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This paper discusses the properties of convergence of sequences to limit cycles defined by best proximity points of adjacent subsets
for two kinds of weak contractive cyclic maps defined by composite maps built with decreasing functions with either the so-called
r-weaker Meir-Keeler or (r, r,))-stronger Meir-Keeler functions in generalized metric spaces. Particular results about existence and
uniqueness of fixed points are obtained for the case when the sets of the cyclic disposal have a nonempty intersection. Illustrative

examples are discussed.

1. Introduction

The background literature on best proximity points and
associated convergence properties in cyclic contractions and
proximal contractions in the framework of fixed point theory
is abundant. See, for instance, [1-21] and references therein.
The literature includes related studies on cyclic contractions
and cyclic weak contractions and proximal contractions [1-
14, 18-21] and proximal weak contractions [15-17]. See also
[22-25] for related results. On the other hand, fixed point
theory has a wide amount of applications, for instance, in
the study of stability of dynamic systems and differential
and difference equations. See, for instance, [21, 22, 26]. In
this context, the relevance of cyclic contractions and cyclic
nonexpansive mappings is also of interest when strips of the
solutions of dynamic systems or difference equations have
to lie in different time intervals or due to control actions or
external events in distinct defined sets.

The study of contractions in metric and quasi-metric
spaces and in generalized metric and quasi-metric spaces has
been focused on in a number of papers. See, for instance, [1-
4] and references therein. A group of the obtained results
are based on the existing background literature on Meir-
Keeler contractive-type results. See, for instance, [5, 6]. In

particular, the existence of periodic fixed point theorems
of weak contractions in the setting of generalized quasi-
metric spaces has been studied in [2], while the existence
of fixed points for weak contraction mappings in complete
generalized metric spaces has been investigated in [3]. The
paper has a section of preliminaries where the concepts of
Meir-Keeler functions, weaker Meir-Keeler functions, and
stronger Meir-Keeler functions are generalized “ad hoc” to
be used to define weak generalized contractive mappings
involving subsets of a generalized metric space which do
not intersect in general. In this context, appropriate non-
decreasing functions ¢ [0,00) — [0,00), generalized
weaker Meir-Keeler functions ¢ : [D,00) — [D,00), and
stronger Meir-Keeler functions v [0,00) — [0,1) are
used to define the generalized (¢ — ¢)- and (¢ — y)-weak
p-cyclic contraction mappings defined and studied in this
paper. Section 3 gives and proves a set of main results on (¢ —
@)-weak p-cyclic contraction mappings and on generalized
(¢ — y)-weak p-cyclic contraction mappings. Such results
are related to boundedness and to convergence properties of
generalized distances of sequences of points built through
generalized (¢ — ¢)-weak and through generalized (¢ — v)-
weak contractive cyclic maps, either in adjacent subsets or in
the same subset, and also on the convergences of sequences



either to best proximity points or to fixed points in the
case when the subsets of the cyclic disposal intersect. Some
illustrative examples adapted to the stated and proved results
are also discussed.

2. Preliminaries

Let Z and R be the sets of integer numbers and real numbers,
respectively, and define their subsets: Z,, = Z, U {0}, Z, =
fzeZ:z>0Lp=1{,2....,p} Ry, = R, U{0}, and
R, ={zeR:z >0}

Definition I. For some givenr € R, ,amapping¢ : [r,c0) —
[r,00) is said to be a r-weaker Meir-Keeler function if, for
each real number #(> r) € R,, there exists a real number
8 = 8(n) € R, such that ¢™(¢) < 7 for some n, = ny(n) € Z,,
Vt € [, +9).

Definition 1 generalizes the two existing definitions below.

Definition 2 (see [1, 2]). A mapping ¢ : [0,00) — [0,00)
which is a 0-weaker Meir-Keeler function is said to be a
weaker Meir-Keeler function.

Definition 3 (see [1]). A mapping ¢ : [0, 00) — [0, 00) which
is a weaker Meir-Keeler function for n, = 1 is said to be a
Meir-Keeler function.

Definition 4. For some given r,7,(< 1) € R,,, a mapping
Y @ [r,00) — [ry,1) is said to be a (r,r,)-stronger Meir-
Keeler function if, for each real number 7 € R,, there exist
real numbers § = 6(7) € R, and y = y(y) € [0, 1) such that
y(t) <y, Vt € [y,n+9).

Definition 4 generalizes the existing definition below.

Definition 5 (see [1,2]). A mapping¢ : [0,00) — [0, 1) which
is a 0-stronger Meir-Keeler function is said to be a stronger
Meir-Keeler function.

Through the paper, we will use the mappings ¢, ¢, and y
which belong to the sets of functions defined below.

Definition 6. For some givenr € R, the class @, is the set of
r-weaker Meir-Keeler functions ¢ : [r,00) — [r,00) which
satisfy the following:

(¢y) ¢(t) > rfort > rand ¢(r) = r.
(¢,) {¢"(t)} is decreasing for all t € [r, c0).
(¢5) For {t,} C [r, 00), one has

(¢5,) limsup,,_,,¢(t,) < 0 if lim,_,t, = O for any
given real number 0 > r, and

(¢5,) there exists lim,,_,¢(t,,) = r iflim,_,t, = 7.

Definition 7. 'The class T, is the set of nondecreasing functions
¢ : [0,00) — [0, 00) which satisfy the following:

(p;) () > rfort >rand ¢(t) =t fort € [0,r].
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(¢,) ¢ is subadditive; that is, for every «,«, € [r,00),
Play + o) < @lay) + p(ry).

(p;) For all {t,} c [r,00), lim,_,t, = r if and only if
lim,_, . ¢(t,) = 1.

Definition 8. The class v € ¥, (r,) is the set of (1, ry)-stronger
Meir-Keeler functions v : [r,00) — [ry, 1) for some real
constant r, € (0, 1) which satisfy the following:

(y) w(t) > ryfort > rand y(r) = r,.

Definition 9 (see [2, 3]). Let X be a nonempty set. A
generalized metric (g.m.) is a mapping d : X x X — R which
satisfies

(1) d(x) y) > 0, Vx, y € X, and d(x, y) =0 1f and Only lf
X =Y
(2) d(x, y) = d(3,x), Y, y € X;

3)d(x,y) < diy,w) + dw,z) + d(z,y), Vx,y € X,
Vw, z(#+ w) € X —{x, y}.

Definition 10 (see [2, 3]). Let X be a nonempty set and let d :
X x X — Ry, beagm. on X. Then, (X,d) is said to be a
generalized metric space (g.m.s.).

Some basic considerations and properties on a g.m.s.
(X, d) are now quoted from [2] to be then invoked in the body
of this paper. Let (X, d) be a g.m.s. Then, {x,} ¢ X is said
to be g.m.s. convergent to x € X if, for each given ¢ € R,,
Iny = ny(e) € Z, such that d(x,, x) < & Vn(> n;) € Z,, and
this is denoted by lim,_, x, = x or x, — xasn — oo.
If, for each given ¢ € R,, 3n, = ny(e) € Z,, such that
d(x,, Xpem) < & Yn(> ny) € Z,,Vm € Z,,, then {x,} is
called a g.m.s. Cauchy sequence in X. If every g.m.s. Cauchy
sequence in X is g.m.s. convergent in X, then (X, d) is called
a complete g.m.s.. It has been pointed out in [2] that a g.m.s.
Cauchy sequence is not necessarily a Cauchy sequence and
that a g.m.s. convergent sequence is not necessarily either
Cauchy or a convergent sequence.

Example 11 (see [2]). Consider the set X = {jt : j € 5} for
some givent € R, and defined : X x X — R, as follows for
some given y € R:

d(x,x)=0, VxeX

d(x,y)=d(y,x), Vx,yeX

d(t,2t) = 3y;
dit,3t) =y, Viel @
d(it,4t) =2y, Vie3;

d (it 5t) = @)y; Vied

Then, d : X x X — Ry, is a g.m. and then (X,d) isa g.m.s..
However, d : X x X — Ry, is not a metric, and then (X, d) is
not a g.m.s., since d(t, 2t) = 3y > d(t, 3t) + d(3t, 2t) = 2y.
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3. Best Proximity Point and Fixed Point
Theorems

We now get some results on (¢ — ¢)-weak contraction
mappings and some results on related best proximity points.
Given a nonempty abstract set X with p(> 2) nonempty
subsets X, Vi € p, we say that a self-mapping T : ;5 X; —
Uiep Xi is a p-cyclic self-mapping if T(X;) € Xj,, Vi € p,
with the notation convention that X;,,, = X;, Vi € p,
Vn € Zy,.

In fact, if we extend the above definition to the case p = 1,
we find trivially that T : X | X; — X, can be considered as
an 1-cyclic mapping if @ # T(X,) € X, € X.

Definition 12. Let (X,d) be a gm.s., let X; be nonempty
subsets of X, having a common distance in-between adjacent
subsets d(X;, X;,;) = D,Vi € p,andlet T : ;5 X; —
Uiep X be a p-cyclic self-mapping satisfying

¢ (d(Tx,Ty)) < ¢ (9 (d(x,))); o
V(x,y) e X;x Xy, Viep

for some ¢ € I'; and some ¢ € @p. Then, T is said to be a
generalized (¢ — ¢)-weak p-cyclic contraction mapping.

Theorem 13. Let (X,d) be a gm.s. and let T : ;5 X; —
Uiep X; be a generalized (¢ — ¢)-weak p-cyclic contraction
mapping for some ¢ € Dp and some ¢ € Tp. Then, the
following properties hold:

(i)

lim ¢ (q) (d (xo, xmpﬂ))) =D;

n—o00
Vm e Zy,, Vjep-1U{0},

lim lim ¢ (d (

M—00 100 xmp+j’ x(m+n)p+j+1 ))

= lim @ (d (an+j, X(g+n)p+j+l)) =D;
3)
Ve € Zy,, Vje p-1U{0},

(xmp+j> x(m+n)p+j+1)

= limd (xnp+j, X(g+n)p+j+1) =D;

n—o00

VeeZy,, Vje p-1U{0},

for any sequence {x,} constructed from x,,,, = Tx,, Vn € Z,,
for some given initial point xy € ;e X;-

(ii) Any sequence {Tx,,} built from any given initial point
xo € Uicp Xi is bounded.

(iii) Assume, in addition, that (X, d) is a complete g.m.s.
and that z; € X; has a best proximity point from X; to X;,,

(i.e., d(z;; X;,,) = D) for some given i € p and that X;,, is
approximatively compact with respect to X;. Then,

{T%x} — z,

[T x,} — z;,

{17 %} — Tz,

{T""x,} — Tz,

Jimg (d (1750, T0""0x, )

= lim d (T"x,, T(m+")px1) =D,

n—-00

lim ¢ (d (T"x,, T"%x,))

n,—oo

= lim d(T"x,, T""%x,) = D, @

n,£—00

Jim g (4 (17, 77

= hm d (Tnpxo, T(m+n)P+1x1) = D,

n—o00

n}rilgqoo<p (d (T"Pxo, TmP“xl))

= lim d (T”PxO,TmPHxl) =D,

n,—0o

n,rlrityooq) (d (Tnpr’ Tmpxl )) = n,rlniglood (T"Pxo, Tmpxl)

:0)

Vxg,x, € X;, Vj € p, Vm € Z,,, and for any given & €
R,, and there is N, = N,(¢) € Z, such that, for any positive
integersm > n > N, one has d(T" x,, T™"'x,) < D + ¢,
d(T"x, T x,) < & @(d(T™xy, T™""'x,)) < D + ¢, and
e(d(T"x,, T™x))) < e.

Also, all the best proximity points z;,, = Tz; = szm,]-
from X; to X;,, are each them unique in X;,, if one of them z,;,
for some j € p, is unique in X ; and X; is closed, Vi € p. Also,
each best proximity point is also a fixed point of the respective
composite mapping TP : ;5 X; | X; = Ujep Xj» Vi € P
and then p-periodic fixed points of T : U5 X; = Uiy X

Proof. Since x € [J;5 X> we can consider equivalently x, to

be an arbitrary point of X; for some given arbitrary i € p and
we can define the sequence {x,} inductively by x, ., = Tx,,



Vn € Z,,. Since T : Ui X; = Ujep Xi s a (¢ — 9)-weak-
cyclic p contraction mapping, one gets from (2) by induction
for each n,m € Z, that

9 (d ($upej Xuempprjsn))
= @ (d (Txupa i TXuamps )
< ¢ (9 (d (%upejr> Xmemppss)))
< ¢ (¢ (9 (d (xuprj Xurmprio1)))) ()
= ¢" (9 (d (Xuprj-2 Xwemprjo1)))
< ¢ (¢ (d (%0 Xmpi1 )5
Vm,n € Zy,; Vj€ p—-1U{0},

where Xnp> X(ntm)p € Xi’ Xmp+1 € Xi+1’ Xnptj> X(ntm) ptj €
Xiypand x,,_; € X;_j,, Vnom € Z,,,Vj € p—1U{0}.
Since ¢ € @p, one has from property (¢,) that {¢"(¢t)} is
decreasing for all t € [D, 00) so that {¢""*/ (p(d(x,, Kppr) D}
is decreasing and converges to some limit 775; € Ry, Vj €
p — 1 U {0}. It is now proved that all the limits #, i=D,Vje
p—1U{0}. Since ¢ € @, it is also a D-weaker Meir-Keeler
function ¢ : [D, 00) — [D, 00) so that, for each real number
n(> D) € R,, there exists a real number §; = §,(y) € R, such
that ¢""*/(t) < n,VL(z ny;) € Z, for some ny; = ny;(y) € Z,,
for any given j € p—1U{0}, Vt € [, +§;). Thus,n =D +¢
for any given arbitrary (> D) € R, suchthate = y—D(e R,)
is also arbitrary; one has for each given k € p — 1 U {0} that if
x;, = Tx,_, = T*x,, then

D < ¢k (go (d (xk,xmp+k+1))) <D+g

Vi, ke p—-1U{0}

(6)

since ¢ [0,c0) —  [0,00) is nondecreasing,
(d(xj> Xpppsr1)) = D and @(t) > D for t > D with
equality standing if and only if t = D. Thus, there exist the p
identical limits lim,, .,/ (@(d(X, 11 X(uemypris1))) = D
Vj,k € p— 1U{0}. Then, one gets from (5) and the constraint
(¢5,) of the class @, that

lim lim ¢ (d (x

m—00 n—00

= lim¢ (d (xnp+j’ x(€+n)p+j+1)) =D; )

n—00

mp+j> x(m+n)p+j+1 ))

Ve eZ,,, Vje p—1U{0}.

This also implies from the constraint (¢;) of the
class I, that lim d(x

7,M—00

mp+j> x(m+n)p+j+1)
My, 0o d(Xps s Xermypeji1) = D> V€ € 2y, Vj € p—1U{0}.
Property (i) has been proved.
To prove Property (ii), we use contradiction arguments
by assuming that some sequence {T?"x,}, generated by T :
Uiep Xi = Uiep X from any x; € [J;c5 A, is unbounded.
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Thus, for any given real constant A € R,, thereis N = N(A) €
Z,, such that, for any n(e Z,,) > N, d(x,,T""x,) > A.
There is also some B, = By(N,A)(> A) € R, such that,
for any B(> B,) € R,, thereis N, = N,(A)(= N) € Z,,
such that B > d(x,, T""x,) > Aforalln € [N,N;] N Z,,.
This is trivial since, by defining a = d(x,, T? N Xy) — A, we
can choose any real constant B > By = A + « such that,
for some nonempty interval of positive integers [N, N;], B >
d(xy, TP"x,) > A since the inequality holds by construction
for the case N = N. So if {T?"x,} is unbounded, then there
is some subsequence {T*%x,} which diverges so that there
are some strictly increasing sequence {n,} < Z,, and some
strictly increasing sequence {A, } € Ry, such that A, >
d(xg, TP xg) > A, and d(x,, T p”k“x )> A, . Then, there
is a strictly i 1ncrea51ng sequence of natural numbers {n;} and
a strictly increasing sequence of positive real numbers {A,, }
such that
d(xp, TM™x0) > A, > A,

My

A, >d(xe,TPxy) > A, (8)

M1 >

Vk e Z,,
and then one gets

d (xo, T"" x) , 4 (20, TP x,)
A d (x,, TP™x,)

My

Mgty

> ",
d (xg, TPx,) 9)

>1; VkelZ,,.

On the other hand, one has from the rectangular inequality
of the g.m.s. (X, d)

|d (x> TP x0) = d (x0, T x,)| o)
10
<d (TP"k+z Xo» TP”k+1x0) +d (TP”k+2 Xo» TP”k+1xO) ,

Vk € Z,, which leads to lim;_ |d(xy TP x,) —
d(xy, TP%xy)] = 0 from Property (i). Thus, either
{d(xy, TP x,)} — 0 or there is some positive real sequence
{A,} — 1 such that d(x, T x) = A, d(x, TP x,). If
{d(xy, TP"™ x,)} — 0, then {T""x,} is abounded subsequence
of {T?"x,}, a contradiction to its claimed unboundedness.
Otherwise, if {d(x,, T?"x,)} does not converge to zero while
A} = Lowith A, = d(xg, TP™1x,)/d(x, TP x,), then
this contradicts (10). As a result, {T*"x,} for any x, € Uiep X
and Property (ii) has been proved.

It remains to prove Property (iii). Since X;,, is approxi-
matively compact with respect to X; if d(x, y,) — d(x, X;,,)
asn — oo for some x € X;and {y,} < X,,,, then {y,}
has a convergent subsequence {y, } < {y,} [6]. Since z; €
X; is a best proximity point from X; to X, ,, d(z;,Tz;) =
d(z;, X;,1) = D.If z; € X, is the unique best proximity
point from X; to X,,,, then it is a p-periodic point of
T : UjpX; — UjepX; and a fixed point of T?
Ujep | Xi = Ujep X;- This follows by reformulating (5)
with initial points TPz, € X, and T?"'z; € X,,, with
z; € X; being the unique best proximity point from X; to
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X;+1- One concludes from the properties of the classes O,
and Tp, that d(T"z, T""'z;) — d(T?z,X,,,) = D and
d(T"z, T""'z,) — d(z;, X;,;) = D. Since X; has a unique
best proximity point to X;,;, one concludes that T?z; = z;.
Next, we prove that d(T?z, T?"'z)) = d(z,X,,,) = D.
Assume that this property is not true. Thus, there is some
e =¢n) € R, forn € Z;, withg, = liminf, | _e(n) > 0
such that one gets from (5) and the constraints (¢,) and ((/)32)
for the class @, and the constraint (¢,) for the class I';, that

o (d (T2, T""z,))
< ¢(n—1)P ((P (d (szi’ TP+lzi))) =D+e¢ (T’l) (11)

<¢"” (¢ (d(2,Tz)))

which leads by taking limits as # — o to the contradiction
D + ¢, < D. Then, d(T"z,, T""*'z;) = d(T?z,, T**'z,) = D,
Vn € Z,,. We now use again (5) with x, = z; = Tfz; =
T"z; € X;,Vn € Z,, and an arbitrary x, € X,,, to yield

% (d (zi’ Tnpﬂ’ﬁ)) < ¢(¢(d(2,T"xy)))
¢ oot
< ¢ (¢ (d(z:%1)))s

Vm,n € Z,,

(12)

and one concludes that ¢ (p(d(z; x,))) — D,
lim sup,,_,  @(d(z;, T"""'x,)) < D, and D <
@(d(z, T x,)) < limsup, , @(d(z;, T"""'x,)) < D since
d(z;, T"""'x,) = D, Vn € Z,,, and then (d(z;, T x,)) —
Dasn — coandd(z,, T""*'x,) — d(z;, X,,,) = Dasn — oo
since ¢ € O and ¢ € T}, Since X;,, is approximatively
compact with respect to X, there is a convergent subsequence
(TP x W= z,,) € {T"P"'x;} ¢ X,,, for the arbitrary
giveni € p.

It is now proved that {T"?"'x,} — z,, with z;,, € X;,,
for any x; € X;. Assume that this is not the case. Then,
there exists a sequence {m;} with my(e Z,,) > n, > ny,
and some ny;. € Z,,such that the subsequence {T™**'x} ¢
{T"*'x,} ¢ X,,, does not converge to z;,,. Since T is single-
valued, if {T"™#*'x,} does not converge to z;,,, then it does
not converge. It cannot have either a convergent subsequence
{kajp+1x1}(_’ 2i+1 + Zi+1) c {kapﬂxl} c {Tnpﬂxl} c
X, and since then z; would have two distinct images in X,
which is impossible.

Thus, one gets from (12) that

D+e<g(d(z,T™"x,))
< @™ (¢ (d (2 TP 1)) (13)
Vm,n € Z,,
for the given i € P and some subsequences {m}, {r} in

Z,, withm, > nm. > N, = Ny(e); since ¢ € Opisa D-
weaker Meir-Keeler function which satisfies (¢,) and (¢32),

@ € I'y is defined from [0, 00) to [0, c0), nondecreasing, and
satisfies (¢;) and (¢;). Thus, one gets from (13) the following
contradiction:

D+e < lim ¢™” (¢ (d(z, T(mk_"")‘”xl))) =D (14

k—oo

so that {T™**'x,} — z,,, = Tz, irrespective of the initial
point x; € X;, and z;,, is unique if z; is unique. Since the
same contradiction arguments can be used for any claimed
nonconvergent subsequence of {T"”*' x, }, one concludes that
any such a sequence as well as the whole sequence converges
{T"?"'x,} — z,, for the given i € p. The sequence is a
g.m.s. Cauchy sequence since it is convergent and (X, d) is
a complete g.m.s.. Since X;,, is closed, then z;,, € X, , for
the given i € p and it is unique if z; is unique. Thus, the set
of best proximity points {z; € X; : i € p} is unique if any of
them is unique.

It is now proved that lim,, ,, . @(d(T" xo, T""x,)) = D,
Vx, € X;, Vx; € X;,;,and Vi € p. Proceed by contradiction
by assuming that there is ¢ € R, and some subsequences
of nonnegative integers {m}, {n.}, and {¢;} such that one
gets for any two distinct initial points x, x; € X; from the
subadditivity property (¢,) of the class I'; and the rectangular
inequality of the generalized metric

D+e<g (d (T”"Pxo, T(m"+”’“)P+1x1))
< @ (d (Tnkpxo, T(mk+nk+€k)p+1xo))
(15)
+¢ (d (T(mk+nk+€k)p+1x0, T(mk+nk+€k+1)p+1xl))

+¢ (d (T(mk+nk+€k+l)‘p+1x1, T(mk+nk)p+1x1)) .

Note that o(d(T™Px,, TPty ) Dask — oo
from Property (i) and also

[rmemri g} 1,
{T(mk+nk+€k)p+1x0} N Tzi,

(16)
{T(mk+nk+€k+1)p+1

xl} — Tz
as k — oo.

If the convergence of these subsequences fails, then the
conclusion got from (12) fails and then Property (i) is not
true. For instance, if {T"™"P*1x 1 — Tz is false, then
{d(z, T"™P*x Y} — Dasn — oo fails. Then,

¢ (d (TP, TP )Y — D,
d (T"kpxo, T(mk+nk+€k)p+1x0) D
as k — oo, (17)
@ (d (T(’”k+”k+ek)p+1xo, T(mk+nk+€k+1)p+1xl)) —0,

d (T(mk+nk+€k)p+1x0’ T(mk+nk+£k+1)p+1xl) -0



as k — oo ssince z;,, = Tz; is the unique best proximity point
in X;,, (since z; is the unique best proximity point in X;) and
it has been already proved that any sequence in each X; has
to converge to its best proximity point if unique. Also

@ (d (T(mk+nk+ek+1)P+1x1,T(mk+nk)P+1x1)) 0,

(18)

d (T(mk+nk+€k+1)p+1x1,T(mk+nk)p+lxl) as k — oo.

Thus, the subsequent contradiction is got if
(A(T™Pxo, TPy )y D as k — oo is not
true for any x,, x, (# x,) € X;:

D+e<liminfg (d (T""Pxo, T(m"+"")p+1x1))

k—00

< limsup ¢ (d (T"kpxo, T(mk+"k)p+1x0))
k—0o0

+ lim ¢ (d (T(mk+nk+€k)‘t)+lx0, T(mk+nk+€k+1)p+1xl)) (19)

k—o0

+ lim @ (d (T(mk+nk+€k+l)‘p+lxl, T(mk+nk)p+1x1))

k—oo

— lim sup @ (d (Tnkpx(), T(Wlk+nk)P+1x1)) = D.

k—oo

Then, one gets

Jim (47, T )
= lim d (T, TP x) = D

as k — oo
(20)
lim ¢ (d (TP x, ™7 x,))

k—o0

= limd (T”"Pxo, T("k+")P+1x1) =D,

k—o00

VmeZ, as k — 0o

and the convergence properties of all subsequences distances
and points also hold for the whole sequence so that

{Tnpxo} — z {T(n+m)P+1xl} _ TZi,

{T(n+m+€)P+1x0} — Tz,

{T(m+n+€+1)p+1 x; } N TZi;

Vm, € € Z, as n — 00,

lim ¢ (d (T"Pxo, T(m+”)P+1x1)) (21)

n,m—00

= lim d(T"PxO,T(m+")P+1x1) =D,

n,m—00

Jim g (4 (1772, 7777 )

— limd(Tano,T(m+n)P+1xl) _ D,

n—00

YmelZ,
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Vxg,x; € X; fori € p such that X; possesses a unique best
proximity point z; € X;. The two above second limit identities
follow since the sequences {m;} C Z,, and {£,} C Z;, may
be replaced by any positive integers without altering the got
final conclusion. Since T' : ;5 X; = Uics X; isa (¢ — 9)-
weak-cyclic p contraction single-valued mapping, then z;, i=
T'z; € Xjyjfor1 > i+ j < pareunique best proximity points,
so equivalently z; € X, Vi € p, are all unique so that the
above limit properties can be extended for any sequences with
given initial points xy,x, € X;, Vj € p. Since {m;} C Z,,
{n} C Z,,, and {£,} C Z,, are strictly increasing sequences
which can be chosen independently of each other, the above
conclusion is equivalently enounced as follows: for each given
€ € R, ,thereissome N; = N, (¢) € Z,, such thatifn, > m; >
N, then d(T™Px,, T™F*" x,) < D +e.

It is now proved that d(z;,,,T%;,,) = D. Define x,,,,; =
Tx,, ¥n € Z,, with {x,,} ¢ X;, having a convergent
subsequence {x,, } — z;,; as it has been proved above and
pick up any arbitrary initial point x, € X; such that T?x, €
X, for the given arbitrary i € p. Then, one gets by using the
rectangular inequality of the g.m.s. (X, d) that

D <d(Tzy> Xy, )
< d (T2 Xp01) + 4 (X410 Xp11)
+d (Xpn 10 Xpm, ) (22)
<d (210X ) + A (Xp i1 Xpn 1)
+d(x

P”k+e+1’xP”k); Ve € Zy,.

Since limy_, o d(x | 11> Xpn 1) = UMy ood(xp » Xp ) =
0, it follows directly that

D=d(Tz,,,2) = klfgod (Tziﬂ’xpnk) (23)
and Tz;,, is unique since z; € X; isuniqueand T : ;e X; —

Uiep Xi is single-valued with Tz, € X, since X;,, is
closed. As a result, since i € p is arbitrary, all the best
proximity points in-between adjacent subsets are unique if
any of them is unique and satisty z;, ; = T’z for any i, j € p.
It also turns out that T?z; = z;; then it is a fixed point of the
composite mapping T? : Ujep Xj | Xi = Uje5 X;» Vi € p,
and then a p-periodic fixed point of T : (J;e5 X; = Ujep Xi-

Property (iii) has been proved. O

Note that the classes @, and ¥ (r,) (Definitions 6 and 8)
can be redefined as sets of functions from [0, 0c0) to [0, 00)
which are identically zero in [0, D). This generalization is
irrelevant in practice since the domains of the functions of
the classes @, and ¥, (r,) used to define the weak contractive
mappings involve distances of points in-between adjacent
subsets of the cyclic disposal, so distances are not smaller than
D. Theorem 13 and also the relevant subsequent results of the
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paper can be also got with those extended definitions since
d(x,y) = D,V(x, y) € X; X X;,,, Vi € p, implies that

¢(d(x.y)) =D
¢(p(d(xy)) 2D

_ (24
Y (x,y) € X; x X;,, Vi€Dp, (24)

min _ d(x,y)=

(%) €X;x X1

In the case that the adjacent subsets X; are nonempty,
closed, and intersecting, we can obtain the subsequent result
on the existence of a unique fixed point allocated in their
intersection.

Theorem 14. Let (X,d) be a complete gm.s. and let T
Uiep Xi = Uiep X; be a generalized (¢ — ¢)-weak p-cyclic
contraction mapping such that that the sets X;, Vi € p, are
closed and intersect for some ¢ € d)o and ¢ € I,,. Then, there is
a unique fixed point z € (), X;
Proof. From Theorem 13(i) for D = 0, it follows for any x,, €
X;and any i € p that

lim d (xmp+j’ x(m+n)p+j+l)

n,m—0o0

= limd(x

n—00

np+j’x(€+n)p+j+1) =0; (25)

VeeZy,, Vjep-1U{0}

for any given x,, € X, and any giveni € p. Thus, for any given
¢ € R, thereis ny = ny(e) € Zy, such that d(x,,,k Xpper) <
evn(=ny) € Zy,,Ym(=n+1) € Z,,, and Vk € Z, and {x,}
is g.m.s. Cauchy sequence. Assume on the contrary that there
are subsequences {xpnj+k} < {x,} and {xpm]_+k} C {xpm} such
that d(xpnj ko Xpm, +k) = & But this contradicts (25) so that
{x,n} is g.m.s. Cauchy sequence for any given initial point
xo € Ujep Xi- Since (X, d) is g.m.s. complete, any {x,,},
Vk € Z,,, which is g.m.s. Cauchy sequence is convergent to
some z;,; € X, if x, € X; forany giveni € p, withk < p—i.
It suffices to notice that X, = X,k = Xpiskomp> Vi € P,
Vk € p—1U {0}, and Vn,m € Z, with m satisfying the
constraint (ni + k — p)/p < m < (ni + k — 1)/ p (equivalently,
p2ni+k—mp>1).Since X; is closed, Vi € p[),c; X; # &,
(X (€ Nicp Xi) = Zisio Vi € p,Vk € p—1U {0}, and it
follows that z; € [, X;, Vj € p. Also z; is a fixed point of
T : Uiep Xi = Uiep Xi» ¥j € p. Otherwise, we would get the
contradiction 0 « {d(xpnﬂ, Xpnej)b = d(zi, Tz ) > 0.
Since z; = TF'z; = T(T*z), Vi € p,Vk € Z,,, and T
Uzer - U;er is single-valued, then z; = z € [,
Vj € p, for the given x, € X; andi € p.

It remains to prove that the fixed point z to which the
sequences converge is independent on the initial point x,, €
Uiep Xi so that it is unique. Assume that z = Tz,z2 = TZ(#
z) € (icp X;- We consider them to be initial conditions of
two distinct sequences in some pair of adjacent subsets X;

1ep

and X, for somei € p so as to use the generalized (¢ — ¢)-
weak contractive condition (2), and one gets

9 (4(Tzupejp T2 empe 1))
< 9" (9 (d (%0 Xmpn1 )3 (26)
Vm,n e Zy,; Yj€ p—1U{0}
which leads to

lim " (¢ (@ (T2 TZwsmppe 1))

n—00

= 1im ¢ (d (T2z,ps jp TZnamypsjs1)) = 4 (2,2)

n—00

(27)
- (4 (T2 Tompern)) = 0
Vjme p—-1U{0}
which contradicts z # Z. O

Note that Theorem 14 does not require the sets X;, Vi € p,
to be convex sets so as to prove the uniqueness of the fixed
point. Simply, the weak contractive condition (2) is used by
considering that two claimed distinct fixed points which are
in the nonempty intersection of X;, Vi € p, belong in any
case to two adjacent subsets X, while the weak contractive
condition guarantees that they are identical. We can extend
easily Definition 12 and Theorem 13 to the case when the
distances in-between adjacent subsets are distinct as follows.
The existence and uniqueness of fixed points for generalized
(¢ — ¢)-weak (noncyclic) contraction mappings of the type
(2) on a g.m.s. (X, d) have been proved in [3].

Sufficient conditions for the uniqueness of uniqueness of
the best proximity points in each of the subsets X; € X, Vi €
P, are discussed in the subsequent result which is related to
the consideration of a complex structure on the metric space.

Theorem 15. Let (X, d) be a complete g.m.s. admitting mid-
points which has p nonempty closed subsets X; < X, with
d(X;, X;.1) = D, Vj € p, where X is an abstract set, with one
of the subsets X, for some i € p, being strictly convex. Assume
that there is some strictly increasing function § : (0, 1] — [0,2]
such that X has the following uniform convexity property for all
x,yeX,peX,ReR,, andr € [0,2R]:

([max(d (x, p),d (y, p)) < R] A [d (%, y) 2 7]) =

(4(57 )= (-3(R)%)
2 R

Let T : U5 Xi = Uiep X be a generalized (¢ — ¢)-weak p-

cyclic contraction mapping for some ¢ € @ and some ¢ € I,
Then, T : Uiep Xi — Ulep X; has a unique best proximity
point z; € X;, Vj € p, which is also a p-periodic point of

(28)

T : Uiep Xi = Uicp Xi and a fixed point of the composite
mapping TP : ;5 X; | X = Ujep X VK € D.

If(Viez Xi # @, thenz = z € ﬂlep , Vk € D, is the
unique fixed point of T : Ujep X; = Usep X



Proof. Assume that X; for some i € p is a strictly convex set.
Since T : U5 X; = Ujep X; is a generalized (¢ — ¢)-weak p-
cyclic contraction mapping, it follows from Theorem 13 that
d(TP™ x, TP™/*x) — Dasn — 00, Vj € p, for any given
x € Jjep X Note that there is some integer j; = j(i,x,) €
p — 1 U {0} such that x = x(x,) = T?x, € X, for any given
xo € Ujep X (e, x = x(x) belongs to the strictly convex
subset X; ¢ X) for the given initial point x, € 5 X and
d(TP”x, TPn+1x) — d(TPn+]'ix0’TPn+]'i+lxo) s Dwith x € Xi)
{TP"x} ¢ X, {T"""'x} ¢ X,,,, and some x = x(x,) for any
given xy € (J;c; X;. We now take initial conditions x € X;
for sequences built T : ;5 X; = Usep X; with x = 'x(xo) for
any given xo € (J;; X; such that x = x(x,) = T"x, € X;
and {T?""ix} ¢ X, for some j; € p — 1 U {0}. Then, it follows
that

d (Tp"+jx, Tp"+j+1x) — D asn— 0o,
. ' (29)
d (T(pﬂ)"”x, Tp””“x) — D asn— 0o

Tix € X.

with {T?""/x} ¢ X, ijp (TP x} € X, ), and

Tty € Xiyje Then, for every given ¢ € R, there exists an
integer N, = Ny (e, x) such that d(T?"/x, TP /" x) < D + ¢,
Vn(= Ny) € Z,.

One now firstly proves that d(T"™P*x TP*iz) —
Oasn — oo, Vm € Z, Vx,z € X;; equivalently,
d(TP™x, TP™iz) — 0asnm — o0, so that, for every
e € R,, there is N; = N (¢, x,2) such that, for all integer
numbers m > n > N, d(TP""x, T‘?m”z) < & Vx,z €
X;. Assume that the property d(T""/x, TP""z) — 0 as
n,m — 00, Vx,y € X;, does not hold. Thus, there exists
some g € R, such that, for each k € Z,,, there exist
integers m; > m, > k for which d(TP"*x, TP™*iz) > ¢,
Choose y € (0,1) such that ¢y/y > D and choose ¢ such
that 0 < & < min(gy/y — D, 8(y)D/(1 — 8(y))). For such a
chosen arbitrary constante € R, , there exists N, = N (¢, x) €
Z,, such that for all integer numbers m;, > n, > N,
d(TP"*x, TP™+* x) < D + ¢ for all x € X, and also there
exists N, = N, (¢, z) € Z,, such that form; > n, > N, and all
z € X, d(TP"* iz, TP™*i*12) < D+ ¢,Vj € p— 1U{0}, from
Theorem 13(i). Similar distance constraints also hold from
Theorem 13(i) for appropriate subsequences of nonnegative
integers {m, } and {n;} (with m; > n,) exceeding certain finite
thresholds, dependent on &, for each initial conditions x,z €
X; (X; being a strictly convex subset of X) and y € X;,;
that is, d(TP"*x, TP™*/y) < D+ eforall x € X, y € X,
for m > m = N, and some ny = ny(e,x,y) € Z,
Vj € p—1U{0}, and d(TP""/z, TP y) < D + ¢ for all
z € X;, some n, = ny(e,2,y) € Z,,,¥j € p—1U {0}, and
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all m. > m. > n,. Now, note that since the set X; is strictly
convex, {x,, } ¢ X;and {z,, } ¢ X;, it follows that

{xmk +an} c X,
2 P

X, +Z
d <%’XH1> >d (X, X;,1) 2 D (0)

Vk € Z,,.

Now, choose n; = max(n,,,) so that one gets from (28) for
all integers m;, > n; > n, that the following contradiction
holds:

g Zm o, Y (s B D
( 2 ’”’k)‘( - ((D+s>>>( +e)

& ) (31)
(D +e¢)

:D+s—(D+s)5<

< D.

Since ¢ is arbitrary, it can be chosen so that (¢, /(D + €)) >
S(yD/(D + €)) > ¢/(D + ¢) since 8(e) is strictly increasing
in (0,1]. Then, for each given ¢ € R,, there is some n; =
n5(e, x, z) such that, for all integer numbers m > n > n;,
d(TP"™x, TP™z) < &, Vx,z € X, such that the set X; is
strictly convex for some i € p, and then
lim d (Tp"+jx, Tp€+jz)
n,€—00
(32)
= limd (Tpn+jx, T‘D(m+")+j+kw) =0,
n—00

Vx,z € X;,Vm e Z,,,¥je p—1U{0},and w € X;_, for any
given k € p — 1 U {0} implying that {T?"/x}, (TP +ivky,)
are sequences in X, ;. From Theorem 13(i) (see (5)), it follows
that d(T?"x, T"*"'z) — Dasn — oo, Vx,z € X;. From
Theorem 13(ii), it follows that {T?"x}, {T""z} are bounded
sequences in the strictly convex set X;. From the above
discussion in this proof, it follows that d(T""x, T""z) —
0 asn — oo. Since d is a generalized metric and (X, d)
is a complete g.m.s., it follows that {T?"x} and {T*"z} are
bounded and g.m.s. convergent sequences in X; to x; € X;
and z; € X;, respectively, and then g.m.s. Cauchy sequences
and d(x;, X;,;) = d(z;, X;,,) = D. Finally, since X; is strictly
convex, there cannot exit two distinct x;,z; € X; with the
minimum distance D to X, ;, and thus x; = z;. As a result,
there exists a unique best proximity point z; € X; such that
X; is strictly convex and closed. Since T : ;e X; = Ujep Xi

is single-valued, then T'z; = z;, ; is the unique best proximity
point in X;,;, ¥j € p, which satisfies ATz, T''z) =
d(Xiyjp Xirje) = D, Vj € p.Then, T Ui Xi = Usep Xi
has a unique best proximity point z; € X, Vk € p (since X,
is closed, Vk € p), which is also, by construction, a p-periodic
point of T : Ui X; — Ujep X and a fixed point of the
composite mapping T? : Ujes X | Xk = Ujep Xjp Yk € p. Tt
turns out that if ();; X; # @, thenz; =z € (), ; X;, Vk € p
is the unique fixed point of T : | ;5 X; = Usep Xi- O
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Remark 16. (1) Note that (X, d) in Theorem 15 is a uniformly
convex metric space (not specifically a uniformly convex
Banach space) and X might be an abstract set (nonneces-
sarily being a linear space). However, it is obvious that any
uniformly convex Banach space is also a uniformly convex
metric space. In this case, it is assumed that one of the subsets
of the cyclic disposal, for which the generalized (¢ — ¢)-weak
p-cyclic contraction mapping is defined, is strictly convex
and subject to a uniform convexity-type condition (28) for
the elements of such a set with respect to the points of X.
That condition is related to the uniformly convex structure
of the metric space and, equivalently, to the existence of
midpoints in the sense that if (28) fails to hold, then the
metric space is not uniformly convex. Such a condition,
supported by the existence of midpoints, is close to the one
satisfied on uniformly convex Banach spaces (X, d) [27] and
used in Lemmas 3.7-3.8 and Theorem 3.10 of [6] to prove
the existence and uniqueness of fixed points in a 2-cyclic
contractive condition on the union of two nonempty closed
and convex subsets of X. See also [23-25]. In particular, X
could be endowed with a simpler structure than a linear space
as, for instance, a group endowed with a composition law,
provided that the subsets of the cyclic disposal are closed
while just one of them is strictly convex.

(2) Note also that X could even be just an abstract set
with nonempty closed subsets with one of them being strictly
convex.

(3) Note that Theorem 15 is applicable to the case that
(X, II'l) is a uniformly convex Banach space with a norm-
induced metric d so that (X, ||l]) = (X,d) with nonempty
closed convex subsets X; ¢ X, Vi € p. This is a direct
consequence of the fact that if (X [[) = (X,d) is a
uniformly convex Banach space, then it is also complete
and the norm triangle inequality can be trivially upper-
bounded by quadrangular-type sum of norms. This allows
adding distances related to distinct subsequences converging
to zero to the usual triangle inequality leading to be able
to characterize the complete (X, d) also as being a complete
g.m.s. [28].

(4) Finally, note that the assumption of the existence
of midpoints [27] can also be focused on under the
framework of convex structures perhaps at the expenses
of a more involved presentation. It is said that a mapping
W(X, X,[0,1]) — X is a convex structure on X if, for each
%92 € X,d(z, W(x, y, 1)) < Ad(x,z) + (1= N)d(y, z), VA €
[0, 1]. See, for instance, [29-33]. Note that x = W (x, x, A) for
any A € [0, 1] and d(y, W(x, x, 1)) = d(x, y) forany x, y € X.
If z = xand A = 1/2, then z; = Wi(x, y,1/2) satisfying
(1/2)d(x, y) = d(x,z,) = d(x,W(x, y,1/2)) < (1/2)d(x, y)
is the midpoint of the segment [x, y]. The convex structure
allows characterizing uniformly convex metric spaces as
triples (X, d, W) associated with metric spaces (X, d) [32]. See
also [28, 34-36]. For a generalized metric and its associate
quadrangular constraint of distances, we can define in the

same way a generalized convex structure W(X, X, X, [0, 1] x
[0,1]) — X such that, for w, x, y,z € Z, one has

d (w, W (x) y’ Z’AP /\2))

<A d(w, x) + A,d (w, y) (33)
+(1-2A-A,)d(w,2); VALA, €[0,1]
and the choice A, = A, = 1/3, w = x, and w =

Wi(x, y,2,1/3,1/3) leads to

3d (x, w)

:3[d(x,x)+(%)d(x,y)+<%)d(x,z)] (34)
=d(x,y)+d(x,2).

Thus, if y is the midpoint of [x, z], then w is located at 1/3
from x and 2/3 from y of the length [x, z].

Example 17. Consider the set of real numbers X = {jt : +j €
5} for some given t € R, and consider nonempty closed
subsets X, = {jt : j € 5U{0}} and X, = -X, \ {0} of X.
For some given real constants y € R,,y, € (0,(3/5)y], and
p, € [max(y,3y-2y,),1),agm.d : X x X — Ris defined as
follows:

d(x,x)=0, VxeX
d(x,y)=d(y,x), Vx,yeX

d(0,jt) =d(-jt,0) = jy, je€5
d(t,2t) = d (—t,-2t) = 3y

d(jt,3t)=d(-jt,-3t) =y, je2 (35)

d(jt,4t) =d(-jt,-4t) =2y, je3

d(jt,5t) = d (~jt, -5t) = (%)Y je4

d(~it, jt) =d (it,—jt) =y, i,j€5.

Note that d(X,,X,) = y; and thatd : X x X — Risnota
metric since d(+t, £2t) = 3y > d(&t, +3t) + d(£3t, £2t) = 2y,
and then (X, d) is not a metric space, while it is a g.m.s. since

max d (x, y) = 3y = d (t,2t)

x,yeX
<d(t,x)+d(x,y)+d(y,2t) (36)
= d(t,0)+d (0,—t) + d (-, 20)

=2y + o

where x € X — {t, 2t} is such that d(t, x) = min(d(t,z) : z €
X —{t,2t}). For instance, take x = 0. y € X —{t, 2t, x}, for the
above x € X — {t,2t}, is such that d(x, y) = min(d(x,z) : z €
X —{t,2t, x}).
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For instance, take x = —t. Define a 2-cyclic mapping T :
X, UX, - X, UX, as follows:

T (+it)=F({i-1)t fori(e5)=>2
T(-t) =0; (37)
T(t)=T(0) = —t

which is a generalized (¢ — ¢)-weak p-cyclic contraction for
some ¢ € I , for instance, it can be defined so as to satisty
the constraints ¢(y,) = y, and @(x) + ¢(y) > ¢(2) > z >y,
for x,yz = x + y € (y;,7,], and some ¢ € @, chosen to
satisfy ¢(y;) = v, and ¢(x) = py, for x € (y,,y,] for some
p(e R,) > 1so0as to be nondecreasing and subadditive. Then,
T is a generalized (¢ — ¢)-weak 2-cyclic contraction which
converges to a limit cycle {—1, 0} with the two best proximity
points 0 € X, and (-1) € X,. Theorem 13 leads to the above
conclusion.

Note that a (¢ — ¢)-weak 1-cyclic contraction on X, is
defined by the sequence {¢, 2t, 4¢, 5t, t, 0}, with ¢ € Fyl and ¢ €
®,, defined under the same above constraints, leading to the
distances in-between adjacent subsets given by the sequence

{3y, 2y, (3/2)y, 3/2)y, y1 }-

Example 18. Reconsider Example 17 with the same set X and
the same metric with X, = {jt : j € 5U{0}} and X, = -X,.
Then, X; N X, = {0} and d(X;,X,) = 0. Themap T : X, U
X, — X, U X, is defined by T(+it) = Fit for i(e 5) > 2,
T(t) = T(-t) = 0, and T(0) = 0. Then, T is a generalized
2-cyclic contraction which converges to its fixed point 0 €
X, N X,. Theorem 14 leads to that conclusion.

Example 19. How to combine Examples 17 and 18 with the
constraint (28) is now checked, assumed as hypothesis in
Theorem 15. Such a constraint is close to the property of
uniformly convexity of Banach spaces 8 (see also Remark 16).
Now, for all real constant e € (0, 2] such thatd(x, y) > ¢, there
is some real constant § € (0, 1) such that d(x, —y) < 2(1 - 9).
Several cases can occur:

(@) 2 = jy, = d(0,x) = d(0,-x) < 2(1 - 68(j)) for x €
X -{0},j€5.

This is solved with strictly increasing 8(j) = 6; for
je5if0 <8 = jo<1-jy/2jes, thatisif
o € (0,(2 - 51)/10), y; € (0,2/5) and 8(j) = jo,
j€b>.

(b) [22d(x,y) = Ay = d(x,—y) =y, < 2(1 - 6(Ap))]
for x,y € X — {0} and for x, y € X, with 6(Ay)

Ay < 1-yp,/2for A = 1,2,3,3/2 which leads to y,
2(1 - Ay).

© [22d(x,-y) =y, = d(x,y) = Ay <21 - 8(y,))],

for x, y € X, — {0} (and, equivalently, for x, y € X,)
with 8(Ay) = Ay < 1-y,/2, with the strictly increasing
O(y,) = py, < 1-Ay/2,for A = 1,2,3,3/2 and some
real constant p > 0.

IAN I
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The various above parametrical constraints are compatible
with those in Example 17, and the constraint (28) of Theo-
rem 15 holds, if

2-5
ae(l,—h),
10

e 2)),
p>0 (38)

y, € [max (50,9,3y - 2y,),

min<2—6y,ll) <1— %)y))

However, due to the discrete nature of the set X, the
assumption of Theorem 15 on strict convexity of sets towards
the proof of existence of unique best proximity points is not
fulfilled by this example.

Definition 20. Let (X,d) be a g.m.s., let X; be a set of
nonempty p(> 2) subsets of X distances in-between adjacent
subsets d(X;, X;,,) = D;, Vi € p,andletT : [ X; —
Uiep Xi be a p-cyclic self-mapping satisfying

Pi1 (d (T, Ty)) < ¢; (¢ (d (x. )

V(x,y) e X;x Xy, Viep

(39)

forsome ¢; € I', andsome¢; € @, andeachi € p, wherethe
classes I, and @y, are defined with functions g; : [0, 00) —
[0,00) and ¢, : [D;, 00) — [D;,00), Vi € p.

Then, T is said to be a generalized (¢ — ¢)-weak p-cyclic
contraction mapping.
Theorem 21. Let (X,d) be a gm.s. and let T : ;5 X; —
Uiep Xi be a generalized (¢ — ¢)-weak p-cyclic contraction
mapping. Then, the following properties hold:

(i)
,,151}0¢" (i,i-p) (QDi—pfl (d (xo’ xmp+1))) =D;
"111_1;%0 nli_{loloq)i—p—l (d (xmp’ x(m+n)p+1 )) (40)

- nli»nc}o(P"—P—l (d (an+j’x(€+n)P+j+1)) =D;

Ve,m € Zy,,Vj € p—1U{0}, Vi € p, and for any given
x, € X, and any given arbitrary i € p, where ¢(i,i — p) =
Gip - iy - @i is a composite mapping of the p functions
¢; € ©p, forie p.

(ii) Assume that (X, d) is a complete g.m.s. and that z; € X;
has a best proximity point from X; to X;,, (i.e, d(z;, X;,,) =
D;) for some given i € p and that X;,, is approximatively
compact with respect to X;. Then, there is a best proximity point
Zi = Tz, from X, to X; which is unique and in X, if z; is
unique and X, is closed.

Also, if all the subsets X; € X, Vi € p, are closed, then

there are p best proximity points z;, ; = T'z; € Xivp Vi j € P,
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which are unique if anyone of them is unique. Each z; € X;
is also a fixed point of the composite mapping T? : Ujer X; |
X; = Ujep Xj» Vi € p, and then a p-periodic fixed point of
T: Uies Xi = Uiep X

Proof. The proof is close to that of Theorem 13. Let x, be an
arbitrary point of X; for some given arbitraryi € p and define
the sequence {x,} inductively by x,,,, = Tx,,, Vn € Z,,. Since
T : Uies Xi = Usep Xi 1s a (¢ — 9)-weak p-cyclic contraction
mapping, one gets from (39) by induction for each n,m € Z,
that

Pix1 (d (Xups Xormyprr))
= @i (d (T%p1 T mp )
< 61 (91 (4 (Xup- Xerempe )
< ¢ (1 (2121 (4 (K2 Xuemyp1))))
= ($i181) (91 (A (Xup2s Xrmpp-1))) -+
< ¢ (i = ) (@1p (@ (%10 Xuam-11p-1)))
< ¢" (i = p) (91 (d (0> %pr1)))

= (/)” (i, i— p) ((Pi (d (xo,xmp+1))); Vm,n € Z,,

since ¢; = ¢_, and ¢; = ¢;_p,, Vi € p, where ¢(i,i - p) =
Gipr-ri - P Vi € p.Since ¢, € Op, Vi € p, one
has from property (¢,) and the composite mapping structure
that {¢"(i,i — p)(¢)} is decreasing for all t € [D;, 00) so that
{¢"f (<p(d(x0,xmp +1))} is decreasing and converges to some
limit 75; € Ry,. It is now proved that all the limits 7,; = D,
Vj € p-1U{0}. Since ¢ € Dp, it is also a D-weaker
Meir-Keeler function ¢ : [D,00) — [D,00) so that, for
each real number #(> D) € R, there exist a real number
8; = 8;(n) € R, such that ¢"PHi(t) < n, Vn(> ny;) € Z,
for some ny; = ny;(n) € Z,, for any given j € p—1U {0},
vVt € [n,n +6;). Thus, 7 = D + ¢ for any given arbitrary
n(> D) € R, such that e =  — D(e R,) is also arbitrary; one
has for each given k € p — 1 U {0} that if x, = Tx, , = T"x,,
then

(41)

(((/51‘—1’ e ’¢i—j) ¢" (ivi — P))

: (‘Pi—j (d (xk’xmp+k+1))) <Di_j+e

Ym € Z,,Vjk € p-1U {0}, and Vn(> ny;) €
Z,, and then there exist the p identical limits
lim,, oo ((hirs > $i- )" (i = Py (A (X Xpissn))) =
D;_,Vm € Zy,, Vjk ¢ p — 1U{0}. Then, one gets from (42)
that

Jim Tim @i, (d (Xnpjp Xnimpejon))

(42)

= nlLrgo‘PHj (d (x€p+j>x(€+n)p+j+1)) =Dy (43)

VeeZy,, Vje p-1U{0}.

1

O

The notion of (y — ¢)-weak p-cyclic contraction mapping
is given below.

Definition 22. Let (X,d) be a g.m.s., let X; be nonempty
subsets of X, having a common distance in-between adjacent

subsets d(X;, X;,;) = D, Vi € p,andletT : s X; —
Uiep Xi be a p-cyclic self-mapping satisfying
¢ (d(Tx,Ty)) <y (p(d (x. ) ¢ (d (xy)); "

V(x,y) € X;x Xy, Viep

for some ¢ € I'; and some v € W (r,). Then, T is said to be a
generalized (v — ¢)-weak p-cyclic contraction mapping.

Theorem 23. Let (X,d) be a gm.s. and let T : ;5 X; —
Uiep Xi be a generalized (y — ¢)-weak p-cyclic contraction
mapping for some function ¢ € Yp(r,), some r, € (0,1), and
some ¢ € Iy Then, the following properties hold:

(i)

i 077 (9 (d (50 %0p) =

n—00

VYmeZ,, Vjep—-1U{0},

mlglgo nlggo(l’ (d (xmp+j’ x(m+n)p+j+1 ))
= lim ¢ (d (xupjo X(esmpe 1)) = Ds
(45)
Ve eZy,, Vjiep-1U{0},

lim d (xmp+j’ x(m+n)p+j+1)

n,Mm—00

= limd(x

n—00

np+j x(€+n)p+j+1) = D;

VeeZy,, Vje p-1U{0}

for any sequence {x,} constructed from x,,, = Tx,, Vn € Z,,
for any given initial point x, € (J;5 X;-

(ii) Any sequence {Tx,} built from any given initial point
xo € Ujep Xi is bounded.

(iii) Assume, in addition, that (X, d) is a complete g.m.s.
and that z; € X; has a best proximity point from X; to X, ;
(i.e., d(z;, X;,,) = D) for some given i € p and that X;,, is
approximatively compact with respect to X,. Then, there is a
best proximity point z;,, = Tz, from X;,, to X; which is unique
in X, if z; is unique in X; which is closed for the giveni € p.

Also, if all the subsets X; of X; Vi € p are closed, then there
are p best proximity points z;,; = T'z; € Xisjp Visj € P,
which are unique if one of them is unique, with each of them
being also a fixed point of the respective composite mapping T?
Ujep X | Xi = Ujep X Vi € P, and then p-periodic fixed
points of T : ;e Xi = Usep X

Proof. Since x € [J; X;> we can consider equivalently x, to

be an arbitrary point of X; for some given arbitrary i € p and
we can define the sequence {x,} inductively by x, ., = Tx,,
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Vn € Zy,.Since T : ;5 X; = Uicp X is a (y — ¢)-weak-
cyclic p contraction mapping, one gets from (44) that

9 (d (%upej Xuemyprjon))
= ¢ (d (TXupsjot> TXremyps )
<Y (2 (d (%upj1> Xwemppe ) (46)
<9 (d (Xuprjo1> Xemypes))
)

< (P(d( np+] Z’x(n+m)p+] 1)

Z,., Vj € p-1 U {0}, provided that
> D, and then the sequences

vn,m €
d(xnp+j—2’ x(n+m)p+j—1)
{p(d(Xpsj-2> X(uemyps j-1))1 Vj € p =1 U {0}, bounded from
below are strictly decreasing, so convergent to some #(€
R,) > D,since ¢ € I'p,, 1 > y(t) > ryfort > D and
y(D) = ry < 1since ¢y € ¥p(ry) and the property (y,) of

the class Wp(r,). Note that x,,, X(emyp € Xi» Xppe1 € Xigrs

Discrete Dynamics in Nature and Society

Xnpjp Xuemyprj € Xivjp and x,

_j € Xi_jyp VM, Vm € Zy, . Tt
is be proved from (46;, since ¢(D)

= D, that# = D so that

lim ¢ (d (xnp+j’ x(n+m)p+j+1))

n—oo0

= limd (xnp+j,x(n+m)P+j+1) =D; (47)

Vjep-1U{0}.

Assume that this is not the case, so that # > D, and proceed
by contradiction to conclude that # = D. Suppose that

lim,, oo @(d(Xyp1 j» X(uemypsje1)) = 1 > D for some j €
p— LU {0}. Thus, for each § € R, there is ng = ng(y) € Z,,
and Yy = y,,(r]) € [0, 1) such that for all n(e Z,,) > n;

ns¢ (d (xnp+j>x(n+m)p+j+1>) <n+ 8
¥ (@ (d (g Xusmyprjo1))) < i

Vje p—10U{0}, Vn € Z, since {p(d(x,p, j> X(nimypr js1 )} —
n and since v € Wp(r,) is a stronger Meir-Keeler function.
Then, one gets from (46) since d(x,,, » x<n+m)p+]+l) > Dand
(/)(d(xnp+]>x(n+m)p+]+l)) o) 2 D,Vj € p- p-1uU{o},
Vn,m € Z,,, that

(48)

D <n= limg (d (xnp+j’ x(n+m)p+j+1)) =9 (d (Txanrj—l’ Tx(n+m)p+j))

n—00

< max | D.timsup (¢ (9 (4 (ot 1 ¥ampns))) 9 (4 (0 Ximps) |

n—o00

< max | D15 500 (11,9 (4 (51510 Komps))) |

since y, < 1, a contradiction. Then, for any m € Z,,,

lim ¢ (d (x,,erj, x(n+m)p+j+1))

n—00

(x”P+J" x(n+m)p+j+1) =D; (50)

Vje p-1U{0}.

Property (i) has been proved. Property (ii) is proved in the
same ways as its counterpart in Theorem 13 since it is based
on Theorem 13(i) which still holds for this theorem and from
the rectangular property of distances of the g.m.s. (X,d).
Finally, Property (iii) follows from the given assumptions,
similar to those of Theorem 13(ii) since (50) has been got from
(46) which is a similar property to that used in the proof of
Theorem 13(iii). O

Based on (50) and (46) obtained for the proof of Theo-
rem 23, it is direct to prove in a similar way as it has been
done for Theorem 14, Theorem 15 (see also Remark 16), and
Theorem 21, the following results.

(49)

=ma [D lim sup (""" (d (x”(sP’x(Vlaer)P“)))] =0

n—00

Vjiep-1U{0}, VmeZ,,

Theorem 24. Let (X,d) be a complete gm.s. and let T :
Uiep Xi = Uicp Xi be a generalized (y — ¢)-weak p-cyclic
contraction mapping such that that the sets X; Vi € p are
closed and intersect for some v € ¥, (0) and ¢ € I,. Then,
there is a unique fixed point z € (), X;
Theorem 25. Let (X, d) be a complete g.m.s. admitting mid-
points which has p nonempty closed subsets X; < X, with
d(X;, Xj.1) = D, Vj € p, where X is an abstract set, with one
of the subsets X, for some i € p, being strictly convex. Assume
that there is some strictly increasing function § : (0, 1] — [0, 2]
such that X has the property (28) for all x,y € X;, p € X,
and R € R,,r € [0,2R]. Let T : Ui X; — UszXi be
a generalized (y — @)-weak p-cyclic contraction mapping for
some ¢ € Yp(ry), some r, € (0,1), and some ¢ € Ip.
Then, T : Ui Xi = Ujep Xi has a unique best proximity
point z; € X;, Vj € p, which is also a p-periodic point of
T : Uiz Xi = Uicp Xi and a fixed point of the composite

mapping TP : U X; | X = Ujep X VK € P.
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f(iepXi # @, then z;. = z € (N5 X, Yk € P, is the
unique fixed point of T : U5 X; = Ujep Xi-

Theorem 26. Let (X,d) be a gm.s. and let T : ;5 X; —
Uiep X; be a generalized (y — ¢)-weak p-cyclic contraction

mapping. Then, the following properties hold:
(i)

lim y" (i,i — p) (§0i_p_1 (d (xo’xmpﬂ))) =D;

n—0o0

lim lim (Pi—p—l (d (xmp’ x(m+n)p+1 )) (51)

m—00 n—00

- nlilgo%fpfl (d (xnp+j> x(€+n)p+]’+1)) =D,

Ve,m € Zy,,Vj € p—1U{0}, Vi € p, and for any given
Xy € X; and any given arbitrary i € p for some set of functions
y; € ¥p, (), Vi € p, some real constants ry; € (0,1), Vi € p,
where y(i,i— p) = Yi_p, * ... Y;_y - Y; is a composite mapping
of p such functions.

(ii) Assume that (X, d) is a complete g.m.s. and that z; € X;
has a best proximity point from X; to X;,, (i.e, d(z;, X;,,) =
D;) for some given i € p and that X,,, is approximatively
compact with respect to X;. Then, there is a best proximity point
Ziy = Tz, from X, to X; which is unique and in X, if z; is
unique and X, is closed.

Also, if all the subsets X; € X, Vi € p, are closed, then
there are p best proximity points Zij = sz,- € Xy Vis j € D,
which are unique if anyone of them is unique. Each z; € X;
is also a fixed point of the composite mapping TF : Ujes X |
X; = Ujep Xj» Vi € p, and then a p-periodic fixed point of
T : Uiep Xi = Usep X

Example 27 Examples 17-19 can be reformulated for gener-
alized (y — ¢)-weak p-cyclic contraction mappings with the
replacement ¢ € O — v € VYp(ry) with some ry € (y,,1)
sincey, € (0,1)and D = d(X,, X,) < L.
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