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ABSTRACT: We show that 10D spinor helicity formalism can be understood as spinor mov-
ing frame approach to supersymmetric particles extended to the description of amplitudes.
This allows us to develop the spinor helicity formalism for 11D supergravity and a new
constrained superfield formalism for 10D SYM and 11D SUGRA amplitudes. We show
how the constrained on-shell superfields, one-particle counterparts of the superamplitudes,
can be obtained by quantization of massless superparticle mechanics.

We make some stages towards the calculation of amplitudes of 10D SYM and 11D
SUGRA in this framework. In particular we have found supersymmetric Ward identities
for constrained amplitudes and an especially convenient gauge, fixed on the spinor frame
variables corresponding to scattered particles, which promises to be an extremely useful
tool for further development of our approach.

We also discuss a candidate for generalization of the BCFW recurrent relations for
the constrained tree superamplitudes, indicate and discuss a problem of dependence of the
expressions obtained with it on a deformation vector, which is not fixed uniquely in higher
dimensional D > 4 cases.
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1 Introduction

The seminal paper [1] initiated a wave of renewed interest to the applications of D=4 twistor
approach [2—-8] which resulted in development of new methods of computation of on-shell
amplitudes and (in combination with other ideas [9]) to a significant progress in loop
calculations [9-15]. Of these new methods let us mention the Britto-Cachazo-Feng-Witten
(BCFW) approach [16], which allowed to obtain Britto-Cachazo-Feng (BCF) recursion
relations for tree amplitudes [17] and their loop generalizations. It was further developed
and generalized for superamplitudes of maximally supersymmetric 4D A = 4 super-Yang-
Mills (SYM) and N = 8 supergravity (SUGRA) theories in [18-22] and refs. therein.

To be precise, the original BCFW work [16] as well as [18-22] used essentially the so-
called (D = 4) spinor helicity formalism,! which is related but not identical to the above
mentioned twistor approach.? A D=10 dimensional generalization of the spinor helicity
formalism was constructed by Caron-Huot and O’Connell in [25] and used in [26-29] to
study the 10D SYM and type IIB supergravity amplitudes (see [27] also for application
to type IIB string theory amplitudes). The authors of [25] also constructed a superfield
generalization of 10D amplitudes, which we have called ‘Clifford superamplitude’ in [30].
However this formalism happens to be quite nonminimal and very complicated, so that the
further use of 10D spinor helicity formalism was in the field of type IIB supergravity where
an essential simplification can be reached with the use of the natural IIB complex structure.

In this paper we first show that the variables of the 10D spinor helicity formalism
can be identified with spinor moving frame variables (Lorentz harmonics) used for the
description of supersymmetric particle mechanics in [31-33].> The spinor moving frame
formalism was also developed for the case of 11D massless superparticle [35-38]* and we

! As it was shown in [19], the bosonic BCFW relation can be also proved without the use of spinor helicity
variables; this fact does not diminish the significance of these which were used quite extensively in [19].

2Also a momentum twistor formalism, alternative (dual) to the standard twistor approach and related
to dual superconformal symmetry [10], rather than to the standard conformal symmetry of A' = 4 SYM,
was developed in [23, 24].

3The identification of spinor helicity variables with Lorentz harmonics were noticed in [34] and used
there to construct D=5 spinor helicity formalism.

“The spinor moving frame approach for D=4 and D=10 superstrings was proposed in [39, 40] and
elaborated in [41], for 11D supermembrane in [42, 43] and for the generic super-p-branes from the ‘standard
brane scan’ - in [44]. The synthesis of spinor moving frame approach with the so-called STV (Sorokin-Tkach-
Volkov) approach to superparticles and superstrings [45-47] (see [48] for the review and more references)
resulted in the development of the superembedding approach to superstrings and super-p-branes [49]. In
particular, in the frame of this approach (also reviewed in [48]) the equations of motion of the M-theory
5-brane had been obtained in [50] some months before the covariant actions was constructed in [51] and [52].



have used it to develop the spinor helicity formalism for 11D supergravity amplitudes. This
has been briefly reported in [30] and is elaborated here.

A key observation is that a suitable quantization of the D=4 N' = 4 and N/ = 8
superparticle models in its twistor-like formulation [6, 7] results in description of their
quantum state spectrum by so-called on-shell superfields. These are chiral superfields in
superspace with A/ complex fermionic and 2 complex (4 real) bosonic spinor coordinates,
known as on-shell superspace, which describe the fields of the linearized N'= 4 SYM and
N = 8 SUGRA multiplets (see e.g. [1, 10]). The superamplitudes of N' = 4 SYM and
N = 8 can be considered as multiparticle generalizations of these on-shell superfields.

Similarly, a suitable quantization of the 10D and 11D massless superparticle models
in their spinor moving frame formulations [33, 36-38] results in an on-shell superfield de-
scription of the linearized 10D SYM and 11D SUGRA supermultiplets which had been
proposed in [35] (as a generalization of the Penrose twistor transform [2-5]). As, in distinc-
tion to the 4D case, these on-shell superfields obey some nontrivial differential equations
with fermionic covariant derivatives, we call them constrained on-shell superfields. Multi-
particle generalizations of these give us constrained superamplitudes which are much more
economic than the Clifford superamplitudes of [25]. The development of such a constrained
superamplitude formalism for 10D SYM and 11D SUGRA is one of the main aims of the
present paper.

We describe the properties of the constrained tree superamplitudes of 10D SYM and
11D SUGRA and make some stages necessary for practical calculations of amplitudes in the
frame of our spinor helicity formalism and constrained superamplitude approach. In par-
ticular we obtain the supersymmetric Ward identites and present a convenient gauge fixed
on the spinor frame variables, which can be considered as Lorentz covariant counterpart of
the light-cone gauge.

We have also presented a candidate for generalization of the BCFW recurrent relations
for the constrained tree superamplitudes and studied its properties. In this part the results
are quite preliminary. The use of our candidate BCFW relations to calculate 4-point SYM
amplitudes leads to expressions suffering an unwanted explicit dependence on a deformation
vector, which is not fixed uniquely in the case of higher D. We suggest that this can be
improved with the use of a complementary analytic superamplitude formalism and complex
spinor frame variables of [53].

A part of the 11D results was briefly reported in [30]. An alternative (although related)
analytic superamplitude formalism has been proposed in [53]. The use of this latter for
further development of the constrained superamplitude formalism of the present paper will
be the subject of future publication.

1.1 Other superfield approaches to maximally supersymmetric QFTs

We have to notice the existence of other superfield approaches to calculation of the ampli-
tudes which are oriented on the use of the off-shell methods, actions and Feynman diagrams.

First of all there is the light-cone superspace approach used in particular to prove the
perturbative finiteness of the A’ = 4 SYM theory in D=4 [54-56]. It was also developed



for superstring theory [57]. Despite it was proved to be very useful, the lack of an explicit
Lorentz covariance was the reason to search for manifestly Lorentz covariant formalism.

The covariant superfield approach of [58], which was based on the off-shell supersym-
metry and background superfield methods, allowed to obtain the non-renormalization theo-
rems and analyse the structure of possible counterterms. It brought a number of impressive
results, in particular an alternative proof of perturbative finiteness of N' =4 SYM [58] and
of the absence of some loop divergences in N' = 8 supergravity [59]. The restriction of this
method comes from the need in an off-shell superfield description of the supersymmetric
theory, which is unknown in its complete form for the cases of most interesting higher A/
and higher dimensional supergravities and SYM theories.”

The analysis of the on-shell counterterms of N -extended supergravity theories based
on their on-shell superfield description was initiated in [60, 61] and is still in the center of
interest (see e.g. [13] and refs. therein).

The so-called pure spinor approach to superstring [62-65] was also developed for su-
persymmetric field theories [66-69]. In particular, a pure spinor formulation of the action
for 11D supergravity was proposed in [70], elaborated in [71, 72] and applied to analysis of
UV divergences in [73].

This is a good place to notice by pass that the study of the relation of pure spinor de-
scription of superstring with the standard Green-Schwarz formulation resulted in proposing
a number of versions of multidimensional twistor correspondences [74-76] alternative to the
Lorentz harmonic version of twistor-like approach used in this paper and e.g. in [33, 36].

As we have already noticed, the main difference of the approach of this paper with
the above mentioned superfield approaches to maximally supersymmetric quantum theo-
ries is that these use off-shell methods, Lagrangians and Feynman rules, while our study
belongs to the line of the on-shell approaches to superamplitudes. The experience gained
in D=4 [14, 15] suggests that the on-shell methods at the end might happen to be more
practical in quantum calculations. Of course, we are at the beginning of the way and
presently cannot show such impressive results of our approach as the ones obtained with
the above methods.

1.2 Outline of the paper

The rest of the paper is organized as follows. In the next section 2 we first review the
D=4 spinor helicity formalism (section 2.1) and BCFW recurrent relations for D=4 am-
plitudes (section 2.2), as well as the on-shell superspace, D=4 superamplitudes and their
one-particle counterparts called ‘on-shell superfields’ (section 2.3). In section 2.4. we show
how these on-shell superfields can be obtained by quantization of N-extended massless
superparticle model.

This D=4 observation provides us with a guide in search for on-shell superamplitudes
of higher dimensional SYM and SUGRA theories. Namely, first we have to find a suitable
superparticle model and perform its quantization in a suitable representation thus arriving

®The result on finiteness of ' = 4 SYM were obtained in [58] using its description in terms of N' = 2
superfields.



at on-shell superfields describing the superparticle quantum state vectors. The tree su-
peramplitudes will be multiparticle counterparts of such on-shell superfields. In particular
they carry the same indices/charges/weights as on-shell superfields, but multiplicated (one
for each scattered particles), and obey the set of equations which repeat the equations
satisfied by on-shell superfield in variables corresponding to each of the scattered particles.

Spinor moving frame formulation of D=10 and D=11 massless superparticle mechanics
(also known under the name ‘twistor-like Lorentz harmonic formulation’) is reviewed in
section 3. Its quantization is described in section 5 where it is shown how the constrained
on-shell superfields and more complicated (and quite non-minimal) Clifford superfields
appear in this way. But before that, in section 4 we construct the D=10 and D=11 spinor
helicity formalism by identifying the spinor helicity variables of scattered particles with
the counterparts of spinor moving frame variables (Lorentz harmonics) of the massless
superparticle mechanics.

In section 4 we also show how the solutions of linearized equations of motion of 10D
SYM and 11D supergravity can written in terms of these spinor frame and related vector
frame variables, and write supersymmetry transformations mixing the solutions of bosonic
and fermionic equations. We also introduce there the spinor helicity representation of the
amplitudes of 10D SYM and 11D SUGRA and obtain supersymmetric Ward identities for
these amplitudes.

In section 5, by quantizing 10D and 11D superparticle models, we arrive at the on-shell
superfield description of the linearized 10D SYM and 11D SUGRA which are generalized to
the constrained superamplitudes in section 6. The quantization, described in section 5.5,
requires some technical details on spinor moving frame variables and coordinate basis of
Lorentz-harmonic superspace. These have been presented in sections 5.1-5.4 and are not
used in the forthcoming sections. The reader not interested in quantization procedure, nor
in details on properties of spinor moving frame in D=10 and D=11, might skip the first
subsections and move directly to sub-subsection 5.5.2 using the previous sub-section 5.5.1
just for notation.

In section 6 we develop the constrained superamplitude formalism for 10D SYM and
11D SUGRA and present a candidate for BCFW type recurrent relations for these su-
peramplitudes. The explicit form of these candidate BCFW relations for 4-point 11D
superamplitude is discussed in section 7 where we also describe some further development
of spinor frame approach to amplitudes and superamplitudes. In particular, we discuss
there the relation between spinor frames associated to different particles, consequences of
the momentum conservation, D=10, 11 supermomentum, and a gauge fixing conditions
for the auxiliary gauge symmetry. These conditions describe a Lorentz harmonic counter-
part of the light cone gauge, which is fixed on spinor frame variables and promises to be
especially convenient for the amplitude calculations.

Finally, in section 8 we discuss the candidate BCFW relation for 10D four-point su-
peramplitudes, reduce them to the relation for 4-point amplitudes, present the explicit
expressions for 3-point amplitudes and use these to calculate 10D 4-point amplitudes with
4 and 2 fermionic legs. We find that, unfortunately, the resulting expressions for four point
amplitudes suffer an unwanted dependence on a deformation vector and suggest that this



might be improved with the use of analytic superamplitude formalism and complex spinor
frame of [53].

We conclude in section 9.

In appendix A we describe some aspects of the Clifford superfield version of the 10D
superamplitude formalism of [25].

2 D=4 spinor helicity formalism, (super)twistors, (super)amplitudes and
superparticle mechanics

In this section we first review the D=4 spinor helicity formalism for gauge theory am-
plitudes, BCFW recurrent relations for these amplitudes, superamplitudes of maximally
supersymmetric D=4 SYM and SUGRA theory and their one-particle counterparts called
on-shell superfields. Then we show how such on-shell superfield appears as a representation
of quantum state vector in quantization of a suitable formulation of massless superparticle
mechanics. This provides us with a guide in search for tree on-shell superamplitudes of
10D SYM and 11D SUGRA which will be the subject of sections 5 and 6.

2.1 Spinor helicity formalism for D=4 (S)YM amplitudes

In spinor helicity approach to D=4 scattered amplitudes of massless particles (see e.g. [10,
14, 15] and refs. therein) the information on the (light-like) momentum p,,; and on helicity
of the i-th scattered particle is encoded in the complex 2-component bosonic spinor A 4.
The momentum is given by the product of this and its complex conjugate A A = (A A(i))*:

. _ _ A=1,2, A=1,2,

Pad@) = Pu@0y i = 220X ig) € Pul) = A65)TuAa), 403 (2.1)
where ai 4 are relativistic Pauli matrices. The polarization vectors of i-th scattering spin
1 particles (’gluons’) of negative and positive helicity can be written as

() _Mali ) PN (2)
AA(d) [y ] ’ AAGD) < pdg) > ’

where fi; = (pa)* is a (constant) reference spinor, < plg) >:= eAB,uA)\g.), [ﬂj\(i)] =

EAB,EAS\B(Z'), and

0—1 AB 0—1 AB
6AB:<10>:—€ ) 6,43:(10):—6 (2.3)

are unit antisymmetric spin tensors used to lower and to rise the Weyl spinor indices,

M=e'"Brp,  Ma=eaprB, Nj=ep\

Below we will use even shorter notation for the contraction of the ‘momentum spinors’ or
spinor helicity variables,

s — A _ A B
<1y >=< )\(Z))\(]) >i= A(z))‘A(]) = EAB)\(Z-))\(]-),
= %] = YA A B



One easily observes that < ij >= — < ji >, [ij] = —[ji] (as €15 = —€,4 (2.3)) and, hence,
< 11 >= 0 = [#i]. Then the light-likeness of the momentum (2.1) and its orthogonality to

polarization vectors (2.2), pé‘i)el(ji)) = 0, follow from the identity

UHAAUHBB:%ABGAB' (2.5)

The scattering amplitudes A(1,...,n) := A(p@1), €(1); - - - s P(n)> E(n)) are independent of
the choice of p in (2.2), so that

AL, .. n) == Apay ey - - 3Py Emy) = Ay A@)s -5 Ay Am)) - (2.6)

Furthermore, as a function of bosonic spinors, the amplitude should obey the helicity
constraints,
hiA(L,....n) = hiA(L,...,n), (2.7)
where h; is the helicity of the state, h; = +1 in the case of gluons, and iL(i) is helicity
operator which has the form
0 14 0

A A
N — = A ——— . (2.8)
(1) 9)\A (9 oy A

8)\@ 2 Wy )\(i)

Thus n-particle amplitude is also characterized by n helicities. In the case of n gluons these

- 1

are +1 and the amplitude carries n sign indices,
A(l,...,n) = A7 7T F (10 n). (2.9)

It can be shown that the amplitudes with all and with all but one gluons of the
same helicity vanish, i.e. AT™T(1,...,n) =0, A="%(1,...,n) = 0, so that the simplest
mazximal helicity violation (MHV) amplitude is

AMHV(]_’ o 7n) — A+...+*i+...+*j+...+(17 . ’n) . (210)

This can be expressed in a simple way [77] in terms of the contractions (2.4) of the left-
handed bosonic spinors corresponding to different external particles,

4 MHV 4 3 <ij >*
g (Zp“(i))A (L. om) =9 (Z)\A(i)AA(i)> <12>...<(n—-1)n><nl>" (2.11)

In (2.11) i-th and j-th particles are assumed to be of negative helicity (—1) (as explicitly
written in (2.10)).

2.2 BCFW recurrent relations

The BCFW recursion relations for n-point (S)YM amplitudes are formulated with the use
of the on-shell amplitudes depending on deformed momentum spinors of, say, 1-st and n-th
of the scattered particles. The BCFW deformation rule reads

—_ . —

A A WA A TA YA _ YA
A YA _\A SA YA _3A 34
A = A = A Ay 7 Ay = Ay — 2wy, (2.13)



where z is a complex number. Notice that ;\é,n) differs from complex conjugate of )‘é,n)’

so that the deformed momenta of 1-st and n-th particle

Play = Py (2) = Dy + 20", plyy =l (2) = plyy — 20" (2.14)
are complex. It is important that they remain light-like
a

Pl Pimya =0, Py P(1)a =0 (2.15)

and hence can be used as arguments of an on-shell amplitude. In (2.14) the vector ¢* is
constructed as bilinear of the 1-st left and n-th right bosonic spinors,

¢ =q* 54 = M)A - (2.16)
As a result, it is complex, light-like and orthogonal both to 1-st and n-th momentum,
0“9 =0,  Pida=0,  pida=0. (2.17)

One can easily check the lightlikeness of complex deformed momenta (2.15) using just (2.17)
and (2.14).
The BCFW recurrent relations for tree amplitudes of D=4 gluons read [16, 19]

A (p1,pa, i pn) = (2.18)
- ~ R 1 n— =~ o~
= 2 AT @G P ) g ALY (P b))
h =2 l

where h is the helicity of intermediate state with momentum ]Sg\l(zl) Notice that, for
shortness, we included the momentum conservation delta functions inside the amplitudes
(cf. (2.11)). In the denominator of (2.18) we find the (minus) sum of the first / undeformed
momenta,

l
JE (2.19)
m=1

while the arguments contain the sum of corresponding deformed momenta

l
P ()=~ p(2) (2.20)

m=1
with the specific I-dependent value of the complex parameter z,
Py Py,

(q9) = 2P% g (2.21)

Zl = ZPEZ
This values is designed in such a way that the sum of deformed momenta becomes light-like
(P, (21))? = 0, and, hence, the r.h.s. of (2.18) contains on-shell amplitudes, although some
of the light-like momenta they depend on are complex.



Schematically one can write (2.18) in the form [20]
. 1 -~
A= Z ZAh(ZP) p2 A*h(zP) ) (2.22)
p h

in which in denominator P is a sum of a subset of momenta, as in (2.19) above, z, is

related to P by (2.21), and ) represents symbolically the sum over the division of the
P
set of particle momenta on two subsets (the sum over such divisions is implicit in the

expression (2.18) above).

2.3 N =4SYM and N = 8 SUGRA superamplitudes and generalized BCFW

One can also collect the data of all the n-particle amplitudes of the fields of SYM supermul-
tiplet by considering a superfield amplitude, called superamplitude, depending, besides the

set of n bosonic spinors )\8.) = ()\é))*, also on the set of n complex fermionic coordinates

ngi) carrying the index ¢ = 1,...,4 of the fundamental representation of SU(4):

AL 5n) = Ay, Ay 101y - -5 Ay A Tim)) - (2.23)

The fact staying beyond the above superfield representation for SYM amplitudes is

that the unconstrained superfield depending on the above bosonic spinor and Grassmann
variable 9, but not on its complex conjugate 7, = (n9)*,

1 1 B 1 _
QAN nT) = f(+) +n7xq + 577q7]p5pq + gﬁqnpnrerpqsxs + anqnpnrnserpqsf( ) (2.24)

describes the on-shell degrees of freedom of the AV = 4 SYM multiplet provided it has a
super-helicity +1, i.e. if it obeys

h®(A, A, n?) = DX, A, 7)), g=1,...,4, (2.25)
with
. 9 i 0O G,
2h = M — — ) P R 2.26

In this sense one calls the superfield (2.24) and the superspace with coordinates
(A, A\, n?) it is defined on the on-shell superfield and on-shell superspace, respectively. The
component fields in (2.24) describe photons (or gluons) of helicity +1 (f() = f(H(A, X))
and —1 (f(7) = f(5)(A, X)), photinos (or gluinos) of helicity +1/2 (x4 = xq(X\, \)) and —1/2
(X4 = x9(\, X)), and 6 scalars of the maximal A" = 4 SYM multiplet (spq = Spq (A, A)).

The superfield amplitudes (superamplitudes) (2.23) of ' =4 SYM theory, which can
be considered as multiparticle counterparts of the superfields ®(\, X, 79), obey n superhe-
licity constraints (with the same eigenvalue +1)

ﬁ(i)A({/\(i),X(i),n@)D:A({A(i),X(i),n@)}), g=1,...,4, i=1,...,n, (227

0 i 0 0
A q
P W T (2.28)
(1) ) A (@) q

6>\(i) 8)‘8)



Similarly, the N' = 8 supergravity multiplet is described by chiral superfield on an
N = 8 on-shell superspace with 2 complex bosonic and 8 complex fermionic coordinates
(M2 n9), ¢g=1,...,8, which has superhelicity +2, i.e. obeys

h® (A, A\, n?) =20(\ A\, n?), g=1,...,8, (2.29)

with A defined by (2.26) with ¢ = 1,...,8. The n-particle tree superamplitude of N' = 8
supergravity can be described as a function in a direct product of n copies of such an
N = 8 on-shell superspace, depending holomorphically on the fermionic coordinates and
carrying superhelicity 42 on each of the set of 2 complex bosonic and 8 complex fermionic
A TA

(3

coordinates (A ) )\(i) ,77212.)) corresponding to external legs,

A ({A(z’)’ X(z‘)v”?i)}) =24 ({A(i)a 5‘(@')”7?2‘)}) , g¢=1,....8. (2.30)

To write the superfield generalization of the BCFW relations (2.18) for tree super-
amplitudes of NV = 8 supergravity and N/ = 4 SYM [19, 20], one should supplements
the deformations of the bosonic spinors (2.12), (2.13) by the deformation of the fermionic
variables 0! = (7]4;)* corresponding to 1-st and n-th particles,

a o

q

Moy = My (2) = M0y T 20y s iy = 1y (2) = (2.31)

1) -
Notice that, actually, the fermionic variable of the 1-st particle has not been changed [19,20].

The schematic form of the generalization of the BCFW recurrent relations for N’ = 4
SYM superamplitudes reads

A= Z/d47713AL (=) %AR (2) - (2.32)
P

A more explicit form can be easily restored by comparison with (2.22) and (2.18), also
taking into account the deformation of not only bosonic spinors (2.12), (2.13) but also
fermionic variables, (2.31). A new element is the Grassmann integration over the fermionic
variable corresponding to the intermediate states, 7.

The BCFW recurrent relations allow to construct all higher points on-shell superam-
plitudes from the basic 3-point superamplitudes. One of the aim of our work, the first
stages of which are the subject of the present paper, was to find the generalization of
these relations for the case of superamplitudes of 11D supergravity and 10D SYM. In sec-
tions 6-8 we will present and study a candidate for such a generalization (see [30] for brief
description of D=11 case). As we show, these however suffers an unwanted dependence
on the deformation vector which is not fixed uniquely in higher dimensional cases. Thus
the bottom line of the results of present paper will be the properties of the constrained
on-shell superamplitudes of 10D SYM and 11D SUGRA, the counterparts of (2.23), and
the equations they satisfy, the counterparts of (2.27) and (2.30).



2.4 Massless superparticle mechanics and on-shell superfields

The on-shell superfields describing the states of maximal D=4 SYM and maximal super-
gravity can be obtained by quantization of the massless N' = 4 and N = 8 superparticle
mechanics defined by the following Ferber-Shirafuji action [6, 7]

Sup = /dT)\A/\A <8TXAA — 0,02 64 1 e 6T@Aq) , a=1... N, (233)

We review this well known procedure here as a guide in our search for the on-shell superfield
description of 10D SYM and 11D supergravity multiplets which then will be generalized
to 10D and 11D tree superamplitudes.

2.4.1 Twistor form of the massless superparticle action

Just by moving the derivative with the use of Leibnitz rules, we can write the action (2.33)
in the form

Sap = /dT (S\AaﬂuA — ,uAaT)\A — 2i0:1q ﬁq) =

_ /dT (8TAA ja — O N — 2i0, ﬁq) Cg=1,.... N, (2.34)

where
pA = aaxpA, XA = xA4 4 jed el = (XﬁA)* , (2.35)
g =04\, = (19" (2.36)

Egs. (2.35) and (2.36) are called Penrose incidence relations. They define super-spacetime
as a surface in the supertwistor superspace with complex coordinates (Aa, u?,n,) [2, 3, 6]°
and describe the general solution of the ‘helicity constraint’

2h = Ay — Ayt + 2in, 79 ~ 0. (2.37)

2.4.2 Hamiltonian mechanics in twistor formulation

In the generic case the canonical momenta are defined as derivative of the Lagrangian with
respect to velocities,

Pu = (_)Ma(aﬁf/M) ) (2.38)

5To be more precise, (2.35) and (2.36) define the super-generalization of the space of light-like geodesics in
super-spacetime as a surface in the space of supertwistors. This statement is tantamount to the observation
that (2.35) and (2.36) are invariant under the transformations

SXAM = A LNk, 01 — 2RI, 508 = kAt 6671 = RN

with an arbitrary real bosonic parameter ¢ and A arbitrary fermionic parameters x,. The fermionic trans-
formations can be associated with the x-symmetry of the massless superparticle action (2.33) which was
observed a bit latter in [80] (see earlier [81] for the k-symmetry of massive N' = 2 superparticle).
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where

(—)M = ( )5(yM) ] +1 for bosonic yM
. —1 for fermionic YM .

The canonical Poisson brackets are

) ) y 0 )

S WM apy (—) Py oYM (2.39)
so that [Par, Py}, =0=[YY, YV}, and
YN Putps = on™ = =(=)"N[Pu, YV}, (2.40)
Canonical Hamiltonian H is defined by Legandre transform of the Lagrangian L
H= ()Mo, yMpy — L, (2.41)

and the Hamiltonian equations of motion have the form 9, Y™ = [YM H], ..

In our dynamical system described by Sip = [ drLsp of (2.34), the definition (2.38)
results in the (second class) constraints which identify the bosonic spinor p with the mo-
mentum of the bosonic spinor A, and the momentum of the fermionic coordinate 7, with
its complex conjugate 772, so that the basic nonvanishing Poisson brackets (actually, these
are Dirac brackets) read

], =6 [ X = (<] ) e

N )
{nqvﬁp}pg. = 7§5qp_ (2'43)

The only constraint (after getting read of the second class constraints by passing to Dirac
brackets (2.42), (2.43)) is (2.37). It generates (on the Dirac brackets) U(1) gauge symmetry
characteristic for the D = 4 (super)twistor approach.

2.4.3 Quantization and appearance of the on-shell superfields

Quantization implies the replacement of canonical variables by operators and Poisson brack-
ets by graded commutators (i.e. commutators or anti-commutators)

1
[ooyetpp ﬁ[ R
In the coordinate representation
0 0 h 0
— —ih——r = —ith—— P ——
HA ? ONA ;U'A ¢ 5\37 n 28771)

(below we will set A = 1) and the ‘wavefunction’ (or ‘classical field’) depends holomor-
phically on the fermionic variable, i.e. it is given by an on-shell superfield (2.24). The
constraints (2.37) should be imposed on the wave function in its operator form (2.26),

- 11 -



h — —ihh. Actually, the operator ordering can produce an arbitrary constant contri-
bution so that the quantum constraints for the wavefunction of massless superparticle in
N-extended D = 4 on-shell superspace reads

(h—s5)®=0, 2s€Z. (2.44)

The fact that s should be quantized in half-integer unit of 7 follows from the requirement
that @ is a single-valued function of complex variables \ 4, while the choice s = 1 for N' = 4
and s = 2 for N/ = 8 is made from ‘physical reasons’ (of absence in the multiplet under
consideration of gravity in the former and of higher spin fields in the latter case).

The equation (2.42) for the wavefunction of superparticle suggests that the scattering
amplitudes obey eqs. (2.27) and (2.30) in the case of ' = 4 SYM (s=1) and N' = 8
supergravity (s = 2), respectively.

2.4.4 From D=4 to D=10 and D=11

In this paper our main interest is in the properties of tree amplitudes and superamplitudes
of the D=10 SYM and D=11 SUGRA theories. Our way to arrive at the appropriate
spinor helicity and on-shell superfield formalism will pass through quantization of the
D=10 and D=11 counterparts of the Ferber-Shirafuji action (2.33) [33, 37] which we will
describe in the next section. Instead of unconstrained 4D Weyl spinors A4, A i these D=10
and D=11 twistor-like actions use the spinor moving frame variables, also called Lorentz
harmonics, parametrizing the celestial sphere S(P~2) as a coset of D-dimensional Lorentz
group SO(1, D — 1) over its Borel subgroup [SO(1,1) ® SO(D — 2)] « Kp_o [31, 32, 35].
SO(1,D—1)
®SO(D—2)[&Kp_»
variables associated to each of the scattered particles, will be used below to construct

spinor helicity formalism for amplitudes of D =10 SYM and D = 11 SUGRA.

In the case of D = 10 and D = 11 superparticle, the spinor moving frame variables

The counterparts of these SO Lorentz harmonics, spinor frame

can be considered as additional coordinate of target superspace which then can be called
Lorentz harmonic superspace.” Their presence allows to perform a change of variables sim-
ilar to passing to the twistor variables in (2.34), which can be seen now as change of coordi-
nates of this from ‘central’ basis, given by the standard bosonic vector and fermionic spinor
coordinates of D=10 and D=11 superspaces plus the above mentioned spinor harmonics,
to a different, so-called analytical coordinate basis.® The quantization of superparticle in
this analytical basis will provide us with the on-shell superfields describing the degrees of
freedom of 10D SYM and 11D SUGRA. The tree superamplitudes will be constructed as
multiparticle generalizations of these on-shell superfields.

"See [82-84] for the concept of harmonic superspace.

8The quantization of superparticle in the analytical basis of Lorentz harmonic superspace was discussed
for the first time in [78, 79] using the vector moving frame variables (vector harmonics) only. The formulation
of D=4 Ferber-Shirafuji superparticle in terms of corresponding spinor moving frame variables (spinor
harmonics) can be found in [85]. There the massless superparticle was considered both in the central and
in the analytic coordinate basis of D=4 Lorentz harmonic superspace.
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3 Superparticle in ten and eleven dimensions. Spinor moving frame
formulation

3.1 Brink-Schwarz action for massless superparticle in D=10 and D=11

The Brink-Schwarz superparticle action can be defined in any dimensions

Sps[X,p, 0] = / dr (pa (9, X7 — i8,00°0) — gpapa) . (3.1)

Here X% = X?(7) and 0% = §(7) are bosonic and fermionic coordinate functions, p, =
pa(7) is auxiliary momentum variable, e(7) is an einbein field playing the role of Lagrange
multiplier, and 0,.01'%0 = 8T9afgﬁﬁﬁ.

In D=11 case a = 0,1,...,9,10, « = 1,...,32, the real fermionic 6% are trans-
formed as Majorana spinor of SO(1,10) and I'f; = I'j, = I'}7C,s are the products
of 11D Dirac matrices T'%7 = —(T'%7)* obeying the Clifford algebra, I'*I'"* + T'*T% =
21%®l394 39, and of 11D charge conjugation matrix C,p = —Cgy = —(Cyp)*. We will
also use T@ 8 =T af — C"WI‘%’B.

In D=10 case the fermionic #% is real Majorana-Weyl (MW) spinor of SO(1,9),
a=1,...,16, and I‘gﬁ = Jgﬁ = Jga obey 0%% + 0%6% = 2n™Ii6x16 in product with
their upper-indices counterpart I'% % = G* a8 = 5952 There is no covariant way of rising
or lowering Mayorana-Weyl spinor indices in D=10 as these correspond to different chiral-
ities (in other words, the charge conjugation matrix does not exist in D=10 MW spinor
representation).

In any dimension D the action (3.1) is invariant under rigid supersymmetry

0. X% =10, 0.0% = &~ 0epa =0, 0.e=0, (3.2)
and under local fermionic kappa-symmetry [80] (see also earlier [81])
8. X% = —ifl%,.0 , 0,:0% = pal P, 8upa =0, ope = —4i0.0k.  (3.3)

3.2 Moving frame formulation of massless superparticle mechanics

In this section we follow closely the discussion in [37]. The variation of (3.1) with respect
to the Lagrange multiplier e(7) results in the mass-shell condition

pap® = 0. (3.4)

This is algebraic equation and thus, knowing its solution we can substitute it back to the
action. Hence, formally we can write the action (3.1) in the equivalent form

Shs = /dT (07 X —i0,010) pal 2 - (3.5)

A particular solution of the constraint (3.4) is given by

pa:p(lvov"'>0>_1) (36)
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with arbitrary p(7) describing the energy of the massless particle. Any other solution can
be obtained from this by performing a 7-dependent SO(1, D — 1) Lorentz transformation

u®(7) € SO(1,D —1) & uP @ = n®©) = diag(+1,-1,...,-1). (3.7)
Hence, the general solution of the mass-shell constraint reads

pa(7) = upy = p(r)(ug — u’~V) = p#(r)uz (7)), (3.8)
where we have supplied the energy variable p of (3.6) by the indices # =%+ which indicate
the invariance of the solution (3.8) under arbitrary scaling of u; compensated by an op-
posite scaling of p#. As we will see below this scaling symmetry may be associated with
SO(1, 1) subgroup of Lorentz group SO(1,D —1).

By construction, the vector u; (1) = (ul — uéDil)) is light-like. Substituting this
general solution into the Brink-Schwarz action we arrive at

S = / drptu; (8, X% —id,00%) ,  w;u*™ =0. (3.9)

This action describes moving frame formulation of massless superparticle, as it includes
a light-like vector (3.8) which we have introduced as a difference of two columns of the
Lorentz group valued matrix (3.7). It is convenient to consider this matrix to be an
element of proper Lorentz group simply connected to unity SOT(1, D — 1) (see [31, 32]),
and to write this matrix explicitly in terms of light-like vector w; and its complementary
uf (7) = (ud +ug”™V),
ul (r) = <; (ua: + uf) ,ul ,% (quE - uf)) € SO'(1,D —1). (3.10)
At this stage it might seem that we just have substituted a simple action (3.5) by an
almost identical but a bit more complicated (3.9) without any benefit. The benefit however
is present (although still hidden) as the clear geometrical and group theoretical meaning
of moving frame will allow us to extract a square root of (3.10), which gives us the spinor
moving frame providing the 10D and 11D counterparts of spinor helicity variables. We will
see that, when the moving frame variables are understood as constructed from the spinor
moving fame variables, the action (3.9) becomes a D-dimensional counterpart of the D=4
Ferber-Shirafuji action (2.33).
But before introducing the spinor moving frame, let us discuss some technical details
about moving frame variables.

3.3 Properties of moving frame variables (vector harmonics)

The statement (3.10) is equivalent to preservation of the flat Lorentzian metric under
similarity transformations with the moving frame matrices U = Hu((lb)H, ie. to UlnU =
n and UnUT = 5. These equations can be equivalently written as u((lb)ua(c) = )
(see (3.7)), which splits into

ugu’" =0, (3.11)
ufu™ =0, ugu =2, (3.12)
wbu®= =0 = wlu® | wlu®) = 617, (3.13)
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and as

1 _ 1 -
b = ugu* 4 Juful= b (3.14)
respectively.
The set of constrained variables (3.10) considered as worldline fields, u; = u (1),

etc., describe a moving frame attached to every point of the worldsheet in such a way that
canonical momentum of X“(7) field is proportional to u; (7) (as it can be seen from (3.8)).
Hence these fields can be called moving frame fields or moving frame variables.

On the other side, one can treat the model (3.9) as a model in superspace enlarged
by additional bosonic directions parametrizing SO(1, D — 1) group or its coset. Such an

9, = #
U, , Ug

enlarged superspace, first introduced in [78] is called Lorentz harmonic superspace.
and u! constrained by (3.11)-(3.14) (or equivalently by the condition (3.10) on u?) matrix
collecting them) can be considered as coordinates of the ‘internal’ sector of this superspace
and can be called Lorentz harmonic variables. Of course these name can be applied as
well to the worldline fields, u((lb) (1), etc., so that the names Lorentz harmonics and moving
frame variables can be used as synonyms.

Notice also that the splitting (3.10) of the SO(1,D-1) valued matrix ul?) (7) is invariant
under the subgroup SO(1,1) x SO(D — 2) of the Lorentz group SO(1,D — 1) so that
in a model which is gauge invariant under local SO(1,1) x SO(D — 2) transformations,

the fields ul” = (uj,u# ,ul) can be identified as homogeneous coordinates of the coset
SO(1,D—1)
SO(1,1)xSO(D—2)°
ul} = SO(1,D —1) '
“ SO(1,1) x SO(D — 2)

{uz,ulf, (3.15)
The (spinor) moving frame variables used to describe (super)string model in its “twistor-
like Lorentz harmonic formulation” of [39-41] parametrize this non-compact coset.

The superparticle model is more economic: of all uld) (1) € SO(1,D — 1) it contains
only one light-like vector ug (7). Hence, if we treat this light-like vector as a part of moving
frame matrix vl (7), this model is gauge invariant, besides SO(1,1) x SO(D — 2), under
such SO(1, D — 1) transformations which mixes the complementary light-like vector uff (7)
with spacelike vectors ul(7). These transformation form an Abelian subgroup Kp_o of
the Lorentz group SO(1, D — 1). The complete set of the gauge symmetries in the (spinor)
moving frame sector of our superparticle model is thus a semidirect product [SO(1,1) x

SO(D —2)] « Kp_2 which is the so-called Borel subgroup of SO(1, D — 1). The latter fact
SO(1,D—1)
LD)xSO(D—2)]&Kp_2

SP~2 which (when the massless (super)particle model is considered) can be identified as

implies that the coset 50T is compact; it is isomorphic to the sphere

celestial sphere of a D-dimensional observer [31, 32]. Resuming,

_ SO(1,D —1) B
{ua s ua, ua} [SO(1,1) x SO(D —2)] « Kp_» S ’ (3.16)

In [78, 79] the name ‘light-cone superspace’ was used. The term ‘harmonic superspace’ was introduced
in the seminal papers [82, 83] where the off-shell description of N' = 2,3 SYM theory and N/ = 2 supergravity
in terms of unconstrained superfields have been constructed; see also [84].
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or, more schematically,

—y _ SO(1,D — 1) o
e} = GO, 1) x 50D — 2] @Kps S (3.17)

Again, the above observations result in nontrivial consequences only after ‘extracting
the square roots’ of the moving frame vectors, i.e. after reformulating this in terms of spinor
moving frame variables, which are of interest for us as basic elements of D-dimensional
spinor helicity formalism. Let us describe these in a notation especially suitable for D=10
and D=11 dimensional cases.

3.4 Spinor moving frame variables (spinor harmonics)

The basic fact allowing for extracting a square root of the moving frame matrix is the
Lorentz invariance of D-dimensional Dirac (or Pauli) matrices I'* and also of D-dimensional
charge conjugation matrix C,g if such exists in minimal D-dimensional spinor represen-
tation. The conditions of these Lorentz invariance can be written, in particular, for the
moving fame matrix (3.10), (3.7),

VEVT =u{Ty,  VIT@V = (3.18)
vovt =, if C exists for given D. (3.19)

These equations define the spinor moving frame matriz V which takes values in the fun-
damental representation of the doubly covering group Spin(1, D — 1) of the Lorentz group
SO(1,D—1),V € Spin(1, D—1). It is nxn matrix, where n is dimension of a minimal spinor
representation of D-dimensional Lorentz group: n = 16 for D=10 and n = 32 for D=11.

The SO(1,1) x SO(D — 2) invariant splitting (3.7), ul()a) = (ub:,uf, ul), is reflected by
splitting the spinor moving frame matrix on two rectangular blocks,

V® = (va;, v@) € Spin(1,D — 1), (3.20)
The columns of two blocks of these matrices are enumerated by indices of (the same or
different) representations of SO(D — 2) subgroup of SO(1, D —1). In particular, in the case
of D=10, where the minimal MW spinor representation is 16-dimensional, these are c¢- and
s-spinor indices of SO(8),

D=10: a=1,...,16, ¢=1,...,8, ¢=1,...,8, (3.21)

while in D = 11 these are two copies of the same real (Majorana) spinor representation of
the SO(9) group,

D=11: a=1,...,32, ¢g=¢=1,...,16, vojg Vah - (3.22)

+

The sign indices * of two blocks, v, and v,g, of the spinor moving frame matrix (3.20)

q ag’
indicate their scaling properties with respect to the SO(1,1) transformations.
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Generically, working with spinor moving frame variables one cannot avoid the use of
the inverse of the spinor moving frame matrix

vie
Vi = (11, ) € Spin(1,D - 1) (3.23)
q
the blocks of which obey Vogﬁ)V(ﬁ)“f = U;%(—;v + vqfo‘vq_v = 62 and
O Ve = Ogp v;ava; =0,
Vg Vg =0, Vg MV = O (3.24)

In D=11 the elements of the inverse spinor moving frame matrix can be constructed
from the elements of (3.20) with the use of charge conjugation matrix

— . B
D=11": q = +iC“ vﬁq (3.25)

In D=10 the charge conjugation matrix does not exist and we define the elements of (3.23)
by the constraints (3.24).

For our dynamical system an especially important relations between the vector and
spinor moving frame variables (vector and spinor Lorentz harmonics) (3.18) are

ug a5 = 2vaq vgg~ ¢ Davy = ug Ogp,

u; T8 = 2v;avqfﬂ, v; Tavy = ug dgp - (3.26)

The equations in the first line of (3.26) allow to state that v, is the square root of the
light-like moving frame vector u, in the same sense as in D=4 the bosonic spinor A4
can be called square root of the light-like 4-momentum due to eq. (2.1). The equations
in the second line state the same for the block v;a of the inverse spinor moving frame
matrix (3.23). This fact is nontrivial for D=10, while for D=11 v, * = v, is expressed
through v, by (3.25) and the equations in the second line of (3.26) follow from the first line.

Slmllar relations with other moving frame vectors involve the complementary harmonic

variables v f and v}

v:{fav; = ul by, 2004 Vgt = Fgﬁua#, (3.27)

Tl = ufé,, 21);“1);5 = raoBy | (3.28)
v Doty = wavgps  2lg Yavis)i" = Tastta (3.29)
v;Fav; = —UgVpg » 2v (a’yéq B = _paByl (3.30)

Here, for D=10 qu ’qu are Klebsh-Gordan coefficients of SO(8) group, ¢,p =1,...,8 are
s-spinor (8s) indices, ¢,p =1, ...,8 are c-spinor (8c) indices and I=1,..., 8 is SO(8) vector
index (8v-index); all three representations are 8 dimensional in this case. For D=11 ¢,p =
Gg,p=1,...,16 are spinor indices of SO(9) and 'yép = yéq are SO(9) gamma matrices. For
completeness, let us also repeat here that in D=10 Fgﬁ =0 8 fgﬁ = &Z‘B

10D Pauli matrices while for D=11 T5” = CT,,5C%.

are generalized
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3.5 Spinor moving frame formulation of the massless superparticle action

Using (3.26), we can write (3.9) in the form

ug u= =0,
S = /dTp# (ua:&rX“ = 2i0:0%,, 96052> , ug Tl s = 2050050,

vy Lavy, = ug dgp .

(3.31)

This counterpart of the D=4 Ferber-Schirafuji action is the basis of the spinor moving frame
formulation of massless D-dimensional superparticle (also called twistor-like Lorentz har-
monic formulation) proposed and investigated in [33] for D=10 and in [36-38] for 11D cases.

In distinction to the Brink-Schwarz formulation (3.1), the k-symmetry of the spinor
moving frame action (3.31) is irreducible,

0o X = —ifov, k19, 6.0% = kT, G0, =0 =0xvag - (3.32)

But moreover, as we will see below, in section 5.2, we can perform such a change of variables
after which this local fermionic symmetry is gauge fixed automatically: the action in this
basis contains only variables which are inert under k-symmetry.

However, before passing to this issue, for which we will need to consider differential
calculus on the space of spinor moving frame (Lorentz harmonic) variables, we would
like to show that the D=10 spinor helicity variables of Caron-Huot and O’Connell are
actually spinor frame variables, and present the basic equations of this D=10 spinor helicity
formalism and of its D=11 generalization.

4 Spinorial frames, D=10 spinor helicity formalism of Caron-Huot and
O’Connell, and its D=11 generalization

In this section we show that spinor helicity formalism for D=10 amplitudes proposed by
Caron-Huot and O’Connell in [25] can be treated as spinor frame approach to the ampli-
tudes, and use this observation to construct D=11 generalization of this formalism.

It is worth stressing that in this paper, following the line of [16, 19, 25] we will consider
the on-shell amplitudes only and do not use neither (full field theory) Lagrangian nor
Feynman diagrams in their derivation. Such pure on-shell approaches to the amplitudes
(the set of which also incudes the unitary cut technique [9]) revived key ideas of the S-matrix
program [86] aiming to restore the amplitudes mainly from the kinematics, symmetries and
locality principle. For maximally supersymmetric D=4 theories such approaches have been
quite successful resulting in a progress which cannot be reached with Feynman diagrams,
see e.g. [14, 15] and refs therein. For higher dimensional cases, especially for D=10 and
D=11, the on-shell (super)amplitude methods still need to be further elaborated and new
ideas and new guides for the construction of the amplitudes are welcome. The aim of this
paper is to contribute in such a development.

Particularly, in sections 5, 6 we use the statement that tree superamplitudes are mul-
tiparticle counterparts of the wavefunctions obtained in a suitable quantization of super-
particle mechanics to find the small group index structure and transformation properties
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of the superamplitudes as well as the equations which obey these superamplitudes. In
this section we discuss the tree amplitudes which appear as leading components of these
superamplitudes and obtain the supersymmetric Ward identities relating several ampli-
tudes. To introduce the amplitudes independently of superamplitudes, we consider them
as multiparticle counterparts of the solution of the linearized equations of motion for the
fields of 10D SYM and 11D SUGRA supermultiplets obtained with the use of spinor mov-
ing frame. This way also makes manifest how the supersymmetry transformations act on
the amplitudes which, together with the evident fact that the amplitude for the process
involving an odd number of fermions (counting all the incoming and outcoming particles)
should vanish, gives us the above mentioned Ward identities.

Although we are not ready to reproduce the amplitudes just from the solution of
the Ward identities (as suggests the S-matrix program), below (in section 8.2.) we will
check that 3-point amplitudes with two fermionic legs suggested by the form of SYM (and
superstring) vertices found in [101, 103] do obey these Word identities, and also use these
to restore the form of 3-point amplitude with all three bosonic legs [101, 103].

4.1 D=10 and D=11 spinor moving frame as spinor helicity variables

To arrive at D=10 spinor helicity formalism [25] used in [26, 28, 29] to study the 10D SYM
and type IIB supergravity amplitudes, and at its D=11 generalization briefly presented
n [30], let us consider a vector frame (uz,ua#l,ugl) attached to a light-like 10D (11D)
momentum ke, kqik{ = 0, of i-th of scattered particles in such a way that (cf. (3.8))

k= pfug=. (4.1)

(2 K3

We allow pzéE to be negative, associating such with in-states of the scattering, while positive
p? are associated to out-states. This corresponds to the usual convention on that all the
momenta in the amplitude are considered as, say, outgoing but the incoming particles have
negative energy k?.
The other vectors of the i-th frame
b =

uE”) = (uai,uﬁ,u£i> e SO(1,D —1) (4.2)
are not fixed by any additional conditions except for that they form an orthogonal and
normalized frame with u_; (i.e. obey (3.12), (3.13)). Thus the transformations mixing

ul’s among themselves (SO(D — 2)) and with ufl (Kp—2) can be considered as a kind of

al
gauge symmetry transformations acting on the frame. In the same manner one can treat

the scaling transformations of u7;: supplemented by opposite scaling of pi). These leave

invariant the momentum (4.1) and, when supplemented by the opposite scaling of ua#l-, can

be identified with SO(1,1) € SO(1, D — 1) transformations leaving invariant (3.12) and,
hence, the splitting (4.2).

Thus the complete set of transformations which can be used as identification rela-
tions on the class of frames defined by the only condition (4.1) (set of gauge symmetries
relating equivalent vector frames) form the [SO(1,1) ® SO(D — 2)] ® Kp_g subgroup of
SO(1,D — 1). The frames obeying (4.1) with some light-like momentum span the coset
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SO(1,D—1)
SO, )®S0(D—2)&Kp_2
would like to express this fact by writing (cf. (3.17))
- SO(1,D —1)
{uait € [SO(1,1) ® SO(D —2)] « Kp_o

isomorphic to the celestial sphere of a D-dimensional observer. We

(4.3)

Notice that, in distinction to (3.17), here we have used € symbol (rather then =), as this
is more appropriate when we are speaking about a definite scattering process.
In D=10 case we introduce the corresponding spinor frame matrix

VD = (vihis vags) € Spin(1,D ~ 1) (4.4)
and its inverse
vte
Vit = (vz_:a> € Spin(1,D — 1) (4.5)

related among themselves by (3.24) and to the above frame vectors by egs. (3.26)—(3.29).
Egs. (3.26) imply

D =10 : kaifgﬁ = préva_qivﬁ_qi, p#vq_ifavgi = kaidgp,
ki D48 = 2pfév;iavlgi6, p#v;if‘av;i = kqilgp - (4.6)
B

Contracting suitable equations (4.6) with v,,” and vag~ and using (3.24) we easily find

that these obey the massless Dirac equations (Weyl equations)

kailogvs” =0, kT *Pvg, = 0. (4.7)

Thus they can be identified with D=10 spinor helicity variables of [25]

N (48)

and, as we will see in a moment, with its D=11 generalization.

The counterparts of the basic relations of the corresponding spinor helicity formalism
for D=11 supergravity can be extracted from [38]. In this case we can also adapt 11D
vector frame to a light-like momentum according to (4.1); then the spinor moving frame
variables/sinorial harmonics obey the counterpart of the constraints (4.6)

D =11 : kaifgﬁ = prﬁv p#v;if’av;i = kailgp (4.9)

a;ivﬁ;i’
with o, 8 =1,...,32, ¢, p=1,...,16 and a = 0,1,...,10. Notice that in this case the

counterparts of the equations in the second line of (4.6),

D=11:  kul*® =2pfv 0./, p*u Tavy; = kaidgy, (4.10)

are equivalent to (4.9). Again, one can identify spinor harmonics with the solutions of

massless Dirac equation

kil Pvg, =0 & kallgu,” =0. (4.11)

Hence, the 11D generalization of the 10D spinor helicity variables is given by (4.8) with
a=1,...,32and ¢g=1,...,16.
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As many equations of 10D and 11D spinor frame/spinor helicity formalism differs
formally by just replacing dotted indices ¢, p by undotted ¢, p, and by changing the range
of the values of the indices, below, when this cannot lead to confusion, we will not duplicate
the equations writing them separately for D=10 and D=11 cases, but rather write single
equation assuming that for D=11 case ¢ = g, etc.

Polarization spinor of the D=10 and D=11 fermionic fields can be associated with the
element of the inverse D=10 and D=11 spinor frame matrix,

Ngi = Vot (4.12)

For D =11, ¢ =g and eq. (4.12), \j; = \/p>#vq_ia, is equivalent to (4.8) due to (3.25).
Notice that v;gi and U;Z-O‘ are not included explicitly in the definition of momentum
and polarization variables and in this sense can be treated as constrained reference spinors
restricted by the requirement to form, together with Vpgi and vq_io‘, the Spin(1, D—1) valued
matrix (4.4) and its inverse (4.5). The freedom in the definition of vazi includes the Kp_o

transformations

+

1
i 7 Vag + Ko Vogi ™ Vagi (4.13)

Y aqi 9 api Ipg s aqi aqi

as well as the natural action of Spin(D—2) on ¢, p and ¢, p indices and scaling, supplemented
by an opposite scaling of Upgi- With the same line of argument as presented for the vector
frame when arriving at (4.3), we arrive at

_ Spin(1, D — 1) _ «D-2
{ani} < [SO(l, 1) ® Spin(D - 2)] KKp_o =8 '

(4.14)

The simplest application of our spinor frame form of the spinor helicity formalism is to
write the solution of the momentum representation of the linearized equations of motion

of 10D SYM and 11D SUGRA multiplets.

4.2 D=10 SYM multiplet in spinor helicity formalism

As, according to (4.12), polarization of a 10D spinor field can be described by 8 constrained
spinors from the inverse spinor frame matrix (4.5), v;* which obey (4.7), the general
solution of linearized massless Dirac equation reads

D=10: Xa:vq_aqbq, a=1,...,16, ¢g=1,...,8, (4.15)

and the superpartner of the gauge field is characterized by a fermionic SO(8) c-spinor
field ).

Polarization vector of a gauge field can be identified with the spacelike vector ul of the
frame (4.2) adapted to the light-like momentum k, through (4.1) (cf. [25]). Then the basic
solutions of the linearized YM equations can be written as Fj;! = k[aub]] and the general
solution

D=10: Fy=kgpuy' w', ko= p*u a=0,1,...,9, I=1,...,8, (4.16)

a ?

is characterized by an SO(8) vector w?.
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When the formalism is applied to external particles of scattering amplitudes, coef-
ficients in the above expressions for bosonic and fermionic fields, the bosonic w! and
fermionic v, can be taken to be dependent on the on-shell momentum k, ; in our for-
malism this implies the dependence on the constrained spinors v,, (4.14) and density Via
(see (4.6)). Alternatively, we can replace p# by its conjugate coordinate and consider the
field w! = w!(z~, v, ) and g = (27, v, ) on the nine-dimensional space R ® S8, We will
see below that supersymmetry acts on these 9d fields as

Sew! (7, v, ) = 2ie*q’y§q¢q(m‘:, vy ) s Oy, v, ) = e*quéq O—w! (z~, vy ),  (4.17)
where the fermionic SO(8) s-spinors e~ are expressed through the constant fermionic spinor
parameter of rigid 10D N = 1 supersymmetry, €, by

€ 1=y, (4.18)

In D=4 the field describing physical degrees of freedom of the maximal SYM multiplet,

appear in the decomposition of an on-shell superfield on fermionic coordinate, (2.24). The

natural question is whether such an on-shell superfield may exist in the case of D=10 SYM.
As we will see below, the answer on this question is affirmative.

4.3 11D SUGRA in spinor helicity formalism

In D=11 it is convenient to begin with the solution of the linearized equations for the
on-shell field strength Fp.q of the 3-form gauge field. By analogy with the above described

10D gauge field strength, the solution can be expressed in terms of 11D wuf, Fa{)gf =
k[aubl ue? ud}K , so that the generic linearized field strength
D=11: Fapeqg = kg u’ug™ Apjx a=0,1,...,10, I=1,...,9, (4.19)

is expressed in terms of an antisymmetric SO(9) tensor A sx. Its superpartners, v-traceless
V¥, and symmetric traceless hry, are used to make a decomposition of linearized 11D
graviton and gravitino fields,

D=11: 9% = kauvy“Vrg,  75,%1, =0, (4.20)
habzu{aul‘)])hjj, hir=0. (4.21)

The linearised on-shell Riemann tensor reads
Ry = k[auék[cud”hl 7. (4.22)

It is easy to check that this obeys the characteristic identities R[ab C]d =0, Roped = Redab
as well as the linearized Einstein equations Rg® = 0.

Again, it is natural to expect that the above fields appear as independent components
of a constrained d = 1, N' = 16 on-shell superfield. As we will show below, this is indeed
the case.
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4.4 10D amplitudes in spinor helicity formalism, supersymmetry and Ward
identities

The tree amplitudes of 10D SYM should depend on the light-like momentum and polariza-
tion vectors or spinors of scattered particles and can carry some nontrivial representations
of a small group, in particular of its SO(8) subgroup. In the light of the above discussion,
this implies that the n-point tree amplitudes, a D=10 counterpart of (2.6), should depend

on n sets of spinor moving frame variables v and n ‘energies’ p’é.é), corresponding to

each of the scattered particles; it can also car;; (‘E)he SO(8) polarization indices for each of
the scattered particles. The superamplitudes, counterparts of 4D (2.23), shall also depend
on fermionic variables, but in this section we would like to discuss briefly a ‘component’
(rather than superfield) approach to SYM amplitudes.

To understand the structure and properties of the supersymmetry transformations
of the amplitudes, it is convenient to consider 16-parametric rigid supersymmetry as a
superposition of n 8-parametric SUSY transformations defined such that i-th ‘item super-
symmetries’ with parameters e; ¢ acts on the variables and/or indices corresponding to
i-th scattered particle. The true supersymmetry transformations will involve all the item
supersymmetries with parameters expressed in terms of the constant fermionic spinor of
rigid supersymmetry and i-th spinor frame variables by

€. 1=¢c"_ .. (4.23)

The structure of the supersymmetry transformation relating on-shell fields of the SYM
supermultiplet, (4.17), suggests that the supermultiplet with respect to ¢ — th ‘item super-
symmetry’ is formed by two amplitudes which differs by only one of their n polarization
indices, namely by the index corresponding to i-th scattered particle, and that this index

can be either of 8v or of 8c representation,!’

AT i k) = AT ({0 Y (o) - (4.24)

Of course, for any particular combinations of the indices denoted by multidots, either
A(nl) or A(ng vanishes by the fermionic number preservation (see below for more details).

Nevertheless it is instructive first to write the generic ¢ — th SUSY transformations with

Grassmann parameter €, ¢ as they are suggested by transformations (4.17) of the on-shell
SYM fields (w?, 1)

0 A (ki) =20 ()T Ty A (kL)

0 AT (ki) = i)t il AT (kL) (4.25)

10The third, 8s representation is singled out by that, in our notation, its indeex is carfried by the spinor
frame variables Uqqi Telated to the light-like momentum ka; of i-th particle by (4.6).
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The sign factor (—)> in (4.25) will be specified below (see also eq. (6.11)).!' The com-
plete expressions (4.25) are also valid for the case of coefficients in the decomposition of
superamplitudes on fermionic coordinate corresponding to one of n scattered particles.

To write the complete form of the rigid supersymmetry transformations of the ampli-
tudes, it is convenient to introduce a cumulative index

Qi = (1;, ¢i) , I;=1,...,8, ¢G=1,...,8 (4.26)

allowing to describe all the amplitudes (4.24) by the universal expression

Agl)an (p’fé, Vag 153 it aqn) =: A(nél ( . pfé, Vogih - - ) . (4.27)
Formally, the rigid 10D supersymmetry acts on the amplitudes by
0 AL o (o vy 1P Vagn) =
n
= Z<_)Ziva_qz'qu‘QiQQ’Ag?...QQ...Qn (p?gv vo;ﬂ; s P#? Ua_qn) ) (4'28)
i=1

WIhere D@, = Dy (pfﬁ) are expressed through the SO(8) Klebsh-Gordan coefficients

- L i I;
quQzQ; = Z,.qu’q'i (26Qz 5Q/ + pl 6qu7,5Ql ) (429)

and J; counts the number of fermionic indices ¢; among @);’s with 1 < j <.

Now let us recall that the preservation of the fermionic number requires vanishing of
all the amplitudes describing scattering of an odd number of fermions (when counting both
incoming and outgoing particle). Then their supersymmetry transformations should also
vanish. This implies, firstly, that all the (potentially) nonvanishing amplitudes, describing
the scattering of an even number of fermionic and some number of bosonic particles, are

supersymmetric invariant

5€Agl1)Qn (’0?1#’ Ua;l; ce ’pﬁv Ua_qn) =0 (430)

and, secondly, that they obey the following supersymmetric Ward identities'?

n
iy, — - .. - .

Z(—) UO“”Aqu’Q;AgLme;...Qn (pal#, ’anl, ce 7p;~#, anl-7 ce ,pﬁ, aqn) =0. (431)

1=1

As an example, let us write the explicit form of the Ward identities for 3-point

amplitudes:
i _ (3) #o
P1 Oéqlf)/qfh‘AhQQ% p2 04(12%1(12"4(1112!]3 T r3 0“137'1 Aqupfs 0, (4.32)
3) #o —
Olqlf}/qm‘AmIQlIs + 21}04(12’}/11612"411@2% +p3 aq3VQQJA111213 0. (4.33)
"Here for shortness we have written the argument k; instead of p? 1 Vagqi- Notice also that O= in the

second equation of (4.17) is replaced by ip? in (4.25) (momentum versus coordinate representation).
120f course, eqs. (4.31) are nontrivial only when the amplitudes carry the even number of fermionic
indices, but we do not feel necessary to stress this in the formulae as otherwise they are trivially satisfied.
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These could be used to find the structure of the 3-point amplitudes of 10D SYM (see [103]).
Below we will present a specific parametrization of spinor frames (special gauge fixed on
spinor frame variables) which is especially useful for addressing such type of problems.

But before we would like to develop a constrained superamplitude formalism, based on
superfield generalization of the above amplitudes. These superamplitudes can be considered
as multi-particle generalizations of the constrained on-shell superfield description of the
linearized SYM multiplet, which, as we will show, can be obtained from superparticle
quantization.

We conclude this section by a brief description of the 11D amplitudes and the supersym-
metric Ward identities for them. Their similarity with 10D counterparts allows to reduce
this description to specification of the cumulative indices and A-symbols in (4.27), (4.29),
(4.30) and (4.31).

4.5 Supersymmetric Ward identities for 11D SUGRA amplitudes

The superamplitudes of 11D supergravity can be described by formula (4.27) with 11D
spinor frame variables v agi and cumulative indices

Q= (IJK], (1)), Iq) , I,JK=1,...,8,9, g=1,...,16, (4.34)

including antisymmetric combination of SO(9) vector indices [IJK], symmetric traceless
combination of two SO(9) vector indices ((1.J)) [to lighten equation we will sometimes write
this with one set of brackets, as (I.J)] and 7-traceless combination of the vector and spinor
indices of SO(9), Ig.

Then the supersymmetric Ward identities for these amplitudes will have the form of
eq. (4.31) with the following components of Ay,0,q; = A0, (pf)

Ag1ax) p = 16"y, Ag (1)) Kp = 10"

. 1
Aqip (KL) = QZP?E(SK((I’YZJIZB) ) AqipKLM) = E’O?;) (’y‘i']pKLM T 66J[K7¢JLPM]> - (439)

((TJ))
q

I
7p7

5 D=10 and D=11 on-shell superfields from quantization of massless
superparticle in analytical basis of Lorentz harmonic superspace

In this section we show how the above descriptions of linearized 10D SYM and 11D SUGRA
supermultiplet appear, in their superfield form, in quantization of D=10 and D=11 massless
superparticle models. The reader not interested in quantization procedure may omit the
first four subsections and pass directly to subsection 5.5.2, using subsection 5.5.1 just
for notation.

5.1 Changing variables in D=10,11 massless superparticle action

As we discussed in section 2.4, 4D on-shell superfields can be obtained from quantization
of D=4 massless superparticle mechanics reformulated in terms of bosonic spinor and their
conjugate variables. The original Ferber-Shirafuji action (2.33) can be written in terms of
these variables, (2.34), by using the Leibnitz rule to move 0, derivatives.
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Let us try to do the same in the analogous spinor moving frame action for D=10 and
D=11 massless superparticle, which is given in (3.31) with the range of indices described
in (3.21) and (3.22), respectively. One can easily arrive at

S = /dTp# (0-X= = 2i0.0, 0, — Orvgg (-..)*), (5.1)

where

X~ = X%y, 0" = 0% Vg (5.2)
which can be associated with coordinates of the so-called analytical coordinate basis of
Lorentz harmonic superspace, which we describe in the next section 5.2, and multidots
denote %X apab Vgg — 008 vgg . Actually this expression can also be rewritten in terms
of coordinates of the analytical basis of the Lorentz harmonic superspace. However, to
perform this in a brief and clear manner, we need first to clarify the structure of the
derivative of spinor moving frame variable, 0;v,, entering the third term in the integrand

of (5.1), or more generally of the differential of this variable dv,,. In section 5.3 we will

show how to express these in term of Cartan forms of the Lorenz group.

5.2 Analitical basis of Lorenz harmonic superspace and its invariant

sub-superspaces

As we have already mentioned, the spinor moving frame formulation of massless superpar-
ticle can be considered as a dynamical system in an enlarged superspace called Lorentz
harmonic superspace with the bosonic body given by the direct product of D-dimensional

Minkowski space and 2(D — 2)-dimensional coset of the D-dimensional Lorentz group,
RL(D-1) o _ SOL.D-1)
SO(1,1)®SO(D-2) "

The set of coordinates of Lorentz harmonic superspace includes, in addition to the

usual bosonic D-vector and fermionic spinor coordinates, also Lorentz harmonics (spinor

moving frame variables) v,
SO(1,D—1)
a non-compact coset SO, 1)2S0(D=2)"

R o ey . .
Uy ‘Parametrizing (as a kind of homogeneous coordinates)

ZM = (X‘1790‘7Q)a7q71)a—g) (53)
(the ranges of values of indices for D=10 and D=11 cases are given in (3.21) and (3.22),
respectively). Notice that these Lorentz harmonic variables are also appropriate for the
description of (super)string [39-41].13

13The spinor moving frame formulations of super-p-branes [39, 40, 44] use the Lorentz harmonics

parametrizing the noncompact cosets Wg&aw

string we can consider D = 3,4,6,10. The spinor moving frame formulation of superparticle [33, 36-38]

with an appropriate values of D; e.g. for super-

uses v,, variables parametrizing, modulo gauge symmetries, a compact coset [31, 32, 35]. However, when
such a formulation is treated as superparticle in Lorentz harmonic superspace, it is convenient to have also

., the counterpart of reference spinor, as a superspace coordinate (see [85] for D=4 model).

Vs
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The coordinate basis (5.3) is called ‘central basis’. Besides this we can define an
analytical basis with coordinates (cf. [78, 79] and, in a more general perspective, [82-84])

M
20 = (X7, X7, X1 08,0, 0005 vab) (5.4)
X = Xa‘uz , X# = Xau# R XI X“ul + 16 ’yqq0+ (55)
9;— = Qa’l)aq ; Hq_ = Havaq_ . (56)

Notice the nontrivial fermionic bilinear contributions in the definition of X! in (5.5).
They are designed in such a way, that the superspace supersymmetry transformations

0. X% = 0%, 0.0% = e (5.7)

can be closed on smaller set of coordinates

M=(x=, X107, 07, v}). (5.8)

q’7aq’ “oq

These parametrize an invariant sub-superspace of the Lorentz-harmonic superspace which
is called analytic (sub)superspace. The supersymmetry transformations of the analytic
superspace coordinates (5.8) read

0. X7 =2i0,e7, 6. X" =2i0, vl e, 6.0; =71, Svag =0=0cvaq", (5.9)
where (cf. (4.18))
€71 =g, et = %y, (5.10)
Actually the smaller superspace with coordinates

M=(X",0; v 1) (5.11)

s Yq aq? aqg

is also invariant under (5.9),
6 X" =il e, 00 =e7 7, Ovag =0=0:00g" (5.12)

One can observe however that only a half of the supersymmetries acts efficiently on this
minimal analytic (sub)superspace.

Below we will see that the minimal superspaces (5.11) are sufficient to provide the arena
for on-shell superfields describing 10D SYM and linearized 11D supergravity multiplets.
Then, n-point superamplitudes will be defined on the direct product of n copies of minimal
analytic superspaces (5.11). In contrast, to write the massless superparticle actions the
coordinates X' are also needed, so that the superparticle can be considered as a particle
in the ‘non-minimal’ analytic superspace (5.8).

Another important remark is related to the fact that the massless superparticle ac-
tion (3.31) contains the coordinate functions v,,, but not v, + As it is also invariant under

SO(1,1) ® SO(D — 2) symmetry, using this as 1dent1ﬁcat10n relation on the set of v, we

aq’
concluded, following [31, 32], that these constrained variables parametrize the compact

coset isomorphic to the celestial sphere (see (4.14) and the descussion above it).
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This statement can be reformulated by considering the superparticle action as ap-

parently depending on the complete set of Lorentz harmonics v

SO(1,D—1)
non-compact coset SO(L1)®S0(D=2)"

superspace (5.3), which possesses the gauge symmetry under Kp_5.'* The role of Kp_»
symmetry, which completes SO(1,1) ® SO(D — 2) till Borel subgroup of SO(1,D — 1), is

to make ‘unphysical’ (pure gauge) the complementary element of Spin(1,D-1) valued ma-

+
aqg

g > va'g parametrizing the

i.e. as an action of superparticle in Lorentz harmonic

trix, v (vojg in 11D case). Such a point of view is reflected by stating that homogeneous
SO(1,D—1)

L1)@SO(D—2)]xKp_2

coordinates of the coset SO = SP~2 (i.e. of celestial sphere) are given

by (va_q,vojl}), i.e. by writing

Spin(1,D —1) D—2

> + = = Nl
{(vag: vag)} SO(L 1) @ Spin(D —2) «Kp o > (5.13)
instead of (4.14) and
(G u ul)) = SO(1,D — 1) _sh2, (5.14)

[SO(1,1) © SO(D — 2)] ® Kp_»

instead of (3.16).

This point of view is actually preferable for our discussion in this section.

5.3 Cartan forms and derivatives of the spinor moving frame variables

To understand the structure of the last term in the analytical basis form of the massless
superparticle action (5.1), we need to describe the structure of derivative of the spinor
moving frame variables. This is not apparent as these variables are strongly constrained by
egs. (3.26)—(3.30) the set of which is equivalent to (3.20). However, actually the problem
can be easily solved by using clear group theoretical meaning of the moving frame and
spinor moving frame variables. Indeed, as these can be understood as elements of Lorentz
SO(1,D—1) (Spin(1, D —1)) group valued matrix, their differential (and variation) should
belong to the space (co-)tangent to the Lorentz group which is isomorphic (actually dual)
to the Lie algebra so(1,D — 1). A basis of this space is provided by the SO(1,D — 1)
Cartan forms. We briefly describe these in the next subsections referring to [37, 38] for
more details.

5.3.1 Cartan forms and vector harmonics

The derivatives of the moving frame variables (vector harmonics) are expressed in terms
of SO(1,D — 1) Cartan forms. Thier set can be split on subsets of (D — 2) 1-forms

O~ = wu;du*’ which provide a covariant basis of the space cotangent to the coset
SO(1,D—1 - -
[SO(1,1)®S(()(D—2))}<XKD_2 = sP=2 of (D — 2) forms Q#! := uff du! dual to Kp_s gener-

ators, and of the forms QO .= %ujdu“# and Q77 := uldu® which have the properties of

1Gee [85] for D=4 case and also earlier [78, 79] where the ‘light-cone superspace’ with additional vector
frame coordinates u;, u, ul was introduced. One more equivalent form of the same statement is that the
action depends on vqg , vaz which are constrained by (3.20), and has the gauge symmetry under [SO(1,1)®
SO(D —2)]| « Kp—o».
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connection under SO(1,1) and SO(D —2) gauge transformations. This definition of Cartan
forms can be encoded in expressions for the SO(1,1) ® SO(D — 2) covariant derivatives of

the moving frame variables

Du; = du +2u; QO ==, (5.15)

Dujf = duf —2u¥ QO =y L0#! (5.16)
1

Dul = dul +uJQ/T = 3 uff Q=1+ = 5 ;Q#f (5.17)

These expressions automatically take into account the constrained nature of the vector har-
monics, i.e. they guaranty the preservation of the set of constraints (3.11), (3.12) and (3.13)
(equivalent to (3.10)) under the action of differential d.

The selfconsistency conditions for (5.15), (5.16) and (5.17) are given by Ricci identities

DDuy =2u7dQ”,  DDu¥ = —2u#dQ",  DDul =u]G’"

which are equivalent to the Maurer-Cartan equations of the SO(1, D — 1) group

DOl = ad0= + 207 A QO + QT A Q= =0, (5.18)

DOFL = d# — 207 A QO) L QI A Q# =0, (5.19)
1 __

a0 = ZQ_I A QL (5.20)

Gl = do! + K A = o7l A7 (5.21)

5.3.2 Derivatives of spinorial harmonics

Spin(1, D —1), the double covering of the Lorentz group SO(1, D —1), is locally isomorphic
to it. Hence the tangent space to Spin(1, D—1) is isomorphic to tangent space to SO(1, D—
1). Hence the covariant derivatives of D=10 and D=11 spinor harmonics are also expressed
in terms of the above Cartan forms. One finds

Dv,, = dv,, —I—Q(O) gt 1Q]‘] 0;7;;1] = Qzlyéqv;q, (5.22)
Dvojj = dvaz — Oy o 0T QU +7y{,qj = %v Q#I’yqq (5.23)
For the components of the inverse spinor moving frame matrix we find
Dug® = dv,® + Qv + Q” Faivs = —;Q Tod Yag (5.24)
Dv;'a = dv;a — 0Oy +O‘ + QU *a’y,f;,] = —%Q#I p_a’yggq (5.25)

Notice that egs. (5.22) can be used to find the derivatives or variations of the spinor helicity
variable (4.8), while (5.24) gives the derivative/admissible variation of the polarization
spinors (4.12).

The above equations have been written for D=10 Lorentz harmonics, while the corre-
sponding D = 11 relation can be reproduced by identifying dotted and undotted indices
n (5.22)—(5.25) and assuming that I,J = 1,...,9, p,gq = 1,...,16. In particular the
SO(8) Klebsh-Gordan coefficients 71€d in 11D case are replaced by 16 x 16 nine dimensional

gamma matrices 'y{)q = 'yép.
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5.4 Massless superparticle action in the analytical basis of Lorentz harmonic
superspace

Egs. (5.22) allows us to specify the last term in D=10 and D=11 superstring action (5.1):
after simple algebra using (3.26)—(3.30), we arrive at

S = / drl = / drp* (r) (DX~ —2iD,0; 6, — X'Q7") . (5.26)
Here Q7 is the pull-back of the Cartan form Q= = u=%dul = —uldu=® (see (5.15)
and (5.17)) to the worldline divided by dr, generically
O =daro7t, QO =400l = 4rl/, (5.27)
and
D, X~ =0, X~ +200X=,  D.0; =0.0; + V0, + iQiJ 0, L) (5.28)

(cf. (5.15) and (5.22)).
By construction, the action (5.26) is invariant under the rigid supersymmetry (5.9),
(5.10),

0 X~ =207, 6.X" =2i0, e, 6.0, =79, .07 =0, 5.p" =0. (5.29)

As far as the k-symmetry (3.32) is concerned, it is easy to check that all the fields in the
action (5.26) are just invariant under it,

0XT=0, 6X'=0, 60, =0, 69Q77=0, Sp*=0. (530

z

In this sense the x-invariance of the analytic basis form of the massless superparticle action
is trivial. Let us recall that this property is also characteristic for the pure twistor form
of the Ferber-Schirafuji action, (2.34), the quantization of which results in the on-shell
superfields of maximal 4D SYM and SUGRA theories.

5.5 Massless D=10 and D=11 superparticle quantization in the analytical
basis

The quantization of massless 11D superparticle in analytical basis of Lorentz harmonic
superspace has been considered in [38] and the 10D case can be carried out in a similar
manner (see also [78, 79] where only vector harmonics were used). So we refer to [38]
for the discussion on the structure of bosonic constraints and their resolution in classical
and quantum theory, and concentrate here on the quantization of the fermionic variables
(omitting the details when these can be found in [38]). Notice only that the worldline
field p (7) becomes identified with the momentum P- of the X~ coordinate function,
p? — P_ ~ 0, so that after quantization it can be replaced by —ih0— = —ih&% (below, for
shortness, we set i = 1). The fermionic constraints which follow from the action (5.26),

0L
df = _W; + 2@',0#9; ~0, nh =

- 5.31
q q 86; ( )
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obey the Poisson bracket relations ({6, , 7, } .5 = dgp)
(A df g = —1ip 0 (5.32)

and hence are second class constraints in Dirac’s classification [87].

After the quantization, as a consequences of the bosonic first class constraints and
the (explicitly resolved) bosonic second class constraints, the ‘wavefunction’ of the super-
particle depends on one bosonic coordinate = (or on its ‘momentum’ p#), on a set of
homogeneous coordinates of =2 given by Lorentz harmonics v, (see (4.14)), and on a
set of fermionic variables. The type of these latter depends on the way of quantization
chosen for the fermionic coordinate function 6 obeying the second class constraints (5.31)
with characteristic Poisson brackets (5.32).

There is no SO(8) (SO(9)) covariant way to solve the second class constraints (5.31)
explicitly. If one solves them implicitly by passing to Dirac brackets [87], one finds that
¢, obey

o 0
{9(1 ’ep }D.B. = _H(;QP‘ (5'33)
This implies that after quantization
A 1
- —

q /ZP#

<, (5.34)

where €, obey the Clifford algebra

=1,...,8 for D =10
g =20, Q" I (5.35)
q=1,...,16 for D =11.
One might want to try a possibility to consider the wavefunction of the superparticle to
be a Clifford superfield ® (27, v,,, €;). Similar approach to D=10 superamplitudes, which
implies their dependence on n sets of Clifford variables €,;), was developed in [25] (we

briefly describe it in appendix A.2). However, as unconstrained ®(z~, v, €,) contains the

g
terms up to 8-th degree in €, in D=10 and up to 16-th degree in the gase of D=11, the
Clifford superfield approach does not look economic and the corresponding description of
amplitudes seems to be reducible (see also discussion in the Conclusion of recent [53]). A
more economic constrained superfield description originates in an alternative quantization
of the fermionic degrees of freedom of the D=10 and D=11 massless superparticle which
we are going to describe now.

The idea of this alternative quantization can be followed back to the first studies of
spinning particle mechanics [88, 89] in which the fermionic superpartners y*(7) of the
bosonic coordinate function z#(7) obeys the Dirac brackets {y*, " }p g = —2in*’. After
quantization these produce the Clifford algebra commutation relation {1@“, z/?” } = 2n*" for
the fermionic operator. Then the standard way to arrive at Dirac (or Weyl) equation for
the wavefunction of the spinning particle passes through using the representation of the
fermionic operators by Dirac matrices, 1[1“ — I'*, P, and allowing the wavefunction to carry
the corresponding spinorial index.
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Similar method was used in [90] in light-cone quantization of D=11 superparticle and
in [38] for covariant quantization and the study of hidden symmetries of this. There
we identified the quantum version of the fermionic second class constraints with Clifford
algebra valued element €,

df = V2p* ¢, (5.36)

and represented €, with ¢ = 1,...,16 by sixteen 256 x 256 gamma matrices acting on
the ‘wavefunction’ of the 11D superparticle which belongs to 256 component Majorana
spinor of SO(16) group. This is split on two 128 component Mayorana-Weyl spinors, one
describing the on-shell fermionic gravitino degrees of freedom Wy, and other ( 128=84+-44)
describing the bosonic on-shell degrees of freedom. Under SO(9) subgroup of SO(16) this
latter can be decomposed on antisymmetric tensor Ay (84) and symmetric traceless hrs
(44). Choosing the block-anti-diagonal representation of the d=16 gamma matrices, one
finds that the action of the Gamma matrix on Majorana spinor mixes the two Majorana
Weyl spinors,

Q:qAIJK = 37qp[IJ\PK]p7 Q:thJ = 27qp(I\I/J)pa
1
€y = Aphar + 5 (1 + 68" ) A (5.37)

One can perform a similar quantization of the D=10 superparticle. In it &, with
qg=1,...,8arerepresented by eight 16 x 16 gamma matrices of SO(8) and the wavefunction
is a 16 component Majorana spinor of SO(8) which can be split on two 8-dimensional
representations. The triality of the Spin(8) group implies the equivalence of its two spinor
and one vector representations, 8s, 8¢ and 8v, so that we can decompose the Majorana
spinor on, say, 8c and 8v and identify these as a fermionic c-spinor v; and a bosonic vector
w!. The action of the Majorana representation of gamma matrices on the Majorana spinor
wavefunction is then described by (4.17) (in which the p multiplier can be removed by a
proper redefinition of the fields),

Cothy = i’yéq w, quwl = ’yéqwq , (5.38)

Superfields collecting the above supermultiplets of fields will be the on-shell super-
fields of D=11 SUGRA and D=10 SYM supermultiplets, the counterpart of D=4 super-
field (2.24). To obtain such superfields in superparticle quantization, we use a new (to the
best of our knowledge) manner of quantization of the system with second class constraints,
in which the state vector is represented by multi-component field(s) and the quantum sec-
ond class constraints act on it as differential operators mixing the components of the state
vector rather than annihilating them.

Namely, when quantizing the dynamical system described by the action (5.26), instead
of passing to Dirac brackets (5.33), we allow the quantum counterparts ci;r of the sec-
ond class constraints d; to obey the Clifford-like algebra (as follows from straightforward
quantization of (5.32)), realize them as differential operators in an appropriate on-shell
superspace, cf;; = D7, introduce an appropriate set of superfields in this on-shell super-

q )
space (these can be guessed from (5.38) and (5.37) for D=10 and D=11) and assume that
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the differential operator D;r acts on this set of superfields in the way which is essentially
determined by (5.38) and (5.37).

The result of such a quantization can be called constrained on-shell superfield formal-
ism. Interestingly enough, such on-shell superfield formalism had been proposed in [35]
without any discussion of a superparticle model.

5.5.1 On-shell superspaces for 10D SYM and 11D SUGRA

The D=10 and D=11 on-shell superfields are defined on the superspace with bosonic co-
ordinates = and v,,, and fermionic 6, coordinates,

aq’
RPTD) s (27,0, ,00g)} s {Vag} =872, (5.39)
8 for D =10
q=1,...,np, a=1,...,2np, np=
16 for D =11.

which, hence, are called D=10 and D=11 on-shell superspaces. The generic superfields on
these superspaces contain too many component fields so that D=10 and D=11 on-shell
superfields on 2(P~1"p) cannot be unconstrained, i.e. they should obey some superfield
equations.

To arrive at these equations when quantizing 10D and 11D massless superparticle,
we begin by realizing the quantum version of the constraint ci(‘; as differential operator
on (5.39)

Df =87 +2i0;0-,  0-:=— o == —. (5.40)

Then, as the fermionic constraint is of the second class, i.e. the anticommutator of two

such constraints is nonzero,
{Df, D} = 4ib4p0-, (5.41)

we cannot assume that the action of D; annihilates the state vector, i.e. we should expect
the presence of a nonvanishing r.h.s. in the equation reflecting the existence of the second
class constraint by defining the action of D on the state vector (wavefunction).'> This
can be done consistently if the wavefunction carries certain indices of SO(D — 2) group.

To find the index structure of the wavefunctions and the r.h.s.-s of the above mentioned
equations, it is convenient to notice that (5.41) differs from the Clifford algebra by the
presence of O— in the r.h.s. Then the superfield equations which should be imposed on the
on-shell superfield to reduce their field content to the fields describing 10D SYM and 11D
supergravity multiplets are suggested by the action of the formal Clifford algebra elements
on the fields of these multiplets: (5.38) and (5.37).

15 An analytic superfield formalism of [53] is based on homogeneous equations, but requires breaking of
SO(D — 2) symmetry down to SO(D — 4) by splitting D on two sets of complex operators D? and D4
with A = 1,2,3,4.
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5.5.2 On-shell superfields and superfield equations of 10D SYM

The basic D=10 equations [35] are imposed on the fermionic superfield ¥y =¥ (2, 0, Vag )

carrying c-spinor index of SO(8). They read

D =10 : DW=l 0-w", g=1,...,8, ¢=1,...,8, I=1,...,8

The superfield W is defined by eq. (5.42) itself which also implies that it obeys'®
DIW! = 2iy, 9. (5.43)

This equation shows that there are no other independent components in the constrained
on-shell superfield ¥4. Indeed, one can find that its decomposition in the powers of 9; reads

\Ilq(m:,vq_;Hq_) = wq(x:,vq_)qLﬁq_ygq 3:w1(a::,v;)+ (5.44)
. ok (2k—1)! 9= ~le-11kp— 9~ ~T1129— I Te1ky . (9 Ve,
— i !
& K (2k)” — I1Isn— — Inn—\(x111 ~ 1 I ~1n— k+1, .1
+Y (i) (%H)”(%H)'(a N2 (07T Tk (512 AT Tk g T (O2)FH !
— i !

Hence, as it was stated already in [35], this constrained superfield describes on-shell degrees
of freedom of SYM multiplet.

5.5.3 On-shell SUSY and supersymmetric invariant of the (linearized)
10D SYM

The supersymmetry transformations of the leading components of bosonic and fermionic
on-shell superfields

ylo = vy, Wiy =w!. (5.45)

can be extracted from the superfield equations (5.42) and (5.43). They have the form
already announced in (4.17),

Sebg = Iyl 0w, Saw! = 2ie ], (5.46)
It is also not difficult to find the following supersymmetric invariant

I, = / dz= (O—w’ O—w’ + 2i0_pg ¥y) , (5.47)

and to observe that it can be written in terms of superfields as follows

1 . <—>
L,, = T dx—D;(qqu;xyq)b. (5.48)

5To be more precise, eq. (5.42) determines the form of VI = d_W?. Just this superfield was used in [35].
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Eq (5.48) can be considered as an integral over a (1,8) dimensional subsuperspace
{(x=,0,)} = £18) of 10D on-shell superspace $(I®) but taken with an exotic superspace
measure similar to one used in [92, 93] to construct a worldsheet superfield formulation of
the heterotic string (a formal discussion on integral forms in superspace and applications
to 3d superfield theories can be found in [94]). Notice also that our supersymmetric invari-
ants depend on the spinor frame variables v,, which is possible as these are inert under
supersymmetry.

For our discussion below it will be important that one can also write similar supersym-
metric invariant containing two on-shell superfields, W4(27,v,,, 0, ) and \Ilq(:c:,va_q, 0, )-
Indeed, one can check that

1 O 1
Ilop_ﬁ de;(\qu;qu)bzw/dx DS (04D W4+DS Uy Tg)|o= (5.49)

_ / o= (0= D! i by —idgd—itq) . (5.50)
is invariant under supersymmetry defined by (5.46) and
55% = e_q'y;q o_w', sl = 2@'6_‘17;4% .

Even more useful for studying superamplitudes will be the expression of the above
invariant in terms of Fourier images of fields and superfields

= g(p*,07) +ip*0, 1@ (0%, 07) + 00, 6,). (5.51)

The integrand of this expression reads

—
J1op(p™) = ED;(‘I’ (p")DFT4(—p™))|o = T6D+(‘If DI+ DfU; Uy)lo= (5.52)

=@ (p7) (p™) 2w (—p*) — 200y (p™) vy(—p™) (5.53)

where we have written only the argument essential for the discussion below, so that

‘Ilq(p#) = \qu(p#, vy ,0,) etc., and the covariant derivative has the form

=9F —2070, , Of = —. (5.54)

To avoid confusion when reproducing (5.52), we notice that in the expression Dlj\iq(p#)
the derivative D does have the form (5.54), which can be denoted by D (p*), while in
D W(—p*) we should use D (—p#) = 9F +2p#0, . This reflects the fact that the action
of the fermionic covariant derivative is actually defined in z™-coordinate representation,
and, its momentum, p*-representation (5.54) is restored from that.
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5.5.4 On-shell superfields, superfield equations and supersymmetric invariant
of linearized 11D SUGRA

Similarly, observing (5.37) one can guess that the linearized 11D supergravity is described

by a bosonic antisymmetric tensor superfield ®//K = ol /K] (x=,0; which obeys the

q> o;])
superfield equation [35]

D=11: Dfe"K =3iy[l7eX sl el=0, q¢p=1,..,16, I1=1,...,89.

Tap
(5.55)

The consistency of eq. (5.55) requires
D=11: Divj=— (ygg“ + 66" o_07KE 4 20_H vy, (5.56)
DfHpy=in{{w)),  Hyy=Hy, Hyp=0. (5.57)

These equations can be used to extract the supersymmetry transformations of the
leading components of superfields

D=11: ¢k :=¢k(®,v,)= ‘I)IJK\Q _0» % = ‘I’£|9;:0, hry= HIJ|9;:0
(5.58)

These are
OePrir = i€ Y YK Ochry = i€ Y1y,
1, _ _ _
Sl = 5 AIIEL 651 A KLY 0_¢TEKE 1 20_hys(e ), (5.59)

One can easily find that the following linearized action is invariant (modulo integral of
total derivative) under the rigid supersymmetry (5.59):

_ 1 .
Ly = /df_ (23_h1J5_h1J + 5 0=01K =1k +10=11q ¢1q> : (5.60)

One can also check that the integrand of (5.60) can be identified with the leading
component of the composed on-shell superfield D} (¥, D ¥p,),

1 1 )
2504 (W1,D5 V)0 = 20-h1;0=hr; + 60=011K0=011K +10=Y14¥1q (5.61)

32
qg,p=1,...,16, ILJK=1,...,9,
so that our invariant can be written in the form

1
1

11D 32 dz~ D+(\IIIPD \IJIP)| (562)

This can be considered as an integral over a superline £16) = (2=, 0,)} in the 11D on-
shell superspace 2(10116) Hut taken with an exotic superspace measure (see comments on
the 10D case, eq. (5.48) and below it). Clearly, the value of the integral over the superline

depend on the spinor frame variables v, which are inert under supersymmetry (5.12).

aqo

— 36 —



Like in the 10D SYM case, we can also write the invariant including two different
supergravity superfields

1 _ ~

Tip = / d2=D;} (¥, B 0,,)]0 =

P 1, ~ . .
= /dﬂf_(43:hu3:hu + §3=¢1JK3:¢1JK +i0=th1gY1q — Wrg0=1p1q) . (5.63)
qg,p=1,...,16, ILLJK=1,...,9,

Below we will generalize the above on-shell superfield representation for the case of
three amplitudes of 10D SYM and linearized 11D supergravity and present a candidate
for generalization of the BCFW recurrent relations [16] for such superamplitudes. The
equations for supersymmetric invariants, (5.49) and (5.63), will be useful when writing
these candidate BCEFW-type relations for 10D and 11D superamplitudes [30].

6 Superfield representation for 10D SYM and 11D SUGRA amplitudes

In this section we first introduce the tree superamplitudes of 10D SYM and 11D SUGRA as
multiparticle counterparts of the corresponding on-shell superfields (sections 6.1 and 6.2).
These latter suggest the index structure of the amplitudes, the variables they depend on,
as well as the set of differential equations these obey.

As we have already stressed at the beginning of section 4, we are working with the
on-shell superamplitudes so that we do not use neither Lagrangian nor Feynman rules
in their derivation. The experience gained in D=4 suggests to search for a BCFW-type
recurrent relations to calculate the on-shell superamplitudes starting from the basic 3-point
superamplitudes. Those include on-shell superamplitudes dependent on deformed helicity
spinors and fermionic variables. In section 6.3 we generalize the BCFW deformations for
the case of 10D SYM and 11D SUGRA superamplitudes. The candidate BCFW recurrent
relations are discussed in sections 6.4-6.6. In this latter part the results are preliminary.

6.1 Superfield representation of the 10D SYM amplitudes:
10D superamplitudes

The structure of the constrained on-shell superfields of 10D SYM and of the equations
imposed on them, (5.42) and (5.43), suggests to define a set of bosonic superfield amplitudes
or bosonic superamplitudes

AR o (00T Yo b A0 1) = AT (o673 (6.1)

depending, in addition to spinor helicity variables v;q(i) and ‘energies’ pt), on n-sets of
fermionic 8s-spinor variables 9(1_(1.), and carrying a 8v index for each of the scattered particles.
The r.h.s. of (6.1) shows the schematic notation which we will use below when it cannot
result in a confusion. The leading component (Gq_(i) = 0 ‘value’) of this superfield amplitude
is a particular case of the ‘component’ amplitude in (4.24), the purely bosonic amplitude
A(n)lm({pt)}; {vq_(z.)}), where multidotes also denote the 8v indices.
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The superamplitudes (6.1) obey the following equations

D+ A(") (.osk05..0) _2quqz"4 (kb5 (6.2)

which are suggested by the equations (5.43) for the on-shell superfields. In (6.2) the
fermionic covariant derivatives have the form (cf. (5.54))

0

) = g+ _9p% o +(1) .
=, (l)eq( ) , " 807( , (6.3)
and obey
(DO, D} = — 664y 4 (6.4)
The fermionic superamplitudes in the r.h.s. of (6.2),
A g sk 05.) = AY;) T 1diliss .. In({/’(l o)} 9_( )})
are defined by contractions of eq. (6.2) with fy;l’pl and, by consistency of (6.2), obey
DFOA™ (k) = i) P o AT kL. (6.5)

The sign factors (—)Zl are introduced here to make the equation applicable for a more
general case, where some of the indices denoted by multi-dots are fermionic (c-spinor ones).
In the case under consideration (—)* = 1; see eq. (6.11) below for generic case. Eqs. (6.2)
and (6.5) imply

A.(ﬁ;lm(...;kl,el‘;...):A.(.’fq)lm(...;kl;...) ()20, ;;qlA__Il__( s )+ 00,7756,
(6.6)

where A™) (...;kl;...):A(n) (.. 5k1,0;.. )andA [ACE 'k?l;--~):A,(71)l_,,(---§kl,0;--~)

N /AN A S I O Gp...\t ey My e e ) RSV
may depend on other fermionic coordinates, GJ with j # [. By analogy with decomposition

of the on-shell superfield, we can show that the terms of hlgher order in [-th fermionic coor-
dinate, (’)(91_7‘”(0[ ), are expressed through A,,.gl_,,(. k), A(nf)l (...;k;...) and p#.

Using the algebra of covariant derivatives, one can extend the above line of arguments
and to obtain the equations for the generic superamplitude,

AL oo b, 05k 075k, 0,) = AT (kL6 (6.7)
with a number of 8v and a number of 8c indices,
Q= (I1,q), L=1,....8, ag=1,...,8. (6.8)
The superfield equations for the generic superamplitude read

DEOAL) o o (kb ) = ()T AgurAY) b o (kb5 (6.9)
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where (cf. (4.29))
Ngor = i1k (20565 + p*500p) (6.10)

and the integer 3; counts (modulo 2) a number of the fermionic ¢; indices among @Q);’s with
j=1,...,(1—1),7

D=10: Si=) (1_(_2)8@])), e(I;) =0,  e(g) =1 (6.11)
j=1

Egs. (6.9) contain (6.5) and

DFOAM) (k07 = 2i(—) Tl AT (k0 (6.12)

(6.2) is a particular case of this equation in which all the indices denoted by multidots are
bosonic (8v); obviously, it is also correct for the case when the set Q1 ...Q(_;) contains
an even number of ¢;’s

As in the case of (6.6), one can decompose the generic superamplitudes Agll)lean
(.05 ki,0; ;.. .) and define [-type-component amplitudes Ang)lean(. ko) =
Ag?---Qz---anf:O which depend on other fermionic variables 0, . with j # [. Their su-
persymmetry transformations are essentially described by eqs. (4.25): I-th projection of
supersymmetry mixes them as in (4.25) while all the others are essentially given by super-
translations of fermionic coordinates 6, ; with j # [. Then the combination (5.50) of such
[-type-component amplitudes is invariant under 1-th projection of supersymmetry and one
can ask what is the superfield representation of that. This appears to coincide with leading
l-component (6; = 0 ‘value’) of

’ _ <— n .
DO (A‘ "k 07) DEOAN <k, 6, ;...)), (6.13)
where A(l)ﬁ(}t(l)fl(") = A(Z)D;(DA(”) — (—)E(A(n,))D;;(Z)A(”/) A™ and e(AW) denotes the
Grassmann parity of the superamplitude A®

This in its turn can be considered as a superspace integral with an exotic superspace
measure (cf. (5.48) and see comment below this equation)

of the fourier image of the superamplitudes with respect to pl#,
- — _
A (s v O ) = /dp?£ el AT (v 0. (6.15)
Notice that in (6.14) D qz( ) is the derivative in the coordinate representation,
0 0
+(l) . !
D, o0, +219q18 — 8 )+ 240,00 (6.16)

The choice of definition of ¥; is not unique. It corresponds to a prescription of the ordering of 6, ;
in the decomposition of the superfield amplitudes. Such type ambiguity is similar to the one appearing
in defining the old-fashioned form of the operator approach to the second quantization of non-relativistic
fermionic field which can be found e.g. in [91].
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6.2 Tree superamplitudes in D=11

The on-shell superfield description of linearized 11D supergravity, as described by
egs. (5.55), (5.56) and (5.57), suggests to consider the superfield amplitudes carrying a
set of three antisymmetrized indices of SO(9) group,

(n) #1 L= (=1 —. 4™ : —.
‘A[IlJ1K1]...[IlJlKl}.A.[IanKn]({pz’ Fidvg b {0} =: ‘A...[IlJlKl}...(’ ik b (6.17)
Such a bosonic superamplitude obeys n superfield equations

1) gn . -, _ ; (n . —. _
DEOA) e k0 ) = (D)™ Bk Ay kL0 ), =10,
(6.18)

where D;;(l) has the form of (6.3) with ¢ = 1,...,16, and the superamplitude in the r.h.s.,

(n) : —. — g _ -
A'-']lpl (. .. 7kl7 gl PR .) . — A[IIJIKI]---[Il—lJl—lKl—l} Ilpl [Il+1Jl+1Kl+1]---(‘ .. ,kl, 9[ g .. .) 5
(6.19)
is fermionic, gamma traceless in K;p; indices,

and is defined by eq. (6.18) itself. The factor (—)*! can be set to unity in the case under
consideration, but we put it in the equation to make it applicable for the case of more
general superamplitudes which we discuss below.

Using the suggestion from the on-shell superfield description of the linearized 11D
supergravity in eqs. (5.55)—(5.57), we can also introduce a bosonic superfield amplitudes
A.‘_[]jJiKi]“'((Il‘]l))“', in which, for a part or for all of the scattered particles, the multi-index
[I;J, K], is replaced by a pair of symmetrized traceless indices, ((I;J;)). For all [ with these
new indices we impose on the superamplitude the equation

Dy A" sk 0 ) = (D i A kL0 (621)

e |dJl

with the same fermionic superamplitude obeying (6.20). To be consistent with eqs. (6.18)
and (6.21), the fermionic superamplitudes should obey

()P DFOA k075 = 2000 A gy RO )+

U ¥ ( LJKL L[J, KL (n) ) _
18P0 (Vqé’l 6o Yap l]> 'A...[JZKZLZ]...(' kL0
(6.22)

Literally, till now we have discussed superamplitude all the hidden indices of which,
denoted by ellipses, are ‘bosonic’: either antisymmetric triple [/;J; K], or symmetric and
traceless pair ((1;J;)), in which cases ¥; = 0. A more generic amplitude

AQr .. (k1,07 ko 05 5. ik, 0,) =2 A g (i Kk 0500, (6.23)
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can contain for each particle either the bosonic ([I;J;K;] or ((I;J;)) ) or a fermionic
multiindex (gamma-traceless pair of one SO(9) vector and one SO(9) spinor index, I;g;),

D=11: Q ={[LJK], (L); L}, I, D, K =1,...,9, q=1,...,16. (6.24)

Such superfield amplitudes obey egs. (6.18), (6.21) and (6.22) with generically nontrivial
sign factor (—)¥: X, can be chosen to be a number of g; indices in the set of indices
corresponding to scattered particles with number j in the interval between 1 and [, 1 < 5 <
(see comment in footnote 17),
= (1— (=)= K . .
D=11: % =) — e(7ikaly = 0 = () g(li%)y = 1. (6.25)
j=1
Sometimes it is instructive to think about Fourier images of the superamplitudes with

respect to p#, i.e. dependent on a coordinate x;~ instead of momentum (energy) p#, e.g.

= - iz=pf 4(n -
A( FPACE ;:L‘l_,vpl,ﬁpl;...)—/dpl#e 1P A.(..I)lql...(""pl U O+ -) - (6.26)

This superamplitude and its counterparts with a bosonic (multi)index corresponding to
[-th scattered particle obey the equations (6.18), (6.21) and (6.22) in which [-th fermionic
covariant derivative D(}t ® has the form of eq. (6.16).

As in section 4.4, we can formally discuss the action of supersymmetry transformations
on the variables corresponding to I-th particle only (like (4.25) in the case of 10D SYM);
the complete supersymmetry transformation will correspond to simultaneous action of all
these [-supersymmeteries the parameters of which are expressed through the same constant
fermionic spinor parameter as in (4.23). Let us consider the following supersymmetric
invariant, which can be treated as an integral over the on-shell superspace corresponding
to [-th of scattered particles with an exotic superspace measure (cf. (5.62) and see comments
and references below (5.48)))

1 » 1 l = — )= n+2-0), — _—
32/‘“”! ()% DEO (AY st v, 0) DO AL T 00,005 Ly
(6.27)
Using egs. (6.18), (6.21) and (6.22) we find the equivalent form of this integral:
S 42—, =
_z/dxl Izqz sy, vy) O Agzqz ({L‘l U5 --2)) +
n+2 l _
/d:cl 40./4 (IJ)( l‘l, pl)aA ($l, pl"")+

= l = - n+2—I -
- / dz; ga:A.‘“},l‘,lKl](...;x, ,vpl)(?:AfIlJlKl]?“(xl ), (6.28)

which includes the ‘I-leading components’ (Q;(l) = 0 value) of the superamplitudes. For the
Fourier images of the amplitude the integrand of the above invariant reads

1) n+2-1) —
=24 oo ) AT (o) +

1 Vpl L
) n+2-—1 _
+4A( X )(..-;pl ) (o) AE(Isz)).)--(_p#’Upl;“‘) +
- n+2—1 _
+ gA,..[IlJlKl](- ot o) () ALY (ot v ) (6.29)
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It is not difficult to check that this is invariant under the following ‘component’ form of the
[-th supersymmetry which acts on the [-leading components of the superfield amplitudes:

56(1)"4 [lJlKl] (- )= (= ) 3Z(€7J,Kl\)pz Afill}z]pzm(' sk, (6.30)
ey A Qw (o) = ()™ i o AT Gk, (6:31)
ey A (ooihs ) = 20(=) ™ o (v )AL gy oo hs )+
Z n
+ 5= ( IZJZKZLZ+6611[J167K1LZ]> AT g Gk )
(6.32)
The counterpart of (6.28) for the pl# dependent superamplitudes reads
l 1) (n+2—1) .
(—)= D;U(A__Jml(. ki, 07) D s OAGH2D (g g, )) o0 (6.33)

where k; is expressed by (4.9) and Dy, ® has the form of (6.3). This invariant of [-th (pro-
jection of the) supersymmetry is constructed from two superfield amplitudes including the
same variables of one ‘internal’ particle as the last (I-th) arguments of the first and first ar-
guments of the last superamplitude. The data (variables and indices) of other [ —1 particles
in the first amplitude are generically different from the data of other (n 4+ 1 —[) particles
in the second amplitude. The indices describing ‘helicity’ of I-th particle are fermionic and
contracted, I-th fermionic variables coincide and [-th momentum differs by a sign in two
amplitudes. Speaking in terms of energies and spinor moving frame variables, true argu-
ments of the amplitudes, both amplitudes depend on the same va;(l) but on —i—pzéﬁ and —pl#

respectively. Notice that this implies that in the expression (6.3) for D,;? ® acting on the
amplitude with momentum —k; the sign in front of the second term should be also inverted.

The above invariants, as well as their straightforward generalizations including the
momentum-dependent multipliers will be useful to describe a candidate for generalization
of the BCFW recurrent relations [16] for 11D tree on-shell superamplitudes. But before
turning to this, we should understand the 11D generalization of the BCFW-deformation
of the helicity spinors and of the fermionic variables.

6.3 Generalization of the BCFW deformations for 10D and 11D
superamplitudes

6.3.1 Bosonic part of D=10 BCFW deformation and its 11D generalization

The D=10 counterparts of the BCFW deformation (2.12), (2.13) of the helicity spinors of
the massless particles were presented in [25]. Our spinor moving frame form of the spinor

helicity formalism will allow us to simplify them and also to obtain the generalization of
the BCFW deformation to the 11D case.

— 492 —



As D=10 spinor helicity variables from [25] are identified with spinor frame variables
by (4.12), the spinor frame counterparts of the BCFW deformation from [25] has the form

_ m
Vagn = Vgan + 7 | /Z;ua;l Myq , (6.34)
n

—_ — P# —
Vagl = Vaq1 — % E qu Vapn » (635)

with o =1,...,16, ¢,p=1,...,8 and an arbitrary z € C. The same equation describes
also the 11D wersion of the BCFW deformation provided o and q,p are considered as
SO(1,10) and SO(9) spinor indices respectively, « =1,...,32 and ¢,p=1,..., 16.

The shift of the spinor frame variables, (6.34) and (6.35) results in shifting the mo-
mentum of the first and of the n-th particle on a complex light-like vector ¢ orthogonal

to both k?l) and kf‘n),
kG =k — zq", kg = ko + 2q°, (6.36)
qaq" =0, Qak% =0, Qakz =0, (6'37)
provided we choose
1 .
Mgp = — (Uql qvpn) . (6.38)

\P¥ ol (ur )
Here and below
yjaﬂ = q“fgﬁ, fop = qal'ap - (6.39)

It is easy to check that the light-likeness of ¢%, (6.37), implies the nilpotency of the matrix
M (6.38): MTM =0 = MM or more explicitly

M,pMyq =0,  MgM, = 0. (6.40)

We can also write the expression for light-like complex vector in terms of deformation

matrix,
1 . _
D=10: ¢"=; Vot P8 v 16 Mgpu,, | (6.41)
1 = _
D=11: q'= ¢/ ot o v T Mgy, - (6.42)

The nilpotency condition (6.40) guarantees that the shifted spinor frame variables
obeys the characteristic constraints, eqs. (4.6), (4.9) with shifted light-like momenta k)
and k), (6.36), or equivalently, (3.26) with shifted light-like u(:f; and “(:15’

— zq“ — zq®

0 @ =t T (6.43)

uTt =uy" — —, U
ol it
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Notice that (6.34) and (6.35) imply

kS + kg = K + k2 (6.44)
so that
Pij(z) = ki+ ... + kj (6.45)

is independent of z if both 1 and n or neither of them lay between ¢ and j. With our specific
choice of two special points to be (1) and (n), this means just that Pj;(2) is independent
on z if 1 <i < j < n, but keeps z dependence if e.g. 1 < j < i < n.

6.3.2 Fermionic part of the D=10 and D=11 BCFW-type deformations

To wite a candidate for the 10D and 11D generalizations of the BCFW-type recurrent rela-
tions [16, 19] for our constrained superamplitudes, we need to understand how the BCFW
deformations, acting on the 10D and 11D momenta as (6.36), and on the spinor helicity
(spinor moving frame) variables as in (6.34) and (6.35), act of the fermionic variables 000y
The study of Clifford superfield formalism in [25] makes clear that such an action should
be nontrivial and actually suggests its possible form:

- Py
P(n)
- #
o o — | Py p- (6.47)
a(1) — “q(1) # 9P p(n) ’
Py
(remember that ¢,p =1,...,8 for D=10 while ¢,p =1, ...,16 for D=11).
This implies the following transformations of the covariant derivatives (6.3):
D =Dt 4Dt M, |C0 (6.48)
p(n) — Tp(n) q(1) TP A :
Py
+ _ pt +
Pay = Pacy =2 7 Mar Dy (6.49)

Due to the nilpotency of the matrix M, (6.40), the shifted derivatives also obey the
algebra (6.4),

{D;;(l)» D;;rj(j)} = —201j0q1p, /’Zﬁ) : (6.50)

It is convenient to introduce a schematic notation

#

#
P(n) - Pay ,-
DuyMb(y == | —5~ DJyMapllyy»  O)MDiy = p 0,1 Mgp Dy (6.51)
) (n)
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Then one can equivalently write the definition of the fermionic deformation, (6.46), (6.47),
and its consequences, (6.48) and (6.49), in a more universal form
bo) =

—_—
D;—(l) — esz(l)MQ(n)sz(l)MD(n) D;—(l)ezD(l)Ma(n)+29(1)MD(n) ) (653)

The BCFW deformation of our 10D and 11D superamplitudes

—2zD M6,y 20,1 \MD,,,y p—
e PN MOm o7 (6.52)

— A (= - . # - -
Ay 01T 03) = A (5 0020015+ oyt )

= ./4.(,7.1) ({PZ&)}? {Uq_(i)}; {eq_(i)}>

can be described by the equation

—~

Ae (o Ky O ) = e POMI 00 MDey A (B (2) ka, K1), Ba(2) - (6.54)

6.4 Candidate BCFW recurrent relations for 10D SYM superamplitudes

The BCFW shifted D=10 superamplitude (6.54) obeys the superfield equations (6.9) with
BCFW shifted fermionic covariant derivatives,

— —

l n - n -
D(;( )Ag )“_qlm(. k0. = (—)El'yéllql/lg )MIZM(. k07500, (6.55)

or, more schematically,

/\l/\n T(n
DGVAM = (=Bl A (6.56)
where .Z(?)”.Ilm = A(f)mll_'_(...;l/f\l,éf?l:;...) is related to A(”)mllm(...;lgl(z),ﬁl_;...) by

eq. (6.54).
A natural candidate for generalization of the BCFW recursion relations [16] for the
case of 10D tree superfield amplitudes is

AQl...Qn (klv 9(_1)7 k?a 9(_2)7 o ;kna 0(_n)) =

= WD;_(ZZ) <~Azl Q1..Q1 ¢ (klu 96)? ko, ‘9(_2)§ oo Ky, 9(_1); Pl(zl)7 @_) X (6-57)

—

= Fa _ _ _ —
X (Pl)2 D;(zl)AZl‘?QleQn (_Pl(zl)>® s kit (l+1);---§kn179(n_1)§kn79(n)>> lo-—o-

Let us write the relation (6.57) a bit more explicitly in terms of original amplitudes,

A (k‘ 07 ko, 0 k., 0 ) = Y 7( ) S
Q1...Q ) s B2, yoee3Rn, Uy X
t-Qn M P15 22072 £ 3257 (1)

x DY, <ezzD<nM9<n>+zﬁmMD<n> A (RF1(2),07 ko, 05 h, 003 Pi(2), 07 )

1 < - B _
% oy DA an (~(=).© ;km,em;...;kn<zl>,el)> o-0-  (6.58)
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Here

Pr==) "k, (6.59)

m=1
the deformation parameter is chosen to be
PP
2= o (6.60)
2P qp

and

Pi(z) == Y ko (2) = Pt — 220/ pf pf w0 Mgpuy, =1 PR — 2¢°  (6.61)

with vq_li‘lvp_n = vaqa)aaaﬁvﬁpzn) and ¢, defined by eq. (6.41). Eq. (6.61) implies that

(P,(2))2 = (P)? — 2zP, - q, so that at z = 2 (6.60) ﬁl} becomes light-like

(BGP=0,  a= G

(6.62)

As a result, both amplitudes in the r.h.s. of (6.57) are on the mass shell. To express them

in terms of spinor helicity formalism we introduce spinor frame variables vqnq(2;) related to
the light-like P,*(z;) by the counterpart of eq. (4.6),

—_ — —

P (21)0aas = 257 (21) vag(2)vg (1), 7 (2)vg (21)6°vp (1) = B (2)0qp . (6.63)

Notice that p#(z) defined in this equations, enters the denominators of the terms in the

r.h.s. of (6.57), in the combination %, where coefficient 1/32 is needed to reproduce
the (presumably) correct purely bosonic limit (the counterpart of the relation described
for all D in the introduction of [19]).

Finally, D;(Zl) in (6.57) is the covariant derivative with respect to 6, (in the last
argument of first multiplier and first argument of the last multiplier in the r.h.s. of this
equation) constructed with the use of p7 (),

n 0

— L _o5# -
Dy = o0 207 (21)0; - (6.64)

6.5 On validity of higher dimensional BCFW relations

The derivation of the BCFW recurrent relations [16] and their generalizations [19, 95-97]
uses essentially the fact that the deformed amplitude as a function of z does not have a
pole at z = .
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We did not study whether this is the case for our constrained superamplitudes and
amplitudes. However, generic D-dimensional results of [19, 95-97] suggest to hope that the
above recurrent relations for tree 10D SYM superamplitudes (and the below relations for
11D SUGRA) are valid at least

e in the case if the amplitude in the Lh.s. has at least one vector particle (at least one
graviton), which is taken to be the first one, with deformed momentum,

e and after we contract the first vector index I (first multi-index (/;.J1))) with the
deformation vector q(Il) (7.59) (with direct product of deformation vectors q(ll)q{l)).

This latter implies that the deformation 10-vector ¢* = u‘lﬂ q(Il) (direct product of two
copies of its 11D counterpart) is considered to be a polarization vector (tensor) of the
scattered vector particle (graviton). This can be always achieved as ¢* has the properties
characteristic for a polarization vector. However, in contradistinction to 4D case, in higher
D there exists an essential freedom in choosing such a deformation vector.

Below, in section 8, we will actually observe a problem related to an essential depen-
dence of the amplitude calculated with BCFW prescription on the deformation vector, and
conclude that it might reflect either inconsistency/need for modification of our candidate
recurrent relations or incompleteness of our prescription for BCFW deformation. We sug-
gest that this latter might be improved on the line of interplay of our present approach
and the analytic superamplitude formalism of [53].

Keeping all these in mind, we nevertheless have written the most generic form of the
candidate BCFW relations for 10D SYM (and, below, for 11D SUGRA), with the aim to
study their properties and to gain suggestions for further development of the formalism.
In particular, below we use them to obtain candidate 4 particle 10D SYM amplitudes with
4 and with 2 fermionic legs which allow us to observe the above mentioned problem of
deformation vector dependence.

6.6 Candidate BCFW recurrent relation for the 11D supergravity amplitudes

The candidate BCFW-type recurrent relation for tree superfield amplitudes of 11D super-
gravity reads

Ay (B0 k2, 055K ) ) =

( ~ = _ PN _
:ZW D;_(Zl) Alel__QlJp <k1,9(1);/€2,0(2);...;kl,g(l);Pl(Zl),H ) X (6.65)

et D - - — —
X (P)? D;-(Zl)Azl JpQit1.--Qn <_PI(Zl)y9 ;kl+179(l+1);'-';kn717 (n1)§kn79(n))>>90 .
.=

This looks very much the same as D = 10 candidate super-BCFW relation (6.57), up to
that the superindices take now different values (6.24),

D=11: Q =A{[LJK], (LJ)); ha}, DL,J,K=1,...,9, q=1,...,16, (6.66)
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so that, in particular, the fermionic multindex of the deformed amplitudes which we sum on
is the set of an SO(9) vector and SO(9) spinor indices, Iq (instead of 8c index ¢ =1,...,8
in the 10D case).

For the convenience of a reader interested in 11D case only, let us explain the notation,
although this is almost identical to the one in 10D case, egs. (6.59) —(6.64). The reader who
feels sufficient the reference to notation desceibed above for 10D case might pass directly
to the next section 7.

In (6.65)

l
Pr==> "k, (6.67)
m=1

is the (minus) sum of momenta of ‘first’ [ of scattered (super)particles in the first super-
amplitude,

l
Pi(z) ==Y ki (2) = P — 2¢° (6.68)
m=1

is the (minus) sum of ‘first’ [ deformed momenta, ¢* is the deformation vector (6.42)
obeying (6.37) as far as the matrix My, is nilpotent, (6.40) (see also (6.38)). Finally

2= P'Pla/(2P ) , (6.69)
is the value of the deformation parameter z at which P,%(z) becomes light-like,
(Pi(=))* =0, 2:=(R)*/(2F-q). (6.70)

Thus both amplitudes in the r.h.s. of (6.65) are on the mass shell.

Furthermore, the bosonic arguments of the on-shell amplitudes are energies pfg and
spinor harmonics va_q(i) related to light-like momenta k&) by (4.9); just for shortness
in (6.65), we hide this writing instead the dependence on the momenta. In particular,
the last bosonic argument of the first amplitudes and the first argument of the second
amplitude in the r.h.s. of (6.65) are actually pairs of energy +p#(2;) and spinor frame

variables v,,(2) related to P(z) of (6.68) by eqs. (4.9),

P(2)Taap = 207 (21) Vag (21)v8q (21)
]31“(2:[)5@ = p#(z) v;(zl)f“v;(zl) . (6.71)

p™(z;) defined in this equations enters the denominators of the terms in the r.h.s. of (6.65)
with coefficient 64. This is needed to reproduce a (presumably) correct purely bosonic limit
of the candidate BCFW relations in the assumption of simple relation between amplitudes
and superamplitudes.

Finally, D;(Zl) in (6.65) is the covariant derivative with respect to 6, (in the last
argument of first multiplier and first argument of the last multiplier in the r.h.s. of (6.65))
constructed with the use of p#(z;) of (6.71),

n 0
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Notice that the structure of the terms in r.h.s. of (6.65), D;r (Azl JpD +

(21) Q(Zz)AZl Tp )’
can be treated as an integration over the fermionic variable 6, in (6.72) with an exotic
measure similar to one used in [92, 93] to construct a worldsheet superfield formulation of

the heterotic string (see [94] for formal discussion of similar exotic measures).

7 Towards calculation of 11D and 10D amplitudes

In this section we elaborate a bit more the spinor frame form of the spinor helicity for-
malism and present some details which will be useful for amplitude and superamplitude
calculations. A simplest application will be described in the next section 8 for the case
of D=10 SYM (as we have already noticed, these will indicate some problems of our can-
didate BCFW recurrent relations). In contrast, the equations of this section are written
explicitly for D=11 case, in which ¢,p = 1,...,16, I = 1,...,9. The discrepancy with
D=10 case, in which I =1,...,8, ¢,p=1,...,8 and ¢,p =1,...,8 replace ¢ and p in
certain expressions, is described explicitly when it is not evident.

7.1 Candidate BCFW-type relation for 4-point superamplitudes in D=11

To gain a feeling of the structure of the candidate recurrent relations (6.65), let us first
write it’s version for 4-particle (4-supergraviton) tree superamplitude in D=11, selecting
1-st and 4-th particle variables to be deformed,

AQ102Q504 (/61, 01y: k2,0 (9)5 k3,035 ka, 9@) =

(_)Q1+Q2 4 ~ L — _
= W (Dq(Zu) <A212 Q1Q2 Jp (kla 9(1)3 ka, 0(2); P12(212),9 ) X

I <« = _ e
“(Pr)? D e A 10 as <_P12(212)’9 ;k3’9(3);k476(4))>>9——0+
o=

(f)Q1+Q3+Q2Q3 N ~ —— _
+ 64(p7 (213))2 (Dq(zl3) <A212 Q1Q3 Jp (lﬁ,e(l);k3,9(3);P13(2:13),(9 ) X

Lo 5= e
XW Dq(zlg)Azl3 Jp Q2Q4 (—P13(2513),9 7k270(2)7 k47 9(4))>>€q:0 . (71)

—

Here the multiindices Q); take values (6.24), and the remaining notations are explained in
the previous section.

The recurrent relation for the 4-point superamplitude for D = 10 SYM has the same
form as (7.1) but with 1/64 multiplies replaced by 1/32, ¢ = 1,...,8 and the multiindices
taking values as in (6.8).

A more explicit form of the relation for 11D superamplitude can be obtained by cal-

+

culating the action of D
q(z1

,) derivatives and using the superfield equations (6.18), (6.21)
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and (6.22). For instance for the superamplitude with 4 graviton multi-indices we obtain

Ay (1000 (k1 04y5 k2, 0055 k3,0, 503 k4, 0 4)) =
= _AZ12 (I1J1)(I2J2) Jp (I;h 9(_1)7 k27 9(_2)a P (212)7 U;(Z12)7 0)
1 —

Xifiﬁﬁﬁﬁ§£3/9eruakxuln(‘p#(“QLUJ(QQ%O?hbeéﬁk%9@0>

+ 2'/4212 (I1J1)(I2J2) (1J) (]%\17 9(_1)a kza 0(_2);/)#(212),’1);(212), 0)

1 - _ _ o~ T
X W‘Azw (1) (I3J3)(Iaa) (fp#('zl?)’“q (212), 0; k3, 63 k4’9(4))
1 ~ _ _
+ 6AZ12 (I1J1)(I2J2) [TJK] (kla 0(1); ka, 9@)? P#(le)a Uq (212)7 0)

—

1 g —_— — -~ p—
X W'Azlz ([JK] (IsJ3)(I4J4) <*P#(212)7Uq (212), 0; k350(3);k479(4)>

+(2+—3). (7.2)

All the superamplitudes in the r.h.s. are superfields as functions of ‘external variables’ (i.e.

depend on two of four 6 . Hq_( 4)) but leading component of a complete superamplitude

q(1)” =~
with respect to the ‘internal’ fermionic variables, i.e. are taken at zero value of the fermionic
variable corresponding to the ’internal’ line, ©, = 0.

Let us recall that

e the subindex 275 of the superampl/itlldes /iridicate the value of the dei(gmat/i(zl param-
eter (6.69) used in k1 = k1(z12), 96) = Ha)(zlg) and ky = kq(z12), 9(;) = 9()(z12),

e the arguments k,(;) actually indicate the dependence on corresponding ‘energy’ and

spinor moving frame variables, pfﬁ and Vog(i)?

e in contrast, in the case of ‘internal line’ the dependence on p#(z12) and v, (212)
(of (6.71) with P, = Py2) is indicated explicitly.

7.2 On 4-particle and 3-particle amplitudes in D=11

The superamplitude in the left hand side of (7.2) provides a superfield generalization of the
well-known 4-graviton amplitude calculated in 11D directly in [99] and having the structure
similar to one which had been known from zero slop limit of type II superstring [101-104].
In our spinor moving frame version of the spinor helicity formalism it reads

2
Aty (1, b, s, ) = — o (Dl b)) —

stu
6%y as bty (Wl ((ala o O ) 73
o %ts tS al(l)uaz(l) U a7(4)ua8(4) bl(l)ubg(l) e b7(4)ub8(4) ) ( . )
where
_ # =
Ka(i) = P(3)Ua(i) (7.4)
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s,t,u are standard Mandelstam variables (see below for their expression in moving frame

formalism),
at...a I I
Kl da — tsl 8ka1(1)“a12(1) ca ka7(4)ua‘;(4) (75)
_# # ,ai..a I - I
=Py Py T8 tg" Sual(l)u@( 1 ...ua7(4)ua‘;(4)
and tensor tg is defined in [101, 102]. A compact expression for this tensor is
1
tgrasp) RS = g(tr(F“)F<2>F(3>F<4>) + (24 3)+ (1 4)- (7.6)
1
- E(tr(F(l)F@))tr(F(?’)F(4)) + tr(FOFOYr(FAFW) 4t (FO F@)r(FO W)Y
where Fa(u)m e ,Fé;%s are arbitrary antisymmetric tensor fields.

It is also instructive to compare (7.3) with the D = 10 SYM 4-gluon tree ampli-
tude [101-103]. Omitting the color factor (Tr(T;T2T3Ty4) in [104]) it reads

292 P FF 29> _ z _ -
10D I1121314 __ # # = 1 = L
Afjkr = st Ko = - st Py P tg' asual(l)uaz(l) o Uy (4)Yag(4) 0 (7.7)

I,JJK.L=1,...,8.
Here and below in this section we have denoted the SO(8) vector indices by hatted symbols,
I=1,...,8, to distinguish it from SO(9) indices, I, J = 1,...,9 often situated close.
To make the expression (7.7) more illustrative, one has to use (7.6) with the on-shell
field strengths (4.16),

@) I _ # . = I
Fap = Kal)Up i) = P(s) al () Yib) (i) -

~«
—

.8, (7.8)

. 242 I I :
and writes (7.7) as "4}0})1314 = g BE -yl s In ostring theory (the 8-
dimensional version of) this comes from the path integral over zero modes of fermionic

variables which can be described by SO(8) spinors 74, ¢ =1,...,8,

4
tg By O Fp @ = /dan' exp {Z ny"iin Fflfz(”} 7 (7.9)
i=1
[104] where &gg = 'ygjfyqj}b and ’Y(I;p are SO(8) Klebsh-Gordan coefficients, I,.J = 1,...,8.
It is natural to assume that (7.3) is given by leading (9;(1) =0,..., 9;(4) = 0) compo-
nent of (7.2). Then (7.3) should be reproducible form the following recurrent relation

Ay (raay) (ks oy ks, k) =

=2A,, (I J1)(I2J2) (I1J) (kAl, ka; P#(Zm),vq_(zu))

1 — B _
(PlQ) A212 (IJ) (I3J3)(I4J4) <_p#(Z12)7 'Uq (Z12); k37 k4>

+ éAz (1L1) (I o) [1TK] (’a,kz;P#(212)7U;(212))
1

(Pr2)?

+ (2 3). (7.10)

X

g Az [TTK] (1375) (1) (—P#(Zu),vg(zm); ks, kA4>
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In writing this we have used the evident fact that the amplitude with odd number of
fermions vanishes, in particular A, , (1,7,)(5.7) Jp(k/;\l, k2, P12) = 0 (which is not correct in
the case of superamplitudes).

Furthermore it is reasonable to assume that A, , (1,7,)(1.75) [IJK](k?Al, ka; Pi2) also van-
ishes as otherwise it would produce after dimensional reduction, a nonvanishing amplitude
of creation of a single scalar particle in the collision of two gravitons; even with complex
momenta the existence of such an amplitude is counterintuitive. Using this hypothesis to
omit the second term and its (2 <+ 3) counterpart, we arrive at the pure bosonic BCFW
relation for four graviton amplitudes

A(IlJl)...(I4J4) (kb k27 k37 kn) -

= 2A.., (hJ)(Ih) (17) (/;3\17 ko; P#(212),U;(z12))
1

X WAZIQ (IJ) (13J3)(I4J4) (_p#(Z]_Q), U;(212); kg, ]5;)

+2A.., () I s) (1) (kl, k3; p# (213), Uq_(zl3)>
1 —~ B _
X =5 A (1) (I o) (I T4) (—,0#(213),% (213); k2, k4> . (7.11)
(P13)
In different formalism such type relations in a gravity field theory at arbitrary D were
discussed in [19]
Three graviton amplitude is known to be [105] (in [103] one can find also the o/
correction to this tensor)

A((IlJl))((IQJQ))((IBJii))(kly ko, ks) = ke t((Til1((2[2((33 ¢[T1))1173))3]73))3

_ alaza b1b2b (I 1)), (T J2)) (U J3))
= K192 (ky, ko, k3 )t"1 2% (kq, ka, k3)ua1(11)“511(1)%2(22)ub22(2)ua3(33)ub§(3)7 (7.12)
where
BRI = 9 (e ey, ey gty (7.13)
I Iz I I I, I 1. I I
= (keyuth) (uyusy) + (Rorets) (wyuly) + (buy) (ufiyets) - (7190)
and

£ (K1, ko, k3) = kioyn™ + k{gyn™® + k{yn® . (7.15)

Notice the cyclic symmetry property of the t-tensor: t2¢(ky, ko, k3) = t*°®(ky, k3, k1).

The structure of the ‘Chern-Simons’ term of the 11D supergravity action and the form
of the on-shell field strength of the 3-form gauge field (called ‘formon’ in [99]), F IJK =
l{:[augu‘cj uﬁ (4.19), suggests the following structure of the ‘three formon’ amplitude

A1 1K [TeJo K] [T Js i) (K15 k2; k) =

b I J K I J: K I J. K
abcyca...cgcy9 klaka “01(1)1%;(1)“ 3 . (716)

x € ea(1) Y (2) Uen (2) Yoo (2) Yor (3) Yes (3) eo (3)

To check that this amplitude possess the cyclic symmetry property characteristic for the
bosonic particles A(1,2,3) = A(3,1,2) = A(2,3,1), we have to take into account the
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momentum conservation kq1 + koo + kqe3 = 0. It is also, symmetric under exchange of
complete sets of two particle data, e.g. it implies Ay, s, k] (12 K] [I3,J5,K5] (K13 k23 k3) =
AL 1o 1) [ K1) (1305 K5) (B2; ks ks), ete.

Some amplitudes of the 10D SYM will be discussed in the next section 8.

The above 11D discussion makes transparent that the bosonic amplitudes are expressed
through contractions of the vector harmonics describing the frames associated with dif-
=_aJ ad.

— I . . . . . .
aitj” and wguj; similarly, the fermionic amplitudes involve

ferent particles, typically u
contractions of spinor harmonics from different spinor frames.

Thus, to proceed with amplitude calculations in our formalism, we should understand
better the relation between spinor frames associated to different particles. Below we ad-
dress this problem, present an explicit parametrization of j-th frame in term of i-th frame
and a number of parameters, and also find a gauge fixing conditions for the auxiliary
gauge symmetries acting on the spinor frames, which makes the relation of different frames
especially simple.

7.3 Relation between spinor frames associated to different external particles

For a possible reader convenience, let us begin this section by recalling that, in our spinor
frame form of the spinor helicity formalism, the light-like external 11D momenta k" are

expressed thought bilinear of spinor helicity variables, A\ogi = 1/ pfﬁv

aq?

_ R
K= pfu=,  uiT = ooy, (7.17)
where v ~ ., obey the constraints
aq(3)
U L'ep = 20001 V5qi - Vi Lavy; = g Ogp (7.18)

and are considered as the spinor frame variables (or Lorentz harmonics) (4.4), related to
vector frame (vector harmonics) (4.2), (3.11)-(3.13), by (3.27)-(3.30) (with ¢ = 1,...,8,
g=1,...,8,I=1,...,8 when D=10and §=¢g=1,...,16, I =1,...,9 when D=11).

To proceed with clarification of the structure of (7.1) and similar amplitudes, we need
to describe the relations between spinor frame variables associated to different particles.

For the spinor helicity variables this problem might seem to be difficult, but knowing
its relation to Lorentz harmonics and using the group theoretical meaning of these one
can solve it. Indeed, as Lorentz harmonics are elements of Spin(1, D — 1) group valued
matrix (4.4), they are related with another set of Lorentz harmonics by an Spin(1, D — 1)
transformations. Allowing for both positive and negative values of the ‘energy’ variables
pf and p}#? we can write the relation between the harmonics describing spinor frames of
j-th and i-th 11D particles in the form

s R R
’anj = e BJZOjiqp <vapi + 5 ji ’Ypplva—;/i) y (719)
1
+ = e Bii #I, - T
Vagqj = € & Ojiqp”cj;;z‘ + ini Yap() Tpa - (7.20)
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In these equations Oj;)4p is an element of Spin(9) (C Spin(1,10)), i.e. 16 x 16 matrix which
obeys!®

OjiqrOjips s = Vap O (7.21)

where 9 x 9 matrix (’){jli) belongs to SO(9) group. The scale factor e=% is considered as
an element of SO(1,1) C SO(1,10). It is instructive to calculate the contractions

e — 1 5 1 5.
Upi' Vags = —5¢ %5 K5Oy ) pg = 5¢ i K (07 p » (7.22)
_ . I _3..
U;_iavaqj = ¢t Oijipp' (519’11 + 4K# Ki; (7 v ) > =e Bﬂojipqv (7.23)
AT J y
Kil = K1 ofle % (7.24)

Egs. (7.20) and (7.22) are written for 11D case, while their 10D counterparts carry
dotted spinor indices,

D=10:

1
vy =P Oy <U (5 S+ K KR (3 )p,p)+2KﬁI%,ﬂ§p>, (7.25)

o 1 5 o~ 1 5
”pz‘%aqj =75¢ B”Kijl(oiﬂl)pq =53¢ ﬂ”sz’I(Oz'j’YI)qpa (7.26)
OjiapOjianvgs = V94O - (7.27)

For the vector harmonics we have the following relations
_ o [ = 1 o =11
Ugj = € 285 <uai + Z(Kji)2ua#i + Kji uai) ) (7'28)

y | o2 I, C=)2 (K 1 I

1,1 S\ 2
+ul (K# + 55 "(KY) >> (7.29)
1 ~
I _ K KJ =K -#J

e 1
LRE Ry > + - _K#‘]> o (7.30)

1
+ 2“@1 <K + 2 CLZ

4
where (K5;)? = K5;'K5;' and OJf € 30(9) (€ SO(8) for D=10) is defined in (7.21) ((7.27)
for D=10). Flnally K (# ) is the parameter of K(p_s) symmetry and K=! Gi) parametrize the

SO(1,D—1)
[SO(L,1)2SO(D—2)|&K p_a) "
The above equations simplify essentially if we fix the gauge with respect to K(p_);

coset

symmetries acting on different spinor frames (4.4) by setting

Kﬂ” =0. (7.31)

¥ Notice that the second term in (7.20) contains v A more explicit expression in terms of v, =, reads

ap(]) api

vah = e 05igp (v;;,i (6 + 1KGTKE (v ) )+ K7 va;,(i)fyp,p) with K#I) = K}7oJle i

(see (7.24)).
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To be convinced that this is possible, one should notice that, say, Kﬁl = Kﬁl — Kﬁl

so that the set of independent relations in (7.31) can be chosen to be Kﬁl = 0. In the
gauge (7.31) the relations between sets of vector harmonics (7.28)—(7.30) simplify to

Ug; = e~ i (um + %(K;)%Lﬁ + Kﬂ]u£2> , (7.32)
uf = et (7.33)
uéj = <ugl + ;I?;%ﬁ) (’)fil, (7.34)
and (7.20) acquires the form
voj(;j =e ﬂji(’)jiqpv;;i . (7.35)

For completeness, let us write explicitly also the gauge fixed expression for the complete
set of 10D Lorentz harmonics

Vagi = € " Oljiygp (Uapi + % i 'V;fpva}) : (7.36)
Vaig = € OjiiVap - (7.37)
and for the elements of the inverse spinor frame matrix (3.23),
v =€ P O <%f‘ R > : (7.38)
9" Jji Capi lpp
vy = e Bjiniqu;ia : (7.39)

In the next section 7.4 we consider stronger gauge fixing conditions for the auxiliary gauge
symmetries acting on the spinor frame variables, in which these are expressed through the
(D — 2) parameters Kj:il only.

7.4 Reference spinor frame and complete gauge fixing of the auxiliary gauge
symmetries

It is convenient to introduce an auxiliary spinor frame (vojq,vojg) and associated vec-

tor frame (u=,ufl ,ul). Any of the spinor harmonics (va_qj,va';j) and associated vector
harmonics (ug;, uj;-,uéj) are related with reference spinor frame and reference frame

by (7.19), (7.20), (7.28), (7.29), (7.30) with omitted index i. Then they are parametrized
by the set of Kj:], e B, OJU = ((’)j)_l I K]#I, in which the last three subsets of param-
eters correspond to the gauge symmetry transformations. These are used as identification
relations which allow to consider the sets of harmonic variables (va_q(i), Uoz_;(i)) as homoge-
neous coordinates of the celestial sphere. We call them auziliary gauge symmetries and
can conventionally fix them by setting

k' =0, olY=¢7 e P=1 (7.40)

2
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Then any 11D spinor frame can be expressed through the auxiliary spinor frame by
1

- - =11, + + ot
Vng(i) = Vag T iKZ YapVap » Ung(i) = Vag - (7.41)
The corresponding relations for inverse 11D harmonics read
1
‘o _ o+ —a _ - =1 I +
vq(‘;‘) =v, %, Uq(?) =v,% = §K(i) YapUp s (7.42)
so that egs. (7.22) and (7.23) drastically simplify
fo, —
vp(‘;‘)vaq(j) = 0pq (7.43)
—a, - [ — =TI . =TI =I
The frame vectors are decomposed in the basis provided by the auxiliary frame as
_ - _ 1, -
Ugsy = Ug + K(j)[ug + Z(K(_l)) uift | (7.45)
1
I I =T
Ug (i) = Uq T §K(i) i, (7.46)
by =l (7.47)

These expressions for vector harmonics apply for both 10D and 11D cases, while the (7.41)
and (7.42) are written for D=11.

Although the D=10 relations can be easily restored from (7.41) and (7.42), for possible
reader convenience we write them explicitly:

_ R R )
Vag(i) = VYag T o Tgplap> Vag(i) = Vago (7.48)
1
o — gf —a _ - =1, +a. I
Uati) = % Vi) = Vi~ 356 Ve " ag (7.49)

Let us apply the above gauge fixing expressions to study the momentum conservation
conditions.

7.5 Momentum conservation and Mandelstam variables

In our formalism the momentum conservation in the scattering of n massless particles
implies

o
> e =0. (7.50)
=1

Contracting this equation with the basic vectors of the reference frame we can split it into
three sets which look especially simple in the gauge (7.40),

> ol =0, (7.51)
=1
et
Y i KG =0, (7.52)
=1
S ot () =0 (7.53)
2P : :
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In the case of 4-point amplitude we find that the expressions for the Mandelstam
variables are sufficiently simple already with the generic parametrization of the frame
variables (7.28)—(7.30). Keeping all the gauge symmetry unfixed, we obtain from (7.28)
and (7.17)

s = (k1 +ka)® = 2p7 pf uz"uzy = pf pf e 2% (K37, (7.54)
t= (k1 + ks)? = 20§ pfuzug, = p?p#e-%l (K31)?, (7.55)
u= (ki + ka)® = 2p7 pf ui®ugy = pff pf e 2 (K7y)? (7.56)

Notice that the denominators in the first and in the second terms of the BCFW-type
relations for the four point amplitudes and superamplitudes, (7.11) and (7.2), are equal to
Mandelstam variable s and ¢, respectively

PL =s5= Qp?pQ#UQZ ug, = 2e”Pu—bu \/p p2 J pf\/ K3)*(K3)?, (7.57)

P =t =2p] pfuz® Ug(1) - (7.58)

In the second equality of (7.57) we have used the conservation of the momentum which
implies s = PZ, = P423 =4/ P122P423.

The set of the arguments of the (super)amplitudes in the r.h.s.’s of (7.11) and (7.2)
include (the variables related to) the deformed versions of (7.57) and (7.58), P{(z12) and
P{5(z13), which are dependent on the complex null-vector g, obeying (6.37). Let us discuss
the representation of this and of the special values z12, 213 of the deformation parameter
in our spinor frame approach.

7.6 Studying the BCFW-like deformation with the gauge fixed spinor frames

In the case of 4-particle amplitude, the deformation 11-vector/10-vector ¢, a complex null-
vector orthogonal to the 1-st and the 4-th light-like momenta, (6.37), can be decomposed
on the frame related to any of four light-like momenta (7.17). The decompositions on 1-st
and 4-th frames cannot contain terms with uf(l) and uf( "t respectively. Generically we
can also assume the absence of the terms proportional to uaz(l) and ua:( 1) (this is to say, to
ka(l) and k:a(4)) so that
I I I I S 12 I I S \2 I I

Ga = —Ug)4(1) = ~Ua(a)9(4) > ( (1)) =4q9m4dm) = 0, (Q(4)) =444 = 0. (7.59)
In the gauge (7.31), in which the relation between vectors from different frames are de-
scribed by egs. (7.32)—(7.34), the components q(4) and q(l) are related by SO(D—2) rotation

aly = Ot afy) (7.60)
and obey, besides the null-conditions (7.59),

Ki'qly =0,  Kilgly =0 (7.61)
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Now, one can easily check that the special values z15 and z13 of the deformation
parameter z, for which P (%) and Pf4(z) become light-like, read (see (6.69))

# o=, = # o= \2
o mus) o (Eoy) _
a) (W) 2KG40)
# = = # _":
43 = o) _ P Eey) S (Pl =0 (7.63)
9ty (winyue)  2KGnHa0)

Using (7.59), the nilpotent matrix (6.38) can be written as
1

Map == (V) Vg Vorp () = (7.64)
# OH#H o= = p'(1) “ag(n)’/ 'p'p3(1)
PPy (U1 UGy

I I - —
= _ 9(n)Vaq’ (Uq'(n)vap(l)) :

Furthermore, eq. (7.59) considered together with (7.28) and (6.43), implies

I I
— zq _ zq
—a __ ., =a Ia (1) —-a __ .. =a Ia (n)
UE) F U U T U T Y)Y T (7.65)
P P(n)

which can be recognized as S°-transformations (see (4.14)) with nilpotent 9-vector

parameters
1 I
~ 2q(, . 2qq,,
Kij ==~ Kol = -~ (7.66)
P(1) P(n)

(here we use the notation Ieag (2) reserving K (Zlg (z) for the parameter of transformation

relating the deformed 1-st frame with the auxiliary reference frame).
#a
(1)
to be undeformed and, using (7.30), to find the deformation of the remaining frame vectors

First of all, this observation allows to conclude that u”\ and u?ﬁg vectors may be taken

I I
— z2q — zq
Ta _ ,da _ ~*(n) #a Ia _ , Ia (1)  #a
Uy T ) o F Mo M) T Ty (7.67)

(n) (1)

Secondly, this implies that the deformation of the spinor frame variables, (6.34)
and (6.35), can be written in the form

V=0 )y = - S B
Yaq(n) = Yag(n) Tz = Yap(1) Mpq = Vag(n) ~ o F 4(n) YapVap(n) (7.68)
P(n) Pn)
o= p?&) z
= n - I I, +
Vag1) = Yag(1) ~ % A| & Map Uop(n) = Vag) + ”: 4(1)VapVap(1) (7.69)
P() P(1)
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At z = z12 and z = 213 of (7.62) and (7.63), the momenta J/DE(z) and ]/3%(7;) be-
come light-like and can be expressed in terms of ‘energies’ and the associated spinor frame
variables by

— ——

Py(212)Taas = 207 (212) Ung(12)V3q(12) * P (z12)v qlzF Up12 = Pra(212)0gp (7.70)

and its 19 — 13 counterparts. Factorizing ﬁl\g (z12) := ﬁf\?(zlz)I’a = ]21(212) + Ho= K1+ Ko—
z12¢, one finds

_ o [
Vag12) = € Pz ( aq(1) + K(12)1’quvap(1)> ) (7.71)
with
# | —2B01
e—Bazm — |[PLT ey (7712)
ﬁ#(zlz)
6_2ﬁ21p72¢ ~_; _ » ., . .
K(12) WKm (212) 5 K5 (z12) = K5' — K7 (212) = K5] — z12q" .
,0 +e 21p

(7.73)

Notice that to describe the deformed frame it is convenient to relax a bit the gauge (7.40)
allowing for e~2%121 £ 1. Eqs. (7.71) implies

- _ - 1 = - Pia(212)
Ug(12)(212) = € 2P <Ua(1) + Z(K(12)1)2uf(1) + K(lé)l“c{(l)) ==, (7.74)
p# (212)
Ul g (212) = e Pamia (7.75)
1 _
£(12)(212) ( )+ U o K12 I) (7.76)
7.7 3- and 4- particle kinematics. Momentum conservation
The momentum conservation condition for our four point amplitudes reads
Pl + o uis) + o ugE + pfu = 0, (7.77)
Generically, this can be split into
of+p8t + o +0] =0, (7.78)
A1 e H#1 = ~#1
P# (K21)2+P3# (K31)* + # (K7)?=0, (7.79)
P K+ K + T K =0, (7.80)
where we have used the notation
pit = e gt (7.81)

The three particle kinematics is more restrictive and a nontrivial solution of the mo-
mentum conservation conditions, (7.50) with n = 3, exists for deformed, complexified
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momenta only. Let us write this for the case of BCFW-deformed first momentum and
using the notation P (z12) = p™ (212)u=%(212) for the third momentum:

piuT® + piuz® + p# (212)u™"(212) = 0. (7.82)

In the gauge (7.40) all the three frames are related with the reference frame
by (7.45), (7.46), (7.47) with complex vector parameters

RT = R5l(z10) = K 2 _ K3+ 4l (%% -75) (7.83)
ol 7(1 (1_5 K% )
and K(Zlé)(zu) which we are going to find now. This is to say
i = g + Kolul + (KT (7.84)
uj:uj+Kzu+4mgﬂﬁ, (7.85)
etz (o12) = + Ktk (a)ud + (R (12) (786)

Substituting these expressions into eq. (7.82), one splits this into the set of three equations
(cf. (7.51), (7.52) and (7.53))

p*(212) + pf + 9§ =0, (7.87)
7 (212) K(1hy (212) + PTET +pf K3' =0, (7.88)
o (22) (B Ty (12))? + o (R T2 + pf (B2 = 0, (7.589)
which imply
p(212) = —pf — pf | (7.90)
K7L (212) S ) S (7.91)
(2 Pl + % ' pT+ 0% 2
and
En)=0, Ryl =5 K. (7.92)

This latter however is satisfied identically due to q(l) = q( 14 ( y =0 (see (7.83)).
For the application it is convenient to write (7.91) also in the form

#
= = — p =
Ky (212) = Ky (212) — K71 = 52— K3 (7.93)
P+ P2
=1 =1 =] Pf =1
K(_12)2(212) = K(_IQ)(Z12) - Kz_ = _ﬁ K2_1 . (794)
Pt P2

Then (7.92) implies nilpotency of K(:lé)l(zlg) and K(:lg)Q(Zlg):

(Kapi(212)° =0,  (KGh(z12))* =0. (7.95)
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7.8 t3 tensor

—

Now we are ready to calculate the expression for ¢3 tensor (7.13) with arguments k1),
kq(2) and —kg(\l) — kq(2), @ square of which determines, through (7.12), the first partial
amplitude,

—

A (I1J1)(I2J2) (IJ) = Az (I1 J1) (12 J2) (IJ)(kh k2; p# (212), Uq_(zm))
in the r.h.s. of (7.11). The gauge invariant expression is not simple
£ (k1) by ) — Koy =
= ply (ayu 38" = 210 (w38 — 2z s agty

#
Py
# I =~y Is T # ooo=I3 I (2) o =1y / Is Io~\/ # =
+ 0oy (u(hyuia) (wdyuch)) + Py K o (uhyus)) + =5 Kz (ugh u) (ulhyu)
212 T # ul =1 (Z12)2 I # 1
+ 5 a (i ug) K — 2 a (ulyu3)ag) - (7.96)

However, in the gauge (7.40), and after the use of the momentum conservation condi-
tions (7.90) and (7.91), this simplifies essentially:

—

th]z[g(k/(l\)(zl2)7 k(2), k(1) (212) — k(2)) =

# #
~ ~ P
_ 51213p?§)K5111 + pfl)Kglbéhls + 511[2 %Kmfa ] (797)
ol + Py

Here the complex SO(9) vector
Kyl = K3 (212) = K53 T — K7 =
(% R5)

1) (73(:2) - ?a)

is null (7.92) because its square is proportional to (j(Ql) = 0.

— K3 - K -y (7.99)

7.9 Supermomentum

In construction of superamplitudes one might want to use a sum of 6 o(0) with different i-th.

The construction of this is hampered by the fact that 6 a(i) 's with different values of ¢ are
transformed by different [SO(1,1); ® SO(D — 2);] symmetry groups.

The H [SO(1,1); ® SO(D — 2);] invariant sum of all 6 o(i) does exist but carries a

Spin(1, D - 1) index o with twice more values (32 in D=11) than Spin(D — 2) index ¢ (16
in D=11),

— #.- p—
o = Z; Pli) V(i) i (7.99)
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Following the custom of D=4 amplitude literature we call this ‘supermomentum’; it is
superpartner of the total momentum 3 ;" , Pa(i) and hence is supersymmetric invariant as
far as the total momentum is conserved, Y ', DPa(iy = 0

1 n
Ot = ¢ E P VaatiyVsaty = 3Tes€” D Patiy =0 (7.100)
i=1

n
The supersymmetry invariance is equivalent to stating that, when ) Pai) = 0, the
i=1

supermomentum can be equivalently written in the form

o :—ZP aatty (%o~ = i) (7.101)

with an arbitrary fermionic spinor =°. This spinor can identified with global supersymme-
try parameter and the above equation makes transparent that this can be used to cancel
the contribution of one of the fermionic variable, say 9;(1). Actually, as we will see in no
time, the supermomentum depends on (n — 2) linear combinations of n fermionic variables.

In the gauge (7.40) we can obtain a simple decomposition of supermomentum on the
auxiliary reference spinor frame,

1
_ # E # Ip—
o = aqu gq(z + Uaprpq /0(1 K(,L gq(z) (7102)
=1

We can split this in a Lorentz covariant manner on

qq q Yo = sz) ali ZP i q(l)) (7.103)

Gy = 0y "o = 'yqup KGO, = 'yqup o (60— 00y) . (T109)

where the last parts of equalities are obtained by using the momentum conservation con-
ditions (cf. (7.101)).

We can also use one of the spinor frame associated to a scattering particle instead of
the reference spinor frame thus obtaining the supermomentum projections

+ _ ,ta _ # - # — _
Ay; = Vg Qo = Z PO = Z o (Hq(i) —~ Hq(l)) : (7.105)
qq_J = vq_jaqa = ’qu 2:7& p (Zj q(z 7qp ; P(Z (ZJ (9 ) 917(1)> . (7106)
1=15i7#7 i#j,1

These relations make transparent that actually the supermomentum depends on only (n—2)
(linear combinations) of n fermionic variables. Furthermore, the projection g (7.106) looks
more interesting as it contains more information about momenta of scattered particle and

also because it is defined with the use of spinor helicity variables only, while q;j is defined

+a

with the use of j-th complementary spinor Vyj

symmetry ((4.13) with ¢ =¢=1,...,16).

and thus is not covariant under Ky
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7.9.1 Invariants from the projections of supermomentum

Using (7.104) or (7.106) we can introduce the covariant delta functions for integration over
16 fermionic variables

_ _ 1
616(q ) = (Cl )/\16 — 16'€ql q16q qu (7.107)
which has the weight -16 under auxiliary SO(1,1)y gauge symmetry.
Notice also the existence of weight -8 SO(9) invariant
_ 1 _ NP _ _ _
(a7)" i= Bl (q BB (a7 (a7 ) (7.108)
In it we prefer to chose the coefficient
1 Niols, IuI Isly  J1J2Js, JaJ Js J
g = \/16' [ilaTo g1 T2 Jo g6yl g2 8 yaiad . Ygiad Vasawo  Varidia -+ - Varsqrs  (7.109)
which makes (7.108) the exact square root of the fermionic delta function
@) (@)= @) =d"@0"). (7.110)
One can also introduce a weight -4 supersymmetric invariant
- r, _ _
(@)™ =—@"a) (a7"7a7). (7.111)

C4

Notice that in D=10 the counterpart of (7.104)

4 = vy “da = ’quZp Ko, yqqu o (0= Oy) (7.112)

carries the dotted index ¢ = 1,...,8 and the counterpart of (7.111) will be playing the
role of square root of the SO(8) invariant fermionic delta function, while the counterpart
of (7.108),

. 1 B g .
D=10: (q7)" = —en BB (q7302g7) (770 1g7) (75 T) =0%aT)  (7.113)
8

with an appropriate choice of ¢, coincides with this fermionic delta function.

7.9.2 Invariants from the complete spinorial supermomentum

One can also construct some Lorentz invariant combinations of the complete supermomen-
tum with Lorentz group spinor indices. In D = 10 the product of two copies of fermionic
spinors belongs to 120 antisymmetric tensor representation of the Lorentz group. This is
to say dads = ()0 with

D=10: (q)0% =da650qs, (7.114)

abc
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so that there exists a unique 4-th order invariant

D=10: ()" = (@)"*“(a)3.. (7.115)

abc

This is the trace of the forth order second rank tensor
(@0, 1= ()52 a)"2 (7.116)
which can be also used to form invariants of 4m degree with m = 2, 3,4,

D=10: (q)/\4m ) = (q)/\4 (t)abl s (q)/\4 (t)bm—la = TT((q)/\4 (t))m, m=2,3,4.
(7.117)

Clearly, m = 4 invariant is proportional to delta function of the spinorial supermomentum,
while m = 2 invariant can be considered as square root of this latter,

D=10: ()" (q)") oc ()"0 oc §16(q,) . (7.118)

In D = 11 the product of two copies of a fermionic spinor decomposes on three irre-
ducible representations, 32x32= 1 4+ 165+ 330. This is to say, their exists a second order
invariant

D=11: (9% :=q,0%qs, (7.119)
and two second order tensors constructed from the spinorial supermomentum bilinears

D=11: (4= dalonds,  (Dia = dalopeads - (7.120)

This can be used to construct invariants of higher order. In particular there exist two 4-th
order invariants,

D=10: (q)/\4(sl) _ (q)/\2 abc(q>/\2 (q)/\4(82) _ (q)/\2 abcd(q)/\b2 (7_121)

abe abed

and the following interesting 6-th order invariant

D=11: (q)'°) = et (q)37 o ()0 asagar (Dacagasoar, - (7.122)
We also have two second rank fourth order tensors, (q) )% = (q)p%(q)"? %4 and

()M = (q)p2, ()2 94¢ the traces of which give (7.121), so that zoo of the 11D
supersymmetric and Lorentz invariants constructed from supermomentum is even reacher
that the 10D one. In particular there exists an interesting (although not unique) 8-order
invariant

D=11:  (q)"5) i= e ()22 0 (D agar ()2 (7.123)

bcazaz \"/asasasar \M/agagaipair

and a number of 16-th order invariants, all of which can be treated as square roots of the
fermionic delta function 6%2(qq).
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8 Studying the candidate BCFW-type recurrent relations for 4-particle
amplitudes of 10D SYM

To check consistency and completeness of our BCFW deformation and candidate BCFW-
type recurrent relations, in this section we will try to obtain on their basis 4-particle
amplitudes of 10D SYM with 4 and 2 fermionic legs. Unfortunately, this calculation indi-
cates a problem: the candidate amplitudes obtained from D=10 BCFW procedure suffer an
unwanted dependence on the deformation vectors. We nevertheless find useful to describe
these calculations as they might suggest a resolution of the issue which is probably general
for higher dimensional BCFW-type constructions.

8.1 Candidate BCFW for 4-fermionic amplitude in 10D SYM from
super-BCFW for 4-point superamplitude

The candidate BCFW relation for the four fermionic superamplitude of 10D SYM is

Agrdzdzaa <k1’ (1)vk27 2)’k3’0() k4’6(4)) -

1 " —
= W (Dq(;;m) ("4212 q142p <k179(1) k2,9(2),P12 212 76 > X

1 &, — _

X (Pra)? Dt](zm)‘Azm Pd3qa <_P12(212) S k3,9 k47 ) >@q »

1 + ~
~ 6 Lot (Aews i (1, 00y i 035 Prs(219). 07

1 < — _

" (Pr3)? D Jer)Asrs pisi <—P13(Z13) O k2,0 k4, >> (8.1)

After applying the covariant derivatives, this expression can be written in the form
Aq1q2q3q4 (kla 6(_1)a k?u 9(_2)7 k37 0(_3)7 k47 9(_4)> =

= -2 -Az12 q41G2p (];17 9(_1)7 k?a 9(_2)7P#(2'12)7 U(; <212)7 0>

1 — —

g mAzumw“ <_p#(zl2)vv(?(212),0; ks, 0,3); k4,9(_4)>

A i 1 (R 00K, 0055 07 (212), v (212),0)
x (PL)QAZIQ Fasia (=07 (212), 05 (212), 0 s, 05, 0 ) — (24— 3).
In the assumption that amplitudes are reproduced as leading components of superam-
plitudes, the BCFW relation for the 4-fermionic amplitude of 10D SYM reads
Adgrgagsis (k15 ko; ks ka) =

= Az 1o I (1217 ka,; p# (212), Uq_(zm))

1 — ) _
X W«‘blg T dada (—p#(zm)avq (212); k3, k4) —(2+—3), (8.2)

where we have taken into account that the amphtudes of the processes with odd number
of fermions vanish, in particular A, 4,4, p(kl, ka,; p#(zlg) 2 (z12)) =0.
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8.2 3-point amplitudes with two fermionic particles in 10D SYM

In the case of 10D SYM the expression for tree 3-point amplitudes with two fermionic legs
is suggested by light-cone string vertices of [103]. In our notation it reads

- 1w #, B a I
Aiv 2 1011y Vo) Py Vagayi P V) = 101 P2 03,003, Plsiacs)
_ L H#HT [ + -8 _
= 3P1 P2 o (” ) Ven®) Van2)V553) T VarttyVer(a) ”q'2<2>”/sp<3)>' (83)

In distinction to [103], here we assume that pfﬁ, v;?;) obey the momentum conservation; so
that the spinor frame variables should be complex/deformed. The form of the amplitude,
the multipliers and coefficients in (8.3) can be checked by Ward identities.

Indeed, in the gauge (7.40) the expression (8.3) simplifies to

- . — o # oy L =J J
Agr o I(pﬁ)avq(l)ypé)yvq(g)a P(3) %3) = 4P1 P2V (K31 Viir Odp + K3a 'quQ‘sqlp) (8.4)

and it is straightforward to check that this expression obeys the Ward identity (4.32).
Furhtermore, it obeys (4.33) which also fixes the form of purely bosonic 3-point amplitude
to bel?

All Ll = — <5l1fzpi¢Kl=3[3 4 512[3p2#K2:111 4 513[1P?K3:2[2> — _thIng ) (85)

The last part of (8.5) is given by the projection of the ¢-tensor [103], (7.13).
In (7.13) ui"(i) are considered to be polarization vectors of ¢-th particle and the momenta
are assumed to be proportional to the light-like vectors Ug iy from the same frame (4.2),

ai pfk u,;. Then in the gauge (7.41), where (7.45), (7.46), (7.47) hold, one finds the
gauge fixed form of t/1/2%3 indicated in (8.5).

8.3 Testing the candidate BCFW by calculating 4-gluino amplitude.
Problem of dependence on deformation vector

As a test of our candidate BCFW relation (8.2), let us use it to calculate the gauge fixed
expression for the tree 4-fermion amplitudes of 10D SYM. Substituting (8.4), one finds

Pl % il pif

8
E:?(ZH)E:?)\K(ZH) I I 200 11 KT 208 k1
X — (V"7 )dras — 5 012 (VY )dsda— #6 Ogsda

SR 7 “
V(K5 (K3)? ok Ps P

_K:1J<213)K4:2K(213) (~J 1)_ L 2P:'i% sIs. . (~K 1). L QPf sKIs. .
YV )digs * . # 4143 YV )gada #* . # G244
Pl +p3 Py Py

Adld2d3d4 (k13 k2 ksika) =

(8.6)

19T0 be precise, (8.4) obeys the oc 'yqqg part of also (4.33), while its ’yqu part fixes the form of Ar, 1, 15.
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Here

Zl?q(ll) (?3:1)2

- = = (K%) ST =I I
K21I(212) :K211_ :K21I—q11 , K3i(213) = K31 —¢q 1 )
ot o7k Y Ve

I _

#1294 1 1 (K3)? ST -1 T

— =Kz —qu ﬁ* , K (213) = K —d4 ﬁ* )
Pf ( )27(1) 21 ( )27(1) 31

(8.8)

I?Tsl(ZH) = KZ3I—

and q(Il), q(I4) are projectors of the same complex null ten-vector (6.37) on the first and
fourth frames, respectively,

q" =ui'qly = ui'qly), 7“9, =0, ¢ ugy =0 =q"ugy.

The SO(8) complex vectors q(Il) and q{4) has vanishing squares (7.59) which implies that
the vectors (8.7) and (8.8) are also null.

The above calculation demonstrates either incompleteness of our prescription for
BCFW deformation or a need to improve our candidate BCFW recurrent relations. The
problem is that the amplitude calculated with the candidate BCFW relations happens to
be apparently dependent on the deformation null-vector ¢* obeying (6.37). On one hand,
using the experience of the 4D calculation, we might expect a necessity to specify some
particular solution of (6.37) in terms of spinor helicity /spinor frame variables corresponding
to 1-st and n-th (4-th) particle. (We will discuss such a possibility below).

On the other hand, this might indicate that a change of prescription or modification of
the proposed candidate BCFW type recurrent relations is necessary. Notice that we did not
prove the validity of these relations, but only proposed them as a reasonable candidate.
Moreover, the general D-dimensional arguments of [95, 96] did not allow to prove the
existence of BCFW relations for n point n-fermionic amplitudes: they argued their existence
for a particular contractions with the deformation vectors (!) of an amplitude with at least
one gluon in the case of YM and at least one graviton in the case of gravity (chosen to
have a deformed momentum to this end). Thus the first thing to check now is what will
be the situation with such an amplitude in 10D SYM case.

8.4 From the candidate BCFW relation to an expression for 10D SYM
with two bosonic and two fermionic legs. Deformation vector dependence

Let us try to reproduce the 4 point tree amplitude with two bosonic and two fermionic legs
from the candidate BCFW relation for 10D SYM. We start from the general relation (which
has not been proved to be valid but are obtained from the reasonable candidate (6.57))

Al oz (k13 ks ks ky) =
= 2A.., Nwg (la, k2;,0#(212),v,;(212))

1 — ~
X —/\.AZ12 1G3 14 —p#(212),1)7(212); ks kg ) — (2 — 3) . (89)
(P)2p#(z2) ( ! )
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Let us stress that, although it is not reflected in the notation for [.h.s., the r.h.s. of this
relation apparently depends on the deformation vector ¢* = —q(ll)u‘f] = —q(14)uif (7.59).
This is the origin of a problem which is possibly common for higher dimensional general-
izations of BCFW relations: for D > 4 the deformation vector is not fixed uniquely.? In
D = 4 case the deformation vector is constructed from the helicity spinors of two particles
with deformed momenta in a unique way [16] and the problem does not occur.

Substituting the expressions (8.3) (the cyclic property of the amplitudes implies
Agr a2 1(1,2,3) = Ay, 4, (3,1,2)) and using (7.57) and v;*(212) 0P (219) = Lz (219) 58
(see (3.26)) for the contraction of the variables correspondmg to intermediate state, we
arrive at

Al goista (k13 k23 ks kalg) =
1 11 ~b

= 16s pé)pf) Uy vs5(0%0 0 )aqusgub (212) —(2+3). (8.10)

Here we have explicitly written the dependence of L.h.s. on the complex deformation null-
vector (7.59). This enters 1/1,1);(212) #+ (kla + ko,) and also u ! and u L (7.67) (which

are also taken at z = z12). Furthermore, as one can see from (7.62), a contraction of the
deformation vector also enters the denominator of zis.

At this point we would like to exploit the result of [95, 96] stating that the BCFW
type recurrent relations are valid for a particular type of amplitude. Particularly, they are
valid for calculation of some amplitudes of the processes with vector particles, one of which,
say the first, is chosen to have a deformed momentum. More specifically, BCFW relations
are valid for contraction of such amplitude with the deformation vector on its first vector
index. In our formalism this corresponds to the contraction of the first SO(D — 2) vector
index of the amplitude with q(Ill) component of the deformation vector. Thus a potentially
valid contraction of the relation (8.10) reads

qﬁ)Ahqmgu(ku ko k3;kalq) =

1
~ 16s (2>f’(3)%”qzz(f’ 50 agviiin (12l — (23)

1 p(2)p(3) af _a~b _c I 2212 I #
=—— qav; 5(046°0) a0 (kb1+kb2 f———qhul | —(2+3). 8.11
16s o _i_p;ﬁ a QQ2( aBVys3 ) Uey — 2p1¢ (4) c4 ) ( )

The passage to the second equality in (8.11) uses the momentum conservation in the first
amplitude in the r.h.s. of (8.9), and the fact that the contribution of the deformation vector
in &y, vanishes identically (qa(0%6%0¢)q, = 0). In [95, 96] the interpretation of the relations
similar to (8.11) is based on identification of the deformation vector with polarization vector

of the first particle.

20The freedom in choice of a normalized complex null vector defined up to a phase transformation can

be associated to the coset SO(%;@;%(U of dimension 2(D — 4). See e.g. [53].
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Now, the ‘covariantization’ by the method of [97], namely restoration of the (SO(D—2))

I

covariant amplitude by just extracting a coefficient contracted with 41> naivly would

give us

Al gogsrs (k15 ko ks; kalq) =

2z
= Angags 14 (k15 k23 k3 k) — TzQé)ijAthqgu(kl; ko; ks; ka) (8.12)
Py

J . . . . .
where Dl# = ujj 831 — uéiaui: is one of the harmonic covariant derivatives and
ai ai

Al dogsrs (k15 k25 k3s ka) = Aqgoger, (k15 k2s kas k4|0) =

L M ul =9 (0960 0, s (ki + ka)ult — (2 ¢ 3) (8.13)

16s p;fé_‘_p;/: al¥ge2 aBlys3 cd . .
Just this part of our BCFW amplitude has the structure close to the one of the matrix
elements described in [103].

However, the presence of the second term in (8.12) brings us back to the problem of
an unwanted dependence on a deformation vector ¢%, which, in contradistinction to 4D
case, is not fixed uniquely neither in our formalism, nor in generic discussion of higher
dimensional, D > 4 BCFW relations presented in [95, 96].

Coming back to (8.11) where the deformation vector is considered as polarization
vector of the first particle does not resolve the issue. As for D > 4 the properties of
the deformation vector do not fix it uniquely, the apparent problem is how to treat the
freedom in its choice. If we assume that (8.11) is valid for an arbitrary consistent choice
of the deformation vector, the (appropriately defined?!) derivative of (8.11) with respect
to q(ll) gives us an additional relation for the amplitudes. Probably in such a way one
can reach an algorithmic formulation of the above mentioned covariantization procedure
suggested in [97], but consistency of this is to be investigated.

Perhaps this problem can be solved by exploiting the relation of the present approach
with the analytic superamplitude formalism proposed recently in [53]. Indeed, as it was
shown in conclusion of [53], in its frame the freedom in choosing the deformation vector can
be reduced to one complex number, like it is the case for the deformations of Weyl spinors
used in the study of 4D superamplitudes. To be more precise, the deformation vector is
expressed there in terms of complex spinor helicity variables constructed form the spinor
frame variables and internal harmonic variables parametrizing SO(D—2)/[SO(D—4)@U(1)]
coset, and thus it can be identified with a coordinate of such a coset. This brings us back
to the problem of whether one should allow to differentiate the deformation vector in (8.11)
to obtain a new relation for the amplitude, which have to be investigated.

This and, more generally, the use of interplay between the present constrained and the
analytic superamplitude formalisms for their mutual development will be the subject of
future work.

2n the light of the statement in footnote 20, this should be an appropriate covariant derivative on the
SO(D—2)

coset So(D-DaUM) "
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9 Conclusion and outlook

In this paper we have developed spinor helicity formalism for 11D supergravity (SUGRA)
and on-shell superfield formalism for tree amplitudes of 11D SUGRA and 10D SYM. An-
other superamplitude formalism for 10D SYM was proposed some years ago in [25]. It was
based on Clifford superfields and looks quite nonminimal and difficult to use. In contrast,
the 10D spinor helicity formalism of [25] coincide with ours; in this paper we clarify its
structure and the nature of constrained spinor helicity variables.

The observation that the basic variables of the 10D spinor helicity formalism of [25]
coincide with spinor moving frame variables (Lorentz harmonics), allowed us to develop a
more economic superfield description of 10D SYM amplitudes and also to obtain the 11D
generalization of the spinor helicity and superamplitude formalisms. Our superamplitudes
are multiparticle generalizations of constrained superfields describing the linearized 11D
SUGRA and 10D SYM which were found in [35]. They obey a number of equations, hence
the name of constrained superamplitude formalism which we use for our approach.

We have shown how the constrained on-shell superfields of [35] can be obtained from
quantization of 11D and 10D massless superparticle mechanics. Actually we have used the
massless superparticle mechanics and its quantization as a guide for the development of
the superamplitude formalism.

The constrained n-particle superamplitudes of 10D SYM (11D SUGRA) depend on the
set of spinor helicity variables as well as on the set of fermionic variables G;i, qg=1,...,8
(g =1,...,16), : = 1,...,n. The spinor helicity variables include the set of constrained

a=1,...,16 (o« = 1,...,32), spinor frame variables or Lorentz harmonics,
#
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spinors v, gi’

parametrizing celestial sphere S® (S) and densities p7, i = 1,...,n, which are allowed to
be negative. We have described the set of equations, which are imposed on constrained
superamplitudes and restrict their dependence on Hq_i.

We have made some stages towards calculation of superamplitudes and amplitudes in
this formalism. In particular, we have found a gauge fixed expressions for the Lorentz
harmonics which can be considered as a covariant counterpart of the light cone gauge and
promises to be a very useful tool for the calculation of amplitudes and superamplitudes. We
have also considered the consequences of the momentum conservation and described super-
momentum, the fermionic superpartner of total momentum, in the spinor frame formalism.

We have obtained the supersymmetric Ward identities for 10D SYM and 11D SUGRA
amplitudes and used that to check our guess for 3-point 10D amplitude with two fermions.
Such a calculation is simplified in the above described gauge fixed on the spinor frame
variables.

We have also discussed a natural candidate for the BCFW-type recurrent relations
for our constrained superamplitudes. Setting all the fermionic variables equal to zero,
we reduce these candidate BCFW-type relations for superamplitudes to the relations for
amplitudes. As a check of completeness and consistency, we used the above 3-point ampli-
tudes and the candidate BCFW relations to obtain a gauge fixed form of the 10D 4-fermion
tree amplitude and also a covariant form of the 4 point amplitude with 2 fermionic and 2
bosonic legs.
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This simple calculation however showed a problem indicating either incompleteness of
the higher dimensional BCFW deformation prescription or a need for improvement of our
candidate BCFW recurrent relations. The above 4-point tree amplitudes calculated with
their use suffer an apparent dependence on a deformation null-vector, which, in contradis-
tinction to 4D case, is defined with a big degree of arbitrariness in D=10 and D=11.

One can observe that the deformation null-vector ¢% = q(Il)u‘lﬂ can be associated with
breaking of the SO(D — 2); gauge symmetry of the real spinor frame formalism down to its
SO(D — 4) x U(1) subgroup. Similar symmetry breaking occurs inevitably in the analytic
superfield approach of [53]. It is related to the appearance of complex structure character-
istic for the analytic superamplitude formalism and complex spinor frame variables used in
it. As it was shown in [53], the BCFW deformation of complex spinor frame and fermionic
variables of the analytic superfield formalism can be quite naturally fixed uniquely up to
a single complex number z, i.e. can reproduce the structure similar to the known from 4D
case. This suggests that, perhaps, a solution of the above discussed problem with candidate
BCFW relations of the constrained superamplitude formalism can be found by elaborating
its interrelation with the analytic superamplitude approach.

This issue is clearly the first in the que of problems to be addressed for further de-
velopment of our approach to tree superamplitudes in D=10 and D=11, which will be the
subject of forthcoming work. Upon solving it, it would be also natural to search for a
generalization of our formalism for the case of loop superamplitudes.??

Another interesting direction of study is to approach the constrained superamplitude
formalism by quantizing 11D and 10D Green-Schwarz type counterparts of the so-called
ambitwistor string.?® This might lead us to a convenient superfield form of the scattering
equation approach [109-111].
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A Clifford superfield version of D=10 superamplitudes and fermionic
BCFW deformation

A.1 SUSY generator representation with Clifford algebra element
In this appendix we will show how the Clifford superfield form of the on-shell superfield

formalism, a one-particle counterpart to the approach to 10D superamplitudes proposed by
Carron-Huot and O’Connell in [25], and its 11D generalization, can be obtained from covari-
ant quantization of the massless superparticle model in its spinor moving frame formulation.

As we have discussed in section 5.5, In the ‘analytic basis’ the 11D massless superpar-
ticle has only second class fermionic constraints (5.31) which obey

{dF, df

q % Yop = _4ip#5q}7' (A1)

If we pass to the Dirac brackets, the fermionic coordinate variable will obey

1

{Qz;a 9;}13.3. = _m‘sqp? (A.2)
so that after quantization the algebra of fermionic operators é; is
N 1
10,,0,} = 4,.?5(”,. (A.3)
Thus they can be identified with the 16-dimensional Clifford algebra generators
T ¢y (€4, C) =20, (A.4)

q fop#
The superfield formalism by Carron-Huot and O’Connell is constructed by considering
wavefunctions dependent on Clifford variable €, (we call this “Clifford superfield ap-
proach”).
The realization of the D=10 supersymmetry generator on the state with light-like
momentum kg, used in [25] can be written as (see (A.8))

Qo =Vt €. (A5)

Here vo4~ are the square roots of k, as defined by (4.6), which implies k, = ép#vq_ oV
It is easy to check that

q

{Qaa Qﬁ} = 2P#an_vﬁq_ = Uglgk‘a . (AG)
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The same equations with o, = 1,...,32, ¢,p = 1,...,16 and ¢% — I'* with ¢ =
0,1,...,10 describe the realization of 11D supersymmetry generator in terms of 16 dimen-
sional Clifford algebra and the homogeneous coordinate of S°.

In D=10 case, one can realize these generators on fourier images of the fields
w! = wl(:n:,va_q) and g = 1g(27,v,,) (see (4.16), (4.15), (4.17))

1
Catpg(p™) = ﬁ’n{q wh(p®), ! (p7) = vgq vV p# (™) - (A7)

We can also write the formal supersymmetry generator acting on the states of n on-shell

particles and on n-point amplitudes [25]:

— - # ., -
Qo = Z \V Py Yaqe) Cati) - (A-8)
=1

Here €,;) are n sets of generators of 8d Clifford algebra (16d Clifford algebra in the case
of D=11),

{€40), o)} = 203y () Oap T - (A.9)

It is easy to check that these supersymmetry generator obey the usual supersymmetry
algebra (A.6),

{Qa, Qp} = 2Fap, Bop = 045Fa = Z; p?:)va_q(i)vﬁ;(i) (A.10)

the right hand side of which contains the total momentum, the sum of momenta of all
the scattered particle. Notice that this vanishes due to the momentum conservation in
scattering processes, so that on the mass shell the 10D supersymmetry generator (A.8) is
just nilpotent,

Pa:Zka(i) =0 = {QaaQﬁ}:O' (All)
i=1

A.2 Clifford superfield version of D=10 BCFW deformation

The first generalization of the BCFW-type deformation of 10D on-shell superamplitudes
was proposed in [25], where the amplitudes depending on the spinor helicity variables
(which are, as we have seen, essentially the spinor moving frame variables, Vaq(i)) and Clif-
ford algebra variables €, were considered. We call these A(pﬁ), Vag(1)s 1)+ pﬁ),vaq(n),
€(ny) Clifford superamplitudes.

The BCFW-type deformation of 10D spinor helicity variables from [25] can be repro-
duced from the deformation of spinor frame variables described in (6.34) and (6.35). Here
for completeness we present (in our notation) also the deformation of the Clifford algebra
variables proposed in [25]. It reads

—

Con) = Sy + 2&€(1)Mgp = 3 CayMap€p(n) @p(n)(f%%u)qu@p(n) 7 (A.12)

—

Cq(1) = Cq(1) — 2MgpCpn) = e3 % MarCon) <,

(1)6—%%(1)M4p¢p<n> , (A.13)

where the matrix My, is nilpotent, (6.40).
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