Einstein fueron verificadas por Jean Baptiste Perrin, quién por vez primera
logré estimar el tamafio del 4tomo y la cantidad de 4tomos en un volumen (52); resultados que

le hicieron merecedor del premio Nobel de fisica.

En su investigacion tedrica sobre el movimiento Browniano y su relacién con el coeficiente

de difusién Einstein hizo dos suposiciones (53)(51):
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1) Cada particula ejecuta un movimiento que es independiente del movimiento de las

otras particulas.

2) El movimiento de una particula en un intervalo de tiempo puede ser considerado como
un proceso independiente de los movimientos ejecutados en los intervalos de tiempos
anteriores. Esta suposicion se considera vélida atin en el limite de pequefios intervalos de

tiempo 7 (comparado con el intervalo de tiempo total observado).

Notablemente, la formulacién de Einstein permite obtener la segunda ley de Fick (ecuacién
(2.4)) y permite relacionar el coeficiente de difusiéon molecular D, una magnitud

macroscOpica, con la funcién de distribuciéon de probabilidad de los desplazamientos

moleculares P(L,7), una entidad microscopica:

2
9C _ [, 9*Clxn)

2 9
ot ox 2.8)

D=— | L’P(L,7)dL.

La derivacion detallada de este resultado se presenta en el APENDICE A de la tesis, en el
cual también se incluye un desarrollo matemdtico encaminado a encontrar una expresion
analitica para la funcién P(L,7). En particular, se demuestra que en un medio homogéneo en
el que no existen direcciones preferenciales al movimiento la ley de los desplazamientos
moleculares sigue una distribucién de probabilidad de Gauss. Si todas las particulas en el
instante inicial t=0 se encuentran en el origen de coordenadas x'=0, la dependencia
espacio-temporal de la concentracién molecular también viene dada por la misma ley de

distribucion de los desplazamientos. Para el caso unidimensional se obtiene,

P(L,7)=

1 r
————¢exp| — . 2.9
NarDt p( 4Drj

Esta ecuacion establece una distribucién de Gauss con valor medio igual a cero y una

dispersioén que depende del tiempo y el coeficiente de difusién, o =+/2D7 . Con ayuda de esta
ecuacion es posible cuantificar los desplazamientos cuadraticos medios que experimentan las

particulas. Por ejemplo, en el caso unidimensional — eje X:
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2 = [ X*P(x.7)dx=2Drz. (2.10)

La extension al caso tridimensional es directa, denotando a r como el desplazamiento total de
la particula, entonces r’=x"+y>+z°, luego r°=x"+y°+z>. Tomando en cuenta la

homogeneidad del liquido obtenemos: 2 =3x* =6Dr.

2.3 Difusiéon anisétropa

2.3.1 Ley de Fick generalizada

En las secciones previas se ha analizado el proceso de difusiéon en medios homogéneos
isétropos, donde el coeficiente de difusion es suficiente para cuantificar el desplazamiento
cuadritico medio de las particulas en cualquier direccién espacial. En medios anisétropos,
donde existen direcciones preferenciales al transporte de materia, las ecuaciones derivadas en

las secciones anteriores deben ser generalizadas.

En tres dimensiones, la ley de Fick anteriormente expresada por la ecuacién (2.4) se puede

generalizar (54) a:

IC &G (n)\k
5 \% c(r,t)D_, ., 2.11
Jt ;k();[k](q] ke (r ) n—k.k—q.q ( )
donde
b _ﬂj Ax"F Ay AP (AR, 7) dAT (2.12)
n—k.k-q.qg n\r y V4 r, r, .

AF = (Ax Ay Az) es el vector de desplazamiento relativo y

n—k k—q q
Vnk,kq,qC(f,t)={[%j [aiy’] (a%’j C(f’,r)}, ) (2.13)
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La ecuacion (2.11) ofrece una generalizacién a la segunda ley de Fick para el proceso de la

difusion (54-56). El término D, ,, . es un elemento escalar o componente de un tensor de

difusiéon de orden n. Dichos tensores contienen informacion sobre la anisotropia del proceso

de difusién. Si la funcién de distribucién de probabilidad de los desplazamientos tiene

simetrfa ‘antipodal’ (para una misma orientacion es igual en direcciones opuestas P(AF,7) =

P(—Af', r)) los tensores de difusion de orden impar son idénticamente iguales a cero (54).

2.3.2 Tensor de difusion

La aproximaciéon mds simple que podemos hacer para describir un proceso de difusion
anisotropo con simetria antipodal, es asumir que un tensor de difusién de segundo orden
(n=2) es suficiente para describir el proceso. En tal caso, la ley de Fick generalizada

(ecuacioén (2.11)) toma la forma:

oC

L (2\(k -
Z(J(q}vz_k,kwc(r,z)Dz_k,k_q,q , (2.14)

2
I %=0g¢=0

nétese que el tensor s6lo  tiene seis componentes  independientes:

{DZ’O,O,DLLO, D, y,,Dy, 4, Dy, 45 DOM} . Esta expresion se puede reescribir como

2 2 2
a_CzDXXa_(;+2D va_C+2DX7a_C+
ot ox * 0xdy © 0x0z
2°C 9°C 2°C @19
+2D +D

¥ 9y’ ¥ ydz  C o7t

donde se ha hecho el cambio de nomenclatra: {D, =D,,,, D, =D,,, D.=D,,,

X:

D =D

»y 0,2,0°

D, =D,

0,1,1

y D, =D

b0 }- Finalmente la expresion en (2.15) se puede escribir

en la forma compacta:

—=V-(DV 2.1
ot (bVe). 216

donde
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(2.17)

La matriz D representa el tensor de difusiéon de segundo orden, el cual por construccion es
simétrico (57). Siguiendo un desarrollo matemdtico similar al presentado en la seccién
anterior (véase ecuaciones (2.8)-(2.9)) se puede demostrar que la probabilidad de los
desplazamientos moleculares correspondientes a la ecuacién diferencial (2.16) es una

distribucién de Gauss multivariada (58):

(2.18)

P(¥,7)= ;exp(— rD ]
RNV 4r )

donde el simbolo D' representa la inversa de la matriz D. En esta expresion, por
simplicidad, se ha hecho el cambio de nomenclatura ¥ =AF para representar al vector de
desplazamiento relativo introducido en la seccién anterior. Nétese que si todos los elementos
de la diagonal en D son idénticos a la constante D, y todos los elementos fuera de la
diagonal son iguales a cero, la ecuacién (2.16) se transforma en la segunda ley de Fick
obtenida para un proceso de difusion isotropo en tres dimensiones (véase la ecuacion (2.7)).
En la préxima seccién se discutirdn varias propiedades importantes relacionadas al tensor de

difusién de segundo orden.

2.3.3 Propiedades del Tensor de difusion

Los elementos diagonales del tensor de difusién D

.» D,y D,_ son los “coeficientes de
difusion efectivos” medidos o estimados a lo largo de los tres ejes ortogonales X, Y, Z del
sistema de referencia de laboratorio. Las componentes no diagonales son las covarianzas entre

los desplazamientos ocurridos entre estos ejes ortogonales.

El tensor de difusién adquiere su estructura mds simple en el sistema de referencia en el cual
todos sus elementos no diagonales son idénticamente iguales a cero. En este sistema el flujo
difusivo a lo largo de sus tres ejes ortogonales X', Y’, Z" estd desacoplado. A tal sistema de
referencia se le llama sistema de referencia principal o sistema propio del tensor. Este sistema

de referencia puede ser obtenido mediante el cdlculo estandar de los vectores y valores
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propios del tensor (59), también conocidos como autovectores y autovalores, que satisfacen la

siguiente ecuacion:

DV, =\ ¥, parai={1,2,3}, (2.19)

donde v, y A, son los autovectores y autovalores respectivamente. Las tres ecuaciones en

(2.19) se pueden reescribir en la forma matricial:

A 0 0
DR=RA, R=(%,19,19,), A=| 0 %, 0| (2.20)
0 0 A

siendo A una matriz diagonal con los autovalores y R es la matriz de autovectores,
ordenados en columnas. Debido a que D es simétrica y definida positiva, los tres autovalores
son positivos y los tres autovectores son ‘ortonormales’ (vectores unitarios ortogonales, cuyo

producto escalar es cero). Los autovalores suelen ordenarse de forma que A, =X, =X;. De

acuerdo a este andlisis el tensor de difusién puede ser descompuesto en autovectores y

autovalores mediante:

D=RAR’, (2.21)

nétese que R puede ser interpretada como la matriz de rotacién que transforma al tensor de

difusion desde el sistema de referencia principal al sistema de coordenadas de laboratorio.

Resulta instructivo analizar la forma geométrica de los contornos de igual probabilidad de
desplazamiento de la funcién de distribucién definida por la ecuacién (2.18) evaluada en un
tiempo determinado. Estos contornos pueden ser obtenidos igualando el exponente del
término exponencial a una constante. En particular, si se considera que el término es igual a

1/2, se obtiene

D'’
2t

=1. (2.22)

Insertando la descomposicién definida por (2.21) en la ecuacioén (2.22),
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donde ¥ =rR es el vector F (medido en el sistema de coordenadas de laboratorio)
transformado o rotado al sistema de referencia principal del tensor. La ecuacién (2.23) es la

ecuacion de un elipsoide cuyo eje principal se encuentra orientado segin la direccién del eje
X’ con longitud igual a \/ﬂ . La orientacién de este eje estd dada por el autovector
principal del tensor de difusién ¥, (autovector correspondiente al mayor autovalor). Esto se
puede verificar considerando que cuando F=¥,, se cumple que ¥'=[1 0 0] (ndtese que
[l 0 0]=VR). De forma andloga, los restantes ejes del elipsoide se encuentran orientados

a lo largo de los ejes Y (dado por el autovector v,) y Z’ (dado por el autovector V,). Las

longitudes de estos ejes son /27A, y 1/27TA; respectivamente (60).

Del andlisis anterior se puede concluir que el tensor de difusiéon calculado para un medio
anis6tropo, con una marcada preferencia al proceso de difusién en una direccién determinada,
contiene informacién util sobre la geometria del medio. En particular, el autovector asociado
al mayor autovalor define el eje de difusion preferencial (mdxima) del medio, mientras que
los otros dos autovectores definen los ejes ortogonales restantes. Ademds, la anisotropia del
proceso de difusién puede ser caracterizada en funcién del valor de los autovalores
(coeficientes de difusidn efectivos principales), ya que estos especifican la excentricidad del

elipsoide de difusién.

En la prictica se emplean varias medidas para cuantificar las propiedades intrinsecas del
medio. Las medidas més usadas poseen invariancia rotacional, o sea, son cantidades que no
dependen de la orientacién relativa del medio con respecto al sistema de referencia de
laboratorio. Tres valores escalares tipicos que cumplen con esta propiedad son los invariantes

I,, 1, y I, del tensor, los cuales s6lo dependen de los autovalores (60):
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I =)+ +X, =Tr(D)=Tr(A),
L=h0y + A0+ 0,0, (2.24)
1, =0\, =[D|=|A],

donde la funcién Tr(X) representa la traza de la matriz X.

Los indices mds naturales para cuantificar el grado de anisotropia del proceso de difusién son
las razones entre sus autovalores. Estos indices adimensionales cuantifican la razén entre los
coeficientes de difusion efectivos medidos en las direcciones principales del medio. Por

ejemplo, la magnitud A,/A, caracteriza la anisotropia rotacional del elipsoide de difusién
entorno a su eje principal, mientras que A,/A, y A,/A;, indican la magnitud relativa entre los

coeficientes de difusion efectivos en las direcciones preferenciales y transversales del medio.
Estos indices son indicadores directos de la excentricidad del elipsoide. También se han
propuesto otros indices escalares construidos a partir de los autovalores del tensor (59)(60),
entre ellos, el que ha presentado mayor aceptacién debido a su alto contraste para diferenciar
tejidos de sustancia blanca y gris y su relativamente mayor inmunidad al ruido, es la fraccién

de anisotropia (del inglés: Fractional Anisotropy (FA)).

2

(}\‘1 -7\‘2 )2 +(;\‘l->\'3 )2 +(7\'2-7\‘3)

FA= 2(iz)

(2.25)

En regiones del cerebro donde se cumple que A, > A, = A, (fibras muy alineadas entre si) la
fraccién de anisotropia tiene un valor cercano a uno, mientras que en regiones donde se
cumple que A, =i, =27, (fibras no alineadas, sustancia gris, liquido cefalorraquideo) la
fraccion de anisotropia tiene un valor cercano a cero. El valor de este indice es una medida de
la coherencia en la orientacion del proceso de difusion local y por tanto de la coherencia en la
orientacién y densidad de los tejidos que lo confinan. En el Capitulo 4 (seccién 4.2.1) se
presentard la teorfa relacionada con la estimacidén del tensor de difusién y se mostrardn las

imdgenes resultantes calculadas en un cerebro real.
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CAPITULO 3: IMAGEN DE RESONANCIA MAGNETICA POR
DIFUSION

En este capitulo se revisan los principios bdsicos que sustentan la técnica de imagen de
resonancia magnética por difusién. Sin embargo, no se discutirdn en detalle los conceptos ni
desarrollos matematicos relacionados al fendmeno de la resonancia magnética nuclear, debido
a que estos conceptos son tratados ampliamente en diversos libros de texto (por ejemplo,
véase (61) y (62)), y no son imprescindibles para entender el contenido presentado en esta

tesis.

3.1 Principios basicos

La técnica de imagen por resonancia magnética es un método de tomografia basado en los
principios de la resonancia magnética nuclear (61). La resonancia magnética nuclear
involucra los nicleos del objeto a ser muestreado, los campos magnéticos generados por un
imdn, y el fendmeno de la resonancia producto de las interacciones del ndcleo con los campos
magnéticos. El cuerpo humano estd compuesto aproximadamente de un 60% de dtomos de
Hidrégeno, los cuales se encuentran principalmente en el agua y las grasas de nuestro
organismo. Es por ello que los nicleos de los dtomos de Hidrégeno son empleados para
obtener imédgenes de resonancia magnética del cuerpo humano (61). Existen diferencias en el
contenido de agua entre diversos tejidos y 6rganos, y en muchas enfermedades los procesos
patolégicos producen cambios en el contenido de agua, estas caracteristicas se ven reflejadas

en las imdgenes de resonancia magnética (2).

Esta técnica produce imdgenes relacionadas a caracteristicas fisicas y quimicas internas del
objeto o tejido bajo estudio y en casos particulares nos puede informar sobre el
comportamiento temporal de sus componentes. El valor o intensidad de la imagen en un voxel
depende de dos grupos de pardmetros: (a) los pardmetros intrinsecos de la muestra que
incluyen la densidad de espin, los tiempos de relajacion, los movimientos moleculares tales
como difusion y flujo etc. y (b) los parametros extrinsecos o parametros del experimento, por
ejemplo, la intensidad del campo magnético externo aplicado, la intensidad y duracidn de los
gradientes de campos magnéticos, las caracteristicas de los pulsos electromagnéticos de
radiofrecuencia y el ruido experimental (61). Mediante la eleccién adecuada de la secuencia

de medicién experimental y los valores de los pardmetros extrinsecos se pueden obtener
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imdgenes individuales para cada uno de los pardmetros intrinsecos mencionados
anteriormente. Las imdgenes que se analizan en esta tesis son las que dependen del proceso

de difusion.

3.2 Seiial de resonancia magnética dependiente de la difusién molecular

3.2.1 Secuencia de Stejskal-Tanner

La técnica de imagen de resonancia magnética se basa en el hecho de que la frecuencia de
precesion, o frecuencia de Larmor, de un espin bajo la accién de un campo magnético no
homogéneo depende de su posicién absoluta en el espacio. Para el caso de un campo

magnético homogéneo de intensidad B, la frecuencia de Larmor viene dada por la siguiente

relacion (62):
®, = yB,, 3.1)

donde yes la razén giromagnética del espin, (¥ =42.58 MHz/T para el nicleo 'H). Para un

campo no homogéneo paralelo al eje Z del sistema de coordenadas de laboratorio de la forma
B(F)= (O 0 B, +fG)T , donde G es el gradiente del campo magnético aplicado, la

frecuencia de Larmor de los espines individuales se encuentra relacionada con la posicion de

los espines F a lo largo de la coordenada Z.

o(t)=a, + %G . (3.2)

Para sistemas de espines méviles el vector de posicién de los espines cambia en el tiempo.
Por consiguiente, los espines mdviles exhiben una velocidad angular dependiente del tiempo.
El factor de fase @ acumulado durante un periodo de tiempo ¢ dependera de la trayectoria en

el espacio-tiempo de la particula (6):

®(1) = 7Byt + [ G, (3.3)
donde el primer término del lado derecho corresponde al cambio de fase debido al campo

magnético estdtico y el segundo término representa el cambio de fase debido al efecto del

gradiente.
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El efecto del proceso de difusion en la sefial de resonancia magnética suele estudiarse a partir
de la secuencia de Stejskal-Tanner de pulsos de gradiente de campo magnético ilustrada en la
Figura 1. El propdsito de estos pulsos de gradiente es “diferenciar” magnéticamente los
espines portados por las moléculas de acuerdo a su posicién espacial en la muestra bajo

estudio.

A
Y

) 180°

90° G() G(®)

0 t " m t o 7E

Figura 1. Secuencia de Stejskal-Tanner de pulsos de gradiente, con magnitud de gradiente G,
duracién & y separacion entre pulsos A . La imagen de resonancia magnética es obtenida al medir la

sefial en el instante de tiempo TE , conocido por tiempo eco.

Para entender el efecto de esta secuencia experimental es necesario primero analizar el efecto de la
secuencia sobre un sistema de espines estdticos. El pulso de radiofrecuencia de 90° (rectdngulo
estrecho en el tiempo 0 de la figura) provoca que la magnetizacion neta del sistema de espines rote
desde su posicion de equilibrio (eje de coordenadas Z) hacia el plano transversal (plano formado por

los ejes X-Y del sistema de coordenadas). Posteriormente el primer pulso de gradiente (rectangulo
comprendido entre los tiempos t; y t; en la figura) causa que los espines en diferentes posiciones

espaciales a lo largo de la coordenada Z roten con diferentes velocidades angulares. Por consiguiente
se crea un desfase (dispersion en la distribucién de la fase) en el movimiento de rotaciéon de los
espines, y ocurre un decaimiento en el valor de la magnetizacién neta en el plano transversal. El pulso
de radiofrecuencia de 180° aplicado en el instante de tiempo 7E /2 hace que la magnetizacién neta
del sistema rote 180° respecto a su posicion anterior. Este pulso de radiofrecuencia provoca un cambio
de signo en la fase acumulada. Como consecuencia el movimiento posterior de los espines ocurre en la

direccién de la convergencia de la fase, y en una direccidn opuesta a la de partida. La aplicacion del
segundo pulso de gradientes (rectdngulo comprendido entre los tiempos t, y t; en la figura) causa

que la velocidad angular a la que rota cada espin (en el sentido de la convergencia de la fase) sea

exactamente la misma que la inducida durante la aplicacién del primer pulso de gradiente. Como
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consecuencia, en el instante de tiempo TE se obtiene una magnetizacion neta igual a la que existia en
el instante inicial del experimento después de la aplicacion del pulso de radiofrecuencia de 90°.

Para el caso de espines moviles, por ejemplo espines que experimentan un proceso de difusion, la
situacion es un tanto diferente. Debido a que durante la aplicacién del segundo pulso de gradiente la
distribucion espacial de los espines es diferente a la distribucion espacial inicial, las velocidades
angulares de precesion de los espines (en el sentido de la convergencia de la fase) serdn diferentes a
las generadas por el primer pulso de gradiente. Como consecuencia en el instante de tiempo TE
existird un desfase remanente y la magnetizacion neta transversal no se recuperard completamente. De
esta forma se obtiene una secuencia de medicidn experimental en la que el desfase y el decaimiento
resultante de la magnetizacion depende de las distancias recorridas por los espines durante su

movimiento de difusién en el intervalo de tiempo A .

Para el andlisis siguiente resulta ttil denotar la intensidad y duracién del gradiente por las

variables G = ‘G‘ y O respectivamente. El intervalo de tiempo entre el inicio de los pulsos es

denotado por A. El primer pulso de gradiente induce un cambio en la fase del movimiento de
precesion del momento magnético de los espines, la cual depende de su posicion espacial. Si
el gradiente de campo magnético es aplicado a lo largo de la direccién Z del sistema de
coordenadas, el cambio de fase en el instante de tiempo TE/2 se puede estimar mediante la

siguiente relacion:

TE TE i TE

o — |=yB,—+ 7.[7 7,Gdt = yB,—+yz,GO, 34

2 2 f 2

donde z, es la posicién del espin, asumida constante durante la corta duracién del pulso de

gradiente (J). Después de la aplicacion del pulso de radiofrecuencia de 180°, el cambio de

fase se transforma en -®(TE/2). Similarmente, después de la aplicacién del segundo pulso

de gradiente, con la misma duracién e intensidad que el primero, el cambio de fase en el

instante de tiempo TE se puede calcular como:

D(TE) = —CD(%} ¥B, [TE—%} 4 It 2,Gdt

TE TE
= —}/BO 7 - 7Z1G5+ }/BO 7 + 7Z2G5 3.5)

ZVGJ(Zz_Zl)’
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donde z, es la posicién del espin durante la aplicacion del segundo pulso de gradiente. De
este resultado se puede apreciar que para espines estéticos ( z, = z, ), la secuencia de pulsos de

gradientes antes descrita no produce un cambio en la fase del movimiento de precesion del
sistema. Por otra parte, para espines moviles que cambian su posicion espacial en el tiempo
existe un desfase neto que dependera de la distancia recorrida por los espines durante el
intervalo de tiempo A que separa los pulsos. Esta diferencia de fase afecta la magnetizacion
transversal neta del sistema de espines y se usa para obtener seflales que dependen de la

difusion molecular.

3.2.2 La relacion de Fourier

La sefial medida en la técnica de resonancia magnética mediante la secuencia de Stejskal-
Tanner, la cual da lugar a la imagen observada, es proporcional a la magnetizacion transversal
neta del sistema de espines bajo estudio, que es la suma vectorial de los momentos
magnéticos de los nicleos en el volumen de interés. Debido a que estos nicleos pueden tener
diferentes historias de movimiento (diferentes valores de desfase), la magnetizacion neta

resultante se calcula como:
N,
M (TE) =M,y exp|i®,(TE)]/N,, (3.6)
j=1

donde N_ es el nimero de espines que contribuyen a la magnetizacion neta en el volumen,
M, es la magnetizacion transversal neta inicial del sistema de espines y @, (TE) es el cambio
de fase que sufre el espin j durante el tiempo TE .

Hasta el momento se han obviado los procesos de relajacién que ocurren en el sistema de
espines producto de las interacciones electromagnéticas entre los espines (61). Estas
interacciones causan un decaimiento adicional de la magnetizacién transversal neta. Para
desacoplar el efecto de los procesos de relajacién con el de difusién, la expresion (3.6) suele

reescribirse de la siguiente forma:

M (TE)=M (TE),_, iexp[ifbj (TE)]/N,, 3.7)
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donde M (TE)__ es la magnetizacion transversal neta medida en el instante de tiempo TE

G=0
usando una secuencia de medicion similar a la descrita en la Figura 1 pero sin la aplicacién de
los pulsos de gradientes (G =0). Esta magnetizacion contiene el efecto de los procesos de

relajacion del sistema de espines que ocurren durante la secuencia experimental.

La expresion (3.7) se puede escribir en forma integral como:

M =M., [ exp(27igL) P(L,A)dL, 3.8)

—o0

donde L=z,—z, q=yGd/2x, y P(L,A) es la probabilidad de que ocurra un

desplazamiento de longitud L durante un intervalo de tiempo igual a A. A esta probabilidad
se le conoce como el propagador de difusién promedio del ‘ensemble’ o conjunto de espines.
La relacién de Fourier (3.8) es una de las ecuaciones pilares que forman la base de todos los
experimentos de imagen en difusion. En esta formulacién no se ha asumido ninguna forma
especifica para la ley de los desplazamientos moleculares, a diferencia del modelo del tensor
de difusién donde se asume una distribuciéon de Gauss. En particular, esta relaciéon de Fourier
permite estimar el propagador de difusién promedio del ensemble de espines mediante la

transformada inversa de la sefial medida, la cual es proporcional a la magnetizacién.

Las propiedades geométricas microscOpicas de los materiales estdn relacionadas con, y
pueden ser derivadas a través de, el propagador de difusiéon promedio. Esta relaciéon es
fundamental pues permite inferir las propiedades de la microestructura subyacente sin la
necesidad de invocar a una representacién analitica de la geometria. Las condiciones
asumidas en los modelos analiticos son raramente alcanzadas en aplicaciones bioldgicas
(45,46). Varias de las contribuciones metodoldgicas desarrolladas en esta tesis tienen como

punto de partida esta relacién fundamental.

3.2.3 Ecuacion de Bloch-Torrey generalizada

En la seccién anterior se presentd un enfoque ‘microscopico’ basado en la ecuacion ‘integral’
de Fourier para obtener una relacién entre la sefial medida y las propiedades del proceso de
difusién. En esta seccidn se presenta un enfoque ‘macroscépico’ fundamental basado en la

ecuacidn ‘diferencial’ que describe el movimiento del vector de magnetizacion neta del tejido.
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La ecuacion que describe el movimiento del vector de magnetizacion nuclear macroscdpica

M de un conjunto de espines inmersos en un campo magnético B se conoce por ley de

Bloch, que en el sistema de coordenadas de laboratorio puede ser escrita como (6):

i Y, 0 0 0
—=yMxB-| 0 1/, 0 M+M,| 0 |, (3.9
dt

0 0 ur YT,

= PSS L = T . .
donde B(r,t)z(O 0 B,+rG (t)) , siendo G=(G, G, G.) el gradiente lineal de
campo magnético, 1\710 denota el vector de magnetizacidon de equilibrio en la direccion del

campo magnético estdtico aplicado l_§0 (eje Z del sistema de coordenadas de laboratorio), r
es el vector de posicion, 7, y T, representan los tiempos de relajacion transversal (espin-

espin) y longitudinal (espin-reticulo) respectivamente.

Pasando al sistema de coordenadas rotatorio, que rota a la frecuencia de resonancia @, = yB,

y teniendo en cuenta la siguiente relacion:

dM oM™

== +| 0 |xM"™, (3.10)
dt ot
a)()
se obtiene
aMmr 1/712 0 0 0
> =yM"FG(t)-| 0 1T, 0 M +M,| 0 |. (3.11)
0 0 yr

A esta ecuacion se le puede adicionar la contribucién que hace el efecto de la difusion sobre la
magnetizacion, esta generalizacién se conoce como la ecuacién de Bloch-Torrey (6), que
puede ser escrita de forma mds general considerando la ley de fick generalizada (véase la

ecuacién (2.11)):
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Y, o0 0 0

al\;tror —M7EG(1)=| 0 YT, 0 [M7+M,| 0 |+
0 0 1T, 3.12)
i u Z":[nJ[ijkk Vo M (£.1).
1 ko0 gm0\ Kk )\ g n—k.k=q.q * n—k.k=q.q

En la ecuacién anterior se considera que el vector de densidad de magnetizacién nuclear es

proporcional a la concentracién de espines.

Designando a M =M" +iM" como la representacién compleja de la magnetizacion

transversal, la ecuacién anterior se transforma en (54):

= k
aé\j (=iAG (1) -1, )M+ Z[kj(qJan,kq,qv”,kMM(f,z). (3.13)

n=l k=0 ¢g=0

Para la secuencia de medicién experimental de Stejskal-Tanner (véase la Figura 1) la ecuacién

(3.13) tiene la siguiente solucién analitica (54):

o n_ Kk k
M (TE)=M (TE),_, exp[z i [ZJ[J Dytiodhoiiona j , (314

donde:

bﬂ*kyk*q,q = yn |G ' q;'_kqf ’ "5” (A__é‘j

n+1

siendo q = (qx q, 9. )T el vector unitario en la direccién del pulso de gradiente de campo

magnético G (G= Gq). La ecuacién (3.14) revela una importante propiedad de los tensores

D

ik kq.q > 108 tensores de orden par afectan la magnitud de la sefial, mientras que los de orden

impar la fase (54).
La aproximacién mds simple que podemos hacer para caracterizar un proceso de difusién
anis6tropo es asumir que un tensor de difusién de segundo orden (n=2) es suficiente para

modelar la evolucién de la magnetizacion (véase la seccion 2.4.2), bajo tal aproximacion la

expresion (3.14) se transforma en:
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2k 2 k
M (TE)=M (TE)_, exp(—z Z(J(q)oz_k,k_q,qbz_k,k_q,qj : (3.15)
k=0 g=0

Resulta interesante notar que

2. k(2 k
Z Z(k]( JDZ—k,k—q,qbZ—k,k—q,q = Dxxb)cx + 2D)nbn + 2szbxz

+D b +2Dyzbyz +D.b,,

woyy

3.16)

donde se ha hecho el cambio de nomenclatura: {D =D,,,, D, =D,,,, D.=D,,,

Dyy = Do,z,o’ Dyz = Do,l,l y D, = Do,o,z} y {b,= bz,o,o > bx_v =b1,1,0’ b ;= b1,0,1 > byy zbo,z,Os

b, =b,,, y b..=b,,,} Laexpresion derecha de la igualdad establecida en la ecuacion (3.16)
se puede reescribir de forma matricial como Tr(BD), donde 7Tr(X) representa la traza de la

matriz X, D es el tensor de difusién y la matriz simétrica B se define como

4 4.4, 49.49.
B=blqq, 4, 44.| (3.17)

2

4. 449, 4.

siendo b= (yGS)*(A—-5/3), este factor (conocido por b-valor) cuantifica el efecto de los
gradientes aplicados sobre la secuencia experimental. Nétese que B=bh4®q=5bq4q" , donde

el simbolo ® denota el producto tensorial. Por tanto, 7r(BD) = Tr(b(l(jTD) = Tr(b(jTD(])

= bq"Dq . Integrando este resultado en la expresion (3.15) se obtiene

M =M, exp(-b3'D§) . (3.18)

Esta ecuacién es fundamental por basarse en ella el cdlculo del tensor de difusién. Resulta
interesante notar que para un proceso de difusién isétropo (q'Dq = D), la solucién exacta de

la atenuacién de la magnetizacion es

v =exp ~(7G5) (A-8/3)D . (3.19)

G=0
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Al aplicar el logaritmo a ambos lados de la expresion anterior se obtiene una relacién directa
entre la atenuacién de la sefial medida y el coeficiente de difusién D de la sustancia bajo
estudio. El formalismo descrito anteriormente es la base para la medicién de los coeficientes

de difusién molecular usando técnicas de imagen de resonancia magnética.
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CAPITULO 4: DIFUSION EN TEJIDOS CEREBRALES

4.1 Estructura de la sustancia blanca: difusion en tejidos cerebrales

La sustancia blanca del sistema nervioso central (SNC) estd formada por cientos de millones
de axones que se agrupan para dar lugar a los tractos de fibras nerviosas que se extienden a lo
largo del SNC, conectado estructuralmente sus regiones. En adultos, la sustancia blanca forma
el 40% de los tejidos del SNC. En cada tracto de sustancia blanca la mayoria de sus axones se
encuentran dispuestos de forma paralela entre si. Esta estructura axonal altamente orientada es
la principal causa de que el proceso de difusién en la sustancia blanca tenga marcadas
preferencias direccionales. La Figura 2 muestra una corte coronal de un cerebro humano,

donde puede observarse el complejo y compacto entramado de fibras nerviosas.

Figura 2. Corte coronal de un cerebral humano. En la figura puede apreciarse el complejo entramado

de fibras nerviosas que se extienden a través de las diferentes regiones de la corteza cerebral.

La mayoria de los axones estdn rodeados por una capa de mielina rica en lipidos, que le
confieren un aspecto visual blanco a la vista del ojo humano. Ademads de axones, la sustancia
blanca contiene células gliales, que pueden ser catalogadas por su funcién y morfologia en

dos clases principales: macrogliales y microgliales. Los astrocitos y los oligodentrocitos
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constituyen las dos poblaciones principales de células macrogliales. Los oligodentrocitos son
los responsables de producir la capa de mielina, mientras que los astrocitos regulan la
concentraciéon extracelular de iones y dan soporte estructural para las neuronas y los
oligodentrocitos. Por otra parte, las células microgliales reparan y limitan el dafio tisular y
participan en la retirada de restos celulares (63). La Figura 3 muestra los principales tipos de

células descritos anteriormente.

_ Astrocito Capilar

Sanguineo

Neurona Microglia

Oligodentrocito

I Nodo de Ranvier ]~
Axon Mielinizado

Figura 3. Representacion esquematica de las principales células del sistema nervioso central, tomada
de la referencia (63). La neurona, en la sustancia gris, presenta una prolongacién llamada axén que se
encuentra cubierta por capas de mielina generadas por los oligodentrocitos. Estas capas dieléctricas
confieren una mayor velocidad de transmisién a los impulsos eléctricos originados en el nicleo de la
neurona y que se propagan hacia los terminales del axén. De acuerdo a varias estimaciones la corteza

: 10 14 . o s s
cerebral humana contiene al menos 10" neuronas enlazadas por 10" conexiones sindpticas.

En el sistema nervioso central los niicleos de las neuronas se encuentran en la sustancia gris,
mientras que sus axones forman los tractos de la sustancia blanca. En los mamiferos, las
neuronas solo constituyen el 10% del nimero total de células del SNC. Las neuronas poseen
propiedades de excitabilidad y conductividad, lo que significa que son capaces de responder a
estimulos y de conducir impulsos eléctricos. Los axones transmiten estos impulsos hacia sus
terminales sindpticas donde la informacién es transferida hacia otras neuronas. En el sistema
nervioso humano los axones pueden recorrer largas distancias, sobrepasando longitudes de un

metro; su radio promedio se encuentra en el orden de los micrémetros (63).
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En su interior, los axones contienen un fluido viscoso llamado citoplasma o axoplasma dentro
del cual se encuentran neurotibulos, neurofilamentos, mitocondrias, granulos y vesiculas. Los
neurofilamentos y los microtibulos se encuentran dispuestos de forma paralela al axén y
tienen una apariencia cilindrica tubular, como se ilustra en la Figura 4. Los constituyentes del

ax6n muestran diferentes concentraciones a lo largo de su longitud.

(c)

Figura 4. Imagen obtenida mediante microscopia electrénica de axones del sistema nervioso, tomada
de la referencia (63). Panel (a): seccién transversal de un axén mielinizado. Los neurofilamentos
(flechas en blanco) dan estructura a los axones, mientras que los microttibulos (flechas rellenas)
proveen las vias para el transporte de materiales a lo largo de estos. Panel (b): seccidén transversal de
un segundo ax6n mielinizado. Las mitocondrias (flechas en blanco) son las estructuras axonales que se
encuentran con mayor frecuencia, las dimensién de su seccién transversal varfa entre 0.1 a 0.3 um y

su longitud puede alcanzar hasta 10 um . Los microtibulos se encuentran sefalizados por las flechas

rellenas. Panel (c): seccidn transversal de un conjunto de axones del cuerpo calloso. En el sistema
nervioso central la mayorfa de los axones que sobrepasan un didmetro de 0.2 um se encuentran
mielinizados (bandas oscuras alrededor de los axones). Algunos pequefios axones (sefializados con
asteriscos) no poseen capa de mielina. Ax: Axdn; Escala de barras (a): 0.25, (b): 0.5 y (¢):

1.0 um respectivamente.
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El agua es un componente importante de la sustancia blanca. Esta se encuentra en el espacio
extracelular, el cual es reducido en la sustancia blanca debido al alto empaquetamiento de los
axones, y en el intracelular: en el citoplasma de las células y en el axoplasma. La capa de
mielina contiene agua intracelular principalmente en sus regiones menos compactas. También
se encuentra agua en los pequefios compartimientos localizados entre las capas de mielina y el

axon (63).

En la sustancia blanca del cerebro esta distribucion de axones altamente empaquetados
constituyen barreras y obsticulos que restringen el movimiento molecular del agua,
penalizando el proceso de difusién de forma desigual en diferentes direcciones. Como
resultado, la difusién del agua en la sustancia blanca ocurre preferencialmente a lo largo de
las fibras nerviosas. Este fendmeno es descrito en la literatura cémo difusiéon restringida
anisotropa (del inglés: anisotropic restricted diffusion). Esta peculiaridad es justamente la que
permite, a través del estudio del proceso de difusion, determinar las direcciones espaciales en
que se encuentran orientadas las fibras nerviosas en cada elemento de volumen del cerebro.
En este tipo de andlisis la sefial de resonancia magnética por difusion es adquirida en cada uno
de los cientos de miles de pequefios pixeles tridimensionales en que es estructurado el cerebro
para su medicién. Para cada uno de estos voxels se realizan mediciones a lo largo de
diferentes direcciones espaciales, lo que permite una caracterizacién tridimensional de la

anisotropia del proceso de difusion.

La sustancia gris del cerebro y el liquido cefalorraquideo son medios donde el agua presente
en ellos difunde aproximadamente con la misma probabilidad en todas las direcciones
espaciales, por lo que son llamados medios isétropos. En el liquido cefalorraquideo el agua es
abundante y tiene una gran movilidad. Por tanto, el proceso de difusion ocurre de forma
similar a como ocurriria en un medio infinito y homogéneo. A este tipo de proceso se le
conoce como difusion libre (del inglés: free diffusion). Por otra parte, en la sustancia gris el
agua es menos abundante y su movimiento se encuentra obstaculizado por la presencia de un
gran nimero de células con diversas formas y orientaciones. Este tipo de proceso de difusién
es conocido bajo el nombre de difusion restringida isétropa (del inglés: isotropic restricted
diffusion). La Figura 5 ilustra las trayectorias hipotéticas del movimiento aleatorio de una
molécula de agua en dos entornos diferentes. El panel (a) corresponde a un proceso de
difusién libre. En dicho proceso (en el tiempo que dura el experimento) la molécula no

interactda con obstdculos y por tanto no hay direcciones preferenciales. En este caso la
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envolvente del proceso de difusion, o superficie de igual probabilidad de desplazamiento,
tiene una forma esférica. El panel (b) ilustra un proceso de difusién restringido anisétropo. En
este caso el proceso de difusidn tiene una direccion preferencial que corresponde con la
direccién en que se encuentran orientadas las fibras nerviosas. En el plano perpendicular a la
orientacion de las fibras los desplazamientos moleculares de larga longitud son menos
probables, debido a que justamente en este plano el proceso de difusién encuentra un nimero
mayor de obstdculos. En este caso la envolvente del proceso de difusidn puede ser visualizada
(o0 modelada) como un elipsoide, donde su excentricidad dependerd en gran medida del grado
de empaquetamiento y grosor del grupo de axones. Este esquema pone en evidencia que a
través del estudio del proceso de difusion en los tejidos cerebrales se pueden determinar
caracteristicas morfoldgicas inherentes a estos tejidos. La técnica de imagen de resonancia
magnética por difusioén es la técnica empleada por excelencia para este propodsito, debido a
que la sefial medida en cada voxel del cerebro depende de las caracteristicas del proceso de

difusion en dicho voxel.

Figura 5. Movimiento Browniano hipotético de una molécula de agua (a) en un medio isétropo (por
ejemplo, el liquido cefalorraquideo en el cerebro) y (b) en un medio anisétropo (por ejemplo, la

sustancia blanca del cerebro).

4.2 Principales métodos para caracterizar la geometria de los tejidos biolégicos
En esta seccién se introducen algunos de los principales métodos dedicados al estudio del
proceso de difusién en tejidos cerebrales mediante el uso de la técnica de resonancia

magnética por difusién del agua.

35



4.2.1 Reconstruccion del tensor de difusion

El modelo del tensor de difusion de segundo orden fue descrito en las secciones 2.3.2 'y 2.3.3
y en la seccién 3.2.3 se planted la ecuacion (3.18), que relaciona directamente la sefial medida
en un voxel con el tensor de difusion asociado a dicho voxel. En esta seccion se presenta el
desarrollo matemadtico bdsico relacionado al proceso de estimacién del tensor a partir de los

datos medidos en un escdner de resonancia magnética.

El modelo del tensor de difusién asume que la sefial de difusién S medida en un voxel del
cerebro, la cual es proporcional al médulo de la magnetizacion transversal compleja definida

en (3.18), se describe por la expresion:
S(b,4)=S,exp(-b4'Dq) , 4.1)

siendo S, la sefial obtenida en ausencia de gradientes de campo magnético (para b=0).

Noétese que el valor de la sefial depende explicitamente de la direccién q en que se aplica el

gradiente de campo magnético y del tensor de difusién D.

D

Xy ?

El tensor de difusion tiene 6 componentes independientes [ D, D

D_,D D, ], por

Tz
tanto se necesitan al menos 7 mediciones para estimarlo: 6 mediciones a lo largo de diferentes
direcciones espaciales para obtener los 6 elementos tnicos del tensor y otra medicién

adicional para estimar la magnitud de la sefial S,. El método estidndar de estimar el tensor
consiste en aplicar el logaritmo a los elementos del vector S (Nx1), formado por la sefial de
difusién medida a lo largo de las diferentes direcciones espaciales, Y =1log(S), y luego

resolver el sistema de ecuaciones resultante mediante regresion lineal:
Y =Xp+¢, 4.2)

donde € representa el ruido, B =[log(S,) D D,

xx

D,,D..D.ly

xz
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En la ecuacion (4.3) los términos (g,; q,; ¢,;) denotan las componentes Cartesianas del vector

unitario q, orientado a lo largo de la direccién i del gradiente de campo magnético. El

estimador de maxima verosimilitud de este modelo es

donde X es la matriz de varianza del ruido asociada con la variable Y = log(S).

B=(X"TX)" X'y,

44)

Los disefios experimentales que se emplean actualmente en aplicaciones clinicas y de

investigacion para calcular el tensor de difusién en cerebros humanos realizan un nimero

entre 12 a 30 mediciones a lo largo de diferentes direcciones espaciales y de 2 a 5 mediciones

adicionales para obtener la magnitud de la sefial S,. El aumento del nimero de mediciones

con respecto a los valores minimos impuestos por la teoria compensa el alto nivel de ruido

que afecta el proceso de medicién de la sefial de resonancia magnética por difusion. El tiempo

promedio de adquisicién de un cerebro completo para este tipo de disefio es de 5 a 10 minutos

para un valor del pardmetro experimental b = 1000 s/mm?, que es el valor estdndar empleado

comunmente. La Figura 6 muestra imdgenes del tensor de difusién reconstruidas en un

cerebro real humano.
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Figura 6. Mapas derivados del cdlculo del tensor de difusién a partir de imédgenes de resonancia
magnética por difusién de un sujeto sano. El panel (a) muestra la fraccién de anisotropia (ecuacién
(2.25)) estimada en un plano axial del cerebro; la fraccion de anisotropia es un indicador de la
densidad y coherencia de orientacion de los haces de fibras nerviosas en cada voxel. Se puede apreciar
que la fraccion de anisotropia es alta en la sustancia blanca, mientras que en la sustancia gris es menor
y casi nula en el liquido cefalorraquideo. El panel (b) muestra una region aumentada donde se han
superpuesto segmentos que denotan el vector principal del tensor; estos segmentos son un indicador de
la orientacidn local de los haces de fibras nerviosas. La regiéon aumentada corresponde a una porcion
del cuerpo calloso, compuesto por fibras muy alineadas y compactas que conectan ambos hemisferios

del cerebro.

4.2.2 Limitacion del tensor de difusion

En el cerebro humano las complejas estructuras de los tejidos tienden a alterar el proceso de
difusién que se observa en sustancias simples como el agua en un medio infinito. La difusién
queda bien cuantificada con el coeficiente de difusion molecular en un voxel donde el tejido
es isétropo o contenido en cavidades llenas de agua. Para un voxel donde el tejido presenta
una alta organizacion estructural, siendo esta de la forma mds simple, como es el caso de un
voxel situado en la sustancia blanca por dénde solamente pasa un grupo de fibras nerviosas, la
difusién se caracteriza satisfactoriamente utilizando el tensor de difusién. Sin embargo, en la
sustancia blanca es comun encontrar regiones donde la estructura es mds compleja,
apareciendo cruces de dos o mds grupos de fibras, doblamientos y enrollamientos (33). En
estos casos el formalismo del tensor de difusiéon no permite modelar satisfactoriamente la

complejidad del proceso de difusién, véase la Figura 7.
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Figura 7. Relacién entre la organizacién axonal de los tejidos y la geometria del proceso de difusion
del agua. El proceso de difusién del agua suele ser mayor a lo largo de las direcciones paralelas a los
haces de fibras nerviosas debido a que en esas direcciones las moléculas encuentran menos obsticulos
al movimiento. En un voxel donde sélo existe un grupo de fibras paralelas, el modelo del tensor de
difusién nos da una aproximacioén realista. Sin embargo, cuando varios grupos de fibras pasan por un
voxel, la geometria elipsoidal del tensor es demasiado simple para identificar la verdadera

organizacién multidireccional de los tejidos. (Figura modificada a partir de la referencia (64))

4.2.3 Imdgenes de alta resolucion angular y el coeficiente de difusion aparente
Una aplicacién novedosa para lidiar con las limitaciones del tensor de difusién consiste en

extender el modelo de sefial del tensor (ecuacion (4.1)) a la siguiente forma (65):

E(b,q) =exp(-bADC(Q))

R R 4.5)
E(b,(I) = S(b,‘l)/So

donde E(b,q) es el valor de la sefial de difusiéon normalizada (relativa a la sefial medida en
ausencia de gradientes de campo magnético, S,), y el término ADC(q) = D(q) se define

como el valor del coeficiente de difusién ‘observado’ a lo largo de la direccién ¢. A este

término se le denomina coeficiente de difusién aparente, o ADC (del inglés: Apparent
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Diffusion Coefficient) (65). Nétese que para el caso particular en que el ADC tiene forma
elipsoidal, ADC(q) =q'Dq, el modelo anterior se reduce al tensor de difusién. Sin embargo
la ventaja de este modelo es que no asume ninguna forma paramétrica especifica para la

geometria del ADC, lo que le confiere mayor libertad para captar la organizacion

multidireccional de los tejidos.

El paradigma experimental para obtener la funcién ADC consiste en medir la sefial de
difusion para un valor constante del pardmetro b a lo largo de miiltiples direcciones utilizando
una alta resolucién angular (secuencia HARDI, véase la Figura 8) y calcular el valor del
coeficiente de difusion aparente para cada direccién invirtiendo el modelo (4.5), lo que resulta

en:

ADC(§) = —%log (Eb,q)) - (4.6)

Las secuencias HARDI suelen emplear entre 60 y 250 direcciones diferentes y valores del
pardmetro experimental b mayores que el que se emplea en el tensor de difusién (entre 1200 y
6000 s/mm”) para obtener un mayor contraste angular del proceso de difusién. El tiempo

promedio de adquisicion de un cerebro completo es de 15 a 45 minutos.
Una forma extendida en la literatura para representar y estimar el ADC es su expansion en
términos de armoénicos esféricos Y, (32), los cuales forman una base ortonormal completa

sobre la esfera:

0 ]
ADC@) =) > a,Y, ). 4.7
1=0 m=—-1
Los coeficientes ag,, de la expansion pueden calcularse mediante un ajuste estdndar de

minimos cuadrados. En la préctica se suele usar una versién truncada de la expresion (4.7),
que emplea valores mdximos del pardmetro / de 4 a 8. Las funciones base de armoénicos
esféricos son suaves sobre la esfera, por lo que esta representacion suele ser efectiva para

eliminar parte del ruido presente en el dato.
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Figura 8. Esquema de adquisicion de imégenes de alta resolucién angular (del inglés: High Angular
Resolution Diffusion Imaging (HARDI)). Este tipo de secuencia se basa en medir los valores de sefial
de resonancia magnética por difusién para diferentes orientaciones espaciales. En contraste con el
tensor de difusion, donde se suelen emplear entre 12 y 30 orientaciones, las secuencias HARDI suelen

emplear entre 60 y 250.

Este modelo permite obtener mucha més informacion direccional sobre el proceso de difusién
que el modelo del tensor de difusidn, limitado a geometrias del tipo elipsoidal. Una de las
ventajas principales de esta representacion, que serd explotada a lo largo de esta tesis, es que
permite extrapolar e interpolar la sefial de forma analitica para diferentes valores del

pardmetro experimental b y para diferentes orientaciones espaciales.

Sin embargo este modelo también tiene limitaciones. En regiones donde ocurren cruces de
dos o mds grupos de fibras la forma del ADC no es directamente proporcional a la geometria
del proceso de difusién real. En la Figura 9 se pone un ejemplo donde los mdximos de la
funcién ADC no coinciden con las orientaciones espaciales de los grupos de fibras. Por esta
razén la funcién ADC no puede ser usada de forma directa para extraer las direcciones
principales en que ocurre el proceso de difusién. Las siguientes secciones estin dedicadas a

comentar los principales métodos que se han propuesto para resolver este problema.

41



Axones Difusién real Diffusién aparente
(ADC)

N N NA | —
1%2]
o
£ I
T b [ o b |-
o
©
=5
192}
g A
Q2
!

LA A A 4

w AT
A
" b [t
£ : 3 S ¢
2 = <1
@ . + +
o© . I IT =
o v v
g @] > <T>(
S + + @ (N
Y
@ @

Figura 9. Relacion entre la organizacion axonal de los tejidos y la geometria del proceso de difusién
del agua. En un voxel donde s6lo existe un grupo de fibras paralelas el ADC nos da una aproximacion
realista. Sin embargo cuando varios grupos de fibras pasan por un voxel la forma del ADC no es
directamente proporcional a la envolvente del proceso de difusion real. Por esta razén los valores
maximos del ADC no se pueden usar para identificar las principales orientaciones del medio. (Figura

modificada a partir de la referencia (64))

4.2.4 Métodos de imagen del espacio-q

El descriptor mas completo que se puede obtener para caracterizar el proceso de difusion es la
funcién de distribucién de probabilidad de los desplazamientos moleculares (también
conocida por propagador de difusion), la cual nos informa sobre la probabilidad que tienen las
moléculas en el voxel de moverse una distancia dada en cualquier direccién del espacio en un
tiempo dado. La sefial de resonancia magnética por difusion estd estrechamente relacionada al

propagador mediante la relaciéon de Fourier (46)(66):

E(q)= [ P(F)exp(27ifq)dF . 4.8)

Esto significa que la sefial medida es el espectro del propagador de difusién. Advierta que esta

ecuacion es una extension tridimensional de la relacion unidimensional obtenida previamente
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en la ecuacién (3.8), donde también se han reemplazado los términos de magnetizacién
transversal por la sefial de difusion normalizada E definida en (4.5). En esta expresion el

vector del espacio de Fourier, también conocido por vector del espacio-q, se denota por

q= W@/Zﬂ' donde 7 es la duracién de la aplicacién del vector de gradiente de campo
magnético G, y el vector de los desplazamientos moleculares se denota por r.

En la practica el propagador puede ser obtenido mediante la relacién inversa

P(F) = [ E()exp(-27ifq)dq . 4.9)

A continuacién se describen las tres técnicas principales dedicadas a la caracterizacién del
proceso de difusién basado en este formalismo, al que se le conoce de forma general como

métodos de imagen del espacio-q.

4.2.4.1 Imagen espectral de difusion

La estrategia mds directa para calcular la funcién P(F) consiste en medir la sefial de difusién

para los valores discretos del vector q que corresponden con los puntos de una rejilla
cuadriculada tridimensional (formada por puntos equidistantes dentro de un volumen en un
sistema de referencia de coordenadas Cartesiano) y calcular la transformada rdpida de Fourier
del dato adquirido. Esta metodologia devuelve el propagador evaluado sobre los puntos de la
rejilla definida en el experimento. Para extraer la informacién direccional contenida en el

propagador, en (46) se propuso calcular la siguiente proyeccién radial

ODF(f')zéj.:P(p,f')pzdp, (4.10)

donde ¥=pr, siendo p y t la longitud y el vector unitario de ¥ respectivamente. El
término ODF define la funcién de distribucién de orientacion de la difusion. Esta proyeccion
sacrifica toda la informacién radial del propagador pero retiene, en promedio, el contraste
angular relevante. Para evaluar la expresion (4.10) primero es necesario interpolar el
propagador en una rejilla tridimensional auxiliar construida en coordenadas esféricas y luego

computar la integral usando métodos numéricos de integracion, véase la Figura 10.
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Propagador de difusion Distribucion para dos La suma del area bajo la curva
orientaciones arbitrdreas es proporcional a la ODF

Area bajo la curva

Figura 10. Diagrama que muestra cémo se calcula y representa una funcién de distribucién de
orientaciéon (ODF) (Figura modificada a partir de la referencia (67)). A la izquierda se muestra un
plano de una funcién de distribucién de desplazamientos moleculares tridimensional. El cdlculo de la
ODF se ejemplifica para dos orientaciones especificas denotadas por dos lineas amarillas. En el centro
se muestran histogramas que representan la distribucion de los desplazamientos para las dos
orientaciones. El valor de la ODF en cada orientacién depende del drea bajo la curva y se calcula
como la sumatoria de las alturas de las barras del histograma multiplicadas por la longitud de
desplazamiento que codifican (véase la ecuacién (4.10)). A la derecha, la ODF calculada para todas las
orientaciones posibles se muestra mediante un esferoide deformado y en colores. Los valores
correspondientes a las dos orientaciones anteriores se seflalan con lineas amarillas. La ODF se suele
visualizar usando una escala espacial de colores ‘RGB’ (Red, Green, Blue) de acuerdo a la proximidad

de cada orientacion a los ejes de coordenadas ‘XYZ’ respectivamente.

Al formalismo de medicién y estimacién presentado en esta seccién se le conoce como
técnica de imagen espectral de difusion. La principal limitacidon de esta técnica radica en el
alto nimero de mediciones que es necesario adquirir para reconstruir la transformada de
Fourier en cada voxel del cerebro. La adquisicion de datos requiere en torno a 515 mediciones
por voxel y excede los 40 minutos de duracién para cada paciente. Un tiempo de adquisicion
tan largo limita su empleo en estudios clinicos, donde también se suelen adquirir
conjuntamente imdgenes de resonancia magnética de otras modalidades que aportan

informacién complementaria y que requieren un tiempo extra de medicion.

Esta técnica serd retomada en el Capitulo 5, donde se exponen los detalles técnico-

metodolégicos en mayor profundidad, se discuten algunas de sus deficiencias y limitaciones,
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y se validan las nuevas extensiones y algoritmos de estimacién que nuestro grupo de

investigacion ha propuesto (68) para mejorar su calidad de reconstruccion.

4.2.4.2 Imagen g-ball

La técnica de imagen g-ball (44) se desarrollé con el objetivo de disponer de un método
alternativo a la técnica espectral de difusién que pudiera trabajar con un nimero menor de
mediciones experimentales. En contraste a la técnica espectral de difusién que adquiere datos
en todo el volumen del espacio-q, esta técnica emplea imédgenes de difusién de alta resolucion
angular adquiridas sobre una esfera del espacio-g (esquema HARDI, Figura 8). Para
caracterizar la distribucién de orientacion de los tejidos en la técnica imagen g-ball se redefine

la funcién de distribucién de orientacion de la siguiente manera:

ODF () =%j:P(p,f')dp. (4.11)

Noétese que esta definicion difiere con respecto a la definicién original (ecuacién (4.10)) en

« . , . 2
que se elimina el término p~.

El autor de este método demostré que existe una transformacién matemadtica definida sobre la
esfera, que al aplicarla a la sefial medida, produce una funcién que se aproxima a la ODF
(44). En particular, esta transformacion es la transformada de Funk-Radon, también conocida
por transformada de Radon sobre la esfera. La expresiéon matemadtica que establece esta

relacion es (44):

G[S(g)]= Zﬂq'j P(r,0)J,(27q'r)rdrd6 = ODF , 4.12)

Donde G[S(q)] representa la transformada de Funk-Radon de la sefial medida, la cual crea
una nueva funcién sobre la esfera tal que a cada punto le asigna un valor que es igual a la
integral de la sefial medida sobre el ecuador asociado al punto. En la expresién anterior g’
denota el radio de la esfera en el espacio-q y P(r,60)=|P(r,0,z)dz es la proyeccién radial

del propagador de difusién, que en este caso y sin pérdida de generalidad se calcula a lo largo

del eje Z en coordenadas cilindricas (7,6, z) .

Este resultado se interpreta de la siguiente manera: sumar la sefial de difusién sobre un circulo

alrededor del origen de coordenadas devuelve el mismo valor que se obtendria al proyectar el
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propagador de difusién en el plano que contiene al circulo, multiplicar esta proyeccién por la

funcion de Bessel de orden cero J, y sumar/integrar sobre toda la proyeccién modificada.
Esta aproximacion es mds exacta a medida que la funcién J, se encuentra mds concentrada
en torno al origen de coordenadas. En el caso limite que J, se asemeje a una funcién delta

centrada en el origen entonces la expresion resultante en (4.12) coincide exactamente con la
ODF teérica (4.11). Por esta razén en la préctica se suelen usar altos valores experimentales

del pardmetro ¢ que reducen el ancho de la funcién J,. Sin embargo esta estrategia se ve

comprometida por el hecho de que el ruido relativo en el dato aumenta al aumentar el

pardmetro ¢”.

Aunque este método produce soluciones de buena calidad y puede resolver multiples
orientaciones de fibras sin realizar hipétesis sobre las caracteristicas del proceso de difusion
local, la expresion en la cual se basa la reconstruccién es aproximada. La contaminacién no
deseada que introduce la funcién de Bessel de orden cero reduce el poder separador de la

técnica en relacion a la técnica espectral de difusién.

Como alternativa a esta importante herramienta, en el Capitulo 5 de esta tesis se introduce una
descripcion matemdtica (69) propuesta por nuestro grupo de investigaciébn que permite
encontrar una relacién analitica y exacta entre la ODF tedrica (segun la expresion (4.11)) y la
sefal medida, en la que no aparece ningin término contaminante que arruine la validez de la

formulacion.

4.2.4.3 Transformada de orientacion de la difusion

La transformada de orientacién de la difusién es otra metodologia de reconstruccién
propuesta como alternativa a la técnica de imagen espectral de difusion (48). Este método
permite evaluar la integral de Fourier (4.9) en coordenadas esféricas de forma analitica,
empleando el modelo generativo mono-exponencial del coeficiente de difusién aparente
descrito por la ecuacién (4.5). Bajo esta aproximacién el método es capaz de transformar la
funcion ADC (medido mediante imdgenes de alta resolucién angular) a la funcién de

probabilidad de los desplazamientos moleculares.

La principal diferencia entre la técnica de imagen espectral de difusién y la transformada de
orientacién de la difusién radica en que mientras en la imagen espectral de difusién se calcula
el propagador de difusion en todo el volumen (sobre una rejilla tridimensional) y luego se

proyecta sobre la esfera, en la transformada de orientacién de la difusién sélo se calcula un
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contorno Unico del propagador de difusion, evaluado para una longitud de desplazamiento
especificado de antemano, de la forma P(p = valor especifico,f). Para conocer el propagador

de difusion en todo el volumen es necesario repetir el cdlculo para diferentes valores del

pardmetro p de longitud de los desplazamientos moleculares. Sin embargo esto aumenta

considerablemente el tiempo de célculo del algoritmo.

Los detalles matemadticos de la reconstruccion de esta técnica se encuentran contenidos en el
Capitulo 5 de esta tesis, donde también se presenta la extensién propuesta por nuestro grupo
de investigacion (70). En particular, se analizan en detalle las fuentes de error y limitaciones
practicas de la técnica y se obtienen nuevas expresiones analiticas para calcular las funciones
de distribucién de orientacion ODF — previamente definidas en las técnicas de imagen

espectral de difusién e imagen g-ball — que no estaban reportadas para este método.

4.2.5 Modelo del multi-tensor de difusion

A diferencia de los métodos de imagen del espacio-q descritos en las secciones anteriores, el
modelo del multi-tensor de difusién asume una relacién paramétrica entre la sefial medida y
las propiedades del medio. Este modelo extiende el modelo del tensor de difusién al asumir
que dentro del voxel existen multiples tensores asociados a diferentes compartimentos. Cada
compartimento se hace corresponder con una poblacién o grupo de fibras paralelas, por tanto
la difusién dentro de cada compartimento se describe satisfactoriamente mediante un dnico

tensor. La expresion de la sefial normalizada correspondiente a este modelo tiene la forma:

k
E(b,@)=S(b,4)/S, =Y f exp(-bG"D"q), (4.13)
i=1

donde k es el niimero de compartimentos de fibras en el voxel bajo estudio, f; es la fraccién

de volumen del agua en el compartimento i (Z; f.=1), y D es el tensor de difusién de
segundo orden asociado a este compartimento.

Mediante el ajuste de este modelo a mediciones de alta resolucion angular es posible obtener
las fracciones de volumen y los tensores de difusién asociados a cada grupo de fibras y por
tanto es posible conocer sus orientaciones espaciales y factores de anisotropia. Sin embargo,
en la prictica este tipo de formulacién tiene dos inconvenientes principales. El primer

inconveniente es el cardcter no lineal de la funcién objetivo a ser minimizada, que conduce al
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empleo de algoritmos de ajuste que son inestables. El segundo inconveniente es el
desconocimiento previo sobre el nimero de compartimentos de fibras que deben ser asumidos
en cada voxel. En la literatura se han propuesto diversas estrategias para seleccionar el
nimero 6ptimo de compartimentos, sin embargo, la principal limitacién de estos métodos es
que pueden reconstruir apropiadamente hasta un nimero miximo de k = 2 fibras (por
ejemplo, véase (33)(71) (72) (34)). Un aporte considerable fue la introduccion del método de
determinacién automdtica de relevancia Bayesiana (36), el cual permite la reconstruccién de
hasta k = 3 grupos de fibras ortogonales. Posteriormente nuestro grupo de investigacién ha
propuesto una nueva solucién (73) basada en el método de saltos reversibles de Monte Carlo
usando cadenas de Markov (del inglés: Reversible Jump Markov Chain Monte Carlo method)
— la cual se incluye entre las contribuciones presentadas en el Capitulo 5 — que permite la

estimacion de hasta k = 5 haces de fibras por voxel.

4.2.6 Deconvolucion esférica

La deconvolucién esférica agrupa un conjunto de técnicas de estimacién de mudltiples
compartimentos que pueden ser implementadas usando tanto modelos de sefial paramétricos
cOomo no paramétricos (36,37,40,74—80). Los métodos de deconvolucién esférica se han
hecho populares debido a su habilidad para identificar multiples fibras con pequefios dngulos
de separacién en datos HARDI adquiridos en un tiempo tolerado en muchas aplicaciones
clinicas. El alto poder resolutivo de estas técnicas se basa en que, a diferencia de las técnicas
independientes de modelo que estiman la ODF del proceso de difusidn, el resultado de la

deconvolucidn esférica es justamente la funcién de distribucién de orientacion de las fibras.

Entre los diferentes algoritmos propuestos, el método de deconvolucién esférica restringida
CSD (40,81) ha despertado un gran interés debido a su buen funcionamiento y bajo coste
computacional. En este método primero se estima la sefial promedio medida a lo largo de cada
una de las direcciones del espacio en regiones de la sustancia blanca que contienen un tnico
grupo de fibras paralelas; a esta sefial promedio se le llama funcién de respuesta de un haz de
fibras. Posteriormente se estima la funcién de distribucién de las fibras mediante la
deconvolucién (modelacién inversa) entre la sefial medida en cada voxel y la funcién de

respuesta calculada.

La formulacién de este modelo se basa en asumir que la sefial medida en un voxel que

contiene multiples poblaciones de fibras es la suma de la funcién de respuesta rotada a lo
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largo de cada orientacién de fibra y ponderada por sus fracciones de volumen. Esto se puede

escribir como:

S@=YfAR,, (A.14)
i=1
donde f; es la fraccién de volumen de la fibra i y f&i es un operador que rota a la funcion de
respuesta de un haz de fibras R,, definida como la funcién de respuesta de una fibra

orientada a lo largo del eje Z de coordenadas, hacia la orientacién de la fibra i. Esta expresion
se puede representar mediante el operador de convolucién ® sobre la esfera entre la funcién
de respuesta y la funcién de distribucién de orientacién de las fibras F que contiene toda la

informacion de las fracciones de volumen de las fibras en diferentes orientaciones:

S(6.0)=F(6.0)®R, . (A.15)

donde el vector unitario § se ha escrito en coordenadas esféricas (6,¢). En la Figura 11 se

muestra un ejemplo de deconvolucidn hipotética en el caso de dos grupos de fibras.

fi$10.9)  +  /S,0.4) = S©6,0) = R(6) ® F©.0)

Figura 11. En esta ilustracién se ejemplifica en dos dimensiones el proceso de deconvolucién
esférica en un voxel que contiene dos grupos de fibras (Figura tomada de la referencia (40)). La sefial
medida S (6,¢) , representada en la parte central de la figura, es la suma de las sefiales
correspondientes a las dos poblaciones de fibras representadas en la parte izquierda del grafico. La
orientacion de cada grupo de fibras paralelas se representa por una recta discontinua. Notese que la
sefial de cada grupo de fibras alcanza sus valores maximos en el plano perpendicular a la orientacién

de la fibra. En la parte derecha se muestra la convolucién de la funcién de respuesta de un haz de

fibras orientada a lo largo del eje Z de coordenadas, R, = R (9) , con la funcién de orientacién de las
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fibras. En la préactica la funcién de distribucién de las fibras se estima mediante un proceso de

estimacion inversa llamado deconvolucion.

En el método CSD el proceso de deconvolucién se realiza trabajando en coordenadas

esféricas y expandiendo en arménicos esféricos las funciones involucradas.

Recientemente se ha propuesto un nuevo método alternativo, dRL-SD , el cual se basa en el
algoritmo de deconvolucion de Richardson-Lucy (41). Una evaluacién extensiva entre los
métodos CSD y dRL-SD (82) revel6 una capacidad superior para CSD en la identificacién de
cruces de fibra con baja anisotropia, un menor porcentaje para dRL-SD de producir
orientaciones de fibras espurias y una mayor robustez para dRL-SD en la seleccién de la
funcién de respuesta de un haz de fibras. Esta tltima caracteristica tiene gran relevancia ya
que la asuncién de una funcién de respuesta Unica para todos los tractos del cerebro es
claramente una simplificacién de ambos métodos. De acuerdo a estos resultados el método

dRL-SD es el que minimiza las consecuencias de esta simplificacion.

La implementacién del método dRL-SD se diferencia en varios aspectos a su andlogo CSD.
En el dRL-SD Ia funcién de respuesta se crea empleando el modelo del tensor de difusién, de
forma similar al modelo de miltiples compartimentos revisado en la seccidén anterior
(ecuacioén (4.13)). Ademas, la expresion de la sefial incluye dos términos extras que permiten
considerar un compartimento de tejido de la sustancia gris y otro de liquido cefalorraquideo.
Esta extension hace posible que el método produzca mejores resultados en voxels que
contienen porciones de diferentes tejidos. Otra caracteristica de esta metodologia es que no
emplea la expansién en harmonicos esféricos; en su lugar, al igual que en otros métodos
anteriores (76), la funcién de orientacién de las fibras es estimada a lo largo de muchas
orientaciones discretas distribuidas uniformemente sobre la superficie de la esfera. Para esto
se asume de antemano que en el voxel existe una orientacion de fibra a lo largo de cada una
de estas orientaciones especificadas, siendo el objetivo estimar su fraccién de volumen. A
cada orientacién se le asigna una funcién de respuesta y se crea un diccionario que contiene
todas las funciones rotadas. La fraccidn de volumen de cada una de las fibras se puede estimar
entonces mediante regresion lineal entre el dato medido y el diccionario. Este proceso se

esquematiza en la Figura 12.
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(a)

f=[ | . ﬁ]

(c)

Hf

Figura 12. Esquema de deconvolucién esférica. El panel (a) muestra un conjunto de vectores
equidistantes (igualmente espaciados) sobre la superficie de una esfera. Se asume de antemano que
existe un grupo de fibras nerviosas a lo largo de cada una de estas direcciones y el objetivo es estimar
la fraccién de volumen de cada una de estas fibras a partir del dato medido. Para cada una de estas
orientaciones se crea el valor de sefial de resonancia magnética por difusién que corresponderia a un
grupo de fibras con esta orientacién bajo los mismos pardmetros de adquisicién del experimento
(empleando como modelo generativo el tensor de difusién). Con estas sefiales se crea un diccionario
de sefiales de difusién rotadas H, mostrado en el panel (b). La fraccién de volumen de cada grupo de
fibras se estima mediante regresion lineal entre el dato medido S y el diccionario empleando la
relacion que se ilustra en el panel (c). En la estimacion se espera obtener una fracciéon de volumen

mayor que cero s6lo en las orientaciones que coinciden con las fibras reales.

En el Capitulo 5 de esta tesis se discuten las principales limitaciones de las técnicas
comentadas anteriormente y se presenta un nuevo método de estimacién (83) que mejora en

varios aspectos a los métodos existentes.
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PARTE III: COMPENDIO DE PUBLICACIONES

CAPITULO 5: COMPENDIO DE CONTRIBUCIONES

En este Capitulo se presenta el compendio de contribuciones que constituyen el aporte
fundamental de esta tesis. El Capitulo estd formado por cinco secciones que incluyen cinco

articulos cientificos diferentes.
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Magnetic Resonance in Medicine 61:1350-1367 (2009)

Mathematical Description of q-Space in Spherical
Coordinates: Exact g-Ball Imaging

Erick Jorge Canales-Rodriguez,' Lester Melie-Garcia,™ and Yasser Iturria-Medina'

Novel methodologies have been recently developed to charac-
terize the microgeometry of neural tissues and porous struc-
tures via diffusion MRI data. In line with these previous works,
this article provides a detailed mathematical description of
qg-space in spherical coordinates that helps to highlight the
differences and similarities between various related g-space
methodologies proposed to date such as g-ball imaging (QBI),
diffusion spectrum imaging (DSI), and diffusion orientation
transform imaging (DOT). This formulation provides a direct
relationship between the orientation distribution function (ODF)
and the diffusion data without using any approximation. Under
this relationship, the exact ODF can be computed by means of
the Radon transform of the radial projection (in g-space) of the
diffusion MRI signal. This new methodology, termed exact
qg-ball imaging (EQBI), was put into practice using an analytical
ODF estimation in terms of spherical harmonics that allows
obtaining model-free and model-based reconstructions. This
work provides a new framework for combining information
coming from diffusion data recorded on multiple spherical
shells in g-space (hybrid diffusion imaging encoding scheme),
which is capable of mapping ODF to a high accuracy. This repre-
sents a step toward a more efficient development of diffusion MRI
experiments for obtaining better ODF estimates. Magn Reson
Med 61:1350-1367, 2009. © 2008 Wiley-Liss, Inc.

Key words: diffusion magnetic resonance imaging (dMRI); g-
space; diffusion spectrum imaging (DSI); g-ball imaging (QBI);
orientation distribution function (ODF); hybrid diffusion imaging
(HYDI)

Diffusion MRI (dMRI) data are routinely used for studying
molecular diffusion in fluids (1). When the diffusion is con-
strained by the presence of obstacles, dMRI experiments
yield information about the confining geometry (2). Recently,
there has been a large amount of interest in using dMRI
techniques to obtain information about the microgeometry of
porous structures and biological cells, which is supported by
the noninvasive nature of these measurements. Also, dMRI
techniques are able to probe the pore geometry over a range
of length scales not accessible to standard techniques like
x-ray and small-angle neutron scattering.
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Diffusion tensor imaging (DTI) is the first dMRI tech-
nique that has been proposed to quantify in vivo the an-
isotropy of the water self-diffusion process in fibrous tis-
sues (3). This approach allows estimating a second-order
self-diffusion tensor D from a series of dMRI data without
requiring exogenous contrast agents. DTI provides relevant
information that is not available from other imaging mo-
dalities; however, this technique can only resolve a single
fiber direction within each voxel.

In the last few years a number of novel methodologies
have been developed to characterize more accurately the
microgeometry of neural tissues (for a partial list of such
publications, see Refs. 4-15). Among these advanced
methods and algorithms, g-ball imaging (QBI) (6) and dif-
fusion spectrum imaging (DSI) (11) have generated consid-
erable interest due to a number of benefits such as model
independence, theoretical soundness, and the ability to
resolve intravoxel orientational heterogeneity.

In DSI the molecular displacement probability density
function (also known as diffusion propagator) is measured
by means of the Fourier relation between the dMRI signal
and the diffusion propagator, without needing generative
models of diffusion (11). The diffusion propagator within
each voxel is reconstructed by taking the fast Fourier trans-
form (FFT) of the dMRI signal on a 3D Cartesian grid.
Subsequently, this propagator is projected to a spherical
lattice in real space. Typically, to quantify the geometry of
the fluid-filled pore space, a measure termed diffusion
orientation distribution function (ODF) is computed. The
ODF is obtained by means of the radial projection of the
diffusion propagator. However, because of the large
amount of experimental data required for its practical im-
plementation, DSI is time-intensive (16).

In contrast to DSI, QBI measures the ODF directly from
the data without computing the diffusion propagator. The
ODF is estimated by sampling the dMRI signal on a spher-
ical shell and taking the Radon transform on the sphere (4).
This procedure makes QBI more suitable than DSI for
clinical applications. However, the ODF computed by QBI
is only an approximation of the exact ODF. Implicitly, the
QBI ODF is estimated as the convolution of the diffusion
propagator with a zeroth-order Bessel function, which
gives rise to an undesirable contamination of the probabil-
ity profiles along a particular direction with probabilities
from other directions (4,12). This procedure induces spec-
tral broadening of the diffusion peaks (17).

The diffusion orientation transform (DOT) (12) is an-
other mathematical model proposed to characterize the
microgeometry of fibrous tissues. In DOT the g-space Fou-
rier integral is analytically evaluated in spherical coordi-
nates under the assumption that dMRI signal attenuates
monoexponentially. Under this approximation, DOT is
able to transform water diffusivity profiles into displace-
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Exact g-Ball Imaging

ment probability profiles. The intravoxel orientational het-
erogeneity of fibers is measured by evaluating these prob-
ability profiles (or diffusion propagator) at a fixed displace-
ment length. The main limitation of this methodology
stems from the monoexponential model that is inaccurate
under some experimental conditions, i.e., long diffusion
times and strong magnetic field gradients.

In line with these previous works, this article provides a
detailed mathematical description of g-space in spherical
coordinates that helps to highlight the differences and
similarities between various related g-space methodolo-
gies proposed to date such as DSI, QBI, and DOT. This
formulation allows us to obtain a direct relationship be-
tween the ODF and dMRI data without using any approx-
imation. Under this relationship, the exact ODF can be
computed by means of the Radon transform of the radial
projection of the dMRI signal in g-space. Since the pro-
posed approach can be viewed as an extension to QBI, it
was termed exact g-ball imaging (EQBI).

The rest of this article is organized as follows. A Theory
section is devoted to obtain the exact ODF expression. In
addition, in this part a practical ODF inversion via spher-
ical harmonics is presented as well as a new model-based
reconstruction. The Materials and Methods section de-
scribes computer simulations and image acquisition strat-
egies designed to evaluate the performance of EQBI in
relation to DSI and QBI. In the Results and Discussion
sections the relevant findings are succinctly described.
Finally, main results and contributions of this work are
addressed in the Conclusions section. The Appendices
present useful and rigorous mathematical derivations for
the understanding of the particular aspects of the proposed
methodology.

THEORY
g-Space Imaging

The fundamental relationship between the dMRI signal
A(Q) and the diffusion propagator P(¥) is given by the
following Fourier transform (1):

P(F) = f A@exp(—27itq) dd, [1]

where the Fourier space vector (q-space) is denoted, in
Cartesian coordinates, by § = (qx, q,, q,), and the real-
space vector is denoted byﬁf' = (ry, 1y, 1;). The g-space
vector is defined as § = yrG/2m, where v is the gyromag-
netic ratio for the nucleus of interest (i.e., hydrogen proton
in the water molecule), G is the diffusion-sensitizing gra-
dient vector (i.e., magnetic field gradient vector) and 7 is
the diffusion-sensitizing gradient duration.

In general, the dMRI signal recorded by any MRI system
is complex-valued. Practically, to exclude phase contami-
nation arising from magnetic field inhomogeneities and
biological motion (e.g., physiologic and involuntary pa-
tient motion), the diffusion propagator is reconstructed by
taking the Fourier transform of the modulus of the com-
plex signal (11,16):
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P(¥) = J E(@exp(—2mitq) dq, [2]

where E(G) = |A(g)|. As a result, diffusion propagators
recovered through Eq. [2] are constrained to be symmetric,
i.e., P(f) = P(-7), because the information related to
asymmetric components of a microstructure is contained
in the phase of the signal (18). Since this loss of informa-
tion is a common limitation of all the aforementioned
dMRI techniques, throughout this article we will use a
simpler nomenclature—we will refer to the modulus of the
complex signal simply as diffusion signal or diffusion
image. Approaches that estimate diffusion propagators or
quantities derived from it by means of Eq. [2] and the
discrete (or fast) Fourier transform are known as g-space
imaging or diffusion spectrum imaging (see Refs. 1,11).

It is important to mention that the relationship given by
Eq. [1] is based on the assumption that the temporal shape
of the diffusion-sensitizing gradient vector is infinitely
narrow, so that the molecules do not diffuse significantly
during its application. This criterion is usually known as
the narrow pulse approximation. However, acquisition
methods cannot currently meet this condition, especially
on clinical systems. Any deviations to this criterion will
have an impact on the diffusion propagator that is esti-
mated, regardless of particular sampling strategy or recon-
struction algorithm, since for finite diffusion gradient
pulses the diffusion propagator becomes the center-of-
mass propagator (see Ref. 19 for a detailed description).
Nevertheless, previous experimental results in porous ma-
terials suggest that the breakdown of the narrow pulse
approximation does not have a significant impact on the
orientational structure of the diffusion propagator (20,21).

Exact g-Ball Imaging
Orientation Distribution Function (ODF)

This section focuses on a mathematical description of
g-space in spherical coordinates that allows obtaining
quantities derived from the diffusion propagator, such as
the orientation distribution function, in a compact and
simple form. To this end, let us first rewrite Eq. [2] as:

P(p, 1) = f E@) f exp(—2miph)3(@q — A) dA | dg, [3]

where 8 is the Dirac delta function, \ is an auxiliary pa-
rameter, and ¥ = pf, being p and f the length and unit
vector of ¥. This result is a direct consequence of the
Fourier slice theorem (22).

The above representation for the diffusion propagator is
more complex than the original form given by Eq. [2].
However, as we shall see later, it is convenient for com-
puting the exact ODF in a straightforward way. Following
this representation, the diffusion propagator can be writ-
ten:

P(p, ) = j E(\, Dexp(—2mip)) dA, [4]
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where E’()\, t) is the 3D Radon transform of E(q) evaluated
at A and t, which is defined by:

EQ, 1) = J E@)5Gd — \) dq. [5]

Geometrically, E(A, £) is the surface integral of the func-
tion E(q) on a plane perpendicular to # with distance
from the origin.

Typically, the ODF is calculated from the following line
integral (4):

1

where Z is a normalization constant. The ODF sacrifices
the radial information in the diffusion propagator but re-
tains, on average, relevant angular contrast (4). At this
stage we can use the diffusion propagator in Eq. [4] to
evaluate (by means of the Dirac delta function) the integral
in Eq. [6]. Consequently, the ODF can be computed as
follows:

ODF(¢) :% j E\, f)U exp(—2mip)) dp] d\

=% J’ E(A, #)8(\) dr
1 - A
=~ E(0, ). (7]

Therefore:

ODF(#) :% f E@5(}§) dq, (8]

where we make use of Eq. [5] with A = 0.

To evaluate the above integral we need to simplify its
structure. We can do this in spherical coordinates by
breaking down the 3D integral into radial and angular
components (see Appendix A for a detailed description).
Therefore, Eq. [8] can be rewritten as:

1
ODF(f) = ZJ' S(q) dq, [9]

rlq

with

S(fl)—j E(q. §)q dg. [10]

Equations [9] and [10] are the angular and radial inte-
grals respectively, where g and § are the length and unit
vector of q (i.e., 4 = q§, dq = q* dq d§); and dq denotes
the 2D differential area element on the surface of the unit
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sphere in the Fourier space (i.e., dq = sin adadp with
elevation angle a € [0,7], and azimuthal angle g € [0,2]).

The methodology of ODF reconstruction based on Egs.
[9] and [10] will be termed exact g-ball imaging (EQBI) and
constitutes the main theoretical contribution of this arti-
cle. Under this formulation the ODF is computed by the
Radon transform (Eq. [9]) of the radial projection of the
signal in g-space (Eq. [10]). That is, the ODF evaluated at a
particular direction t is given by the integral in g-space of
the function E(q,q)q over the plane orthogonal to . As a
result, all the relevant information concerned with the
probability for a water molecule to diffuse any distance in
the direction # (in the experimental diffusion time) is
contained in the plane perpendicular to that direction in
g-space.

Practical Considerations: Relationship between EQBI and
QBI

No theoretical approximation has been used in the previ-
ous section for the ODF estimation. However, with refer-
ence to practical implementations of EQBI several points
deserve to be discussed. For instance, in a model-free
reconstruction the upper limit of integration in Eq. [10]
cannot be taken to infinity. Hence, in practice it must be
computed as:

Gmax
S(q) =J E(q, §)q dgq, [11]
0

where gnax is the maximum experimental value of g. This
approximation is possible due to the strong diffusion sig-
nal attenuation in g-space. Making use of the main value
theorem for integration (23) the above expression can be
evaluated as:

5(@) = E(q", 4)q", [12]
where q” is some value of q in the interval from 0 to gax
(i.e., ¢" € [0,qmax])- In general, in voxels within the brain
white matter the diffusion signal attenuation profile E(q,§)
is different for each particular direction §. For that reason,
in such voxels the appropriated value q" depends on §, i.e.,
q" = q"(q). As a consequence, if the signal is sampled using
an orientationally depended sampling scheme, i.e., on the
closed surface ¢" = ¢'(q), then we could obtain accurate
results for the radial projection in Eq. [11] by means of Eq.
[12]. However, in practice it is not possible to know a
priori this surface, which is different for every voxel.
Therefore, the integral in Eq. [11] must be numerically
evaluated. That is, by sampling the signal on a spherical
lattice in g-space (i.e., 0 = ¢ = Qmax, 0 =a =m,and 0 < B =
2m) and computing the integral along each direction via
standard quadrature methods.
Alternatively, in QBI the ODF is computed as (4):

ODFgsi®) = 5 f E(q, &) d,

rlqg

[13]
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where Z’ is a normalization constant. Hence, QBI implic-
itly calculates the radial projection of the signal (see Egs.
[9] and [10]) as the signal evaluated directly on a spherical
shell with a particular radius q’, so that

S(§) = E(q', @)q'. [14]

Consequently, the precision of the QBI ODF to represent
the exact ODF depends on the accuracy of the approxima-
tion given in Eq. [14].

In principle, the orientationally depended surface q" =
q"(q) can be written as q" = qiso + Aq(§) where qiso is the
isotropic component of ¢’, and Aq(q) is the anisotropic
remainder. It is important to notice that the approximation
given in Eq. [14] is strictly correct only for an isotropic
diffusion process in which the signal is measured on the
spherical shell ¢' = qjso. This is due to the fact that for
isotropic diffusion the signal attenuation profile E(q,q) is
equal for each particular direction §, and therefore the
value q”" (in Eq. [12]) does not depend on § (i.e., Ag(g) = 0).
The accuracy of the above approximation will be tested in
the Results section under several fiber configurations and
experimental sampling schemes. From the analysis devel-
oped in this section we conclude that: 1) the performance
of QBI depends on intravoxel tissue properties; therefore,
its accuracy of reconstruction will be different for every
voxel in the brain; 2) QBI can be considered as a special
case or approximation to the more general EQBI method-

ology.

Practical Considerations: Inversion via Spherical Harmon-
ics

Since S(q) and the exact ODF(f) are functions of orien-
tation, they can be expanded in terms of spherical harmon-
ics, which represents the generalization of the Fourier
series to the domain of the sphere. Therefore:

© 1
ODF(f) = 2 Z OImYIm(f)y

1=0 m=-1

[15]

and

8

S(@) =

1

1
> Sim Yim(@) [16]
0 m=-1

The coefficients of the spherical harmonic expansions
are related by (see Appendix B for a detailed description):

1 Sim

01111:m?wpl(0): [17]

where P, is the Legendre polynomials of order I. Hence, the
exact ODF can be recovered as:

1 © 1
ODF(®) =5~ — 2 2 suP(0)Y(®.  [18]

00 )—0 m=-1
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Note that only even values of [ figure into this sum
because P;(0) = 0 for odd 1

Practical Considerations: Model-Free and Model-Based
Reconstructions

The new formalism allows us to obtain different types of
reconstructions that can be classified as model-free and
model-based solutions. The above taxonomy emerges from
the way in which the radial projection of the signal (see Eq.
[10]) can be computed. For instance, in model-free recon-
structions, as previously stated, the radial projection is
computed numerically through the acquisitions of a large
number of measurements along each direction in g-space.
Alternatively, in model-based reconstructions the radial
projection is evaluated (analytically) assuming a specific
model for the attenuation of the signal in g-space, which
can be computed with fewer measurements. To put into
practice the new framework, in the next subsection a
model-based analytical reconstruction will be derived,
which is just the ODF corresponding to the diffusion prop-
agator forecasted by DOT.

Monoexponential EQBI (MeEQBI)

For the development of this subsection, it is important to
recall that DOT methodology is a dMRI technique that
computes (analytically) the Fourier integral in Eq. [2] un-
der the assumption that the normalized diffusion signal
attenuates monoexponentially as follows (12):

E(q, Q) = exp[—47"tq’ ADC(Q)], [19]
where ADC is the apparent diffusion coefficient (or diffu-
sivity profile) and t is the effective diffusion time. The
main difference between EQBI and DOT is that while EQBI
reconstructs a projection of the propagator, DOT recon-
structs a single contour of the propagator.

Under this assumption, the radial projection of the sig-
nal given by Eq. [10] is computed as:

5(q) = j exp[—4m*tq" ADC(@)]q dq. [20]

This integral can be evaluated with the standard integral
(e.g., integral 15.77, p. 98 in Ref. 24):

“ ) 1 m+1
exp(—aqg*)q™ dg = 3 r 2

0

>a7(m+1)/2. [21]

In our case a = 47m*tADC(Q,) and m = 1, therefore:

1
S(q) = ADC@)’ [22]

where we dropped the irrelevant numerical constants that
can be collapsed into the ODF normalization constant.
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At this step, the ODF given by Eq. [18] can be computed
using the harmonic coefficients {s;,,} obtained from the
series:

1 o 1
ADC@Q) > D S Yin(@).

1=0 m=-1

[23]

This approach provides a closed-form relationship be-
tween the ADC and the ODF; it enables one to transform
the diffusivity profiles into ODF profiles by means of the
Radon transform of the inverse of the diffusivity profiles.
We will refer to this reconstruction as monoexponential
EQBI (MeEQBI).

It is important to note that in DOT (12) a theoretical
expression for the diffusion ODF (defined by means of Eq.
[6]) was not reported. Hence, the above derivation can be
viewed as an extension to the DOT methodology. Some
points with reference to MeEQBI will be addressed in the
Discussion section.

MATERIALS AND METHODS
Simulated Data Description: Local Diffusion Model

To evaluate the performance of the new technique some
synthetic data were generated using the multitensor model
(5), which allows us to consider the presence of several
fiber populations inside the voxel. Under this model, the
expression for the signal can be written as:

M

E(q. §) = E, 2, fiexp(—bg'D"q),

i=1

[24]

where M is the number of fiber-compartments, the diffu-
sion-weighting factor b (also known as b-value) is defined
as b = 4m%iq?; the volume fraction of the i compartment is
denoted by f;, so that 2M; f; = 1; DY represents the
second-order self-diffusion tensor of the i" compartment,
and E, is the signal amplitude in the absence of magnetic
field gradients (i.e., b = 0). It is assumed that the compart-
ments have equal relaxation rates and water density. In
addition, the molecular exchange between compartments
is neglected. This model is an extension to the diffusion
tensor model (25) that is obtained for the particular case
M= 1.

The i self-diffusion tensor can be parameterized as D)
= R7(6, $)AR(0, ¢), where R(6, ¢) is the rotation matrix or
operator that rotates a unit vector initially oriented along
the x-axis toward the main axis (6, ¢) of the i fiber. The
diagonal matrix A contains information about the anisot-
ropy of the diffusion process within each fiber-compart-
ment and can be written as:

AN 00
A=| 0 X\, 0 |,

0 0 X\

[25]

where \, is the diffusivity along the main fiber-axis (\; =
N2 = \3), N, and \; are the diffusivities in the plane per-
pendicular to this axis.
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The theoretical expression for the exact ODF corre-
sponding to the diffusion tensor model was derived in Ref.
(4). This result can be easily extended to the multitensor
model (by linearity and the superposition principle) as:

M
1 .
ODF(#) = o (mt)'"* >t @D )2, [26]
i=1
where Z” is a normalization constant, and D? ' is the

inverse of DY, This ODF will be used as a reference to test
the accuracy of ODF reconstructions.

Simulated Data Description: General Algorithm

In order to test the performance of the different q-space
methodologies (i.e., QBI, DSI, and EQBI) in complex fiber
geometries, we generate a set of 200 random fiber config-
urations with two or three fibers, which is typically the
number of fiber populations detected in voxels with fiber
crossings, and their corresponding diffusion signals for
some signal-to-noise ratio (SNR) values and g-space sam-
pling schemes by means of the following algorithm:

1) Generation of a number of fiber-compartments in
the interval M € [2,3] by means of a discrete uni-
form distribution.

2) For each fiber i:

a) Generation of a spatial orientation (6, ¢) by
means of a uniform distribution on the surface of
the unit sphere.

b) Generation of a volume fraction by means of a
uniform distribution in the interval f; € [0,1].

3) Scaling the generated volume fractions according to
fi = £/, £
4) Generation of the diffusivities by means of uniform

distributions in the following range: A, € [1, 2] X
1073 mm?/s, A, = N3 € [0.1, 0.6] X 1073 mm?/s.
These diffusivities are typically observed (or esti-
mated) in human brain regions (26,27).
5) Computation of the true ODF given by Eq. [26].
6) Computation of the local diffusion signal (via Eq.
[24]) corresponding to each method by using a par-
ticular set of experimental parameters (i.e., sam-
pling scheme and maximum b-value), and taking
into account the fiber parameters generated in the
above steps. The signals are corrupted by Rician
random noise, which is generated with a particular
SNR.
Computation of the ODF pertinent to each g-space
methodology.
8) Evaluation of the Kullback-Leibler (KL) divergence
between true and estimated ODF's (see Eq. [28]).
9) Repeat from step 6) to step 8) 20 times.
10) Repeat from step 1) to step 9) 200 times.
11) Repeat from step 1) to step 10) using different ex-
perimental parameters such as maximum b-value,
SNR, and g-space encoding scheme.

7

—

The following subsections provide details about the gen-
eration of the specific steps 6), 7), 8), and 11). The above
algorithm was designed to compare the KL divergences
between ODFs computed by each method and for predict-
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Table 1
EQBI and QBI g-Space Encoding Schemes
Method shell %O Status  b-value (s/mm2)
directions
EQBI, 6 0
st 85 Fixed 500
2nd 85 Fixed 1000
3rd 85 Fixed 2000
4th 85 Fixed 3000
5th 85 Variable Both in the range
6t 85 Variable from 4000 to
10,000
Total 516
EQBI, 4 0
st 25 Fixed 500
2nd 162 Fixed 1000
3rd 162 Variable Both in the range
4th 162 Variable from 2000 to
10,000
Total 515
MeEQBI 2 0
(hemispherical) 1t 240 Fixed 2000
2nd 272 Variable In the range from
1000 to 10,000
Total 514
QBlI st Total 514 Variable In the range from

1000 to 10,000

ing the optimal experimental parameters that minimize (in
average) this quantity.

Simulated Data Description: Experiment 1

The algorithm described in the above subsection was em-
ployed to run the first simulation. The g-space encoding
schemes corresponding to each method are summarized in
what follows. In EQBI we used sampling schemes com-
prised of concentric spherical shells, which are listed in
Table 1. In order to test the effect of different measurement
strategies, we simulated one type of scheme comprised of
six shells that gives priority to the radial sampling denoted
as EQBI,, and another type of scheme comprised by four
shells that gives priority to the angular sampling denoted
as EQBL,. This table also depicts the MeEQBI scheme com-
prised of two hemispherical shells.

In EQBI, the first four shells were fixed for all experi-
ments to the following b-values: 500, 1000, 2000, and 3000
s/mm?. The b-values of the two remaining shells were
ranged from 4000 to 10,000 s/mm? in steps of 1000 s/mm?,
which gives a total number of 21 possible combinations of
g-space sampling schemes. Similarly, in EQBI, the first
two shells were fixed for all experiments to b-values: 500
and 1000 s/mm?. The b-values of the two remaining shells
were varied from 2000 to 10,000 s/mm? in intervals of
1000 s/mm?, yielding a total number of 36 possible com-
binations of g-space sampling schemes. In MeEQBI the
first shell was fixed for all experiments to the b-value 2000
s/mm? while the second shell was ranged from 1000 to
10,000 s/mm? in steps of 500 s/mm? to give a total of 19
possible sampling schemes.

Similarly, in QBI we employed 19 sampling schemes
with a single spherical shell. The b-value corresponding to
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each particular shell was varied from 1000 to 10,000
s/mm? in intervals of 500 s/mm?. In addition to the EQBI
and QBI analysis, a standard DSI experiment was simu-
lated (11). The g-space sampling points were obtained
from a 3D Cartesian grid. The grid is comprised by points
of a cubic lattice within the sphere of five lattice units in
radius. These points were obtained from the following
expression:

q = aq, + bg, + cq., [27]
with a, b, ¢ € {0, =1, £2, +3, 4, *5}, and §,, §;, q,
denoting the g-space unit vectors along the x-, y-, and
z-axis, respectively. Diffusion images were simulated via
Eq. [24] for the N = 515 g-space points where
Va? + b%? + ¢* = 5. For this experiment the maximum
b-value was ranged from 1500 to 17,000 s/mm? in steps of
500 s/mm?, which gives a total number of 32 sampling
schemes. For each fiber configuration and SNR, diffusion
signals were generated using all the above possible com-
binations of the sampling schemes relevant to each recon-
struction method.

Simulated Data Description: Experiment 2

The above simulation was designed to evaluate the perfor-
mance of different methodologies using moderate spatial
resolution g-space data with encoding schemes of N = 515
measurements. In the present experiment we employ the
same algorithm and fiber configurations generated in the
above simulation, but using sampling schemes with a
smaller number of measurements, i.e., N = 252 — 258. The
g-space encoding schemes corresponding to EQBI and QBI
are listed in Table 2. Again, EQBI, and EQBI, denote
schemes that give priority to the radial and angular sam-

Table 2
EQBI and QBI g-Space Encoding Schemes
Method shell N Status  bevalue (s/mm?)
directions
EQBI, 6 0
st 42 Fixed 500
2nd 42 Fixed 1000
3rd 42 Fixed 2000
4th 42 Fixed 3000
5th 42 Variable Both in the range
6t 42 Variable from 4000 to
10,000
Total 258
EQBI, 3 0
st 85 Fixed 2000
2nd 85 Variable Both in the range
3rd 85 Variable  from 3000 to
10,000
Total 258
MeEQBI 2 0
(hemispherical) 1st 125 Fixed 2000
2nd 125 Variable In the range from
1000 to 10,000
Total 252
QBI st Total 252 Variable In the range from

1000 to 10,000
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pling, respectively. In particular, in this experiment EQBI,
and EQBI, were comprised of six and three shells, respec-
tively.

The only difference between the EQBIL, MeEQBI, and
QBI sampling schemes generated in the above experiment
and employed in this simulation is the number of points
corresponding to each spherical shell (see Table 2). For
these sampling schemes the same configurations of b-val-
ues obtained in the above experiment were employed. In
contrast, in EQBI, the first shell was fixed for all experi-
ments to the b-value 2000 s/mm? and the b-values of the
two remaining shells were varied from 3000 to 10,000
s/mm? in intervals of 1000 s/mm?2, which gives a total
number of 28 possible combinations of sampling schemes.

DSI synthetic data were generated using a Cartesian grid
comprised of points of a cubic lattice within the sphere of
four lattice units in radius. These points were obtained
from Eq. [27] with a, b, ¢ € {0, £1, *2, =3, *4}.
Diffusion images were simulated through Eq. [24] for N =
257 points where Va? + b? + ¢? = 4. Similarly, for this
experiment the maximum b-value was ranged from 1500 to
17,000 s/mm? in steps of 500 s/mm? to give a total number
of 32 sampling schemes. Again, for each fiber configura-
tion and SNR, diffusion signals were generated using all
above possible combinations of the sampling schemes cor-
responding to each reconstruction method.

Simulated Data Description: Experiment 3

The above experiments were devoted to extract the opti-
mum sampling schemes (from the set of generated
schemes) relevant to each g-space reconstruction method-
ology. The estimation of such optimum values is per-
formed taking into account the observed experimental
variability of diffusivities in white matter tissues. In con-
trast, this final experiment is proposed as an initial test to
characterize the stability and dependence of these meth-
ods on diffusivities (in terms of fractional anisotropy) with
both optimal and suboptimal sampling schemes. To do
this, we perform a simulation in line with the general
algorithm described in previous subsections. However, in
this experiment we do not generate random values for the
diffusivities; instead, they were generated as follows: The
main diffusivity was fixed to \; = 1.5 - 107% mm?/s while
N\, and A3 were varied from A\, = A3 = 0.1 - 1073 mm?/s to
Nz = A3 = 0.6 - 1073 mm?/s in intervals of 0.1 - 1073 mm?/s.
Typically, these diffusivities are observed in human brain
regions (26,27). Fractional anisotropy (FA) values corre-
sponding to these diffusivities are FA ~ 0.93, 0.85, 0.77,
0.69, 0.60, and 0.52, respectively. The sampling schemes
employed for the different reconstruction methods are de-
scribed below.

For each g-space method we used 19 different sampling
schemes. In particular, in QBI and MeEQBI the same sam-
pling schemes listed in Table 2 were employed. DSI syn-
thetic data were generated following the same procedure
described in the second experiment (N = 257). In this case
the maximum b-value was varied from 1000 to 10,000
s/mm? in intervals of 500 s/mm?. Model-free EQBI meth-
ods were tested using a subset of the sampling schemes
generated in the second experiment (see Table 2). Specif-
ically, in EQBI, the first two shells were fixed to 2000 and
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3000 s/mm? while the third shell ranged from 1000 to
10,000 s/mm? in intervals of 500 s/mm?. In EQBI, the first
five shells were fixed for all experiments to the following
b-values: 500, 1000, 2000, 3000, and 4000 s/mm?2. The
b-value of the sixth shell was varied from 1000 to 10,000
s/mm? in steps of 500 s/mm?. The SNR values used in this
experiment were 10 and 20.

Simulated Data Description: EQBI, QBI, and DSI
Reconstruction

All ODFs computed from the above experiments were
reconstructed onto 2562 angular directions obtained from
the “sphere_tri” function, “bioelectromagnetism” MatLab
toolbox (MathWorks, Natick, MA; http://eeg.sourceforge.
et/doc_m2html/bioelectromagnetism/sphere_tri.html).
This function was also used to generate the spherical sam-
pling schemes with N = 514, 162, and 42 measurements
listed in Tables 1 and 2. Similarly, the spherical encoding
schemes with N = 85 and 25 were selected from tables of
spherical codes published electronically at http://
www.research.att.com/~njas/electrons/dim3/, which are
based on minimal energy approaches. In Table 1 the hemi-
spherical MeEQBI schemes were obtained from the QBI
scheme with N = 514 measurements. Likewise, the hemi-
spherical MeEQBI schemes listed in Table 2 were obtained
from the QBI scheme with N = 252 measurements, which
was obtained from the vertices of a 5-fold regularly tessel-
lated icosahedron projected onto the sphere. The method-
ologies behind the estimation of individual ODFs corre-
sponding to each reconstruction method are summarized
below.

All DSI ODFs were computed as follows. First, diffusion
images obtained from Experiments 1, 2, and 3 (N = 515
and 257) are premultiplied by a Hanning window to en-
sure a smooth attenuation of the signal at high values of q
(11). Second, we reconstructed the diffusion propagator at
each voxel by taking the 3D FFT of the diffusion signals.
The signal is zero-padded before the Fourier transforma-
tion in order to obtain interpolated diffusion propagators
in real space. As the number of zeros increases, the FFT
better represents the continuous Fourier transform of the
signals (28). This methodology allows us to obtain a signal
representation on a 100 X 100 X 100 3D Cartesian grid.
Finally, from this map we compute an ODF using Eq. [6].
The integral is evaluated as a discrete sum (Simpson nu-
merical integration) over the available range p € [0,100].

The approach used to compute QBI ODFs is similar to
those previously described (8,29,30). The ODFs were com-
puted through Eq. [18] using the spherical harmonic de-
composition of the data (see Appendix C for a detailed
description).

Model-free EQBI reconstructions (i.e., EQBI,, and EQBI,)
were performed through the following steps:

® Computation of the radial projection of the signal
along each direction by means of a Simpson numeri-
cal integration.

® Computation of the set of harmonic coefficients {sj,;,}
using Eq. [16] (see Appendix C).

® ODF estimation using Eq. [18].

On the other hand, the estimation of model-based ODFs
from MeEQBI involves the following steps:
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Table 3
Optimal g-Space Encoding Schemes (N = 515)
No. of Optimal configuration of b-values (s/mm?2)
Method Shell -
directions SNR =5 SNR = 8 SNR = 10 SNR = 15 SNR = 20
EQBI, 6 0 0 0 0 0
st 85 500 500 500 500 500
2nd 85 1000 1000 1000 1000 1000
3rd 85 2000 2000 2000 2000 2000
4th 85 3000 3000 3000 3000 3000
5th 85 4000 4000 4000 4000 5000
6t 85 5000 5000 5000 6000 7000
Total 516
EQBI, 4 0 0 0 0 0
st 25 500 500 500 500 500
2nd 162 1000 1000 1000 1000 1000
3rd 162 2000 3000 4000 2000 5000
4th 162 4000 4000 5000 7000 8000
Total 515
MeEQBI 2 0 0 0 0 0
(hemispherical) st 240 2000 2000 2000 2000 2000
2nd 272 2500 2500 3000 3500 6000
Total 514
QBI 1st Total 514 2000 2500 2500 3000 3000
DSI Total 515 3000 3500 4500 7500 8500

® Computation of the diffusivity profile (i.e., ADC, and
ADC,) corresponding to each different spherical shell
by means of Eq. [19].

e Computation of a representative diffusivity profile
ADC = (ADC, + ADG,)/2.

® Computation of the set of harmonic coefficients {sj,,}
using Eq. [23] (see Appendix C).

® ODF estimation using Eq. [18].

The ODF reconstruction accuracy was measured using
the KL divergence between the reference ODF given in Eq.
[26] (i.e., ODF) and the estimated ODF (i.e., ODF). The KL
divergence is a measure of the dissimilarity between two
probability distributions that has previously been used to
compare ODFs (17). The KL divergence between ODF and
ODFy is defined as:

ODF(&;)

N
KL(ODF|ODF) = Y, ODF{#)log e

i=1

[28]

where {f;, 1 = 1, ... N} is the set of angular directions in
which the ODFs are sampled or reconstructed (i.e., N =
2562). From the above experiments, the KL divergence was
calculated for each synthetic data and reconstruction
method. The synthetic diffusion signals were corrupted by
Rician noise with different SNRs, i.e., SNR = {5, 8, 10, 15,
20}, which were related to the E, image by means of SNR =
Ey/o, where o is the standard deviation of the Rician dis-
tribution.

RESULTS
Experiment 1

Table 3 lists the optimal sampling schemes obtained from
the first experiment. These optimal g-space encoding

schemes minimize the mean value of the KL divergence
computed between the estimated and true ODFs. It is
interesting to note how the optimal schemes depend on
SNR. The maximum b-value increases with the increase of
SNR for all methods. In particular, DSI exhibits the maxi-
mum b-value (8500 s/mm?) for SNR = 20.

Figure 1 shows the mean values (upper bars) and stan-
dard deviations (lower bars) of the KL divergence relevant
to each reconstruction method when the optimal sampling
schemes listed in Table 3 are used. Based on these results
we can draw several partial conclusions. First, the mean
value of the KL divergence increases with the decrease of
SNR for all methods, as expected. Second, the MeEQBI
method provides better ODF estimation for all SNRs (in
terms of mean value). Note that the main differences be-
tween the MeEQBI and QBI reconstructions arise for
SNR = 15. Third, although DSI presents better stability (in
terms of variance), it provides worse ODF reconstruction
(in terms of mean value). Fourth, the accuracy of model-
free EQBI reconstruction depends on the sampling
scheme; for instance, EQBI, gives in general better output
ODF's than EQBI,. In the Discussion section we shall pro-
vide some practical implications of these results.

Experiment 2

Table 4 lists the optimal g-space encoding schemes for
each reconstruction method. These optimal sampling
schemes minimize the mean value of the KL divergence
estimated in the second experiment. As can be seen, the
maximum b-value increases with the improvement of SNR
for all methods. Again, the maximum b-value corresponds
to the DSI method, which requires a value of 7500 s/mm?
for SNR = 20. Note that the EQBI,, EQBI,, and MeEQBI
optimal sampling schemes do not show differences for
cases of SNR = 5, 8, and 10.
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Figure 2 depicts the mean values (upper bars) and stan-
dard deviations (lower bars) of the KL divergence relevant
to each reconstruction method when the optimal sampling
schemes listed in Table 4 are used. From this study we
draw the following partial conclusions. First, the mean
value of the KL divergence increases with the decrease of
SNR for all methods, as expected. Second, MeEQBI out-
performs all remaining methods for all SNRs (in terms of
mean value). Finally, EQBI, performs better than DSI and
EQBI,.

The above experiments (Tables 3 and 4; Figs. 1 and 2)
have similar results in some aspects. Most of these results
are robust with respect to the two g-space sampling reso-
lutions employed in the experiments. The major difference
resides only in the reconstruction accuracy of EQBI,
which showed a decline for the lower spatial resolution

Table 4
Optimal g-Space Encoding schemes (N = 258)

listed in Table 3. For each SNR
L
SNR=20

|
SNR=15

(i.e., N =~ 258). In addition, the difference between the KL
divergences computed with MeEQBI and QBI has de-
creased in the second experiment with respect to the first
one.

Experiment 3

Figures 3 and 4 show the mean values and standard devi-
ations of the KL divergence corresponding to MeEQBI,
EQBI,, EQBI,, QBI, and DSI as function of the anisotropy
(i.e., FA) of the diffusion process within each fiber com-
partment. Figure 3 corresponds to the case SNR = 10, and
Fig. 4 to SNR = 20.

As can be seen in Fig. 3, the performance of QBI, EQBI,,
and EQBI, highly depends on FA for b-values larger than
4000, 5000, and 8000 s/mm?, respectively. It is important

Optimal configuration of b-values (s/mm3)

Method Shell No. of
directions SNR =5 SNR = 8 SNR = 10 SNR = 15 SNR = 20
EQBI, 6 0 0 0 0 0
st 42 500 500 500 500 500
2nd 42 1000 1000 1000 1000 1000
3rd 42 2000 2000 2000 2000 2000
4th 42 3000 3000 3000 3000 3000
sth 42 4000 4000 4000 4000 5000
6th 42 5000 5000 5000 6000 7000
Total 258
EQBI, 3 0 0 0 0 0
st 85 2000 2000 2000 2000 2000
2nd 85 3000 3000 3000 3000 3000
3rd 85 4000 4000 4000 4000 5000
Total 258
MeEQBI 2 0 0 0 0 0
(hemispherical) st 125 2000 2000 2000 2000 2000
2nd 125 2500 2500 2500 3000 3500
Total 252
QBI st Total 252 1500 2000 2500 3000 3000
DSl Total 258 2500 3000 4500 6500 7500
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FIG. 2. Reconstruction accuracy
of ODF reconstruction methods
for a diffusion synthetic dataset
with 200 fiber configurations,
which were generated with two
and three fiber populations and
the optimal sampling schemes
listed in Table 4. For each SNR
and fiber configuration 20 repeti-
tions of Rician random noise were
generated to corrupt the synthetic
diffusion signals. The x- and y-
axis denote respectively the SNR
and KL divergence between the
reference and estimated ODFs.
The upper and lower bars repre-
sent the mean value and the vari-
ance of the KL divergence com-
puted for each SNR.
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to notice that KL divergences computed from QBI using
optimal and nonoptimal sampling schemes differ by one
order of magnitude. In contrast, MeEQBI and DSI showed
a stable behavior with respect to the FA value over the
entire range of b-values. MeEQBI was slightly more accu-
rate than DSI.

In Fig. 4 a decrease in the dependence of g-space meth-
ods on FA can be appreciated in comparison with Fig. 3.
Specifically, the performance of QBI and EQBI, depends
more on FA for b-values larger than 5000 and 8000 s/mm?,
respectively. In this experiment MeEQBI, DSI, and EQBI,
behave stably in the whole range of b-values (in the case of
EQBI, for b-values lower than 9500 s/mm?). Here QBI was
the most unstable method as well.

The above experiment supports the hypothesis that, in
general, g-space methods based on sampling schemes with
a large variety of b-values (i.e., EQBI, DSI) are more stable
for describing the orientational structure of diffusion pro-
cesses with a moderate value of the anisotropy (FA). This
issue will be explored in the following section.

DISCUSSION
Error Sources and Practical Implications

Ideally, if the ODF corresponding to DSI is calculated by
means of the radial projection given by Eq. [4] then, in
theory, the ODFs predicted by DSI and EQBI should be
identical. However, in practice these ODFs are different as
a result of numerical errors introduced by different recon-
struction approaches.

In DSI the mapping between Cartesian and spherical
coordinates systems can introduce artifacts in the ODF.
These artifacts, known as Cartesian artifacts, may be a
problem at the low (or moderate) spatial resolution typi-
cally used for DSI (4). In addition, the ODF only can be
computed through the Fourier formalism (i.e., FFT), which
requires large experimental diffusion-sensitizing gradients
to satisfy the Nyquist condition. Also, in FFTs the noise
interacts with the signal in a complex way. In particular,
since the FFT is done on magnitude data, it introduces a

| 1 1 |
SNR=8 SNR=10 SNR=15 SNR=20

Rician bias effect into the reconstruction, which will have
a considerable effect given the very low SNR of many of
the measurements at higher b-values. This is revealed in
our experiments by the fact that the better DSI ODF recon-
structions were achieved for moderate values of the max-
imum b-value; for example bmax = 7500 s/mm? for N =
515, and bmax = 6500 s/mm? for N = 257, with SNR = 15
(see Tables 3, 4). Although previous studies have em-
ployed a maximum b-value in the range from 12,000—
18,000 s/mm? (11), a recent study with real data in a 3T
MRI system (31) showed that lower b-values can produce
better ODF reconstructions (e.g., bmax = 6500 s/mm? for
N = 515, and bmax = 4000 s/mm? for N = 203), which
support our results. Unfortunately, the SNR inherent to
this clinical MRI system was not reported, and therefore
we cannot perform a rigorous comparison between the
optimal b-values obtained in this article and the one fore-
casted in our work.

On the other hand, EQBI inherits some benefits of QBI:
1) the measurements and the reconstructions are both per-
formed on the sphere, so the reconstructions are immune
to Cartesian artifacts; 2) spherical sampling provides a
more natural framework for describing angular resolution
(16); and 3) it provides a simplified and flexible framework
that can be implemented using a number of well-charac-
terized spherical functions, for example: spherical har-
monics, spherical radial basis functions, and spherical
wavelets. However, this type of implementation also in-
troduces artifacts. The two main error sources are the
truncation effects on the spherical functions, which will
be the topic of a separate discussion in this section, and
the fact that Eq. [10] is approximated by a discrete sum. In
principle, these error sources depend on the g-space sam-
pling scheme. Therefore, different sampling schemes with
a constant number of measurements N can provide differ-
ent reconstruction quality. This effect is tested in our
simulations by considering two different types of schemes
that give priority to the angular (EQBI,) and radial (EQBI,)
sampling. Notice that the experiments do not account for
T, effects as q increases. Incorporating this effect will give
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FIG. 3. Reconstruction accuracy of ODF reconstruction methods for a diffusion synthetic dataset with 200 fiber configurations, which were
generated with two and three fiber populations, sampling schemes with N = 252 — 258 measurements, and different FA values. For each
fiber configuration 20 repetitions of Rician random noise with SNR = 10 were generated to corrupt the synthetic diffusion signals. The y-axis
of the individual subfigures denotes the KL divergence, i.e., mean value and variance, between the reference and estimated ODFs. a,b: The
x-axis denotes b-values corresponding to the third (EQBI,) and sixth (EQBI,) shell of the sampling schemes of model-free EQBI methods.
For EQBI, the first two shells were fixed to the b-values 2000 and 3000 s/mm?2. For EQBI, the first five shells were fixed to the following
b-values: 500, 1000, 2000, 3000, and 4000 s/mm?2. c: The x-axis indicates the b-value corresponding to the second shell of the sampling
scheme used in MeEQBI (the first shell was fixed to b = 2000 s/mm?). d: The x-axis denotes the maximum b-value employed in the DSI
sampling scheme. Similarly, in (e) the x-axis represents the b-value of the sampling scheme utilized in QBI.

better estimates of the best settings for diffusion MRI ex-
periments (32). Nevertheless, the sampling schemes em-
ployed in this work allow us to illustrate the features of
different EQBI encoding strategies. It is important to men-
tion that the estimation of the optimal EQBI sampling
schemes can be performed using a larger set of possible
combinations of b-values (see Tables 1, 2) and a spherical

lattice with a finer resolution. Since the analysis of all such
possible combinations is a very demanding task from the
computational point of view, in this work we employed a
reasonable reduced set of sampling schemes.

In theory, it is far from clear which of the above source
of artifacts is more severe. Hence, in this work we exam-
ined, via numerical simulations, the ODF reconstruction
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FIG. 4. Reconstruction accuracy of ODF reconstruction methods for a diffusion synthetic dataset with 200 fiber configurations, which were
generated with two and three fiber populations, sampling schemes with N = 252 — 258 measurements, and different FA values. For each
fiber configuration 20 repetitions of Rician random noise with SNR = 20 were generated to corrupt the synthetic diffusion signals. The y-axis
of the individual subfigures denotes the KL divergence, i.e., mean value and variance, between the reference and estimated ODFs. a,b: The
x-axis denotes b-values corresponding to the third (EQBI,) and sixth (EQBI,) shell of the sampling schemes of model-free EQBI methods,
respectively. For EQBI, the first two shells were fixed to the b-values 2000 and 3000 s/mm?. For EQBI, the first five shells were fixed to the
following b-values: 500, 1000, 2000, 3000, and 4000 s/mm?Z. c¢: The x-axis indicates the b-value corresponding to the second shell of the
sampling scheme used in MeEQBI (the first shell was fixed to b = 2000 s/mm?). d: The x-axis denotes the maximum b-value employed in
the DSI sampling scheme. Similarly, in (e) the x-axis represents the b-value of the sampling scheme utilized in QBI.

accuracy for some methods, sampling schemes, fiber con-
figurations, and SNRs. These studies allowed extracting
the optimal sampling schemes of each method (see Tables
3, 4) and comparing their performance using these optimal
protocols. Results from the first and second experiments
(Figs. 1, 2) reveal some interesting aspects. In the typical
DSI g-space resolution (i.e., N = 515) EQBI, and EQBI, give

better output ODF's than DSI. On the other hand, in a lower
g-space resolution with N = 257 EQBI, outperforms DSI;
however, DSI gives similar output ODFs than EQBI,.

The relative superiority of EQBI, with respect to EQBI,
in both experiments suggests that, for these optimal sam-
pling schemes, the numerical errors arising from the radial
projection of the diffusion signal, which are produced by a
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low radial resolution of the sampling scheme, are less
important than the loss of information due to a sampling
scheme with low angular resolution. Therefore, in practice
one should concentrate the measurements on a g-space
frequency band with a high angular resolution. Neverthe-
less, this idea cannot be necessarily extrapolated to the
limit case of sampling in a single shell. The MeEQBI
method, which was implemented with two shells, pro-
vides better ODF estimation for all SNRs.

The third experiment (Figs. 3, 4) reveals that MeEQBI is
more stable than QBI for arbitrary (nonoptimal) sampling
schemes, especially at high b-values. This result implies
that in practice MeEQBI (as well as DSI) may provides
stable solutions for a higher number of voxels, due to the
dependence of the optimal sampling scheme on SNR and
FA, and the lack of a priori information about the values of
these magnitudes at each voxel.

This result suggests that g-space methods like EQBI and
DSI, which are based on sampling schemes with a large
variety of b-values, are more stable for describing the ori-
entational structure of diffusion processes with moderate
anisotropy. From a theoretical point of view this fact can
be explained by considering that different b-values allow
exploring the real space (i.e., the space where take place
the diffusion process) at different length scales. So, g-
space methods based on these schemes are able to charac-
terize a broad range of molecular displacement lengths,
and hence, a broad range of pore microstructure shapes.
Reconstruction methods based on the combination of low
and high b-values in the same experiment are more stable
and robust than those based on sampling schemes with a
single spherical shell. Particularly in voxels with moderate
anisotropy, where high b-values are required to character-
ize the angular structure of the diffusion profile. In prac-
tice, ODF reconstruction techniques based on methods
that take into account only the information coming from
high b-values will be unstable due to the low SNR of the
measurements.

It is important to mention that the concept of sampling
on several concentric shells is not new. It was recently
proposed (33) to study the human central nervous system.
This methodology, termed hybrid diffusion imaging
(HYDI), facilitates the application of multiple data-analy-
sis strategies including DTI, DSI, QBI, and biexponential
diffusion from a single dataset in a moderate scan time on
a clinical MRI scanner. The methodology introduced in
this article can be easily incorporated within the HYDI
framework.

Model-Based Reconstructions and Image Fusion
Techniques

Although model-free EQBI reconstructions can be per-
formed with sampling schemes with low or moderate rel-
ative density, the best theoretical performance is obtained
for dense sampling schemes (i.e., schemes with a high
spatial coverage in g-space). Nevertheless, one of the most
important advantages of EQBI is its versatility to compute
model-based ODFs. This type of reconstruction provides
some benefits that can be enumerated as follows: 1) the
radial projection of the signal can be computed over the
continuous g-space, 2) the upper limit of integration can
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be extended to infinity, and 3) the measurements can be
collected using a smaller sampling scheme.

To illustrate this, we derived an analytical expression
for the ODF under the assumption that dMRI signal atten-
uates monoexponentially (i.e., MeEQBI), which is the
more elementary diffusion model for characterizing mul-
timodal diffusion processes. Even so, as can be seen in
Figs. 1-4, it provides the best ODF reconstruction in terms
of accuracy and stability for both optimal and nonoptimal
sampling schemes. In principle, this approach can be im-
plemented using a sampling scheme with only one spher-
ical shell. However, in this work we use a sampling
scheme formed by two hemispherical shells. This proce-
dure allows computing an ADC profile more representa-
tive of the voxel that allows a better interpolation of the
signal in the whole g-space. The output ADC relevant to
the MeEQBI technique was computed as the average of the
ADGs acquired (or estimated) using low and moderate
b-values (Tables 3, 4). Lower b-values provide lower an-
gular resolution but higher SNRs and vice versa. Neverthe-
less, it may be possible to obtain the best predictions by
combining these ADCs in a nonlinear way. For instance,
by using the new reconstruction algorithm termed multi-
ple wavevector fusion (MWF), which has been used to
boost the SNR of QBI (17). This algorithm operates by
nonlinearly fusing the diffusion signals collected on sep-
arate spherical shells using low and moderate b-values.
The MWF methodology merges the wavelets coefficients
obtained from the spherical wavelet transform of the sig-
nals. These coefficients are used to reconstruct a final
composite image (or ODF). The fusion rule is based on the
assumption that the final image contains the salient fea-
tures that are best described at each different spherical
shell. Unfortunately, a direct comparison of MWF and
MeEQBI was not possible in this work since MWF is
developed in terms of spherical wavelets and MeEQBI in
terms of spherical harmonics. A future implementation
using the same spherical basis is required to test the ODF
reconstruction accuracy of both methodologies.

In the research fields of image fusion, data compression,
and pattern recognition, a large variety of empirical fusion
rules have been proposed (34,35). However, there is no
consensus about which of them is the best theoretical
alternative because the best criterion is tied to the specific
application. Although the search for the best image fusion
criterion is encouraging, in our opinion the best results
may be obtained with the use of more realistic diffusion
models, such as the biexponential model (36), the gener-
alized diffusion tensor model (18), or the stretched-expo-
nential model (37), which have been shown in numerous
articles to provide a very accurate characterization of the
radial behavior of the diffusion signal (19,33,34). The pre-
sented formulation can be easily extended to these models.
However, we leave the details of these model-based recon-
structions as well as the investigation of the effects of
different interpolation strategies to future work.

Truncation Effects

In practice, both model-free and model-based ODFs are
computed approximately by limiting the series in Eq. [18]
to a particular I,-term. In this way, we obtain a hierar-
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FIG. 5. Energy of the truncated plane wave, defined as the square of the magnitude of the wave computed using Eq. [29]. The direction
of r was assumed along the z-axis. a: Energy pattern corresponding to the case p = 10 um and /nax = 10, which gives rise to a low-pass
filter in the range from 0 t0 Gmax = 1.6 - 10~ wm~". b: Energy pattern corresponding to the case p = 10 wm and /nax = 40, which gives rise
to a low-pass filter in the range from 0 t0 gax = 6.4 - 10~ pm~". Notice that in the limit as /nax — , Eq. [29] produces a perfect plane wave

with constant energy (i.e., equal to 1) within a circle of radius infinity.

chical surface description that includes further details
when more coefficients are considered. This subsection
focuses precisely on a theoretical examination of errors
introduced due to truncation effects in Eq. [18]. To this
end, let us return to the analysis of Eq. [2]. The plane wave
given by the exponential term in Eq. [2] can be expanded
in terms of spherical wavefunctions:

20 Imax 1

(pq)”z lim E E

I

X (_i)le 1/2(2 7qu) Yv]m(f‘) i/vlm((,\l)’

exp(—2witq) =

[29]

where J is the Bessel function of order I. This expansion
was discovered by Bauer as early as 1859 (38). Making use
of Eq. [29], Eq. [2], and Eq. [6], we obtain

2 © 1
ODF(%) :7” >SS ()Y@

I=0 m=-1
X J' (J ]I+1/2(27TPQ)P71/Z dP)E((l)YIm(Q)qllz dq. [30]

The above integrals can be evaluated with the use of the
Weber’s infinity integral given by Eq. [58] in Appendix D,
and the relationships in Eqgs. [16] and [45]. After some
tedious algebra, and taking into account the result in Eq.
[51], Eq. [30] becomes:

S 1
1
ODF(®) = 57— 2 2 8iuPi0)Yin(®)

00 I=0 m=-1

[31]

Notice that this expression is equal to Eq. [18]. There-
fore, the above analysis provides an alternative way to
arrive at the ODF inversion via spherical harmonics

derived in previous subsections, and more important,
provides a framework for the physical interpretation of
errors due to truncation effects. In fact, truncation of
series in Eq. [18] (or Eq. [31]) to a certain order of I,y is
equivalent to approximate the plane wave in Eq. [2] (or
Eq. [29]) to a particular value of I,,x. Because only the
plane orthogonal to # in g-space contributes to the ODF
evaluation in that direction, we restrict our analysis of
the wave to this plane.

Theoretically, in the limit as L, — %, Eq. [29] produces
a perfect plane wave within a sphere of radius infinity.
However, because a Bessel function J,(u) has a value very
close to zero for u < n (39), ]1max+1/2[2 mwqp) likewise is very
close to zero for 2mqtp < Lyax, Where it was considered that
Inax = Inax + 1/2. We can thus infer that for a finite value
of I, and outside the sphere of radius I./2mp (in the
plane perpendicular to the direction of propagation in
g-space) the wave field decays quite rapidly. This implies
that the truncated representation of the plane wave is
accurate only for ¢ = L,.x/2mp. To illustrate this, Fig. 5
shows the energy of the truncated plane wave given by Eq.
[29] for two particular values of L.

This analysis shows that the truncated plane wave acts
as a low-pass filter in g-space, which is the frequency
space for the propagator. Therefore, limiting the series in
Eq. [18] to a certain order of I, is equivalent to compute
the ODF from the following filtered propagator:

Pu(¥) = JE((]]exp(—Zwifq]Hﬂ(j)dfi, [32]

where I1(|q]) is the filter, with TI(|g]) = 1 for |§] = Ln./27p
and I1(/g)) = 0 for || = I../2mp. Hence, the truncated
diffusion ODF can be considered as a low-pass filtering of
the exact ODF. For short displacements, or large series
orders, the above propagator resembles the true propaga-
tor:
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limPx(¥) = P(¥),

[t[—0

[33]

lim Pg(¥) = P(¥).

Imax—>

The filter in g-space introduces a low-pass threshold
given by Gmax = Inax/27p that can be rewritten as guax = k/p,
with k > 1 for I, > 6. It is important to remember that a
standard DSI reconstruction with a nominal isotropic spa-
tial resolution p requires an experimental g-value given by
Qmax = 1/p (11). This implies that (for L. > 6) gmax is below
the low-pass threshold gn.x imposed by the filter. There-
fore, in this case the low-pass filtering has no consequence
in the spatial resolution of the reconstructed diffusion
propagator. This analysis provides a way to chose ade-
quately the optimum series order /.. A standard practice
in ODF (or ADC) representations using spherical harmon-
ics is to choose a series order in the range from I,.x = 6-10.
A higher value of I, provides a higher angular resolution
but, simultaneously, it is capable of representing the high-
frequency components introduced by measurement noise
(30). Therefore, the most plausible approach is to choose a
moderate series order to achieve a moderate angular reso-
lution where fluctuations in the data are effectively re-
moved.

CONCLUSIONS

In summary, we have presented a detailed mathematical
description of g-space in spherical coordinates that helps
to highlight the differences and similarities between vari-
ous related g-space methodologies proposed to date. This
formulation allows us to obtain a theoretical relationship
between the ODF and diffusion MRI data without using
any approximation. Under this relationship, the exact ODF
can be computed by means of the Radon transform of the
radial projection (in g-space) of the diffusion signal. The
new methodology, termed exact q-ball imaging (EQBI), is
capable of mapping ODF to a high accuracy and provides
a new perspective for interpreting and designing diffusion
MRI experiments. Although the EQBI formalism uses only
the information contained in the modulus of the measured
signal, the proposed methodology has a straightforward
extension to complex data and can potentially be used to
image asymmetric microstructures. We leave the details of
this generalization to future research.

In this article we have introduced a new framework for
combining information coming from diffusion data re-
corded on multiple spherical shells in g-space (i.e., HYDI
encoding schemes). This represents an important step to-
ward a more efficient development of diffusion MRI ex-
periments for obtaining better ODF estimates. In particu-
lar, we have reported optimal g-space sampling schemes
for QBI, DSI, and model-free and model-based EQBI meth-
ods (Tables 3, 4) that were obtained from exhaustive nu-
merical simulations.

Ideally, EQBI has a major advantage over the standard
QBI method: the exact ODF does not depend on a partic-
ular value of q. This advantage is crucial, since the diffu-
sion ODF should describe physical properties of the fluid-
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filled pore space and hence must depend on experimental
parameters as little as possible. However, as it is not pos-
sible to do an infinite number of signal attenuation mea-
surements, in practice the exact ODF can only be com-
puted approximately. This technical limitation introduces
error sources that have been pointed out in this article
from a theoretical and practical point of view.

The new technique has potential applications in mate-
rials science and biomedicine. It can be used to map com-
plex fiber architectures in tissues such as the brain, skel-
etal muscle, and heart. EQBI may improve the existing
fiber-tracking algorithms to obtain more reliable estimates
of neural anatomical connections. This can be used to
study how different diseases affect the water diffusion
process in the brain, including schizophrenia and other
neuropsychiatric disorders. Further work should be un-
dertaken to find the optimal interpolation strategies as
well as the development of more accurate model-based
solutions. In particular, the estimation of the optimal sam-
pling scheme corresponding to each method should be
performed using a larger set of possible combinations of
spherical shells. The possibility of including sampling
schemes with a different number of diffusion gradient
directions per shell is another interesting fact that will be
explored in a future work.
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APPENDIX A
Derivation of the Exact ODF in Spherical Coordinates

In spherical coordinates, Eq. [8] becomes:

ODF(f) = ;J’ E(q, @, B)d(q cos w)g’sin @ dq da dB, [34]

where w is the angle enclosed between # and q (i.e., #§ =
cos w). The value of the above integral is invariant to any
rotation of the laboratory coordinate system. Therefore, if
we introduce a new rotated system with spherical coordi-
nates labeled o’ and B’, Eq. [34] can be rewritten as:

1
ODF(}#) = A f E(q, &', B')8(q cos w')q’* sin a’ dq da’ dB’,
[35]
where now w’ is the angle enclosed between t and §’ (the
g-space unit vector in the rotated coordinate system).

The above expression acquires a simpler form in the
rotated system whose z'-axis is parallel to . In such a
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system w’ = a'. Consequently, making the change of vari-
ables t = cos w’, Eq. [35] can be computed:
1
ODF(t) = ZjE(q, w’, B")8(q cos w')q* dg d cos w' dB’

1

= ZJ' E(q, cos™'t, B")8(q)q* dq dt dB’'. [36]

Where was considered that sin «’d cos «'. Taking into
account that (22):

_8(g) + 3(1)

8(q ) = T Tz, 2 [37]
Vg

+

Equation [36] becomes:

ODF(¢ )—jE(q’ C;q;:i;ﬁ)
AY

1
Z

Note that the first integral is zero. Therefore,

q*3(q) dq dt dp’

E(q, cos™'t, B')

TrE q*5(t) dq dt dB’.

[38]

ODF (%) = % J E(q, /2, B')q dq dp’ [39]

where it was considered that cos™'0 = n/2. This equation
can be rewritten in the nonrotated coordinate system as:

1
ODF (%) =ZJ dQJE(q, G)q dq. [40]

£1q

APPENDIX B
Relationship between the Spherical Harmonic Coefficients

The Radon transform given by Eq. [9] can be rewritten in
terms of the delta function as:

1
ODEF(t) = ZJ S()d(tq) dq [41]

Therefore, making use of the above equation and the
spherical harmonic expansions given by Egs. [15] and [16],
we obtain:

© 1 1 ® 1
2 2 onYu® =752 2 s f Yi(@5(#9) dg.  [42]
=0 m=

0 m=-1 1=0 m=—1

The relationship between the harmonic coefficients oy,
and sj, can be proven using the Legendre polynomial
expansion of the delta function:
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[43]

..D
N\H

E 21’ + 1)P,(0)P,(2q),

the well-known addition theorem for spherical harmonics:

I

E Yv] m’ (I‘) YI m' ((I)

m'=-I

41

a1 [44]

Py(tq) =
and the orthogonality property of the spherical harmonics:

J Y1 w(@) V1@ d§ = 88y [45]

where §;; and 8, are Kronecker deltas, which lead to the
relation:

o 1 ®
Y S oY) = 7’72 E 5uP(0)Y,,(®).  [46]
1=0 m= 1=0 m=

Therefore,

2
Oim = 7 SImP1<O)' [47]

The normalization constant Z can be obtained in prac-
tice from the ODF normalization condition:

j ODF(f) dit = 1. [48]
Inserting Egs. [15] and [47] into Eq. [48], we obtain:
]
Z=2m 2 % smP(0) f Yin(®) di. [49]
I=0 m=-1

Considering that 1 = 271/2Y,(Q,), and taking into ac-
count the orthogonality property of the spherical harmon-
ics (see Eq. [45]), the integral in the previous equation can
be evaluated:

f Ylm(f‘) df‘ = 27T1/Z f Ylm(f‘) YOO(QI') df‘

= 271'1/2810(("}11(» [50]
Hence, Eq. [49] becomes
Z = 475, [51]

Therefore, the set of coefficients {0},,} can be computed
by means of the set {sj,,} through the following relation-
ship (see Egs. [47] and [51]):
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1 Sim

277 550 P(0).

P [52]

Oim =

APPENDIX C

Mathematical Formulation for the Spherical Harmonic
Inversion

The ODF estimation requires the computation of harmonic
coefficients corresponding to a function that depends on
diffusion data (e.g., the measured signal, the inverse of the
ADC profile, or the radial projection of the signal). The
purpose of this appendix is to describe the mathematical
aspects related to the accurate estimation of these coeffi-
cients.

Let us first consider that F is an antipodal symmetric
function that depends on diffusion data. In addition, sup-
pose that the experiment is performed with diffusion-sen-
sitizing gradients applied along the direction set {§;, I =
1, ... N}. Also, let us consider that F can be expanded
accurately in terms of spherical harmonics as:

Imax 1

F((it) = E 2 Slmlllm((,ii)

1=0 m=-1

[53]

where [ runs through all even integer values from zero to
Inax- Now, let F = (F,,...,Fy)T be the Nx1 observations
vector, where F; = F(§,). In this case, the harmonic coeffi-
cients {sj,} can be obtained in practice by solving the
following linear regression model:

F=YC +e, [54]
where Y is a Nxp design matrix of explanatory variables
with p = (Inax T1)(max +2)/2, C is the px1 column vector
of unknown regression coefficients, and e is the Nx1 vector
of residuals.

The design matrix and the regression coefficients vector
are obtained by concatenating Y = (Yy,...,Ymax) and C =
(Co,-..,Crmax) " respectively, where the Nx(2/+1) submatrix
Y, is constructed as:

Yioo@) o Ye@) oo Y@
v=| 1 r | ss)
Yy (Gn) Yio(Gn) Yi(@n)

and the (2/+1)x1 subvector C; is formed as C; =
(Sinpe+»S1050 2581 T

Assuming statistical independence between elements of
the residuals vector, the linear regression model given by
Eq. [54] can be solved by minimizing the following expres-
sion:

min {|F — YC|? + #|LC|}*} [56]
C

where |[x||? is the square of the Frobenius norm given by
|x|]* = Trace(x - X7), with % denoting the complex conjugate
of the vector x. The regularization parameter T represents
the relative weight between the data fitting error term

Canales-Rodriguez et al.

[F-YC|?* and constrains given by the choice of the pxp
matrix L in the term |[LC|?.

The explicit solution for Eq. [56] is:

C(n = (Y'Y + ”H)'Y'F, [57]
where H = L'L.

In our case, the Generalized Cross-Validation (GCV)
method is used to estimate the optimal regularization pa-
rameter. In addition, H is a pxp diagonal matrix with
elements H;; = 0, Vi # j, and H;; = I#(I; + 1)* where J;is the
order I corresponding to the harmonic coefficient s, in the
vector C at row i. This matrix is based on the Laplace—
Beltrami operator, which has previously been used to ob-
tain smooth ODF profiles (29). This regularization ap-
proach reduces the undesirable effect (observed in Ref. 8)
of producing false spikes around the origin that the har-
monic series exhibit when the SNR is very low or when the
series is prematurely truncated.

APPENDIX D
Weber’s Infinity Integral

The Weber’s infinity integral (40) states that:

r(3)
jx ]V(X)X*(vflﬂrl) dX — 2

u
0 ZV*HHI‘(V—E-‘- 1)

(58]

By setting v =1 + 1/2 and u = I + 1, we obtain:

1+1
N
21’21‘<£+ 1)
2

It is important to note that the integral in brackets in Eq.
[30] can be rewritten, under a simple change of variables,
in the form given by Eq. [59].

A useful relationship used in our derivation (between
the Gamma function I' and the Legendre polynomial for

even-/ terms) is:
F(I + 1)
2
1 ,n_*l/Z

FE+1

Jm Jirn(x)x M dx = [59]

P(0) = (—1)" [60]
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Diffusion orientation transform (DOT) is a powerful imaging technique that allows the reconstruction of the
microgeometry of fibrous tissues based on diffusion MRI data. The three main error sources involving this
methodology are the finite sampling of the g-space, the practical truncation of the series of spherical
harmonics and the use of a mono-exponential model for the attenuation of the measured signal. In this work,
a detailed mathematical description that provides an extension to the DOT methodology is presented. In
particular, the limitations implied by the use of measurements with a finite support in g-space are
investigated and clarified as well as the impact of the harmonic series truncation. Near- and far-field
analytical patterns for the diffusion propagator are examined. The near-field pattern makes available the
direct computation of the probability of return to the origin. The far-field pattern allows probing the
limitations of the mono-exponential model, which suggests the existence of a limit of validity for DOT. In the
regimen from moderate to large displacement lengths the isosurfaces of the diffusion propagator reveal
aberrations in form of artifactual peaks. Finally, the major contribution of this work is the derivation of
analytical equations that facilitate the accurate reconstruction of some orientational distribution functions
(ODFs) and skewness ODFs that are relatively immune to these artifacts. The new formalism was tested
using synthetic and real data from a phantom of intersecting capillaries. The results support the hypothesis

that the revisited DOT methodology could enhance the estimation of the microgeometry of fiber tissues.

© 2009 Elsevier Inc. All rights reserved.

Introduction

In recent years, water diffusion magnetic resonance imaging
(dMRI) has played an increasingly important role in the investigation
of the architectural features of fibrous tissues and porous media. This
technique provides a new dimension of MRI contrast based on water
mobility, because of the different cellular environment experienced
by different water molecules (Basser et al., 1994; Callaghan, 1991;
LeBihan, 2003). The study of this phenomenon has made possible a
deeper knowledge of the microanatomy of the living brain, and others
complex tissues, due to its noninvasive nature (Behrens et al., 2003;
[turria-Medina et al., 2008; Parker et al., 2003).

Conceptually, the anisotropy of the water self-diffusion process is
fully characterized by means of the displacement probability density
function of water molecules. This probability density function, termed
diffusion propagator, contains valuable information about the micro-
geometry of the medium where the diffusion process occurs. In dMRI

* Corresponding author. Fax: +53 7 208 6707.
E-mail address: lester@cneuro.edu.cu (L. Melie-Garcia).
1 The first two authors contributed equally.

1053-8119/$ - see front matter © 2009 Elsevier Inc. All rights reserved.
doi:10.1016/j.neuroimage.2009.09.067

the observed (or measured) signal can be modeled directly as a
function of the diffusion propagator. Typically, it is computed at each
voxel by taking the discrete or fast Fourier transform (FFT) of the
modulus of the normalized signal measured on a 3D Cartesian grid in
g-space. This methodology, known as g-space imaging or diffusion
spectrum imaging (DSI) (Wedeen et al., 2005), allows the estimation
of the diffusion propagator in a straightforward way. Nevertheless, the
FFT formalism requires large experimental diffusion-sensitizing
magnetic field gradients to satisfy the Nyquist condition (Tuch,
2004), and therefore, it requires large amount of experimental data
for its practical implementation. As a consequence, DSI is time-
intensive. The three main error sources involving this reconstruction
algorithm are (1) the mapping between Cartesian and spherical
coordinates systems that give rise to Cartesian artifacts (Tuch, 2004),
(2) the complex interaction between signal and noise, and (3) the
moderate spatial resolution of DSI sampling schemes. Points (1) and
(2) affect the quality of the reconstruction in terms of signal-to-noise
ratio, whereas point (3) determines its angular resolution.
Alternatively, a novel approach termed diffusion orientation
transform (DOT) has been introduced to compute analytically the
diffusion propagator (Ozarslan et al., 2006). DOT uses a generative
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model for the modulus of the measured signal, in particular, a mono-
exponential decay model along each radial line in g-space. Also, to
evaluate the Fourier integral this technique employs a plane wave
expansion in terms of spherical harmonics. Under this approximation
DOT is able to transform water diffusivity profiles into displacement
probability profiles. The motivation for computing the diffusion
propagator from DOT is three-fold. First, the Fourier integral can be
computed over the continuous g-space. Second, the upper limit of
integration can be extended to infinity. Third, the measurements can
be collected using a less dense sampling scheme, which is a critical
parameter in clinical applications. Specifically, this formalism allows
computing the diffusion propagator using high angular resolution
diffusion images (HARDI) that are sampled on a single spherical shell
in g-space. This type of measurement strategy is the basis of a family
of methods and algorithms previously developed for the reconstruc-
tion of oriented fibers in white matter tissues of human and other
animal brains (see for example Alexander, 2005; Anderson, 2005;
Assaf and Basser, 2005; Behrens et al., 2007; Canales-Rodriguez et al.,
2008; Frank, 2001; Frank, 2002; Hess et al., 2006; Hosey et al., 2005;
Jansons and Alexander, 2003; Melie-Garcia et al., 2008; Ramirez-
Manzanares et al., 2007; Tournier et al., 2007; Tuch, 2004; Tuch et al.,
2002). In DOT, the intravoxel orientational heterogeneity of fibers is
measured (or quantified) by evaluating the diffusion propagator at a
fixed random-walk displacement length (Ozarslan et al., 2006), that
is, using a single contour or isosurface of the diffusion propagator.

The three main error sources involving the DOT method are the
finite experimental sampling of g-space, the practical truncation of
the spherical harmonic series, and the use of a mono-exponential
model for the attenuation of the measured signal, which is inaccurate
to predict the signal behavior under some experimental conditions
such as long diffusion times and strong magnetic field gradients (i.e.,
high b-values). These approximations may introduce significant
aberrations or artifacts in the reconstructed diffusion propagator.
However, to date, these aspects remain unstudied.

On the other hand, the orientational distribution function (ODF)
formalism, which has been used extensively to characterize the
underlying angular structure of fiber tissues (Tuch, 2004), has not
been adapted to be included in the DOT method. The straightforward
way to compute the ODF corresponding to DOT is to evaluate the
diffusion propagator at several displacement lengths and then to
perform (numerically) the radial projection. The caveat with this
approach would be that it is time-intensive and introduces new error
sources from the numerical integration process. A way of circumvent-
ing this problem is to compute the ODF analytically, bypassing the
computation of the diffusion propagator. However, closed-form
analytical solutions for this calculation are not yet available.

In order to address both theoretically and practically the above
limitations, in this work we will focus on a detailed mathematical
description of the DOT methodology that is rooted in basic concepts of
g-space. The rest of the manuscript has the following structure. The
“Theory” section is ordered in three main different parts. The first one
is dedicated to summarize the mathematical basis of the DOT
formalism. Some of the equations described here will be used as
starting point for the development of the subsequent sections. The
second part is devoted to study the theoretical aspects regarding the
effects of the potential sources of error mentioned above concerning
the DOT methodology. In the third part analytical expressions that
facilitate the fast and accurate reconstructions of ODF and skewness
ODF maps will be derived. Details of the synthetic data generation
process will be presented in Material and methods, as well as the data
acquisition protocol corresponding to water-filled capillaries. The
performance of the new formalism both in synthetic and real data will
be evaluated in Results. Finally, in Discussion and conclusions the
relevant findings and contributions of this work will be succinctly
described. The Appendices present detailed mathematical derivations
pertinent to the developed theory.

Theory
Diffusion orientation transform: Mathematical basis

This subsection is devoted to review the mathematical basis
behind DOT methodology. In spherical coordinates, the fundamental
relationship between the modulus E of the normalized dMRI complex
signal and the diffusion propagator P is given by the following 3D
Fourier transform (Callaghan, 1991)

;4 / E(q. @)exp(—2mipgfa)d*dgda, (1)
Q0

where q = yGt/2m represents the length of the g-space vector
q’(i.e., = qd) v is the gyromagnetic ratio for the diffusing species
(i.e., hydrogen proton in water molecules); G and 7 are respectively
the intensity and the duration of the diffusion-sensitizing magnetic
field gradient vector; p and £ are the length and unit vector of the real-
space vector T (i.e., T = pF).

The set of all possible directions of § corresponds to the unit
sphere Q in g-space, i.e., Q=(6,p) with elevation angle 6|0, rr], and
azimuthal angle ¢ €0, 2rr]. The integral over the surface of the unit
sphere (or over all possible directions of q) is denoted by

?{dq - 7 /qsin 0d6ds. 2)
Q 0 0

In DOT the Fourier integral is computed under the assumption that E
attenuates mono-exponentially as follows (Ozarslan et al., 2006)

E(q,@) = exp|—4r’tg’D(@)]. 3)

where D is the apparent diffusion coefficient or diffusivity profile and
t is the effective experimental diffusion time.

In addition, DOT uses the following expansion of the plane wave in
terms of spherical wave functions

1
Z (=) (21GP) Y}y (£) Yy (@),

N
exp(—2mipgtq) = limy_...4 Z
(4)

where j; and Y, are respectively the spherical Bessel function of the
first kind and the spherical harmonic of order I, Y5 denotes the
complex conjugate of Y.

Inserting Egs. (3) and(4) into Eq. (1) the diffusion propagator can
be written as (Ozarslan et al., 2006):

=0 m=—1 o)
with
Lip. @) = Presy
213w 2r (1 4 3)[D(@)t]
x F, (HT3:I+ %; —ﬁ), 6)

where ¢F; denotes the confluent hypergeometric function of the first
kind and I is the gamma function. Notice that has been used the fact
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that [ is even (i.e., (—i)!=(—1)'/?) due to the inherent symmetry of
the diffusion propagator, P(p, f) =P(p, —f).

Since Ii(p, §) is a function of orientation, it can be expanded in
terms of spherical harmonics

N 14
Lo, @) = limy.e Y i Y (@) @)

=0 m'=—~r

Inserting Eq. (7) into Eq. (5) the diffusion propagator becomes
(Ozarslan et al., 2006)

Pp.f) = limy 3 i (= 1)y Yi (B), ®)
I=0 m=—1

where was considered the well-known orthogonality condition of the
spherical harmonics:

74 Vi (@)Y, (@)1 = 66 ©)
o

6; represents the Kronecker delta.

In summary, the local probability that a molecule travel a distance
p during the experimental time can be estimated as follows (Ozarslan
et al., 2006):

(1) Compute the diffusivity D(§) profile using the diffusion model
given by Eq. (3).

(2) Then, compute I;(p,q) using Eq. (6).

(3) For each [, compute the set of harmonic coefficients {afm} using
Eq. (7).

(4) Then, evaluate Eq. (8).

Theoretical aspects regarding finite sampling schemes, truncated
harmonic series and the mono-exponential attenuation

The next three subsections are devoted to study, from a theoretical
point of view, the effects of the three main potential sources of error
involving the DOT formalism. To do this, we first analyze the influence
of HARDI sampling schemes with a finite support in g-space on the
estimation of the diffusion propagator using a Fourier transform
model defined on the whole g-space. In this part it is introduced the
“diffusion point spread function.” Next, a second subsection is
dedicated to investigate and clarify the effect of the practical
truncation of the spherical harmonic series on the diffusion point
spread function. Finally, a third subsection is devoted to consider the
limitations of the mono-exponential model. In this last part it is
examined the diffusion pattern in the far-field limit of displacement.

Diffusion point spread function

In practice the HARDI measurements have a finite support in
g-space. Hence, the model-free propagator (see Eq. (1)) that we are
able to compute has the following form:

Pipt) = f / g, @) [[(; L )exp—2nipfa)q*doda (10)

Amax
Q0

where IT represents a filter in g-space with spherical symmetry
defined as:

q — 1, Vq < Qmax 11
H(qu> {07 Yq > Gmax (an
Note that this filter corresponds to a signal measured within a 3D
spherical lattice, where qm.x is the maximum experimental value of q.

Taking into account the convolution theorem (Bracewell, 1986),
the resulting filtered diffusion propagator can be written in terms of

the true diffusion propagator (Eq. (1)) by means of the following
relationship (see Appendix A for full details):

P = PoF{]]}. (12)

where ® is a convolution operator and F{IT} is the 3D continuous
Fourier transform of the filter that can be evaluated as:

SIN(2Mq e R) — 211G,,0(R €0S(211q,,0(R)

F{I1} = 4n b

: (13)

As a consequence, the true diffusion propagator interacts with the
Fourier transform of the filter, which can be regarded as the point
spread function (PSF) of the convolution process, to give the filtered
or convolved diffusion propagator. Eq. (12) can be interpreted as
follows: the estimated intensity for the diffusion propagator at a
particular point T arises from the contributions of all points of the
space, their real intensities weighted by the PSF F{I1} depending on
the distance R to the considered point.

In this manner, it is obtained the precise relationship that allows
quantifying the accuracy of the reconstruction as function of HARDI
g-space sampling schemes. The convolution between the true
propagator and the diffusion PSF give rise to a blurred propagator
with decreased contrast and angular resolution. Removing the effect
of the PSF from the estimated propagator requires the use of some sort
of deconvolution algorithm. The implementation and design of this
deconvolution operation, however, is beyond the scope of this work.
Notice that the results derived here are not confined only to the DOT
methodology; they have valid connotation for the general g-space
theory.

The truncated plane wave and the diffusion PSF

In this subsection will be investigated the behaviour of the
truncated plane wave and its repercussion on the diffusion point
spread function and the truncated diffusion propagator. Eq. (4) is a
rigorous solution of the plane wave within the sphere of radius
infinite. However, in practice it is necessary to use a truncate
representation of this expression. That is, an expansion with a finite
order of N. Note that the order of N used in the plane wave expansion
is the same order that can be used for the calculation of the diffusion
propagator given by Eq. (8). Interestingly enough, the truncate
representation is still a rigorous solution of the plane wave, but
within the sphere of radius p=N/2mnq. For a radius larger than p the
wave field decays quite rapidly (Canales-Rodriguez et al., 2009).

The above properties allow us to clarify from a theoretical point of
view the implications of truncating the harmonic series. As we
demonstrated in a previous work (Canales-Rodriguez et al., 2009) the
truncated plane wave acts as a low-pass filter in g-space, where the
resulting diffusion propagator can be computed by means of Eq. (10)
but with a different maximum value for the filter that is given by
(max = N/2mp. The main implication of the above result is that for a
truncation order N>2m the truncated propagator is able to map fine
details at a spectral resolution not lower than the resolution provided
by the FFT methodology (Canales-Rodriguez et al., 2009).

In such case the PSF given in Eq. (13) becomes:

F{IT} = 2111TR3 [Sin(%) — %cos(%)] _ (%)3/2]3/2 <¥>

(14)
where was considered the following property
. sinx  cosx
hx) = — — —, (15)

X X

and the relationship given by Eq. (71) (see Appendix B). J5,5 is the
Bessel function of the first kind with order 3/2. Notice that in the limit
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as N—o or p—0 (i.e,, gmax—) the PSF F{IT} resembles a Dirac's
delta function; only in this limit the computed diffusion propagator
resembles the true propagator.

In Fig. 1 we depict the profile of F{IT} (Eq. (14)) for some values of
p as function of R. In order to quantify the degradation of spatial
resolution that produces the convolution given by Eq. (12), we define
an effective radius R. for F{IT}, which can be considered as a measure
for the PFS resolution. In this definition we are assuming that for a
distance R longer that this radius the effect of the convolution can be
neglected with a high degree of accuracy. We define R, as the value of
R at which F{IT} achieves its second root. The nth root of Eq. (14) can
be computed approximately as mp(2n + 1)/2N. This approximation is
more valid insofar as n increase. For n=2 we obtain R.~ 5mp/2N.

The above analysis facilitates the evaluation of the effect of the
convolution operation at different length scales. As can be seen, the
estimated diffusion propagator is less affected by the PSF F{IT} for
small displacement lengths (near-field limit), e.g., Re~3.9 pm for
p=>5 um. In contrast, for large displacement lengths (far-field limit)
the PSF F{IT} interacts over a larger spatial extension, e.g.,
Rc~31.4 um for p=40 pum.

The original DOT method (Ozarslan et al., 2006) was implemented
using the same value of p to evaluate the diffusion propagator in all
voxels, which was selected empirically from the experiments.
Optimum results may be obtained by using optimum values of p
that in general can be different in diverse white matter regions. The
estimation process of optimum contours must consider that, in
theory, the true diffusion propagator evaluated at large displacement
lengths provides isosurfaces with high angular contrast. However, in
this regimen of displacement the convolution operation causes a
higher spatial interaction (or averaging) between the diffusion
propagator values. This negative effect may give rise to a global
decrement of spatial resolution in the estimated propagator. The
estimation process of optimum contours, however, is beyond the
scope of this work.

Far-field pattern and the mono-exponential model

In this subsection the far-field analytic pattern for the diffusion
propagator will be considered. This type of mathematical description
is well-known in the physics literature for expressing electromagnetic
field data (Arnoldus et al., 2008; Brehm et al., 2008). To do this, we
define the far-field limit by pg>(N 4+ 1)/2m. This limit was defined in
view of the well-known asymptotic expressions (seeAppendix E) for
the spherical Bessel function that appears in the expansion of the
plane wave given in Eq. (4).
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Fig. 1. Normalized point spread function (PSF) profiles for different displacement
lengths p=15, 20, and 40 um, with a maximum series order N = 10. The effective radius
corresponding to these parameters are R.=3.9, 15.7, and 31.4 pm, respectively. The
normalized PSF was defined as the PSF given by Eq. (17) divided by its maximum value
that is achieved at the origin. This normalized function permits a clearer visual
comparison among the different curves depicted here.

In Appendix B we demonstrated that the far-field pattern P of the
diffusion propagator forecasted by the DOT model is given by:

[P T — _r 16
0O (g7 P | " aD(de| (16)

It is important to note that the exponential term of Eq. (16)
becomes the exponential term of a 3D Gaussian propagator when
1/2D(f)t = # S F, where Y_ is the covariance matrix of the
random variable 7 that represents the natural displacement vec-
tor of water molecules. However, the resulting distribution presents
a normalization constant that depends on f. This property is unusual
because in statistic the normalization constant of a Gaussian
distribution does not depend on the sample direction. The only
case in which Eq. (16) represents strictly a 3D Gaussian propagator is
obtained when D(f) does not depend on F, i.e., D(f) = D = cte; in
this case the diffusion profile is isotropic.

Notice also that Eq. (16) cannot be interpreted as the propagator of
a 1D Gaussian diffusion process along each radial line f where in
general each radial line possesses a different diffusion coefficient. The
breakdown of this possible interpretation takes root in the fact that
the normalization constant of a 1D Gaussian propagator contains a
power term of 1/2, whereas the power term of Eq. (16) is 3/2.

The above inconsistencies are consequence of the assumptions
behind the mono-exponential model (Eq. (3)). In the far-field limit
these assumptions give rise to a diffusion propagator that is unable to
characterize the correct microgeometry due to the maxima of the
diffusivity profile in general do not coincide with the main axes of the
media. Therefore, although the mono-exponential model assumed in
DOT allows computing accurate diffusion patterns at relatively small
or moderate displacement lengths, it is not convenient to characterize
the diffusion propagator in the far-field limit. This result implies that
there may be a transition point or critical radius in real-space for
which the estimated diffusion propagator will be biased (e.g., in the
limit from moderate to large displacements). The existence of such
critical radius will be studied in the Result section in simulated and
real capillary systems. For completeness, the analysis of the near-field
pattern of displacement is provided in Appendix D, which is used to
deduce the analytical expression for the probability of return to the
origin.

Average descriptors for fiber tissues

In order to reconstruct the 3D microgeometry of fiber tissues, some
measures derived from the diffusion propagator can be employed.
Between these ones, the ODF is the descriptor most used in the
literature. It provides a very efficient approach to summarize the
angular information from the propagator. This quantity is known
under the name of “texture” in the materials science community. The
next subsection is dedicated to obtaining the ODF analytical
expressions corresponding to the DOT model. Additionally, a last
subsection is devoted to provide analytical equations of the skewness
ODF corresponding to the discrepancy between the ODF assuming a
non-Gaussian model and the ODF assuming a Gaussian model.

Orientational distribution function
In practice, the ODF can be written in the following general form:

S B
ODF,(F) = 5 [ P(E.p)p"dp, (17)
0

where n is the order of the radial projection and Z,, is a normalization
constant. In this work we shall focus on obtaining the zero-, first-, and
second-order radial projections, which corresponds to the cases n =0,
1, and 2, respectively.
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The zero-order radial projection will be denoted as ODFy, and it
represents the classical ODF definition used in the QBI method (Tuch,
2004). The first- and second-order radial projections will be denoted
as ODF, and ODFy;, respectively. They have been employed in previous
DSIreconstructions (Gilbert et al., 2006; Lin et al., 2003; Wedeen et al.,
2005).

The above ODF definitions capture the relevant information
contained in the diffusion propagator, however, in the integration
process each one assigns a different weight to the probabilities of a
given displacement length. Making use of Eq. (5), Eq. (6), and Eq. (17)
we obtain the general ODF expression:

P A L
ODFy(f) =73 3 (= 1) i r>fvzm ), (@dd, (18
Ni=0 m= —1
where
R (kL3 ;

b1, (@) = [

20 3m3/20(1 4 3) D@~

1+3 3. o
X 1F< ) R 3 W)dp. (19)

Eq. (19) admits a general analytic solution that is valid for n=0 and
n=1 (seeAppendix C for a detailed description). Inserting the result
given by Eq. (59) into Eq. (18) we obtain:

ODFy(f) i Z’: '“Ll =)

20
Iy 20

1 ~
p(g 4

where the irrelevant numerical constants were neglected.
The inverse of the diffusion profile can be expanded in terms of
spherical harmonics as follows:

Z Z dlmylm (21)

I'=0 m'=-—1I

XY (F)

;{ Vin(@)

Inserting the above expansion into Eq. (20), taking into account the
orthogonally condition of the spherical harmonics given by Eq. (9),
and considering the following relationship between the Gamma
function and the Legendre polynomials P, for even-I terms

2 T
Vg =

the zero-order radial projection can be computed

P(0) = (-

© I
ODFy(f)oc Y >~ Pi(0)dj Yy (F)- (23)
I=0 m=—1
This result agrees with a previous derivation of our group (Canales-
Rodriguez et al., 2009). It is interesting to note that the above
expression is similar to the QBI spherical harmonic reconstruction
developed in Anderson (2005), Descoteaux et al. (2006a,b) and Hess
et al. (2006). The only difference comes from the harmonic
coefficients d;,, in the series. In QBI these coefficients are estimated
from the spherical harmonic transform of the measured signal,
whereas in Eq. (23) are computed from the spherical harmonic
transform of the inverse of the diffusivity profile by means of Eq. (21).
In summary, the zero-order ODF, can be computed in the
following steps:

(1) Compute the diffusivity D(§) profile using the diffusion model
given by Eq. (3).

(2) Compute the set of harmonic coefficients {d;,} using Eq. (21).

(3) Then evaluate Eq. (23).

Similarly, inserting the result given by Eq. (60) (see Appendix C)
into Eq. (18) we obtain:

) Yi(@)dd

B I
ODF(f ; ; [/zr(zﬁyrm(l‘) %D

(24)

The inverse of the square root of the diffusion profile can be expanded
in terms of spherical harmonics as follows:

a '’ = Z Z el Yim: () (25)

I'=0 m= -1l

Inserting the above expansion into Eq. (24) and considering the
orthogonally condition of the spherical harmonics (Eq. (9)), we obtain
the following final expression:

ODF,(f

\\Ma

1
DN ’”r(,—ff))elmmmm. (26)
= 2

Therefore, the first-order ODF; can be computed as follows:

(1) Compute the diffusivity D(§) profile using the diffusion model
given by Eq. (3).

(2) Compute the set of harmonic coefficients {e;;} using Eq. (25).

(3) Then evaluate Eq. (26).

The analytical solution of Eq. (19) for the case n=2 is developed in
Appendix C. The expression inside square brackets in Eq. (61) can be
expanded in terms of spherical harmonics as follows:

K+ log( ) g :lz m Yo (@ (27)

where k=~ 0.577216 is the Euler's constant. Making use of Eq. (27) and
Eq. (61), Eq. (18) becomes

ODF (F %ij le_l(— )2 ifinYim(B), (28)
where

g, vl#0
x= 2n1/2\h0\’ I—o (29)

Joo

In the above derivation we have considered the results given in
Eq. (47) and Eq. (9) (see Table 1). (Note that Z, =1.) In summary,
the second-order radial projection (ODF;) can be computed via the
following algorithm:

(1) Compute the diffusivity D(q) profile using the diffusion model
given by Eq. (3).

(2) Compute the set of harmonic coefficients {f;,} using Eq. (27).

(3) Then evaluate Eq. (28) using the estimated harmonic coeffi-
cients {fy,} and the coefficients y; defined by Eq. (29) and
Table 1.

Skewness orientation distribution function

In statistics, skewness and kurtosis are measures of whether the
data are peaked or flat relative to a normal distribution. Recently, this
idea has been extended to diffusion MRI data to visualize isosurfaces
(on the sphere) of the deviation of the diffusion propagator from the
Gaussian propagator (Liu et al.,, 2004; Liu et al., 2005). The later was
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Table 1
Coefficients obtained from the evaluation of Eq. (19) with n=2 for the specific values of [=0, 2, 4, ...,14.
i 0 2 4 6 8 10 12 14
h _l i g 1019 3407 80939 1115963 1170017
16 32 64 512 1024 16384 163840 131072
o 3 15 210 630 13860 180180 180180
& 32 64 512 1024 16384 163840 131072

called the skewness map, which is determined by means of the
relationship:

AP(F,p) = P(F,p) — Ps(F,p), (30)

where Pg(T,p) is the Gaussian propagator that depends on the second-
order self-diffusion tensor estimated from the data. The strength of
this descriptor to delineate the cytoarchitectonics of fiber tissues was
discussed in Liu et al. (2004).

In analogy, this concept can be extended to compute the skewness
orientation distribution function (sODF), which we introduce in this
work via the following equation:

SODF, (F) = ODF, (f) — gODF, (), (31)

where gODF,(f) is the orientation distribution function corresponding
to the Gaussian model (see Eq. (17))

S
20DF,(£) = 7 [ Pe(f.p)dp. (32)
n
0

and Zg, is a normalization constant.

In principle, the Gaussian gODF, given by Eq. (32) admits
analytical solutions for our cases of interest, i.e, n=0, 1 and 2.
However, due to the zero-, first-, and second-order ODF radial
projections are computed as truncated versions of the true ODFs (see
Egs. (23), (26) and (28)), the Gaussian gODF, must be estimated
under the same level of approximation. This can be done by
computing gODF, with the same equations employed for estimating
ODF,(f), but replacing the observed diffusivity profile D(§) by the
Gaussian diffusivity profile D(§) = gD, where D is the second-order
self-diffusion tensor estimated from the data. As with the skewness
map, only positive values of Eq. (31) should be considered. In voxels
where sODF,, = 0. VT, the diffusion process is purely Gaussian and the
main orientation of the media can be determined from the diffusion
tensor model.

Materials and methods
Synthetic data generation

We have applied the simulation protocol described in Ozarslan
et al. (2006) to generate the data corresponding to a fiber crossing
system. This scheme provides a suitable test bed to study our
models. The diffusion MR signal attenuation from molecules, with
free diffusion coefficient given by Dy, restricted inside a cylinder of
radius r and length L is given by (Soderman and Jonsson, 1995):

o o

. _ 2K, (211q1) SIN? (24 Vi
aa b= 2 20 0 /L2 — 2ngreosuy?]
. [1 —(—1)"cos(2mqL cos )] [J' ,,(2mqr sin )
[* [y}, — (2mgrsin w)z}z(yfm — m?)

v exp(— [(7’%)2 + ("—L")Z}DOA) (33)

In the above expression, Yy, is the kth solution of the equation
Jm(y)=0, with the convention i10=0; Kyun=0n06mo+ 2[(1—80) +
(1—8m0)], and s is the angle between the unit vector § and the
main axis of the cylinder ¥ (ie., ¢y =acos(qv)).

The net signal Er corresponding to the presence of two identical
cylinders inside a voxel can be computed as:

Er = E(q,Q,9y,1,L) + E(q,§,V,,1,L) (34)

This expression assumes that there is no molecular exchange between
the cylinders. All diffusion processes are restricted inside the
cylinders, thus no extracylinder diffusion is considered. In our
experiments we will choose the same experimental values employed
in Ozarslan et al. (2006). That is, L=5 mm, Dy=2.02 10> mm?/s,
A=20.8 ms and 7= 2.4 (where t = A—7/3). Similarly, we terminated
the infinite series in Eq. (33) at n=1000, and k=m=10, which
ensures a high degree of convergence to the expansion (Ozarslan
et al.,, 2006). The net signal was generate for a configuration of two
perpendicular cylinders (i.e., V;1V;), for b-values of 1500 and
3000 s/mm?, and two different radius r=>5, 20 um. The signal was
measured onto 642 angular directions obtained from the “sphere_tri”
function, “bioelectromagnetism” Matlab toolbox (online: http://eeg.
sourceforge.net/doc_m2html/bioelectromagnetism/sphere_tri.html)
that provides high angular resolution diffusion images.

Phantom model generation

The model was constructed from plastic capillaries with inner and
outer diameters of 20 and 90 um respectively (flexible fused silica
capillary tubing, Polymicro Technologies, Phoenix, Arizona, USA). A
large number of these capillaries were compactly arranged along the
same direction in a flat placeholder. Two such placeholders were
stacked on top of each other, and the angle between the two fiber
orientations was adjusted to 45°. The whole phantom was then
immersed in water and vibrated for a long time prior to the
experiment to ensure adequate filling of the capillaries. Temperature
was maintained at 20 °C throughout the imaging experiment.

Data were collected using a 9.4 T spectrometer (Bruker Companies,
Ettlingen, Germany). A 2D-FT stimulated-echo HARDI sequence was
used with the following parameters: TR/TE/TM =1900/13.8/92.3 ms,
matrix size=32x32, FOV=25x25 mm, slice thickness=3.6 mm,
diffusion gradient pulse separation and duration A=100 ms and
7=3 ms respectively, maximum diffusion gradient pulse amplitude
Gmax=2354.2 mT/m, and 160 gradient directions. This sequence
permits relatively narrow diffusion gradient pulses and large diffusion
times, which satisfies the narrow pulse approximation inherent to DSI
and DOT methodologies. The gradient directions were calculated using
an electrostatic repulsion model (Jones et al., 1999). The diffusion
gradient scheme consisted of 2 x 80 noncollinear orientations: for each
of the 80 orientations, the opposite direction was also measured. The
b-value dependence was investigated by varying G.x from 88.6 to
354.2 mT/m to produce the set of b-values = {500, 1000, 2000, 4000,
8000, s/mm?}. The signal to noise ratio (SNR) corrupting the b=0
images of these measurements is SNR=35 (for more details, see
Tournier et al., 2008).
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Results

The spherical harmonic inversion of all the harmonic series used in
this work was implemented using the formalism described in
Appendix C in Canales-Rodriguez et al. (2009). This formalism is
similar to the one previously presented in Descoteaux et al. (2006a,b),
which produces accurate spherical inversions. In particular, all
the reconstructions were performed with a maximum series order
N=8.

Synthetic data

Fig. 2 and 3 show the evolution of the isosurfaces of the diffusion
propagator forecasted by DOT for several displacement lengths (in the
range r/4<p<5r). These propagators were computed from the
signals generated for the system of two perpendicular cylinders (see
Eq.(34)) with radius r=>5 pum and b-values of 1500 s/mm? (Fig. 2) and
3000 s/mm? (Fig. 3). As can be seen, for small displacement lengths
(i.e., p<r) the diffusion propagator does not capture the relevant 3D
structure of the system of cylinders, as expected. In the range of
moderate displacement lengths (i.e., p~10, 15 pm) the propagator
successfully represents the true orientation of the cylinders. Moreover,
in the range from moderate to large displacement lengths (ie.,
p=20 pm), the isosurfaces show aberrations in form of artifactual
peaks that gradually increase its intensity.

In Fig. 4 are shown the ODF and skewness ODF maps
reconstructed using the same signals employed to compute the
above diffusion propagators. Specifically, panels (a) and (b)
designate the ODFs and skewness ODFs corresponding to the
propagators depicted in Figs. 2 and 3 respectively. Notice that the
angular resolution of the ODFs increases with the order of the radial
projection. Nevertheless, in this simulation the best compromise
between angular resolution and accuracy, for both b-values, is
obtained for the first-order radial projection ODF,. Note that the
second-order radial projection ODFy; presents artifactual peaks near
the origin, which become significant especially in panel (b). On the
other hand, the angular resolution of the three skewness ODFs were

p=125pum p=25pum p=375pum p=5um p=6.25um

p=75pum p=875um p=10pm p=1125pum p=12.5um

QOO o+

p=13.75ppm p=15um p=1625um p=175um p=18.75 um

+EF

p=20pm p=2125pum p=225pum p=23.75um p=25um

FEFFF

Fig. 2. Isosurfaces of the diffusion propagator reconstructed by DOT evaluated at
different displacement lengths (in the range r/4<p<5r). The propagator was
computed from the signal generated for the system of two perpendicular cylinders
with radius r=>5 pm and b-value of 1500 s/mm?.

p=125um p=25pm p=375pum p=5um p=0625pum
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Fig. 3. Isosurfaces of the diffusion propagator reconstructed by DOT evaluated at
different displacement lengths (in the range r/4<p<5r). The propagator was
computed from the signal generated for the system of two perpendicular cylinders
with radius r=5 um and b-value of 3000 s/mm?.

similar, however, the second-order radial projection sODFy presents
small artifacts near the origin, which are the result of the artifacts
in ODF[].

Figs. 5 and 6 depict the progression of the isosurfaces of the
propagator forecasted by DOT for several displacement lengths (in the
range r/4<p<5r). These reconstructions were computed from the
signals generated for the system of two perpendicular cylinders (see
Eq. (34)) with radius r=20 um and b-values of 1500 s/mm? (Fig. 5)
and 3000 s/mm? (Fig. 6).

In both figures the propagator is able to predict the orientation of
the cylinders for displacement lengths in the order of the radius of the
cylinders. The best solution is obtained for p=25 pum; however, for
displacement lengths larger than 30 um the propagator presents
significant artifactual peaks.

In Fig. 7 are shown the ODF and skewness ODF maps reconstructed
using the same signals employed to calculate the above diffusion
propagators. Particularly, panels (a) and (b) illustrate the ODFs and
skewness ODFs corresponding to the propagators depicted in Figs. 5
and 6 respectively. In this simulation the artifactual peaks in the ODFs
and the skewness ODF maps are insignificant. This result supports the
hypothesis that the contribution of the propagator to the radial
projections given by Eq. (17) is unimportant for large displacement
lengths. Therefore, although the radial projections take into account
the information from all displacement lengths, in practice they are
more sensitive to the diffusion propagator values in the range from
low to moderate displacement lengths, which is the regimen in which
the propagator predicted by DOT potentially presents a reduced
amount of artifacts.

From these simulations we can formulate the following partial
conclusions. First, the diffusion propagator reconstructed by DOT
presents artifactual peaks that appear incrementally from a certain
critical value of the displacement length. Second, this critical value
depends on the dimension of the media where the diffusion process
takes place, e.g., in our simulation it depends on the radius of the
cylinders. Third, the appearance of the artifactual peaks is a
phenomenon inherent to the method, due to the synthetic signals
were created without experimental noise and with a dense HARDI
scheme. Four, the isosurface of the propagator that best represents the
microgeometry of the media is different for systems with different
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Fig. 4. Panel (a) designates the ODF and skewness ODF maps corresponding to the diffusion propagator showed in Fig. 2. Panel (b) illustrates the ODF and skewness ODF maps

corresponding to the diffusion propagator depicted in Fig. 3.

physical dimensions. For instance, for the cylinders with radius 5 and
20 um the optimum isosurfaces are obtained for displacement lengths
near of 15 and 25 pm, respectively. This implies that if we use a single
isosurface to characterize heterogeneous fiber tissues, like the brain
white matter where fiber bundles can have a large variety of radius,
each region may be characterized with a significant different degree of
accuracy.

Phantom model

The phantom data analysis was performed using only two sets of 80
directions from the two hemispherical shells measured with b-values
of 4000 and 8000 s/mm?, which corresponds to a more clinically
realistic sampling scheme. The diffusivity profile corresponding to
each hemispherical shell (i.e., D;(§) and D,(§)) was computed by
means of Eq. (3). The net diffusivity profile was computed as the
average of the individual diffusivities, i.e., D1(§) = (D1(§) + D2(4))/2.
This procedure was employed in Canales-Rodriguez et al. (2009) to
obtain a diffusivity profile more representative of the voxel that
makes available a better interpolation of the signal in the whole
g-space. The accuracy of the method in defining local fiber orienta-
tions was defined as the average deviation angle between the recons-

p=5um p=10pum

p=15um p=20pum p=25um

—--

p=30um p=35um p=40um p=45pm p=>50pum
p=55um p=60pum p=65um p=T70um p=75pum
p=80um p=8pum p=9% pum p=95um p=100um

O e

Fig. 5. Isosurfaces of the diffusion propagator reconstructed by DOT evaluated at
different displacement lengths (in the range r/4<p<5r). The propagator was
computed from the signal generated for the system of two perpendicular cylinders
with radius r =20 um and b-value of 1500 s/mm?.

tructed and true principal orientations. The average deviation angle
was computed as

AQ = 5 Z mm{‘acos(v e1> ‘, ‘acos(f/iréz)‘},

i=1

(35)

where, ¥; and ¥, are the unit vectors along the true fibers of the
phantom; &; and &, are the unit vectors along the two main maxima
extracted from the angular profiles. In addition, to quantify the
occurrence of false peaks we compute the number of main maxima
from the reconstructions. At each voxel the number of main maxima
was defined specifically as

k
n-fiber = Z (i, Iinax),

i=1

(36)

where I(I;, [max) =1 for [;>0.3 I;hax and I(I;, Inax) =0 for [[<0.3 I, i
denotes the intensity of the i-th maximum, I,a is the intensity of the
main maximum (i.e., Imax =max{l;ji=1, ..., k}), and k is the number
of maxima extracted from the local angular profiles.

Fig. 8 shows the diffusion propagator predicted by DOT evaluated
at different displacement lengths in a region of interest (ROI) within

p=5Sum p=10pm p=15pm p=20pm p=25um
O é+--—-
p=30pm p=35um p=40um p=45um p=350pum
p=55um p=60pum p=65um p=70um p=75um
p=80um p=8um p=90um p=95um p=100um

¢ k¢ k¢ Kk K

Fig. 6. Isosurfaces of the diffusion propagator reconstructed by DOT evaluated at
different displacement lengths (in the range r/4<p<5r). The propagator was
computed from the signal generated for the system of two perpendicular cylinders
with radius r=20 um and b-value of 3000 s/mm?.
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Fig. 7. Panel (a) designates the ODF and skewness ODF maps corresponding to the diffusion propagator showed in Fig. 5. Panel (b) illustrates the ODF and skewness ODF maps

corresponding to the diffusion propagator depicted in Fig. 6.

the plane of intersection of the capillaries. The isosurfaces of the
propagator at 20 um does not allow inferring the true direction of the
cylinders. The average deviation angle of these contours is
AP=122.8°40.14°. The large value of this angle and its small standard
deviation are due to the contours only present (in all voxels within the
ROI) a single maximum. This is reflected in the number of peaks
detected per voxel n-fiber=140. At 30 pm it is possible to
distinguish the orientation of the capillaries that coincides with the
two main maxima of the isosurfaces, i.e., A= 8.7° 4- 7.9°. The average
number of fibers is n-fiber=2.8 £ 0.5. This result confirms that in
some voxels the contours present three main peaks. For larger
displacement lengths, i.e., 50 um, the two main maxima of the angular
profiles exhibit the best alignment with the capillaries system, i.e.,
AP=4.8°+1.2°. However, these profiles are corrupted and shown
many artifactual peaks, i.e., n-fiber=1041.7.

Fig. 9 depicts the ODFs in the same ROI of 5x 5 voxels where was
computed the diffusion propagator illustrated in Fig. 8. As can be
seen, the angular resolution of the method as well as the intensity of
the artifactual peaks increases with the order of the radial
projection. The average deviation angle of the zero-order radial
projections (ODFy) is A@=19.7° 4+ 7°. The average number of peaks
is n-fiber = 1.2 £ 0.4. These results reveal that in most of voxels only
one maximum is detected. Nevertheless, the uncertainty inherent to
this main maximum allows forecasting a high probability of fibers
along the true orientations. On the other hand, the first-order radial
projections (ODF;) present the more accurate reconstructions, i.e.,
A@P=49°+£2.9° and n-fiber=240. The second-order radial pro-
jections (ODFy) also provide a small average deviation angle
A@=4.2°£1.3°. However, the profiles have some artifactual fibers:
n-fiber=4.441.7.

In Fig. 10 are presented the skewness ODF maps for the same ROI
tested in the above experiments. In general, these profiles have higher
angular resolution than the ODF maps (see Fig. 9). However, in some

DOT p=20pum

Cobplo ey e,
SaCatgtq e,
SaCatotaty
CoCatatyt,
Cateta Sty

DOT p=30 um OT

voxels, the small peaks near the origin that appear in the ODFs were
amplified to the skewness ODFs. In particular, the second-order
skewness ODF;; map is very corrupted and is not useful to infer the
microgeometry of the capillaries system. The average deviation angle
for the skewness ODF maps is 7.5° +1.6° (for sODFy), 6.7° 4+ 1.4° (for
sODF;) and 17.1°£11.6° (for sODF). The average number of fibers
detected per voxel is 2.8 +0.8 for (sODFy), 3.4+ 0.5 (for sODF;) and
5.840.8 (for sODFy). As can be appreciated, the sODF, profiles
provide the most appropriated skewness map.

From these experiments we can infer the following partial
conclusions. First, the accuracy of the propagator reconstructed by
DOT heavily depends on the displacement length. The DOT isosurfaces
have shown strong artifactual peaks for displacement lengths larger
than its optimum value, which is unknown a priori. On the other hand,
for displacement lengths smaller than the optimum value the DOT
isosurfaces were very smooth, and hence they cannot be employed to
determine the main axis of each capillary sheet. Second, the radial
projection ODFs have shown the potential to delineate the structure of
the cylinders, which provide spherical shapes that are comparable to
the isosurfaces forecasted by DOT evaluated near of its optimal
displacement lengths. Third, caution must be taken to interpret the
results derived from the second-order skewness ODF; map in real
data; they showed a high number of artifactual peaks. However, the
zero- and first-order skewness ODFs (i.e., SODFy, sODF;) had depicted
a great potential to infer the main orientations of the capillaries with a
high angular resolution, and relatively few artifacts for the case of
sODF, maps.

Discussion and conclusions

In this work, a mathematical description that provides an
extension to the DOT methodology is presented, which helps to
analyse and mitigate the DOT model limitations. The main theoretical

p =50 pm

%*%**
S e e S Sy
3¢ oS 3¢
I M e N X
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Fig. 8. Diffusion propagator predicted by DOT evaluated at different displacement lengths (i.e., p =20, 30 and 50 pm) in a region of interest (ROI) within the plane of intersection of

the capillaries.
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Fig. 9. ODF maps (i.e., ODFy, ODF, and ODFy;) computed in the same region of interest (ROI) of 5x 5 voxels where was computed the diffusion propagator illustrated in Fig. 8.

contributions of this paper can be enumerated as follows. First, it is
studied the effects of the use of signals with a finite support in q-
space to analyze Fourier transform models defined on the whole g-
space. The above analysis reveals that the resulting diffusion
propagator is the convolution of the true propagator by a point
spread function. Second, it is investigated the impact of the
truncation of the spherical harmonic series on the point spread
function and its repercussion on the diffusion propagator. This
analysis facilitated the evaluation of the effect of the convolution
operation at different length scales. Third, the diffusion propagator is
examined in two opposite limits, termed the near- and far-field
pattern of displacement. The near-field pattern makes available the
direct computation of the probability of return to the origin
corresponding to the DOT model. The far-field pattern analysis
allows probing the limitations of the mono-exponential model,
which suggest the existence of a limit of validity for DOT. The
existence of this range of validity was corroborated in simulated and
real data through simple examples of fiber crossing. Fourth, new
analytical equations to compute the zero-, first- and second-order
radial projection ODFs were derived. The main advantage of this
extension is that the ODFs can be calculated directly from the data,
without the calculus of the diffusion propagator, which allows the
fast ODF estimation. Results from simulated and real data suggest
that these ODFs can be relatively immune to the artifactual peaks
observed in the propagator. Finally, a direct way to compute
skewness ODF maps was derived. In practice these maps showed
sharper shapes than the ODF profiles.

The analysis of synthetic and real data reveals that the isosurfaces
predicted by DOT present significant artifactual peaks in the regimen
from moderate to large displacement lengths. This regimen of

sODF

displacements was not investigated in the original DOT article
(Ozarslan et al., 2006). It is important to notice that the concept of
moderate or large displacement length is relative to experimental
parameters like the local physical dimensions of the media and the
experimental diffusion time. Therefore, the methodology proposed in
DOT of using a single displacement length to characterize all voxels in
heterogeneous media is far to be an optimal criteria, due to some
regions may be processed with a significant inaccuracy. In this work it
is demonstrated that the ODF and skewness ODF maps are more
robust descriptors of the media. In accordance with our results, the
skewness ODFs are more appropriated to represent geometries with a
high angular resolution. In contrast, the ODF maps are more adequate
descriptors to represent profiles free of artifactual peaks near the
origin with a relatively high angular resolution. Particularly, the first-
order radial projection ODF, and the zero-order skewness map sODF
have depicted the optimal reconstructions, and hence, they may be
more appropriated for brain connectivity analysis using fiber tracking
methods. Even so, this issue needs to be investigated in additional
experiments. For example, the use of phantom data with different
sizes could be appropriated to test the robustness of these functions
for a wide range of physical dimensions. Nevertheless, the use of
simulated data does not suggest a significant different behavior for
capillaries with radius between 5 and 20 pm, which are typical
dimensions in human fiber tissues (Schroder et al., 1988); although
the squid giant axons reach diameters of 600-1000 um (Haydon and
Urban, 1985).

It is important to mention that although the DOT method was
primarily developed under the assumption of a mono-exponential
signal decay, the methodology is flexible and also allows the use
of more complex models like the bi- or multiexponential model
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X Xx-cScx
X X
g e
X XXxXxX

SODF]

SeSc i % A
S e e S0 A
Sedcac i X
303 e X
3k 3 X

¥ X XK >
Sc e X I
S X X
H X Xk X
¥ X X XX

Fig. 10. Skewness ODF maps (i.e., SODFy, SODF; and sODF;;) computed in the same region of interest of 5x 5 voxels where was computed the diffusion propagator depicted in Fig. 8.
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(Ozarslan et al., 2006). The use of more realistic biophysical models
surely can improve the accuracy and robustness of the method.
However, the parameter estimation process of these complex models
requires the use of time-intensive experimental sampling schemes.
For instance, using a biexponential attenuation fit would necessitate
collecting about three times the number of data points when
compared with the case in which the mono-exponentiality assump-
tion is made (Ozarslan et al., 2006). For this reason, in this work we
focused on the mono-exponential model that is the most popular
model used in the DOT methodology.

An issue of special interest is that the diffusion propagator was
computed here using a mathematical method different to the one
previously developed in Ozarslan et al. (2006). To compute the
confluent hypergeometric function of the first kind given in Eq. (6), in
Ozarslan et al. (2006) an approximated expansion approach was
developed. This approach was based on recurrence properties that
yield an expansion in terms of the error and Gaussian functions. In
contrast, in our implementation we used the method described in
Zhang and Jin (1996), which allows a more exact evaluation of this
function. In particular, we employed the converted version from
FORTRAN program to Matlab codes that is provided by f2matlab open
source project (online: https://sourceforge.net/projects/f2matlab/).
Therefore, the propagators reconstructed from both approaches are
not necessarily identical. In addition, the spherical harmonic inver-
sions were computed using a robust methodology based on linear
regularization techniques and the Laplace-Beltrami operator, which
have previously been used to obtain smooth profiles on the sphere
(Descoteaux et al, 2006a,b). This implementation reduces the
undesirable effect of producing false spikes around the origin that
the harmonic series exhibit when the SNR is very low or when the
series is prematurely truncated.

In the last years the reconstruction of the three-dimensional
structure of the fluid-filled tissue space has captured the attention of
the Neuroimage community, due to the applications that these
methods provide to study fiber tissue properties and in special the
living brain. The results obtained in this work support the hypothesis
that the revisited DOT methodology could improve the estimation of
the local fiber microgeometry and, as a consequence, the enhance-
ment in the estimation of anatomical connections between distant
voxels in the brain by means of tractography algorithms.
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Appendix A. Convolution theorem and the Fourier transform of
the filter

The Convolution theorem can be analyzed more compactly in
Cartesian coordinates, in which Eq. (10) can be written as

Pe(T) = /E(a’) <(|]q|>exp< 20T’ q)dq (37)

max

Similarly, the diffusion signal can be written as the inverse Fourier
Transform of the diffusion propagator as follows:

/P exp 2mr q)dr’ (38)

Notice that without loss of generality we have written the above
expression in terms of an auxiliary vector T~ in real-space. Inserting
Eq. (38) into Eq. (37) we obtain

p(E) = || /'p(?r)exp(zm?ra)dr/]n<@)

qmax

x exp(—2niTq)dq. (39)

Reordering terms, the above equation becomes:
= / p(@)E{n{® - ¥} . (40)
is the Fourier transform of the filter with

where F{II{T — T’
respect to the relative vector T — T7:

sn{r-v}= | n(;q')exp[ mi(® — ) q]dq. 41

max

It is important to note that Eq. (40) is the 3D convolution (in real-
space) of the true diffusion propagator with the Fourier transform of
the filter, which can be rewritten in the compact notation:

pF(F’) — P(F’/) ®1F{1‘[{F’— F”}}. (42)

In order to compute F{IT} it is convenient to return to the
spherical coordinates, in which Eq. (41) can be written as

IF{H ﬁ’ f / ( )exp 2niqu‘tq]q2dqdq, (43)
max

vlhere R and R are the length and unit vector of the relative vector
R =T — 1. In view of the plane wave expansion

[ l

and 3

=0 m= —

exp(—2migRR @) = (=) 2MaRY RV (@), (44)

Eq. (43) becomes
(R} =ary S (=¥ (R)I® [f Yfmm)da} (45)
I=0 m= ¢}

0 m=-—I

where,

Amax
/ ji(2nqR)gdg. (46)
0

I(R) =

Taking into account the orthogonality condition of the spherical
harmonic basis (see Eq. (9)) and considering that 1 =2m"/?Yy0(§), the
integral in brackets in Eq. (45) can be evaluated as:

;ﬁ Yin(@)d8 = 2126060, (47)

The above result give rise to a massive reduction of calculus in
Eq. 45 due to the fact that only the term [ =0 persists in the series.
As a result, inserting Eq. 47 into Eq. 45 we obtain:

F{n{ﬁ’}} = 471ly(R) = 4n q/

0

Jo(2mqR)q*dg. (48)
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The above integral can be evaluated and it is given by

(2nR)?

F{n{R}} = 4n S0 MmacR) =

Appendix B. Far-field pattern

The truncated wave equation in the far-field limit becomes (see
Appendix E for full details):

2

exp(—2mipqf §)~
p( pqf q) @

M=
MN

(—i) sm<2nqp - —l> Yim (F)Yin (@)

(50)

0 m=—I

The far-field limit was defined by means of the following
relationship pg=>N(N+1)/2m. So, insofar as q—0+ the above
expansion is valid only for p—e. The integral in g-space given by
Eq. 1 is defined from O to infinity, therefore, we can only accurately
compute its far-field pattern in the limit p—e. Inserting Eq. 50 into
Eq. 1 the far-field diffusion propagator Pgr can be written as:

N .

Prp. 0% 32 3 in(h) ¢ V(@100 @144, (51)
I1=0 m= — 0

with

lp,§) = Aqllg& o / E(q, ) sin(2mqp)qdg. (52)

In the last step we have used the fact that sin(2ngp—ml/2) = (—1)'/2
sin(2mqp) and (—i)'= (—1)"/? for even values of I.

Inserting Eq. (3) into Eq. (52), it can be evaluated as

I(p,q) =

e
D@y| ®3)

1
a7 P {_

This equation can be expanded in terms of spherical harmonics as
follows:

N r
%Z Z Crm Ylm (54)
=0 m'=

where in general the coefficients ¢, depend on p and t. Inserting the
above expansion into Eq. (51), and considering the orthogonality
condition of the spherical harmonics given by Eq. (9), the far-field
propagator becomes

N !
Prr(p, F) %Z Z im Yim () (55)

From this result can be inferred that the effect of the spherical
harmonic inversion given by Eq. (51) is to transform the function |
from g-space to real-space, i.e., Pre(p,F) =I(p,f). Consequently, we
obtain

—_

2
. P
PFF(p’r>~[4nD(f>t]3/zeXp[ 4D<f>t}' (58)

Appendix C. Evaluation of the radial integrals

The radial integral in Eq. (19) can be analytically evaluated and it is
given by

an [+ 3 p2
/v 1F1( TG

0
2 D@0 U+ Hr(1— Yri}i+n+ 1)]
rEA)ria—n+2)

This result is general and valid for n=0, 1. Inserting the above
result into Eq. (19) we obtain:

r(i—nrp l+n+1)}

D n(q) = 58
(@) 2-mm/2r i —n + 2)] D@t 2 (°8)
with the following particular solutions
; r(gY)
o, = 2 , =0), 59
l,O(q) 23713/2F(% ¥ I)D(fl)t (fOTn ) ( )
and
a_ _ TErg+1 _
D1(q) = 3P r () D@y 2 (forn = 1). (60)

A different type of solution is obtained for the case n=2.In such a
situation we cannot obtain a general solution to Eq. (19) as a function
of I. However, for each particular value of [ it admits a solution with
the following general form:

ol o)

where Kk denotes the Euler's constant, k~0.577216. The values
obtained for the coefficients g; and h, for the specific values of [=0,
2,4, ..., 14 are listed in Table 1.

Dp2(Q) =

Appendix D. Near-field pattern and the return to the
origin probability

In previous subsections the far-field pattern of the diffusion
propagator was derived; to complete the developed theory in this
appendix we study the near-field pattern. The diffusion propagator
evaluated at infinitesimal values of p does not provides sufficient
information to infer the 3D tissue microstructure because in this limit
it is “quasi-isotropic.” In contrast, a useful quantity derived from the
near-field limit can be computed, namely the return-to-the-origin
(RTO) probability (Mitra et al, 1995), which is defined by the

following limit RTO = lir% P(p, ?). This quantity measures the degree
o

of restriction for the diffusing species and it has been employed as a
scalar index for mapping and characterizing the anisotropy of the
diffusion process in different fibrous tissues (Helmer et al., 2003;
Meiler et al., 1998).

The RTO probability can be computed from Eq. (1), and it is given by

RTO = lim 75 / E(q, )exp(—2mipg£a)q’dqdd (62)
li
Q0

In the near-field limit the wave equation term becomes:

lim exp(—2mipgq) = 21" *Ygo (@) = (63)
lin
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The notation used in the above equation is convenient to evaluate
the integral given by Eq. (62) in a direct way. Inserting Eq. (63) into
Eq. (62) we obtain

RTO = 2n'/? 74 S(@)Yoo(@)d4, (64)
Q
where
s(@) = / E(g, @)¢°dg. (65)
0

In line with the DOT formalism that assumes a mono-exponential
model (see Eq. (3)), Eq. (65) can be evaluated as

; 1
S(@) = | exp|—4r’tD(@)q’|¢’dq = —————— 66
(@ 0/ P[4 D@00 = g (66)
Inserting the above result into Eq. (64) we get

_ 1 S —3/20%
RIO = s f D(@) " *Yoo(@)dq (67)
Considering the following spherical harmonic expansion
© I
D@ =3 3 by Y (@), (68)
=0 m'=—-r

and taking into account the result given in Eq. (9), Eq. (67) becomes

bOO

RTO = ——%0__.
(4m)2e3/2

(69)

Notice that RTO only depends on the first term of the expansion
given in Eq. (68). This term describes the isotropic component of the
D(§)~>/? profile, which depends on the minimum value of the
profile. In the limit case of isotropic free diffusion we obtain
D = bgoYgo = boo/2m"/2. Hence, Eq. (69) becomes

1

RTOR 70
(4mtD)?/2 (70)

which agrees with the result previously developed by (Mitra et al.,
1995).

The rotationally invariant measure given by Eq. (69) could be
incorporated as a new parameter derived from DOT to quantify the
structural changes occurring in several pathologies. In the original
DOT article, other measures such as the anisotropy from variance and
entropy (Ozarslan et al., 2006) were proposed that will not be
analyzed in this work.

Appendix E. Near- and far-field limits of the plane wave

The spherical Bessel function of the first kind is defined by (Spiegel
and Liu, 1968)

QX)) = \/%]H 1/2(%), (71)

where J; is a Bessel function of the first kind. Asymptotic forms for the
Bessel functions are

Je(x) = 1 (X)k, x<Vk + 1

rk+1)\2

]k(x)z\/%cos(x—kn/Z—n/@, x>k —1/4| (72)

From the above expressions can be inferred the asymptotic
behaviour for the spherical Bessel function as follows:

X = <13>"12/2 (’Zf)’ x<\/1+3/2
r

Jilx)= %sin(x - g), x>>Il(l+1) (73)

where was considered that k=14 1/2. Therefore, it is possible to infer
the behaviour of the truncated plane wave (see Eq. (4)) in the near-

field limit (i.e., pg<<\/N + 3/2/2n):

N 1 1
exp(—2mipgra2r Y. Y (=i TPy ovi@). (74)
=0 m= —I ( + 7)

Similarly, in the far-field limit (i.e., pg>N(N+ 1)/2m) the plane
wave becomes

(=i)sin(2n9p — 5 )Vin(F¥in( @)

(75)

y N
exp(—2mipgf@)=—>" "

Appendix F. Supplementary data

Supplementary data associated with this article can be found, in
the online version, at doi:10.1016/j.neuroimage.2009.09.067.
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Diffusion spectrum magnetic resonance imaging (DSI) allows the estimation of the displacement probability
density function (pdf) of water molecules, which contain valuable information about the microgeometry of
the medium where the diffusion process occurs. It provides a more general approach to disentangle complex
fiber structures in biological tissues because it does not assume any particular model of diffusion; even so, it
has a number of limitations that remain unstudied. For instance, the theoretical model used to compute the
displacement pdf is based on a Fourier transformation defined in the whole measurement space; however, in
practice, it is computed using discrete signals with a finite support. As a consequence, the displacement pdf
obtained from the experiments is the convolution between the true pdf and a point spread function (PSF)
that completely depends on the experimental sampling scheme. In this work, a general framework to rectify
and decontaminate the displacement pdf reconstructed from DSI is introduced. This framework is based on
model-free deconvolution techniques that allow obtaining clearer and sharper DSI estimates. The method
was tested in synthetic data as well as in real data measured from a healthy human volunteer. The results
demonstrated that the angular resolution of DSI can be increased, potentially revealing new real fiber
components and reducing both the artefactual peaks and the uncertainty of the local diffusion orientational
distribution. Furthermore, the deconvolution process provides scalar maps of quantities derived from the

propagator, such as the zero displacement probability, with higher tissue contrast.

© 2009 Elsevier Inc. All rights reserved.

Introduction

Diffusion magnetic resonance imaging (dMRI) is a relatively new
MRI modality that is sensitive to the natural random motion of water
molecules. Owing to the microscopic length scale of diffusion in
biological tissues, dMRI can reveal histological architecture irresolv-
able by previous imaging methods (Basser et al., 1994; Callaghan,
1991; LeBihan, 2003). In the last years, this noninvasive technique has
provided the main tool to study the spatial order in living organs such
as spine, skeletal muscle, heart, tongue, and the white matter of the
brain (Basser and Pierpaoli, 1996; Tuch et al., 2003; Wedeen et al.,
2005).

The cerebral white matter consists of densely packed nerve fibers
called axons. Usually, the axons are surrounded by an electrically
insulating material composed of lipids and proteins that form a layer
known as the myelin sheath. These packed axons form barriers that
restrict the molecular motion. As a result, water diffusion within the
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white matter is highly anisotropic, i.e., it diffuses preferentially along
axonal fiber directions (Frank, 2002).

The imaging modality most used to study this phenomenon is
diffusion tensor imaging (DTI), a dMRI technique that reconstructs at
each voxel of the brain a second-rank self-diffusion tensor (Basser et
al., 1994; Pierpaoli et al., 1996). The main advantage of this model is
its easy implementation and interpretation. The principal eigenvector
of the reconstructed tensor is oriented along the average direction of
fibers (Basser, 1997). The diffusion tensor model has been used to
reconstruct connectivity pathways within the central nervous system
(Behrens et al., 2003, 2007; Iturria-Medina et al., 2007; Parker et al.,
2002b, 2003), which has important implications for many aspects of
neuroscience (for more details, see Behrens and Johansen-Berg, 2005;
Ciccarelli et al.,, 2003; Hagmann et al., 2008; Iturria-Medina et al.,
2008; Johansen-Berg and Behrens, 2006; Parker et al., 2002a).
However, there are many brain regions where the tensor model is
inadequate. In areas where many fibers converge, diverge, or cross,
many voxels can contain two or more distinct fiber directions. In this
situation, the fiber direction predicted by the tensor model will not
correspond to any of the true fiber directions. Nevertheless, it has
been showed that, if the tensor model is constrained to have a
cylindrical symmetry, the predicted fiber direction will be oriented
along the dominant fiber (Canales-Rodriguez et al., 2008).
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To avoid the limitations of DTI, new physical models and
reconstruction techniques for estimating multiple fibers configura-
tions have been developed (Alexander, 2005; Anderson, 2005;
Behrens et al., 2007; Canales-Rodriguez et al., 2009; Descoteaux et
al., 2007; Liu et al., 2004; Melie-Garcia et al., 2008; Ozarslan et al.,
2006; Ramirez-Manzanares et al., 2007; Tournier et al., 2004; Tuch et
al., 2002; Tuch, 2004; Wedeen et al., 2005). The use of these methods
becomes important in white matter regions with fiber crossings and,
in particular, in areas where major fiber pathways obscure the
presence of the smaller ones, for example, the lateral motor pathway
is obscured by the third (lateral) branch of the superior longitudinal
fasciculus (SLF), and the first portion of SLF is obscured by the medial
corticospinal fibers (Behrens et al., 2007).

Among the above techniques, diffusion spectrum imaging (DSI)
(also called g-space imaging) provides the more general approach to
disentangle complex fiber structures because it does not assume any
particular model for the diffusion process (Wedeen et al., 2005). DSI
computes the displacement probability density function of water
molecules (also termed diffusion spectrum, or diffusion propagator)
that provide valuable information about the microgeometry of the
medium where the diffusion process occurs. In practice, the diffusion
propagator is computed at each voxel by taking the discrete or fast
Fourier transform (FFT) of the modulus of the normalized signal
measured on a three-dimensional (3D) Cartesian grid in g-space
(Tuch, 2002; Wedeen et al., 2005).

DSI has demonstrated the capability to resolve fiber crossings
within neural structures (Habas and Cabanis, 2007; Wedeen et al.,
2005) and structurally complex muscular tissues (Gilbert et al., 2008,
2006). This is exemplified by the reconstruction of long association
fiber pathways in monkey cerebral hemispheres, observations that
have been supported by comparing with the results of tract-tracing
studies using autoradiographic techniques (Schmahmann et al,
2007). Further, it has been used to map regions of fiber crossing not
only in cerebral white matter but also in the basis pontis and
cerebellar cortices in monkey and human brains, which have been
demonstrated in postmortem (Wedeen et al., 2008) and in vivo
studies (Granziera et al., 2009). In addition, this technique has been
validated in rat optic tracts and capillary phantom models under
different configurations (Lin et al., 2003).

Despite its popularity, DSI has some practical limitations. The
obstacles include contamination to the phase of the echo signal from
biological motion and eddy current distortions caused by the high
gradients required to obtain a sufficiently high spatial resolution.
Thus, it requires a large amount of experimental data for its practical
implementation (Tuch, 2004). In addition, although DSI is based on a
3D Fourier transform defined in the whole g-space, in practice, the
propagator is reconstructed using discrete data with a finite support.
This fact can considerably affect the quality of the reconstruction in
terms of angular resolution. However, to date, this effect remains
unstudied.

In this work, we aimed to study the influence of computing the
diffusion propagator with the use of signals with a finite support in g-
space. To do this, in the Theory section, we will express the
reconstructed propagator by means of the convolution between the
true propagator and a point spread function (PSF) that completely
depends on the experimental sampling scheme. Also, in this part, the
PSF corresponding to a typical DSI Cartesian sampling scheme will be
derived. This result will allow us to address the problem for
estimating clearer and sharper propagators by means of deconvolu-
tion methods. Details of the synthetic data generation process will be
described in the “Materials and methods” section as well as the data
acquisition protocol applied to a healthy human subject. The
performance of the deblurring formalism will be evaluated in the
Results section. Finally, in the Discussion and Summary sections, the
relevant findings, open problems, and contributions of this work will
be succinctly described.

Theory

The diffusion propagator P (r) of a normalized dMRI signal E(q), as
measured with a standard Stejskal-Tanner (ST) spin-echo pulse
sequence (Tanner and Stejskal, 1968), can be recovered via the 3D
Fourier transform (Callaghan, 1991)

o

P(r) = / E(q)exp( — 2nirq)dq, )

iy~

where r is the real space vector of molecular displacements, q is the
g-space vector (measurement space) defined as q=(yr/2m)g,
v represents the gyromagnetic ratio for the diffusing species (i.e.,
hydrogen proton in water molecules), g is the diffusion gradient pulse
vector, and T is the diffusion pulse duration.

In practice, diffusion signals can only be measured out to the
maximum experimental g-value (gmax) that is determined by the
physical properties of the MRI scanner. Therefore, in the typical case of
identical symmetrical limits of 4 ¢mn.x along each Cartesian axis
(Wedeen et al., 2005), Eq. (1) becomes

gmax gmax  qmax

PM(rxvry»rz) = E(Qxaquqz>

—(qmax —qmax —qmax

exp[ - 2m’<rqu + 1,4, + rzqz)}dqxdqydqp (2)

where [r,1y,1;] and [qqy,q.] are the Cartesian components of the real-
and q-space vectors respectively. Note that we introduced the
“modified” diffusion propagator Py to differentiate it from the exact
propagator, which was defined in Eq. (1) in the whole g-space.

The above expression is equivalent to multiplying the diffusion
signal in Eq. (1) by the following 3D boxcar (or uniform) filter:

11(q,4y.9:) = T(gT1(a, ) T1(a,)

_ {1., |G| <qmax: 19y | <Tmax: 192 |<Gmax: 3
0, 16| > Gmaxs 19y | > Gmaxs 1921 > Ginax-

In a recent work (Canales-Rodriguez et al., 2010), we showed that
the effect of computing the diffusion spectrum out to finite g-values is
equivalent to convolve the true spectrum with the Fourier transform
of the corresponding filter F{I1}, which can be considered as the point
spread function (PSF) of the convolution process (see Appendix A for
a detailed demonstration). According to this property, the modified
and true propagators are related by

Py = P F{I{R}}, (4)

where ® is a convolution operator. The above equation can be
interpreted as follows: the modified propagator at a particular point
arises from the contribution of the true propagator in all points of the
space, their real intensities multiplied by the PSF function F{IT{R}}
that depends on the distance R and direction R to the considered point
(R = RR).

For the Cartesian boxcar function defined in Eq. (3), the resulting
PSF is proportional to the product of three sinc functions (see
Appendix B for a detailed description)

F{THR}) = (2yn00) *SINC(2TR 100 )SINC (27, Gy ) SINC(2TR ) (5)

whereA[Rx,R),,RZ] are the ACaArtgsian components of R, i.e.,
R =Rii + Rjj + Rk with 1i,j, k denoting the Cartesian unit
vectors in real space along the x-, y-, and z-axes, respectively.

The convolution between the true propagator and the PSF
produces a blurred propagator with a decreased contrast and a
lower angular resolution. Removing the effect of the PSF from the
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modified diffusion propagator requires the use of a deconvolution
algorithm. The goal of deconvolution is to recreate the image as it
existed before the convolution took place, thus creating clearer and
sharper images. Thus, our objective was to find the true propagator
from the following equation:

Py = P F{II{R}} + ¢, (6)

where ¢ is the unknown error component due to the experimental
noise in our recorded diffusion signal. In the literature there are some
well-known algorithms to solve this type of equation. In this work, the
accelerated Lucy-Richardson (L-R) method (Biggs and Andrews,
1997; Lucy, 1974; Richardson, 1972) will be used. This algorithm,
which derives from Bayes' theorem on conditional probabilities,
conserves the constraints on frequency distributions such as normal-
ization and non-negativeness. This iterative method, at each step,
increases the likelihood of the observed sample. It is effective when
one know the PSF but know little about the additive noise in the image
(Hanisch et al,, 1997), which is just our case. This algorithm has
previously been applied to solve fiber crossing in the human brain
using high angular resolution diffusion imaging (HARDI) (Dell'Acqua
et al,, 2007, 2009). Alternatively, we will also use a blind deconvolu-
tion (B-D) algorithm (Stockham et al., 1975), which can be used
effectively when no information about the distortion (blurring and
noise) is known. This method restores the exact propagator and the
PSF simultaneously using an iterative process similar to the L-R
algorithm (Biggs and Andrews, 1997).

Materials and methods
Simulated data: local diffusion model

Synthetic data were generated using the multitensor model (Tuch
et al,, 2002), which allows to consider the presence of several fiber
populations inside the voxel. Assuming this model, the expression for
the normalized diffusion signal can be expressed by:

E@) =S@)/S =Y\ fiexp( —ba'D"q), (7)

where M is the number of fiber compartments, the diffusion
weighting factor b (also known as b-value) is defined as b= 4mtq*
with q = qq, the volume fraction of the ith compartment is denoted
by f; so that M | f; = 1, D) represents the second-order self-
diffusion tensor of the ith compartment, S is the measured signal, and
Sp is the signal amplitude in the absence of magnetic field gradients
(i.e., b=0). It is assumed that the compartments have equal
relaxation rates and water density. In addition, the molecular
exchange between compartments is neglected.

The eigenvectors (i.e., [ejeye3]) and eigenvalues (i.e., [A1,Ag,
A3]) of each self-diffusion tensor contain information about the
fiber orientation and the anisotropy of the diffusion process within
each fiber compartment. In this work, we will use the values
A1 =1.7x10"3 mm?/s and A, =A3=0.3x10"3 mm?/s, which are
typically observed (or estimated) in human brain regions (Pier-
paoli and Basser, 1996).

Simulated data generation
To evaluate the effects of the deconvolution in DSI, several

synthetic data sets were generated. The diffusion signal was
computed from Eq. (7) for different signal-to-noise (SNR) levels.

The noise was assumed as Rician distributed (Andersson, 2008) with a
standard deviation defined by 0=5S,/ SNR.

The signals were generated using several fiber geometries.
Specifically, the simulation considers two fiber populations with
identical volume fractions, where the interfiber angle varies from 30°
to 90° in steps of 15°. For each SNR value (i.e.,, SNR={10, 15, 20, 30,
50}) and fiber configuration, 100 trials of signals were generated. An
additional experiment without noise was also implemented.

All synthetic data were generated using a DSI sampling scheme
(Wedeen et al, 2005), which consisted of a keyhole Cartesian
acquisition to include the set of points in g-space lying ona 7x7x 7
Cartesian grid within a sphere of radius 3.6, for a total of N=203
sampling points. This sampling scheme is equal to the one used in the
real data acquisition (see the next subsection). Two experiments were
implemented using two different values for the maximum b-value
(bmax): 9000 and 4000 s/mm?.

Human brain data

MR experiments were performed on a healthy 24-year-old male
volunteer in a 3-T MRI system with a maximum gradient strength of
40 mT/m (Trio, Siemens, Erlangen, Germany). A Siemens eight-
channel head array coil was used as a receiver. To reduce the eddy
current effect, a twice-refocused balanced spin-echo diffusion echo-
planar imaging (EPI) sequence was used. Diffusion images were
acquired with the following acquisition parameters: matrix
size = 64x64x40; field of view (FOV)=185x185 mm; pixel spac-
ing =2.890625/2.890625 mm; slice thickness=2.9 mm; TR/
TE=6200/118 ms; diffusion time (A) and diffusion pulse duration
(1) A/T=80/35 ms; maximum b-value =4000 s/mm?. The images
were measured using 203 diffusion encodings. These encodings are
comprised of isotropic 3D grid points in the q-space contained within
a sphere with radius 3.6. These data are part of a public database (free
for testing) provided by the Advanced Biomedical MRI Lab, National
Taiwan University Hospital (for more technical details see: http://dsi-
studio.labsolver.org/download-images).

DSI reconstructions

All DSI reconstructions were computed as follows. First, the
blurred or modified diffusion propagator was reconstructed at each
voxel by taking the 3D FFT of the diffusion signals. The signal is zero-
padded before the Fourier transformation to obtain interpolated
propagators in real space, which is a commonly used technique
associated with FFT (Donnelly and Rust, 2005). This methodology
allows computing the propagator on a 35x 35 x 35 3D Cartesian grid.
Second, we denoised the obtained propagator using a statistical
thresholding technique. In particular, a gamma distribution was fitted
to the resulting 3D image intensities. Only were considered those
values within 95% percent confidence intervals. This process allows
neglecting all intensities near the noise floor. Third, we computed two
different versions of the exact propagator using two different image
deconvolution techniques: (1) the L-R method and (2) the B-D
method. Finally, from the resulting deconvolved maps, the diffusion
orientational distribution function (ODF) was computed via the
following line integral (Wedeen et al., 2005):

ODF® = [ P(p. B’ dp. ()
0

Fig. 1. Evaluation of deconvolution methods in synthetic data generated for two different fiber configurations using a maximum b-value of 9000 s/mm?. Upper and lower panels
show diffusion propagators and their corresponding ODFs computed for two fiber crossings with interfiber angles of 90° and 45°, respectively. (A) Propagator reconstructed using
the standard DSI technique. (B) and (C) Deblurred propagators by means of the L-R and B-D deconvolution algorithms, respectively. (D) ODF corresponding to the standard DSI
technique (see panel A). (E) and (F) ODFs corresponding to the deconvolved propagators depicted in panels B and C, respectively.



EJ. Canales-Rodriguez et al. /| Neurolmage 50 (2010) 136-149

Inter-fiber angle: 90 degrees

B

300

139



140 EJ. Canales-Rodriguez et al. / Neurolmage 50 (2010) 136-149

where p and T are the length and unit vector of r, respectively, i.e.,
r = pt. The ODF sacrifices the radial information in the diffusion
propagator but retains, in average, relevant angular contrast (Tuch,
2004). Before the ODF calculation, each propagator is interpolated to a
spherical lattice using a trilinear method. To obtain ODFs with high
angular resolution, the interpolation parameters were chosen to
obtain 50 radial points along each one of the 642 equidistant spatial
directions on the sphere. The integral was then evaluated, at each
spatial direction, over the resulting spherical lattice (i.e., p£[0, 50])
using a Simpson numerical method.

To test the enhancement in the angular resolution that produces
the introduction of the deconvolution process, the ODFs
corresponding to standard DSI reconstructions were computed. It
employs the above algorithm without applying the deconvolution
step.

Similarly, to test the effect of the deconvolution in rotationally
invariant scalar quantities derived from the propagator, in this work
the zero displacement probability (P,) and the mean squared
displacement (MSD) maps were computed. In line with (Yu-Chien
et al, 2008), these quantities were evaluated by means of the
following equations:

Py = P(r=0),

MSD = / P(r)rdr.

Definition of quantitative measures

The accuracy of the methods to reconstruct local fiber orientations
was quantified by the average deviation angle between the recon-
structed and true principal orientations. The average deviation angle
was computed as:

Ap = %imin{\acos(\??é]) \,\acos(fl?éz)l}, (10)
=

where ¥; and 1, are the unit vectors along the true generated fibers
and & and & are the unit vectors along the two main maxima
extracted from the ODFs. Furthermore, to quantify the occurrence of
false peaks, the local number of main maxima from the reconstruc-
tions was also computed as:

n—fiber = Zk: 15, Ingx), (11)

i=1

where I(I;, Imax) =1 for I;>0.3ax and I(I;, Imax) =0 for I; <0.3Imax, [i
denotes the intensity of the ith maximum, I;,,.« is the intensity of the
main maximum (i.e., Imax = max{lji=1, ..., k}), and k is the number of
maxima extracted from the local angular ODF profiles. These
measures have been previously used to quantify the reconstruction
accuracy of some diffusion imaging techniques (Behrens et al., 2007;
Lin et al., 2003; Melie-Garcia et al., 2008; Tuch et al., 2002).

Results
Synthetic data

Fig. 1 shows the comparison of propagators and ODFs obtained by
the standard DSI method and the new deconvolved reconstructions
(B-D and L-R) for two particular fiber configurations. This result was
obtained for synthetic data generated with a maximum b-value of
9000 s/mm? This example allows visualizing the effect of the
deconvolution operation on the diffusion propagator and its reper-
cussion on the ODF.

As can be seen in Fig. 1, the deconvolution operations give rise to
sharper and clearer diffusion propagators. As a result, the ODF maps
depict sharper profiles that potentially increase the angular resolution
of the method. This is exemplified by the reconstruction of two
crossing fibers with a separation angle of 45°. For this fiber
configuration, the standard DSI method predicts only one diffusion
maximum at an intermediate orientation between the true ODF
maxima (Fig. 1, lower panel D). In contrast, the ODFs computed from
deconvolved propagators were capable to solve the two fiber
directions (Fig. 1, lower panels E and F). This result can be compared
with the true ODF profiles depicted in Fig. 2, which are the theoretical
ODFs predicted by the standard DSI method using continuous data in
the whole infinite q-space (see Appendix C for a detailed description).
Perceive that the ODFs obtained from the deconvolution methods are
quite similar to those predicted from theory.

The above result illustrates the accuracy of the new approach in
synthetic signals generated without considering the presence of
experimental noise, which is, however, a limiting factor in diffusion
MRI experiments. An exhaustive study about the effect of different
noise levels, interfiber angles, and b-values on the reconstructed ODF
fields is presented in Figs. 3 and 4.

Fig. 3 shows the results obtained from the simulation of two
crossing fibers for different separation angles and SNR values using a
maximum b-value of 9000 s/mm? (see the Simulated data generation
subsection). As can be observed, the standard DSI method was not
capable of disentangling fiber geometries with interfiber angles lower
than 45° (i.e., average deviation angle=20°), revealing its better
performance for fiber configurations with separation angles higher
than 60°. In contrast, the ODF fields computed from deconvolved
propagators were more accurate. In particular, L-R DSI was the most
stable and precise method under the range of values tested in this
experiment. It was able to reconstruct fiber crossings with a
separation angle of 30°. Notice the inaccuracy of B-D DSI to determine
both the average deviation angle and the number of fibers for the
higher noise level (SNR=10). Nevertheless, the performance of the
blind deconvolution approach increased considerably with the SNR
value.

Fig. 4 depicts the results obtained from the simulation of two
crossing fibers with different interfiber angles and SNR values using a
maximum b-value of 4000 s/mm?. As can be seen, the standard DSI
method was not capable to reconstruct fiber crossings with separation
angles lower than 60° (i.e., average deviation angle >20°). In contrast
with results showed at Fig. 3, the B-D approach was very unstable.
Although the deviation angle (panel A: B-D DSI) was considerably
affected only for the higher noise level (SNR=10), some spurious
peaks appeared for moderate noise levels (SNR=15 and 20), which
can be visualized in the pie map (panel B: B-D DSI) that shows the
proportions for the estimated number of fibers. On the other hand, the
L-R method provides the more accurate reconstructions. For this
experiment, the L-R method increased the angular resolution of DSI in
approximately 15°. Notice also the ability of the method for detecting
the correct number of fibers in most of the tested situations.

From these simulations, we can formulate the following partial
conclusions. First, the L-R deconvolution provides the more accurate
and stable method under the range of values tested in the
experiments. Second, this superiority was more pronounced for the
sampling scheme with higher diffusion weighting (bmax=9000 s/
mm?). Third, the standard DSI reconstructions present nondominant
spurious peaks, which occurrence was observed in both experi-
ments. Finally, although the B-D approach provides accurate results
for the sampling scheme with higher diffusion weighting (and
SNR>15), the results derived from the sampling scheme with lower
diffusion weighting (bax =4000 s/mm?) showed a high number of
artefactual peaks. This result allows us suggesting the application of
the B-D algorithm only for data measured with relatively high b-
values.
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Fig. 2. Theoretical ODFs predicted for the fiber geometries displayed at Fig. 1. These ODFs were obtained assuming a continuous DSI sampling scheme in the whole infinite g-space.
(A) and (B) Fiber crossings with interfiber angles of 90° and 45°, respectively. This figure allows the comparison among the theoretical ODFs, the ODFs estimated from DSI using finite

data, and the ODFs obtained from deconvolution processes (Fig. 1).

Brain data

Figs. 5 and 6 show the effect of the deconvolution transform on the
ODF reconstructions in regions of interest (ROIs) located in coronal
(Fig. 5) and sagittal (Fig. 6) slices, respectively. These ROIs depict two-
and three-way axonal crossings between the superior corona radiata
(scr) (i.e., descending and ascending axons from and to the cerebral
cortex), superior longitudinal fasciculus (slf) (i.e., a pair of long
bidirectional bundles of neurons connecting the front and the back of
the cerebrum), and the lateral projections of the corpus callosum (cc)
(ie., fiber bundles that connect the left and right cerebral hemi-
spheres). In these figures, the ODF maps are colored according to their
directions with red indicating mediolateral, green anteroposterior,
and blue superoinferior. Thus, red, green and blue ODF peaks
correspond to cg, slf, and scr tracts, respectively.

It is important to note how the B-D process (in both figures) gives
rise to spurious peaks. This expected result is consistent with the
results obtained from simulated data using the same experimental
sampling scheme with by,.c=4000 s/mm? (Fig. 4). This finding
supports the hypothesis that, for real data measured with moderate
values of by, the typical DSI reconstructions are more accurate than
the obtained from B-D algorithms. In this situation, the B-D method
was not able to concurrently determine, in an effective way, both the
real propagator and the blurring function.

On the other hand, the L-R deconvolution operation gives rise to
different effects. From both figures, we can summarize the following
general results. First, it diminishes the angular uncertainty of the fiber
orientations by sharpening the diffusion ODFs in a majority of voxels.
Second, in some cases, the L-R deconvolution transforms the fiber
crossings that are formed by dominant and nondominant compo-
nents, in single sharp peaks. It is difficult to evaluate the impact of the
above result as positive or negative because in real data, there is no
ground truth. However, the obtained results in the synthetic data
(Figs. 3 and 4) demonstrate that the standard DSI reconstructions can
produce nondominant spurious peaks, which, in general, are not
obtained by means of L-R deconvolution. Hence, some of the above
small angular crossings predicted by the standard DSI method, which
were not obtained using the L-R algorithm, may be artefactual
patterns in the unrectified propagator due to noise and the finite
sampling scheme.

Fig. 7 depicts the scalar P, and MSD maps derived from the
propagator obtained with the standard DSI method (upper row) and
the L-R deconvolution algorithm (bottom row) in an axial slice. As can

be seen, the deconvolution operation increased the tissue contrast
between white and grey matter. This effect is mainly observed in the
P, map (panel (a)). This result agrees with the hypothesis that the
white matter exhibits the most consistently high P, (Yu-Chien et al.,
2008). Recently, it has been demonstrated that the P, value, at each
voxel, depends on the apparent diffusivity value measured along the
direction in which the diffusion process is more restricted (Canales-
Rodriguez et al., 2010). In the brain, the diffusion process is especially
restricted just in the plane perpendicular to the white mater tract
orientations. On the other hand, the maximum intensities of the MDS
maps were located in the cerebrospinal fluid (CSF) where the
diffusion process is unrestricted. In line with Yu-Chien et al. (2008),
the MSD maps provide low tissue contrast images.

Discussion
Implementation details and open problems

Deconvolution error sources

Even when the unwanted convolution is “perfectly” understood,
there are still factors that limit the performance of deconvolution: (1)
the inherent noise, (2) the truncation effects, and (3) the loss of
information due to discretization. For instance, most unwanted
convolutions take the form of a low-pass filter, reducing the
amplitude of the high-frequency components in the image. Deconvo-
lution corrects this effect by amplifying these frequencies. However, if
the amplitude of these components falls below the inherent noise of
the system, the information contained in these frequencies is lost. On
the other hand, the PSF (Eq. (5)) continues to both negative and
positive infinity without dropping to zero amplitude, which is
determined by the oscillatory properties of the sinc function (see
http://mathworld.wolfram.com/SincFunction.html). In practice, the
PSF must be truncated; however, the abrupt discontinuity at the ends
of the truncated PSF can produce several artifacts in form of ripples on
the deconvolved image (for a more detailed discussion about this
matter, please see: http://www.dspguide.com/pdfbook.htm). The
practical solution to this problem is to design a less aggressive
deconvolution filter. For this reason, in this work, a truncated version
of the PSF was used, in which only the positive main lobe of the PSF
was considered. The results support the hypothesis that this level of
truncation is sufficient to produce accurate and stable results that are
comparable or better than those provided by blind deconvolution
methods, which are computationally more demanding.
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Fig. 3. Simulations of fiber crossings with different separation angles (individual x-axes) and SNR values (individual y-axis) using a sampling scheme with 203 g-space points and a
maximum b-value of 9000 s/mm?. Simulations were repeated 100 times. (A) Three-dimensional vertical bars of the average deviation angle (individual z-axis) between the
simulated and reconstructed fibers using three different estimation techniques. (B) Pie maps where the area of each slice is proportional to the number of main fibers recovered by
the estimation approaches. The green, cyan, and blue colors correspond to one, two, and three fibers, respectively, whereas red corresponds to cases in which more than three fibers
were estimated. In both panels, the standard DSI reconstruction is denoted by DSI, whereas B-D DSI and L-R DSI designate the reconstructions from the blind deconvolution and

Lucy-Richardson methods, respectively.

Prefiltering techniques

In the DSI community, there is no consensus on what preproces-
sing and prefiltering steps are really necessary before the FFT
computation. To date, several approaches have been adopted. For
example, in Yu-Chien and Alexander (2007), a new sampling strategy,
called hybrid diffusion imaging (HYDI), was proposed. The HYDI
encoding scheme is composed of multiple concentric shells of
constant diffusion weighting. In a first step, to minimize overestima-
tion of signals near the noise floor, diffusion signals were set to zero if
smaller than two times of the mean signal in air. In a second step, the
resulting data were regridded to a Cartesian lattice using a linear
hypersurface fitting algorithm.

On the other hand, in some FFT applications, it is usual to multiply
the signal by an apodization function (also called a tapering function)
(Donnelly and Rust, 2005). The most common tapering functions are
smooth non-negative curves with a finite support, which are used to
bring the signal smoothly down to zero at the edges of the sampled
region. This mitigates the effects of spectral leakage, at the expense of
decreasing the resolution (Naylor and Tahic, 2007), by suppressing
side lobes which would be produced. An example of this methodology

applied to DSI analysis can be found in (Wedeen et al., 2005),
which employed a Hanning window. It is important to note that
the use of tapering functions will modify the PSF expressed by Eq.
(4). For a detailed list of one-dimensional apodization functions
and their corresponding PSFs, see: http://mathworld.wolfram.com/
ApodizationFunction.html. The extension to three dimensions is
straightforward.

In this work, we employed a different strategy. A statistical
thresholding technique was applied to the propagator computed
with the full data set, which was fitted to a gamma distribution
(see the DSI reconstructions section). Because the propagator is
reconstructed on a finer grid (35x35x35), the thresholding
analysis may be more robust. However, we have little reason to
prefer any of the above possibilities over the others. Future studies
will be performed to compare all the available prefiltering
techniques in DSI, which will consider the inclusion of some new
procedures, such as wavelet thresholding (for more details, see:
http://taco.poly.edu/WaveletSoftware/denoise.html) and dMRI
denoising techniques (Aja-Fernandez et al., 2009; Wiest-Daessle
et al., 2008).
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Richardson methods, respectively.

Reconstruction grid: resolution issues

Another technical aspect involving DSI is the reconstruction grid
resolution. The FFT formalism allows computing the diffusion
propagator on a Cartesian grid. However, to compute the ODF, the
propagator must be interpolated to a spherical lattice. This transfor-
mation gives rise to Cartesian artifacts (Tuch, 2004 ), which are more
pronounced for low-resolution grids. Hence, the ODF calculus will be
less sensitive to these artifacts for high-resolution grids. Conversely,
the computational cost of nonlinear interpolation techniques from
Cartesian to spherical grids highly depends on the resolution.
Therefore, in practice, it is necessary to establish a standard resolution
level to produce accurate results in acceptable computation times.
However, to date, there are no reports on this issue.

Previous studies have been conducted using different levels of
resolution. For example, in Yu-Chien and Alexander (2007), a
low-resolution Cartesian grid was employed (9x9x9). In the
novel DSI paper (Wedeen et al., 2005), a reconstruction grid with
moderate resolution (17x17x17) was used. Similarly, in Tuch
(2002), a moderate resolution grid was also employed
(17x17x17), which was interpolated to a spherical lattice using

a cubic interpolation method. In contrast, in this work, we
employed a different strategy that was motivated by the
introduction of the deconvolution process. In general, the
deconvolution algorithms increase their performance for high-
resolution images. Once again, however, their computational cost
increase with the resolution. An exploratory analysis (result not
reported) suggested that the 35x35x35 grid used in this work
provides a good tradeoff between accuracy and deconvolution
time. After FFT analysis, a fast trilinear interpolation method to
resample the propagator on a high-resolution spherical lattice was
then employed, which allows computing ODFs with a high degree
of accuracy. This specific resolution level is not necessarily
optimal from an accuracy standpoint but does adequately
illustrate the benefits of the deconvolution process. Future studies
will be performed to optimize the specific resolution of the
reconstruction grid. In what follows, we report the expected
(mean) computational time at each voxel of our procedures: FFT
analysis with zero-padding plus thresholding analysis 2x 1072 s;
B-D/L-R algorithms 0.6/0.2 s, respectively; trilinear interpolation
plus ODF calculus 7x10~2 seconds. As can be appreciated, the
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Fig. 5. Comparison of DSI reconstructions in a region of interest (ROI) located in the coronal plane of a human brain. The fractional anisotropy (FA) map of the whole slice is depicted
for illustrative purposes. In this ROI (blue rectangle in the FA map), some important tracts can be identified: the superior longitudinal fasciculus, the superior corona radiata, and the
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Fig. 7. Comparison of the scalar invariant maps derived from the propagator obtained with the standard DSI method (upper row) and the L-R deconvolution algorithm (bottom row)
in an axial slice of a human brain. Panel A depicts the zero displacement (P,) maps. Panel B shows the mean squared displacement (MSD) maps.

computational time is dominated by the deconvolution algorithms.
However, these times are acceptable for practical applications.

Sampling schemes in DSI

The DSI sampling schemes commonly used in practice are
comprised by 256 or 515 g-space points (Wedeen et al., 2005).
Usually, such schemes are measured using extremely high b-values
(from 12,000 to 18,000 s/mm?). However, these typical schemes
limit the practical use of the technique due to their long data
acquisition times. Recently, an interesting study that quantifies the
effects of sparser sampling schemes and lower b-values was reported
(Kuo et al., 2008). The main result is that a DSI sampling scheme with
203 points can produce accurate and stable results that are com-
parable to those obtained with denser schemes. The optimal maxi-
mum b-value reported for this sampling scheme was by.x=
4000 s/mm?, which is just the experimental value employed to
measure the real data used in this work. However, although this b-value
is optimum for standard DSI experiments, the results obtained in
simulated data suggest that the deconvolution operation introduced
in this work will benefit from the use of higher b-values, e.g., byax=
9000 s/mm?. In this regimen, the advantages of deconvolution methods
are more evident. Future studies will be performed to validate this
hypothesis in real data.

To explore the performance of the deconvolution with a sparser
sampling scheme, further exploratory analysis with synthetic data
was implemented. In particular, a DSI sampling scheme with 123 g-
space points and a maximum b-value of 9000 s/mm? were
considered. The analysis was developed in line with the synthetic
data processing presented in the above subsections (see the
Simulated data generation subsection). Fig. 8 shows the results
obtained from the simulation of two crossing fibers with different
separation angles and SNR values. As can be observed, for this sparse

sampling scheme, there are no significant differences between the
three methods, which are not capable of separating fiber crossings
with interfiber angles lower than 75°. This result allows suggesting
that the number of DSI q-space points cannot be drastically reduced to
below 203 points.

It is important to note that the voxel size employed in the real data
acquisition (i.e., 2.9x2.9x2.9 mm?) is slightly higher than that
typically employed for fiber tracking analysis (e.g., 2 x 2 x 2 mm?). The
use of this resolution was motivated only by illustrative reasons. It
allows a clear visualization and recognition of fiber crossing regions.
Nevertheless, an exploratory analysis (result not reported) using real
data with lower voxel size shows similar results.

Effects of finite pulse widths

The relationship given by Eq. (1) is based on the assumption that
the temporal shape of the diffusion-sensitizing gradient vector is
infinitely narrow (i.e., 7— 0, A>> 7). In this situation, the molecules do
not diffuse significantly during its application. This criterion is usually
known as the narrow pulse approximation. However, acquisition
methods cannot currently meet this condition; especially on clinical
systems (see the Human brain data section). Any deviations to this
criterion will have an impact on the diffusion propagator that is
estimated, regardless of particular sampling strategy or reconstruc-
tion algorithm, since for finite diffusion gradient pulses, the diffusion
propagator becomes the center-of-mass propagator (see Mitra and
Halperin, 1995 for a detailed description). Although previous
experimental results suggest that the breakdown of the narrow
pulse approximation does not have a significant impact on the
orientational structure of the propagator (Lin et al., 2003; Perrin et al.,
2005), the resulting propagator is a blurred version of the real
propagator. Future work will be performed to try to include, in the
deconvolution process, the effect of finite pulse widths.
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methods, respectively.

ODF deconvolution versus PDF deconvolution

A central assumption in dMRI techniques is that brain water
diffuses preferentially along fiber bundles. Therefore, although the
theoretical relationship between diffusion ODF and fiber ODF is
unknown (Tuch, 2004), it is natural to assume that the maxima in the
diffusion ODF correspond to the “true” fiber directions. In practice, the
diffusion ODF has a large part not aligned with the principal fiber
directions, which reduces the angular resolution of the methods. It
means that the diffusion ODF maxima do not correspond to the true
fiber directions for nearly oriented fibers. Recently, different
approaches to deal with this limitation were proposed. A particular
solution to this problem was introduced by Descoteaux et al. (2009),
which employs a deconvolution operation that aims to transform the
diffusion ODF, obtained from QBI (Tuch, 2004), into a sharp fiber ODF.
This idea was inspired by the original spherical deconvolution
approach (Tournier et al.,, 2004, 2007, 2008). Both methods allow
obtaining sharper diffusion ODFs that are more representative of the
local fiber distribution. These approaches are based on the assumption
that all fiber bundles in the brain have the same typical diffusion

anisotropy, i.e., identical diffusivity values. However, this hypothesis
may be violated in some brain areas. As a consequence, different
regions may be processed with different degree of accuracy. A
previous study has suggested that the use of incorrect diffusivities
produces incorrect estimates in the intensities of the ODF peaks
(Anderson, 2005).

In contrast, in this work, the deblurring operation was applied
directly on the displacement probability density function (pdf) in a
model-free way, which does not require prior knowledge of
intravoxel diffusion model parameters, e.g., diffusivity values. The
resulting blurring function only depends on the experimental
sampling scheme. Hence, from this method, one can expect to obtain
similar levels of accuracy in the different brain regions. Going further,
from a theoretical point of view, it is possible to expect similar levels
of accuracy in different subjects, which will depend only on the
experimental noise but not on the inaccurate modeling. The latter
may have a positive impact on the identification of brain structural
abnormalities by means of statistical group comparison of quantities
derived from the propagator. It is just another further advantage of
the presented method over the above techniques based on HARDI
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data. DSI can be used to obtain additional maps of scalar invariant
quantities to characterize the anisotropy of the diffusion process, such
as the zero displacement probability and the mean squared
displacement computed in this work.

The obtained results in both synthetic and real data demonstrated
that the angular resolution of DSI can be increased by means of the L-
R deconvolution, potentially revealing new real fiber components and
reducing both the artefactual peaks and the angular uncertainty in the
ODF profiles. For instance, in simulated data, the L-R method was
capable of resolving fiber components with separation angles of 30°
for SNR>15 with a maximum b-value 9000 s/mm? (Fig. 3). To the
best of our knowledge, this resolution power has not been achieved by
any previous model-independent g-space reconstruction method. In
contrast, the benefits of the blind deconvolution method are only
effective for sampling schemes with relatively high b-values.

An area of future research will be the implementation of new
alternative deconvolution approaches (see Hogbom, 1974; Narayan
and Nityananda, 1986; Segalovitz and Frieden, 1978) as well as their
validation using experimental data measured with a variety of DSI
sampling schemes. Another interesting issue is the rectification, or
deblurring, of diffusion propagators computed from models based on
HARDI sampling schemes like the diffusion orientation transform
method (Ozarslan et al., 2006).

Summary

In this work, a new framework for obtaining clearer and sharper
diffusion propagators was introduced. The approach is based on
deconvolution methods, which are supported from a theoretical point
of view by the use of signals with a finite support in q-space. The
diffusion propagator obtained by the standard DSI technique is a
convolution between the true propagator and a point spread function
that depends on the experimental sampling scheme. Thus, the
deconvolution between these functions gives rise to the exact
diffusion propagator, which contains decontaminated information
about the underlying diffusion process.

The orientational resolution achieved due to the deconvolution
process in DSI should extend the viability of cerebral fiber tracking
methods. The new methodology introduced in this work enhances the
DSI capability for the noninvasive analysis of fiber tissue architecture
on the microscopic scale.
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Appendix A. Convolution theorem

In Cartesian coordinates, the modified propagator can be written
as (see Egs. (1) and (2))

o

Pur) = [ El@!(@exp( — 2nirq)dg, (12)

p_—-

where I'1(q) is the g-space filter (see for one example, Eq. (3)).

Similarly, the diffusion signal can be written as the inverse Fourier
transform of the true, or exact, diffusion propagator as follows:

E(q) = / P(r’)exp(2mir’'q)dr’. (13)

Notice that without loss of generality we have written the above
expression in terms of an auxiliary vector r’ in real space. Inserting Eq.
(13) into Eq. (12), we obtain

o

Py (r) = /

—

{/ P(r’)exp(2mir'q)dr’ |T1(q)exp( — 2mirq)dq. (14)

Reordering terms, the above equation becomes:

o

Py (r) = / P(r")F{Il{r — r'}}dr’, (15)

T

where F{IT{r — r’}} is the Fourier transform of the filter with respect
to the relative vector R=r—r’:

F{I{r —r'}} = / Tl(q)exp[—2mi(r — r)q]dq. (16)

It is important to note that Eq. (15) is the 3D convolution (in real
space) of the true diffusion propagator with the Fourier transform of
the filter, which can be rewritten in the compact notation:

Py = PoF{I{R}}. 17)

Appendix B. Point spread function of a Cartesian 3D boxcar filter

The Fourier transform of the boxcar function defined in Eq. (3) is
given by the following integral (see Eq. (16))

F{IR}Y) = 7 7 7 11(4y. 6y.4.)

—® —® —o

exp|—2mi(Rya, + Ryq, + R.d.)|da,dayda;, (18)

which can be separated into three one-dimensional independent
parts

F{IR}} = I()I(¥)I(2), (19)
where [ is defined by the functional

qmax
Itk) = exp[ — 2miR,qyJdqy, k = x.y,z. (20)

—qmax
The above integral can be evaluated as
I(k) — 2qmax Sin(ankqmax)
2ﬂqumax (21)
= quaxsmc(ankqmax)'

Therefore, the PSF becomes

F{IHR}} = (2qnay)’SINC(2MR Gy )SINC( 2R, Gy ) SINC(2TR, o).
(22)
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Appendix C. Orientational distribution function

The diffusion propagator obtained by the Fourier transform (in the
whole g-space) of the multitensor signal defined in Eq. (7) is given by
the following integral

o

Py = YU [ exp(-ba D" @)exp(-2miarida = 37 i,

=y

(23)

where
I = / exp( — 4r’tq'D"q — 2miqr)dg. (24)

To solve the above integral, we will consider the following
identity:

—4r’tq'D"q + 8112thD(">q0
= —4r’'t(q—q,)'D"(q — qo) + 47°tqy 'D"q. (25)

Making the change of variable, qo=—iD"V"" r/4nt, the above
equation becomes:

. L T . -
—4r?tq'DVq — i2nqr = — 4ﬂ2t(q +ip® 'r /4m) p? (q + iD® ‘r/4nr)
1

1o
4trD r.
(26)

It is important to notice that the left term of the above equation is
equal to the exponential term in Eq. (24). Hence, inserting Eq. (26)
into Eq. (24), we obtain:

o

I = exp(—%rTD(irlr> / exp(—u'u)dg, 27)

p_—-y

where u= (4r°t)"/?A(q +iD”" 'r/ 4nt). In the above transformation,
the following Cholesky decomposition D) = AOTA® was employed,
where A% is a triangular matrix. At this point, it is possible to show
that du = Jdq, where J = |(4m%t)'/?A®D| = (4%t)3>/2|AD| is the Jacobian
determinant of the transformation. Hence, the above integral can be
evaluated as:

- . - ) - .
Jw exp( u u)dq = m Jw exp( u u)du, o
i 1
 (4m3/2 A0 |

Therefore, the final expression for the propagator is:

_ 1 M (i) —1/2 1 et
P(r)_WZi=1fi‘D |~ Pexp( =4 DY ), (29)

where it was considered that |[A?|=|D®| "*(ID®|=]ADTAD| =
ADTAD|=|ADP).

Notice that the determinant of D‘” can be computed as |D)| =
A1 A2 As. Hence, substituting Eq. (29) in Eq. (8) and using the identity:

s r(m + 1)
x"exp(ax)dx = —~ 2/ 30
0/ p(ad)dx= "2 (30)

where I is the Gamma function, we can obtain the ODF as:

3

2

ODF(t ) = %Z,M: : f,-<f pO g > . (31)

Here, Z is a normalization constant which ensures that the ODF is
properly normalized to unit mass. The ODF given by Eq. (31) is the
exact analytical ODF corresponding to a diffusion signal generated in
the whole g-space by means of the multitensor model. In this work,
this expression was used to generate Fig. 2.
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In this paper we introduce a new method to characterize the intravoxel
anisotropy based on diffusion-weighted imaging (DWI). The proposed
solution, under a fully Bayesian formalism, deals with the problem of joint
Bayesian Model selection and parameter estimation to reconstruct the
principal diffusion profiles or primary fiber orientations in a voxel. We
develop an efficient stochastic algorithm based on the reversible jump
Markov chain Monte Carlo (RIMCMC) method in order to perform the
Bayesian computation. RIMCMC is a good choice for this problem
because of its ability to jump between models of different dimensionality.
This methodology provides posterior estimates of the parameters of
interest (fiber orientation, diffusivities etc) unconditional of the model
assumed. It also gives an empirical posterior distribution of the number of
primary nerve fiber orientations given the DWI data. Different pro-
bability maps can be assessed using this methodology: 1) the intravoxel
fiber orientation map (or orientational distribution function) that gives
the probability of finding a fiber in a particular spatial orientation; 2) a
three-dimensional map of the probability of finding a particular number
of fibers in each voxel; 3) a three-dimensional MaxPro (maximum prob-
ability) map that provides the most probable number of fibers for each
voxel.

In order to study the performance and reliability of the presented
approach, we tested it on synthetic data; an ex-vivo phantom of inter-
secting capillaries; and DWI data from a human subject.
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Introduction

Diffusion-weighted imaging (DWI) is a noninvasive neuroima-
ging modality that provides quantitative maps of the micro-structural
organization and physiological features of living tissues. This tech-
nique uses molecular water (Le Bihan, 2003) as a probe to reveal the
structure and dynamics of brain tissues in normal and abnormal states.
The Diffusion Tensor (DT) formalism (Basser et al., 1994a,b; Basser
and Pierpaoli, 1996) has been widely employed to model the aniso-
tropic displacements of the water molecules in brain white matter. The
DT method models the diffusion profile as a single three-dimensional
ellipse. When fiber bundles cross, diverge or converge, the DT
approximation fails. In order to overcome this difficulty multi-fiber
reconstruction algorithms have been developed, based on high angu-
lar resolution (HARD) diffusion gradient schemes (Frank, 2001,
2002; Tuch et al., 2002). Multi-compartment methods assume that
only small number of different particle packets (diffision profiles)
diffuse in the medium with low interchange. Thus, the translational
displacement of each molecular packet provides meaningful infor-
mation that allows inference on the spatial geometry and the principal
orientations of the medium (Tuch et al., 2002). In this case, the
magnetic resonance diffusion signal will be a weighted sum of the
individual contributions of each packet of water molecules.

In practice, this type of formulation has two major problems. First,
the nonlinear nature of the objective function leads to the use of fitting
procedures that are unstable and depend on the starting point. Second, it
leads to a model selection problem that arises when selecting the correct
number of k compartments. Different strategies have been proposed for
model selection. For example Parker et al. (2005) used the spherical-
harmonic voxel classification algorithm proposed by Alexander et al.
(2002). In a study by Tuch et al. (2002) a thresholded correlation
function is employed to decide whether to use k=1, or k=2. In the study
by Hosey et al. (2005), the modeling framework introduced by Behrens
et al. (2003) is extended, allowing a probability density function for up
to 2 intravoxel fiber orientations. In this case the model selection is
achieved by a Bayes factor approach that calculates the relative
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probabilities of k=1 and k=2 fiber models. One limitation of these
methodologies is that they estimate a maximum of k=2 fiber bundles
(Hosey et al., 2005; Tuch et al., 2002). Recently Behrens et al. (2007)
proposed a Bayesian Automatic Relevance Determination (ARD)
method to infer the number of fibers. This approach detects up to 3
orthogonal fibers for simulated data requiring b-values higher than
4000 s/mm? and a gradient encoding scheme with at least 60 directions.

This paper proposes a solution for the multi-fiber model selection
problem based on the Bayesian reversible jump Markov chain Monte
Carlo (RIMCMC) formalism. It follows a previous proposal (Melie-
Garcia et al., 2004). RIMCMC has been widely used in other research
and application fields (Andrieu et al., 2001; Andrieu and Doucet,
1999; Bandyopadhyay, 2005; Bertrand et al., 2001; Brooks, 2001;
Green, 1995; Larocque et al., 2002; Richardson and Green, 1997; Rue
and Hurn, 1999; Stephens, 1998). RIMCMC is based on a Markov
chain that jumps between models of different dimensionality in the
Bayesian computation. RIMCMC provides: a) posterior estimates of
diffusion model parameters (fiber orientations, diffusivities, fiber
volume fractions, etc.); b) posterior expected values of model para-
meters unconditional on the model assumed; and a particularly novel
feature c) the empirical marginal posterior of the number of diffusion
profiles k& (number of fibers) given the diffusion data.

The paper is organized as follows: the Methods section introduces
a general Bayesian formalism for the identification of the principal
diffusion profiles in a voxel. We then propose the RIMCMC algo-
rithm based on the model introduced by Behrens et al. (2003, 2007).
The Results section is devoted to the evaluation of the performance of
our method on synthetic data, a capillary MRI phantom, and data from
a human subject. The final section is dedicated to discussion of the
main results and the unique contributions of this paper. Appendixes
present mathematical details for completeness.

Methods

In this section we introduce a general Bayesian modeling frame-
work to detect and describe the principal intravoxel diffusion profiles.
Henceforth ‘diffusion profile’ and ‘fiber’ will be used interchangeably.

Problem statement

In order to formalize the problem of inferring the components in a
multi-compartmental model we define a Cartesian coordinate system
XYZ centered in one voxel where ‘4’ nerve fiber bundles reside. Fig. 1
represents a single fiber bundle, with orientation vector7; parame-
terized by ¢ and 60 as azimuthal and elevation angles respectively.

The number of fibers ‘%’ is a priori unknown, so the DWI signal
S; observed in a gradient direction u;(x, ) = g./| g}, of Ny
encoding diffusion gradients (see Fig. 1) could be expressed by one
of the following models My, ..., M

max *

Si=w; +&
My 2 1 = foKio(©o, 9,)
Ml L = fKio(Oo, 9;) ffiKil(@l: )

M-y =foKin(Oo, ©;) + o +/iKie(Ox, 9,)
My i W = f0Kin (o, 9,) + ... +iKi(Ok, 9,) + oo+ fr Kik (O 1)

(1)

where y; is the predicted diffusion signal. The difference between
models My, ..., My, is the number of k diffusion profiles. Thus, £
defines the order or dimension of the model M;. Term f; is the

volume fraction for the profile j, so that é f; = 1. The term
K,-j(@j, P ,») characterizes the generative model of the diffusion
signal for profile j in the diffusion gradient orientation i where @,
represents the parameters of diffusion profile j (orientation,
diffusivities etc). g; encloses the experimental parameters or/and
MR pulse sequence setup, (e.g. b-value, diffusion gradient orien-
tation). The experimental noise for the 7; direction of the diffusion
gradient scheme is represented by &;. Model M, defines a single
diffusion profile that is different from the other modeled profiles.
The term Ko(Oy, ;) describes a diffusion process dissimilar to
every one of ‘k’ previous diffusion profiles and is parameterized by
©,. In our modeling framework this term plays the role of explai-
ning the diffusion signal when none of the ‘4’ diffusion profiles is
present. For example, this function could be regarded as an iso-
tropic diffusion process in a mixture of ‘.’ anisotropic processes.
Model M, could be also considered as measurement noise, where
Kio(0y, 9,) =0 would specify the absence of water diffusion
processes in the medium.

Eq. (1) can be generalized assuming different expressions for
K,-,-(O,-, pi) to model mixtures of diffusion profiles of different
kinds (different diffusion properties). This provides the flexibility
to model the complex micro-geometries of living tissue.

Having defined the general framework for the generative model
of the diffusion signal, the main problem can be stated with the
following questions: 1) Given the DWI data, how do we select the
correct model M; among k. +1 candidate models My, ..., M, *
This corresponds to selecting the exact number of resident diffu-
sion profiles ‘k’; 2) Once the correct model M} has been identified,
how do we infer the principal orientations and other parameters
that describe the k intravoxel diffusion profiles? In the following
sections we will introduce a novel and efficient approach to tackle
both the model selection problem (question 1) and the model
estimation problem (question 2).

Fig. 1. This figure shows one of the ‘%’ fibers in a voxel and the experimental
gradient scheme used for measuring the DWI signal. Black dots on the sphere
represent the gradient encoding scheme. Vector g represents the ith gradient
parameterized by the angles o and f. The vector p; represents the principal
orientation of the diffusion profile, where ¢ and 6 are the azimuthal and
elevation angles respectively.
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A generative model for the predicted diffusion signal

We selected the degenerate diffusion multi-tensor model pro-
posed by Behrens et al. (2007) in order to introduce the new
methodology. The generative model of the predicted diffusion signal
of a mixture of ‘.’ diffusion profiles is expressed as:

k

W = So <fo exp (—bil) + Z £ exp (717[1 EITR(O/.(pj)ART (0;9;) ﬁ))
=

2)

where A = (é g E), fo= (l—é f,>, R(0;, qoj) is the rotation matrix that
rotates A so that its only eigenvector aligns with the fiber orientation
represented by (0, ¢;); where ¢; and 0; are the azimuthal and
elevation angles respectively (see Fig. 1); /1 represents the medium
diffusivity and S, represents the diffusion signal value measured in
the absence of a diffusion gradient pulse (h=0).

The diffusion profiles are defined as the amsotroplc part of Eq 2)
given by K;(0;,0,) =Sy exp(—biiu; R(Hj,qo])AR (0;0;) 07 ),
with parameters ©,=(0;, @;, 1, So). In this case K;(0;, p;) modéls
the diffusion in and around axons where diffusion only occurs along
the fiber direction (0;, ¢;) (Behrens et al., 2003). The experimental
parameters (o, are definedas @, = (b;, u;), where b; is the b-value for
the gradient direction u;. The term Ky defines the isotropic diffu-
sion profile expressed by Ki(Oo, ¢,) =Sy exp (—b;4). This
models the free water diffusion process in the voxel, where @y=(4,
So). As in Behrens et al. (2003, 2007), S, signal and diffusivity 4 are
assumed constant across the voxel.

Bayesian modeling: general aims

In this section we introduce a Bayesian formalism to detect the
diffusion profiles that characterize the tissue heterogeneity in a
voxel. We set out the forward probabilistic generative model in
which we define the Likelihood function and priors for each
parameter of the model including the number of diffusion profiles
k. Through Bayes Theorem we can obtain posterior probabilities
for the model parameters given the data. These combine
Likelihood and prior probability distributions.

Likelihood

Assuming a Gaussian distribution for the noise €=¢,. . ., &x,] 50
that € ~N(0,X0), the Likelihood function for measured diffusion signal
S = [Sh ,SNJ of N, encoding diffusion gradients, (see Eq. (1)) is
given by:

1 1 -
P(SI@x; O Tx, 1, S0, k, B) = a0 (75(5 —8)"mN(s - sk))

(3)
where, Si=[u,...,lng] is the predicted diffusion signal vector for
model M, (see Egs. (1) and (2)), and @;=[®1,...,04], 0,=[01,...,04],
f,=[f1,.../i] are the orientation and volume fraction vectors
respectlvely that characterize the k& diffusion profiles.

Assuming that 3 =¢”1, where o is the noise standard deviation,
the Likelihood becomes:

N‘.-!
P(SIpe. 84,8424, 50.k,1/0°) = TLp(Si| @y, i £ 2. S0,k 1/%) - (4)
where,

p(Siley. 8,1, 2, S0, k,1/0%) =

\/21_7:(; exp ( 212(5 ) )
()

Prior distributions

Fig. 2 defines the hierarchical structure for the prior distribu-
tions of the model parameters graphically.

The joint prior probability for the model parameters p(y, 0y,
f;, 1, So, k, 1/6?) is given by:

P(@r, Ok, F1, 2,80, k, 1/0%) = p(py. Oklay, by, ag, by, k) p(Eelk)p(Solas, , bs,) -

“p(Zlaz, bi)p(k| A)p(Ala, ba)p(1/0|ag, bs)

(6)

Each of the parameters ¢y, 0y, f;, A, So, /o2 is subject to a non-
informative prior reflecting our lack of knowledge other than that
the parameter must be positive:

= 2((pu Oulag b av, by, RI=TTE Uy, Ol b v, o) =
I_L 1 sinf;, where Us is a uniform distribution on the sphere
ap=ayp=0, bp=27 and bgp=m. Parameters a, and b, are the
lower and upper bound respectively of the azimuth angle, ao
and bg correspond to the lower and upper bound of the elevation
angle.

— p(filk)=Diy(f/ov): is a Dirichlet distribution, ov=(01,..., 0+ 1)
where o,=1, i=1...., k.

- p(Solas,, bs,) = Ulas,, bs, ), where U is the uniform distribution
as, = 07 bS(, = o00.

- p(l\al, bl):Ga(aA, b)_), a;= 1, b;{ < 1.

— p(1/5°|a,, by)=Ga(a,, by), a,=1, b, < 1.

For the number of fiber parameter ‘4’ the prior we chose was:

A k!
— p(k|A) = C-Po(k|A) = ki/ k=0, .. kax
S A
Cc= 1/ Fias A/Lp(' 4.
J:

The mean value A of the truncated Poisson distribution Po pro-
vides the expected number of fibers in a voxel. Apriori this is assumed
to be a random variable with a gamma probability distribution func-
tion p(Ala 4,b 4)=Ga(1/2+a 4,b 4). Hyperparameters a 4,b 4 depend on
the anisotropy linear coefficient CL (Westin et al., 1997). This coef-
ficient provides information about the linear shape of the diffusion

&0

Fig. 2. Hierarchical structure for the prior distribution of the parameters.
(A color version of this figure is available in the online issue.)
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tensor calculated using the DWI data. Based on experimental
findings, there is a strong evidence for CL>0.8 in the presence of a
single fiber inside the voxel, for example, in major white matter tracts
such as corpus callosum. Thus, for CL>0.8 we selected a 4,0 4> 1 so
that p(Aja 4,b,4) will have a mean value close to 1 and very small
variance. Otherwise, when CL<0.8, a 4,b 4 we chose a 4,b 4«1 so that
p(Alag,b ) yields an uninformative prior. Thus all A values are
equiprobable which reflects our lack of apriori knowledge about the
number of diffusion profiles. We suggest this is an appropriate and
relatively unconstrained method of introducing prior information
about the number of profiles ‘.’ based on the same DWI data.

Posterior distributions

We obtain the posterior probabilities of the model parameters
using Bayes Theorem combining Likelihood function and prior
probability functions obtained in Egs. (4) and (6) respectively. This is:

P(@r, 0k, £, 2,0, k, 1/6*[S) o p (S|, Ok, T4, 2, S0, k, 1/6*)  (7)
(i Ok Tx 2,50, k, 1/7).

We are interested only in the posterior pdf on a subset of model
parameters describing the number of diffusion profiles and their
properties. Obtaining these marginal distributions involves perform-
ing large integrals:

p(1]8) = / p(@IS)d0.; (8)

where Q=[1, Sy, @1 0, f;, A] is the set of parameters, Q; is the
parameter of interest and £2_; represents all other parameters. These
integrals are seldom tractable analytically.

Bayesian modeling: inference algorithm

RIMCMC algorithm: general aims

It is obvious that estimation using Eq. (8) cannot be performed
analytically due to the combination of nonlinear dependences of the
parameters of interest and high multidimensional integrals. Markov
chain Monte Carlo (MCMC) techniques (Gilks, 1995) are efficient in
this situation due to their simulation of probability distributions that
cannot be derived analytically. In our problem it is necessary to
construct a Markov chain able to sample the joint posterior dis-
tribution of the model order ‘4 and model parameters and the chain
must be able to move across subspaces of different dimensions
defined by models My, ..., My, . However, standard MCMC tech-
niques are not able to jump between subspaces of different dimen-
sions. We therefore employed an efficient MCMC sampler referred to
as reversible jump MCMC (RIMCMC). This is designed to jump
between subspaces (Green, 1995). RIMCMC allows for dimensional
changes in the probability distribution being simulated and can be
used for model selection in cases where dimensionality may change.
In general the algorithm is composed of the following steps:

— A set of moves are selected.

— RIMCMC randomly “walks around” the space of candidate
models My, ..., M, by changing one fiber at a time (adding or
deleting one fiber). Each move is chosen with a particular
probability.

— At each move in its “walk”, all model parameters are updated.
— At the end, we have a list of all visited models at each move
and their corresponding set of parameters.

— We can calculate different outcome measures: the most
probable model (most visited model), the mean and variance for
parameters belonging to a particular model M, the probability
of visiting a specific model M, given the data, etc.

The following sections will adapt the RIMCMC algorithm to
our specific problem and will give details of the implementation of
RIMCMC outcome measures.

RIMCMC algorithm for a diffusion model with unknown number
of fibers

In order to set up our RIMCMC algorithm we selected the
following reversible jumps: 1) Birth of a new fiber, 2) Death of an
existing fiber. 3) Merging of two fibers, 4) Splitting of one fiber into
two fibers; 5) Updating of the parameters for all fibers and the nuisance
parameter. Moves from 1 to 4 implies changes from ‘4’ to ‘k’+1 or
k—1. A brief description of moves from 1 to 4 can be found below:

1. Birth/death moves are given by:

a) Proposing a new fiber at random on the sphere.

b) Removing one of the existing fibers chosen at random.
2. Split/merge moves consist of:

a) Splitting a fiber into two new fibers;

b) Merging two fibers into one.

We summarize the main procedure of the RIMCMC algorithm
in Table 1.

We develop a detailed description of different moves including
their acceptance probabilities in Appendix B.

So, at each iteration of the RIMCMC algorithm, one of the 5
candidate moves — birth; death; split; merge; or update — is randomly
selected with particular probabilities by, dy, s, my, u; respectively, so
that by +dy+s;+my+u,=1 for all 0<k<ky,. For k=0, death, merge
and split moves are not permitted so that dy=my=s9=0. A merge
move is not allowed for k=1 so, m;=0. For k=k,,,, birth and split
moves are not permitted, therefore by = s;. = 0. We have
introduced a heuristic term fy,s that is useful to avoid the birth of
diffusion profiles with very low contributions to the diffusion signal
to reduce tﬁle possibility of overfitting. In consequence, when the

condition Y fi>1 — fires is met, the birth move is not allowed so

bi=0. Théisl,plit move will not be allowed when the fiber to be
divided into two has a volume fraction fg,;c such that £y < 2fihres. As
in the previous case, this restriction penalizes the birth of fibers with
low contributions as well. Excepting the aforementioned cases the
move probabilities are defined as:

by = s = ¢ min{1,p(k + 1|A)/p(k|A)} ©)
dieyr = miyr = ¢ min{1, p(k|4)/p(k +1{A)}

where p(k|A) is the model M prior probability and ‘c’ is a parameter
that tunes the proportion of dimension and update moves. In our case
as in other applications (Andrieu et al., 2001) we took ¢=0.4, so that
byt+dits+m;=[0.4,1] for all k. Therefore, the update step will
have a proportion of u;,=1—b,—d;—s,—m;=0.4.

In our algorithm the update move is chosen to be the most
probable. This facilitates reaching a stable state in the Markov
chain (MC) and therefore the parameter estimates once a particular
move type is accepted. As we can see in Eq. (9) the probability of
the different move types depends on the prior for the number of
fibers. This prior has direct implications for models with higher
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Table 1
Main procedure of the reversible jump Markov chain Monte Carlo
(RIMCMC) algorithm

Reversible MCMC algorithm (main procedure)

. Initialization: set initial values for the model parameters (k(o), tpﬁro), Bﬁco),

10, 2@ SO 1/67P, A9) belonging to the support of the posterior
distribution in Eq. (7).
2. Iteration i
@ Draw u~U(0,1)
e If (u =< bku) )
— then ‘birth” (see Birth/death section in Appendix B.1)
—else if (u < by + dyw) then ‘death’ a fiber (see Birth/death section
in Appendix B.1)
— else if (u<bpy + dpw + spw) then ‘split” a fiber into two (see
Merge/split section in Appendix B.2)
— else if (u<bpy + dpw + spw + myw) then ‘merge’ two fiber into
one (see Merge/split section in Appendix B.2)
— else update the parameters (see Update section in Appendix B.3)
End if
.i=i+1 and go to 2

—_

w

number of fibers in different ways: a) the moves related to model
order reduction (like death: M. —M;) are favored with higher
acceptance probabilities (see Appendix B) as k increases, con-
versely birth move acceptance probability is penalized by the
model order (see Appendix B, Eq. (34)); b) the RIMCMC move
probabilities by, dy, s, m; are modulated by the current number of
fibers. In this way, we reduce RIMCMC overfitting and MC
convergence is improved.

RIMCMC outcomes — probability maps

The estimates of the model parameters are obtained by drawing
N samples after the burn-in period of the Markov chain. Model
selection (number of fibers) is determined by choosing the model
order through arg max,.o .y P(k]S), which is the most visited
model by the RIMCMC algorithm that has the highest probability
among the candidates My, ..., My, .

The probability of finding a particular number of diffusion
profiles j in a voxel can be calculated by:

N
k=j|S) =2 10
plk=j18) =4 (10)
where N, is the number of times the model M; was visited by the
RIMCMC algorithm in N samples. On the other hand, the expected
values of the parameters that describe the diffusion profiles for a
particular number of £ fibers are calculated by:

. 1 u i i
E@uS. k=) = >l 1y (k) (11)
J i=1

where Q;, as before encloses 2,=[1, So, ¥, 01, f;] and I{,}(k(i)) isan
indicator function so that IU}(k(i)) =1 ifatiteration { of the RIMCMC
algorithm we have kV=j, IU}(k(i))=0 otherwise.

Eq. (10) gives the marginal posterior distribution of the models
My, ..., My,,.. Hence, the posterior expected values & of the para-
meters that describe the diffusion profiles unconditional on the
competing generative models My, ..., M, can be achieved com-
bining Egs. (10) and (11) resulting in:

Kimax
E(Q1S) = > E(QulS, kp(kIS). (12)
k=0

This is the third level of inference in the Bayesian formalism
known as Bayesian model averaging (BMA) that accounts for the
uncertainty inherent in the model selection process (Hoeting et al.,
1999). By averaging over different competing models M, ..., M, ,
BMA incorporates model uncertainty into conclusions about diffu-
sion profile parameters. Hence, the expression for obtaining posterior
expected values of the parameters is obtained by substituting Egs. (10)

and (11) into (12):

~ ‘l Ni i
E@s) =5 el (13)
S i=1
Note that sum in Eq. (13) is taken independently of model M.

Orientation distribution of nerve fibers

The volume fraction that occupies a fiber in a unit volume gives
the probability of finding a particular fiber in a voxel. Thus, for the
special case of the fiber volume fraction f'the evaluation of Eq. (13)
yields a fiber orientation distribution function. Hence, the prob-
ability of finding a fiber in a specific angular position (¢, 6),
unconditional on the model assumed, can be calculated by:

N

P (re0ls) = izlf,-(“) (14)

i=

where /{*? is the volume fraction for iteration i at the spatial
orientation (¢, 0). Intuitively, this type of map reveals the number of
times the RIMCMC algorithm has visited each spatial position (¢, 0)
weighted by the volume fraction for all models M, ..., M, ..

Probability map of number of fibers

The RIMCMC methodology provides a way to assess the map
of the probabilities of finding a specific number of fibers in a
particular brain region. This is a three-dimensional map P, where
for a particular voxel at location x, y, z is obtained with:

Pk(xsyvz):p(k :]‘S) (15)

for j=0,..., kmax. Therefore we can obtain Py, ..., Py, three-dimen-
sional fiber probability images. The term p(k=/|S) is computed using
Eq. (11). This type of map has not been reported before and may
provide a measure to evaluate the anisotropy of the white matter in a
single subject and in subject populations.

Map of the most probable number of fibers

The three-dimensional map of the number of fibers P, is
another outcome of the RIMCMC method. This map gives the
most likely number of fibers at each voxel. For a particular voxel at
location x, y, z of the P,,x map is calculated by:

Prnax (x,9,2) = arg max p(k[S). (16)
k{0, .. Ko}

Results
Evaluation of the method using synthetic data
General setup
We generated a set of synthetic data in order to test the performance

of the method introduced in this paper. We used the model defined in
Eq. (2) to create the simulated diffusion signal with the following
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experimental parameters: So=100, a diffusivity value of A=1.5 mm?/s,
a set of h-values=1000, 2000, 3000, 4000, 5000, 6000 s/mm?, and
gradient encoding schemes of N=42, 60, 122 directions uniformly
distributed over the sphere. Different fiber configurations were
simulated from 1 to 5 fibers (fiber=[¢, 0, f]) as follows:  fiber:
fiber1 =[90°, 45°, 0.5]; 2 fibers: fiberl =[90°, 45°, 0.35], fiber2=[90°,
135°,0.35]; 3 fibers: fiberl =[90°, 45°, 0.25] , fiber2=[90°, 135°, 0.25],
fiber3=[45°, 90°, 0.25]; 4 fibers: fiber] =[90°, 45°, 0.2] , fiber2=[90°,
135°, 0.2], fiber3=[45°, 90°, 0.2], fiber4=[135°, 90°, 0.2]; 5 fibers:
fiberl =[90°, 45°, 0.15] , fiber2=[90°, 135°, 0.15], fiber3=[45°, 90°,
0.15], fiberd=[135°, 90°, 0.15], fiber5=[80°, 80°, 0.15].

The diffusion signal for each of the preceding fiber configurations
was corrupted by Rician noise with different signal to noise ratios
(SNR). The SNR was related to the Sy image with SNR=Sy/c. The
selected SNRs were 5, 8, 15, 20 and 30. Note that our methodology
has been developed assuming Gaussian noise, but we generated the
simulated data using Rician noise to test our methodology under this
modeling misspecification. However, for the selected SNRs>4 the
Rician distribution function approximates a Gaussian distribution
(Salvador et al., 2005).

For each SNR value, gradient encoding schemes N, set of b-values
and fiber configurations, we created 15 repetitions of the diffusion
signal. For the RIMCMC algorithm setup, we ran a Markov chain of
30,000 samples. The burn-in period was 10,000 samples and the
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remainder (N;=20,000) were used to calculate the diffusion profile
parameters and their statistics. The maximum number of fibers
allowed was kya=7.

We used two measures to evaluate the performance of the
RIMCMC methodology: 1) fiber localization error and 2) blurring
or dispersion around the mean of the fiber orientation.

The localization error measures the accuracy of the spatial fiber
configuration reconstruction defined as the average minimum angle
between the estimated and the ‘true’ fiber orientations (Tuch et al.,
2002). Each sample of the N, in the MC is forced to belong to one of
the n clusters corresponding to the n simulated fibers. If the mini-
mum angle between a particular orientation sample ‘/” and the n true
fiber populations correspond to the ‘¢’ fiber, then the sample °/’
is classified as belonging to the ‘c’ cluster. The mean orientation
value e, and the blurring ., for each cluster are calculated with:

1 &
e = €ck (17)
Ne =
1 &
B = ﬁz acos {abs (?CT'eﬂk)} (18)
k=1

where e, is a unit vector in Cartesian coordinates that represents the
orientation of the ‘4’ sample of N,. points that belong to the cluster ‘¢ .
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Fig. 3. Results of performance evaluation of the RIMCMC method on simulated data. The calculated localization error using Eq. (19) is shown for different
numbers of gradient encoding directions N=42, 60, 122; different signal to noise ratios SNR=35, 8, 15, 20, 30, b-values=1000, 2000, 3000, 4000, 5000, 6000 s/
mm? and configurations of 2, 3, 4 and 5 fibers. (A color figure is available in the online issue.)
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The localization error of the fiber configuration is computed as:

w)}

where v, is the unit vector representing the true fiber orientations.
Blurring is defined as:

n

Bew = %Z acos {abs (e

c=1

(19)

1< .
ﬁblurr = ; Z ﬁblun“ (20)
c=1

Influence of SNR, b-value and gradient encoding schemes

Figs. 3 and 4 depict the influence of noise on the spatial
localization accuracy of the diffusion profiles, and the associated
blurring given by Egs. (19) and (20). As expected, the spatial
dispersion (blurring) around the mean fiber localization as well as
the localization error (LE) increases as SNR decreases.

Blurring and LE increase with the number of diffusion profiles.
This increase can be explained by the greater uncertainty in the
parameters when the number of estimated parameters increases.

The LE decreases when the b-value increases for a specific
gradient encoding scheme and a particular fiber configuration. In the
case of the configuration of 2 fibers the LE doesn't change signi-
ficantly, and ranges between 2 and 8°. For the 3 fiber configuration the
LE decreases when SNR increases (except for b-value=1000 s/mm?).

L. Melie-Garcia et al. / Neurolmage 42 (2008) 750-770

The major LE was 30° obtained for the 4 fiber configuration. The
estimation of this configuration was the most affected by b-value and
the number of gradient encoding variations. The maximum blurring
(20° approximately) was attained for a b-value=1000 s/mm?, 3 and 4
fiber configurations and a gradient encoding scheme of 42 directions.
In general, the blurring measure increases as b-value decreases.

Figs. 5-7 show the average fiber orientation probability maps
(defined by the normalized version of the Eq. (14)) over 15 repetitions
of the simulation. Only maps corresponding to h-values=2000 and
4000 s/mm? and configurations of 2, 3, 4 and 5 fibers are shown.

For the case of the 4 fiber configuration a blurred fiber appears
with orientation (¢=90°, §=90°) that coincides with the center of
mass of the input fiber orientations. This result is most prominent for
the case of 42 encoding gradients and b-value=2000 s/mm>. The
underestimation this represents can be explained by the fact that the
experimental parameters (b-value and number of gradients) provide
insufficient information to resolve configurations with 4 fibers. The
most probable number of fibers estimated was two for all SNRs in the
case of the 5 fiber simulation (Fig. 5). Further analysis of these 5 fiber
results showed that the RIMCMC algorithm spent most time in two
different configurations, each of two fibers. The first configuration
consisted of two fibers in the vertical plane, approximately localized
around: fiberl =[45°, 90°] and fiber2=[135°, 90°]. The second con-
figuration consisted of two fibers in the horizontal plane around the
locations of fiberl =[90°, 45°] and fiber2=[90°, 135°].
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Fig. 4. Results of the RIMCMC performance evaluation in simulated data. The calculated spatial blurring using Eq. (20) is shown for different gradient encoding
directions N=42, 60, 122; signal to noise ratios SNR=35, 8, 15, 20, 30, b-values=1000, 2000, 3000, 4000, 5000, 6000 s/mm’ and configurations of 2, 3,4 and 5

fibers. (A color figure is available in the online issue.)
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As the number of gradient encodings increases blurring improves,
especially for 4 and 5 fiber configurations. For all fiber configurations
blurring decreases with b-value increments as was described pre-
viously. The 4 and 5 fiber configurations are estimated correctly
for h-value=4000 s/mm? and a gradient encoding N=60 direc-
tions when SNR>8. The best estimation of the 5 fiber configura-
tion was attained for a gradient encoding of N=122 directions and
b-value=4000 s/mm? even for low signal to noise ratios.

Studying model inference

Here we investigated the detection power of our methodology.
We did this by evaluating the ability of the RIMCMC to detect the
correct number of fibers in the voxel, given by the marginal prob-
ability of the number of fibers given the data p(k=/|S) (Eq. (10)). To
do this we used the fiber configurations estimated in the previous
sections.

Fig. 8 shows the results. The gray color maps illustrate the
mean value of p(k=/|S) over 15 repetitions. When SNR increases,
the estimation of the probability of finding the correct number of
fibers p(k=j|S) improves. As b-value increases the detection
power of our method improves, especially when SNR>15. The
mean of p(k=/|S) decreases as the fiber configuration complexity
(from 3 to 5 fibers) increases. For larger gradient encoding schemes
our methodology yields better estimates of the probability of finding
a particular number of fibers due to higher spherical coverage.
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Performance evaluation in a diffusion phantom

Phantom model description and MRI experiment

We used a phantom model designed by Lin et al. (2003) that
simulates intersecting fibers. It consisted of sheets of parallel plastic
capillaries filled with water. Sheets of two different orientations were
stacked on top of each other in an interleaved fashion intersecting at
90° (see Fig. 9). We performed the MRI experiment in a 3T Medspec/
Biospec MRI system (Bruker Companies, Ettlingen, Germany). We
acquired DSI data with a stimulated echo-pulsed gradient sequence.
The diffusion-encoding scheme consisted of 515 diffusion-encoding
directions. We used only a shell of 30 gradient directions from the DSI
encoding gradient scheme corresponding to a b-value=2 880 s/mm?.

The RIMCMC analysis used a Markov chain of 30,000 samples
long. The burn-in period was 10,000 samples and the remaining
20,000 were employed to compute the diffusion profile parameters
and their statistics.

Phantom analysis results

Fig. 9 panel a) shows a T2 image of the phantom sheets. Panel b)
shows the orientation of the principal eigenvectors from a standard
diffusion tensor analysis. In all voxels at the center of the phantom
(where the capillaries intersect) the diffusion tensor eigenvectors
pointed to an intermediate orientation between intersecting capi-
llaries (45°). (See Fig. 2 page 484 in Lin et al. (2003)).

SNR

P(k|S)

1000 2000 3000 4000 5000 6000
b-value (s/mnr’)

SNR

1000 2000 3000 4000 5000 6000
b-value (s/mm)

SNR

.
1000 2000 3000 4000 35000 6000
b-value (s/mm’)

k=3

k=5

Fig. 8. Marginal probability of the number of fibers given the data p(k=j|S) averaged over 15 repetitions. This is a measure of the detection power of our
methodology in different experimental conditions. In the gray color bar, white denotes p(k=j|S)=1 and black p(k=/|S)=0 respectively.
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Fig. 9. RIMCMC performance evaluation in an MRI phantom containing capillaries intersecting at 90°. Panel a) T, image of the phantom sheets.
Panel b) orientations of the principal eigenvectors of the estimated diffusion tensors. Panel ¢) Three-dimensional fiber probability maps (Eq. (21)) in the
highlighted region of 4 x4 voxels (see panel b)) using the RIMCMC methodology. (A color figure is available in the online issue.)

Fig. 9 panel c) shows the RIMCMC estimation of the capillary
orientation in the same region of 4x4 voxels. RIMCMC detects
that each voxel contains two diffusion profiles. The figure also
shows the computed fiber orientation probability map (using
Eq. (14)). There was good correspondence between the orientation
of the intersecting capillaries and the estimated fibers. These results
agree with the ODF (orientational distribution function) estimated
using the full DSI gradient scheme reported by Lin et al. (2003).

Fig. 10 shows 3D probability maps of finding k=1, 2, and 3 fibers
in panels a), b) and c) respectively. Panel d) shows the maximum
probability map Py, (see Eq. (16)), showing regions where 1, 2 or 3
fibers in each voxel are the most probable given the data. The hot color
bar gives the scale for the probability values in panel a), b) and c). The
rainbow color bar gives the scale for the maximum probability map
values. The maps reveal the presence and location of crossing fiber
and single fiber voxels.

Evaluation in human brain DWI data

Data acquisition

The data was acquired from a 24 year old healthy male volun-
teer using a Siemens 1.5T Sonata Vision MR Scanner (Erlagen,
Germany) with a quadrature birdcage head coil for RF transmission
and reception.

Anatomical MRI

We acquired a 3D FLASH T1 weighted anatomical MRI. A
field of view of FOV=224 mmx256 mm gave us a whole head
coverage. This FOV provided a matrix size of 224256 and 160
sagittal contiguous slices, with a voxel resolution of 1x1x 1 mm?.
The echo, repetition, and inversion times were (TE/TR/TI) 3.93 ms/
2000 ms/710 ms respectively. The flip angle was 15°.

DWI study

The DWI dataset was recorded using an echo planar imaging
(EPI) sequence consisting of 42 diffusion-weighted images with a
b-value=3000 s/mm’ and one non-diffusion-weighted image
(b=0). The diffusion gradients were uniformly distributed on
the sphere. The acquired volume covered the whole brain using 32
axial slices of 4 mm with a field of view (FOV) of 230 mm x
230 mm and a matrix size of 128 %128, yielding a voxel size of
1.8% 1.8 x4.0 mm”. The repetition time and echo time were (TR/TE)
7000 ms/150 ms. Flip angle was 90°.

RIMCMC algorithm setup

We used our RIMCMC methodology with a Markov chain of
30,000 samples long. The burn-in period was 10,000 samples and
we used the remaining 20,000 samples to calculate the diffusion
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Fig. 10. 3D probability maps of finding k=1, 2, and 3 fibers in panels a), b) and c¢) respectively are depicted for the MRI phantom. Panel d) shows the maximum
probability map, and therefore regions where 1, 2 or 3 fibers are most probable. (A color figure is available in the online issue.)

profile parameters and their statistics. The initial model for the
Markov chain was selected at random to be 1, 2 or 3 fibers for each
voxel. The maximum number of fibers permitted was kp.x=7.

Results for human DWI data

We computed the fiber orientation probability maps (normal-
ized version of the Eq. (14)) for voxels belonging to the white
matter only. We also calculated maps for the probability of finding
a specific number of fibers expressed by Eq. (15), and fractional
anisotropy (FA). We co-registered the FA map to the high reso-
lution T1 image.

In the following descriptions we have used the nomenclature and
fiber tract localization from the recent atlas of Mori et al. (2005).

Fig. 11 shows an axial slice in which there are two fiber crossings.
The middle of the figure shows the FA map and the three-dimensional
probability map of finding 2 fibers p(k=2|S). We selected two
symmetrical points located in the right and left external capsules (ec)
that are thin layers of white matter lateral to the lentiform nuclei. The
external capsule contains association fibers such as the superior
longitudinal fasciculus (slf), inferior fronto-occipital fasciculus (ifo)
and the uncinate fasciculus (unc). The location of the fibers in the
probability maps (bottom of the figure) shows symmetry in the sense
that the fiber oriented to ¢ =30°, #=30° in the left hemisphere voxel
corresponds to a fiber oriented to ¢p=45°, 0=120° in the right hemi-
sphere voxel, as expected.

The history of the instantaneous model probabilities is shown in
the upper part of the Fig. 11, for both points. This is calculated as the
percentage of steps in which a particular model has been visited, up to
a given iteration. After the burn-in period of the MC, the probability

of the model of two fibers continues as the maximum for both points
p(k=2|S)>0.8.

The middle part of Fig. 12 is an axial slice from: the FA map;
the 3D probability map of finding 3 fibers p(k=3|S); and the
maximum probability map P, (the most probable number of
fibers residing in each voxel) (see Eq. (16)). The upper and lower
parts of the figure show the fiber orientation probability maps. The
voxel represented in blue is part of the retrolenticular (rlic) part of
the internal capsule. The rlic is limited by the sagittal stratum (ss),
which contains corticofugal fibers as well as association fibers,
most notably the inferior fronto-occipital fasciculus (ifo) and the
inferior longitudinal fasciculus (ilf). The internal capsule is the
region where the corona radiata converges and it contains the
thalamocortical and long corticofugal tracts (corticospinal tracts,
corticobulbar tracts, corticopontine tract, corticoreticular tract and
corticothalamic tract).

The voxel represented in cyan is anatomically located between the
retrolenticular (rlic) part and the posterior limb (plic) of the internal
capsule (ic). The white voxel is located nearby the posterior limb (plic)
and the retrolenticular (rlic) part of the internal capsule. Both voxels
have two estimated fiber bundles located at ¢=130°, =115° and
p=115°, 0=75° approximately, that represent the same real fiber
bundles. The green voxel is located in the external capsule (ec). The ec
contains association fibers: superior longitudinal fasciculus (slf),
inferior fronto-occipital fasciculus (ifo) and the uncinate fasciculus
(unc). In all cases the final probability of finding a crossing of 3 fibers
was p(k=3|S)>0.92.

Fig. 13 shows a coronal slice where three fiber crossings are
present. As in Fig. 12 the middle part depicts: FA map, 3D
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Fig. 11. Axial slice showing white matter areas with two fiber crossings. Two symmetrical voxels located in the right and left external capsule are shown. Top of
figure: history of the instantaneous probability of the number of fibers. Middle: FA and probability map for finding 2 fibers p(k=2|S). Bottom: probability maps
of the intravoxel fiber orientations. Note the symmetry in the orientation of the fiber of the largest volume fraction with respect to elevation angle 6: left
hemisphere voxel with ¢=30°, 6=30°, right hemisphere voxel ¢=45° and 6=120°. Abbreviations: superior longitudinal fasciculus (slf), inferior fronto-
occipital fasciculus (ifo), uncinate fasciculus (unc). (A color figure is available in the online issue.)

probability map of finding 3 fibers p(k=3|S); and the maximum
probability map Pn.x (see Eq. (16)). We selected two
corresponding voxels (green and blue) from the left and right
hemisphere, belonging to the well-known crossing area of the
corona radiata (cr), corpus callosum (cc) and superior long-
itudinal fasciculus (slf). The cyan voxel belongs to the posterior
limb of the internal capsule (plic). This region contains the
superior thalamic radiation (str), the corticopontine tract (cpt)
and the corticospinal tract (cst) as part of the corona radiata
(cr). In the upper left part of the figure we show the histogram
of the number of fibers. This histogram illustrates the marginal
distribution probability of the models for the green voxel (in the
left hemisphere). The maximum probability is for a model of
three fibers with a value of p(k=3|S)=0.73. The four fiber
model was the second most probable with a probability value of
p(k=4|S)=0.1.

Fig. 14 shows an enlarged image of the crossing area region of
the corona radiata (cr), corpus callosum (cc) and superior longitu-
dinal fasciculus (slf). There is a correspondence between the pro-
bability map of finding 3 fibers p(k=3|S) in Fig. 13 and the fiber
crossing area shown in panel b).

We computed the most likely number of fibers for voxels
belonging to cerebral spinal fluid (CSF) and gray matter (GM). We
found that isotropic models M, were favored in CSF voxels. However,
there was a tendency to fit models with high complexity (more than 4
fibers) in GM voxels.

Discussion and conclusions
This paper presents a method based on a multi-compartment

model that can identify more than 3 principal diffusion profiles in a
voxel based on DWI data.
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Fig. 12. Axial slice showing white matter regions with three fiber crossings. Middle: FA map co-registered with a T1 high resolution anatomic image and the probability
map of finding 3 fibers p(k=3|S). Bottom and top: probability maps of the intravoxel fiber orientations (Eq. (14)). Abbreviations: retrolenticular (rlic) part of the internal
capsule (ic), sagittal stratum (ss), posterior limb (plic) part of the ic, anterior limb (alic) of the ic, external capsule (ec). (A color figure is available in the online issue.)

Multi-compartment models like ours have to overcome two
main difficulties: 1) the nonlinear nature of the objective function.
This requires the use of nonlinear fitting procedures that are
unstable and starting point dependent, and can be trapped in local
maxima or minima, and 2) the model selection problem, which is
the problem of choosing the correct number of £ compartments or
number of diffusion profiles in the voxel.

Here we introduce a general modeling framework to tackle both
problems. The Bayesian formalism is well-matched for these type
of problems — in particular, the reversible jump Markov chain
Monte Carlo (RIMCMC) algorithm (Green, 1995) is very well
suited to deal with Bayesian model determination and estimation.

In the RIMCMC context, the number of diffusion profiles is
considered as a random variable along with the model parameters and
both are obtained in the same estimation process. The estimation is
based on the joint posterior probability of the parameters and the
number of diffusion profiles p(¢y, 0%, fi, 4, So, £, 1/(72\5) given by
Eq. (7). Hosey et al. (2005) proposes the solution of running k.
independent MCMC samplers, each associated with a fixed number of
diffusion profiles k=1,..., kpn.x Where k. =2. This approach has

major limitations. First it is computationally expensive since kp,ax can
be large and the number of voxels in a regular DWI analysis is of
order of tens of thousands. Second, the same computational effort is
needed for each model & even though some values of & are not
significant in practice because they present low posterior probabilities
p(k|S). We therefore used the RIMCMC's capability to jump between
models of different dimensionality to develop an efficient stochastic
algorithm.

The general methodology introduced here not only accounts for
approximate posterior estimates of the fiber parameters (orienta-
tion, diffusivities etc), but also gives an empirical posterior distri-
bution of the number of fiber orientations given the DWI data. One
of the uses of RIMCMC is in estimating the probability of finding
a fiber in a specific orientation given by (¢, ) independent of the
inferred number of fibers (see Eq. (14)). These fiber orientation
probability maps (examples shown in Figs. 5, 6 and 7) can be used
by fiber tracking algorithms and to develop new measures to
characterize the anisotropy of cerebral tissue in normal and abnor-
mal states. The RIMCMC method also allows us to calculate: 1) a
three-dimensional map that gives the probability of finding a
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Fig. 13. Coronal slice showing white matter regions with three fiber crossings. Middle: FA map co-registered with a T1 high resolution anatomical image and the
probability map of finding 3 fibers p(k=3|S). Two symmetrical voxels, represented in green and blue, belonging to the crossing area of the corona radiata (cr),
corpus callosum (cc) and the superior longitudinal fasciculus (slf) are shown. Top left: histogram of the number of fibers for the voxel represented in green.
Abbreviations: posterior limb (plic) of the internal capsule, superior thalamic radiation (str), corticopontine tract (cpt), corticospinal tract (cst). (A color figure is

available in the online issue.)

particular number of fibers in each voxel in the brain; 2) the three-
dimensional MaxPro (maximum probability) map giving the most
probable number of fibers in each voxel. A normative database of
these maps could be the basis of an analysis of the principal fiber
bundles in the brain.

Recently Behrens et al. (2007) introduced a methodology to deal
with diffusion model selection and estimation. The generative model
of diffusion signal is the same (see Eq. (2)) as the one we have used
here. It follows that the forward probabilistic generative model and
the Bayesian inference are the main factors responsible for
differences in the results of the two methods. The principal
difference is the algorithm used to tackle the model order selection.
In particular, Behrens et al. (2007) used Automatic Relevance
Determination (ARD) instead of the RIMCMC algorithm used here.

One advantage of the ARD is that it requires only a simple
model to be fit to the data. In contrast, our approach involves fitting
every candidate model and comparing between them. The ARD

estimation starts with all available variables. This can be com-
putationally demanding when the probable model order (ky.x —
maximum number of diffusion profiles to be estimated) is high.
The nonlinear nature of the objective function increases with &y,
which could lead to unstable solutions that are starting point
dependent. Even in these cases, ARD will still run faster than
RIMCMC. The ARD prunes variables that are never re-included.
This has the potential to lose informative variables by chance and
some candidate models could be prematurely discarded. This
problem is more likely when SNR is low and the real number of
fibers is high. This premature rejection may make ARD more
conservative because it can lead to underestimation of the actual
number of fibers. ARD is also inflexible in the sense that it
constrains the parameters to have a unique ARD prior probability.

In contrast to ARD, RIMCMC starts from a subset of variables. This
aspect is important if the number of candidate models is large. Though
RIMCMC can be slower than ARD, it is still an attractive method
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Fig. 14. Panel a): FA map co-registered with a T1 high resolution anatomical image. Panel b): Detail of crossing area of the corona radiata (cr), corpus callosum
(cc) and the superior longitudinal fasciculus (sIf) highlighted in panel a). Panel c): Detail of the region highlighted in panel b) to show a three-dimensional version
of the fiber orientation probability maps (see Eq. (21)) for a set of voxels. (A color figure is available in the online issue.)

because it exhaustively explores the model order space. In this way
eliminated variables (models) can be re-included at later stages of the
Markov chain. This feature reduces the possibility of model order
underestimation. RIMCMC also allows output measures such as the
probability of each model given the data (and model evidence) that are
not possible using ARD. These measures can offer new and relevant
information to characterize the intravoxel anisotropy. Nevertheless, it
should be pointed out that RIMCMC can be inefficient if the proposed
distribution is not carefully designed.

As mentioned above, there are difference in the forward
probabilistic generative model between the approach of Behrens
etal. (2007) and ours. The differences arise from prior probabilities:
Behrens et al. used an ARD-type prior on fiber volume fraction
parameters, while we have used a Dirichlet prior. Unlike Behrens
et al, we have included the number of fibers as a parameter in our
model, by specifying a prior using information derived from pub-
lished diffusion data.

We suggest that the differences in forward probabilistic
generative model and model inference are the reason that Behrens
et al. (2007) required simulated data with b-values upwards of
4000 s/mm?, 60 gradient encoding directions, and high SNRs in
order to estimate 3 orthogonal fibers. Under the same experimental
conditions, RIMCMC can reconstruct more complex fiber
configurations (5 fibers, see Fig. 6) with lower SNRs.

To test our methodology, we generated a set of synthetic data
for different SNRs, gradient encoding schemes and b-values. We
evaluated performance in terms of fiber spatial localization error,

blurring around the mean localization and the probability of
detecting the correct number of fibers. As expected, algorithm
performance decreases with SNR. We have also shown that our
method gives sensible results for fiber crossing in the analysis of
DWI data from an MRI phantom of capillaries intersecting at 90°.

The scope of our method can be extended to other diffusion
signal generative models similar to that introduced by Assaf et al.
(2004). It can also be used for DSI and QBI gradient encoding
experiments. It is flexible enough to use a mixture of models to
capture different types of diffusion profiles. For example, we can use
a mixture of cylindrical and degenerate models in our estimation. In
principle, this could improve the estimation of spatial micro-
structure. Fiber tracking methods can benefit from our method, in
particular by the introduction of the probability of finding a number
of fibers in a voxel given by p(k|S). This probability has not
previously been used. We will address this issue in future work.

Our methodology has limitations. The primary drawback is a
high computational load compared to classical methods such as the
diffusion tensor model. This limitation can be reduced by pre-
computing parameters such as the signal model for different fiber
orientations — which have a considerable impact on the speed of
the estimation process. Voxels are processed independently, so the
computation is easy to run in parallel. Another inconvenience of
our method is that it is necessary to design a suitable RIMCMC
algorithm, in particular, one has to specify move types so that they
guarantee reversibility and thus fulfill the invariance condition of
the Markov chain with respect to the posterior distribution.
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The convergence of the algorithm could be improved by introducing
the simulated annealing technique into the RIMCMC algorithm. This
technique has been applied by other authors (Andrieu et al., 2001) in
signal processing applications. This is another direction for future
investigation.

We suggest that our methodology is a useful and powerful
alternative approach to the analysis of diffusion data collected in
standard MRI scanners. It can be applied to clinical populations,
and improve the characterization of normal and abnormal cerebral
tissue.
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Appendix A. Probability distribution functions
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Appendix B. Description of RIMCMC moves

In this Appendix we develop the RIMCMC moves in order to
obtain their particular acceptance ratios. In general, the acceptance
ratio for each move type is defined as (Green, 1995):

Fmove 2 (likelihood ratio) x (prior ratio) x (proposal ratio)

(21)

X (Jacobian)

Thus, the acceptance probability of a particular move for the
standard RIMCMC algorithm is obtained as:

Omove = Min (1 5 rmove) (22)
where ‘move’ is defined as: birth, death, split, merge or update.

If a move is proposed from model M, of k fibers with para-
meters Q,=[@;, 0, fi, 4, k] to a new one My of k' fibers (k' € {k—

1, k, k+1}) with Qp=[@w, Oy, fi, 4, '], the previous terms can be
defined as follows:
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o likelihood ratio =
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(24)

® prior ratio =

(2 [€2) /p(up) g (| 2k ), if K>k

® proposal ratio = {p(um(nk/\nk)/qumk/)., if K>k’

The algorithm draws a p-dimensional vector of continuous
variable u, that is independent of the current state §2;, so the
dimension matching condition is satisfied:

dim(£2;) + dim(u,) = dim(82.), if k' >k
dim(£2) + dim(u,) = dim(£2;), if k>k’
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Clearly the Jacobian is equal to 1 when k=/'.
Here it is assumed that parameters Sy, A, and the nuisances
parameters 1/6> and A will only change in the update move.

B.1. Birth/death moves

Birth move

In the birth move there is a transition from model M to M, | (i.e.,
k'=k+1). Here 04=0. 1, thus the likelihood ratio=_L, (see Eq. (23)).
The prior ratio for A, Sy, 1/6° and 2 parameters are equal to one. Thus,
the prior ratio for the birth move, substituting priors for each
parameter in Eq. (24), is expressed by:

G A
47TCk (k + 1)

prior ratio = sinfy4 (25)

Terms ¢, c¢;+; are the Dirichlet normalization constants (see
Appendix A).
The proposal ratio is given by the following expression:
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Terms b, and d;, are given by Eq. (9) and we defined fij,;es=0.05.

In the birth and death moves the Jacobian of the transformation
is J=1.

The expression for ry;q, after substituting Eqs. (23), (25) and
(26) in (21) is given by:

k
Crk+1
i1:7~17§ — frres | Ly 27
Pt C/((k+1) ( - fp fthes) ( )

The acceptance probability for the birth move is o, =min(1, 7).
The birth move algorithm is summarized as:

® If 1 — > f>fiwes the birth move is accepted otherwise it is

=1
automajtically rejected and the next steps are not valid.

® Propose a new fiber at a uniform random direction on a sphere. One
direction (¢, 6) is drawn in spherical coordinates.

® Evaluate .

® Sample u~U(0, 1).

® If 1 <oy, the Markov chain state becomes (@x+ 1, 0541, frs 1,
k+1) else stay at (¢y, 0y, i, k).

Death move

In the death move there is a transition from model M . to M.
Since the reversibility of the estimation process is guaranteed, the
death move acceptance ratio is Faeath="oin and the acceptance
probability of this move will be: otgean=min (1, 7gean)-

The death move algorithm is summarized as:

® Choose one fiber w at random among &+ 1 existing fibers, using
a discrete uniform probability distribution w~U(1,k + 1).

® Evaluate ogeqth-

® Sample u~U(0, 1).

® If 1 < 0eqm the Markov chain state becomes (¢, 0y, f;, k) else
stay at (@r+1, Ox+1, frs 1, k1 1).

B.2. Merge/split moves

Split move

In this move there is a transition from model M, to M. If
we consider that one fiber m of the & existing fibers is split into two,
my and m,, then we need to introduce the following new equations:

fm :frm +fmz; Pm =

where ¢ +c,=1.
In our case we selected ¢;=c,=0.5, that means no preference for
either of the two fibers. The values for the new azimuthal angles will be:

Cl1Pp, + 2Py s 07’1 = Cleml + czemz (28)

(Pml = Pn + Phres + Up - A(P (29)
Py = P = €1/C2+ Qs + Up A0)

The same expressions can be derived for the new elevation angles:

em| = em + ethres + ug - A6

. 30
emz =0, —c /(72 : (ezhre.v + MeAe) ( )

The parameters u,, and u, are drawn from the uniform
distribution functions u,~U[0, 1]; uy~U[0, 1] respectively. Terms
A, A with Qs and O, define the minimum and the maximum
azimuthal and elevation angle separation between new fibers. We
selected Ap=A0=m1/6 and Q5= 0mres=1/12. Terms Qgres, Othres
are introduced to overcome the problem of u,=0, u4=0.

By definition in our algorithm f,, >fires, fm, =fires. For the
acceptance of the split move the current value of f obeys the
relationship: 12/, 22fipres, then frn, = finres + u/Af where Af=f,,—
2 fires @and uy is drawn from the uniform distribution function
ur ~UJ0, 1]. The values for the new volume fractions are:

Sy = fibwes + (fm - Zﬁhrcs)uf (31)
fmz =f 7fml = fihres + (fm*thh,-es)(l — Mf)

Thus, from the previous definitions, we can develop the compu-
tation of the split move acceptance ratio. The likelihood ratio has the
same expression as the birth move likelihood ratio. The prior ratio is
expressed by:

Acgqy sin 0, sin 0,

i tio = 2

priot atio 4mep(k + 1) sin 0, (32)
The proposal ratio has the following form:

proposal ratio= | ) /(K +1) k (33)

AU )p(w)  plug)p(uo)p(ur)si/k A

where p(u,)=p(u,) p(ug) pluy), uy =U[0,1]; ug = U[0,1]; uy =
ujo, 1].

In our case s,=b; and my ,=d;.; — see Eq. (9).

The Jacobian for the merge move has the following expression:

7 _ a((/)magm',fm?u(wueauf) _ &)
(@ Py Oy O oS ) | A0 A0(fon = 2fitres)

The Jacobian for the split move is: Jgpit= 1//merge- You can find
the derivation of this expression in Appendix C. Thus, the accept-
ance ratio for the split move is:

Crrrksin 0y, sin Oy, A@AO( Sy — 2finres)
4mepea(k+ 1) sin0,,

Fsplit = Lr . (34)
We defined fipes=0.05. The acceptance probability for the split
move will be:

Olsplit = min (1 s rsplit)

The split move algorithm is summarized with:

® Choose uniformly at random one fiber m among k existing fibers
using a discrete uniform distribution m~U(L,k).
® If 1 — > fi>2" fimes the split move is accepted otherwise it is

j=1
automatically rejected and the next steps are not valid.

® Compute the parameters of the new candidate fibers (‘ﬂm. 3 Oy s fomy )
and (qo,nz, 0., ,f,,,z) from (¢,,,, 0,,, f,) using equation set (29), (30)
and (31).

® Evaluate o) acceptance ratio.

® Sample u~U(0, 1).

® If u <oy, the Markov chain state becomes (@y+ 1, 05+ 1, fir1,
k+1) else stay at (¢, 0y, i, k).

Merge move

In this move there is a transition from model M, | to M;. Since
the reversibility of the estimation process is guaranteed the merge
move acceptance ratio is the inverse of the split acceptance ratio

— 1 — i
Fmerge = I'splits thus O(mergefmln( 1 s rmerge)~
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The merge move algorithm is summarized with:

® Choose uniformly at random one fiber m; (¢, , O,/ ) among
k+1 existing fibers m; ~U(1, £+ 1). Select the most adjacent fiber
to m; denoted as m, characterized by (<Pm3> O, ,fmz).

® Compute parameters (¢,,, 0,,, f,,) of the new candidate fiber
from ((pm1 , O, ,f,,,l) and ((pmz, O, 7fmz) using the equation set
defined by Eq. (28).

® Evaluate acceptance ratio Olmerge-

Sample u~U(0,1).

® [f u < oyperge the Markov chain state becomes (k, @y, 0y, f;) else
stay at (k+ 1, $r+1, 9k+|a fk+1).

B.3. Update move

In this case the model order £ is fixed (i.e., k'=k). We use a hybrid
MCMC algorithm to draw samples from the conditional joint
distribution of the model parameters. The hybrid MCMC combines
Gibbs steps with Metropolis Hastings (MH) steps. In particular, we
used a MH for the ¢y, 0y, f;, 4, Sy parameters and a Gibbs sampler
for the full conditional posteriors of nuisance parameters 1/ and A:

P(1/6%[S, @y, O, fi, 2, So, k) p(S|wy. Oc,£r, 4, So. k,1/0)p(1/6?|ag, by)
o Ga(Ng/2 + dg, 1(S —S0)T(S — Si) + by)

(35)

p(AJ) o p(k| A)p(Alan, by) = C - A exp(~(1 + b4) A)

(36)
«Ga(1/2+as+k 14by)

where ¢ is the normalization constant of the truncated Poisson
distribution (see Appendix A). All samples in these cases are
automatically accepted.

likelihood ratio = Lypdate

—exp o (8- 8078 =5 - (5 - 8075 - 81) |

p(@'1, 0" k) p( 1K) p(S'o) p(2' |az, b;)
Py, 8clk) p(tilk) p(So) p(ilai,b;)

prior ratio =

The prior ratio simplifies to:
k k
prior ratio = 1_[1 sinf’; / 1_[1 sind; (37)
j= ) i=

The proposal of the joint distribution of the parameters is
obtained as follows:

g% 2) = q(@'k| @) a(0']0)g(f' k[f)q (2 [1)q(S" 01S0)
where:

k k
q(ga’k|0k) = l_ll N(q)ivo'q))vq(e/k‘ek) = iI:_I] N(0i7 G())7

i=

k
q(filfi)= I1 N(fis0r),q(2'|2) =N (2, 1), 4(S|S0) =N (So, 75,)-

i

(38)

We selected all proposals as normal distributions thus the pro-
posal ratio=1. Heuristically we chose the following values for the

standard deviation of the previous normal distribution functions:
0,=09=1/36,0,=0.01 ando;=0.03x 10> mm” s~ ". These values
guarantee a gradual Markov chain convergence.

k k
Fupdate = Lupdate ~jl;[1 sin 0 / iI:_Il sin  0;. (39)
The acceptance probability is: otypgaee=min(1, 7ypqate)-
The update move algorithm can be summarized as:

® Propose a new set parameter values ', 0/, i/, 2/, Sy’ from the
proposal distribution for each parameter (see Eq. (38)).

® Sample u~U(0, 1).

® Evaluate oypdace-

® If 1 < 0ypdate the Markov chain state becomes (@, 0/, f{, 2’, S¢)
else stay at (g, 0y, fr, 4, So).

® Update of 1/0% sampled from the full conditional p(1/c|S, @4,
0,, fi, k, So, 1), (see Eq. (38)).

® Update of A sampled from the full conditional p(Ak).

Appendix C. Jacobian evaluation for merge/split moves

4 ((tom7 0m7fm7 Ugp, U, uf)
I (Pys Py Omys Oy fom s Jons)

J; merge —

AP, IOy Afm du,  Jdug duy
0Py 0Py 0Py 0@y, D@y, Dy,
¢, 90w  Ifm dug  Jug duy
0Py, 0Py 0Pp, 0@y, 0@, I,
¢, 90,  Ify  Ju, Jug duy
7 _|90n, 30w, 30, 30n 30, 0y,
merge @,  0n  Ifw  Juy,  Jug duy
0y, 0y, 30y, 30,, 30, 30,
@, 90y  Ofw  Ju,  Juy  Juy
e Oy Ofmy fmy Ofmy Ifmy
¢, 90,  Ify  Juy,  Jdug duy

fy ny af m afy m r?ﬁ,,2 5fmz af m

cg 0 0 @ 0 0
1)
o 0 0 — Ao 0 0
2
0 0 0 — 0
C| Ag
= 2
0 ¢ O 0 ~ 10 0
0 0 1 0 0 fmz 7flhres 5
(fm - 2ﬁh_res)
0 0 1 0 0 __Jm — Jthres .
(f m 2.fthres)

Below we present the development of the differential terms in the
Jacobian.

Separating out u, by means of Eq. (29), we obtain the
following differential terms:

Juy 1—cp

o duy  l-a o
dor  Ap  Ap’dgp, Ap

v
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Separating out uy by means of Eq. (30), we obtained the
following differential terms:

duy _l-a_o dw__l-a_ &
a0, A0 T A0T90,  AD  AD

Separating out u,for the case of the volume fraction f; we obtain the
. . . Jduy fm 7ﬂhres (711/ fm _ﬁhres
following differential terms:>rt- = —22 20 7 _om e
& df"’l (fmithhreS)z df"‘l (fm_zflhreS)Z
In order to compute the Jacobian previously defined, the standard
column/row development techniques are used to obtain the

following final expression:

rerge =
meree A(/)Ae(fm - 2fthres) '

The expression of the Jacobian for the split move is calculated
by: Jsplit: ]/Jmerge-

(40)
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Abstract

Spherical deconvolution (SD) methods are widely used to estimate the intra-voxel white-matter
fiber orientations from diffusion MRI data. However, while some of these methods assume a
zero-mean Gaussian distribution for the underlying noise, its real distribution is known to be
non-Gaussian and to depend on many factors such as the number of coils and the methodology
used to combine multichannel MRI signals. Indeed, the two prevailing methods for multichannel
signal combination lead to noise patterns better described by Rician and noncentral Chi
distributions. Here we develop a Robust and Unbiased Model-BAsed Spherical Deconvolution
(RUMBA-SD) technique, intended to deal with realistic MRI noise, based on a Richardson-Lucy
(RL) algorithm adapted to Rician and noncentral Chi likelihood models. To quantify the benefits
of using proper noise models, RUMBA-SD was compared with dRL-SD, a well-established
method based on the RL algorithm for Gaussian noise. Another aim of the study was to quantify
the impact of including a total variation (TV) spatial regularization term in the estimation
framework. To do this, we developed TV spatially-regularized versions of both RUMB A-SD and
dRL-SD algorithms. The evaluation was performed by comparing various quality metrics on 132
three-dimensional synthetic phantoms involving different inter-fiber angles and volume
fractions, which were contaminated with noise mimicking patterns generated by data processing
in multichannel scanners. The results demonstrate that the inclusion of proper likelihood models
leads to an increased ability to resolve fiber crossings with smaller inter-fiber angles and to better
detect non-dominant fibers. The inclusion of TV regularization dramatically improved the

resolution power of both techniques. The above findings were also verified in human brain data.

Keywords: diffusion weighted imaging; spherical deconvolution; Rician noise; noncentral Chi

noise; total variation.
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Introduction

After decades of developments in diffusion Magnetic Resonance Imaging (MRI), the successful
implementation of a variety of advanced methods has shed light on the complex patterns of brain
organization present at micro [1] and macroscopic scales [2-4]. Among these methods, Diffusion
Tensor Imaging (DTI) [S] has become a classic in both clinical and research studies. DTI can
deliver quantitative results, it may be easily implemented in any clinical MRI system and, thanks
to its short acquisition time, it may be suitable for studying a wide range of brain diseases.
Unfortunately, it is now well recognized that due to its simplistic assumptions, the DTI model
does not adequately describe diffusion processes in areas of complex tissue organization, like in

areas with kissing, branching or crossing fibers [6].

Such limitations in the DTI approach have prompted the recent development of numerous
sampling protocols, diffusion models and reconstruction techniques (e.g., see [7-9] and
references therein). While some of these techniques have been based on model-free methods,
including g-ball imaging [10] and its extensions [11-17], diffusion orientation transforms [18,
19], diffusion spectrum imaging [20] and related g-space techniques [21-26], other approaches
have relied on parametric diffusion models using higher-order tensors [27-29] and multiple
second-order diffusion tensors [6]. In the later group, different numerical techniques involving
gradient descent [6], Bayesian inference [30-32] and algorithms inspired from compressed

sensing theory [33-35] have been applied to solve the resulting inverse problems.

Spherical Deconvolution (SD) is a class of multi-compartment reconstruction technique that can
be implemented using both parametric and nonparametric signal models [36-49]. SD methods
have become very popular owing to their ability to resolve fiber crossings with small inter-fiber
angles in datasets acquired within a clinically feasible scan time. This resolving power is driven
by the fact that, as opposed to model-free techniques that estimate the diffusion Orientational

Distribution Function (ODF), the output from SD is directly the fiber ODF itself.

Among the different SD algorithms, Constrained Spherical Deconvolution (CSD) [39, 40] has
been received with special interest due to its good performance and short computational time. In

CSD, the average signal profile from white-matter regions of parallel fibers is first estimated, and
4
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afterwards, the fiber ODF is estimated by deconvolving the measured diffusion data in each

voxel with this signal profile, which is also known as the single-fiber ‘response function’.

More recently and as an alternative to CSD, a new SD method based on a damped Richardson-
Lucy algorithm adapted to Gaussian noise (dRL-SD) has been proposed [37, 42]. An extensive
evaluation of both CSD and dRL-SD algorithms has revealed a superior ability to resolve low
anisotropy crossing-fibers by CSD but a lower percentage of spurious fiber orientations and a
lower over-all sensitivity to the selection of the response function by the dRL-SD approach [50].
This later feature is of great relevance since the assumption of a common response function for
all brain tracts is a clear over-simplification of both methods, with the consequences of it

minimized by the dRL-SD.

From an algorithmic perspective dRL-SD inherits the benefits of the standard RL deconvolution
method applied with great success in diverse fields ranging from microscopy [51] to astronomy
[52]. Remarkably, RL. deconvolution is robust to the experimental noise and the obtained
solution can be constrained to be non-negative without the need for including additional
penalization functions in the estimation process. Moreover, from a modeling point of view, dRL-
SD is implemented using an extended multi-compartment model that allows considering the
partial volume effect in brain voxels with mixture of white matter (WM), gray matter (GM) and
cerebrospinal fluid (CSF), a strategy that has been shown to be effective in reducing the

occurrence of spurious fiber orientations [37].

However, in spite of the good properties of dRL-SD and other SD methods some methodological
issues remain. These methods, to some extent, assume additivity and zero mean Gaussianity for
the underlying noise and are potentially vulnerable to significant departures from such an
assumption. Indeed, it is well known that the MRI noise is non-Gaussian and depends on many
factors, including the number of coils in the scanner and the multichannel image combination
method. Real experiments have shown that noise follows Rician [53] and noncentral Chi (nc-y)
distributions [54] evidencing the inappropriateness of the Gaussian model. This issue is
especially relevant in diffusion MRI data where the high b-values required to enhance the

angular contrast lead to extremely low signal-to-noise (SNR) ratios. A recent study [55] has

5
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shown that different multichannel image combination methods can changes the properties of the

signal and can have an effect on fiber orientation estimation.

On the other hand, the standard reconstruction in SD, based on a voxel-by-voxel fiber ODF
estimation, although reasonable it may not be optimal in a global sense as it does not take into
account the underlying spatial continuity of the image. Recent research on the inclusion of
spatial continuity into SD methods via regularization has yielded promising results [9, 56, 57].
Among these, spatially regularized SD methods based on Total Variation (TV) [9] are very
appealing due to their outstanding ability to simultaneously smooth away noise in flat regions

whilst preserving edges, and due to their robustness to high levels of noise [58].

This work has two main aims: (1) the study and quantification of the benefits of the adequate
modelling of the noise distribution in the context of spherical deconvolution, and (2) the study
and quantification of the effects of including a TV spatial regularization term in the proposed

estimation framework.

To address the first objective we developed a new SD methodology which, following a more
realistic view, deals with non-Gaussian noise models. Specifically, the estimation framework is
based on a natural extension to the RL algorithm for Rician and nc-y likelihood distributions. We
had chosen the RL algorithm as a starting point for our work because this algorithm has proven
to be highly efficient in diverse applications, and because the performance of the resulting
method can be directly compared to the state-of-the-art dRL-SD method, which employs a
nearly-equivalent SD estimation algorithm but based on a Gaussian noise model. The second aim
was addressed by including TV regularization to the developed formulation. Moreover, for
completeness we have extended also the dRL-SD method via the spatially-regularized proposed

estimation.

To compare the relative performance between the SD methods based on Gaussian and non-
Gaussian noise models, and their respective implementations including the TV regularization,
the different algorithms were applied to several synthetic phantom datasets which had been
contaminated with noise patterns mimicking the Rician and nc-y noise distributions produced in

multichannel scanners. To the best of our knowledge, this is the first evaluation of such methods
6
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in a scenario where Rician and nc-y noise are explicitly created as a function of the number of
coils, their spatial sensitivity maps, the correlation between coils, and the reconstruction
methodology used to combine the multichannel signals. As a final analysis, the new method is

also applied to real multichannel diffusion MRI data from a healthy subject.

Following this introduction there is a “Theory’ section providing an overview of the different
topics relevant to the study and the derivation of the new SD reconstruction algorithm.
Description about computer simulations, image acquisition strategies and metrics designed to
evaluate the performance of the reconstructions is provided in the Materials and Methods
section. Relevant findings are succinctly described in the Results section. Finally, main results,
contributions and limitations of this work are addressed in the Discussion and Conclusions

section.
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Theory

This section contains a description of the forward/generative model used to relate the local
diffusion process with the measured diffusion MRI data. It also provides a brief review of MRI
noise models. Finally, the diffusion and MRI noise models are used to derive the new SD

reconstruction algorithms.

1 Generative signal and fiber ODF model

The diffusion MRI signal measured for a given voxel can be expressed as the sum of the signals
from each intra-voxel compartment. The term ‘compartment’ is defined as a homogeneous
region in which the diffusion process possesses identical properties in magnitude and orientation
throughout, and which is different to the diffusion processes occurring in other compartments.
One example of this approach is the multi-tensor model that allows considering multiple WM
parallel-fiber populations within the voxel. In this model the diffusion process taking place inside

each compartment of parallel fibers is described by a second-order self-diffusion tensor [6].

In real brain data, in addition to the different WM compartments, voxels might also contain GM
and CSF components. This issue was considered by [37], who extended the multi-tensor model
by incorporating the possible contribution from these compartments. This is the generative multi-
tissue signal model that will be used in the present study. In the absence of any source of noise,

the resulting expression for the signal is:
S =S, (ZZI f,exp(-bv/D,v, )+fGM exp(—b,Dy,, ) +fosp eXp(—b,Degr )) , (1)

where M is the total number of WM parallel fiber bundles; fj denotes the volume fraction of

the jth fiber-bundle compartment; f;, and f_, are the volume fractions of the GM and CSF
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compartments respectively, so that Ziilf j oy Hiee =15 b, is the diffusion-sensitization

factor (i.e., b-value) used in the acquisition scheme to measure the diffusion signal S, along the
diffusion-sensitizing gradient unit vector v,, i=1,...,.N; D, and D are respectively the
mean diffusivity coefficients in GM and CSF; S, is the signal amplitude in the absence of

diffusion-sensitization gradients (b, =0); D, = R:AR ; denotes the anisotropic diffusion tensor

of the jth fiber-bundle, where R; is the rotation matrix that rotates a unit vector initially

oriented along the x-axis toward the jth fiber orientation (Gj,(,/)j) and A is a diagonal matrix

containing information about the magnitude and anisotropy of the diffusion process inside that

compartment:

A 0 0
A=lo » o )
0 0 A,

where A, is the diffusivity along the j th fiber orientation, A, and A, are the diffusivities in the

plane perpendicular to it. It is assumed that A, > A, = A,.

At each voxel, the measured diffusion signals S, for N different sampling parameters (i.e., v,

and b, i€ [1,...,N]) can be recast in matrix form as:

S=Hf, 3

where S=[S, ... S, ... SN]T and H=[HWM I HISO] comprises two sub-matrices. H""

1

is an N x M matrix where every column of length N contains the values of the signal generated

by the model given in Eq. (1) for a single fiber-bundle compartment oriented along one of the M-
9



Canales-Rodriguez et al - RUMB A-SD

directions, i.e., the (i, j)th element of H" is equal to HE’M =S, eXp(—b[V[TD jvi). Likewise,

H"? is an N x 2 matrix where each of the two columns of length N contains the values of the
signal for each isotropic compartment, i.e., H;)° =S, exp(-5,D,;,, ) and H},’ =S, exp(—b, Dy ).

Finally, the column-vector f of length M+2 includes the volume fractions of each compartment

within the voxel.

In the framework of model-based spherical deconvolution, H is created by specifying the

diffusivities, which are chosen according to prior information, and by providing a dense discrete
set of equidistant M-orientations € :{(0j,¢j), je [1,...,M ]} uniformly distributed on the unit

sphere. Previous studies have used different sets of orientations, ranging from M=129 [43] to
M=752 [42]. Then, the goal is to infer the volume fraction of all predefined oriented fibers, f,
from the vector of measurements S and the ‘dictionary’ H of oriented basis signals. Under this
reconstruction model, f can be interpreted to as the fiber ODF evaluated on the set Q. Matrix
H is also known as the ‘diffusion basis functions’ [43], or the ‘point spread function’ [37-39]

that blurs the fiber ODF to produce the observed measurements.

It should be noticed that solving the deconvolution problem given by Eq. (3) is not simple
because the resulting system of linear equations is ill-conditioned and ill-posed (i.e., there are
more unknowns than measurements and some of the columns of H are highly correlated), which
can lead to numerical instabilities and physically meaningless results (e.g., volume fractions with
negative values). A common strategy to avoid such instabilities is to use robust algorithms that
search for solutions compatible with the observed data but which also satisfy some additional
constraints. Thus, in SD it is typical to estimate the fiber ODF by constraining it to be non-
negative and symmetric around the origin (i.e., antipodal symmetry). As mentioned in the
introduction, though, all these reconstruction algorithms may not be necessarily optimal when

dealing with non-Gaussian noise, as it is the case for MRI noise.

10
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2 MRI noise models

In conventional MRI systems, the data are measured using a single quadrature detector (i.e., coil
with two orthogonal elements) that gives two signals which, for convenience, are treated as the
real and imaginary parts of a complex number. The magnitude of this complex number (i.e. the
square root of the sum of their squares) is commonly used because it avoids different kinds of
MRI artifacts [53]. Given that the noise in the real and imaginary components follows a Gaussian

distribution, the magnitude signal S, will follow a Rician distribution [53] with a probability

function given by

- S, 1 - SS
P(S. ‘Si,dz)za—’zexp{— [Sf+sf}}10 [l—;ju(s,.), @)

207

where 5_'1 denotes the true magnitude signal intensity in the absence of noise, ¢~ is the variance
of the Gaussian noise in the real and imaginary components, /, is the modified Bessel function

of first kind of order zero and u is the Heaviside step function that is equal to O for negative

arguments and to 1 for non-negative arguments.

Modern clinical scanners are usually equipped with a set of 4 to 32 multiple phased-array coils,
the signals of which can be combined following different strategies that, in turn, will give rise to
different statistical properties for the noise [54]. One frequent strategy uses the spatial matched
filter (SMF) approach linearly combining the complex signals of each coil and producing
voxelwise complex signals [59]. Since the noise in the resulting real and imaginary components
remains Gaussian a Rician distribution is expected in the final combined magnitude image. An
alternative to the SMF is to create the composite magnitude image as the root of the sum-of-
squares (SoS) of the complex signals of each coil. Under this approach the combined image

follows a nc-y distribution [60] given by,

11
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|95}

P(Si‘i,az,n)=ii2[ f] exp{— ! [Si2+s‘f]}1n_l(sf—§f]u(s,), (5)

o 20° o

%]

1

where n is the number of coils and I , is the modified Bessel function of first kind of order

n-1
n—1. This expression is strictly valid when the different coils produce uncorrelated noise with
equal variance, and when noise correlation cannot be neglected it provides a good approximation

if effective n,, and 0';_7 values are considered [61], with n,, being a non-integer number lower

than the real number of coils and O'fﬁf is higher than the real noise variance in each coil.

A related SoS image combination method that increases the validity of Eq. (5) is the covariance-
weighted SoS. This method is equivalent to pre-whitening (i.e., decorrelate) the measured signals
before applying the standard SoS image combination. The covariance-weighted SoS approach
requires the estimation of the noise covariance matrix of the system which, in practice, may be

carried out by digitizing noise from the coils in the absence of excitations [62].

It is important to note that there are additional factors that can change the noise characteristics
described above, including the use of accelerated techniques based on under-sampling
approaches such as those used in parallel MRI (pMRI) and partial Fourier, certain reconstruction

filters in k-space, and some of the preprocessing steps conducted after image reconstruction.

Empirical data suggest that some of these factors do not substantially change the type of
distribution of the noise. On the one hand, [54] investigated the effects of the type of filter in k-
space, the number of receiving channels and the use of pMRI reconstruction techniques, and
found that noise distributions always followed Rician and nc-y distributions with a reasonable
accuracy - although their standard deviations and effective number of receiver channels were
altered when fast pMRI and subsequent SoS reconstructions were used. On the other hand, [55]
showed real diffusion MRI data noise to also follow Rician and nc-y noise distributions after a
preprocessing that included motion and eddy currents corrections. Unfortunately, the combined
effect of all factors has not, to the best of our knowledge, being studied. In this regard, a

complete evaluation should include the study of the effects of additional data manipulation
12
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processes routinely applied in many clinical research studies, such as BO-unwarping due to
magnetic field inhomogeneity and partial Fourier reconstructions. Although the latter has been
investigated in terms of signal-to-noise ratio, its influence on the shape of the noise distribution

remains unknown.

However, while it is impossible to ensure that Rician and nc-y distributions are the optimal noise
models for all possible strategies used for sampling, reconstructing and preprocessing diffusion
MRI data, such models are flexible enough to adapt to deviations from the initial theoretical

assumptions. Their parameterization in terms of spatial-dependent effective parameters (i.e.,

ng (x,y,2), 0, (x,y,2),asin [61, 63, 64]) allows characterizing the spatially varying nature of

the noise observed in accelerated MRI reconstructed data, as well as the spatial correlation
introduced by reconstruction algorithms, whilst preserving the good theoretical properties of the
models with standard parameters, i.e. the null probability to obtain negative signals and the

ability to characterize the signal-dependent non-linear bias of the data.

3 Spherical deconvolution of diffusion MRI data
Equation (5) based on either conventional (i.e., n, o) or effective (i.e., My s 0'27) parameters

provides a very general MRI noise model, which includes the Rician distribution (given in Eq.
(4)) as a special case with n=1. Consequently, if we derive the spherical deconvolution
reconstruction corresponding to Equation (6) any particular solution of interest will become

available.

Specifically, if we assume the linear model given by Eqgs. (1)-(3) the likelihood model for the

vector of measurements S under a nc-y distribution is

N ¢ " q
P(S|H.f,0% ,n)= S—Z(i] exp {— 2;2 [57+ Ef]} I, (Sf—s;ju(s, ) (6)

13
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where S, and S, =(Hf), are the measured and expected signal intensities for ith sampling

parameters, respectively.

3.1 Unbiased and positive recovery: the multiplicative Richardson-Lucy

algorithm for nc-y noise

The maximum likelihood (ML) estimate in Eq. (6) is obtained by differentiating its negative log-

likelihood J (f ) =—log P(S|H,f ,0%,n) with respect to f and equating the derivative to zero,

which after some algebraic manipulations becomes

HT[SO ,(S-Hf/c”) ]
f=fo

I, (ScHf/o”)
H'Hf

; @)

2

where ‘o’ stands for the Hadamard component-wise product, and the division operators are

applied component-wise to the vector’s elements.

Equation (7) is nonlinear in f and its solution can be obtained through a modified version of the
expectation maximization technique, originally developed by Richardson and Lucy for a Poisson
noise model [65, 66] and known as the RL algorithm. When we applied this technique to nc-y

and Rician distributed noise it naturally led to the following iterative estimation formula:

0l 1,(S-Hf"/o?)
fk+1 fk IVH(SOka/O-Z)

=ffo , 8
H Hf" ®)

14
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in which the solution calculated at the kth iteration step (f*) gradually improves (i.e. its

k+1

likelihood increases after each step) until a final, stationary solution =1, is reached. As

fk
shown Appendix A in S1 File, this formula can also be related to the RL algorithm for Gaussian

noise, employed in the undamped RL-SD technique [42].

Under the absence of any prior knowledge about f, the initial estimate (f°) can be fixed to a
non-negative constant density distribution [42]. In that case, the algorithm transforms a perfectly
smooth initial estimate into sharper estimates, with sharpness increasing with the number of
iterations. So, roughly speaking, the number of iterations can be considered as a regularization
parameter controlling the angular smoothness of the final estimate. Notably, if f° is non-
negative, the successive estimates remain non-negative as well, and the algorithm always
produces reconstructions with positive elements. Moreover, as in [37, 42] the estimation does not

involve any matrix inversion, thus avoiding related numerical instabilities.

In order to evaluate Eq. (8) an estimate &~ of o~ is required. Although obtaining it from a
region-of-interest (ROI) is feasible [67] its accuracy may be compromised by systematic
experimental issues such as ghosting artifacts, signal suppression by the scanner outside the
brain, zero-padding and by filters applied in the k-space. Moreover, with the use of fast parallel
MRI sequences, where each coil records signals with partial coverage in the k-space, properties
of the noise become spatially heterogeneous (i.e. they change from voxel to voxel across the
image). While some authors have proposed alternatives to overcome these limitations [68] here
we have estimated the noise variance at each voxel from the same data used to infer the fiber

ODF.

Specifically, by minimizing the negative log-likelihood with respect to o> we have obtained an

iterative scheme analogous to Eq. (8):

1,(SoHf/a")

giio L |S'S+ETHHE
1., (SoHf/a")

- L ~1},| (SoHf)o
—~ > v|(SoHF)

: (€))
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where o is the estimate of o~ at the k th iteration (starting with an arbitrarily initial estimate
a’)and 1 v 18 a N X1 vector of ones. The resulting algorithm based on equations (8) and (9) is

termed RUMB A-SD, which is the abbreviation of ‘Robust and Unbiased Model-Based Spherical
Deconvolution’. The spatially-regularized extension to this algorithm is described in the

following section.

3.2 Towards a robust recovery: Total variation regularization

When considering the TV model [58] the maximum a posteriori (MAP) solution at voxel

(x,y,z) is obtained by minimizing the augmented functional:

J(f)=—log P(S|H.f,0” ,n)+ 2, TV (F), (10)

where the first term is the negative log-likelihood defined in previous sections and the second
term is the TV energy, defined as the sum of the absolute values of the first-order spatial

derivative (i.e., gradient “V”) of the fiber ODF components over the entire brain image,

TV (f) :Z‘V[fw]j‘, evaluated at voxel (x,y,z); [fSD]j is a 3D image created in a way that
7

each voxel contains the element at position j of their corresponding estimate vector f, and o,

is a parameter controlling the level of spatial regularization. Importantly, and in contrast to the
previous ML estimate, now the solution at a given voxel is not independent from the solutions in
other voxels. The spatial dependence introduced by the TV functional promotes smooth solutions
in homogeneous regions (discourages the solution from having oscillations), yet it does allow the
solution to have sharp discontinuities [58]. This property is highly relevant for SD because, while
it promotes continuity and smoothness along individual tracts, it prevents partial volume

contamination from adjacent tracts.
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In this work, the MAP estimate from Eq.(10) is obtained using an iterative scheme similar to that
proposed in [51], where the estimate at each iteration is calculated by the multiplication of two

terms: the standard ML estimate, and the regularization term derived from the TV functional

HT[S fn(SOka/ff)]
£t In_l(Sonk/o'z) ORk’

B H'Hf*

(1)

with the TV regularization vector R* at voxel (x, y,z), and at the kth iteration, computed

element-by-element as

(R* ),- = , (12)

(x,y,2)

where (Rk ) is the element j of vector R* and div is the divergence operator. In practice, to
J

correct for potential singularities at ‘V[ffD].‘zo, the term ‘V[ffD:I. is replaced by its
J J

2
approximated value ‘V [ffDH +&, where £ is a small positive constant. Moreover, any
J

negative value in R* is replaced by its absolute value to preserve the non-negativity of the

estimated fiber ODF. Notice that by setting ¢,,, =0 the estimator in Eq. (11) becomes equal to

the unregularized version in Eq. (8).

In the current implementation the simultaneous estimation of all the parameters is carried out via

an alternating iterative scheme summarized in Table 1. Briefly, it minimizes the functional in Eq.
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(10) with respect to the fiber ODF while assuming that ¢ is known and fixed, and then it
updates the noise variance using the new fiber ODF estimate. While for SMF-based data all the
equations are evaluated using n=1, for SoS-based data n is fixed to the real number of coils, or

to the effective value n,, if provided. (But see Appendix B in S1 File)

(4

Table 1. General pseudocode MAP algorithm.

Initialize f° and o°

if SMF, then

n=1

else if SOS, then

n =number of coils (or n.y)

end

fork =12,..., repeat the following steps, until a termination criterion is satisfied

compute 1 via Egs. (11) and (12), assuming or=d

fk+1 — fk+1 /sum(fk“) [€))]

compute o’ via Eq. (9) assuming f = f*'

update azy

end

® Optionally, the ODF vector may be scaled to unity, thus preserving the physical definition of the j th
element in f as the volume fraction of the jth compartment of the voxel (see Egs. (1)-(3)). This step

would make sense when the fiber response signal used to create the dictionary matches the real signal
from the compartments, whereas it may be omitted when the latter cannot be guaranteed. Notice that the

original implementation of dRL-SD did not include this step.

The regularization parameter ¢, 1is adaptively adjusted at each iteration following the

discrepancy principle. Specifically, it is selected to match the estimated variance [69] using two
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alternative strategies: (i) assuming a constant mean parameter over the entire brain image,

o, =E {ak“} (see Table 1), potentially increasing the precision and robustness of the

estimator; or (ii) assuming a spatial dependent parameter, o, (x, v, z) =o' (x, v, z) , which may

be more appropriate in situations where a differential variance across the image is expected, like

in accelerated pMRI based-data.

It should be remembered that the accuracy of the reconstruction for the SoS case depends on the
variant used to combine the images. In this work it is assumed that the data is combined using
the covariance-weighted SoS method. However, even if the available data were combined using
the conventional SoS approach (i.e., without taking into account the noise correlation matrix
among coil elements), the method could still provide a reasonable approximation (for more

details see Appendix B in S1 File).

The evaluation of the ratio of modified Bessel functions of first kind involved in the updates of
Egs. (11) and (9) is best computed by considering the ratio as a new composite function, and not
by means of the simple evaluation of the ratio of the individual functions. Specifically, this ratio
is computed here in terms of Perron continued fraction [70]. All the details are provided in

Appendix C in S1 File.

Following a similar estimation framework, the TV regularization was also included into the dRL-

SD method. All the relevant equations are provided in Appendix D in S1 File.
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Materials and Methods

1 Synthetic fiber bundles with different inter-fiber angles

In order to test the resolving power of the methods as a function of the underlying inter-fiber
angle, various synthetic phantoms including two fiber bundles were generated. The inter-fiber
angles were gradually modified from 1 to 90 degrees applying one degree increases, eventually
yielding 90 different phantoms with 50 x 50 x 50 voxels. The volume fractions of the two fiber

bundles were assumed to be equal (f, =f, = 0.5) in the fiber crossing region.

The intra-voxel diffusion MRI signal was generated via the multi-tensor model [6] using N = 70
sampling orientations with constant 5#=3000 s/mm” plus one additional image with b=0 (i.c.,

S, =1 was assumed in all voxels). The diffusion tensor diffusivities of both fiber groups were
assumed to be identical and equal to A, =1.7 10° mm’/s and A,=A,=0.3 10° mm’s

respectively.

2 Synthetic fiber bundles with different volume fractions

To test the ability of the different methods to detect non-dominant fibers, various synthetic
phantoms containing two fiber bundles were generated. In these phantoms the inter-fiber angle
was fixed to 70 degrees (an angle presumably detectable by all the methods) and the volume
fraction of the non-dominant fiber bundle was gradually changed from 0.1 to 0.5 in 0.01steps,
generating 41 different phantoms with 50 x 50 x 50 voxels each. The intra-voxel diffusion MRI
signal was created using the same generative multi-tensor model, b-value and sampling

orientations as in the previous section.
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3 Synthetic “HARDI Reconstruction Challenge 2013’ phantom

The reconstruction algorithms were also tested on the synthetic diffusion MRI phantom
developed for the “HARDI Reconstruction Challenge 2013” Workshop, within the IEEE
International Symposium on Biomedical Imaging (ISBI 2013). This phantom comprises a set of
27 fiber bundles with fibers of varying radii and geometry which connect different areas of a 3D
image with 50 x 50 x 50 voxels. It contains a wide range of configurations including branching,
crossing and kissing fibers, together with the presence of isotropic compartments mimicking the

CSF contamination effects occurring near ventricles in real brain images.

The intra-voxel diffusion MRI signal was generated using N = 64 sampling points on a sphere in
g-space with constant b=3000 s/mm?, plus one additional image with 5=0. For pure GM and CSF

voxels, signals were generated using two mono-exponential models: exp(-D;,b) and
exp(—Dsb) with D, = 0.2 107 mm*s and D, = 1.7 107 mm?s. In voxels belonging to
single-fiber WM bundles, the signal measured along the g-space unit direction (qu/ |q| was

generated by a mixture of signals from intra- and extra-axonal compartments:

fiSin (4, V.7, L,R)+£,.8.. (4, v.b, A, X, ), where v denotes the local fiber orientation. Signal

int™int extext
from the intra-axonal compartment s,, was created following the theoretical model of a
restricted diffusion process inside a cylinder of length L =5 mm and radius R=5 um at the

diffusion time 7=20.8 s [19, 71]. The extra-axonal signal s, was generated using a diffusion

t
tensor model with cylindrical symmetry (i.e., A, =1.7 10° mm%s, A,=%,=0.2 10° mm?s).
Mixture fractions were fixed to f,, = 0.6 and f,, = 0.4. The noiseless dataset can be freely

downloaded from the Webpage of the site: http://hardi.epfl.ch/static/events/2013_ISBI/.

4 Multichannel noise generation

The synthetic diffusion images from the above phantoms were contaminated with noise

mimicking the SoS and SMF strategies used in scanners in order to combine multiple-coils
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signals. To that aim, the noisy complex-valued image measured from the k th coil was assumed

to be equal to

S, =SC, +e* +ie!, (13)

where C, is the relative sensitivity map [72] of k th coil, ¢/ ~ N(0,Z) and ¢; ~ N (0,Z) are two

different Gaussian noise realizations simulating the noise in the real and imaginary components

with zero-mean value and covariance matrix X . For simplicity X was assumed to be given by

1L p = p
1 .-
r=a’|? . P, (14)
p p o1

where o’ is the noise variance of each coil and p indicates the correlation coefficient between

any two coils.

For the SoS reconstruction, magnitude images were generated as:

2

n
Ss(;s = Zk:l

S

) 15)

where |S k| stands for the magnitude of S, . Notice that Eq. (15) is the conventional SoS image

combination and not the covariance-weighted variant. We have followed this approach in order

to simulate the effect of any remaining residual correlation p present in real systems (we have

assumed a p = 0.05) [63].

In the SMF reconstruction, magnitude images were generated as:
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n

Ssur :‘ k=1 SCils (16)

with simulated sensitivity maps depicted in Fig A in S2 File satisfying the relationship

D' Ci=1, which holds in practice when the relative sensitivity maps are calculated as

C = |S k|/ Ss [72]. These sensitivity maps have been previously used in [73].

It should be noted that different scanner vendors can implement different SMF and SoS variants.
In this work we have used the variants given in [55] for datasets acquired without undersampling
in the k-space, i.e., R=1, where R is the acceleration factor of the acquisition defined as the ratio
of the total k-space phase-encoding lines over the number of k-space lines actually acquired.

Notice that in the absence of noise S =S, . Besides, for the particular case of a single coil
with uniform sensitivity, i.e., n=1 and C =1, Eq. (15) and Eq. (16) become identical.

The 132 3D phantoms resulting from the procedures described in the three previous sections

were contaminated with noise using a range of clinical signal-to-noise ratios (SNR) of 10, 15, 20

and 30, where SNR=S,/0 . In order to generate signals under equivalent conditions, for each
value of o the same noise realizations {e,f } and {ekl } were used to generate the final images

Sss and Sg,. . All datasets were created simulating a scanner with 8 coils (see Figs A and B in

S2 File).

5 Evaluation metrics

The performance of the algorithms was quantified by comparing the obtained reconstructions
against the ground-truth via three main criteria: (i) the angular error in the orientation of fiber
populations, (ii) the proper estimation of the number of fiber populations present in every voxel

and (iii) the volume fraction error.
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For the analyses, local peaks from the reconstructed fiber ODFs were identified as those vertices
in the grid with higher values than their adjacent neighbors, considering only cases where
magnitudes exceeded at least one tenth of the amplitude of the highest peak (i.e., 0.1-f__ ) [50].

max

From all identified peaks, the highest four where finally retained.

Next, we adopted some of the evaluation metrics widely used in the literature [9]. Specifically,
we used the angular error, defined as the average minimum angle between the extracted peaks

and the true fiber directions [74]:

0= MLZZIT min,, {arccos (‘eivk ‘)} , a7)

true

where M. is the true number of fiber populations, e, is the unitary vector along with the m th

(] m

detected fiber peak and v, is the unitary vector along the k th true fiber direction. The volume

fraction error of the estimated fiber compartments was assessed by means of the average absolute

error between the estimated and the actual peak amplitudes:

1 Mo
Af = M_ZH It — .|, (18)

true

where f  is the normalized height of the mth detected fiber peak and f, is the volume fraction

of the kth true fiber. As usual, the angular and volume fraction errors between each pair of

fibers were measured by comparing the true fiber with the closest estimated fiber.

Finally, the success rate (SR) was employed to quantify the estimation of the number of fiber
compartments. The SR is defined as the proportion of voxels in which the algorithms estimate

the right number of fiber compartments. To discriminate the different factors leading to an
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erroneous estimation, the mean number of over-estimated n* and under-estimated n~ fiber

populations were computed over the whole image [9].

6 Settings for the evaluation algorithms

Both RUMBA-SD and dRL-SD methods were implemented using in-house developed Matlab
code, applying the same dictionaries H created from the signal generative model given in
Eqgs.(1)-(3). These used M = 724 fiber orientations distributed on the unit sphere, with a mean
angular separation between adjacent neighbor vertices of 8.36 degrees, and a standard deviation

of 1.18 degrees.

To assess the effect of using dictionaries with optimal and non-optimal diffusivities, two
different dictionaries were created and applied to the datasets described in subsections 1 (i.e.,
fiber bundles with different inter-fiber angles) and 2 (i.e., fiber bundles with different volume
fractions). The first dictionary was generated by using the same diffusivities employed in the
synthetic data, whereas the second dictionary was created from diffusivities estimated in regions
of parallel fibers (outside the fiber crossing area) by means of a standard diffusion tensor fitting

on the noisy data (i.e., dtifit tool in FSL package).

Similarly, two dictionaries were created to test the reconstructions on the data described in
subsection 3 (i.e., “HARDI Reconstruction Challenge 2013” phantom data). In this case the
model diffusivities and the ‘true’ diffusivities were deliberately set to different values in order to

consider the possibility of model misspecification. The first dictionary was created with tensor
diffusivities equal to A, =14 107 mm%s and A,=i,=04 107 mm%*s. Two isotropic
compartments with diffusivities equal to 0.2 10 mm?%s and 1.4 10" mm%/s were also included. In
the second dictionary the diffusivities were assumed to be equal to A, =1.6 10® mm%s and
A,=%,;=03 10~ mm?/s, and the isotropic diffusivities were equal to 0.2 10~ mm*/s and 1.6 10~

mm?®/s respectively.

The starting condition f° in all cases was set as a non-negative iso-probable spherical function

[37]. The accuracy and convergence of both methods as a function of the number of iterations
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was investigated by repeating the calculations using 200 and 400 iterations, which is within the
optimal range as suggested in [37] and [50]. The extended algorithms with TV regularization
were also tested using 600 and 1000 iterations. The geometric damping and threshold parameters

for dRL-SD were set to v =8 and 17=0.06 respectively [37], see Appendix D in S1 File. For SoS-

based data, n was fixed to the real number of coils in RUMB A-SD.

To differentiate the standard RUMBA-SD and dRL-SD algorithms from their regularized
versions, we have added the term ‘+TV’ to their names, i.e., RUMBA-SD+TV and dRL-SD+TV.

7 Real brain data

Diffusion MRI data were acquired from a healthy subject on a 3T Siemens scanner (Erlangen)
located at the University of Oxford (UK). The subject provided informed written consent before
participating in the study, which was approved by the Institutional Review Board of the
University of Oxford. Whole brain diffusion images were acquired with a 32-channel head coil
along 256 different gradient directions on the sphere in g-space with constant b = 2500 s/mm”.
Additionally, 36 b = 0 volumes were acquired with in-plane resolution = 2.0 x 2.0 mm® and slice
thickness = 2 mm. The acquisition was carried out without undersampling in the k-space (i.e.,
R=1). Raw multichannel signals were combined using either the standard GRAPPA approach or
the GRAPPA approach with the adaptive combination of the SMF available in the scanner,
giving SoS and SMF-based datasets respectively. Then, the two resulting datasets were

separately corrected for eddy current distortions and head motion as implemented in FSL [75].

A subset of 64 directions with nearly uniform coverage on the sphere was selected from the full
set of 256 gradients directions, and measurements for this subset were used to ‘create’ an under-
sampled version of the data, which also included 3 5=0 volumes. The resulting HARDI sequence
based on 64 directions is similar to those widely employed in clinical studies, thus results from

this dataset are useful to evaluate the impact of the new technique on standard clinical data.
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Results

1 Gaussian versus non-Gaussian noise models

The angular and volume fraction errors from the dRL-SD and RUMBA-SD reconstructions in
the 90 synthetic phantoms with different inter-fiber angles are depicted in Fig 1, as well as in Fig
C in S2 File. Fig 1 shows results using a dictionary created with the same diffusivities applied to

generate the data (i.e., A, =1.7 10° mm%s and A,=X,=0.3 10° mm’s), whereas Fig C in S2
File displays results using tensor diffusivities estimated from the noisy data (A, =1.1 107 mm?/s
and L,= %, =0.35 10~ mm?/s). In both dictionaries two isotropic compartments with diffusivities

equal to 0.1 10 mm?/s and 2.5 10 mm?/s were included. Average values of SR, n" and n~ are
also reported in Figs D and E in S2 File. Results shown come from the reconstructions

employing 200 iterations and the datasets with a SNR=15.
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Fig 1. Reconstruction accuracy for RUMBA-SD and dRL-SD using a dictionary based on original
diffusivities. Reconstruction accuracy of RUMBA-SD (blue color) and dRL-SD (red color) are shown in

terms of the angular error (0) (see Eq.(17)) and the volume fraction error (Af ) (see Eq. (18)), as a

function of the inter-fiber angle in the 90 synthetic phantoms. Continuous lines in each plot represent the
mean values for each method. The semi-transparent coloured bands symbolize values within one standard
deviation from both sides of the mean. Analyses are based on a dictionary created with the same

diffusivities used to generate the data and with a SNR = 15.

A set of patterns can be drawn from these results. First, RUMBA-SD was able to resolve fiber
crossings with smaller inter-fiber angles (around 5 degrees and 10 degrees for datasets corrupted
with Rician and nc-y noise respectively). Second, RUMBA-SD produced volume fraction
estimates with a higher precision (lower variance), even in phantoms where the fiber
configuration was well-resolved by both methods. Third, although dRL-SD produced a relatively
lower proportion of spurious fibers (n*), RUMBA-SD produced a lower proportion of
undetected fibers (n~ ) leading to a higher success rate (SR). Finally, the performance of both
methods was inferior when the dictionary was created using diffusivities estimated from a
‘standard’ DTI fitting in WM regions of parallel fibers. In line with previous findings on dRL-
SD [50], optimal results were obtained from the sharper fiber response model.

All these points also hold for results obtained with other SNRs and with a differing number of
algorithm iterations. Specifically, when a higher number of iterations was employed (i.e., 400), a
lower proportion of n~ and a higher proportion of n* was obtained with both methods.

Fig 2 shows the performance of dRL-SD and RUMBA-SD in the 41 phantoms with inter-fiber
angle equal to 70 degrees and using different volume fractions. Specifically, average values and
standard deviations for the estimated volume fractions of the smaller fiber group are reported for
the SNR=15 datasets. Results are based on 200 iterations, using the dictionary created with the

sharper fiber response model. Additional results on n* and n~ are show in Fig F in S2 File.
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Fig 2. Reconstruction accuracy of RUMBA-SD and dRL-SD measured in phantoms with different
volume fractions. Reconstruction accuracy of RUMBA-SD (blue color) and dRL-SD (red color) is
shown in terms of the volume fraction of the smaller fiber bundle (upper panel) and the success rate
(middle panel) in the 41 synthetic phantoms with inter-fiber angle equal to 70 degrees, using different
volume fractions. The lower panel shows results similar to those depicted in the upper panel but
considering only voxels where the two fiber bundles were detected. The discontinuous diagonal black line
in the upper and lower panels represents the ideal result as a reference. The continuous coloured lines in
each plot denote the mean values for each method. The semi-transparent coloured bands represent the
values within one standard deviation to both sides of the mean. Results refer to the datasets with SNR=15

and dictionary created with the true diffusivities.
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The performance of RUMBA-SD was better in terms of the estimated volume fractions and the
success rate, especially in the Rician noise case. In order to verify if the lower bias in the volume
fractions estimated by RUMBA-SD could be explained only by its higher success rate, the
calculation was repeated by considering only those voxels in each phantom where the two fiber
populations were identified. After correcting for this factor, a noticeable advantage was still

observed for RUMB A-SD (see left lower panel of Fig 2).

2 Original versus TV-regularized algorithms

Fig 3 reports angular and volume fraction errors corresponding to the TV spatially-regularized
versions of both methods applied to the 90 phantoms characterizing the different inter-fiber
angles. Results are based on the same parameters and options used in Fig 1: dictionary created

using the sharper fiber response model; noisy datasets with a SNR=15 and reconstructions using

200 iterations. Average values of SR, n* and n~ are reported in Fig G in S2 File.

30



Canales-Rodriguez et al - RUMB A-SD

Rician noise Noncentral Chi noise
40l ——dRL-SD+TV (Gaussian Likelihood) | 10k ——dRL-SD+TV (Gaussian Likelihood)
| ——RUMBA-SD+TV (Rician Likelihood) | | ——RUMBA-SD+TV (Noncentral Chi Likclihood)i
2 30/ 1 E30r
g g
(] (5}
£ 14
ohn =1
= =
< <
101
0 I 1 1 1 G- 1 — . 1
10 20 30 40 50 60 70 80 90
Inter-fiber angle Inter-fiber angle
1 1
g 0.8 1 g 0.8
g g
© 0.6 y . 1 206
2 ) S
8 y 8
£ 04 v/ | 1 €04
Q y | o
g N\ | g
£ 02f \\\ : 1 502
\ =y . B R A
0 L \t rusm— = 0 L L L L i T ———y
10 20 30 40 50 60 70 80 90 10 20 30 40 50 60 70 80 90

Inter-fiber angle Inter-fiber angle

Fig 3. Reconstruction accuracy levels of RUMBA-SD+TYV and dRL-SD+TYV. Reconstruction accuracy
of RUMBA-SD+TV (blue color) and dRL-SD+TV (red color) is shown in terms of the angular error (0)
(see Eq. (17)) and the volume fraction error ( Af ) (see Eq. (18)) as a function of the inter-fiber angle in

the 90 synthetic phantoms. Continuous lines are the mean values for each method, and semi-transparent
coloured bands contain values within one standard deviation on both sides of the mean. This analysis is

based on a dictionary created with the same diffusivities used to generate the data with a SNR = 15.

When comparing these results with those from Fig 1 (and Fig D in S2 File), it is clear that TV
regularization provides multiple benefits in both algorithms, including a superior ability to detect
fiber crossings with smaller inter-fiber angles and a higher success rate. The later is due to a
lower proportion of undetected fibers (n~ ) and of spurious fibers (n" ). This pattern is evident in
Fig 4, which depicts the peaks extracted from the fiber ODFs estimated from the SMF-based
phantom with inter-fiber angle equal to 45 degrees and SNR=15. Peaks are plotted as thin

cylinders.
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Fig 4. Main peaks in the 45-degrees phantom data. Main peaks extracted from the fiber ODFs
estimated in the phantom data with inter-fiber angle equal to 45 degrees and Rician noise with a SNR=15
are shown. Results are based on reconstructions using 200 iterations. Peaks are visualized as thin

cylinders.

32



Canales-Rodriguez et al - RUMB A-SD

As before, the above patterns were also observed in the analyses obtained with datasets based on

other SNRs and with different number of iterations. In all cases RUMBA-SD+TYV detected fiber

crossings at lower inter-fiber angles. Fig 5 shows an example of this in the phantom with inter-

fiber angle equal to 33 degrees corrupted with Rician noise and SNR=15.
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Fig 5. Main peaks in the 33-degrees phantom data. Main peaks extracted from the fiber ODFs
estimated in the phantom data with inter-fiber angle equal to 33 degrees and Rician noise with a SNR=15
are shown. Results are based on reconstructions using 200 iterations. Peaks are visualized as thin

cylinders.

3 “HARDI Reconstruction Challenge 2013” phantom data

Fig 6 depicts the peaks extracted from the fiber ODFs estimated in a complex region containing

various tracts from the SMF-based data generated with a SNR = 20. Results come from
reconstructions using 400 iterations and a dictionary with diffusivities equal to A, =1.6 107
mm?/s and A,=2,=03 10 mm?%s. Figs H, I, J and K in S2 File show the results from both

methods and their regularized versions in the whole slice. Additionally, Fig L. in S2 File shows
the results corresponding to the reconstructions using 1000 iterations on the same region of

interest depicted in Fig 6.
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Fig 6. Main peaks from the fiber ODF's estimated in the “HARDI Reconstruction Challenge 2013”

phantom. Visualization of the main peaks extracted from the fiber ODFs reconstructed from the SMF-
based data generated with SNR = 20 in a complex region of the “HARDI Reconstruction Challenge
2013” phantom. Results are based on reconstructions using 400 iterations. Peaks are visualized as thin

cylinders.
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On the one hand, RUMBA-SD was able to resolve some fiber configurations that were not
detected by dRL-SD, especially in voxels involving small inter-fiber angles or fiber crossings
with a non-dominant tract. On the other hand, the spatially-regularized algorithms have
substantially improved the performance of the original methods. Moreover, RUMBA-SD+TV
was the method providing better reconstructions. These findings are in line with results from
previous sections and remained valid also when different dictionaries, number of iterations and

noise levels were employed.

Additional complementary results about the performance of RUMBA-SD in relation to several
other reconstruction methods can be found in the website of the ‘HARDI Reconstruction
Challenge 2013’: http://hardi.epfl.ch/static/events/2013 ISBI/workshop.html#results. An earlier
version of RUMBA-SD took part in that Challenge, ranking number one in the ‘HARDI-like’

category (team name: ‘Capablanca’). In the discussion section we provide additional

information.

4 Real brain data

Fiber ODFs were estimated separately for each different SMF- and SoS-based dataset, including
the original measured data with the full set of 256 gradient directions and its reduced form
including a subset of 64 directions. In all cases, both RUMBA-SD and dRL-SD methods were
implemented using the same dictionary, which was created assuming a sharp fiber response

model with diffusivities equal to A, =1.7 10° mm%s and A,=A,=0.3 10° mm%s, and two

isotropic terms with diffusivities equal to 0.7 10 mm?s and 2.5 10~ mm?/s.

Fig 7 shows the fiber ODFs estimated from the reduced SMF- and SoS-based datasets (i.e., data
containing the reduced set of 64 gradient directions) in a coronal ROI on the right brain

hemisphere. These results correspond to the reconstructions employing 200 iterations. Visual

inspection of Fig 7 reveals that RUMBA-SD has produced sharper fiber ODFs than dRL-SD in
36
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both data. It has detected more clearly the fiber crossings. Interestingly, the fiber ODF profiles
estimated by dRL-SD from the SoS-based data are smoother than those estimated from the SMF-
based data. This behavior is less perceptible in the case of RUMBA-SD, suggesting that it could

be more robust to different multichannel combination methods.
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Fig 7. Fiber ODF profiles estimated from real data. Visualization of the fiber ODFs estimated in a
region of interest on the right brain hemisphere. Results from both SMF- and SoS-based multichannel
diffusion datasets (i.e., with Rician and Noncentral Chi noise, respectively) are depicted. The background

images are the generalized fractional anisotropy images computed from each reconstruction.

Fig 8 depicts the fiber ODFs estimated with RUMBA-SD and RUMBA-SD+TV in a ROI of both
the full and reduced SMF-based datasets. This region contains complex fiber geometries,
including the mixture of the anterior limb of internal capsule (alic), the external capsule (ec) and
part of the superior longitudinal fasciculus (sIf) on the left brain hemisphere. Although in both
cases multiple fibers were detected in the area of intersection, RUMBA-SD+TV has provided
multi-directional fiber ODFs with a higher number of lobes, which may represent fiber crossings
as well as intra-voxel fiber dispersion. The similarity of the reconstructions from the full and
reduced datasets suggests that the method is robust with respect to the number of measurements,

with the regularized version being the most robust.
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Fig 8. Fiber ODF profiles estimated from real data. Visualization of the fiber ODFs estimated from
RUMBA-SD and RUMBA-SD+TYV in a region of interest on the left brain hemisphere. Results are based
on estimates employing 300 iterations. The upper and lower panels correspond to results from the full and
reduced SMF-based datasets, respectively. The following tracts are highlighted: alic (anterior limb of

internal capsule), ec (external capsule), and part of the slf (superior longitudinal fasciculus).

In a subsequent analysis we examined the statistical properties of inter-fiber angles as estimated
by all methods. Fig 9 depicts scatter plots of inter-fiber angles estimated by dRL-SD and
RUMBA-SD (panel A) and by dRL-SD+TV and RUMBA-SD+TV (panel B). These results are
based on reconstructions employing 300 iterations in the 64-direction SMF-based dataset. Only
white matter voxels where both methods detected one or two fibers are included in each plot,
with inter-fiber angles in single fiber voxels assumed to be zero. Points on the main diagonal line
characterize voxels where both methods gave identical inter-fiber angle estimates, whereas

points above and below the main diagonal correspond to voxels where the two methods detected
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two fibers with different inter-fiber angle. The high density of points forming two secondary
lines near the main diagonal indicates nearly similar reconstructions by both methods, with the
angular differences being similar to the angular resolution of the reconstruction grid (i.e., about 8
degrees). The higher number of points above the main diagonal in both panels, especially for
inter-fiber angles lower than 50 degrees, suggests that RUMBA-SD and RUMBA-SD+TV
provide higher inter-fiber angles than dRL-SD and dRL-SD+TYV, respectively. Finally, points
located on the X and Y axes are voxels where one method detected two fibers while the other
detected one. The very low density of points on the X axis of panel A for inter-fiber angles lower
than 50 degrees (see the blue bracket) indicates that in nearly all voxels where dRL-SD detected
two fibers, RUMBA-SD was also able to detect two fibers. In contrast, the high density of points
on the Y axis in the same range of inter-fiber angles indicates that in many voxels RUMBA-SD
detected two fibers whereas dRL-SD detected a single one. A similar but attenuated effect can be
noticed in panel B, suggesting that TV regularization contributes to reduce the differences

between both methods.
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Fig 9. Scatter plots of inter-fiber angles estimated in real data. Scatter plots of the inter-fiber angles

estimated by dRL-SD and RUMBA-SD (panel A) and by dRL-SD+TV and RUMBA-SD+TV (panel B)
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in the same voxels. Results are based on reconstructions in the 64-direction SMF dataset. Only voxels in
white matter where both methods detected one or two fibers are included. The inter-fiber angle in voxels
with a single fiber was assumed to be equal to zero. Points on the main diagonal line are those voxels
where the inter-fiber angle estimated from both methods was identical, whereas points above and below
the main diagonal correspond to voxels where the two methods detected two fibers but with different
inter-fiber angle. Points located on the X and Y axes are voxels where one method detected two fibers

whereas the other detected a single fiber.
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Discussion and Conclusions

In this study we propose a new model-based spherical deconvolution method, RUMBA-SD. In
contrast to previous methods, usually based on Gaussian noise with zero mean, RUMBA-SD
considers Rician and noncentral Chi noise models, which are more adequate for characterizing
the non-linear bias introduced in the diffusion images measured in current 1.5T and 3T
multichannel MRI scanners. Although recent progress has been made in new SD methods
adapted to corrupted Rician data, e.g., see [41, 76] to the best of our knowledge, our study
provides the first SD extension to noncentral Chi noise. Furthermore, RUMBA-SD offers a very
general estimation framework applicable to different datasets, with its flexibility emanating from
two features: 1) the explicit dependence between the likelihood model and the number of coils in
the scanner and ii) the specific methodology employed to combine multichannel signals. In
addition, the voxel-wise estimation of the noise variance adequately deals with potential
deviations in the noise distribution, due, for instance, to accelerated MRI techniques or to
preprocessing effects. We hope that the proposed technique will help extend SD methods to a

wide range of datasets taken from different scanners and using different protocols.

This study adds to previous diffusion MRI studies trying to overcome the signal-dependent bias
introduced by Rician and noncentral Chi noise. Apart from the robust DTI estimation methods in
[77] and the earlier DTI study conducted by [78], the noise filtering techniques recently
described in [79, 80] are specially relevant. These techniques can be applied in the pre-

processing steps prior to HARDI data estimation.

The performance of RUMBA-SD has been evaluated exhaustively against the state-of-the-art
dRL-SD technique. For that, we have used 132 different 3D synthetic phantoms, including 90
phantoms simulating fiber crossings with different inter-fiber angle, 41 phantoms simulating
fiber crossings with different volume fraction, and the complex phantom designed for the
“HARDI Reconstruction Challenge 2013” Workshop organized within the IEEE International
Symposium on Biomedical Imaging. The comparison of these two methods has allowed us to
weight the impact on the results of the Rician and noncentral Chi likelihood models included in

RUMBA-SD, in relation to the Gaussian model assumed in dRL-SD. Since both approaches
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were implemented using the same dictionary of basis signals and similar reconstruction methods
based on Richardson-Lucy algorithms adapted to Gaussian, Rician and noncentral Chi noise

models, results should be considered comparable.

Taken together, findings from all synthetic datasets demonstrate the benefits of an adequate
modelling of the noise distribution in the context of spherical deconvolution, and of the inclusion
of TV regularization. Interestingly, RUMBA-SD resolved fiber crossings with smaller inter-fiber
angles and smaller non-dominant fibers. Likewise, RUMBA-SD produced volume fraction
estimates with higher accuracies and precision and produced, as well, a lower proportion of
undetected fibers, resulting in a higher success rate (see Figs 1 and 2 and supplementary figures
in S2 File). On the other hand, the TV spatially-regularized versions of both dRL-SD and
RUMBA-SD have substantially improved the performance of the original methods in all studied

metrics (see Figs 3-6 and supplementary figures in S2 File).

As previously mentioned, an earlier version of RUMBA-SD took part in the HARDI
Reconstruction Challenge 2013, ranking number one in the ‘HARDI-like’ category. Notably, this
position was shared with a reconstruction based on the CSD method included in Dipy software

[81] (http://nipy.org/dipy/), which had applied a Rician denoising algorithm [82] to the raw

diffusion MRI data prior to the actual CSD reconstruction. The superior performance of these
two approaches strengthens the importance of taking into account the non-Gaussian nature of the
noise. Moreover, it opens new questions on the optimal strategy to be followed. Should we
divide the deconvolution process into to two disjoint steps (first denoising and then estimation)
or it is more adequate to follow the unified approach proposed here?. The main advantage of the
former is that it may benefit from including state-of-art denoising algorithms like the adaptative
non-local means denoising method proposed in [82]. Conversely, the main advantage of the
unified approach is that it provides a precise model to distinguish real signals from noise
throughout all the 4D diffusion MRI data. Many of the advanced denoising algorithms that are
currently applied in isolation were developed to filter volumetric (3D) data. Since each 3D image
is processed individually, their mutual dependence in terms of orientation is ignored. In contrast,
the unified approach described here provides a more general estimation framework that may be

extended to include advanced similarity measures like those employed in [82], merging the
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benefits of both strategies. A new manuscript on the ‘Challenge’ phantom (currently under
preparation) will provide additional information on the performance of RUMBA-SD in relation
to several reconstruction methods and in terms of connectivity metrics derived from fiber

tracking analyses.

When applied to human brain data, RUMBA-SD has also achieved the best results, with its
reconstructions showing the highest ability to detect fiber crossings (see Figs 7-9). And although
any conclusion derived from real data is hampered by the unknown anatomy at the voxel level,

all previous results on synthetic data seem to support the validity of RUMB A-SD for real data.

Our findings can also be contrasted with those reported in [55]. In that study, the authors show
that the SoS approach produces a signal-dependent bias that reduces the signal dynamic range
and may subsequently lead to decreased precision and accuracy in fiber orientation estimates.
Our study, however, suggests that the noncentral Chi noise in SoS-based data is not a major
concern for the SD methods considered. Thus, heavier squashing of fiber ODFs when SoS
reconstruction is used [55] is not that prominent with the SD if compared to diffusion ODF
estimation methods [11]. This result may have different explanations for each technique. The
robustness of dRL-SD may be explained, in part, by its lower over-all sensitivity to selection of
the response function [50], which make it robust to the use of dictionaries estimated from either
biased or unbiased signals. This behaviour may be additionally boosted by the inclusion of the
damping factor in the RL algorithm. In contrast, the robustness of RUMBA-SD can be explained
by the use of proper likelihood models that explicitly consider the bias as a function of the noise

corrupting the data.

To finish, some limitations and future extensions of the study should be acknowledged. First, we
have not evaluated the proposed method in synthetic data simulating partial Fourier k-space
acquisitions and with parallel imaging using various acceleration factors (i.e., R>1), yet it may be
interesting to consider it. Second, the RUMBA-SD estimation framework is based on a discrete
approximation of the fiber ODF, which may be potentially extended to continuous functions on
the sphere, like the spherical harmonics and the wavelets. Third, the TV regularization

implemented in this study is based on a channel-by-channel first order scheme. New studies may
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be designed to compare different regularization techniques such as higher order TV, vectorial TV
and the fiber continuity approach introduced in [56], to mention only a few examples. Fourth,
different strategies for creating the signal dictionary could be explored, like using mixtures of
intra-compartment models to capture different diffusion profiles, or applying more appropriate
models to fit multi-shell data [31, 83]. Fifth, the recursive calibration of the single-fiber response
function proposed by [84] may be another possible add-on. Finally, it is worth mentioning that
the inversion algorithm behind RUMBA-SD is not limited to fiber ODF reconstructions, but it
can be also applied to solve other linear mixture models from diffusion MRI data. It was recently
showed that some microstructure imaging methods such as ActiveAx and NODDI can be
reformulated as convenient linear systems, however, the deconvolution methods proposed for
them assume Gaussian noise and are performed on a voxel-by-voxel basis [85]. Here the iterative
scheme proposed in RUMBA-SD could be used to address both limitations, potentially leading

to improved reconstructions in microstructure imaging.
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S1 File. Supplementary appendices

A) Relationship with the RL-SD method

In the limit of very high signal to noise ratio (ie., SoHf* / o’ >n) the modified Bessel
functions ratio in Eq. (8) tends to the unity (see Fig M in S2 File). In that limit, Eq. (8) becomes:

H'S
fk+1 :fk o— A'l
H'Hf* (A-D

which is just the undamped RL-SD method originally proposed in [42] under the assumption of
zero-mean Gaussian noise .

B) Noncentral Chi noise model for SoS data - effective or standard values?

As previously discussed, for scanners with a high number of coils where the effect of noise
correlation cannot be easily decoupled, a best approximation for the noise model in SoS-based

images is obtained by using effective n, and O';f values [63]. This section is devoted to provide

an initial insight on the implication of using a noncentral Chi noise model in our estimation with
standard parameters, instead of the effective ones.

If considering the limit n>>1, the ratio provided by Eq. (C-1) in Appendix C can be
approximated as:

=~ ; (B-1)
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where we have used the identity relating the expansion of a square root in terms of continued
fraction. This expression can be regarded as a lower bound for the true ratio, which is more
accurate insofar as n increases.

Notably, based on this result we obtain

oHf /o’ o
(S /0 ) So Hf (B-2)
" 1(Son/O' ) I’l0'2+\/(SOHf)2+(n02)2
Similarly,
nejf (S on/ eff) ~ S - Hf (B-3)
Ly (SoHf/o7) Ny Oy +\/(S oHf) +(n,0% )

The relevant feature of these relationships is that they do not depend on the individual

parameters of interest but just on their products no” and 7,0

O - This implies that although in

general the functions 1, (Son / 0'2) and 1, (Son/ Gi,ﬁ) are different, if n,07, =no” then
their ratios (which are the terms used in the computation) satisfy:
I, (SoHf/o’ So-Hf/o;
n ( / ) ~ ""ff ( / ) (B'4)

I (S-Hf/o?) nﬁl(son/a )

The accuracy of this approximation is determined by the accuracy of Eq. (B-1) and the

assumption n ﬂO',z =no” . Interestingly, in [54] was reported that for a system with 32 receiver
channels of non-accelerated SoS-based data, the mean effective number of channels was n,, =12.
Theoretical calculations in [63] predict similar 7, values for 32 and 16 coil systems with

correlation coefficients between coil of p=0.3 and p =0.2, respectively. In a complementary
analysis we have verified that Eq. (B-1) provides a ‘reasonable’ approximation for that effective
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number of channels. Moreover, in [73] was showed that for SoS reconstructions without using
fast pMRI techniques the product ngﬁ.ofﬁ is constant across the image and equal to no”. These
results, taken together, indicate that for non-accelerated SoS-based data acquired in multichannel

scanners with a high number of coils and moderate correlation coefficients between coils the SD
estimation process may be approximately performed using the standard parameters. That is, by

working in terms of the real parameters n and o, we can avoid the complex estimation of the
spatial-dependent effective parameters.

C) A note on the evaluation of the term /, (x)/1,_, (x)

The proposed SD algorithm involves the evaluation of the ratio of modified Bessel functions of
first kind. Such evaluation is best computed by considering the ratio as a new composite
function, and not by means of the simple evaluation of the ratio of the individual functions. The
main reason for this is related to the divergence towards infinity of the individual functions. For

instance, in Matlab software, numerical values for I, (x) are only available for x <700 ; for

higher values an infinity value is returned, and thus the ratio cannot be computed.

Interestingly, this ratio can be expressed in terms of Perron continued fraction [70]:

1,(x) x
n — (C-l)
I, (x) Dty — 2x(n+21/(2)+3/2)
x(n
2n+1+2x— 2x(n+5/2)
2n+2+2x———m—— 2
2n+3+2x— .

A study about the convergence of this expansion [70] revealed that it converges faster than other
analogous representation based on Gauss continued fraction. For the purpose of this application,

2x(n+5/2)
2n+3+2x

shows the accuracy of this approximation for different values of n and for a wide range of
values of x.

the summation in Eq. (C-1) is performed up to the final term . Fig M in S2 File
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D) dRL-SD+TV

The dRL-SD method is based on the following iterative scheme [37]:

fk+l :fk OLk, (D_l)
where
£e) TQ_yrask
TP o P L A (D-2)
(fk )" +n H Hf*
L u _

and u is a parameter that depends on the standard deviation of the vector of measurements,
# =max (0,1—4szd (S)). Notice that when the term u highlighted in (D-2) is equal to 1, the

resulting damped version becomes equal to the original one described in (C-1).

The TV spatially-regularized extension to this method proposed in this work is based on the
following modification:

fk+1 — fk oLk ° Rk , (D'3)

where R is computed via Eq. (12) and the regularization parameter ¢, is computed following
an approach similar to that used in RUMBA-SD+TV. Likewise, the noise variance is obtained by

minimizing the negative Gaussian log-likelihood with respect to ¢, which yields an iterative
scheme analogous to Eq. (9).
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S2 File: Supplementary figures

D\ \[
Wgﬂ

Fig A. Sensitivity maps simulating an eight-coil system. White colors denote higher values. The

constant image in the center is the sum-of-squares of the individual sensitivity maps.
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Fig B. Noise distribution profiles resulting from background regions outside the “HARDI
Reconstruction Challenge 2013 phantom for the two reconstruction methods and SNR =10, 20
and 30. Rician and noncentral Chi distributions are obtained in SMF- and SoS-based data,
respectively. The mean value of the distributions increases as long as the SNR decreases. This

bias is higher in the SoS data.
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Fig C. Reconstruction accuracy levels for RUMBA-SD and dRL-SD using a dictionary based on
estimated diffusivities. Reconstruction accuracy of RUMBA-SD (blue color) and dRL-SD (red color) is
shown in terms of the angular error (0 ) (see Eq. (17)) and the volume fraction error (Af') (see Eq.(13)) as
a function of the inter-fiber angle in the 90 synthetic phantoms. Continuous lines are mean values and
semi-transparent coloured bands contain values within one standard deviation from the mean. Results are

based on a dictionary created with empirical diffusivities from a diffusion tensor model applied on the
data with a SNR = 15.
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Fig D. Quantification of the reconstruction accuracy of RUMBA-SD (blue color) and dRL-SD
(red color) in terms of the success rate (SR) and the mean number of over-estimated (n*) and
under-estimated (n~ ) fiber populations, as a function of the inter-fiber angle in the 90 synthetic
phantoms. The continuous lines in each plot represent the mean values for each method. This

analysis refers to results using a dictionary created with the same diffusivities utilized to generate

the data and a level of noise with a SNR = 15.
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Fig E. Quantification of the reconstruction accuracy of RUMBA-SD (blue color) and dRL-SD
(red color) in terms of the success rate (SR) and the mean number of over-estimated (n") and
under-estimated (n~ ) fiber populations, as a function of the inter-fiber angle in the 90 synthetic
phantoms. The continuous lines in each plot represent the mean values for each method. This

analysis refers to results using a dictionary created with empirical diffusivities estimated by

means of the diffusion tensor model from the noisy data with a SNR = 15.
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Fig F. Quantification of the reconstruction accuracy of RUMBA-SD (blue color) and dRL-SD
(red color) in terms of the success rate (SR) and the mean number of over-estimated (n") and
under-estimated (n" ) fiber populations, as a function of the volume fraction of the smaller fiber
bundle in the 41 synthetic phantoms with inter-fiber angle equal to 70 degrees and different

volume fractions. Results refer to the datasets with SNR=15 and dictionary created with the true

diffusivities.
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Fig G. Quantification of the reconstruction accuracy of RUMBA-SD+TV (blue color) and dRL-
SD+TYV (red color) in terms of the success rate (SR) and the mean number of over-estimated
(n") and under-estimated (n"~ ) fiber populations, as a function of the inter-fiber angle in the 90
synthetic phantoms. The continuous lines in each plot represent the mean values for each
method. This analysis refers to results using a dictionary created with the same diffusivities

utilized to generate the data and a level of noise with a SNR = 15.
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Fig H. Visualization of the fiber ODFs and their peaks (plotted as thin cylinders) reconstructed
from the SMF-based data generated with SNR = 20 in a coronal slice of the “HARDI
Reconstruction Challenge 2013” phantom. Depicted fiber ODF profiles correspond to the

estimates from dRL-SD using 400 iterations.
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Fig I. Visualization of the fiber ODFs and their peaks (plotted as thin cylinders) reconstructed
from the SMF-based data generated with SNR = 20 in a coronal slice of the “HARDI
Reconstruction Challenge 2013” phantom. Depicted fiber ODF profiles correspond to the
estimates from RUMBA-SD using 400 iterations.
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Fig J. Visualization of the fiber ODFs and their peaks (plotted as thin cylinders) reconstructed
from the SMF-based data generated with SNR = 20 in a coronal slice of the “HARDI
Reconstruction Challenge 2013” phantom. Depicted fiber ODF profiles correspond to the
estimates from dRL-SD+TYV using 400 iterations.
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Fig K. Visualization of the fiber ODFs and their peaks (plotted as thin cylinders) reconstructed

from the SMF-based

data generated with SNR = 20 in a coronal slice of the “HARDI

Reconstruction Challenge 2013” phantom. Depicted fiber ODF profiles correspond to the
estimates from RUMBA-SD+TYV using 400 iterations.
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Fig L. Main peaks from the fiber ODFs estimated in the “HARDI Reconstruction Challenge

2013” phantom. Visualization of the main peaks extracted from the fiber ODFs reconstructed
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from the SMF-based data generated with SNR = 20 in a complex region of the “HARDI
Reconstruction Challenge 2013” phantom. Results are based on reconstructions using 1000

iterations. Peaks are visualized as thin cylinders.
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Fig M. Ratio of modified Bessel functions of first kind. Black continuous curves denote the
exact values computed by means of the evaluation of the ratio of the individual Bessel functions.
The fast divergence towards infinity of the individual functions does not allow evaluating this
expression for the whole range of values. Red discontinuous curves denote the values computed
by means of the Perron continued fraction approximation in Appendix C in S1 File, in the whole

range of values.
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PARTE IV: DISCUSION Y CONCLUSIONES GENERALES

CAPITULO 6: DISCUSION Y CONCLUSIONES

En este trabajo se han desarrollado varios métodos para la caracterizacion de Ila
microestructura y la organizacién compleja de los tejidos cerebrales a través de imdgenes de
resonancia magnética por difusion. Estos métodos permiten obtener una representacion de la
forma geométrica en la que ocurre el proceso de difusién del agua y la distribucién de la
orientacion de las fibras nerviosas en cada regién de la sustancia blanca. A partir de estas
estimaciones es posible obtener informacién morfolégica relevante en aspectos tales como las
orientaciones de las fibras, los pardmetros fisicos que cuantifican los procesos difusivos y las
medidas derivadas de anisotropia, asi como del volumen relativo de cada grupo de fibras

nerviosas.
A modo de resumen, este trabajo aporta las siguientes contribuciones:

(1) Se desarrollé un método de determinacion de la magnitud del proceso de difusion del agua
a lo largo de cada direccidn espacial denominado ‘imagen g-ball exacta’. Este método se basa
en una extension de la popular técnica 'imagen g-ball' y presenta un desarrollo matemadtico del
espacio-q en coordenadas esféricas que permite obtener una expresion analitica y exacta para
calcular la funcién de distribucién de orientacion del proceso de difusién a partir de los datos

medidos.

(2) Se desarrollé un formalismo matemético que extiende el método de la transformada de
orientacién de la difusién. En particular, se derivaron nuevas ecuaciones analiticas para
estimar diferentes variantes de la funcién de distribuciéon de orientacién del proceso de
difusién que no existian anteriormente. Los nuevos descriptores son relativamente inmunes a
los artefactos producidos por la version predecesora de la técnica. Ademds, se realizd un
andlisis tedrico que permite entender los limites de validez de las aproximaciones en las que

se sustenta esta metodologia.

(3) Se demostré por vez primera que la implementacién actual de la técnica de imagen
espectral de difusién produce una versién contaminada y borrosa de la verdadera funcién de
distribucién de probabilidad de los desplazamientos moleculares, y que el nivel de

contaminacion depende de la naturaleza finita y discreta de los esquemas experimentales de
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medicion. Se desarrollé un marco general para rectificar y descontaminar los estimadores que

produce soluciones con mayor calidad.

(4) Se desarroll6 un enfoque Bayesiano-Estadistico y un algoritmo de estimacién basado en
cadenas de Markov de Monte Carlo para la identificacién de los principales modos de
difusién dentro del voxel, asi como de algunos de los pardmetros fisicos que los caracterizan.

Se obtuvieron mapas probabilisticos de los cruces de fibras en el cerebro.

(5) Se desarrollé un nuevo algoritmo robusto y sin sesgo para la estimacion de la funcién de
distribucion de orientacion de las fibras nerviosas mediante deconvolucién esférica, que toma
en cuenta la verdadera distribucion del ruido generado en los escdneres de resonancia
magnética. Ademds, este método incorpord un término de correccion espacial que considera
la continuidad espacial de las imdgenes, el cual resulté muy efectivo para minimizar el efecto

negativo del alto nivel de ruido presente en las imdgenes de difusion.

(6) La implementacién y funcionamiento de los métodos propuestos fueron extensivamente
validados en conjuntos de datos simulados, asi como en datos reales obtenidos a partir de un
arreglo de capilares cilindricos inmersos en agua (que imitan la geometria de las fibras de
sustancia blanca del cerebro) y en datos reales de cerebros humanos. Los resultados obtenidos
demuestran que los métodos identifican de forma adecuada las orientaciones de las fibras
nerviosas y proveen informacién relevante de los procesos difusivos que ocurren en los

tejidos del cerebro.

6.1 Aplicaciones y colaboraciones

Este trabajo fue realizado parcialmente en colaboracidon con investigadores de las siguientes

instituciones:

¢ Fundacion FIDMAG Germanes Hospitalaries y el Hospital Benito Menni CASM,

Barcelona, Espaiia.

e Departamento de Ciencias de la Computacion e Inteligencial Artificial, Universidad

del Pais Vasco - Euskal Herriko Unibertsitatea, Espaiia.

e Centro de Investigacion Biomédica en Red de Salud Mental, CIBERSAM, Madrid,

Espafia.

e (Centro de Neurociencias de Cuba, La Habana, Cuba.
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Laboratorio de Imagen Médica, Unidad de Medicina y Cirugia Experimental, Hospital

Gregorio Maraién, Madrid, Espafia.

Departamento de Bioingenieria e Ingenieria Aeroespacial. Universidad Carlos III de

Madrid, Espafia.

Laboratorio de Procesado de Imagen (LPI), ETSI Telecomunicacion, Universidad de

Valladolid, Valladolid, Espaiia.

Department of Biomedical Imaging and Radiological Sciences and the Laboratory for
Brain Connectivity, Institute of Neuroscience, National Yang-Ming University,

Taipei, Taiwan.

Signal Processing Lab (LTSS5), Ecole polytechnique federale de Lausanne (EPFL),

Switzerland.

The Neuroimaging Research Laboratory (Laboratoire de Recherche en
Neuroimagerie: LREN), Department of Clinical Neurosciences, University Hospital

Center (CHUV) and the University of Lausanne (UNIL), Switzerland.

Centre for Functional Magnetic Resonance Imaging of the Brain (FMRIB), University
of Oxford, John Radcliffe Hospital, Oxford OX39DU, United Kingdom.

Institute of Psychiatry, King’s College London, London, United Kingdom.

Section of Biomedical Image Analysis, Department of Radiology, University of

Pennsylvania, USA.

McConnell Brain Imaging Center, Montreal Neurological Institute, McGill University,

Montreal, Quebec, Canada.

Ademis, se ha trabajado de forma conjunta con investigadores de ‘Sherbrooke Connectivity

Imaging Lab, (SCIL), University of Sherbrooke, Canada’ para incorporar el método propuesto

en la seccion 5.3 (Capitulo 5) al software 'dipy' (84) (web: http://nipy.org/dipy/). Actualmente

hay varios proyectos en marcha con el objetivo de extender y aplicar el algoritmo de

estimacion propuesto en la seccién 5.5 a una nueva técnica de reconstruccion de imagenes de

la microestructura de los tejidos, surgida de una colaboracion previa (85).
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6.2 Software

Todos los modelos y técnicas desarrollados en esta tesis han siso implementados en Matlab y
se encuentran disponibles de forma gratuita en la web 'HARDI Tools', ubicada en la web de la

Sociedad Espaiiola de Neuroimagen. Para mds detalle véase el APENDICE E.

6.3 Reconocimiento e impacto de los métodos propuestos

Varios de los métodos presentados en esta tesis han sido premiados tanto a nivel nacional

como internacional.

Los métodos presentados en las secciones 5.1, 5.2, 5.3 y 5.4 del Capitulo 5 forman parte de
un compendio de publicaciones para estimar la conectividad anatémica y morfologia del

cerebro que fue premiado por la Academia de Ciencias de Cuba en 2011.

El método presentado en la seccion 5.3 fue premiado por la Sociedad Espafiola de
Neuroimagen al trabajo mas relevante de 2010. Ademads, en la primera edicidon del concurso
internacional de reconstruccién de imagenes de difusion de alta resolucién angular celebrado
en 2012, como parte del congreso ‘IEEE International Symposium on Biomedical Imaging’, este
método fue el que mds puntuacién global obtuvo en base a diversas métricas para cuantificar

la calidad de la reconstruccion.

El método presentado en la seccidn 5.5 obtuvo el primer premio en la segunda edicién del
concurso internacional de reconstruccion de imdgenes de difusion celebrado en 2013, como
parte del congreso ‘IEEE International Symposium on Biomedical Imaging’, en la categoria de
imagenes de alta resolucién angular. Al concurso se presentaron un total de 24 equipos de

prestigiosas universidades y laboratorios.

En el APENDICE D se proporciona mds informacion.

6.4 Recomendaciones

Las contribuciones presentadas en este material no representan el final de esta linea de
investigacion, puesto que quedan multiples problemas por solucionar y posibles mejoras a los
trabajos propuestos. A continuacién se presenta una lista de recomendaciones para trabajos

futuros inmediatos:
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(1) Las metodologias propuestas en esta tesis pueden ser implementadas en lenguajes de
programacién que posibiliten un tiempo menor de ejecucién y que sean gratuitos (por
ejemplo, Lenguaje C, Fortran, etc) de forma que puedan ser usadas por un mayor niimero de

investigadores y de forma més eficiente.

(2) Las técnicas introducidas se deben aplicar en conjuntos de datos de cerebros normales y
patolégicos para la obtenciéon de mapas cuantitativos que posibiliten testar nuevos
biomarcadores. En esta linea, el empleo de mdquinas de aprendizaje podria permitir clasificar
y predecir el grado de afectacion de los pacientes en funcién de los pardmetros

microestructurales estimados.

(3) La calidad de la estimacién de las técnicas propuestas en la seccion 5.5 (Capitulo 5) debe
mejorarse con el empleo de otros modelos generativos de la sefial de difusién empleada para
crear el diccionario. Por ejemplo, mediante modelos recientemente propuestos que aportan

una descripcion més precisa de los datos en el espacio-q (85-87).

(4) El algoritmo de estimacidn robusta y sin sesgo propuesto en la seccién 5.5, basado en un
modelo realista del ruido producido en los escédneres, debe ser extendido para estimar los
parametros del resto de las técnicas propuestas en el marco de esta tesis, asi como de otras
técnicas similares de reconstruccidon de datos de resonancia magnética basadas en modelos

lineales.
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APENDICES

APENDICE A: Derivaciones matematicas del Movimiento Browniano

Supongamos que hay n particulas suspendidas en un medio liquido homogéneo. En un
intervalo de tiempo 7 las coordenadas (caso unidimensional) de las particulas individuales
pueden variar en L, donde L puede ser positivo o negativo y diferente para cada particula.
Para la variable aleatoria L es posible definir una ley de probabilidades ¢,. El nimero de
particulas que experimentan en el intervalo de tiempo 7 un desplazamiento que estd en el

intervalo [ L, L+ dL ] puede ser expresado por:

L+dL
dn=[ ng.(x)dx=ng,(L)dL, (A1)

L

con la condicion de normalizacidn:

fmmﬂ=L (A.2)

De acuerdo a la definicion anterior la magnitud ¢, (L)dL puede ser interpretada como la
fraccién de moléculas dn/n que en el intervalo de tiempo 7 realizan un desplazamiento
relativo que estd en el intervalo [ L, L+dL ]. Resulta natural asumir que @, es diferente de
cero solamente para valores muy pequefios de L (debido a los pequefios desplazamientos
moleculares que pueden ocurrir en pequefos intervalos de tiempo). Si no hay ninguna

direccién preferencial al movimiento, ¢, es simétrica ¢,(L) =¢,(—L).

Ahora vamos a investigar como el coeficiente de difusién depende de ¢,. Sea C(x,¢) la
concentracion (o densidad de particula, definida como el nimero de particulas por unidad de
volumen), funcién del espacio y el tiempo. A partir del valor de esta funcién en el tiempo ¢ es
posible predecir el valor de la concentracién en el tiempo #+7. Si 7 es pequeio es posible

escribir:

Clx,t+7)= C(x,t)+aa—cr. (A.3)
t
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Similarmente, a partir del valor de la concentracién en la coordenada espacial x es posible
predecir el valor de la concentracién en la coordenada x+ L para un mismo instante de

tiempo. La concentraciéon C(x+ L,t) puede ser expandida en potencias de L de acuerdo a:

oC(x,1) L 9*Cx,1)

C L,t)=C(x, L
(x+L,1) (x,t)+ = 1

(A4)

De la definicion de ¢, se puede obtener la concentracion de particulas en la posicion espacial

x en el tiempo £+ 7, a partir de la concentracion de particulas en todo el espacio en el tiempo

t:

C(x,t+7)= Tw C(x+L,t)p,(L)dL . (A.5)

L=-c

Sustituyendo las ecuaciones (A.3) y (A.4) en (A.5) obtenemos:

oC(x,0)F 1 9°C(x,))F .,
- jm chﬁ,(L)dL+ET_j°° L6.(LydL+. . .(6)

coon+2C =i [o.(LyaL+
ot 2

Pudiendo escribirse en virtud de la condicion de normalizacion definida en (A.2):

2
a_CZAaC(x,t)+D8 C(x,t)_'_m
ot o0x ox’

- - (A.6)
A=— j Ly, (LydL; D=— j ¢ (L)dL
T 27 ¢,

Los términos impares en la ecuacion anterior son iguales a cero debido a la condicién de
simetrfa de ¢@_, y los pares de orden mayor que dos pueden ser despreciados al asumirse que
¢_ es solamente diferente de cero para valores muy pequefios de L (53). Luego, la ecuacién

(A.6) puede ser escrita como:

2
8_C=D8 C(x,t)'

A7
ot ox* (A7)
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Resulta interesante notar que hemos obtenido la segunda ley de Fick expresada anteriormente
por la ecuacion (2.4). Esta derivacion permite relacionar el coeficiente de difusién molecular
D, una magnitud macroscépica, con la funcién de distribucién de probabilidad de los

desplazamientos moleculares ¢, , una entidad microscépica [véase la ecuacion (A.6)].

La dependencia espacio-temporal de la concentracion viene dada por la ecuacién diferencial
(A.7) y por el conjunto de condiciones iniciales del experimento en particular. El siguiente

desarrollo estd encaminado a encontrar una expresion analitica para la funcién ¢,. Sea

R(k,t) la transformada de Fourier de la distribucién C(x,t)

R(k.r)= | COxnrexp (k) dx, A8)

entonces si multiplicamos la ecuacién (A.7) por exp(ikx) e integramos por todo el espacio, y

usamos la relacién (A.8), obtenemos:

oR(k,t) 7 0°C(x,1) .
T = D_J;TCXP (lkx)dx . (A.9)
Suponiendo que
lim Cx,) = tim 2550 _ g, (A.10)
x—>Foo x>t X
al integrar dos veces por parte la ecuacién (A.9), hallamos:
%: —Dk’R(k,1). (A.11)
t

De manera que si R(k,t) es la transformada de la distribucién de concentracién en el instante

¢, tenemos como solucion en el instante £+ 17:

R(k,t+7)=exp(-Dk’) R(k,1) (A.12)

Si aplicamos la transformada inversa de Fourier a la ecuacién anterior, obtenemos:
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C(x,t+7)= T exp(—Dk’7) R(k,1)exp (—ik) dk

—o0

T exp (—Dk 21’) ( ]: C(x,1)exp(ikx’) dx'j exp (—ikx) dk

—o0 —o0

. R (A.13)
= j C(x, t)[ I exp (—Dsz) exp[ik(x’ = x)] dk] dx’
= T C(x,0)P (X' —x,7)dx’,
donde
P(xX'-x71)= T exp(—Dk’t)exp|ik(x’ - x)]dk . (A.14)

Haciendo el cambio de variables x’—x = L, el resultado final en (A.13) se transforma en:
Clx,t+17)= IC(x+L,t)P(L,r)dL. (A.15)

De la comparacion entre las ecuaciones (A.15) y (A.5) se obtiene que P(L,T) =¢.(L). Por

tanto, la funcién P es la probabilidad de que una particula recorra una distancia neta L en un
tiempo 7. El desarrollo anterior nos permite obtener una solucién analitica para la ley de
probabilidad de los desplazamientos moleculares en un medio homogéneo en el que no
existen direcciones preferenciales al movimiento; integrando la expresion (A.14), obtenemos:

P(L,7)= [ exp(-Dk’t)exp (ikL)dk

{g‘—aS

(A.16)

1 r
= exp| — ,
N4rnDr 4Dt
que es el caso especial de la distribucion de Gauss unidimensional con una dispersion

dependiente del tiempo o =+/2D7 y un valor medio igual a cero. Con ayuda de esta ecuacién
es posible cuantificar los desplazamientos cuadraticos medios que experimentan las particulas

(caso unidimensional — eje X):

J— ot 1 ol x2
2= [ P(x.7)dx= 2 _
x _J;x (x,7)dx J;x exp[ D7

N4xDT *

jdx =2Dr, (A.17)
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la extension al caso tridimensional es directa, denotando a r por el desplazamiento total de la
p 2 2 2, .2 2 _ 2, 2,2
particula, entonces r°=x"+y +z°, luego r"=x"+y +z . Tomando en cuenta la

homogeneidad del liquido obtenemos: 72 =3x>=6Dr.

Resulta interesante advertir que bajo la siguiente condicién inicial (todas las particulas en el

instante inicial =0 se encuentran en el origen de coordenadas x =0):

C(x,00=5(x), (A.18)

donde 9§ es la delta de Dirac, el resultado final obtenido en la ecuacién (A.13) se transforma

en:

C(x,7)= T C(x,0)P(x'—x,7)dx

= [S()P(¥ —x)dv (A.19)
=P(x,7).

De este resultado se puede confirmar que, para las condiciones iniciales asumidas, la
dependencia espacio-temporal de la concentracién viene dada exactamente por la ley de

distribucién de los desplazamientos moleculares; en este caso la distribucién de Gauss.

APENDICE B: Expansién de Kramers-Moyal y ley de Fick generalizada

En tres dimensiones, la ecuacién (A.15) se escribe como:
C(F,t+7) = [C(F-AF,1) P(AF,7) dAF, (B.1)

donde Ar es el vector de desplazamiento relativo. Expandiendo en Taylor las

concentraciones involucradas en (B.1) (véase las ecuaciones (A.3) y (A.4)), obtenemos:

C(¥,t+7)=C(Ft)+—7T+Y ——7 (B.2)
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/ ’ + AZ ’
ox dy 0z

C(F-at0)=C(r.0)+ 3 Y {{Ax I ayarl }nc(f',t)} (B.3)

X
y

donde F=(xyz),

="y 7) y AF=(Ax Ay Az). La ecuacién (B.3) puede ser escrita
como

k n—k k—q q =
o AFAY AV C(R),  (B.4)
donde

Vn_k’k_q,qC(f,t)z{(%j [%] (%j C(f',t)}x, . (B.5)

En esta derivacion se empleado el teorema del binomio de newton

o © |
a+b)' = " Aot = N g
k

; (B.6)
k=0 o (n—Kk)k!
donde el factorial del nimero entero positivo k se calcula como k!=k- (k —1)---2-1, siendo

0!=1 por definicién. Sustituyendo las expresiones (B.2) y (B.4) en (B.1) obtenemos la
expansion de Kramers-Moyal (54):

aC -

10'C , & (-1) (n)(k .
574‘”2:;5877 _Zzzn—![k](qJVnk’kq’qC(r’t)

n=1 k=0 g=0

(B.7)
X[ Ax'™ Ay Az" P (AF, 7) dAF,

para tiempos pequefios los términos cuadréticos y superiores en la sumatoria del lado
izquierdo en (B.7) se pueden despreciar, resultando:

Kegqg? (B.8)
donde
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-1)"
Dy sra = ( ') [ Ax Ay 1Az P(AF, ) dAF. (B.9)
o nlt
La ecuacion (B.8) ofrece una generalizacién a la segunda ley de Fick (véase la ecuacion (2.4))

para el proceso de la difusion (55). El término D, ;.

es un elemento escalar o componente
de un tensor de difusiéon de orden n. Dichos tensores contienen informacion sobre la

anisotropia del proceso de difusién. Si la funcién de distribucién de probabilidad de los
desplazamientos tiene simetrfa antipodal, P(AF,7) = P(—AF,7), los tensores de difusion de

orden impar son idénticamente iguales a cero.
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magnética por difusién “High Angular Resolution Diffusion Imaging (HARDI) Reconstruction
Challenge 2013”, organizado como parte del congreso “IEEE International Symposium on
Biomedical Imaging (ISBI 2013)”, San Francisco (USA), 2013, por el método: Richardson-
Lucy Spherical Deconvolution under Rician noise with Total Variation Spatial Regularization”.
Autores: Erick Jorge Canales-Rodriguez.
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@ NeurolmageN.es

Sociedad Espafiola de Neuroimagen

PREMIO AL TRABAJO MAS
DESTACADO EN NEUROIMAGEN

La Sociedad Espafiola de Neuroimagen ha seleccionado el trabajo titulado

Deconvolution in diffusion spectrum imaging
publicado en 2010 en la revista Neuroimage por los investigadores

Erick Jorge Canales-Rodriguez, Yasser Iturvia-Medina,
Yasser Alemadn-Gomez, y Lester Melie-Garcia

como el trabajo mas destacado en neuroimagen del afio 2010. Y para que asi conste, los
miembros del Comité de Seleccion firman el presente a 31 de julio de 2011.

Premio patrocinado por:

. . . . GE Healthcare
Dr. Joaquim Radua Dr. Victor Vicens ‘
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LA ACADEMIA DE CIENCIAS DE CUBA
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Autoria principal: Yasser [turria Medina

Otros autores: Lester Melie Garcia, Erick J. Canales Rodriguez,
Pedro Antonio Valdés-Hernandez, Gretel Sanabria Diaz, Yasser
Aleman Gémez

Colaboradores: 7

Entidad ejecutora principal: Centro de Neurociencias de Cuba
(CNEURO)
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Hermanas FIDMAG

Hospitalarias Hermanas Hospitalarias
s ) Research Foundation

Reconocimiento internacional al trabajo de investigacion

El pasado mes de Abril se celebrd "HARDI reconstruction challenge 2013" en el contexto del
congreso "(EEE International Sympaosium an Biomedical Imaging” (I5B1
2013) organizado en San Francisco (EE.UU). Se trata de un prestigioso
concurso internacional de reconstruccion de imagenes de difusion y
constituye un importante desafio para los investigadores que
trabajan en elcampo de la neurcimagen cerebral.

Nuestro compafiero Erick J. Canales-Rodriguez, licenciado en Fisica

por la Universidad de La Habana (Cuba), investigador de FIDMAG Hermanas Hospitalarias y miembro
de CIBERSAM, ha sido uno de los ganadores en la categoria de muestrec “HARDI”, con el proyecto
“Deconvolucion de Richardson-Lucy bajo ruide Riciano con regularizacion espacial de variacién
total”. Al concurso se presentaron un total de 24 equipos de diferentes prestigiosas universidades y
centros de investigacion de todo el mundo.

El principal objetivo del desafio “HARDI reconstruction challenge 2013” fue el de proporcionar un
marco coman para evaluar el rendimiento de diferentes métodos y algoritmos de reconstruccion
bajo condiciones controladas. En el concurso no solo se investigo la precision en la estimacion local
de la configuracion de las fibras, sino que también se estudio su impacto en analisis posteriores de
estimacion de conectividad estructural mediante la aplicacion de métodos de trazado de fibras.

La resonancia magnética de difusion es una potente
modalidad de imagen, sensible al movimiento aleatorio de
las moléculas de agua en los tejidos biologicos. Mediante el
estudio de la anisotropia de este proceso de difusion en la
sustancia blanca [movimiento desigual en diferentes
direcciones) es posible calcular las orientaciones de los
axones lo que permite inferir el cableado neuronal, de otro
modo indetectable con otras modalidades de formacion de
imagenes. El estudio de estos patrones de conectividad es
de gran importancia desde una perspectiva clinica, con
especial énfasis en los trastornos neurologicos vy
psiquiatricos.

Erick J. Canales-Rodriguez es miembro del CIBERSAM dentro del grupo liderado por Peter J.
McKenna. Es autor de numerosas publicaciones en revistas internacionales en el campo de la
neuroimagen y los trastornos mentales. Ha recibide diferentes reconocimientos: coautor de un
trabajo premiado en 2007 por la Academia de Ciencias de Cuba y autor principal de un trabajo
premiado por la Sociedad Espafiola de Neurcimagen como publicacion mas destacada en 2010.
Forma parte de un grupo de investigadores que han sido premiados por la Academia de Ciencias de
Cuba en el afio 2011 por su contribucion en el ambito de la Biomedicina.

Avda. del Jorda, B. 08035 BARCELONA
Telf: 934 186 933. Fax: 932 124 975
www.fidmag.org
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2013 HARDI
reconstruction
challenge winner

HARDI category

Capablanca CSD

(SD with total variation)

(Constrained SD with NLmeans Rician denoising)

E. J. Canales-Rodriguez E. Garyfallidis, S. St-Jean, M. Paquette,
P. Coupé, M. Descoteaux
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APENDICE E: Pagina web “HARDI Tools”

En la siguiente pagina web, alojada en de la web de la Sociedad Espafiola de Neuroimagen, se
pueden encontrar los programas computacionales desarrollados en esta tesis y ejemplos que

facilitan su uso: http://neuroimagen.es/webs/hardi_tools/

& NeurolmageN.es |

Sociedad Espafiola de Neuroimagen [Searci’i|
NeurolmageN web Change language: Catala - Espafiol
> Home Webs hosted by Sociedad Espariola de Neurcimagen

NeurolmageN ? 3
e b High Angular Resolution Diffusion Imaging (HARDI) Tools
Neuroimaging Master
> News Authors: Erick J. Canales-Rodriguez, Lester Melie-Garcia, Yasser lturria-Medina, Yasser Aleman-
T Gomez
> Organization
> Services Date: 2013, Version: 1.2
Collaborations
Create a website Description
> Neuroimaging Master This is a collection of Matlab routines for the analysis of High Angular Resolution Diffusion Imaging (HARDI) data. It
is a subset of the code internally used in the FIDMAG Research Foundation (unit of research at the Benito Menni
> NeurolmageN Webs

Hospital, Barcelona, Spain), the Cuban Neuroscience Center (Havana, Cuba), and the Medical Imaging Laboratory
> Publications at Gregorio Marafién Hospital (Madrid, Spain).

2 = List of reconstruction methods currently included:
> More information

> Become a member . Q-Ball Imaging (QBI) (see Refs. [2,3,4])

a
> Members (intranet) b. Mono-Exp tial-Exact Q-Ball ing (MeEQBI) (see Ref. [9])

¢. Q-Ball Imaging in Constant Solid Angle (CSA-QBI) (see Refs. [13,14,8])
d. Diffusion Orientation Transform (DOT) (see Ref. [5])

e. Revisited version of the DOT method (DOT-R1 and DOT-R2) (see Ref. [8])

f. Spherical deconvolution method (using standard and Damped R-L) (see Ref. [15])
g. Diffusion Spectrum Imaging (DSI) (see Ref. [11])
n h. Deconvolved DSI (DDSI) (using standard and Damped R-L, and R-L with TV regularization) (see Ref.
Share on Facebook:
[12])

Most of the reconstructions are based on real-valued spherical harmonics expansions. Some useful free spherical
harmonics tools provided by Bing Jian PhD are included in this collection. The codes illustrate the use and
performance of the above listed methods in simulated data, generated from a multi-tensor diffusion model for a
single voxel under experimental noise (Rician). To use the above methods in real data it is mandatory to convert
the raw diffusion MRI data (DICOMANALYZE) to Matlab matrix format .mat (using for example SPM tools :
spm_vol and spm_read_vols functions) and then compute the implemented algorithms for each voxel in the brain-
image.

Dovnload the software

In this web we provide some of the implementations used in our laboratories, under the aim to make our research
reproducible. By providing these codes we hope that: (1) other people who want to do research in the field can
really start from the current state of the art, instead of spending months trying to implement the methods, and (2)
the task of comparing a new method to existing methods becomes easier.

If you want to include a new method in this web, feel free to contact the authors. Do not hesitate to use them for
your own research. As always, any feedback will be greatly appreciated: ejcanalesr @gmail.com

Please, if you are using these tools for your own research, cite this web site.
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