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Abstract

We propose a circuit model to describe transmon qubits coupled to multimode transmission line
resonators. This model has been developed in the frame of circuit quantum electrodynamics
and contrasted with available experimental data, and it might be useful for designing future ex-
periments in extreme coupling regimes. In addition, collapses and revivals of qutrit populations
are also observed in an extended version of the quantum Rabi model, in both the ultrastrong
and deep strong coupling regimes. This work opens the door for using the transmon-resonator
system in quantum simulations or quantum computation processes, where such regimes may
enhance the toolbox of already available interactions.
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Resumen

Proponemos un modelo circuital para describir transmones acoplados a resonadores de lineas
de transmisién multimodo. Este modelo ha sido desarrollado en el marco de la electrodindmica
cuéntica con circuitos y contrastado con datos experimentales disponibles, esperando que sea
atil para disefiar futuros experimentos en regimenes de acoplo extremos. Ademés, colapsos
y renacimientos de las poblaciones en un sistema de tres niveles se han observado en una
version extendida del modelo de Rabi cuantico, tanto en el régimen de acoplo ultrafuerte como
en el profundo. Este trabajo abre la puerta para utilizar el sistema transmon-resonador en
simulaciones o computaciones cuanticas, donde tales regimenes pueden mejorar las cualidades
de los sistemas con las interacciones ya disponibles.






Laburpena

Transmisio lerro multimododunetara akoplatutako transmoi qubitak deskribatzen dituen zirkuitu
eredu bat proposatzen dugu. FEredu hau zirkuitu quantikoen elektrodinamikaren esparruan

garatu da eta eskuragarri dauden datu esperimentalekin egiaztatu da, muturreko akoplo erreg-

imenetan etorkizuneko esperimentuak diseinatzeko erabilgarria izan dadin. Hiru mailako sis-

temaren poblazioen kolapso eta berragerpenak behatu dira Rabiren eredu kuantikoaren hedapena
diren akoplo ultraindartsuaren zein sakonaren erregimenetan. Lan honek ateak zabaltzen dizkio

transmoi-erresonadore sistema simulazio zein konputazio kuantikoetan erabiltzeari, eta erregi-

menok berauetan dagoeneko eskuragarri dauden interakzio lanabesak hobetu ditzakete.
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Chapter 1

Introduction

Most of the greatest technological advances in the last century have been a consequence of
the comprehension of quantum mechanics and the development of automatic computational
machines. These two great achievements have preceded the growth of today’s life quality and
worldwide communication systems, and the improvement of working facilities. The development
of quantum technologies in the last decades hopes to maintain the increase of computational
resources at the same pace as Moore’s law vaticinated back in 1965. Furthermore, extremely
hard computational tasks like the factorization of big numbers [1]| or the simulation of many
body dynamics 2] are among the most prominent challenges the universal quantum computer
[3] will be able to solve in the future. In contrast to classical computers, quantum comput-
ers take advantage of quantum phenomena like quantum superposition and entanglement to
increase information storage and to provide a substantial speed up in the processing of units
of information (qubits). In order to have such promising properties, quantum computers must
keep big amounts of these building blocks in coherence; something that has not been achieved
yet. Until the arrival of a flexibly programmable quantum computer, quantum simulators have
been proposed as machines to tackle a smaller subset of very hard problems. These systems
work by mapping the evolution of systems of interest into other systems where we have high
control.

There have been many proposals for implementing both quantum computers and quantum
simulators, readily trapped ions [4], quantum dots [5], NMR [6], ultracold atoms [7] and su-
perconducting qubits [8, 9, 10, 11]. Each of them has proven to have its own strengths and
drawbacks, but nevertheless, all of them share their excellent controllability of quantum systems
like atoms, electrons and photons. Specifically, the efforts put in developing the trapped-ion
technology were materialized in the 2012 Nobel Prize awarded to Serge Haroche and David
Wineland, “for ground-breaking experimental methods that enable measuring and manipula-
tion of individual quantum systems”.

In the recent years, systems consisting of quantum circuits with superconducting qubits have
overtaken all other technologies with the record of quantum information processing tasks [12].
The fundamental features of these circuits rely on the macroscopic quantum coherence that
arises when microwave circuits are cooled down to temperatures on the order of miliKelvins. In
that regime, most of the degrees of freedom get frozen, and the circuits become well described
by collective and localized variables like voltages and currents, which obey the laws of quantum
mechanics with properties such as quantum tunnelling, among others.

Superconducting circuits are solid state electrical circuits made out of linear elements like
capacitors and inductors that can confine microwave photons, and non-linear elements like
Josephson junctions that behave as artificial atoms. Coupling these elements together we can
implement a perfect test-bed for cavity quantum electrodynamics. The ability to tailor their
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Chapter 1. Introduction

frequencies and couplings at will endows superconducting qubits a great advantage over the
rest of implementations; there is no “God-given” parameter that remains fixed. In particular,
increasing the light-matter interaction to the so called ultrastrong coupling regime |14 and be-
yond [15] (strength of the coupling comparable or greater than the frequencies of the constituent
elements) has only been achieved with quantum circuits. Reaching this barely explored regime
does not only have fundamental interest (the idea of matter and light as individual subsystems
breaks down), but it has also been proposed for performing quantum processing tasks faster
[16] and for building quantum memories [17] in circuit QED [18].

In this thesis, we have focused on developing new models for describing superconducting
qubits coupled to transmission line resonators (an element that holds a discrete number of
microwave light modes), with the objective that this coupling reaches extreme regimes. In the
first part, we investigate the possibility of reaching the ultrastrong coupling regime between
a transmon qubit [19], the most successful superconducting qubit realisation, and the bosonic
modes of a resonator. In the second part, we study typical features of the quantum Rabi model
in the deep strong coupling regime [15], in an extended qutrit-like model of the anharmonic
subsystem interacting with two bosonic modes.

More extensively, in chapter 2, we first introduce the basic models of cavity and circuit QED
and the necessary theory of superconducting circuits that will be used throughout the thesis.
We emphasise the quantum descriptions of transmission line resonators and the Cooper-pair
box, precursor of the transmon qubit.

In chapter 3, we thoroughly analyse the possibility of coupling a transmon qubit to the
bosonic modes of a resonator in the ultra strong regime. We first revise the original model
of this system, and comment on the key parameters that could be engineered to increase the
coupling. We propose next a new quantum model for transmission line resonators capacitively
coupled to transmon qubits. Finally, we make use of experimental data provided by the group
of Gary Steele at Delft University to probe this quantization procedure, and we comment on
the possibility of using it as a new designing tool for future experiments.

In chapter 4, we anticipate possible features happening in a qutrit subsystem coupled to
two modes of a resonator, where the frequencies of the three level system resemble those of a
transmon qubit, and where the coupling parameters to the resonant mode are freely tuned. We
briefly revise the perturbative ultrastrong coupling regime and the deep strong coupling regime
before we analyse numerically our system, and evaluate the possibility of it being implemented
with superconducting qubits.

In chapter 5, we conclude the discussion of the thesis explaining all the possible roads that
this project opens. We make final remarks on the possibility of adding inhomogeneous trans-
mission line resonators coupled to superconducting qubits to the quantum simulation toolbox.



Chapter 2

Circuit Quantum Electrodynamics

The field of quantum optics [20] studies the interaction between light and matter at its most
fundamental level, by making use of the theory of quantum electrodynamics (QED) [21]. The
size of matter typically considered in experimental quantum optics is that of atoms or molecules,
although the theory of QED well describes the interplay between subatomic charged particles
and photons. The main drawback from using atoms and photons is that their coupling in free
space is very weak, and hence scattering events are very rare. In 1946 [22] it was discovered
that putting atoms into cavities would enhance their fluorescence profile, giving birth to the
field of cavity quantum electrodynamics (CQED) [23]. This area of research has become one
of the most likely platforms for the practical implementation of quantum computation. There,
units of information are typically encoded into the the discrete energy levels of atoms and data
buses are mapped into flying photons. In this chapter, we are going to see the fundamental
models of CQED and the basic tools one needs for implementing those in solid state circuits
[11, 24], where atoms are replaced by artificial anharmonic systems and cavities are made of
transmission line resonators.

2.1 Light-matter interactions: Jaynes-Cummings Model

The typical model of a simplified two level atom interacting with a single bosonic mode of a
cavity resonator is the quantum Rabi Hamiltonian [25]

Q 1
Hpopi = h%az + hw, <aTa + 2) + hgo (a + aT) (2.1)

where the first two terms account for a two-level subsystem or qubit with energy splitting 2,
and operator o, = (|e)(e| —|g){g|) and a harmonic oscillator of frequency w, with creation and
annihilation operators a and a! respectively. The third term of the Hamiltonian is the coupling
between the qubit and the harmonic oscillator states written in the dipole approximation. This
approximation states that when the size of the atom is much smaller than the wavelength of
the cavity mode, the interaction can be written as H;, = d - E where d = dego, is the dipole
moment of the atom (o, = (|e)(g| + |g)(e|)) and E(x,t) = Epms(a+ at) sinkz is the quantized
electric field in the cavity, where E,,,s = \/hw,/€V is the root mean square value of the electric
field. The coupling constant can be then written as

g = h ey Bpms sin k. (2.2)

If the coupling is small enough g < Q4,w, the Rabi Hamiltonian (2.1) can be simplified by
means of the rotating wave approximation (RWA), yielding the Jaynes-Cummings model [26]
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Chapter 2. Circuit Quantum Electrodynamics

Q 1
Hjpc = h%az + hw, (aTa + 2) + hg (U+(l + a_aT> . (2.3)

This model has already been analytically solved and its diagonalization results in the eigenen-
ergies

E,o = h%, (2.4)
Eipn = (n41)hw, + g\/4g2 (n+1) + A2, (2.5)

which are associated with the eigenstates |g, 0) and
|+,n) = cos(6y)|g,n+ 1) +sin(6,) e, n), (2.6)

|—,n) = —sin(6,)|g,n+ 1)+ cos(0,)|e,n),
where A = Q, — w; is the qubit-cavity detuning and 0, is a mixing angle with the expression

1 29/ 1
0, = B arctan <QZ+> . (2.8)
For the special situation where the qubit and the cavity are on resonance, i.e. A = 0, the

eigenstates of 2.3 simplify to

4m) = %(]g,n+1>ie,n>). (2.9)
The energy splitting with n = 0, AEL o = 2g is also known as the vacuum Rabi splitting. If one
lets an initial state with zero photons in the cavity and the atom excited |¥(0)) = |e, 0) evolve
with the JC Hamiltonian U = e*#7¢t/" the atom will coherently emit the photon into the cavity
(lg,1)) and then absorb it back with a frequency of g/m. Those oscillations are called Rabi
oscillations, and in a closed system would last forever. However, real cavities and atoms lose
energy irreversibly at rates v and x respectively and therefore Rabi oscillations can be seen in a
time scale given by v+ k. In order to see many Rabi oscillations, we require g > =, k, which is
also known as the strong coupling regime. This coupling regime has proven to be very difficult
to achieve with atoms/ions in cavities. A different approach was thus proposed to enhance the
coupling; make use of “artificial” atoms (anharmonic systems with few computational states)
built with superconducting circuits.

2.2 Circuit Quantum Electrodynamics

Originally, the implementation of cavity QED was conceived with real atoms interacting with
optical photons. Nonetheless, such ideas can be realized can be made with any other physical
system that can “hold” standing photons and make them interact with localized anharmonic
(preferably two-level) systems. The implementation of cavity QED with microwave transmission
lines and superconducting qubits fulfils these conditions, and this new research field is now
known as circuit QED (cQED).

The greatest advantages to this mode of implementation are:

e All cQED Hamiltonian parameters can be engineered with great flexibility. In contrast,
optical cavity QED relies on coupling and qubit frequencies which are set by nature.



2.2, Circuit Quantum Electrodynamics

e One can easily place many qubits in a transmission line resonator to make them all interact
with the same bosonic modes. Although in principle this is also possible in cavity QED,
the extreme difficulty of such experiments has delayed its implementation.

e Qubit and coupling parameters can be not only predesigned at will, but they are also
highly tunable during an experiment.

e Light-matter interaction beyond the strong coupling regime has only been reported in
cQED systems, i.e. the ultrastrong coupling regime [27, 14]. Until now, no physical limit
for the coupling has been discovered.

On the other hand, their design flexibility carries an important drawback; loss of coherence
between the qubits and the photons is also greater than in atomic systems. Nevertheless, its
fast interactions have allowed us to produce experiments unachievable with any other imple-
mentation. We will now present the basic tools necessary to describe circuit QED systems.

2.2.1 Lumped-element circuit quantization

Electric circuits obey Maxwell’s equations when they work in their classical regime, i.e. when
the number of particles is macroscopic and the temperature is high enough for individual scat-
tering processes between constituents to effectively behave as a background noise. Amazingly,
when they are cooled down to temperatures very close to absolute zero macroscopic quantum
phenomena emerge, in other words, collective degrees of freedom of the circuit (like voltages
or currents) evolve under the Schrodinger equation. The standard procedure to describe the
quantum behaviour of electric circuits consists in finding the classical Hamiltonian dynamics
of an effective network model, and imposing canonical commutation relations on its degrees
of freedom. We will summarize the general formalism introduced in [28, 29] to find quantum
circuit Hamiltonians that will be used throughout this thesis, restricting ourselves to circuits
containing passive non-dissipative elements, i.e. we will not take into consideration impedances
resulting in energy decay in the system.

An electric circuit is typically modelled as a network of two-terminal components connected
in nodes, which in a specific regime of parameters behave under Kirchhoff voltage and current
laws [30], see Fig. 2.1. We can identify the nodes of the network with a potential set of degrees
of freedom of the circuit (symmetries in the system can effectively reduce this number). The
usual degrees of freedom used in classical electrical engineering are the voltages V(¢) in the
nodes and the currents I(t) in the loops, but for quantum circuits we will use the equivalent
node fluxes ®(¢) and loop charges Q(t), which are related to the previous ones via

t ¢
O(t) = / V(E)dt, Q(t) = / I(t)dt' . (2.10)
—0o0 —0o
This choice of variables is much more appropriate for superconducting circuits because flux
and charge variables are very closely related to the superconducting phase across a Josephson
junction, as well as the difference in the number of Cooper pairs, as we will see later in Sec.
2.3. If we apply Kirchhoff’s laws at the nodes of the network we can find the equations of
motion for the flux variables {®j(t)}x=1,..n, which in classical mechanics are regarded as the

Euler-Lagrange equations

d (0L oL

— <> ——=0,k=1,...,n (2.11)
dt \ 0%,

associated to a Lagrangian family (infinitely many Lagrangians will have the same equations of
motion). We remark here that choosing the flux variables for writing the Lagrangian is mostly

5



Chapter 2. Circuit Quantum Electrodynamics

Figure 2.1: General network of lumped elements. Flux nodes {®j}r=1 ., define a set of
dynamical variables with n being an upper bound to the number of degrees of freedom of the
classical system.

used as the non-linear element that successful superconducting qubits have are the Josephson
junctions. However, a completely equivalent description starting with the loop charges can be
equally useful when describing circuits with phase-slip junctions, a non-linear element in charge
variable, see |31]|. If we consider for the moment the only two non-dissipative linear elements
that exist in circuits, capacitors and inductances, any found Lagrangian that accomplishes
(2.11) is just the difference between the electric and magnetic energy stored in those elements
respectively

- 157 = 1
L(®, ) = 58 CT - 53%3, (2.12)

%
where C, L are the capacitance and inductance matrix of the circuit and ® = (@1, ®o,...). The
associated classical Hamiltonian can be obtained by applying the Legendre transformation

H(®k, Q1) =Y Qrbr— L, (2.13)
k

where the charges @y are the conjugate variables to the fluxes ®;, satisfying the Poisson bracket
{®x, Qr} = 6, /- The final step is then to apply the canonical quantization procedure to the

classical degrees of freedom {i’k, Qk} = ih, yielding the quantum Hamiltonian description of
the circuit,

N - s SR e S

H:§QT0Q+§<I>TL¢I>. (2.14)
We will apply this formalism for the quantization of circuits that will collectively operate as
cavity QED systems.
2.2.2 Transmission lines

As optical cavities confine the electromagnetic field in the terahertz frequency range, transmis-
sion line resonators play the same role for photons that are in the microwave regime. Thus,

6



2.2, Circuit Quantum Electrodynamics

we review now the quantization procedure for describing these important components in circuit
QED systems.

In microwave engineering [30], transmission line theory makes use of lumped element circuits
to study the propagation of waves in environments enclosed by conductors. In Fig. 2.2, we see a
schematic representation of the lossless transmission line as a two-wired line with characteristic
impedance Zy = /L/C and propagation constant § = wVLC, and its associated lumped
element circuit model of a Ax length of the line where L(C') is the inductance (capacitance) per
unit of length. In order to study the quantum behaviour of transmission line elements we can

(I)O AzxLyg (I)l (I)Z Azl

%ro s G— IMWT————TWNT__W__ .

) — AzCy AzCy “’qu- T T

Figure 2.2:  Schematic representation of a transmission line resonator by a two-wired line that
supports a TEM mode with characteristic impedance Z; and propagation constant 3, and its
equivalent lumped element circuit model, where L;(C}) is the inductance (capacitance) per unit
of length Az and ®; the flux variable at each node.

get the classical Lagrangian of the lumped element model in terms of its normal modes. We will
then write its associated Hamiltonian, and make use of the canonical quantization procedure
[28, 29]. Using nodal analysis we can then easily write a Lagrangian for the circuit of Fig.
2.2(b),

which in the continuum limit of Az — 0 and ), Az — f: dz transforms into

b
L= ;/ de <C(m) (0,8 (x, 1)) — L(lx) ((%(I)(x,t))Q) (2.16)

where CZ — C(Z’Z), LZ' — L(xz‘), (‘I’Z’(t) — ‘I)H_l(t)) /Al‘ — 8x<1>(xi,t), (I)Z'(t) — @(mi,t). We will
now see how the action

S = /OT dtL, = ;/OT dt /: dz <C'(x) (0,0 (x,1))% — L(lx) (8x<l>(:z:,t))2> (2.17)

associated with that Lagrangian already implies boundary conditions to the fields ®(x,t). We
make use of the principle of least action and take the variation of the action 6.5 such that
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T
08 :/ dtoL
0

B T b C(x) 1
—/0 dt/a dw< 5 8t<1)(x,t)5(8t<13(x,t))—Mﬁxq)(x,t)é(axq)(x,t))>

T b C(x) 1

_/0 dt/a d:v< ; 8t¢>(x,t)8t(5<1>(x,t))—MazQ(x,t)ﬁm(éfb(x,t)))
b T

:/ dz C(z) <[at<1>(x,t)5q>(x,t)]§—/ dt@ttfb(x,t)(i@(a:,t)>
a 0

_/OT dt ([W&@(x,gr ) /a" dz Oy (W) (5<I>(:c,t)> =0, (2.18)

where to go from the third to fifth line we have integrated by parts with respect to time (space)
the kinetic (potential) term associated with the capacitance (inductance). In Eq. (2.18), we
have two types of boundary terms, temporal and spatial. We further recall that implementing
the principle of least action requires to set the variation of the fields at the initial and final time
to zero 6®(x,0) = 0P(z,T) = 0. We are thus left with just the spatial boundary term, namely

(up to a sign and a factor 2)
rr .. 1°
o LL a

which can be set to zero in different ways: a first one is to impose that the variations be zero
at the spatial boundary,
d®(a,t) = §®(b,t) =0, (2.19)

which for the transmission line problem means leaving the end terminals unconnected. Another
one is to impose the vanishing of the spatial derivatives at the boundary, 5(I>l(a, t) = 5<I>/(b, t) =
0. Inserting the first set of spatial boundary conditions on Eq. (2.18) we can get the final
equations:

() (D, 1)) — D <W> 0 (2.20)
u0(at) . B0(b1)
L((L‘) fa(t)v L(I‘) fb(t)7 (2'21)

where the functions f,(¢) and f,(t) are not degrees of freedom but fixed arbitrary time dependent
functions.
Normal modes of homogeneous transmission line:

A transmission line of finite length [ grounded at x = 0 and terminated in open circuit at z =1
with constant capacitance (Cp) and inductance (Lg) per unit length has the equations

b, 1) ColLO@” (2,8) = 0 (2.22)
®(0,t) = ®'(I,t) = 0, (2.23)

where we have denoted the partial spatial (time) derivative as ® (z,t) (®(z,t)). It must also be
remarked, that in deriving (2.23), we have used a mixed case of spatial boundaries 0@ (0,t) =

8



2.2, Circuit Quantum Electrodynamics

d®(l,t) = 0. The above set of equations corresponds to a discrete multimode resonator. We
can write the Lagrangian in the normal mode basis by expanding the field in a complete set of
eigenfunctions {u,(z)}

®(z,t) = an(t) Un (). (2.24)

Substituting in (2.22)-(2.23) we derive the equations

Un(t)

RO (2.25)
%L(:) = —w2Chun(), (2.26)
un(0) = 0, (2.27)
u, (1) =0, (2.28)

corresponding to a Sturm-Liouville problem. Egs. (2.25)-(2.27) admit the solution wu,(x) =
Ay sin (kpx), and inserting this ansatz into (2.28) we are able to derive the equation for the
wave numbers

K

kn =(2n+1) 5"

The complete set of eigenfunctions{u,(z)} form a basis with the orthogonality condition

) l
a2 ), dz Cotn ()t () = Crdpm, (2.29)

where C). = fé Codx = Cyl. We can write now the Lagrangian (2.16) with the sum of eigenmodes
and the orthogonality relation to get

L= (2 -wu3). (2.30)

We define the conjugate momenta to the fluxes v,, the charges ¢, = C’T@ﬁn and do a change of
variables of fluxes and charges in terms of creation and annihilation operators

Un = 2;@ (aiﬁan), (2.31)

Gn =4/ % (aL —~ an) : (2.32)

with a,, and a;rL satisfying the commutation relation [an, ajn} = Opun such that the final quantum

Hamiltonian reads

. 1
H=> w, <aLan + 2) : (2.33)
n

Thus, we have showed that the homogeneous quantized transmission line resonator can be also
seen as an infinite sum of a discrete set of harmonic oscillators equally spaced.
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2.3 Superconducting Qubits

Superconducting qubits are circuits made of Josephson junctions which behave as two level
systems. Due to their very flexible design they have been called “artificial” atoms. In the
last twenty years they have overtaken all of the other qubit implementation proposals and have
allowed for implementation of the most complex quantum algorithms yet [32, 12]. In this section
we are going to briefly review the fundamentals of this technology introducing the Josephson
junction, i.e. the non-linear non-dissipative element that all qubits share, and the Cooper-pair
Box qubit which laid the foundation for the very succesful transmon qubit [19] that we will
thoroughly study in Chapter 3.

2.3.1 Josephson effect and Josephson junction

A Josephson junction is made of two superconductors separated by a thin insulating layer, see
Fig. 2.3(a). The two superconductors can be effectively characterized by a macroscopic wave
function ¥; = \/n;e™ [33]. Brian Josephson [34] showed that these two wave functions can
overlap with each other, with the net result of tunnelling processes of Cooper-pairs (pairs of
electrons) between the two superconductors. The solution of the Schréodinger equation of that
system demonstrates that the flowing current through the junction can be written in terms of
the phase difference of the wave functions via

Iy =1I.sin(py— 1) = I.sinpy, (2.34)

where I, is the critical current of the junction (which depends among other things on microscopic
features like the area and thickness of the junction) and ¢ is the so-called gauge invariant phase.
This relation is also known as the dc-Josephson relation because in the absence of any externally
applied voltage bias V' there is a continuous flow of dc-current. There is a second fundamental
equation known as the ac-Josephson relation which relates a non-zero applied voltage V between
the two superconductors with the gauge invariant phase ¢ via

Qo dpy
=——= 2.35
2 dt ' (2.35)
where &5 = 2¢/h is the magnetic flux quantum, whose name comes from the fact that a

magnetic flux passing through a superconducting ring is quantized in units of @y [33]. Eq.
(2.34) can be plugged into (2.35) yielding the non-linear oscillating current in the junction
I = I.sin(27Vt/®g). Using the usual inductance definition L = V/I, we can derive the
associated non linear inductance of the Josephson junction,

%)

Ly=——-——.
J 21.cos(py)

(2.36)

There is an equivalent circuit model of the Josephson junction consisting in a pure non-linear
inductance and a capacitor shunting it, see Fig. 2.3(b). By means of the relation between flux
and voltage V = d®/dt and the ac-Josephson relation (2.35) we can write explicitly the relation
between the flux and phase across the junction

¢y = 21D/ Do. (2.37)

We can finally derive the Hamiltonian of a Josephson junction applying the Kirchhoff equation
to the circuit in Fig. 2.35(b), containing the equation C;®; = I.sin(2nr®;/Py) where ®; =
®9 — ®; corresponding to the Lagrangian

10



2.3. Superconducting Qubits

i

Figure 2.3: (a) Josephson junction with superconducting wave functions ¥; 2 and (b) a circuit
schematic of junction formed by a non-linear inductive term E; shunted by a capacitor Cy with
its usual box representation.

Cr.o 1.9 21 5
L =—"0%— 1-— . 2.38
2 )T Ton O3 "o, (2.38)

Performing the Legendre transformation, we finally derive the Hamiltonian

Q?I Icq)() 27(&{]
H; = —
J 20] 2w o8 q)()
= 4Ecn?® — Ejcos($y) (2.39)

where we have expressed the charge in terms of the difference number of Cooper pairs in the two
superconductors Q = 2en. We also define the charge energy Ec = e?/2C; and the Josephson
energy E; = I.®y/2m. This non-linear cosine potential is the key to construct systems whose
energy spectra is reduced to two-level systems (qubits). The above Hamiltonian can be written
in the Cooper-pair number basis |n) which satisfies 11|n) = n|n) by introducing the relation
between phase |¢) and number basis

1 2 " in roy
=g [ deem ). (2.40)

T or

We can now write the operator €% in the |n) basis by checking how it acts on number states

n)
11
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,Z:" 1 27T / 74 / ! !
e¥ln) = - ; de €' | ) (¢ n)
2w ,
- 1 dgp/ei(nﬂ)@ |@’>
2 0

= |n+1). (2.41)

As the above is valid for all states |n), we then have that € = " |n + 1)(n| and therefore

H =4Ec Y n’[n)(n| - % (Z n+1)(n| + > In){n+ 1y> : (2.42)

It can be checked that the Cooper-pair number n and phase ¢ operators are conjugate variables
that satisfy [p,n] = i. We are going to see now a simple variation of the above circuit which
was used as the first superconducting qubit.

2.3.2 Cooper-pair Box

The Cooper Pair Box [35, 36] is the origin of all charge qubits. It consists of a small supercon-
ducting island in between a Josephson junction and a capacitor plate that is biased by a voltage
source, see Fig. 2.4. The Hamiltonian of this circuit can be calculated with the same procedure
of Subsec. 2.2.1 but we will leave its derivation for the related circuit of the transmon qubit in
Sec. 3.1.1. The Hamiltonian description then obtained is

Hopp = 4Ec( — ny)* — Ejcos(py), (2.43)

where the charge energy is defined as Ec = €?/2(Cy + Cy), and the charge offset as n, =
CyVy/2. We calculate the energy spectrum of the CPB Hamiltonian using the Matrix Numerov

‘/lsland

Figure 2.4: Cooper Pair Box schematic circuit: two superconducting plates form the Josephson
junction with energy F; and capacitance C;. The gate capacitance C, couples the junction to
a voltage source V; to bias the number of Cooper pairs in the island. Figure taken from [36]
and modified.

Method [37]. The Schrodinger equation in the phase space
d )
HeppY (¢) = 4EC(—Z% +ng)* — Ejy cos(p)| V(p) =EY (), (2.44)

12
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has the boundary condition ¥ (¢) = ¥ (¢ + 27). We can eliminate the charge offset by per-
forming the gauge transformation W’ (@) = e 2%V (),

d2
—4Ecd7<p2 — Ej cos(yp) v’ (o) = EY (¥), (2.45)

with the new boundary condition ¥’ (p) = e 2"s™ W' (o + 27). For the general differential
equation ¢” (z) = f (z) ¢ (z), the standard Numerov method [38] has the stepwise integration

formula
 Yia (12— d?fi—1) — 24 (5d>f; + 12)
wz—i-l - d2fi+1 — 19
with U; = W (z;), fi = f(2;), 1 € {1,..., N} and d being the bin size in the discretization where
in our case f(v) = —(E —V (2))/4Ec and V (z) = —Ej cos(z). Eq. (2.46) can be rearranged
into matrix form as

+ 0(d®), (2.46)

— AEc Ay + BV = EB, (2.47)

where we have defined ¥ = (..., ¥;, ¥it1,...), A= (1_1—21g+11)/d?, B = (1_1+1015+11)/12,
V = diag(..., Vi, Viy1, ...) and I, is the matrix with 1s along its pth diagonal and zeros elsewhere.
Multiplying by B~!, we obtain

—4EcB YAy + Vi = Enp. (2.48)

We finish the discretization of Eq. (2.45) by adding the boundary condition for our periodic
potential after the gauge transformation A;ny = An;1 = e~ 2n9™ /d? and By = Bnyg =
e~2M9™ /12. The numerical diagonalization of Eq. (2.45) is shown in Fig. 2.5. It can be noted
that it faithfully reproduces the perfect Mathieu solution in Fig. 2 of [19] for different ratios of
Ej/Ec. In the CPB regime (Ec > Ej, see Fig. 2.5(a)) the eigenstates are very anharmonic
but they strongly depend on the offset charge, which means that the charge noise channel will
be very important. On the other hand, the so called transmon regime corresponds to Ejy > E¢
and is much more resilient to charge noise fluctuations, see Sec. V in [19]. In both cases, the
difference of energy between the first and second transitions is big enough to be able to address
the two-level subsystem, and remain there enough time to perform quantum operations.

13
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Figure 2.5: Energy levels of the CPB as a function of the charge offset n, using the Matrix
Numerov Method for different values of Ej/Ec. As this ratio increases the levels of the CPB
become more harmonic and more resilient to charge bias noise. For E;/E¢c > 1 the system is
known as transmon qubit.
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Chapter 3

Circuit QED with a transmon qubit 1n
the USC regime

The transmon [19] has been one of the most successful qubits in the field of cQED. Among
its best features are some of the lowest decay and decoherence rates of all superconducting
qubits. Furthermore, its coupling to transmission line buses can be increased faster than its
simultaneous loss of anharmonicity and, when used in 3D cavities transmon qubits can exhibit
even more robustness against noise [39]. In the community of quantum optics, there is a great
interest in having systems working in regimes where the rotating wave approximation fails,
which would allow to study new states of matter [27, 13|. Likewise, there have been proposals
to use such tools to do quantum information processing tasks, e.g. ultra fast quantum gates [16].
However, as of yet, nobody has performed an experiment with a transmon qubit ultrastrongly
coupled to a resonator. The difficulty of the task has been theoretically discussed [14], but
no important progress has been made up to now. In this section we are going to present a
theoretical model of a transmission line resonator capacitively coupled to a transmon qubit,
where the ultrastrong coupling regime between a mode of the resonator and the transmon
could be engineered. We will test the model with data from a new experiment that has been
performed in the laboratory of Pr. Gary Steele at Delft University of Technology. We will show
that in this experimental realisation the USC non-resonant coupling regime has been achieved.
However, first we will review the original transmon qubit proposal by Koch et al. [19], paying
special attention to the critical parameter values required to reach that goal.

3.1 Transmon qubit revisited

The transmon qubit was originally realised with a Cooper-Pair Box embedded in a transmission
line resonator, with Josephson energy Fj > FEo. A schematic diagram and an effective circuit
model of the circuit can be seen in Fig. 3.1. Two Josephson junctions are threaded by a
magnetic flux, such that they behave like an effective junction with tunable Josephson energy
Ej = Ejmaz |cos(mPezt/Po)| (a de-SQUID). In this first section we are going to assume that
the Josephson junctions are identical and we will leave the asymmetric case for later study in
Sec. 3.1.3. This effective Josephson junction is capacitively coupled through Cj to a resonator,
simply modelled as a LC-resonator (first mode of the transmission line resonator). The effective
offset charge n, (number of Cooper pairs) is controlled by a constant voltage source V, in a
similar manner to the CPB, see Sec. 2.3.2. The main difference of the transmon as compared
with the common CPB, is the shunting of the Josephson junctions with a huge capacitor Cp,
together with an increase of the capacitance Cj.
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Figure 3.1: Effective circuit diagram of the transmon qubit (two Josephson junctions in parallel)
coupled through capacitance Cy to the resonator with inductance L, and capacitance C, and
biased by the voltage source V;. Figure taken from [19] and slightly modified.

3.1.1 Circuit quantization

In order to model the quantum behaviour of this circuit we will follow [29] to derive a Hamilto-
nian. Again, we start by writing the Lagrangian of the circuit which can be directly done from
the node description of Fig. 3.1(b)

1 . 2 c. /. N2 Cy.

L= 5Cin (&= V,) - iqﬂ +io¢24 S 2 (0= b,) + 24+ Bycos(ps), (31)
where @, ; are the node fluxes that define the resonator and the Josephson degrees of freedom
respectively, the Josephson phase is ¢; = 279 ;/P¢ and Cy, is the capacitance between the
voltage bias V; and the resonator and Cy4 = Cp + C;. We define the conjugate coordinates to
the node fluxes, the associated charges

oL . . . .
Q=5 =Cb =G, <¢>J - cpr) +Cyn (cpj . vg) , (3.2)
oL . .
Qr=——=0Cd,+C ( <I>r> +Ca®y, (3.3)
b
with inverse relations
. Ca+Cy Cin(Ca+C
4, = g, Ca+Ca) ACQ L1 @, vy, St G (3.4)
QJ 02 Cng
-~ 1+ 22| +v , 3.5
-a.g} C’A+C<+CQ VT (35)

where C? = Cy(Cipn, + Cp) + Ca(Cy + Cin, + Cr). We perform a Legendre transformation and

promote the conjugate variables to operators, with commutation relations [Ci)z, QJ} = 1hd;j, and
obtain the quantum Hamiltonian

(Ca+Cy) - (Cy + Cin + C) A

2 2 A~
H = 507 QF + (I)r 202 Q% — Ejcos (¢))
Cyr ~  (CitCy)Cin - CyCin -
+C§QJQT+“C;>QNQ+ L, (3.6
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If one engineers the capacitances such that C,. > Cy, Cjy,, Cy and define the total capacitance
Cx, = Ca + Cy, we arrive at

32 1 2 .
~ 2%: <I> +%—EJCOS(¢J)
C’m C,C
g v+, (37)

We now introduce (i) creation and annihilation operators

1 o\t <L > .
/\T A~ I8 ) . T .
al,a=— || — O, Fil — ) Q; 3.8
- (( 7)) awi(g)e (38)
of quanta of energy in the LC-oscillator of frequency w, = 1/+/L,C, and (ii) its root-mean-
square voltage V,0,, = \/hw,/2C,. We also define the ratio 8 = C,;/Cs; between the gate

capacitance and total capacitance, as well as the charge energy Ec = ¢2/2Cs, in order to put
the Hamiltonian into the circuit QED form of Eq. (3.1) in [19],

H = 4Ec (i — ng)? — By cos(¢y) + hwyila + 28eV0, i (& + aT) , (3.9)
where the effective offset gauge charge is defined as ny, = —CyCi,V,/2Cre. In the above
derivation we have neglected the constant term ng and the coupling term between the resonator

charge Q, and Vg, which could be used to drive the resonator mode with an oscillatory source.

3.1.2 Circuit QED with the transmon in the USC regime

Recalling the diagonalization of the qubit subsystem done in Sec. 2.3.2, we can rewrite Eq.
(3.9) in the generalised Rabi Hamiltonian form

H=h> Qi) (| + hwala+ 1> gili) (a + &T) , (3.10)
1 2y

where the coupling constant is hg;; = 28eV,0,, (i| 7 |j) = hg;; and §; [i) are the bare eigenener-

gies and eigenvectors of the CPB. It can be eagily appreciated that in order to achieve higher

coupling regimes between the resonator and the qubit we need to increase the passive parame-

ters 3 and V0, ., as well as let the system work in the transmon regime, where the off-diagonal

elements of the n operator become bigger.

Passive coupling parameters

By definition, we have that the ratio g < 1 and tends to one when Cy > Cp + Cj;. On the

other hand, the rms voltage V9 . m could be increased by d651gn1ng a transmission

line resonator with lower capacitance. Tf in addition we wanted to maintain the frequency of
the oscillator at a constant value we should increase the inductance L,. As the rms value
has different powers for the inductance and capacitance this is actually possible. The task of
increasing the inductance of superconducting wires is a very active research area in the field
of quantum computing and in particular, current efforts are focused on modifying the kinetic
inductance of the wires [41, 42|. Ideally, one would like to be able to engineer a resonator with
independent w, and V9

rms:
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Active coupling parameter

The active part of the coupling is the Cooper-pair number operator 7, whose values are depen-
dent on the regime of E;/Ec. In Fig. 3.2 we can see the off-diagonal elements calculated in
the phase basis. It is interesting to notice that the coupling between nearest neighbour CPB
eigenstates can be made of order unity in the transmon regime and increasingly big as the ratio
Ej/Ec¢ grows, while further off-diagonal terms (i|n|j) — 0 when i # j+1. It must be remember
here, that as the coupling increases the transmon becomes more and more harmonic and the
transmon will need more energy levels to be correctly described.

2.0
1.5
1.0
— (10}
05 —  (21/0)|
' 1(3]72(0))
— (21a[1)|
0.0 50 100

E;/Ec

Figure 3.2: Off-diagonal matrix elements of the number operator as a function of the ratio
Ej/Ec with ng = 0.5 calculated in the phase basis.

3.1.3 SQUID asymmetry and charge bias

In the derivation of Eq. (3.10) we assumed that the Josephson energies are symmetric but this
is typically not the case. Given the current junction fabrication techniques, junction parameters
can lead to asymmetries up to d = % ~ £10%. The case of the asymmetric junction was
studied both in the CPB [43] and transmon regime [19]. We can replace the cosine term in Eq.

(3.9) to obtain the Hamiltonian

Hsquip = —Ej1cos(¢1) — Eja cos(p2), (3.11)

where ¢12 now describe the individual superconducting phase differences across the junctions
with energies I/ o respectively. By making use of the flux quantization along a superconducting
ring [33] we get the relation

Q1 — pg = 2mm + o Deat, (3.12)
D
with integer m and where ®¢;; denotes the external magnetic flux through the SQUID ring.
We can define the effective phase difference of the device p; = (p1 + ¢2) /2 and using Ejs =
Eji + Ejo rewrite the Hamiltonian (3.11) as

HSQU[D = —EJE [COS(W(I)ext/(I)()) COS (,ZDJ + dSin(ﬂ'(I)ea;t/(I)o) sin @J]

= —Ex cos(w@ext/@))\/l + d2 tan? (7 ®@ept /Do) cos (@7 — o)
= _EJ ((I)ext) COs (@J - @0) ) (313>
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3.2. New circuit model of a transmon qubit

where the phase @9 = dtan (7®c./Po). This phase shift can be removed by shifting the
variables if the external magnetic flux is constant but it could also be used to drive the qubit
directly, see e.g. [44], where the external flux is varied to create photons.

In real experiments we always have asymmetric junctions, e.g. see next Sec. 3.3 to see the
spectroscopy data of an experiment with a transmon qubit. Nevertheless, it can be seen in Fig.
3.3 that most of the effect is in the CPB regime. If we measure the energy levels of the bare
SQUID close to the ®¢,; = 0.5, the difference between a slightly asymmetric (d < 1%) SQUID
and a symmetric one is typically blurred out by the effect of the noise in the charge offset ng
[19]. In Fig. 3.3 we see the discrepancy of the (a) energies and (b) coupling elements when

a b
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Figure 3.3: (a) Energy levels and (b) matrix elements of the number operator as a function
of the external flux ®.,; with Ejs/Ec = 70 with ny = 0.5 and no asymmetry (solid lines)
and d = 5% (dashed lines). As the external flux approaches ®.pp — 0.5 (Ej(®Pezt) — 0) the
discrepancy increases.

the qubit is pushed towards the CPB regime with an asymmetry of d = 5% compared to the
symmetric case.

In Fig. 3.3 we also see that the charge bias n, introduces a diagonal component in the
coupling. The Cooper-pair number operator |(i|ns|i)| = ng as E;/Ec — oo, something that
can be easily proven performing a gauge transformation where 7y — nj — ng.

3.2 New circuit model of a transmon qubit

In order to investigate the possibility of reaching the USC regime with the transmon we propose
the simple circuit model of Fig. 3.4. It consists of a homogeneous transmission line resonator
(Lo, Cop) shorted to ground on one side (z = 0) and capacitively coupled (Cy) to a Josephson
junction (Ej,Cjy) at the other end (z =1).

3.2.1 Lagrangian formalism

Following Secs. (3.1) and (2.2.2) the Lagrangian of the circuit in Fig. (3.4) can be written as
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Chapter 3. Circuit QED with a transmon qubit in the USC regime

Cy

I o |

N Co.Lg CJ;EJ
f) (9—‘

r =1

Figure 3.4: Transmon qubit (Cy, E) capacitively coupled (Cy) to a homogeneous transmission
line resonator of capacitance and inductance per unit length Cy and Lg and total length [.

L= [lde (g (b))~ o (@’(x,t))2> + G (800 - ds) +
Gy + By cos (2my /Do), (3.14)

where ®(z, t) is again the continuous flux variable along the transmission line resonator of length
[, and ¢ is the flux across the Josephson junction (Cy, Ey). To apply the method of canonical
quantization we must find the normal modes of the transmission line resonator-capacitance
subsystem. We vary the action associated with £ for the flux field ®(z,t) and get its equations
of motion and boundary conditions, see Subsec. 2.2.2,

B, t) — COIL()@”(:E,t) o, (3.15)
(0,1) = 0, (3.16)
(1, t) + (I)CSL’Z) = ¢s(t). (3.17)

Following [45], we expand the fields ®(z,t) = >_, ¥n(t) un(x) into a basis {u,(x)} for the
homogeneous problem (®; = 0) to decouple the above Eq. (3.15). Substituting the above into
the homogeneous Eqs. (3.15)-(3.17), we derive

wn(t) _ _w2
Uat) (318)
1 Uln(l’) — 2
s ( X ) _ .19
un, (0) =0, (3.20)
1
—wun(l) + c) Loun(l) = 0. (3.21)

The above Egs. (3.19)-(3.21) for u,(z) set up a Sturm-Liouville-like eigenvalue problem with
the eigenvalue parameter in the boundary conditions [46]. Applying Green’s formula to this set
of equations we find an orthogonality condition for the eigenfunctions
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3.2. New circuit model of a transmon qubit

!
/0 dx Con () um () + Cyun()um(l) = SnmXn, (3.22)

where Yy, is a normalisation factor that can be freely chosen for each mode. For convenience, we

will set it equal to the total capacitance of the transmission line plus the coupling capacitance
CE7

l
Xn < Cx = / dx Cy + Cg = Cyl + Cg. (3.23)
0

We emphasise here that the basis functions {u,(x)} live in the weighted-space of double inte-
grable functions L2([0,1], Cp) that is unitarily equivalent to L2([0,1]), see [46]. Egs. (3.19) and
(3.20) suggest a harmonic solution of the type

up(x) = Apsin(kpz), 0<z <[, (3.24)

where k, = w, /v is the mode wave number and v = 1/y/LoCy the group velocity of the wave
in the line [30]. Inserting the ansatz solution in (3.21), we find the transcendental equation for
the wave numbers

Co
= tan(ky,l). 2
Colen an(ky,l) (3.25)

The amplitudes of the different wave numbers are found by inserting (3.24) in the orthonormality
condition

C,C2 —1/2
A, =+/2Cs | Col + ——2L90 ) 3.26
Z( ot C§+<ngn>2> (3.26)

See App. A.l for the solution of the full problem. Finally, we can substitute the orthonormality

condition (3.22, 3.23) of the eigenfunctions in (3.14), and obtain the Lagrangian (see App. A.2
for the derivation),

L= % (02 v = ot ) + G5 4y cos mo /) (20

where L' = w2Cyx. The Lagrangian (3.27) is composed of an infinitely discrete subsystem
attached to an anharmonic one.

3.2.2 Hamiltonian formalism

Once we have a Lagrangian with a discrete set of degrees of freedom we can apply the Legendre
transformation to derive a Hamiltonian. In order to simplify the calculus we do the following
change of variables

v, = Vv CEwn (328)
Q;=vCaoy (3.29)
where Cq = Cj 4 C,4. The Lagrangian transforms to
1 /. . 1.
L=%"3 (\pg — W20 2aann<1>J) + 55+ Eycos (27T<I>J/\/CG¢O) (3.30)
n

with o, = Cyun(l)/v/CxCq. We then do a Legendre transformation to Eq. (3.30) where the
charges (conjugate variables to the fluxes) are
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Chapter 3. Circuit QED with a transmon qubit in the USC regime

Q 5. an®, (3.31)
oL . :
Qs 0%, J Zn: o (3.32)

and obtain the Hamiltonian

2
H= zn: % (Q% +w202) + 2(1ia§) (QJ + En: anQn> — Ejcos (QW@J/@%) . (3.33)

Here a% =), a? is a convergent bounded sum for the k,, and u,(I) of this problem, see App.

A.3. It must also be noted that a% < 1, as we started from a Lagrangian description of a
physical system (3.14) whose kinetic matrix is (semi-)positive definite. The case where a% = 1
would correspond to a redundant degree of freedom in the description.

3.2.3 Normal mode structure

The Legendre transformation mixes the former normal modes

2
H= Z% (w202 +92) + 2(1_10%) <QJ +3° ann> — By cos (2m0,//Ca) , (3.34)

where we have made the canonical transformation \i/n = w,V,, Qn = Qn/wn and defined
Gy, = apwy,. The Hamiltonian written in matrix form is then

LY, (o M 25 A,
= 5@ Q + B + (1_70‘%')@@]
+2(1—10@ (QJ + QDC)2 — EJ COS (27T(I)J/\/ CGCI)Q) s (335)

where we have explicitly written the charge bias Qpc, that comes from the dc-component of
the flux modes ®(x,t) (see App. A.1), with

(1 — a%)w% + d% Q109 Q103
Q0 (1—a?)ws + a3 (idig .
_ 1
K= (1-a%) a1ag Q03 (1—a?)wi + a3 ., (3.36)

and being the vectors Q = (Q1,Qa,...), ¥ = (U1, Uy, ...) and &= (a1, ae, ...). Having studied
the convergence issues of the problem, we truncate the number of modes in the resonator to p,
find the orthogonal matrix U that diagonalizes K, i.e. W = UT KU = diag(@?, &3, ..., JJ%), and

do the new canonical transformation 5 =UTQ, 7 = UTW. We undo also the transformation
—-1/2 1/2 1/2
65 =C5"?0y, q5 = C?Q and qpo = Cf*Qpe

H ~ 3€"WE+ 377 + 5 €0 + 5azye; (07 — apc)” = By cos (2m6,/®o), (3.37)
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3.3. Experimental aspects of a transmon in the USC regime

where 5 = WUT&'. We quantize the system, imposing commutation relations [7,,&,] =
—%)Ya

th and introduce creation and annihilation operators a, and a;rL for the harmonic modes

f =i %(an_a;y (3.38)
b =/5n (wm+al). (3:39)

where [an, ain} = dm. The Hamiltonian can then be written as

1
- E < T - E T
H 4 hcoy, (anan+2)+ 4 Mn, (an—i-an)nJ
+ 4Eg (ng —npe)’ — Eycos (¢) (3.40)

where the charge energy is F, = €?/2(1 — a%)Cg and the Josephson phase p; = 21¢;/®.
Note that the typical charging energy of the transmon Hamiltonian Ec = €2/2C¢ is strongly
modified by the presence of the resonator coupled to it through the convergent series oz%. We
also have defined the coupling parameters as

T = 2€anh/2a}n
eCy 2h
= —— == Upnuj(Dw;. (3.41)
(1-0ag)Cq V Cswy r

Due to the fact that the above expression depends non-trivially on the input parameters, we
do not have at this point an analytical prescription on how to increase the coupling parameters
for the lower modes. Nevertheless, now that we have a full quantum description of this circuit
model, we will resort to numerics to test its potential to describe recent experimental data
shared by the group of Pr. Gary Steele, where a dc-SQUID in the transmon configuration has
been ultrastrongly coupled to a transmission line resonator.

3.3 Experimental aspects of a transmon in the USC regime

Having reviewed the original transmon system and presented the new multimode model, we
now introduce a new experimental setup that has been developed in the laboratory of Pr. Gary
Steele to achieve the USC regime with the transmon. We check that a heuristic model of a
multimode resonator capacitively coupled to a SQUID suffices to describe the spectrum of this
experiment. In a second step, we verify that fitted Hamiltonian parameters agree very well with
our model for values of the circuit close to their original design. Motivated by the success of
the model, we study the distribution of population in the qubit and resonator modes, as the
external flux is varied from the CPB (E; ~ E¢) to the transmon regime (E;/Eqc > 1). We
show free evolution of simple initial states, where full population inversion between the first
levels of the transmon and the resonator modes can be appreciated. Results are compared with
a simplified model where a rotating wave approximation has been performed to all counter-
rotating terms in the Hamiltonian. In a final step, we verify that fitted Hamiltonian parameters
for the heuristic model, agree very well with our model for values of the circuital elements close
to their original design.
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Chapter 3. Circuit QED with a transmon qubit in the USC regime

Figure 3.5: Artistic schematic of the real experimental chip that has been designed in Delft.
A de-SQUID is formed with a piece of superconductor (blue) above the ground superconduct-
ing plate (grey) with insulators (red) between them. The centre line of the transmission line
resonator is coupled to the SQUID through a vacuum-gap capacitor formed by a modification
of the shape of the center superconductor and the round (blue) plate suspended above it. The
SQUID is threaded by an external flux ®.,; and the whole system is externally controlled by
pulses sent from a voltage source V; at the beginning of the line.

3.3.1 Experimental design

Our collaborators in the laboratory of Gary Steele have designed a system consisting of a SQUID
coupled to a \/4-transmission line resonator of total length l;,; = 4.7 mm, and characteristic
impedance Zy = 50€) through a big vacuum-gap capacitor of radius R ~ 15um. An artistic
schematic of the real circuit is shown in Fig. 3.5.

3.3.2 Energy spectrum

In analogy with Subsecs. 2.2.2 and 3.1.1, we can write Hamiltonians for the uncoupled trans-
mission line and SQUID subsystems as

Hsquip = 4Ec (ny—ng)? — Eyscos (@ext) cos (p7) — dEys sin (e ) sin (@) , (3.42)
1
Hr;, = Zhwn (CLILCLTL + 2) . (34:3)

Assuming that the capacitance does not modify the resonator geometry, the wave numbers of
the bosonic modes are k, = (2n + 1) 7/2l;0t. As we have seen in Eq. (3.40), a heuristic model
for a capactive coupling between the SQUID and the multimode resonator could be generally
written as

Hint =3 1 (an + a},) ns, (3.44)

n

such that the total heuristic Hamiltonian is then
H = Hgsquip + Hrr + Hint. (3.45)

If we truncate the CPB system to its two lowest energy levels, it then becomes the Hamiltonian
proposed by Houck et al. in [47] to describe a transmon qubit coupled to a resonator. Writing
the CPB operators in their diagonal basis we put the Hamiltonian in the multilevel multimode
cQED form
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3.3. Experimental aspects of a transmon in the USC regime

H= FLZ Qi(Peyt)ois + Z Ty, (ailan + ;) + thlj((I)ext)aij Z Mn (an + aL) . (3.46)
i n 129 n

with o;; = i) (j| and the eigenenergies €;, and couplings g;; depending on the external flux
(peart-

Spectroscopic measurements of a circuit in the frequency range (3.8 — 4.5) GHz and (4.5 —
15) GHz are shown in Figs. 3.6 and 3.7 respectively as a function of the external flux. The
dashed lines correspond to the fitted energy spectrum of the Hamiltonian (3.46), with the
parameters shown in Table 3.1. This numerical fitting was done by truncating the number of
modes in the resonator to two and the number of energy levels of the transmon to four, and
together with most of the the numerical diagonalizations and time evolutions in this thesis,
was performed with the QuTiP package in Python [48]. It can be appreciated that the second
transmission line mode has wy = 12.656 GHz # 3wyq, as it should exactly be for a perfectly

harmonic transmission line. A simple explanation could be that higher modes induce a Stark-
shift on this second mode.
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Figure 3.6: Transmission spectrum of the experiment in the frequency range (3.8 — 4.5) GHz
[49]. The green dashed lines are the first and second eigenvalues of the Hamiltonian (3.46) with

the parameters in Table 3.1. At ®.,; ~ 0.46(Pg) we see the Rabi splitting between the first
CPB transition and the first bosonic mode.

SQUID regimes and rotating wave approximation

When the SQUID is threaded by an external flux ®.,; ~ 0.46 (0.2) & we see that the frequencies
of the first transition in the CPB (transmon) and of the first (second) resonator mode match
and thus a Rabi splitting occurs. We define a total coupling constant sg; = go1(0.46®¢)ny =
316 MHz in the CPB regime which yields a relation between the coupling and the frequency of
the resonator mode of sp1 /wy = 0.074. Something similar happens for the transmon regime with
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ext

Figure 3.7: Transmission spectrum in the frequency range (4.5 — 15) GHz [49]. The dashed
lines are the eigenvalues E; — Ey with j € {1 — 6} of the Hamiltonian (3.46) with parameters
in Table 3.1. At ®¢yy ~ 0.2(Pg) we see the Rabi splitting between the first CPB transition and
the second bosonic mode. First and third flat lines about ®.,; = (0 — 0.35) are eigenstates
[Wy3)) = [0,1(2),0) (kets in Hopp ® Ho ® H1) with transition amplitude (V;]ag + a(T)|\I'j> =
0, that cannot be experimentally observed. Spurious unknown transmission is also observed
around 14 GHz.

Parameter ‘ Value ‘
Transmission line resonator

Frequency wg/2m 4.268 GHz
Frequency wy /27 12.656 GHz
Vacuum gap capacitor

Coupling ny/2m 470 MHz
Coupling 7y /27 800 MHz
SQUID

Charge energy E¢ /2w 606 MHz
Josephson energy Ejx /27 43.5 GHz
Charge offset n, 0.409
Asymmetry d < 0.1%

Table 3.1: Used parameters to fit the energy spectrum in Figs. 3.6 and 3.7 with the heuristic
Hamiltonian (3.46). It can be spotted, that the second mode frequency w; is not the purely
harmonic one where w,, = (2n + 1)wyp.
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3.3. Experimental aspects of a transmon in the USC regime

the second mode coupling parameter tg; = go1(0.18 ®¢)n; = 915 MHz and ratio tg; /w; = 0.073.
The system is in the USC regime sg1/wp = 0.13 with respect to the first mode at ®.,; = 0, but
this mode frequency is really off-resonant with respect to the transition €. Therefore, making
a rotating wave approximation (RWA), retaining only the excitation number conservative terms

(aijan + ajia;rL with ¢ > j, will behave very similarly, see Fig 3.9 for comparison of the free
dynamics evolution with and without the RWA.
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Figure 3.8: Fock state population in the CPB as a function of the external flux for the first six
eigenvectors |¥;) (i € {0 —5}). Populations of the 4th level only becomes apparent in [Usg)
at the Cooper-pair box regime. Smooth level crossings of fock states [0) and |1) in |¥q2) at
Oyt & 0.46Q0 and in |V35) happen at @, ~ 0.18®, which correspond to first CPB transition
being resonant with the first and second mode respectively.

Populations

We verify the truncation to the four first energy levels of the CPB by plotting the populations
of those levels in the eigenvectors of the full Hamiltonian (3.46), see Fig. 3.8. It can be checked
that for the first six eigenvectors |¥;) (i € {0 — 5}), populations of the 4th level only become
apparent in the last two of them close to the CPB regime. For the part of the spectrum of Fig.
3.6 (3.8 — 4.5 GHz) only the first two transitions E1g, Fa can be seen and there is no need for
more levels. The same can be seen in Fig. 3.7, where in the range of @, = (0, 0.4P() we
could only see up to the Exg transition, but there is no population above the second level of
the transmon.

At O,y &~ 0.46P( we see smooth state crossings |0,1,0) <> |1,0,0), where the kets belong
to the Hilbert space Hopp ® Ho ® Hi, in eigenstates |V 2), as a result of the energy of the
first transition of the CPB being resonant with that of the first mode in the resonator. The
same thing happens at ®¢,s ~ 0.186®, with states |3 5) and the second mode of the resonator
(10,0,1) <> [1,0,0)). At ®yr ~ 0.37®( populations of (|0,2,0) <> [1,0,0)) abruptly cross each
other in the |¥34) (no gap opens in the spectrum of Fig. 3.7). This is due to the fact that
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Chapter 3. Circuit QED with a transmon qubit in the USC regime

there is no two-photon interaction of the form (co1 + o10) (a? + (a")?) in our Hamiltonian and
double photon interaction is prohibited by symmetry.

Free evolution dynamics

We finish exploiting this experimental setup by showing the free dynamics of simple initial states,
under the fitted Hamiltonian at the interesting eigenstates avoided-crossing points. Occupation
numbers (n;) in Fig. 3.9(a) show full Rabi oscillations between the first (second) mode of the
resonator and the first transition of the CPB (transmon) at @, = 0.4605 (0.18) ¢ when the
system is initialised in |[¥(0)) = |1,0,0). The expectation value of the quadrature components
(Xi = a; + aD and (P, = i(aj- — a;)) of the Rabi-flopping mode show a modulated oscillatory
behaviour. At ®.,; = 0.186, (Xg) becomes minimum when all the population is in the harmonic
mode. The quadrature components are not zero because the coupling to the bosonic modes
is not purely off-diagonal, i.e. @i (Pert) # 0, V®er € [0,Po/2), something that only occurs
when n, = 0 and there is negligible asymmetry, as discussed in Subsec. 3.3. Furthermore,
9ii (0.186®P) is constant for all i whereas g;; (0.46®) is not, and that is why the quadratures
complete a full cycle in each Rabi flop in one case, and not in the other. It must be also noticed
that when performing the RWA approximation discussed above, the Rabi-flops are very well
approximated, a signature of the system behaving in the non-resonant USC regime.
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Figure 3.9: Free evolution of the initial state |¥(0)) = |1,0,0) at the two level crossing points
®.,r = 0.4605 (0.18) y. The rotating wave approximation performed approximates very well
the full Hamiltonian. The oscillations in the quadratures are smaller when the population in
the bosonic modes becomes maximum.
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3.3.3 New circuit model fit

Having found the effective set of parameters for the heuristic model that fits the spectrum, we
now try to adjust those values to the new circuit model Hamiltonian 3.40. The new fitting
process consists in matching the set of frequencies (wg, 7o, E,C), leaving as free parameters:
(i) the circuit capacitances Cj, Cy (note that Cj; includes the parallel capacitances of both
junctions in the SQUID), and (ii) an effective capacitance length d, that will be subtracted
from the transmission line length (I = l;,; — d), in order to absorb extra effects (e.g. border
currents) that happen in the real circuit, see Fig. 3.5. Note, that the Josephson potential is not
modified by the flux variables, thus we can exchange the Josephson energy E; for E 5(®Peyt)
as in Eq. (3.13).

] Parameter \ Value ‘
Fixed
Capacitance per unit length (designed) Cy 249 pF/m
Inductance per unit length (designed) Ly 623 nH/m
Total length (designed) lyo 4.7 mm
Number of modes N 4 | 800 [ 1500
Free
Josephson capacitance C'y 13.2fF 31.7fF | 31.8{F
Coupling capacitance Cy 22.0fF 52.9fF | 53.15{F
Effective capacitance length d 30.06 pm 76.6 pm | 76.9 pm
Fitted
Frequency first mode @y <> wy 21 x 4.268 GHz
Coupling first mode 19 <> 1o 21 x 470 MHz
Charge energy E/C + E¢ 21 x 606 MHz
Automatic
Frequency second mode @01 <> wi 2w x 12.8 GHz
Coupling second mode 11 <> m 2 x 821.0MHz | 27 x 811.8 MHz
Convergent sum ag 0.1 0.622 | 0.624

Table 3.2: Circuit parameters required to adjust the frequencies @y, 19 and E,C (wo, no and E¢
in the heuristic model, which in turn fits the spectrum in Fig. 3.5) with the fixed parameters,
after a square-root minimization of the free parameters.

In Table 3.2, we show the results of the numerical optimisation process. It is interesting to
note, that if we truncate the number of resonator modes to a small N (see 3.40), the effective
capacitance length d needed to fit the three values above, becomes very close to the diameter of
the designed capacitor, and specifically for N = 4 becomes almost exactly that & = 30.06um.
Furthermore, with that specific set of parameters, the total capacitance in parallel to the SQUID
needed in that fit is extremely close to the one originally designed, readily C; = 11{fF. On the
other hand, as we have pointed out in App. A.3, the convergence of the a% parameter implies
a finite convergence of all the free circuit parameters, for the same set of fitted parameters, as
we increase N. In that case, the lumped capacitances of the circuit must be also increased in
order to adjust the frequencies. One explanation for this slight difference in the free parameter
d required for fitting with respect to truncation of modes N, for the ratio of capacitances
Cy/Col ~ 0.04 that we have, the solution of the transcendental equation for the small wave
numbers yields k, ~ (2n + 1)w/2[, see Fig. A.1. In other words, with such a small coupling
capacitance, the smallest wave numbers barely change with respect to the open transmission
line, see Sec. 2.2.2. The main disagreements that we encountered in the fits are: (i) that the

29



Chapter 3. Circuit QED with a transmon qubit in the USC regime

effective second mode frequency (wj) used in the heuristic model is slightly shifted (+144 MHz)
from the more harmonic result we get in the circuit model (@;), and (ii) that its coupling m
to the SQUID is also overestimated by 2.6%. These results hint that this very simple model
matches reasonably well the experimental data set.

An other way to model this system is making use of the blackbox quantization procedure
[50], an approach that has proven to be very successful to explain and to engineer non trivial
quantum states [51, 52]. The main drawback with such modelling is that it requires one to
have a precise characterisation of the impedance matrix seen by the anharmonic subsystem
(Josephson potential) which we lacked. In that context, the blackbox could be the transmission
line resonator with the suspended capacitor, and the two output ports would be defined by the
Josephson junctions and the entrance to the line seen by the voltage source (V; in Fig. 3.5). An
open question would be, whether tracing out the upper bosonic modes in the resonator with a
dispersive treatment could improve the fit.

To summarise, the circuit model that has been presented in Sec. 3.2 can be reduced to
an effective one-dimensional model a real experiment, where a transmon qubit has been cou-
pled to bosonic modes of transmission line resonator in the non-resonant perturbative USC
regime. Furthermore, pushing the model to the limit of extremely high number of modes (way
beyond the usual frequency ranges) can still be seen as an effective analog quantum simulator
of this particular experiment. In order to test the validity of the model as a predictive tool
for designing stronger couplings between a transmon qubit and resonator modes at resonance,
we will require more data sets with several different parameters. In that sense, a deeper look
into the behaviour of the coupling parameters 7, will be required in order a get a more useful
closed-form expression, see Eq. (3.41). Looking further in the future, it could be interesting
to study new designs of transmission lines with inhomogeneous geometries to simulate specific
field theories [53| with non trivial space-time curvatures |54, 55].
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Chapter 4

Circuit QED in the USC and DSC
regimes

This year has brought several outstanding experiments [56, 57, 58] in circuit QED. Different
experimental groups have been able to couple superconducting flux qubits [40] to discrete |56, 57|
and continuous [58| sets of bosonic modes in the USC and DSC [15] regimes. Furthermore,
entering the perturbative USC regime has also been achieved with a transmon qubit and a
multimode resonator, see Sec. 3.3. Motivated by the success of these results, we are going to
study in this section a system with two bosonic modes coupled to a qutrit in a (i) transmon-like
and (ii) CPB/flux qubit-like configurations, when the coupling of the first transition of the
qutrit to the first mode goes from the USC to the DSC regime. We will also focus on a specific
feature of this regime, namely the collapses and revivals of populations in the qutrit and the first
bosonic mode. We will finally analyse how a more realistic transmon-like capacitive coupling
model still allows us to see similar features.

4.1 Beyond the quantum Rabi model

In Sec. 3.3 we have shown how a SQUID subsystem truncated to few levels coupled to two
resonator modes faithfully reproduces the spectrum of the experimental set up in Sec. 3.3. In
that system, there was only a free parameter that could be actively tuned during the experi-
ment, readily the external magnetic flux threading the loop of the SQUID ®.,;. We have seen
that such a parameter controls both the energy level spacing of the anharmonic subsystem,
and its coupling parameters to the bosonic modes. The theoretical model that we are going to
now explore has the same terms of Eq. (3.46), but we are going to truncate the anharmonic
system to three levels. In addition, we are going to depart from that specific circuit implemen-
tation, by allowing the coupling parameter to be tuned independently of the energy transitions.
Specifically, we consider the Hamiltonian

2
H= hZQiaii + Z huwwy, (alan + ;) + thszz‘j Znn (an + ail) . (4.1)
=0 n=0,1 i, n
The above Hamiltonian can be thought as an extension of the quantum Rabi model (QRM),
however with two bosonic modes of creation and annihilation operators ag; and ag’l and fre-
quencies w1, and a qutrit with operators o;; = |i) (j| and frequencies Q;, with i,j € {g,e, f},
where (g, e, f) stand for ground, first and second excited state. A linear capacitive coupling
between both subsystems is parametrised by 1, and g;;. Following the multimode resonator
case we will assume that w, = (2n + 1)wg and 7, = /2n + 1o, see above Sec. 3.3. We will
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Chapter 4. Circuit QED in the USC and DSC regimes

only focus on the case where the first mode is resonant with the first transition of the qutrit,
ie. wp = Qge = Qe — Q. To simplify the model we will rewrite the coupling parameters as
5ij = Nogij and t;; = n1gi; = \/gsij, which shows there is only one set of independent coupling
parameters s;;. For simplicity we have set wg = €}y, = 1 such that the Hamiltonian depends
only on the s;; parameters.

4.1.1 Parameter configurations for the two-mode-qutrit system

We are going to distinguish between two possible coupling sets: (i) the off-diagonal configuration
where gge = geg = gef = gre = 1 and g;; = 0 for the rest, and the (ii) transmon-like configuration
where g;; = (i|fs]j), with f; being the Cooper-pair number operator of an associated transmon
circuit, with eigenenergies and eigenvectors §2; and |i) respectively. We will focus first on the
study of the first configuration, leaving the second for further comparison in Sec 4.4 as a simple
modification that could be more easily implemented in circuit QED experiments. These coupling
configurations will be studied for two different qutrit species:

1. CPB-like qutrit: the second transition is far off resonance with the first transition Q. =
Qf — Qe ~ 8.5y, see Fig. 4.1(a). This model could be reproduced with a flux qubit or
aCPBat Ej/Ec = 1.

2. Transmon-like qutrit: the second transition is close to the first transition 2.y ~ 0.90Q,
see Fig. 4.1(b). The energy transitions correspond to a transmon working at Ej/E¢c = 15,
close to its maximum of anharmonicity [19].

We have done a study of the models from the the USC to the DSC regime between the coupling
to the first transition of the qutrit and the frequency of the first mode of the resonator, i.e. in
the range 0.1 < s4¢/wp < 1.6.

4.1.2 Considerations on the perturbative USC regime
In the quantum Rabi model
Q
Hp = fi?qffz + hwya'a + hgo, (a + aT> , (4.2)

where the coupling constant g gets close to the order of magnitude of the qubit w, and resonator
w, frequencies, a perturbative transformation Hpg = e Hre™® with S = ~(ao_ + a'oy) when
v = g/(wg +wr) < 1 (perturbative USC regime), can eliminate the counter-rotating terms
[59, 60]. To second order in 7 the Hamiltonian transforms into

Hps = %02 + hwn + hwpgs [O'Z (n + %) — %] + hg(n) (aTU, + aa+) , (4.3)
g9(n) = —g [l —nwps/(wg +wr)], (4.4)
wps = g/(wg + wr), (4.5)

where g(n) is now a coupling operator dependent on the photon number in the bosonic mode,
wps the Bloch-Siegert shift frequency and n = afa. The fact that we have a qutrit interacting
with two modes does not allow a generalisation of such a perturbative treatment for both modes.
For the CPB-like qutrit, we could neglect the third level due to its much higher frequency
Qe > Qge. However, we cannot eliminate both counter-rotating terms by performing the
transformations e%1e%2 He=52¢=51 where S; = Yi(aioge + aiaeg) and v; = 1,9/ (w;i + Qge) as
[651,652] # 0. Moreover, we do not gain anything by doing only one transformation because,
while eliminating counter-rotating terms in the interaction of one mode with the qubit, we
would be adding a three-body interaction term coupling the two bosonic modes and the qubit
proportional to tgev1 (ag —ap)(a1 + a{)(aee — Ogg)-
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4.2. Energy spectra and populations

4.1.3 Considerations on the DSC regime

Similar three level systems coupled to two bosonic modes have been already discussed in [61,
62]. The main difference between our model and those of |61, 62], is that in our model both
transitions are coupled to both modes. In [15] the DSC regime of the QRM was presented for
the first time and two important features were described: (i) the independent parity chains and
(ii) the use of a coherent state basis for an approximation of the dynamics. Here we are going
to briefly review the basic results of that paper. The key element necessary to understand the
DSC regime is the parity operator

I = —o=(=1)" = (lg)(g] — le)(e[)(=1)",

with eigenvalues Il|p) = p|p) and p = +1. These parity values split the relevant Hilbert space
of the QRM into two unconnected subspaces

|g04) <> |ely) <> [924) < [€34) <> ...(p = +1),
|€e0y) <+ |gla) <> |€24) ¢ |g3a) <> ...(p = —1). (4.6)

Using this, the parity basis |p, ny) was introduced, where bb|ny) = ny|ny) and b = o,a so that
blp, np) = /np|p,ny — 1). Using this basis, the Rabi Hamiltonian (4.2) can be rewritten as

Q
Hp = hw,b'b+ hg (b + bT) ~ k(-1 (4.7)

The term Ag (b+b) can be removed by changing to the basis D(—8)|p,np), with D(5) =
ePob'=F5b and By = g/w. In the limit of Q, = 0 the Hamiltonian (4.7) can be exactly diagonal-
ized, with eigenenergies Eg}’nb/h = wpny — g% /wy.

In our Hamiltonian (4.1) with the off-diagonal coupling configuration, we can similarly define
a parity operator IT = (|g)(g| — |e){e| + |f){f])(—1)™*™ that splits the Hilbert space into two
different parity chains

1900) > [€10) ¢ |g11) > [€01) 45 |f11) <> ...(p = +1),
1€00) <> |g10) <+ |€20) > [£21) > [€22) ¢ ...(p = —1). (4.8)

For the CPB-like system, where the second qutrit transition is quite far off-resonance with the
first transition and mode, the system can be effectively reduced to a two-level system coupled
to the two modes. In the transmon-like system, it is however of great importance to consider
the three levels and we will therefore consider the chains in (4.8). Nevertheless, we will restrict
our focus to a numerical study taking as reference the DSC article [15].

4.2 Energy spectra and populations

In order to understand the two systems that we have proposed, we perform a numerical diago-
nalization of the Hamiltonian (4.1) H|Uy) = Ei|¥y), with the off-diagonal coupling explained
in the section above. We fix all parameters except for the couplings s;; and ¢;;, and plot the
difference of energies Ej, — Fy with respect to that of the first eigenstate, see Fig. 4.1. There we
can see that when the coupling becomes s;;/wo > 1.2, the lowest eigenstates become 2m-fold
degenerate (m € N). In particular, the first six are grouped in pairs, both for the CPB-like and
transmon-like qutrit systems. This is the region known as the DSC regime [15]. In the range
of (0.1 < s;; < 1.2), non-trivial crossing points and energy splitting between the eigenstates
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Figure 4.1: Energy spectrum of the Hamiltonian (4.1) with wy = Qo1 = 5o = 1, (a) Q12 =~ 8.5Q01
and (b) Q12 ~ 0.90Q;. Both systems tend to a degeneracy of energy states; the so called DSC
regime, s;j/wo = 1.2. Between the perturbative USC and DSC regime (0.1 < s;; < 1.2) there is
a region of non-trivial crossing points and energy splitting between the eigenstates; also known
as the dark zone [63]. The eigenstates of both systems braid together in groups of even number
of states, but more complex crossings occur in the dark zone of the transmon-like qutrit.

occur. For the CPB-like system, where the third level is way off resonant with the modes, the
dark zone [63] has a similar braiding shape as the one of the QRM [25].

Bare fock states populations of the four low-energy eigenstates at s;; /wo = 1.6 (DSC regime)
of the transmon-like system are shown in Fig. 4.2. The projections of the ground and first
excited states |[Wp 1) to the bare fock state basis of the first bosonic mode |ng) have almost
Gaussian probability distributions P¥ = |(Uy,|no)|?, whereas for the second and third excited
states Pﬁo have two-Poisson like components. Repeating the calculation of populations for the
second bosonic mode P,]fl, we have found that this mode can not be neglected in the DSC limit

(not shown in Fig. 4.2).

4.3 Collapse and revivals of populations

In the DSC regime of the quantum Rabi model it has been shown that in the limit where
the frequency of the qubit is €, = 0, free Hamiltonian dynamics of simple bare states can
be analytically solved. In particular, in [15] they calculated the evolution of the initial state
|¥(0)) = |+,0p) = |g,04). Using the change of basis discussed in Sec. 4.1.3 one finds

[W(t) = DI (Bo)e D (Bg) |+, 03) = U(t, )| ¥ (0)
_ (il fwn)t—ilg /e Psin(wrt)| 4 gep)y (4.9)

with S(t) = bo (e‘m — 1) the amplitude of the coherent state. The revival probability of the
initial state is then

Pyo, () = (2O (0))* = e PO, (4.10)

In Figs. 1(b,c) of [15] we can see perfect revivals of the |+,0p) and |+, 2p) states respectively
at times t = k(27 /w,) with k£ € N. We have looked for similar behaviour in our systems, both
in the DSC regime and in the dark zone between the USC and the DSC regimes.
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Figure 4.2: Population of the ground state and first excited state of (4.1) with wg = Qo1 =19 = 1
Q2 ~ 0.900; and s;5/wo = 1.6. The first mode with wp has almost Gaussian statistics for the
ground and first excited states Pf = [(Uy|no)|?, and close to two-Poisson components in the
second and third excited states |¥q 3).

4.3.1 Transmon-like qutrit

In the transmon-like qutrit described in Sec. 4.1, we have found that the populations of initial
states of the type |¥(0)) = |e, ng,0), with low fock state number ng in the resonator mode,
collapse and revive very much like the ones described in [15]. See Fig. 4.3 for the revival
probability of initial states with ng = 0,1, P(t) = [(¥(0)]®(¢))|*. In particular, note that the
initial states correspond to different parity chains and yet their initial populations collapse and
revive. It is remarkable how the case where Q.; =~ 0.9Q4. (solid black) and the one where
Q;, =0Vi e {g,e, f} (green slashed lines) agree. Furthermore, the initial population in the first
excited state of the qutrit collapses into a constant value around P, = 0.5, while the ground
and second excited states share the rest of the population during this process, P, ~ 0.27 and
Py =~ 0.23 respectively, see Fig. 4.4. The degenerate three level system coupled to one bosonic
mode in the DSC regime should behave extremely similarly to this one, and it is expected to
be analytically solvable.

4.3.2 CPB-like qutrit

As the the CPB-like qutrit is very similar to a qubit, collapses and revivals within the DSC
regime become even clearer than in the transmon-like system. Therefore, we have investigated
whether this system has some collapse and revival behaviour in the much less intuitive region
of the dark zone 0.1 < sge/wy < 1. We can see in Fig. 4.5(a) an evolution of an initial coherent
state of amplitude 8 = 2 in the first bosonic mode |¥(0)) = |g, 5, 0). Perfect collapses and half
revivals at about ¢ = k(27 /wy), for sge/wo = 0.3, can be seen in the black solid line, whereas
green slashed lines show almost perfect revivals for the limit case with a degenerate qutrit Q; = 0.
The latter coincide with rotations of the reduced density matrix po(t) = Trg1 [|¥(£))(¥(t)]] in
the phase space, which can be seen in the Wigner function W («) [64] of po(t) in Fig. 4.5(b),
where T'rq 1[-] represents the partial trace with respect to the qutrit and the second bosonic
mode.
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Figure 4.3: Collapse and revivals of an initial state (a) |¥(0)) = |e,0,0) and (b) |¥(0)) =
le,1,0) with Qg = wo, Qef =~ 0.99Qg and s;; = 1.6wy (solid lines). The limit case where
Q; =0, Vi €{g,e, f} is plotted in green slashed lines.
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Figure 4.4: Time evolution of the population in the transmon-like qutrit with initial state
|W(0)) = e,0,0), Qge = wo, Qey ~ 090 and s;;/wy = 1.6. Population in the first excited
state of the qutrit remains constant to almost P, = 0.5 for the whole collapsing time. The rest of
the population is shared between the ground (P, ~ 0.27) and second excited state (P, ~ 0.23).
Population gets slowly mixed over time and revivals blur over time.
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Figure 4.5: (a)Unitary free evolution of an initial coherent state in the first bosonic mode
|W(0)) = |g, 8 =2,0) with sge/wp = 0.3. Full collapses and half revivals at about ¢ = k (27 /wy)
can be seen in black solid line. Green slashed lines show perfect revivals for the limit case with
a degenerate qutrit ; = 0. (b) Wigner function W («) of the reduced density matrix po(t) ,
with time in units of (27/wp). It can be observed that the initial coherent state population
mixes into two very close components with opposite maximum values at the pseudo-revival time

t =k (27 /wo).

4.4 Realizability with superconducting circuits

We finish the chapter by performing similar state evolutions in the qutrit-two-mode system,
with the transmon-like coupling configuration that we introduced in Sec. 4.1.1. We recall the
Hamiltonian of the system (4.1), with ¢;; = (i[n]j) and 7 the Cooper-pair number operator
of an associated CPB circuit with Hamiltonian

Heopp = 4Ec(iy —ng)* — Ejcos($y), (4.11)

which written in its eigenvector basis |i) becomes Hopp = FLZ?:O Q,0;:. We have assumed the
charge bias to be at the sweet spot ny, = 0.5 where these systems are more resilient to charge
noise. In Fig. 3.3(b) it was shown that as F;/E¢ increases, the coupling parameters g;; tend
to a constant value in the diagonal components g; — ng. At the same time, the couplings of
the non-nearest neighbour states tend to zero g; ;+; — 0 with j # 1 and the rest of the coupling
terms have different values g; j+1 # gjj+1 with ¢ # j. The Hamiltonian (4.1) can therefore be
rewritten as

2
H = hz Q04 + Z hwnajlan +h Z 95045 Z Tin (an + GIL) + anlan <an + aiz) >
=0 n

n=0,1 i=j+1 n
(4.12)
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where 19 = Z?:o oii. Performing the simple Bogoliubov transformation a,, — by, — ngny/wy,

ail — bIL — NgNy /wy, would seem to remove the diagonal coupling elements in the Hamiltonian

H= hZQau—l—h Z 05> Guois+ S hwablba+h S glJUUZUn (bn+81), (113)

i=j+1 n n=0,1 i=j+1

where &, = —ngn2 /wy, and the constant energy shift 1, (nyn,)?/wy, has been removed. How-
ever, note that the qutrit subsystem is no longer in diagonal form. The inefficiency of this
method motivates us to continue performing our numerical simulations with the full Hamilto-
nian.

4.4.1 Transmon-like qutrit

As was pointed out before, the transmon-like qutrit energy levels can be realised with a transmon
working at Ej/FEc = 15, which is close to its maximum of anharmonicity. With such a ratio
of energies, the coupling parameters become g;; = 0.5, gge = 0.783 and g.y = 1.01 and the rest
can be neglected. Full collapses and revivals of the initial state |¥(0)) = |e, 0,0) populations,
at the DSC regime parameter values of sse = Bpgge = 1.6wngge, are plotted in Fig. 4.6, where
solid black lines are the collapses and revivals of the transmon-like coupling configuration,
whereas the red dashed line corresponds to the diagonal evolution of Fig. 4.3(a) with the off-
diagonal coupling configuration. In Fig. 4.7, Wigner functions of the reduced density matrix

v(0))=le,0,0
Lo [¥(0)) =1e,0.0)
~ o8 gge:gej:l
= 5 s — (il,)j)
20.6
S04 *
2022 ]
0.0 D
0 4
t(27r/w0

Figure 4.6: Collapse and revivals of the populations of the initial state |¥(0)) = |e,0,0) with
transmon-like coupling s;; = nogs; = 1.6wog;; (black solid line) and the diagonal coupling case
of Fig. 4.3 with gge = gey = 1 (red dashed line) and 7y = 1.6wp.

po(t) =Troa [|¥(t))(¥(t)|], display how the |0)g fock state in the first bosonic mode splits into
two coherent state components, actually with similar cat state-like components in each qutrit
level (not shown in the figure) that cycle around the phase space to revive again at t = 27 /wy.
Figure (a) corresponds to the diagonal case shown in Fig. 4.3, whereas figure (b) corresponds
to the transmon-like coupling configuration.

4.4.2 CPB-like qutrit

The CPB-like qutrit could be realised with a ratio of E;/Ec = 1, where the second transition is
very far off-resonance with the first one. The couplings for that energy ratio become g; = 0.5,
gge = —0.504 and g,y = —0.07, which means that not only the second qutrit transition is way
off-resonance (cy ~ 8.5, but its transition is weakly coupled to the bosonic modes. This
means that here, the qubit approximation becomes even better. Again, we have searched for
initial coherent state (|¥(0)) = |g,8 = 2,0)) populations to collapse and revive in the first
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Figure 4.7: Wigner functions of the reduced density matrix po(t) for the initial state |¥(0)) =
le,0,0) with: (a) the diagonal coupling explained in Sec. 4.3.1, and (b) the transmon-like qutrit
with capacitive coupling, with time in units of (27/wg). The |0)g fock state in the first bosonic
mode splits into two coherent state components (cat state-like) that cycle around the phase
space. Almost perfect revival at t = 2w /wg can be seen in the diagonal configuration.
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Figure 4.8: Collapse and revivals of the populations of the initial state |¥(0)) = |g, @, 0) with
a = 2 the amplitude of the coherent state. Black solid line is the evolution for the transmon-like
coupling configuration at s;; = 0.5wogi; (best collapses and revivals found in the dark zone for
this state). Red dashed line is the evolution with the off-diagonal coupling configuration at
Sij = 0.3w0 of Fig. 4.5(a).
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bosonic mode when the coupling to the qutrit is in the dark zone sge = 0.5wogge ~ 0.25wp. See
the black solid line in Fig. 4.8. A comparison with the above evolution in Fig. 4.5(a) is shown
in the red dashed line.

To summarise, in this chapter we have seen the possibility of observing a typical features
of the DSC regime, in more realistic superconducting qubit implementations. Furthermore,
with the current evolution of the superconducting technologies, we expect such observations in
laboratories with transmon qubits in the near future.

40



Chapter 5

Conclusions and outlook

In this thesis, we have aimed at (i) describing transmon qubits capacitively coupled to trans-
mission line resonators at the ultrastrong coupling regime and (ii) predict collapses and revivals
of the populations of initial states in the USC and DSC regimes of qutrit subsystems coupled
to multimode resonators.

In chapter 2, we reviewed the basic theory of superconducting circuits and circuit quantum
electrodynamics, with a detailed analysis on the quantization procedure of transmission line
resonators and the Cooper-pair Box. We also saw that Kirchhoff’s laws at the end of the
transmission line resonator (boundary conditions) can be also generally obtained applying the
calculus of variation to the action of the associated Lagrangian.

In chapter 3, we have revisited the transmon qubit making a special emphasis on the quan-
tization procedure and we have pointed out the parameters of the original model that must
be engineered in order to reach the USC regime. A new microscopic circuit model has been
fully quantized in order to explore the possibility of reaching the USC and DSC regimes. This
model has been experimentally verified by fitting its Hamiltonian parameters to the heuristic
model describing the experimental dataset shared by the group of Gary Steele. The heuristic
model describing the energy spectrum of the dataset has been also analysed, but no special
features having found where counter-rotating terms play a significant role. In any case, both
models agreed that a transmon qubit in the non-resonant USC regime has been experimentally
realised. The circuit model has been able to fit the heuristic model to a very high extent using
as parameters very close to their original design. Thus, it would be interesting to investigate
the possibility of using it for designing future experiments. In that line, a thorough compari-
son between this model and a blackbox approach would have an important value in terms of
predictability. It would be then crucial to study how bigger capacitances would agree with the
model when stronger border effects might start to pop up.

In chapter 4, we have studied an extended version of the quantum Rabi model, where the
qubit has been replaced by a three-level system, and where we have added a second bosonic
mode with frequencies and couplings corresponding to those of a second harmonic in a trans-
mission line resonator. We have explored two kind of qutrit species: (i) a transmon-like qutrit
where the second transition is very similar to the first energy transition, and (ii) a CPB-like
qutrit where the second transition is far off-resonance. It has been explored the USC and DSC
regimes between the first transition of the qubit and the first bosonic mode frequency, where
the latter was laid on resonance for both qutrit configurations. It has been tried to do pertur-
bative analyses for both regimes but symmetry problems have been encountered, e.g. removing
counter-rotating terms for all transitions is not possible in the USC regime. Parity chains in
the DSC regime with the two-mode-qutrit model were found, but no further analytical study
could be made. Collapse and revivals of populations of initial states have been found not only
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in the DSC regime (for both qutrit types although only showed in the transmon-like), but also
in the USC regime for the CPB-like qutrit with capacitive coupling. That final result shows
that in the dark zone between the USC and DSC regime, there could be interesting ranges of
the coupling parameter where non trivial states could be used for processing tasks.

Summarising, in this thesis we have explored different models for describing a transmon
qubit coupled to bosonic modes in a resonator, and a new proposed circuit model has proven
(up to great extent) to describe a new experimental realisation, where the non-resonant USC
regime was achieved. On the other hand, a typical DSC feature of the quantum Rabi model has
been observed in an extended version with a more realistic superconducting qutrit-two-mode
structure, not only in the DSC regime but also in the dark zone. Thus, this work opens several
research lines, among which, the most prominent one is the use of a transmon qubit in the USC
regime and beyond it as a new tool for quantum computation. Moreover, we foresee the use
of transmission line resonators ultrastrongly coupled to transmon qubits to do digital-analog
quantum simulations of quantum field theories, where exotic curvatures of space-time could be
mapped into transmission line geometries.
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Appendix A

Sturm-Liouville eigenvalue problem

In this appendix, we explicitly calculate some of the steps missing in the quantization procedure
of the new circuit model in Sec. 3.2.

A.1 Wave numbers k£, and normalisation constants A,
The eigenvalue problem set up by Egs. (3.19)-(3.21) accepts as solution

un(x) = Apsin(kpz), 0<z <l (A1)
which, introduced in (3.21) gives the transcendental equation

Co
ok

= tan(kyl). (A.2)

This Sturm-Liouville-like problem is associated with a symmetric self-adjoint operator [46] (with
real eigenvalues) and therefore k,, can only be either real or purely imaginary. It is trivial to
check that if k,, where purely imaginary then Eq. (3.25) would become —Cq/Cyk,, = tanh(kyl),
which clearly has no solution. Thus, we can conclude that k, has to take real values. This
equation can be numerically solved to find the wave numbers and frequencies of the normal
modes with for example the Newton-Raphson method. However, from a pictorial solution, see
Fig. A.1, we can easily appreciate that modes with big wave number tend to the solution
kn — nw/l + €, see below Sec. A.3 to see the scaling of €,. On the other hand, if the ratio
Cy/Col is small enough, the first modes will be close to &k, = (2n + 1)7/2l.

Had we had a voltage source bias at the beginning of the transmission line (z = 0), the
boundary condition of Eq. (3.21) would change to ®(0,t) = V,t. Thus, we would have to
add the constant mode with wave number and frequency kpc = wpc = 0 (the transcendental
Eq. (A.2) does not apply here), and envelope upc(x) = 1, in order for the eigenfunction to
be normalised according to Eq. (3.22). Using (3.18), we could extract this dc component
Ypc(t) = Vgt of the flux fields ®(x,t) = Ypc(t) + D, un(2)¥n(t). Finally, ¥pc(t) could be
incorporated in the definition of the flux variable of the Josephson junction ¢; — ¢5 + ¥pc,
and after perfoming the Legendre transformation arrive at Eq. (3.35).

With the transcendental equation A.2, we can now find the normalisation constant for each
mode A, as a function of Cy, setting n = m in Eq. (3.22)
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Appendix A. Sturm-Liouville eigenvalue problem

a b
i — gy =cot(k,])
| — w=(k)C,/Cl I
N ;
E o 1 - U :tanh(knl)
- Y= _(knl>cg/c()l
0 kd 71 Kkl 21 Ikl 0

Figure A.1: (a) Pictorial solution of the transcendental equation A.2 with ratio Cy/Col = 0.04
(similar to the one that the circuit model requires to fit the real experiment of Sec. 3.3). Values
of kyl are found where lines y; and yo intersect. It can be appreciated, that such a small
ratio yields small wave numbers very close to k, ~ (2n + 1)7/2l, whereas any ratio will force
kn — nm/l with n — oo . (b) No solution for pure imaginary wave numbers k.

l
i de Coul (x) + CquZ(l) = A? (Co / dx sin?(knx) + C’gsin2(knl)> (A.3)
0
= A2 (co(l _ sin@kaz)y | Cgsin2(knl)> (A4)
2 4k,
= A? (;(coz — Cysin®(kyz)) + Cgsin2(k:nl)> (A.5)
A2 C,C?
—_In [+ —90 )=y, AL
2 (CO Ty (Cgkn>2> o (4.8)

where to go from the second to the third line we have made use of the transcendental equation.
Finally, imposing this result to Eq. (3.23) we get the final normalisation condition for the
amplitudes A,

A2 C,C? l
Xn = 7n (Col+ 7o )2) (:>/0 dz Cy+ Cy = Col + Cy = Ct, (A7)

C? + (Cyky,

and so

C 02 —1/2
A, = /2Cx, | Cyl 7970 . A8
E( ’ +03+<0gkn>2> (4.8)

We note here that as k,, grows linearly and monotonically with n, A, is upper bounded.

A.2 Lagrangian derivation

Using the above orthonormality condition (3.22) we can now rewrite our Lagrangian (3.14) in
the basis {u,(z)}. Letting £ = %(/LK — Lp + Lint + Lopp) and dropping for simplicity the
time parameter of the functions 1, and ¢; we have
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A.3. Convergence issues of the sum a%

l
L = /0 dzCl (cb(x,t))Q (A.9)

l
_/0 dwCoZ”L/fnwmun(l“)Um(?C) (A.10)

.o n’ml
:mzm%wm /0 dzCotin () tm () (A.11)
= thnthm (Cs0nm — Cytn (1)t (1)) (A.12)
l
Lp :/0 delo ((ﬁ(w,t))Q (A.13)
/ dx—z¢n¢mu u,, (z) (A.14)
l
_mzmmwm ([ - L /Od s )) (A15)
l

:Z¢n¢mw (C Up (D)t l)—I—/O dmC’oun(:U)um(m)> (A.16)
= Z Ynthmwp Cdum = C Yy dpwp (A.17)
Lie =C, (cb(l,t)—éj)Q (A.18)
—2C Y " Unun () + Cyd3 (A.19)

and summing all the terms we arrive to the Lagrangian

(C1+Cy) ;o

5 ¢J + Ejcos (27T¢J/(;50) (A.QO)

Cyxy, . 1 . .
L= Z 72%21 - Eiﬁg - ngnun(l)(bl] +

A.3 Convergence issues of the sum %

We see from the pictorial solution of the transcendental equation (Fig. A.1) that for large
n, kpl — nmw + €,, where €, is a small displacement. Under this assumption, we write the
transcendental equation as

nw+ e, ~ @cotg (nm + €,) (A.21)
Cy

= @cotg(en). (A.22)
Cy
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Appendix A. Sturm-Liouville eigenvalue problem

Expanding the cotangent term to second order

Col 1 62
n7r+en:?g; (1;+O(ei)>, (A.23)
and retaining only the first order term in ¢, we find the approximate solution
Col
~~ . A24
n Cynm ( )

We can derive now the scaling of k!

i (10 (2). e

On the other hand, the coupling constant «,, is proportional to u,(l) = Apsin(kyl). We have
seen in Sec. A.l that A, is upper bounded for large n, while the scaling of sin(k,l) can be
calculated as

sin (kpl) =~ sin(nm+€y,) (A.26)
(—1)"sin(ey,) (A.27)
» Col

(=1

. A2
Cynm (A.28)

An approximate formula for the sum o? is

af = Za2—<cg )QZ 2(1) (A.29)
ST LT \GsCe) & '

n

G §NjA2 in?(k l)+< 2C0l )2 SO a2t (A.30)
R sin” (ky, — ) .
CxCq = " 7/ CxCq = n2
2 X 8Cyl
_ g 202 0t (1)
CoCo ngzo Az sin®(kpl) + WCG”L/} (N) (A.31)

where w(m)(z) is the m'* derivative of the digamma function, and we have approximated the
amplitude values by their upper bounds 4, ~ /2Cx/Cpl. The above approximate formula is
valid when we truncate the finite sum to the Nt bosonic mode, from which k,l ~ nm + €,
holds. Moreover, the error done by truncating to the N** bosonic mode scales as O(1/N) due
to the asymptotic behaviour of the trigamma function ™) (N), see [65]. In order to check the
convergence of the sum, it must be further studied the limits of the asymptotic series u2(I), e.g.
by going to higher order in perturbation theory.
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