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CHAPTER

Introduction

In this thesis, we consider the motion of an incompressible, viscous, Newtonian fluid in
a bounded domain in R3. The fluid flow is described by the well-known Navier-Stokes
equations:
a—u—VAu+(u-V)u+ Vr=§Ff inQx(0,7T)
ot ’ (1.1)
divu=0 1in Q x (0,7).

Here u(t,x) is the velocity of the fluid particle, passing through & € Q at a time ¢, 7 is
the pressure of the fluid, v is the viscosity and f is the external force, acting on the fluid.
As we have assumed here an incompressible flow, the density of the fluid is constant.

The French mathematician-engineer C. Navier provided these equations in 1823 in a
paper [96] where he added in the Euler equation (where v = 0) the affects of attraction
and repulsion between neighbouring molecules. For Navier, v was simply a function of the
molecular spacing to which he attached no particular physical significance, His seminal
paper [96] was presented at the French Académie des Sciences and was well-received.

The equations for the motion of a viscous fluid were rederived by Cauchy in 1828 and
by Poisson in 1829. However, the person whose name is now attached with Navier’s for
the viscous equation is the British mathematician-physicist George G. Stokes. In 1845,
he published a derivation of the viscous equations in a manner that is followed in most of
the current texts. Unlike Navier, he made it clear that the parameter v has an important
physical meaning: namely, v measures the magnitude of the viscosity.

For the unsteady model, it is required to impose initial condition in order to define the
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evolution of the system. It is enough to have the initial condition on the velocity:
u(0) =ug in Q. (1.2)

Since the pressure can be considered as a Lagrange multiplier associated to the incom-
pressibility condition, there is no mathematical meaning to impose an initial value for
it.

As the governing equations in are differential equations in a bounded set, to make
it well-posed we must precise some boundary condition as well. There are various types
of boundaries, but we restrict ourselves to the most common one: the impermeable wall.

Therefore the commonly accepted hypothesis reads:
u-n=0 on T

which says that no fluid pass through the wall. n denotes the exterior unit normal to the
boundary I'. The behavior of the tangential component of the velocity is a more delicate

issue. For many years, the no-slip boundary condition
u=0 on T (1.3)

has been the most widely used, given its success in reproducing the standard velocity
profiles for incompressible viscous fluid. But even before that, in 1823, Navier proposed a
more general boundary condition that allows slip at the interface of the fluid and the solid
wall. The boundary condition, which is in the following form:

u-n=0, 2[(Du)n|,+au,=0 on I'x(0,7) (1.4)

states that the tangential component of the velocity is proportional to the tangential stress
at the boundary. Here D = %(Vu + Vul) is the symmetric gradient. The proportionality
constant « is called the friction coefficient; In literature, it is also customary to call é as
slip length. Note that a may depend on various parameters, for example, on the boundary
(in case of rough or porous wall), on the viscosity (as derived from the kinetic equation
[91] and studied in [97]).

In the case where non-linear effects can be neglected in the Navier-Stokes equation (|1.1])
(i.e. when the Reynolds number is sufficiently small), the system reduces to the following
Stokes equations:

?:—VAU%—VW:]", diveu=0 inQx(0,7);
u-n=0, 2[(Dun|+au,=0 onl x(0,7); (1.5)

u(0) =uo in Q.
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This problem is linear with constant coefficients. Therefore, a large part of the mathemat-
ical study is contained in the steady Stokes problem:

—vAu+Vr=Ff, divu=0 in 2

(1.6)
u-n=0, 2[Dun] +aou,=0 onl

in particular, concerning the existence and properties of the velocity and the pressure. In
the following, we set v = 1.

We would like to first discuss some of the results, approaches and works done for the
Navier-Stokes equations (1.1]) with the Dirichlet boundary condition (]1.3]).

The mathematical foundations were laid in 1930’s in the papers of J. Leray ([87], [8§])
and continued by E. Hopf ([69]). The class of solutions

L(0, T3 Ly () N L*(0, T Hy ,(2))

is called Leray-Hopf class, in their honor. Here the subscript ¢ denotes the divergence free
condition. The Leray-Hopf class plays an important role in the theory of Navier-Stokes
equations, as the norm of this space represents the energy of w. However, the Leray-Hopf
class seems to be quiet large to have uniqueness of the weak solution. We mention the

recent survey article by H. Jia and V. Sverék ([76]) concerning non-uniqueness results.

Different conditions can be imposed in order to obtain the uniqueness of weak solution.
For example, a weak solution w which additionally satisfies the following regularity (Serrin’s
class)

2 3
we L50,T; L)) with —+—-=1 and ¢>3,5s>2
s g

is unique. Thus constructing weak solutions within Serrin’s class seems desirable and that
leads to study the general LP-theory of Navier-Stokes equations.

Another example of advantage of additional LP-estimates for weak solution is shown
by L. Escauriaza et al ([43]). In the case = R3, the authors proved that a solution in
Leray-Hopf class which also belongs to the space

L>*(0,T; L*(R?))

is smooth in [0, 00) x R3. This space is often called as ’critical space’ for the Navier-Stokes
equations, because the norm in this space is invariant under the natural scaling behavior
of solutions of the Navier-Stokes equations. This is interesting in view of the famous
open problem by Clay mathematics institute [46]: whether solutions of the Navier-Stokes
equations, corresponding to a initial velocity field in the Schwartz space are smooth in
[0,00) x R? and lie in L>(0, oo; L*(R?)) or not.
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One basic method to study the LP-theory is the development of the semigroup theory.
If we denote the Stokes operator associated to the system ((1.5) (with the boundary condi-
tion replaced by 1' by A, the Stokes semigroup is then the solution operator (e*tA)DO
to (1.5) (boundary condition replaced by ) With this semigroup, the Navier-Stokes
equations can be transformed into an integral equation via the variation of constants for-
mula. A breakthrough to handle Navier-Stokes equations using this integral equation was
by T. Kato and H. Fujita [79]. Although this work was done in the L2-framework, it gave
rise to the famous paper of Kato ([78]) which provides some LP-theory. In this later work,
Kato has shown the existence of a global strong solution of the Navier-Stokes equation
in the critical space L>(0,00; L3(R?)) if the initial data is small. To prove such a exis-
tence result, Kato defined an approximate scheme and obtained convergence using only

the following two properties of the Stokes semigroup:

(i) LP — L9 estimate
_ _3(1_1 3
e tAfHLq(RS) < Ct 2 ‘1)||fHLP(R3), 3 <p<qg <o

(ii) gradient estimate
_ 1
HVe tAfHLZi(]RQ) S Ct 2HfHL3(R3).

Around the same time, Y. Giga proposed another similar iteration scheme [58] which
produces strong solutions in the critical space. This scheme is based on the L” — L9-estimate
of the Stokes semigroup and a different gradient estimate:

(iii) estimates of Stokes semigroup on a divergence form

e P div F| pos) < Ct 2 || F || o eo), 1<p< oo

Here P is the Helmholtz projection from LP(R?®) onto the solenoidal vector field LP(R?).
To put (iii) into the picture, Giga used the well-known identity for the solenoidal vector
field

(u-V)u =div (u®u).

We emphasize that this is a simple structural information that Giga exploited in his proof
but was neglected by Kato.

Besides the techniques of Kato and Giga, there is another way to prove the existence of
solution of Navier-Stokes problem in LP-settings. This requires maximal regularity of the
Stokes operator i.e. the inhomogeneous Stokes system (boundary condition replaced
by (L.3)) is considered for some f € L?(0, 00; L2(£2)) and whether each of the term in the

left hand side 2% | Aw and V7 belong to L?(0, 00; L2(9)) is investigated. If that is the
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case, then abstract argument imply the following type of estimate

||%1:||Lq(o,oo;Lg(R3)) + | A% pao,00,zz®3)) + IV La(0,00:22®3)) < Ol Fll £9(0,00:22 R3)) -
Knowing that the Stokes operator is maximal regular, a fixed point method can be used
to solve the non-linear equation. If A has bounded inverse, u € L?(0, oo; LP(R?)). Thus if
p, q are chosen suitably, one may construct solutions satisfying Serrin’s condition. The first
work concerning the maximal regularity of Stokes operator on bounded, smooth domain
and with p = ¢ was done by Solonnikov ([111]). A new approach is developed in ([50]) by
Geissert et al.

A century of agreement between experimental results and theories derived assuming no-
slip boundary condition had the consequence that today many textbooks of fluid dynamics
fail to mention that the no-slip boundary condition remains an assumption. The validity of
the no-slip boundary condition at a fluid-solid interface was debated for some years during
the last century. One of the reason is the famous no-collision paradox. Consider the free
fall of a rigid sphere over a wall, assuming the no-slip condition at the fluid-solid interface.
Then the model predicts no collision is possible between the solid and the wall, no matter
what their relative density and the viscosity of the fluid. This no-collision paradox has
been known from 1960’s, after articles by Cox and Brenner ([24]) and Cooley and O’Neil
([36]) in the context of Stokes equations. Since then, the no-collision paradox has been
confirmed at the level of Navier-Stokes equations (see [67], [68]).

Of course such a result is unrealistic as it goes against Archimedes’ principle. Many
physicists have tried to find an explanation for the paradox. Several refinements were
proposed in the past (eg. [40], [86]). Ome possible explanation is, when the distance
between the solids gets very small (below the micrometer), the no-slip condition is no
longer accurate and must be replaced by the Navier-slip condition.

Another issue in the debate around boundary conditions, is the irregularity of the solid
surface. Its effect is a topic of intense discussion. On one hand, some people argue that it
increases the surface of friction and may therefore cause a decrease of the slip. On the other
hand, it may generate small scale phenomena favorable to slip. For instance, some rough
hydrophobic surfaces seem more slippery due to the trapping of air bubbles in the humps
of roughness. Moreover, irregularity creates a boundary layer in its vicinity, meaning high
velocity gradients. Thus, even though is satisfied at the rough boundary, there may
be significant velocities right above. In other words, the no-slip condition may hold at
the small scale of the boundary layer but not at the large scale of the mean flow. This
phenomena, due to scale separation, is called apparent slip in the physics literature.

In parallel to experimental works, several theoretical studies have been carried, to
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clarify the role of roughness. Many of them relate to the homogenization theory (eg. [27]).
First, the irregularity is modelled by small scale variations of the boundary. Then, an
asymptotic analysis is performed, as the small scale go to zero. The idea is to replace
the constitutive boundary condition at the rough surface by a homogenized or effective
boundary condition at the smoothened surface. In this way, one can describe the averaged
effect of the roughness. Such homogenized conditions (often called wall laws) are also
of practical interest in numerical codes. They allow to filter out the small scales of the

boundary, which have a high computational cost.

Figure 1.1: The rough domain Q¢

Let us briefly describe some interesting mathematical results (cf. [38]) on wall laws. To

describe a unified model, consider a two-dimensional rough channel (Figure 1.1)
F=QUXUR

where 2 = R x (0,1) is the smooth part, R® is the rough part and ¥ = R x {0} their
interface. Assume that the rough part has size € that is

R :=¢eR with R:={z, w(r)) <zy<0}
for a Lipschitz function w : R — (—1,0). Also let
I[:=el' with T :={z, xo=w(z1)}.

Let u® be a steady flow in this channel, modeled by the stationary Navier-Stokes system,
with a prescribed flux ¢ across a vertical cross-section o¢ of Q°. Moreover, either pure slip,
partial slip or no slip condition is prescribed at the rough boundary I'*. This means the
constant o in can be either zero, positive or co. For simplicity, no-slip is assumed at

6
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the upper boundary. We get eventually
—Au+u - Vu*+Vr° =0, divu® =0, x € Q°,

u5‘12=1 = 07 /ui = ¢7 (17)

u*-n=0 oul+|[Du’)n],=0 on I°

This problem has a singularity in ¢, due to the high frequency oscillation of the boundary.
Thus, the problem is to replace the singular problem in ¢ by a regular problem in 2.

Their idea was to keep the same Navier-Stokes equations

—Au+u-Vu+Vr=0, divu=0, x €,
u|962=1 :07 /ul :Qb

but with a boundary condition at the artificial boundary 3 which is regular in €. The goal
is to find the most accurate condition.

A series of work has been done in order to answer this question (cf. [1], [2], [72], [73],
9], [17], [64], [52]), starting from the standard Dirichlet condition at I'* (o = oo in ([1.7))).
Vaguely, the following two facts have been noted (for rigorous statements, please consult
the afore-mentioned references):

(i) for any roughness profile w, the Dirichlet condition (1.3) provides an O(g) approxi-
mation of u® in L2 (Q).
(ii) for generic roughness profile w, the Navier condition does better, choosing é = X

for some good constant A in ((1.4]).

These results lead to the fact that the slip length Ae is related to a boundary layer of
amplitude € near the rough boundary, which is the mathematical expression of the apparent
slip mentioned earlier.

Apart from the special case a® = 0o, some studies have also dealt with the more general
situation af € [0,00) (we do not go into further detail, for reference, see [30], [26]). The
limit u® of w® and the condition satisfied at ¥ have been investigated. Interestingly, the
striking result obtained in this later case is that as soon as the boundary is genuinely
rough, u® satisfies a no-slip condition at ¥. This result can be seen as a mathematical
justification of the no-slip condition. Indeed, any realistic boundary is rough. If someone
is only interested in scales greater than the scale € of the roughness, then (1.3)) is an
appropriate boundary condition, whatever the microscopic phenomena behind. Even then,
as in the case a® = 0o, one may be interested in more quantitative estimates: can the
boundary condition be improved, is there possibility of O(e) slip? Such questions are

important in micro-fluids, a domain in which minimizing wall friction is crucial.
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There are different notions of slip and it has been encountered in many different con-
texts. The possibility of gas slip was first introduced by Maxwell ([92]). The flows of
non-Newtonian fluids such as polymer solutions show significant apparent slip in a variety
of situations, some of which can lead to a slip-induced instabilities. In the context of New-
tonian fluids, molecular slip has been used as a way to remove singularities arising in the

motion of contact lines, as reviewed in [16].

Having said that, keeping in mind the growing relevance of the Navier-slip boundary
condition, the aim of this thesis is to study thoroughly the non-linear equations —
with the boundary condition (L.4). The friction coefficient « is assumed to be a
non-negative and non-smooth scalar function on the boundary (cf. (2.8)). The main two
aspects discussed in this thesis are, (i) the existence of weak solutions for the system (1.1])-
(1.2), in LP-spaces for all p € (1,00) on a bounded domain with minimal regularity
of the friction coefficient and the domain and (ii) the limit system as « tends to oo.
Throughout the work, we assume  is C*!, unless otherwise specified, since this is the
minimum required regularity on a bounded domain for existence of weak solution for all
p € (1,00).

1.1 Stokes and Navier-Stokes equations with Navier boundary

condition

We start with the steady problem with Navier boundary condition in Chapter 1. We first
analyze in the Hilbert setting. The existence of a weak solution for any fixed friction
coefficient o and some given external force f is studied whose proof is straight forward using
Lax-Milgram lemma and several Korn and Korn-type inequalities. If f merely belongs to
the dual space [H, (Q)]’ (the subscript 7 signifies that the normal component of the vector
field at the boundary is zero), the boundary terms can not be well-defined, so we need to
consider the data in better space. Here the given external force is assumed in the form
f = fi +div F where F is a 3 x 3 matrix and f; € L%°(Q), F € L?(Q). Note that this
space is larger than L?*(Q), but of course a subset of [H, _(Q)]". Also « is considered in
L3(T).

One interesting case is when the domain 2 is axisymmetric. In that case, ||Dv||g2(q) is
not any more an equivalent norm in HX(Q) := {v € H(Q) : v-n =0 on I'} due to the
presence of the following non-trivial kernel (corresponding to the case a = 0)

TPQ) ={veWQ); Dv=0 in Q;v-n=0 on 'l (1.8)

Hence the study becomes more involved. The above kernel reduces to zero if 2 is not
axisymmetric, but in the case of a domain, obtained by rotating around a constant axis
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vector say b, we have (cf. Remark [2.4.2),
TP(Q) =span{b x x}, x €.

Observe that the kernel is independent of p and hence, can be denoted as T (£2). We prove
a Korn-type inequality (2.25)) involving boundary term in order to show the coercivity of
the associated bilinear form for (1.6):

a(u,v) = /]D)u : ]D)v+/au7-v7 for u,ve H, (Q).
Q r

From the variational formulation, we also obtain several estimates which provide uni-
form bound on the solution (cf. Theorem [2.4.3). Later we will prove the same estimates
but in LP norm, p # 2. Next the existence of strong solution is deduced (cf. Theorem
, provided the data are more regular, namely if f € L2(Q) and o € Hz(T).

Further we move on to study LP-theory. The existence of weak solution in W'?(Q) for
p > 2 can be obtained easily by using the regularity result for the system with o = 0 (cf.
[11]). But that can not be followed for p < 2 since we do not have the existence of a solution
in that case. So we choose the more classical tool to show the existence result: inf-sup
condition. To our knowledge, there is no established inf-sup condition for the symmetric
gradient D operator. So we use the following relations

Av = —curl curlv + Vdiv v

and
2[(Dv)n]_=curl v x n — 2Av

where Av = Zizl (’UT 3") T is a first order term. With these, the following form
a(u, @) :2/Du:]D)cp+/ozu7.-goT
Q r

can be seen as a bilinear form in curl operator which enables us to use the well-known
inf-sup condition (cf. |13, Lemma 4.4]) for all p € (1, 00):

1¢- 1
inf sup Jo curl & - curl ¢ > C.
peVP (Q) EerfT(Q)||€||V£T(Q)||90‘|Vp’(9)
##0 £#0

Thus we can get the existence of a unique weak solution of (1.6) in W'?(Q) for all p €
(1,00) along with the following interesting inf-sup condition:

2JoDu:Dp + frour - o7

inf sup > C. (1.9)
PEVI(Q) ueVP(Q) HUHVU”,T(Q) ||90HV§’T(Q)
@#0 u#0 ’
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Note that the above positive constant C' depends on €2, p and «. Now the question we ask
is: whether it is possible to obtain C' independent of «, at least under some assumption,
or not? Or in other words, the inf-sup condition ((1.9)) yields the standard estimate on the

solution (by Theorem [2.5.1):
[ullwrr@) + 7l e@) < CELp, a)|| fllzre )

but can we improve the above bound with respect to the friction coefficient and obtain

such estimate, uniform in a? The motivation of arising this question is:

(i) if we let a go to oo in the Navier boundary condition , formally we obtain the
Dirichlet condition and the estimate on the solution of Stokes equation with
Dirichlet boundary condition is independent of «. Therefore, we may expect the
same when « tends to oco.

(ii) in the Hilbert case p = 2, we already have obtained bound on solutions of (L.6),
independent of a provided « is large (cf. Theorem [2.4.3).

We try to answer the above question. One of the main approach used in this thesis
widely, is to exploit o independent L2-estimate in each situation to deduce o independent
LP-estimate. We are able to achieve this goal with the help of LP-extrapolation theorem of
Shen (cf. Lemma which contains some real variable argument. This extrapolation
theorem can be seen as a refined version of the well-known Calderén-Zygmund theory.
The celebrated Calderén-Zygmund theory says: if T' is a convolution operator with an
associated kernel and that kernel satisfies further estimates and the operator is bounded
on L2, then T is bounded on L? for all 1 < p < oo. There are some examples of elliptic
partial differential equations where certain associated operators are LP-bounded for some
p’s in an interval around two, but not for all p. In order to prove LP-boundedness for such
operators, the classical theory of singular integrals fail as they are not sensitive for the
LP-boundedness on a proper subinterval of (1,00). They provide LP-boundedness either
for all p or for no p. The main novelty of Shen’s extrapolation theorem is that it is p-
sensitive. That means it says that if an operator T is L?-bounded and satisfies certain
estimates depending on a number p > 2, then the operator is L¢-bounded for all 2 < ¢ < p.
Although this is not the situation in our case as we work in C'! domain, but this is more
suitable and easy to apply.

Let us mention that we obtain the uniform bound on the solution for all &« 0 on I'
when Q is not axisymmetric; and only for a large when €2 is axisymmetric. This is not
surprising and supports the characterization of the kernel i.e. the fact that in the
case a = 0, the Stokes problem with slip boundary condition has a non trivial kernel only

when (2 is axisymmetric.

10
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Strikingly, the condition (without the last term in the right hand side) can be
seen as a reverse Holder inequality. Since the integration is made on different sets, it
is named in the literature as weak reverse Hélder inequality. This weak reverse Holder
estimate, which is originally due to Giaquinta and Modica [54, Proposition 5.1] while the
idea was the same as the one by Gehring [49], has a self-improving property. Also the
explicit dependence of the constants has been precised in [54, Proposition 5.1] which will
be useful for us.

The weak reverse Holder inequality in the interior of the domain for a weak solution

of an elliptic system of the form
— Dy, (a?j(x)Dluj) =0

is much easier to prove and follows from Caccioppoli inequality along with the Sobolev-
Poincaré inequality. But in order to obtain the result up to the boundary is more involved
and obviously depends on the boundary condition. In our situation, it is exactly same to
get the interior estimate as done in [53 the beginning of Chapter V]; But there remains
an extra term for the pressure, when we consider the boundary estimate. So we follow the
argument as done for the Stokes system with Dirichlet boundary condition in [55] with nec-
essary modifications. First a suitable pressure estimate is deduced, then some Caccioppoli
inequality is derived which allows us to have the required weak reverse Holder inequality.
Note that, the friction coefficient o being non-negative, we can drop the boundary term
containing v and the constant in the L2-estimate is as well a-independent. Thus, the de-
sired a-independent LP-estimate on the solution of is obtained for some p bigger than
two. The self-improving property of the weak Reverse Holder inequality gives the result
for all p > 2. Then the proof is completed in several steps considering the dual problem.
Let us mention that it is here that we need to consider the data in the right hand side of
the divergence form (as mentioned before). Also one must be careful with the constants
involved in weak reverse Holder inequality as it should be independent of the radius of
the underlying sets involved. This shows that the constant in the inf-sup condition ([1.9))
actually does not depend on o whenever « is large.

Finally, these uniform bounds enable us to study the limit problem (Section 2.7)): for
each «, if we denote the solution of as U,, passing to the limit o — oo, u,, converges
to the solution of the Stokes problem with no-slip boundary condition in the energy space
and the convergence rate is same as 1/a. We also show that when a — 0, u,, converges

to the solution of Stokes equation with Navier boundary condition corresponding to a = 0
(Theorem [2.7.3)).

In Section [2.8] the steady Navier-Stokes equation is discussed. Existence of weak solu-
tion in the Hilbert setting (cf. Theorem [2.8.4) can be shown using the classical Galerkin

11
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method as for the no-slip boundary condition. And then further regularity (both in inte-
grability and differentiability) of solution is obtained assuming regular data (cf. Corollary
) for all p > 2. To prove the existence of weak solution for p € (3

2 27
method developed by [104] which works fine in our case too. We also study the limit
problem for the non-linear system (cf. Theorem m, Theorem [2.8.11}).

2), we use the

1.2 Semigroup theory for the Stokes operator with Navier
boundary condition on L? spaces

In this chapter, the evolution problem - , is discussed. The purpose of this
chapter is two-fold. On one hand, it serves as a collection of properties of the Stokes oper-
ator with Navier boundary condition that are well-known in the case of Dirichlet boundary
condition so that it can be used as a basis and directly referred whenever necessary to an-
swer other relevant questions. On the other hand, we study the dependence of the solution
of the linear or the nonlinear system , on the friction coefficient o and how
it behaves as a tends to co. The reason of this second part is already descried above.

The Stokes operator and the Stokes semigroup are one of the central objects in the study
of incompressible fluid flow, especially they are fundamental for the approaches by Fujita-
Kato and Kato and Giga (as explained in the beginning). So we start with introducing
the strong and weak Stokes operators A,, and B, ,, for each fixed a, on L (£2) and
[H{fl(div, )] and show that they generate analytic semigroups on the respective spaces
for all p € (1,00). The proof of this is not very complicated and mostly use the existence
and estimate results studied in the previous chapter for the steady problem. Further we
study the imaginary and fractional powers of the Stokes operators. To show that the
operators A, , and B, , are of bounded imaginary power is not straight forward; Here we
did not use pseudo-differential operator theory or Fourier multiplier theory as done by Giga
[61], but chose a rather different approach: we show that the Stokes operator with (full) slip
boundary condition (in its weak form) can be written as a lower order perturbation of the
Navier-type boundary condition (cf. (3.53)) for which the result is known (cf. |6, Theorem
6.1]) and then with the help of Amann’s interpolation-extrapolation theory [8], we recover
the boundedness of imaginary power of A, ,. This method has been used in [101], though
the ultimate goal was different for them. Next we prove that the Stokes operator has
maximal Li-regularity and establish various types of LP — L9 estimates which helps to
develop an LP-theory for the Navier-Stokes equations. We have used the abstract theory
by Giga [58] for semilinear parabolic equations in L? to achieve the similar existence and
regularity of a local strong solution and global weak solution.

12



1.3. Uniform WP estimate for elliptic operator with Robin boundary condition in C' domain

But the interesting part is to show the resolvent estimate
ML+ Apa) ™ Fllzz ) < Cllflle,@  YAEC with ReA >0

where the positive constant C' does not depend on « for « sufficiently large. Note that with
the usual method, multiplying the equation by |u[P~2u (for example, as followed in [5]),
one can easily obtain the above estimate but with the constant depending on . Therefore
we had to try some different idea. In the Hilbert case, this follows (cf. Theorem from
the variational formulation as expected. But proving it for p # 2 is much more delicate. We
have used LP-extrapolation theory of Shen again, but this time with a different operator T'.
The main difficulty was to satisfy the necessary condition . In the stationary case,
the weak reverse Holder inequality was one type of gradient estimate which follows using
the standard tools at least in the interior of the domain. In the present case, wRHI
is much more tricky to obtain. Unfortunately, the estimates derived on the steady problem
do not help in this situation. The technique we employed here has been used by Shen in
[107] to deduce LP-resolvent estimate for Stokes operator with no-slip boundary condition
in Lipschitz domain though the purpose and the situation their was different. It is indeed

an interesting idea to deduce similar LP-estimate from known L2-estimate.

We want to emphasize here that Caccioppoli inequality yields some kind of weak reverse
Holder inequality has been proved by Mitrea and Wright in [94, Lemma 6.7].

Finally in Section [3.9] we discuss limit problem for both the linear and nonlinear system
as a — oo and prove various convergence results. If u, is denoted as the solution of ,
for a fixed o and u is a solution of Navier-Stokes equations with no-slip condition,
we show that w, converges to u., in appropriate spaces under assumption of different
initial data. We also obtain the rate of convergence.

1.3 Uniform W'? estimate for elliptic operator with Robin

boundary condition in C! domain

This last chapter is concerned with estimates for a Laplace-Robin problem. Let us consider
the problem in more general form
div(AV)u =divf + F in €,
P (1.10)
—u—l—au:f'n—l—g on I’
on
which is a second order elliptic operator in divergence form in a bounded domain 2 C R™ of
class C!, with the Robin boundary condition. The coefficient matrix A is symmetric and in
VMO(R?) (note that A € VMO(R?) or with small BMO coefficient is necessary condition

for the existence of solution of the above elliptic problem with non-constant coefficient).

13



Chapter 1. Introduction

In the above boundary condition, a = 0 corresponds to the Neumann condition and
a = oo gives the Dirichlet condition. We wish to find the uniform bound of the solution

with respect to the Robin coefficient «, precisely,

[ullwir@) < C(Q,p) (HF”LP(Q) + ||f||L7“(P)(Q))

where the positive constant C'(2, p) does not depend on «.

The original motivation comes from the problem in the first chapter. Observe that the
Stokes equation with slip boundary condition (1.6)) reduces to the problem in the
simplest case, replacing the Stokes operator by Laplacian and the Navier boundary condi-
tion by Neumann. Hence, we first started to analyze the above problem for a-independent
bound on solution and see what do we find. The goal was the same as, if we can find such
estimates, then passing limit on «, we may expect to recover the solution of Laplacian
with Dirichlet boundary condition. To work with the full Navier-Stokes system with the
complicated boundary condition was at the beginning quite cumbersome, thus we concen-
trated on the simpler scalar version. Surprisingly this is itself an interesting question and
still difficult to answer. As per our knowledge, there is no work in the literature done

concerning the precise dependence of the solution on the Robin coefficient.

Here we consider « a function belonging to some L%-space (precised below in Chapter
3). Apart from proving existence, uniqueness of weak and strong solutions, we obtain the
bound on u, uniform in « for o sufficiently large, in the L2-setting. Then with the help
of Shen’s LP-extrapolation theorem, the same bound is deduced for LP-norm. Though
the proof lies in the same line, it uses some more abstract tool Lemma (originally
developed by Shen [106] and then generalized by Geng [51]) with which the final estimate
is obtained directly. Note that the weak reverse Holder inequality up to the boundary can
be obtained with the help of classical boundary Holder estimate for elliptic operator with
constant coefficient as mentioned in [81, after Theorem 4.1], though it is not very clear
to us. We have separately studied the two cases: the interior estimate and the boundary
estimate to make the main idea clear in the simple set up. The complete proof is done in
several Lemmas and Theorems: first the case p > 2 and F' = 0,9 = 0 is considered, then
it is extended for all p € (1, 00); and lastly, for f = 0 but assuming F # 0, g # 0.

One interesting consequence of this analysis is that we can derive straight forwardly

1
12
and also get the a-independent bound. Continuing the same method for the difference

some H*-estimate, s € (0,5), on u for only Lipschitz domain with a very simple proof

quotient, we further deduce the uniform bound on strong solutions as well. Though we
have announced all the results in this chapter in R3, they are true also in R2.

14



CHAPTER

Stokes and Navier-Stokes equations with Navier

boundary condition

This work is done jointly with Paul Acevedo, Chérif Amrouche and Carlos Conca.

Abstract : We study the stationary Stokes and Navier-Stokes equations with non-
homogeneous Navier boundary condition in a bounded domain  C R3 of class C't. We
prove the existence, uniqueness of weak and strong solutions in W'?(Q) and W?2?(Q) for
all 1 < p < oo considering minimal regularity on the friction coefficient a. Moreover, we
deduce estimates to analyze the behavior of the solution with respect to «, in particular

when o — 00.

2.1 Introduction

Let Q be a bounded domain in R? with boundary I, possibly not connected, of class C'!
(additional smoothness of the boundary will be precised whenever needed). Consider the
stationary Stokes equations

—Au+Vr=f, divu=yx in{ (2.1)
and the stationary Navier-Stokes equations
—Au+ (u-V)u+Vr=f, divu=yx inQ (2.2)

where u and 7 are the velocity field and the pressure of the fluid respectively, f is the
external force acting on the fluid and y stands for the compressibility condition.

15



Chapter 2. Stokes and Navier-Stokes equations with Navier boundary condition

Concerning these equations, the first thought goes to the classical no-slip Dirichlet
boundary condition

u=0 onT. (2.3)

This condition was formulated by G. Stokes in 1845. An alternative was suggested by C.L.

Navier [96] even before, in 1823. Along with the usual impermeability condition
u-n=0onl (2.4)

Navier proposed a slip-with-friction boundary condition and claimed that the component
of the fluid velocity tangent to the surface, instead of being zero, should be proportional

to the rate of strain at the surface i.e.
2[(Du)n] +au, =0 onT (2.5)

where n and 7 are the unit outward normal and tangent vectors on I' respectively and
Du = £(Vu + Vu®) is the rate of strain tensor. Here, « is the coefficient which measures
the tendency of the fluid to slip on the boundary, called friction coefficient.

Although the no-slip hypothesis seems to be in good agreement with experiments, it
leads to certain rather surprising conclusions, the most striking one being the absence of
collisions of rigid bodies immersed in a linearly viscous fluid (see [67]). In contrast with the
no-slip condition, Navier’s boundary conditions offer more freedom and are likely to provide
a physically acceptable solution at least to some of the paradoxical phenomenons, resulting
from the no-slip condition (see for instance, [89]). There have been several attempts in the
literature to provide a rigorous justification of the no-slip boundary condition, based on the
idea that the physical boundary is never smooth but contains small asperities that drive
the fluid to rest under the mere impermeability hypothesis! These kind of results have
been shown by Casado-Diaz et al. [30] in the case of periodically distributed asperities
and the references therein. Conversely, [72] identified the Navier’ slip boundary condition
as a suitable approximation of the behavior of a viscous fluid out of a boundary layer
created by the no-slip condition, imposed on a rough boundary. It is worth noting that
these results are by far not contradictory but reflect two conceptually different approaches
in mathematical modelling of viscous fluids. Some interesting remarks on the use of this
boundary condition can be found in Serrin [105]. Recently this boundary condition has
also been identified as appropriate for some large Eddy simulation models for turbulent
flows, see for instance Galdi and Layton [48]. Note that, in [37], F. Coron has derived
rigorously the slip boundary condition from the boundary condition at the kinetic
level (Boltzmann equation) for compressible fluids. The Navier slip with friction conditions
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2.1. Introduction

are also used for simulations of flows near rough boundaries, such as in aerodynamics, in
weather forecast, in haemodynamics etc.

In this work, we study the existence, uniqueness and regularity of solutions of the system
and with the boundary condition -. Skipping the extremely extensive
literature of the well-known no-slip boundary condition, we give a brief overview of some of
the available results on the Navier/Navier-type boundary conditions. Concerning the non-
stationary Navier-Stokes equation with Navier boundary condition, there are considerably
many works, among other reasons, for studying the limiting viscosity case. For example,
in 2D, the existence of solutions are studied assuming a in C*(T") (see Mikeli¢ et al [33])
and for a in L>(I") (see Kelliher [80]); whereas in 3D, Beirdo Da Veiga [20] considered the
system with « a positive constant and Iftimie and Sueur [70] have analysed the case with
a in C*(T). Also we refer to the work of D. Bucur et al [26] in the periodic boundary case
(see the references therein also). We mention here the paper of Monniaux [95] where they
studied the similar boundary condition in Lipschitz domain but with o depending on both
time and space variables. On the contrary, for the stationary problem, comparatively less
works are known. The first paper concerning basic existence and regularity result is by
Solonnikov and Scadilov [112] where they treated the problem for o = 0. They considered
the stationary Stokes system with Dirichlet boundary condition on some part and Navier
boundary conditions (with e = 0) on the other part of the boundary and showed

existence of weak solution in H'(Q) which is regular (belongs to H7,

(2)) upto some part
of the boundary (except in the neighbourhood of the intersection of the two part). Also, it
is worth mentioning the work of Beirdo Da Veiga [19] where he proved existence results of
weak and strong solution of the Stokes problem in the L?-settings, but for more generalized
system and again with positive constant «. Also he did not precise in the estimate, the
dependence of the constant on «. Recently, Berselli [22] gave some result concerning very
weak solution in the special case of a flat domain in R? in general LP(2) settings and
considering @ = 0 which is based on the regularity theory of Poisson equation. In the
paper of Amrouche and Rejaiba [11], they proved the existence and regularity of weak,
strong and very weak solutions in a bounded domain in R? for all 1 < p < oo for non-
smooth data, but for & = 0. In the work of Medkové [93], we can find various other forms
of Navier problems and the references therein. Furthermore, the numerical study has been
done in, e.g. Verfurth |115] (though again for & = 0) and John [77]. Also Novotny et al.
studied in [75] the steady compressible fluid flow subject to the slip boundary condition
with o > 0 but without precising any dependence of the slip coefficient. They obtained
the existence of various solutions without any restriction of the size of the data.
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Chapter 2. Stokes and Navier-Stokes equations with Navier boundary condition

Note that, as shown in (2.11)), the two boundary conditions
curlu xn =0 (2.6)

and
2[(Du)n]_+oaou, =0

are very much similar and in the case of flat boundary and a = 0, they are actually equal.
Hence, there are several studies concerning this Navier type boundary condition (2.6]) as
well. We refer to [12] where Amrouche et al. studied the weak, strong and very weak

solutions and the references therein.

In both cases of stationary and evolution problem, all the available works have consid-
ered « as either a constant or a smooth function, as mentioned before. In this work, we
analyse the possible minimal regularity of « for the existence of weak and strong solutions
in LP(Q) for all 1 < p < oo [see (2.8)]. Also, it is worth mentioning that the restriction
that o is non-negative is usual, in order to ensure the conservation of energy. But math-
ematically, we can take into account the negative values of o as well. Some authors have
studied the evolution system with a negative where there was no mathematical difficulty
due to the access of Gronwall inequality. But in the stationary problem, it is not the case.

Another interesting question is the precise dependence of the solution of or on
a and if we let the function a tends to oo or 0 in , how does the solution behave? As
per the authors’ knowledge, there is no previous work on that even if « is smooth function
or a constant. We prove the estimates in Theorem [2.4.3 and Theorem which show
that the solution is uniformly bounded with respect to a. Moreover, in Section we
show that as o converges to 0, the solution of the Stokes equation with Navier boundary
conditions converges strongly to the solution of the Stokes equation corresponding to o = 0
and if a0 goes to oo, the solution converges strongly to the Stokes equation with Dirichlet
boundary condition. This type of convergence is, in a sense, an inverse of the derivation
of the Navier boundary conditions from no-slip boundary condition for rough boundaries
as we have explained previously also. In [35], Conca studied similar system in a bounded
domain in R? with smooth viscosity. There he assumed the well-posedness of the problem
23)) (or, (2.2)) with (2.4)-(2.5) and proved some convergence results as € goes to 0, based
on homogenization theory, where he considered the domain depends on ¢ as well. In some
sense, our work generalizes the work in [35]. We want to mention that the main purpose
of this work is to develop a complete LP-theory for all 1 < p < oo to deal with the well-
posedness for the stationary Stokes and Navier-Stokes equations with full Navier boundary
condition, considering general non-regular o and study the limiting cases. Hence, our work
can be useful to study the evolution problem and the other related issues; for example, the
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2.2. Main results

coupled fluid-structure interaction problems are another interesting open problem. Also
the estimates obtained in Section [2.6.2] precisely in Theorem [2.6.14] can be of independent
interest. The corresponding well-posedness and limiting behavior for non-linear system is

studied in Section [2.8 The main results of our work are mentioned below.

2.2 Main results

Let us briefly discuss here the main results of our paper, referring to the next sections for
precise definitions and complete proofs. Since the case a = 0 in (2.5 has already been
studied in [11], here onwards we consider that o # 0 on I'. If we do not precise otherwise,

we will always assume
a>0 onI' anda>0 onsomelyCI' with || > 0.
Also we denote as
Bx)=bxx (2.7)
when () is axisymmetric with respect to a constant vector b € R3.
Note that we can always reduce the non vanishing divergence problem
—Au+Vr=f+divF, divu=yx inQ
u-n=g, [2Du+F)n] +au,=h onl

to the case where div 4 = 0 in 2 and w - = 0 on I'; by solving the following Neumann
problem
Af =y in(, g—z:g on I’
and hence using the change of unknowns w = w — V# and Il = m — x. Therefore, it is
sufficient to study the following Stokes problem:
—Au+Vr=f+divF, divu=0 in 2 s)
u-n=0, [2Du+F)n| +au,=h onl.

The first main result is the existence and uniqueness of weak and strong solution of the
Stokes problem which is given in Theorem in the Hilbert case and in Corollary
2.5.6| and Theorem for p # 2. Note that we proved more general existence result in
Theorem than the solution of the problem ({]).

For that, we need the following assumption on a:
t(p) =2 it p=2
ae L) with {t(p) > 2 if $<p<3p#2 (2.8)
t(p) > 2max{p,p'} otherwise

19



Chapter 2. Stokes and Navier-Stokes equations with Navier boundary condition

and where t(p) = t(p). Also we will always assume, unless stated otherwise, IF is a 3 x 3
matrix and h-m = 0 on I' and we will not repeat these hypothesis every time.

Theorem 2.2.1 (Existence of weak and strong solutions of Stokes problem). Let
p € (1,00).
(i) If 1

feL'WQ), Felr(Q), he W »"(I') and a € L'®(T)

where t(p) as above and r(p) is defined in (2.10)), then the Stokes problem has a unique
weak solution (w,m) € WP(Q) x LE().
(ii) Moreover, if F =0 and

feL’Q), he W s?(T) and a € W' 0(T)

with q > % ifp < % and q = p otherwise, then the weak solution (u, ) belongs to W2P(§2) x
Whp(Q).

Also we obtain some uniform bounds for the weak solution of the problem in
WhP(Q) for all p € (1,00), which we believe are quite interesting.

Theorem 2.2.2 (Stokes estimates). Let p € (1,00) and (u,7) € WHP(Q) x LE(Q) be
the weak solution of the Stokes problem (@ Then it satisfies the following estimates:
(i) if Q is not axisymmetric, then

Jellwroey + ey < Col@) (1F ooy + IFlhotey + Wl g )
(ii) if Q is axisymmetric and o > o, > 0, then

Cp(©)

wintz g (Ao + ks + Il )

lwl|lwrr@) + |7 Lr) <

In Theorem [2.4.3] and Theorem we discuss in detail the estimates of weak and
strong solutions in the Hilbert case and the proof of Theorem for general p is done
in Theorem 2.6.11]

The next theorem gives existence of weak and strong solutions for the following Navier-
Stokes problem and some estimates.

—Au+u-Vu+Vr=fFf+divF, divu=0 in(Q,

(NS)
u-n=0, (2Du + F)n|_+au, =h on I'.
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2.2. Main results

Theorem 2.2.3 (Existence of weak and strong solutions of Navier-Stokes prob-
lem and estimates). Let p € (2,00) and

feL'™Q), Fel’(Q), he W #*(T") and o € L'™(T).

1. Then the problem (NS) has a weak solution (u,T) € WP(Q) x L(Q).
2. Also for any p € (1,00), if F =0 and

feLP(Q), he W »?(T) and o € W' a9(T)
with ¢ > 2 if p < 3 and q = p otherwise, then (u,m) € WP(Q) x Whr(Q).

3. For p =2, the weak solution (u,m) € H'(Q2) x L3(Q) satisfies the following estimates:

a) if Q is not axisymmetric, then
el + 1l < COR) (1515 + [Fllsiar + [l oy ) -

b) if Q is axisymmetric and
(i) @ > a, >0 on T, then

()
[l @) + |7l o) < min{2, o} (HfHLg(Q) + [|Flle) + HhHH-;(F)) :

(i) f,F and h satisfy the condition:
[£-B= [F:VB+(hB) =0
Q Q
then, the solution w satisfies [ au - B =0 and
2
2 2 2
wmm@+!mW|me@scmmwm%ywwwm+mmﬁm).
In particular, if o is a constant, then [pu- B =0 and
Jellrson + Iz < CO) (1610 + ¥z + Il oy )

We refer to Theorem and Corollary for the proof of above result, which is
similar to that of Stokes problem. Note that in the above theorem, the existence of weak
solution in WP(Q) for 2 < p < 2 is not trivial.

The last interesting result to mention here, is the strong convergence of (NS|) to the
Navier-Stokes equations with no-slip boundary condition when « grows large (see Theorem
2.8.11]). The proof is essentially based on the estimates obtained above.
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Chapter 2. Stokes and Navier-Stokes equations with Navier boundary condition

Theorem 2.2.4 (Limiting case for Navier-Stokes problem). Let p > 2, a be a
constant and (U, 7o) be a weak solution of (NS|) where

feL'Q), Fell(Q) and h € W_%’p(r>~

Then
(Ua, Ta) = (oo, Too)  im WIP(Q) x LH(Q)  as o — o0

where (U, Too) 15 a solution of the Navier-Stokes problem with Dirichlet boundary condi-
tion,

—Auy + Uy - Vo + Vo = fF+divFE  in Q)

div ue =0 in S,

Uy =0 on I

2.3 Notations and preliminary results

Before studying the problem ([2.1)) and (2.2) with ([2.4)-(2.5)), we review some basic notations

and functional framework. We will use the term azisymmetric to mean a non-empty set
which is generated by rotation around an axis. The vector fields and matrix fields (and the
corresponding spaces) defined over € or over R? are denoted by bold font and blackboard
bold font respectively. Unless otherwise stated, we follow the convention that C' is an
unspecified positive constant that may vary from expression to expression, even across an
inequality (but not across an equality). Also C' depends on €2 generally and the dependence

of C' on other parameters will be specified within parenthesis when necessary.

Note that the vector-valued Laplace operator of a vector-field v = (v, ve, v3) is equiv-
alently defined as
Av = 2 div Dv — grad div v.

We denote by D(f2) the set of smooth functions (infinitely differentiable) with compact
support in 2. Define
D,(Q) :={v € D(Q); divev =0in Q}

[2(Q) == {v c Lp(Q);/v — o} .

Q

and

If p € [1,00), p' denotes the conjugate exponent of p i.e. % + I% = 1. For p,r € [1,00), we

introduce the following space

H"™(div,Q) :={v € L"(Q); divv € LP(Q)}
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2.3. Notations and preliminary results

equipped with the norm

[0l @iv.o) = 0]z @) + ldiv o]z @)-

It can be shown that D(Q2) is dense in H"P(div,2) (cf. [103, Proposition 1.0.2]). The
closure of D(Q) in H"?(div, Q) is denoted by Hy?(div, ) and can be characterized as

H;*(div,Q) ={v e H""(div,Q); v-n=0 on T}.

Also for p € (1,00), the dual space of Hy"(div,2), denoted by [H;*(div,Q)]’, can be
characterized as follows (cf. [103, Proposition 1.0.4]):

Proposition 2.3.1. A distribution f belongs to [HyP(div, Q)] iff there exists ¢ € L™ (Q)
and x € LPI(Q) such that f =1 + Vx. Moreover, we have the estimate :

1 iy @iy < inf o max{{ldbllz ., Il o)}

We also recall the following useful result (cf. [13, Theorem 3.5)):

Proposition 2.3.2. Let v € LP(Q)) with div v € LP(Q), curl v € LP(2) and v -n €
1
W' ('), Then v € W'(Q) and satisfies the estimate:

[ollwse < C (10l + lleurl ollzm + [div ol + 1ol sy )

We need to introduce the following spaces also :
VP (Q) = {'v e WH(Q); dive=0 inQ and v-n=0 on F}

equipped with the norm of W?(Q) and

E(Q) = {(v,m) € W'P(Q) x [(Q); —Av+ V7 € L'P(Q)} (2.9)
where
r(p):max{l,%} if p#% (2.10)
r(p) > 1 if p=3

which is a Banach space with the norm
(v, 7) v (@) == [[vlwrr@) + [I7llo@) + [| = Av + V| o) o)

Let us now introduce some notations to describe the boundary. Consider any point P
on I and choose an open neighbourhood W of P in I'; small enough to allow the existence
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Chapter 2. Stokes and Navier-Stokes equations with Navier boundary condition

of 2 families of C? curves on W with these properties : a curve of each family passes through
every point of W and the unit tangent vectors to these curves form an orthogonal system
(which we assume to have the direct orientation) at every point of W. The lengths sq, s9
along each family of curves, respectively, are a possible system of coordinates in W. We
denote by 7, 73 the unit tangent vectors to each family of curves.

With this notations, we have v = Y2_, vz + (v - n)n where 7, = (71, Tho, Th3) and
v = v - Tk. In the sequel, for simplicity of notation, we will use

2 on
szz<v7-88k>m.

We recall the following relations which give the equivalence of the two boundary condi-
tions and and which will be used extensively to prove some of our main results
(for proof, see |11, Appendix A]). Note that 2 being C!! is sufficient and there is a sign
change in the second relation, compared to [11] and it is the corrected formulation.

Lemma 2.3.3. For any v € W??(Q), we have the following equalities:
ov
2[(D = Vr : P — A ,
(©ojn, = Vo(wom)+ (51 ) ~ Ao

curlfvxn:—VT('v-n)qL(av) + Av .
on)_

Remark 2.3.4. In the particular case v -m = 0 on I, we obtain, for all v € W?P(Q),

2[(Dv)n|, = (g:;) —Av and curlvxn= (;Z) + Av

which implies that

2[(Dv)n] = curl v x n — 2Awv. (2.11)

Next, we prove the following Green formula to define the trace of the strain tensor of
a vector field.

Lemma 2.3.5. Let Q2 be Lipschitz. Then,

(i) D(Q) x D(Q) is dense in EP(Q) and

(ii) The linear mapping (v, 7) — [(Dv)n]_, defined on D(2) x D(Y) can be extended to a
linear, continuous map from EP(Q) to Wﬁi’p(F). Moreover we have the following relation:

for all (v,7) € EP(Q) and ¢ € V;p;(Q),

/ (—Av + V) - = z/m D — 2 (D)), 0D o b (2.12)
Q Q
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Proof. (i) The proof of the density result is very much similar to [64, Lemma 1.5.3.9]. Let
P:W'r(Q) — WHP(R?) be any continuation operator such that Pu‘Q = u. Then for all

£ € [E*(Q)]', there exists (@, A, ) € W1 (R3) x LV (Q) x LU (Q) with supp ¢ € Q
such that for any (v, 7) € EP(Q),

(€, (v,m)) = <90>PU>w—1,p’(]R3)XW1,p(R3) + /)\W + /T,b - (—Av + V).
Q Q

Thanks to the Hahn-Banach theorem, it suffices to show that any £ which vanishes on

D(Q2) x D(R) is actually zero on EP(12).

Let us suppose that £ = 0 in D(Q) x D(Q) and let A € L (R3) and ¢ € LU®) (R3)
be the extension by zero to R3. Then for all (V x II) € D(R?) x D(R?), let v = V‘Q and
T = H‘Q so that (v, 7) € D(Q) x D(Q) and

(@ Vw10 @) xwirms) T /Rg AT+ /]RS ¢ (~AV +VII) dz =0
since supp ¢ C € implies (¢, V) = (¢, Pv). It then follows that

<go — A%, V> and <X — div 1, H>

D'(R3)xD(R3) D/(R3)xD(RS)

ie. @ — A = 0 and A — div ¢ = 0 in the sense of distribution in R3. Hence, At €
W% (R3). As a consequence, @ € WL¥ (R?) and therefore 19 € W, * (Q). Then by
density of D(f2) in Wol’p/(Q), there exists a sequence (¢y)r C D(2) such that ¥, — 1 as
k — oo in WH'(Q). Also Ay, — Adp in W (R?). Now, for any (v,7) € EP(Q), we
have,
(£, (v, 7))
= (o, PO)w-1w moyxwioes) + //\7”r /¢ (—Av + V)
Q )

= <Ad~)7 Pv)W*LP’(RS’)XWl’P(R?’) + /ﬂ- div 17b + <17[J7 (—A’U + vTr))WDLP,(Q)wal,P(Q)
Q

= ’}LI]_;.IO[<A¢]€, P’U>W71VPI(R3)><W11P(]R3) + /7T le wk +
Q

+ (e, (AU + V) i ) -1

= ,}LIEOKA@%, v)D(Q)xD’(Q) — (r, V7T>D(Q)xD’(Q) + (Yr, —Av + V77>D(Q)xp’(9)]
=0.

Thus £ is identically zero.
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(i) The Green formula for (v, 7) € D(Q2) x D(Q) and ¢ € V7, () follows immediately
by integration by parts and then we use the density result (cf. [11, Lemma 2.4]). |

Remark 2.3.6. 1. The following Green formula also can be obtained in the same way
as (2.12)), which will be used later: for (v,7) € WP(Q) x LP(Q), F € LF(Q) such that
—div(2Dw + F) 4+ Vrr € L"®(Q) and ¢ € V. (1),

/(—div(2Dv +F)+Vn) o= 2/]1])’0 : Dy + /IE‘ Ve —((2Dv +F)n|,.,¢)p. (2.13)
QO Q QO

2. In fact, we can obtain Lemma for any v € EP(Q)) where
EF(Q) = {v e W(Q); Av e [Hy®" (div, Q))'} .

Thus we may extend (2.11) in W~ »*(T) as follows: let Q be C' and for any v € W'?(Q)
with Av € L' (Q) and v-m =0 on T,

1

2[(Dv)n|, =curlv xn—2Av in W »"(T). (2.14)

We will also need the following density result:

Lemma 2.3.7. The space {v € D(Q) : v-n = 0 on T} is dense in H:X(Q) := {v €
H'(Q):v-n=0onT}.

Proof. Let us first consider the case @ = R3. In that case the above statement becomes:
{v = (v1,v9,v3) € (D(R%))*xD(R3)} is dense in {v = (v1,v9,v3) € (H'(R))*x Hy(R%)}

which is true due to the classical density results. Now using local coordinate, we can prove

the result for any general C''' domain . [ |

Lemma 2.3.8. Let p € (1,00). For a € L'P(T) with t(p) defined in (2.§), u € W(Q)
and € W' (Q), the integral over the boundary [r o, - @, is well-defined.

Proof. For convenience, from now on, we consider o € L*?)(T") where we recall that

2 if p=2
tp) =42+¢ if 2<p<3,p#2

% max{p,p’'} +& otherwise
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for some arbitrary e > 0 sufficiently small. Since ¢ € W' (Q), we have ¢, € Wl_i’p,(lj) —
L™(T') where

3 ~ 3
1 1-— % lfp > 9
_ I . 3
= yany positive real number < 1 if p =3, (2.15)
0 ifp< g
Similarly, for u € W?(Q), u, € W'™»?(I') — L*(T) with
% — % it p < 3,
1
S AW positive real number < 1 it p =3, (2.16)
0 if p> 3.

We want to show that au, € L™ (T).

(i) p =2 Since a € L*T), au, € LYT) with % = + 3 = 3 by Hélder inequal-
ity. But ﬁ =1- % = % i.,e. ¢ =m/. So the integral is well-defined.

(i) $<p<3, p#2 Asac L**(), au, € LY(T) with | = 5=+ 1.

So, for%<p<3, 1—3—54—# Then clearly, ¢ > m/.

q  2p 2+e”
For p = 3, % = 2%8 + % where s is any number > 1. Then, we can choose s suitably such
that ¢ > m/.
For p = %, % = Tie + % and we can choose m > 1 suitably so that ¢ > m/. Hence, in all

cases, the integral is well-defined.

iii) p > 3: Since a € L3P*(I), au, € LYT) with 1 = 1. So clearly ¢ > m/
q 3pte
3

and thus the integral is well-defined.

: 3. 2p/+ i 1 3 1 1 ;
(iv) p <3 Asa € L3P™(D), au, € L(T) with o =5 — 5+ Tt Again ¢ > m/ and

the integral is well-defined. [ |

Definition 2.3.9. Given f € L'®(Q).F € L/(Q).h € W #"(I') and a € L'®)/(T), a
couple u € V2 (Q) is called a weak solution of the Stokes system it it satisfies: for all
p € VI(Q),

2/Du:]D>cp+/.auT-cpT: /.f-cp— /.FIVCP+<h,CP>F. (2.17)
Q r Q Q
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Proposition 2.3.10. Let p € (1,00) and
feL'™Q)Fel?(Q),he W »(T) and a € L'P(T)

with r(p) and t(p) defined by (2.10) and (2.8)) respectively. Then the following two state-

ments are equivalent:
(i) w € V2.(Q) is a weak solution of (@), in the sense of Deﬁm’tion and
(ii) (u, m) € WP(Q) x LP(Q) satisfies:
—Au+Vr=f+divF, divu=0 in the sense of distribution
u-n =0 in the sense of trace (2.18)

2[(Du)n), + au, =0  in W1/PP(T).

Proof. Let (u,m) € VP (Q) x LP(Q2) is a weak solution of . We want to show it implies
(ii). Choosing ¢ € D, () as a test function in (2.17)), we have

(—Au, 90>D’(Q)x1>(9) = Q/DU 1Dy = /f P /IF : Ve
Q Q Q

So by De Rham’s theorem, there exists 7 € LP(2), defined uniquely up to an additive
constant such that

—Au+Vr=f+divF in Q. (2.19)

Also u € V2 () implies div u = 0 in Qand w-n = 0 on I'. Thus it remains to prove
the Navier boundary condition. Multiplying equation (2.19)) by ¢ € VZTP'T(Q) and using the
Green’s formula ([2.13)), we obtain from ([2.17)),

Ve eVZ(Q),  (CDu+Fnl @)+ [our o= (k) (220)

Now, let u € W%’pl(Q). There exists ¢ € W' (Q) such that div ¢ = 0in Q and ¢ = p,
on I'. Then ¢ € V7 (Q) and using (2.20)),

([(2Du + F)n|, + au, — h, p)r = ([(2Du + F)n|, + cu, — b, p)r
((2Du + F)n|, + au, — h,@)r = 0.

Hence,
[(2Du + F)nl, + au, = h in W/PP(T).

Conversely, using the Green formula (2.13]), we can easily deduce that any (u,7) €
Wr(Q) x LP(Q) satistying (2.18) is a weak solution of (S)), in the sense of Definition [2.3.9]
|
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The following two propositions give some Korn-type inequalities which will be useful

in the context. '~’ denotes the equivalence of two norms.

Proposition 2.3.11. Let Q be Lipschitz. Then, for alluw € H'(Q) withu-n =0 on T,

we have the following equivalence of norms:
|w|lar ) =~ [|[Du|liz@)  if Q is not azisymmetric (2.21)
and
w|lmr o) = [Duliz@) + [|[urll2ey — if Q is azisymmetric . (2.22)

Proof. Since ([2.21)) follows from [11, Lemma 3.3], we only prove (2.22)). Also, it is enough
to show that there exists C' > 0 such that

lull @ < C (IDulli@) + el 2 )

as the other inequality is obvious.

We prove by contradiction. Suppose for any m € IV, there exists u,, € H'() such
that u,, -m =0 on I and

@) > m (IDemlluza) + 1| (2m )l z2r)) (2.23)
Since ||wn, || 1) > 0, we can define vy, := —t=— so that ||v,, || 1) =1 for all m € IV.
||“mHH1(Q)

Then from (2.23)), we have

1
D m || L2 m )T || L2 < —.
D [[2(0) + l[(Vm)r |22y <
Hence, as m — oo,
Dv,, — 0 in L*(Q) and (v,)r — 0 in L*(T).

But as v, -m = 0 on T, we get v,, — 0 in L*(T"). On the other hand, since {v,,}, is
bounded in H'(), there exists a subsequence, which we still call {v,,},, and v € H'(Q)
such that v, = v weakly in H'(Q2). Thus

Dv=0 in2? and wv=0 onl
which yields v = 0 in 2. But this is a contradiction since from Korn inequality, we have
1= [[vmllme) < C (llvmllze@) + IDvmllia@) = 0.
Thus ([2.22)) follows. [ |
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Proposition 2.3.12. Let Q be Lipschitz. For ) azisymmetric, we have the following
inequalities: for all w € H'(Q) withu -n =0 on T,

2
[ullfa@ < C | IDulta, (/u-ﬁ) (2.24)
Q
and

2
)72y < C | IDullf2q) + (/UB) : (2.25)
I

Proof. (i) First recall from (2.7)) that 8 € C>°(R?) and DB = 0 in R*. Then (2.24) follows
from the following result [11, Lemma 3.3]:

: 2 2 2
Lt wllfg < C@) (nDunm) # [lu-n) ) . (226)

Since, w = ¢ for some ¢ € R, weiglzﬂ) lut+w||720) = Jnf 1w+ cB|72(q) and this infimum

1
= 18Ty </“5)

" TPl (/ . ﬂ) .
2 1 2
_ 2 : nanz. - .
= Il = a7 (/ ) B) NPT </ ’ B)
2
1
=||u||%2(m—uﬁ”%(/ “'ﬂ) -
Q

Hence, we obtain ([2.24)).

is attained at

Now,

(ii) Now we prove the inequality (2.25), by contradiction. Let us denote
]l == llullz2@) + (Dl ()

Now assume that for all m € IN, there exists u,, € H'(Q) with u,, -n = 0 on ' and
|||wm]|| = 1 such that

2
r
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So {w,, }m is a bounded sequence in H'(2); Hence there exists a subsequence, we still call
{w;}m and w in H'(Q) so that w,, — win H'(Q). This givesu-n =0on I and w,, — u
in L*(Q2). But from (2.27), we have

Du,, — 0 in L*(Q) and /’u,m - B —0.
r
Then Du = 0 in © which implies u = ¢8 for some ¢ € R. But also u,, — w in H2(I") and

Hz(T) is compactly embedded in L*(T") implies w,, — w in L*(T). Therefore, we have
U, - B — uw- B in L*(T') which yields - 8 =0 on I'. Hence, u = 0 in 2. But then

L= [[|um|]| = [[wml z2@) + DU ||L2) — O

which is a contradiction. [ ]

2.4 Stokes equations: L?-theory

In this section, we study the well-posedness of solutions of the Stokes problem in the
Hilbert space. First we prove the existence and uniqueness of the weak solution.

Theorem 2.4.1 (Existence in H'(2)). Let Q be Lipschitz and
feL3(Q),Fel’Q),he H 3T) and a € L*(T)

with a« > 0 on Ty CT',|Ty| > 0. Then the Stokes problem has a unique weak solution
(u,7) € HY(Q) x L2(Q) which satisfies the estimate:

Jullzr o) + el 2oy < C(@) (£l g + Fllzy + Ihllya ) - (2:28)

Proof. Existence of a unique weak solution (u,7) € H'(Q) x L(Q) of (S)) follows from
Lax-Milgram theorem. The bilinear form

Vu,peV2(Q), aluyp) = 2/Du : D<p+/ozur~sof
Q r
is clearly continuous. And from Proposition [2.3.11

a(u,u) = 2[[Dul|f2q) + /Oélur!2 > C(a)|ullz o (2.29)
r

which shows that it is also coercive on V2 (). Moreover, the linear form £ : V2 (Q) — R,
defined as

Lp) = /f P /F Ve +(h, SO)H’%(F)XH%(F)
o 0
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is continuous on V:fT(Q) Hence, Lax-Milgram theorem gives the existence of a unique
u € V72 (Q) satisfying

a(u,p) =Lp) Ve e V] (Q) (2-30)

This completes the proof since (2.30) is equivalent to the problem (see Proposition
2.3.10)). Existence of the pressure term follows from De Rham theorem.

The estimate (2.28)) is obvious from (2.29)) and (2.30)). |

Remark 2.4.2. Note that with « > 0 on some I'y C I with [['y| > 0, we get the uniqueness
of the solution of the Stokes problem (). But for the case a = 0 on I', there is a non-trivial
kernel when 2 is axisymmetric (see |11, Theorem 3.4]).

Indeed, consider the kernel T ,(f2) of the Stokes operator: (w,m) € H'(Q) x L(Q)
satisfying with f =0 and h = 0. Then we have the energy estimate

r

with @ > 0 on I". Hence Du = 0 in  implies u(x) = b x & + ¢ for almost all x € Q (in
fact, for all x € Q since u € H?*(Q) — C°(Q)) where b,c € R? are arbitrary constant
vectors. But also u-n =0 on I' gives ¢ = 0.

a) If a >0o0n [y, then bx & =0,z € I'y and thus b= 0 i.e. T,(Q2) = {0}.

b) If « =0 on I', we can verify easily that

i) u(x) = bxax if  is axisymmetric i.e. b is co-linear to the axis of 2 and dim T, (2) =

1.

ii) w = 0 if Q is not axisymmetric i.e. T o(Q2) = {0}.

In the next theorem we improve the estimate (2.28) with respect to « in some particular
cases.

Theorem 2.4.3 (Estimates in H'(R2)). With the same assumption on f,F, h and « as
in Theorem the weak solution (u,m) € HY(Q) x LE(Q) of the Stokes problem
satisfies the following estimates:

a) if Q is not axisymmetric, then
ey + el < OO (1180, + 1Flzie + Il y, ). (23D
b) if Q is axisymmetric and
(1) « > a, >0 on T, then

c©)

min{2, a, } (H‘fHLg(Q) + [Flle2o) + ||hHH§(F)> - (2.32)

ullmr @) + |7ll2@) <

32



2.4. Stokes equations: L?-theory

(i) f,F and h satisfy the condition:
[1-B-[F:VB+ B =0 (2:33)
) )
then, the solution w satisfies [paw- B =0 and
2
IDulay + [ alurl? + el < C@) (115, + 1Bz + bl 5y) - (230
r

In particular, if o is a non-zero constant, then [ru-B =0 and

fullney + 720 < OO (1150, + IFlz + 1Al 4 ) - (239

Remark 2.4.4. Note that in the case of €2 axisymmetric, if « is a non-zero constant, we
can use the estimate 1} with a = .. In particular if a = %, n € N*, the corresponding
solution (w,,m,) satisfy

ftaller@ + Imall 2oy < nCE@) (1150, + Pl + IRl )

But this estimate is not optimal, when we suppose (2.33)). In fact because of [ u, - 8 =0,
we have by (2.35)) the better estimate

lallioy + Iallzz) < OO (1150, + Iz + 1Al 4 )

where C(€2) does not depend on n. That means if a — 0, (2.35]) is better estimate than
©2-32).

Proof. The solution u satisfies:

2 [IDuf? + [ alucl® < CQ) (I1£1l, 0, + Fllzo + 1Bl 4 ) lulme. (230
Q T

a) If Q2 is not axisymmetric, estimate ([2.21)) shows that the norm |[Dulp2() is equivalent
to the norm ||u|| g1 (o) and hence from (2.36)), it follows

Jullir o) < C) (£l + Fllz) + 1hl-4 ) )- (2.37)
On the other hand,

I7ll2) < IVl < CQ) (115 g + IFlliey + 1 Bulme))
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< () (I1£1,5 ) + 1Flzo) + lullm)

< O (If1l3 gy + Bl + Il ) - (2:39)

The estimate (2.31)) then follows from (2.37)) and (2.38)).

b) If Q is axisymmetric and
(i) @ > a, > 0, estimate (2.22)) gives,

lullire) < CQ) (2Dullfag) + axlluwrlza)
< Du? / 2] 2.
_mm{M*</\ ul? + a!ul) (2.39)
Hence estimate (2.32)) follows from ([2.36)).

(7) f,F and h satisfy the condition (2.33)), then from (2.30)), we get
2/]Du\2+/a\u7]2:/f-u—/IF:Vu+<h,u>p

0 r 0 QO

:/f-(u+k5)—/F:V(u+k6)+<h,u+kz5)r vk € R
0 0

< C) (1£,30) + Bz + WAl -y g, ) ink l1w -+ kBl o

Also from Korn inequality and the inequality (2.26]), we know,

inf [+ K813 oy < C() (jnf [+ BBl3eo) + DUl ) < C(D) Dl
which yields

2 [IDul + [ alurl? < (@) (16,30, + Fllz@ + Bl 4., ) Pl
Q T

_1
H™2()
This in turn implies

IDulliz) < @) (14 ) + 1Fllzie + 1BlLy-4 )
and then

2
 alul? < ) (15,80, ¥l + 103

r
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and hence the inequality (2.34]).

Moreover, if «v is a non-zero constant, the variational formulation (2.30]) gives,

F/u-ﬁ:O.

So now ([2.25)) shows that the norm ||Dul|j2(q) is equivalent to the full norm ||w|| g1 o) and

(2.35)) is a consequence of ([2.30]). [ |

Next we discuss the strong solution of the system and the corresponding bounds,
not depending on «.

Theorem 2.4.5 (Existence and estimate in H?*(Q))). Assume that « is a constant.
Then if

f € L*Q) and h € H2 (D),

the weak solution (u,m) of the Stokes problem with T = 0 belongs to H*(Q) x H'(Q).
Also it satisfies the following estimates:

(1) if Q is not axisymmetric, then

ey + Ielln e < C@) (15 1z + Il 3 ) (240
(ii) if Q is axisymmetric, then

c)
2 N (N 2 ). A1
[l mz) + 7o) < min{2, o} (HfHL @+ ||hHH2(F)> (241)

If moreover, f,h satisfy the condition:
[ 1B+ hB) =0
Q
then
Julire) + el < CO) (Il + IRl ) (242

Remark 2.4.6. 1. We show in Theorem the existence of u € H?(Q2) for more general
a, not necessarily constant.

2. It is not sensible to consider non-zero F € H!(f2) for the strong solution as we are
considering any L?(Q2) data f in the RHS.
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Proof. Method I: If a is a constant and f € L2(2) and h € H2(I'), then w € H'(Q) and
therefore au, € H %(F). So using the regularity result for strong solution |11, Theorem
4.1], we get that u € H?*(Q).

But concerning the estimate, with this method, using the results in [11], we can not
obtain the bound on wu, independent of o. Thus we need to consider the fundamental but
long method, explained below.

Method II: Here we follow the method of difference quotient as in the book of L.C.Evans
[44]. Without loss of generality, we consider h = 0, for ease of notation. Also, let denote
the difference quotient by,

Dhu(z) = u(z+ he;L“) —wT) 193 heRr

Interior regularity: The unique solution (w,7) in H'(Q) x L3(Q) of belongs to
H? (Q) x HL.(Q) with the corresponding local estimate (2.40)-(2.42)), can be shown in the
same way using difference quotient as for the Dirichlet boundary condition, with the help
of Theorem [2.4.3] since it does not depend on which boundary condition is considered.
Thus we do not repeat it.

Boundary regularity: The solution (u, ) satisfies the variational formulation, for all
¢ € H (),

2/]D)'u,:ID)go—l—/auT-goT—/wdivcp:/f-go. (2.43)
o) r o) o)

Case 1. Q = B(0,1) "R} : First we consider the case when  is a half ball. Set
V := B(0,3) NR3 and choose a cut-off function ¢ € D(R?) such that

¢(=1on B(0,3), (=0o0nR3\ B(0,1),
0<¢<L

So ( =1 on V and vanishes on the curved part of I'.

i) Tangential regularity of velocity: Let i > 0 be small and o = —D; " (¢?Dju), k =
1,2. Clearly, ¢ € HX(Q). So substituting ¢ into the identity (2.43)) we obtain,

2/§2|D2Du|2+2/D,’;Du QCVCDku+/aC2|DkuT|2

__/7T div( Dk CDk /f CDk u)). 2
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Now we estimate the different terms. In this proof, from here onwards, the constant C'
might depend on ¢ which we do not mention. For the second term in the left hand side,

using Cauchy’s inequality with €, we get

| / Dl'Du : 2(V¢Dlu| < C / 2| DM Du|| Dl
Q Q

) (2.45)
e/g2|D,’;]D>u|2+ /|D,’;u|2] :
Q “a
Similarly, for the fourth term in the left hand side, we write,
]/77 div(— D" (2 Dh))| < e/|d1v b (2 D) /W
But note that,
div(Dy"(¢*Dyu)) = Dy "div(¢* Dju)
= D;"(2(V¢ - Dyu) + D" (¢* div(Dyu))
=0
= D "(2¢VQ) - DI'u(z — hey,) + 2¢VC - Dy "D
which means
/ydw (D) < C (/\Dhu|2 +/¢2yD hDhu\2)
<C (/\DZ'U,F + /C2|VDZu|2) :
Q o)
Therefore,
. —h(2h h, 2 2 h, 12 c 2
| [ 7 div(D* (2 Dfw))| < e ( [ 1Dkl + [ IV Djul ) += [P, (2.46)
Q Q Q Q

And for the right hand side, proceeding in the same way, we derive,
|/f (= D;"(¢*Dju) |<e/|Dk (D)2 + /|f|2
But, since

[IDMEDtwiE < ¢ [ Vet < ( 1D+ [ cﬂwfzm?)
Q Q Q Q
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we get,

C
| / f (=D Dfu)| < e ( [ 1Dl + / ¢ |VDku\2) S PR Xy
Q
Hence, incorporating (2.45)), (2.46) and (2.47)) in (2.44) yields,

2 [ CIDiDuf + [ o ¢|Dju,f?
Q T

€ (Q/CQUDDZU\z —l—Q/CQ\VDZuF) + C;l (!|f|2 +!|7r\2)

+ G [ IDkuf?
Q

C
< e [CIVDuP+ = (/W +/|7r\2) + G [ IDkuf?
Q Q Q Q

Furthermore, we see that

ICDR w3 ) < C (ICDRu]32 ) + ID(CDRw) 220
C (I¢Drul320) + IVED ull ) + [KDD}ullR2 o) )
<C (HDZU’H%Z(Q) + HCDDZUH?@(Q))

IN

(2.48)

IN

and
||CVDZUH12L2(Q) = HV(CDZU) - VCDZU||E2(Q) < HV(CDZU)lem(m +C ||DZUH%2(Q)
< O (IcDiullin o) + IDkuli))

Combining these inequalities with (2.48)), we have,
o

ICDR 3 gy < ell¢Diulling + = (1 £z + I7lZe@) + Coll Diulliag.  (249)

Choosing € small, we obtain,
IDrull3n ) < I¢DRul3 o) < C (||f”3:2(n) + |77 () + HDZU||2L2(Q))

for k£ = 1,2 and sufficiently small |h| # 0; which yields that 9*u/dx;0z; belongs to L*(V)
for all 7,7 = 1,2,3 except for ¢+ = 7 = 3 with the corresponding estimates, using the
estimates in Theorem for (u, ) in H'(Q) x L*(Q).

ii) Tangential regularity of pressure: Now we deduce the tangential regularity of
the pressure in terms of the above derivatives of w. Indeed, for i = 1,2, from the Stokes
equation, we get,

0 0 _of ) ou
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Since there is no term of the form 9?u/dx3, by preceding arguments, we obtain

or 0
= H (V).
Vaxi Ox; (Vm) € V)
Furthermore, as we already know % € H'(V), Necas inequality implies % e L*(V)

which also satisfies the usual estimate.

iii) Normal regularity: For the complete regularity of the solution, it remains to
study the derivatives of u and 7 in the direction e3. Differentiating the divergence equation
with respect to x3 gives,

0%us 2. Q2w
— =— — e L*(V).
03 ; 0x;075 (V)
Also from the 3rd component of the Stokes equation, we can write,
on

87133 = f3 -+ AU3 < L2<V)

which proves that = € H*(V). Finally, for i = 1,2, writing the ith equation of the system
in the form ) )
0%u; 0%u; on
F=— - — i LAV
03 Zaxf f+8:p,-6 V)

J=1

gives u; € H*(V'). Hence apart from the regularity of u and 7, we obtain the existence of
a constant C' = C'(2) > 0 independent of « such that

wll 2y + (17l 0y < Ol fllz2)-

Case 2. General domain: Now we drop the assumption that €2 is a half ball and
consider the general case. In this part, we follow the strategy in [112] (same as in [19]).
Since I' is C*!, for any g € I', we can assume, upon relabelling the coordinate axes,

QN B(xg,7) ={z € B(xg,r) : x3 > H(x1,29)}
for some r > 0 and H : R? — R of class C!'!. Let us now introduce the change of variable,
y = (1,29, 23 — H(x1,22)) := ¢(x)
ie.
= (Y1, y2u3 + H(y1,p2)) == ¢~ (v)

which flattens the boundary locally. Choose s > 0 small so that the half ball €)' :=
B(0,s) NR3 lies in ¢(2 N B(xg,7)). Also define V' := B(0,s/2) NR%. We also introduce
the new unknown variable
, OH OH
u'(y) = (ul(:z?), us (), us(x) — (x))

—U(T) — —Us
03;1 1( ) 2

a:L’Q
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Chapter 2. Stokes and Navier-Stokes equations with Navier boundary condition

It is easy to see
u' € H'()
and
v -n=0 on 90 NIR’.
The last relation is true because of the fact that %(O, 0) = 0,7 =1,2. With this transfor-
mation, it follows, for ¢ = 1,2 and j =1, 2,

Ou;  Ou;  OH Ou

Ox; — y;  Oy; Oys

Ju;  0u;

O3 B ys

dus _ Ouy  OH Oujy n 22: [aui B aH({?uq
Oz;  Oy; Oy; 0ys [ |0y; Oy, Oys
Ouy _ Oy 3~ OH Ou

O3 Y3 1 Oyr Ay

Next, we consider the variational formulation (2.43]) under this change of variable. Here
onwards, the calculation follows exactly same as in |112] (or in [19]), hence we do not

repeat it here. Note that the boundary term remains unchanged i.e.

/ozuT-cpT:/ozu'T-cp’T.

r I

Therefore following the exact same method as in 7 page 1099], we obtain

[ellevy < CE) Fllzz

where V = ¢~ (V).

Now as T' is compact, we can cover I' with finitely many sets {V;} as above. Thus
summing the resulting estimates, along with the interior estimate, we get w € H?*(2) with
the bounds, as mentioned in the Theorem. [ |

2.5 Stokes equations: LP-theory

2.5.1 General solution in W17(Q)

In this subsection, we study the regularity of weak solution of the Stokes problem . We
begin with recalling some useful results. For the following theorem which was introduced

independently by Babtiska and Brezzi [25], see [13, Theorem 4.2].
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2.5.1. General solution in WhP(Q)

Theorem 2.5.1. Let X and M be two reflexive Banach spaces and X' and M’ be their
dual spaces. Let a be the continuous bilinear form defined on X x M, A € L(X;M') and
A" € L(M;X'") be the operators defined by

Voe X, YweM, a(v,w)={Av,w) = (v, A'w)

and V = Ker A. Then the following statements are equivalent :

(i) There exists C = C(2) > 0 such that

inf sup _avw) > (. (2.50)
wifé/[ vEX HUHX HU}HM
w v#0

(ii) The operator A : X/V +— M’ is an isomorphism and 5 is the continuity constant of
AL
(iii) The operator A’ : M — X' 1LV is an isomorphism and % is the continuity constant
of (A~

Next we introduce the kernel:

Ki(Q)={veLl(Q); divv=0, curlv=0inQ, v-n=0o0nT}.

Thanks to [13, Corollary 4.1], we know that this kernel is trivial iff Q is simply connected.
Otherwise, it is of finite dimension and spanned by the functions grad qJT,l <j< J,

where qf is the unique solution up to an additive constant of the problem:

_Aq]T =0 in Q°,

0nqu =0onT,

[ ] = constant and  [0,¢/]r =0, 1<k<J,
CY 1>Ek =0, 1<k<..

J
Recall that X, are the cuts in 2 such that the open set Q° = Q\ U %; is simply connected.
j=1
For more details, see [13].
Also, recall the following inf-sup condition (see |13, Lemma 4.4]):

Lemma 2.5.2. There exists a constant C' > 0, depending only on €2 and p such that
Jocurl £ - curl ¢

inf sup >C (2.51)
peV? (Q) 5eV£T(Q)||€||V;’,T(Q)||<P||VP’(Q)
©70 €70

where

/

V7 (Q) = {v e VI(Q); (v-m1)y =0 V1<j<J}.
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Chapter 2. Stokes and Navier-Stokes equations with Navier boundary condition

Let us now define the bilinear form: for u € V?_(2) and ¢ € V¥, (1),
a(u, p) = 2/]D>u : Dy + /auT P (2.52)
Q r

Theorem 2.5.3. Letp € (1,00), £ € [V;}’;(Q)]’ and o € L')(T"). Then the problem:
find w € V _(Q) such that for any ¢ € VGP;(Q), a(u, ) = (£, ) (2.53)
has a unique solution.

Proof. Let us consider first p > 2. Since [VZ ()] = [V,?(Q)]', by Lax-Milgram theorem
there exists a unique u € V2 (Q) satisfying

Ve VUQ,T(Q% a(u, p) = (L, 90>[V(37(Q)}/xvg7(9)- (2.54)

Now we want to show that u € W'P(Q). Since the inf-sup condition (2.50) is known for
the bilinear form

b(u, p) = /curl u - curl ¢
Q

with suitable spaces X and M (see (2.51)), we will use another formulation of problem
(2.54). For that, first we consider a more general variational formulation as below. Note
that w € V2 (Q) satisfies

2 / Du : Dep +- / OUr - Pr — /7T div o = (€. 0) vz vz, ¥ € HA(Q)
0 0 0
where m € L*(Q) is equivalent to: u € V() satisfies

/curl u - curl go—i—/ au, - cpT—/w div cp—Q/Au = (L, ¢>[V27(Q)},XVHQ @ VP E H(Q)
) Q ) r

where m € L?(Q) because of the density of the space {v € D(Q),v-n=0on F} in H:(Q)
[see Lemma [2.3.7]. The above equivalence follows from (2.11]) and integration by parts.

In particular, we obtain that
/curl u-curl o = (€, Q)y2 vz ) — / aur - pr + 2/Au - . (2.55)
Q r r

holds for all ¢ € V?_(Q2). Now we are in position to prove that u € W'?(Q) and for that
we consider different cases.
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2.5.1. General solution in WhP(Q)

(i) 2<p<3:

15t Step: Since u, € L) and a € L?*5(T"), we have au, € L9 (T') with - o= I+ ﬁ

But, L% (T") — W ™ (T) with p, = 2 2ie L=
ut, L®(I') — UP(T) with py = 51 > 1.e.p—1—7( 2+5>

Therefore, as Wi’pll(l“) — L(T) with 4 < ¢ <4 and Au € L*(I'), the mapping

(L,p) = (L, ) - /auT Pr + 2/Au @ for pEVI(Q) (2.56)

[VO' T( )]/XVO'T

defines an element in the dual space of V*1(Q) with s; = min {p;, p}. Now from the inf-sup
condition (2.51]) and using Theorem [2.5.1] there exists a unique v € V*1(€2) such that

Vo € V() , /curl v-curl ¢ = (L, LP)[VSll(Q)]’xVSll @ (2.57)
Q

We will show that curl v = curl u. For that first we extend (2.57)) to any test function
p < ‘/O'T(Q) Since qu e V2(Q) = V, ), using ([2.55]) we get

<L,€qu> = <£,/Vvqu> — /ozu,. : (AV/qJT)T + 2/Au : quT
r r
= /curl u - curl %qJT =0

Hence, for any ¢ € V.S/%(Q), we set @ = — X (p - n, 1>2j %qu which implies
j

(L. @) = (L.@) + S (p-n. 1)y, (L.Vq]) = (L. @)
and also @ € V*1(Q). Therefore (2.57) yields,

/curlv-curlcp:/curlv~curl4,5:<L,<,5>:<L,<p>.
0

So finally, we get that v € V;1(Q) satisfies

Ve € V:,s/;(Q), /curl v-curl ¢ = (L, ). (2.58)
0

Now as V2 (Q) — V}S/%(Q), we deduce from (2.55)) that

Ve € VU%T(Q), /curl v-curl ¢ = /curl u - curl ¢ (2.59)
0 )
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Chapter 2. Stokes and Navier-Stokes equations with Navier boundary condition

which gives,
curlu =curlv in Q. (2.60)

Therefore, as u € L%(Q) — L*(Q),curl u € L*(Q),divu =0in Q and u-n = 0 on
I'; from Proposition [2.3.2] we deduce w € Ws1(Q). If s; = p, the proof is complete.

Otherwise, s; = p; and we proceed to the next step.

274 Step: Now w € W1 (Q) implies u, € L™(T) where = = 2%1—% (since p; < 3). Then

au, € L#(T) where L = L 4 ;1 But, L#(') W 2"(T) with p, = 3, > p ie.
Lozl b1y 1) =2 (2 14 1) So WD) < Le(T) with m/ < ¢} and
Au € L™(T") and hence the mapping L in ([2.56|) where now (£, ) is the duality between
[ gsé(Q)]’ and V}S/%(Q), defines an element in the dual of V*(Q) with s, = min {p,, p}.
Therefore, as in the previous step, there exists a unique v € V*2(€2) such that holds
for any ¢ € V}sl%(Q) and then . Thus we get, uw € LP1(Q)) — L*2(Q),curl u €
L2(Q),divu =0in Q and w-n = 0 on [ which gives u € W52(Q). If s, = p, we are
done. Otherwise, sy = py and we proceed next.

(k+1)*" Step: Proceeding similarly, we get u € V25+1(Q) with ﬁ =2 (@ — & i)
(where in each step, we assumed that p, < 3) which also satisfies

VgoEVgZ,)/?“(Q), /curlu-curlgo:(E,cp)—/auT-goT+2/Au-<p.
Q r r

Now choose k = [£ — 3] + 1 such that pyy; > 3 > p (where [a] stands for the greatest
integer less than or equal to a). Hence u € WP(Q). ie. for 2 < p < 3, there exists
a unique u € V2 () such that for any ¢ € Vap;(Q), we have 1} where the duality

bracket (£, 90>[V£T(Q)]’XV£T(Q) is replaced by (£, 90>[V£’T(Q)}/xvgj;(9)'

(ii) p > 3 : From the previous case, we have that u € W'3(Q) which implies u, € L*(T)
for all s € (1,00). Now a € L37%(T) gives au, € LI(T") where % =14 %plﬂ. Choosing
s > 1 suitably, we can get ¢ = 2p and hence L9(T) — W_%’p(l“). Since W%’p/(F) — LY(T)
with ' < ¢’ and Au € L*(T"), the mapping L in (2.56) defines an element in the dual of
V2 (Q). So there exists a unique v € V() such that ‘D holds for any ¢ € Vap;(Q)

and thus (2.60). Therefore we obtain similarly w € W'#(Q). Hence, u € V() solves
the problem ([2.53)) for all 2 <p < oo .

Finally consider the operator A € L(V?.(R), (VZ.(€))'), associated to the bilinear form
a in (2.52), defined as (A&, ¢) = a(&, ¢) . As proved above, for p > 2, the operator A is an
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2.5.1. General solution in WhP(Q)

isomorphism from V() to (V.(€2))". Then the adjoint operator, which is equal to A is
an isomorphism from VUP'T(Q) to (V2,(Q))" for p" < 2. This means that the operator A is

an isomorphism for p < 2 also, which ends the proof. |

As a consequence, the above theorem yields the next important inf-sup condition.

Proposition 2.5.4. For all p € (1,00) and o € L'P(T), there erists a constant v =
v(2,p, ) > 0 such that

2 [oDu:De+ [rour - er

inf sup > 7. (2.61)
PEVEL(Q) ueVE (Q) ||U||V§,(Q) ||<P||V;’T(Q)
@#0 u#0 ]

Also for any £ € [VF(Q)]', the unique solution w € V2.(Q) of the variational problem:
Ve e V@), 2[DuiDe+ [aur-or= (L)
Q r
given by Theorem |2.5.5, satisfies the following estimate:
1
lulwe) < 21l @ (262)

Remark 2.5.5. The inf-sup condition (2.61)) will be improved in Theorem [2.6.14] where
we obtain that the above continuity constant v does not depend on «.

Proof. Using the equivalence (i) and (ii) in Theorem we obtain the inf-sup condition
(2.61) from Theorem [2.5.3] The estimate (2.62) follows immediately from (2.61)). [ |

Finally Theorem enables us to obtain the existence of weak solution for the Stokes
problem for all 1 < p < oo.

Corollary 2.5.6 (Existence in W'?(Q)). Let p € (1,00) and
FfeL'™(Q),Felr(Q),he W ") and a € L'P(T).

Then the Stokes problem has a unique weak solution (w,m) € WP?(Q) x LE(Q) which

satisfies the estimate:
Jaalwistey + I7llsie) < O a,0) (I oy + Bl + 1Bl o ) (263

Remark 2.5.7. The existence of u € W'?(Q) and corresponding estimate as above can
be deduced directly using the regularity result in |11, Theorem 3.7] taking awu, as the
source term in the right hand side, but only for p > 2. We need Theorem to obtain
the existence of solution for p < 2.
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Chapter 2. Stokes and Navier-Stokes equations with Navier boundary condition

Proof. Let consider

(£9)= [0~ [F: Ve (h o) forall g€ VI Q)
Q Q

Clearly £ € [V?_(Q)]'. Then Theorem yields the existence of a unique u € V (£2)
which satisfies the variational formulation (2.17]).

The estimate (2.63)) follows from (2.62)) and

180y < € (1l mrioney + [Fllocay + Bl -p )
[ |

Remark 2.5.8. i) All the previous and following results where we have assumed f €
L™®(Q) hold true also for £ € [H{"®"¥'(div, Q)] which is clear from the characterization
of the space in Proposition [2.3.1]

ii) We also want to emphasize that in this work, our assumption on « is quite steep. We

1
need this regularity in order to ensure that au, € W~ a(T") for some ¢ so that eventually
we can use our tools. But we will see later (Subsection [2.7.4) that we may suppose « less

regular in some cases.

iii) Note that in the case a = 0, we are considering here more general Stokes problem
than in [11]. But all the existence results (and the corresponding estimates) hold for that

as well.

2.5.2  Strong solution in W%P((2)

Concerning the existence of a strong solution, we prove the following regularity result.

Theorem 2.5.9 (Existence in W?2?(Q)). Let p € (1,00). Then, for
feLl(Q),he W »P(T) and o € W' 09(I)

with q > % ifp < % and q = p otherwise, the weak solution (u,m) of the Stokes problem
with F = 0, given by Comlla,ry belongs to WP(Q) x WHP(Q) which also satisfies
the estimate:

Jullwesio + Imlhwioe) < O a,p) (I + Bl gy )

Proof. The proof is done essentially using the existence of weak solution and bootstrap
argument. Clearly, the data f,h and « satisfy the hypothesis of Corollary [2.5.6, Hence
there exists a unique solution (u,m) € WP(Q) x L§(Q) of (9.
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2.5.2. Strong solution in W?2P(2)

(i) 1 < p < 3: We also have the following embeddings:
1 3
3te

L7(Q) < L'@(Q), W 3P(T) < W #9(T) and W 3+ 2 (T') < L2<(T") where ¢ =

2
p*ie. £ =12 with ¢ € (3,3] which show that (u,7) € W(Q) x LI(Q) again

q p
using Corollary 2.5.6, Now u € W4(Q) — L7 (Q) and Vu € LY(Q). Also as a €
13
W g ('), we can consider o € Wh2+¢(Q), using the lift operator. Hence from

Sobolev inequality & € LG9 (Q) and Va € L3T(Q). All these implies, for all i,j =
1,2,3,

ou; 1 1 1 1
ast € L"(§) where — = 3 — -+ -
83@- a1 5 +e 3 q
and
0 1 1 1
—aui € L%2(Q2) where — = 5 +—.
Oz, @ 5+e g
But ¢; = ¢» > p and thus 2 (aw;) = 2%u; + 2% € LP(Q2). This implies au € W(Q) or
J J J

in other words au, € W' 57 (I'). Therefore the (general) regularity result as |11, Theorem
4.1] gives (u, ) € W2P(Q) x WP(Q). Note that it is possible to prove the strong existence
result [11, Theorem 4.1] only for C'"' domain since the problem takes the form of
an uniformly elliptic operator with complementing boundary conditions in the sense of
Agmon-Douglis-Nirenberg [4].

(ii) p > 2: First we assume p < 3. We have u € W23 (Q) — L*(Q) for all s € (1,00)

and Vu € ng(Q) — L3(Q). Also, since a € Wl_%’p(l“), we can consider a € WHP(§).
Then o € LP" (Q) and Va € LP(Q). Therefore for all 4,5 = 1,2, 3,

0 1 1 1
—aui € L2(Q)) where — = -+ —
Oz, @2 p s
and
ou; 1 1 1 1
as” € LB(Q) where —=—+-=—.
Oz; g p 3 p

Clearly, g2 < q3 and then %(aui) € L%2(Q) where g5 € (%,p). That implies au € W12 (Q)
and hence au, € Wl_é’qZ(F). So again by the regularity result, we have u € W2%(Q)
where ¢, € (%,p).
Now u € W2%(Q) — L*(Q) and Vu € WhH2(Q) — L%(Q). So for all i,j = 1,2,3,
O ou; 1 1 1 1 2

1
—u; € LP(QQ) and «o € L®(Q)) where — = —+ —=—+ — — —.
O ) Ox; (©) @ PG p @ 3

As g1 > p, 52 (aw;) € LP() which implies au € W'P(Q) and thus au, € Wl_%’p(f‘).
Therefore the regularity result as [11, Theorem 4.1] gives (u,7) € W2P(Q) x WHP(Q).

The case for p > 3 follows exactly in the same way. [ ]
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Chapter 2. Stokes and Navier-Stokes equations with Navier boundary condition

More generally, we have the following regularity result.

Theorem 2.5.10 (Existence in W™?(Q)). Let m > 3. Assume 2 is of class C" ' and
p € (1,00). Moreover, let

FfeWm™2r(Q), he W" " #?() and a € W™ "#2(T).

Then the weak solution (w,m) of the problem @ with F = 0, given by Corollary
belongs to W™P(Q) x Wm=1p(Q).

Proof. For ease of understanding, here we proof only the case m = 3. For m > 3, the proof

is exactly similar.

First assume p < 3. Also we assume that o € W2P(Q). As WIP(Q) — LP'(Q), we
obtain u € WP (Q) from strong regularity result in Theorem . Note that p* > %,
so u € L*(Q). Now Va € WhP(Q) gives g—;ui € Whr(Q). Also as a € WP (Q) and
Vu € W (Q), we get 0437“; e Wl?(Q). Thus %(aui) = %ui - 0437“; e Wtr(Q)
shows au € W2P(Q) which implies au, € W2 P (I'). So from the regularity result as
[11, Theorem 4.1], we deduce (u,7) € W3P(Q) x W?P(Q). As we have pointed out in the
last theorem, it is possible to prove the existence result [11, Theorem 4.1] only for C!

domain.

For p > 3, the result follows from bootstrap argument. [ |

2.6 Estimates

2.6.1 First estimates

We can deduce estimates giving precise dependence of the weak solution of on the
friction coefficient « in some particular cases, which is better than (2.63). Note that the
following result is not optimal with respect to o and will be improved in Theorem [2.6.11]

Proposition 2.6.1. Let p > 2. With the same assumptions on f,F, h and o as in Corol-
lary[2.5.6, the weak solution (u, ) € WP(Q)x LE(Q) of problem (8)) satisfies the following
bounds:

a) if Q is not axisymmetric, then

Jullwrsi + v < Cp) (L+ laliZion) (1@ + [Flsio + IRl 4o )
(2.64)

b) if Q is axisymmetric and
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2.6.1. First estimates

(i) @ > a, >0 on T, then

C(%,p)
lellwsen+ 17l o) < 7 (Lol (1 e + IFs + Wil - )

min{2, «,

(i) f,F and h satisfy the condition:
/f-ﬂ—/IF:VﬂJr(h,ﬂ)F:O
) )
then,
Jellwroien + e < CC.p) (14 lalorey) (1o + IFln + Wl -4, )

Proof. We only prove ([2.64) since the other inequalities follow in the same way. Assume
that €0 is not axisymmetric.

(i) 2 < p < 3: As in Lemma [2.3.8 au, € L(T") with % = % -1+ Qie < % and

LYT) — W_%’p(F). Therefore, au, € W_%’p(F). But from the relation,

L'T) — W»"I) < H ()

compact continuous

we have for any § > 0, there exists a constant C'(§) with C(§) — oo as 6 — 0 such that

]l

Choosing v = au, in (2.65) and using Holder inequality and trace theorem, we get

wbrpy < 0 Iollzae) +C0O) vl

q
o VveLin). (2.65)

loawrlly 10 < 0 llarrllzo) + C0) llarr]l gasr)
< 0 [l paery wllwro@) + C(0) (ol 2y l[wll a1 () -

Now the generalized regularity result as [11, Corollary 3.8] yields
wllwie@) + 7]l L2
< C (I + Wiy + Bl + ol o )

< C (Il + IFllwe + 1R, o ) + Slallzosellulwroe

()
+ C(O) el L2y llwll 1 ()

Choosing & > 0 such that 1 — 6C||a|| p2+r) = 3, we obtain

[ellwrr@) + [17ll2z @)
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Chapter 2. Stokes and Navier-Stokes equations with Navier boundary condition

< C <||f||Lr(p)(Q) + ||F||Lp(g) + ||h||W;),p(F)> +C ||a||L2(r)||a||L2+e(r)||u||H1(Q)

< O+ ol (Iflzw@ + [l + 1l 40 )

(ii) p > 3: The analysis is exactly similar to the previous case. [ |

Remark 2.6.2. We can also extend the above estimates of Proposition for p < 2 by
duality argument in the same way as in Proposition [2.6.10] and Proposition [2.6.12

2.6.2 Second estimates

In this subsection we prove one of the main result of this chapter. We improve the estimates
in Proposition with respect to « and for all p € (1, c0).

First we discuss the estimate for p > 2 with f = 0 and h = 0, similar to (2.31)) or
©2.32).

Theorem 2.6.3 (Estimates in W'?(Q),p > 2 for RHS F). Let p > 2, F € L?(Q)
and a € L'P(T). Then the weak solution u € W'P(Q) of (@ with f = 0 and h = 0
satisfies the following estimates:

(i) if Q is not axisymmetric, then

[ellwir@) < Co(2) [FlLr) (2.66)
(it) if Q0 is axisymmetric and o > o, > 0, then
[ullwrr@) < Cp(2, o) [|F|Leo)- (2.67)
The proof of the above theorem uses the weak Reverse Holder inequality and is similar
to the result done for the Laplace-Robin problem in [10]. Since € is C'!, there exists some

ro > 0 such that for any zo € I, there exists a coordinate system (z’, x3) which is isometric
to the usual coordinate system and a C'! function 1 : R? — R so that

B(zo,70) NQ = {(2',23) € B(xo,70) : 3 > ¥(2')}
and

B(xo,r0) NT = {(2', 23) € B(wg,10) : 23 = () }.

In some places, we may write B instead of B(xzg,r) where there is no ambiguity and
aB = B(xg,ar) for a > 0. Also for any integrable function f on a domain w, we use the
usual notation to denote the average of it by

ol
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2.6.2. Second estimates

We require some further results to complete the proof of Theorem [2.6.3. The following
lemma is proved in [55, Lemma 0.5].

Lemma 2.6.4. Let f, g, h be non-negative functions in L'(Qq) where Qq is a cube in R™,
Qr(zo) is a cube centered at xo with sides 2R and let § € RT. There exists dg such that if
for some § < &y, the following inequality

[ r<cw|r? [ g+ [ w45 [ g
Qr(z0) Q2r(z0) Q2r(%0) Q2r(z0)
holds for all xo € Qo and R < %d(xo, 0Qy), then there exists a constant C > 0 such that
/fgCR—ﬁ / g+ / h
Qr(zo) Q2r(z0) Q2r(z0)

for all xy € Qg and all R < %d(l’g, 0Q).

Next we deduce the Caccioppoli inequality for Stokes problem, up to the boundary.

Lemma 2.6.5 (Caccioppoli inequality). Let (u, ) € V2 (Q)x L*(Q) be a weak solution
of the problem

Q/Du:]D)cp—i—/auT-goT—/wdivcp:—/IF:ch Ve € HYQ). (2.68)
) r ) 9)

Then there exists a constant C > 0, independent of o such that for all xg € Q and

0<r <73, we have

/|Vu\2gc(:2 / u? + / |F|2). (2.69)

BN 2BNS2 2BNQ

Proof. We will use the identity several times that for any ’smooth enough’ v and any
symmetric matrix M, [ Dv: M = [ Vo : M. In particular, for any ’smooth enough’ v, ¢,

/]D)v:]D)go:/Vv:]D)go.
i) Pressure estimate: Let my = f,5-q 7. From [55 1. Corollary 1.6, Part II], we get

|7 — 7TOHL2(2BHQ) < C|V(r - 7TO)HHO—1(2BmQ) = CH”HH&(QBMQ)
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where v € H} (2B N Q) is the weak solution of

/ Vv : Ve = / (m — mp)div ¢ Yo € H (2B N Q).
2BNQ 2BNQ

Note that the above constant C' depends only on €, not on r (cf. [55, comment before
Remark 1.7, Part II]). But from ({2.68)), we obtain (extending ¢ by 0 outside 2B N, we
may consider ¢ € H}(Q) and replacing m by m — 7, since m — 7y also satisfies )

/V'v:ch:2/]Du:]Dgo+/auT-cpT+/IF:V<p Vo € Hy(2BN Q).
QO r o)

2BNQ

Now putting ¢ = v yields
|17 — 70|l L2280y < C() (HVUHL2(2BOQ) + HFHL?@BM)) : (2.70)
ii) Caccioppoli inequality: Consider a cut-off unction n € C2°(2B) such that
0<n<1, n=1 onB and |V77|§S in 2B. (2.71)
Now choosing ¢ = n?u in (2.68)), we have,

2 / Du : D(52u) + / an?|u.|? — / (7 — 7o) div(n?u) = — / F: V(i)

2BNQ 2BNI° 2BNQ 2BNQ

which gives, using the fact that div « = 0 in €,

> [ wmul+ [ anluf

2BNQ 2BMT
=—4 / Du : nVnu + 2 / (m — mo)nVnu — / F:n*Vu — 2 / F:nVnu
2BMQ 2BnQ 2BnQ 2BMQ

where Vnu is the matrix Vn ® u. Next using Young’s inequality on the RHS yields,

2 [ wul+ [ anluf?

2BNQ 2BNI’
< ¢ [ PuP+c [ wPviPee [ onflr-ml o [ VPl
2BNS) 2BNQ 2BNS2 2BNQ)

te [ pivuPrc [ EEve [ oRFReC [ onPlul

2BNQ2 2BNQ 2BNQ2 2BNQ

Upon choosing € > 0 suitably and using the properties (2.71)) and that o > 0, we get then

C
/|Du|2gr—2 / uf? + e / I — o2+ e / Vul? + C / 72

BNQ 2BNQ) 2BNQ) 2BNS2 2BNS)
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where the constant C' > 0 is independent of a. Now plugging the pressure estimate ([2.70))

/]Du\zgg / lu|? +¢ / Vu|> +C / |F|2.

BN 2BNQ 2BNQ 2BNQ

gives,

Next adding the term [ |u|? in both sides, choosing r < 1 (as € is bounded, we can do
s0) hence % > 1 and using Korn inequality, we obtain

I
[ 1VuP < uli e < C@) (TQ [ e | \F|2>+g [ Ivul?

BNQ 2BNSQ2 2BNQ 2BNQ2

Therefore, using Lemma with § = 2, we achieve the desired inequality (2.69). [ |

We state the following boundary Hoélder estimate:

Proposition 2.6.6. Let p > 1 and v € (0,1). Suppose that

—Av+Vz=0, dive=0 in B(xg,r)NQ
v-n=0, av,+2[(Dv)n],=0 on B(zg,r)NT

for some xg €T and 0 < r < rg, Then for any x,y € B(xo,7/2) NQ,

1/2

ORI o= I 2.7

r

where C' > 0 depends only on 2, but independent of c.

Proof. 1t can be shown in the exact same way as done in [55, Theorem 2.8 (a), Part II],
since we have the corresponding Caccioppoli inequality (2.69)) as in [55, Theorem 2.2, Part
11]. |

Lemma 2.6.7 (weak reverse Holder inequality). Let p > 2. Then for any B(xo,r)
with the property that 0 < r < %2 and either B(xo,2r) C Q or xo € I', the following weak
Reverse Hélder inequality holds:

(i) if B(xo,2r) C Q,
1/p 1/2

][ vul| <c ][ Vu? (2.73)

B(zo,r) B(zo,2r)
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whenever v € H'(B(x,2r)) satisfies Lo = 0 in B(z,2r).
(i) if v €T,
1/p 1/2
][ vuP| <c ][ IVl + |ul? (2.74)

B(zo,r)NQ B(z0,2r)NQ

whenever uw € H(B(xg,2r) N Q) satisfies

—Au+Vr=0, divu=0 in B(zg,2r)NQ
u-n=0, ou+2[(Du)nl,=0 on B(zy2r)NI (ifz,el).

The constant C' > 0 at most depends on € and p.

Proof. case(i) : B(xo,2r) C Q.
The weak reverse Holder inequality (2.73) holds for any p > 2, by the following interior
estimates for Stokes operator |65, Theorem 2.7 (a)]:

1/2

sup |Vu|<C ][ |Vul?
B(zo,r)

B(zo,2r)

case(ii) : g €T,
From the interior gradient estimate for Stokes problem, we can write (eg. see [65, Theorem
2.7, 3))

1/2
C
< - 2
Vu@ls s f T
B(z,c6(x))
Now for fixed y € B(x,2c¢i(z)), let v(x) = u(z) — u(y). Then —Av +Vz =0, dive =0
in B(z,2c¢d(x)) and thus we may write from the above argument,

1/2
g :
Vel <ss| f el

B(z,c(x))
which gives, along with the boundary Holder estimate (2.72)),

1/2

[u(z) — u(y)[*dz

1/2

| [ ) - uly)ia

B(z,cé(x))
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2.6.2. Second estimates

A

| B(z,2¢(x))

1/2 1/2

C 1
=1l I SN ) I I N ERRVIRE
5(;5) +3 rY

B(z0,2r)NQ B(z,2¢6(x))

Since v € (0, 1) is arbitrary, we thus have,
1/2
r\’ 2 2
V(@) <Cy (s f Ul
o(x)
B(z0,2r)NQ
Finally it yields choosing v so that py < 1,
1/p 1/2
vup | <G| VuP o fup
B(zo,r)NQ B(zo,2r)NQ

This completes the proof. |

With the following abstract lemma which is proved in [51, Theorem 2.2], we are now
in a position to prove Theorem [2.6.3]

Lemma 2.6.8. Let Q2 be a bounded Lipschitz domain in R® and p > 2. Let G € L*(Q)
and f € Li(Q) for some 2 < q < p. Suppose that for each ball B with the property that
|B| < 5| and either 2B C Q or B centers on I, there exist two integrable functions Gp
and Rg on 2B N Q) such that |G| < |Gg|+ |Rg| on 2B N Q and

1/2

1/p 1/2
( ][ !RBV”) <G f G? +Bsgg,( ][ !f!Q) (2.75)

2BNSQ yBNQ
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and

1/2 1/2
( y[ !GBIQ) < Cy sup (B][ \f!Q) (2.76)
2BNQ BCB 'nOQ

where C1,Cy >0 and 0 < f <1 <. Then we have,

(s]z[‘mq) " <C (gﬁelz) " + (g]zlmq) " (2.77)

where C > 0 depends only on Cy,Co,n,p,q, 5,7~ and ).

Proof of Theorem [2.6.5. Given any ball B with either 2B C Q or B centers on I, let
¢ € C*(8B) is a cut-off function such that 0 < ¢ <1 and

1 on4B

gp =
0 outside 8B

and we decompose (u, ) = (v, 7)) + (w, ) where (v, ), (w, m) satisfy

—Av + Vm =div (pF), diveo =0 in (2.78)
v-n=0, 2[Dv)n|_ +av;=—[(¢F)n|, onT '
and
—Aw + Vrmy =div (1 — p)F), divw =0 in (2.79)
w-n=0, 2[Dw)n] +ocw,=-[((1-¢)F)n|, onT. '
Multiplying (2.78)) by v and integrating by parts, we get,
/|Vv|2 +/a|vf|2 - —/@F . Vo
0 r 0
which gives
I90lle@) < IeFllsio. (250

(i) First we consider the case 4B C Q. We want to apply Lemma with G =
|IVul|,Gg = |Vv| and R = |Vw]|. It is easy to see that

G| < |G|+ |Rp.
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Now we verify (2.75) and (2.76)). For that, using (2.80]) we get,

1 1 1 1
— G2:7/ 2<7/ 2<7/ F|?
yzB|/| 2l =5 | VS Ggaa ) VP S gpag ) 19
2B 2B Q Q

Q) 2

< F

=~ 8BNQ / [F]
8BNS

where in the last inequality, we used that |8B N Q| < |Q]. This gives the estimate (2.76]).

Next, from ([2.79)), we observe that —Aw + V7, = 0, divw = 0 in 4B. Hence, by the
weak reverse Hélder inequality in Lemma [2.6.7] (using 2B instead of B), we have

1/p
( frw) < G(Q) ( / |Vw|2)

which implies together with ([2.80)),

1/p 1/2 r 1/2 1/2
(f\RBrp) scpm)(ﬁwﬁ) < G(9) (fIVuF) +<f|w2)

1/2

2B 4B 4B 4B
1/2 1/2
< G,(®) |G|2) +( v W) .

4B 8BNS

This gives (2.75). So from ({2.77)), it follows that

(g[lvurz) Ha <0, (Q) ((JZ[WUIQ) 12 ) ( ][mq) »

Q

for any 2 < ¢ < p where C,(€2) > 0 does not depend on «a.

Because of the self-improving property of the weak Reverse Holder condition ([2.73]),
the above estimate holds for any ¢ € (2, p) for some p > p also and in particular, for ¢ = p,

which along with the L*-estimate (2.31)) implies (2.66]).

(i) Next consider B centers on I'. We apply again Lemma with G = |Vul|,Gp =
|\Vo| and Rp = |Vw|, which yields |G| < |Gg|+ |Rp| and (2.76|) as before. Also now w

satisfies the problem

—Aw+Vmy,=0, divw=0 1in 4BNQ
w-n=0, aow,+2[(Dw)n|,=0 ondBNT.
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So by the weak reverse Holder inequality in Lemma and the estimate (2.80]), we obtain
(2.75)) as in the previous case. Thus (2.77) yields,

(fre) =cum|(fre) ()

for any 2 < ¢ < p. This completes the proof together with the L*-estimate (2.32)). |

1/q

The next proposition will be used to study the complete Stokes problem . We will
improve the following result in Proposition [2.6.12| where we consider data less regular.

Proposition 2.6.9 (Estimates in W1?(Q),p > 2 for RHS f). Letp > 2, f € L?(Q)
and o € L'P(T). Then the unique weak solution (u,7) € W'P(Q) x LE(Q) of () with
F =0 and h = 0, satisfies the following estimates:

(i) if Q) is not axisymmetric, then

[ullwir@) + |7l r@) < Cp(2) [ £z (2.81)
(it) if Q0 is axisymmetric and o > o, > 0, then

lullwir@) +7llore) < Co(2 a) [ £llzr@)- (2.82)

Proof. The result follows using the same argument as in Theorem [2.6.3 and hence we do
not repeat it. Note that as 7 € L{(Q),

I7l|zo@) < ClIVAllw-100) < C (Ilullwis@ + [ Fllw-1o@) < Cllfllre).  (2.83)
|

Proposition 2.6.10 (Estimates in W'?(Q) for RHS F). Let p € (1,00), F € L?(Q)
and o € L'®)(T). Then the weak solution (u, ) € WHP(Q) x LE(Q) of (@ with f =0 and
h = 0 satisfies the following estimates:

(i) if Q is not axisymmetric, then

[ullwrr@) + 7llLe@) < Co(Q) [|F|lLe@) (2.84)
(ii) if Q is axisymmetric and o > o, > 0, then

[ullwir) +I7llzr@) < Cop(2, 0u) [[Flero)- (2.85)
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2.6.2. Second estimates

Proof. For p > 2, the estimates (2.84) and (2.85)) are proved in Theorem Now

suppose that 1 < p < 2. We prove it in two steps. Also without loss of generality, we

consider €2 is not axisymmetric.

(i) We first show that
[Vullzr@) < CoOIFlr. (2.5
For that, we write

-G
[Vullpe = sup oYl (287

0£GEL (Q) ||G||]LP’(Q) '
Now, for any matrix G € (D())*3, let (v,7) € W (Q) x LI () be the solution of

—Av+Var=divG, dive=0 in Q
v-n=0, [2Dv+G)n|]_ +av,=0 onl.

Since p’ > 2, from Theorem [2.6.3], we have

||'U||WLP’(Q) < CP(Q)“GH]LP’(Q)'

Also if w € WP(Q) is the solution of with f = 0, h = 0, using the weak formulation
of the problems satisfied by u and v, we obtain

—/IF:Vv:2/]Du:]Dv+/auT-vT:—/G:V'u,
Q Q r Q

which gives,
I/G V| < [Fllu @) [Vl o) < Co(@IF e @ Gl o)
Q
and hence ([2.86) follows from ([2.87)).
(i) Next we prove that
[ellze @) < Cp(DIF[|Lr(e)- (2.88)
For that, we write similarly

Jou-p
|ullgr) = sup Hou- ¢l (2.89)

0£peLr (Q) H‘PHLP’(Q) '
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From Proposition [2.6.9] we get for any ¢ € L¥ (), the unique solution (w, 7) € W' (Q) x
LY (Q) of the problem

—Aw+Vi=¢, divw=0 in
(2.90)
w-n=0, 2[(Dw)n| +aoaw,=0 onl
satisfies
[wllwrr ) < Co(Q) ]l L 0 (2.91)

Therefore using the weak formulation of the problems satisfied by w and w, we get,
/u-cp:/u-(—Aw—i-VfT):2/ID)u:]D)w—2/u-(]D)w)n
) 9) ) r
:2/Du:]D)w—|—/auT-wT:—/]F:V'w
) r Q

which implies (2.88)) from the relation (2.89)), along with (2.91]).

The bound on pressure follows as in the previous proposition. This completes proof. B
Now we study the complete problem .
Theorem 2.6.11 (Complete estimates in WP(Q)). Let p € (1,00) and
feL'™Q),Fecl?(Q),he W »(I),ac L'P)).

Then the weak solution (u,m) € WP(Q) x LE(Q) of () satisfies the following estimates:
(i) if Q is not axisymmetric, then

el oy + elley < Col@ (1F Loy + ¥y + Wl g ) (292
(ii) if Q is axisymmetric and o > o, > 0, then
Jalwistey + Imllsie) < Cpl62,ae) (I1F ooy + Fllsy + [Bllyy gy, ) - (2:93)
To prove the above theorem, we also need the following proposition:

Proposition 2.6.12 (Estimates in W1?(Q) with RHS f and h). Let p € (1,00) and

feL'Q),heW »(T),ac L'®T).
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Then the weak solution (u,m) € WP(Q) x LE(Q) of () with F = 0 satisfies the following

estimates:
(i) if Q is not axisymmetric, then

sy + imlzo@) < o) (IF oo + 10l o) (299
(ii) if Q is axisymmetric and o > o, > 0, then
Jullwrsioy + s < Co(€00) (o + IRl ) - (2:95)

Proof. Without loss of generality, we only consider the case () is not axisymmetric. The
proof is similar to that of Proposition with obvious modification.
(i) To show

[Vullzr@ < (@) (1l + 1Al (296)

we write

: G

|Vu||gr@) =  sup M (2.97)
0£GeLP (Q) ||G||]LP’(Q)

For any matrix G € (D(Q))3*3, let (v, 7) € WP (Q) x L (Q) be the solution of

—Av+Var=divG, dive=0 in Q
v-n=0, [2Dv+G)n|] +av,=0 onl.

which satisfies estimate (by Proposition [2.6.10))
[ollwi ) < Co(DNGIlLr (@)

Also, if (u, ) € WP(Q) x LE() is a solution of (S)) with F = 0, from the weak formulation
of the problems satisfied by w and v, we get

—/G:V’u,:2/]D)'u,:Dv—l—/auf~vf:/f-v+(h,v>r.
Q 0 r Q

This implies, together with the embedding W'#'(Q) «— LU®)(Q) for all p € (1,00)
(follows from the definition of r(p)),

|65 ul < Iflmmlelsoor@ + 1Ly o 100y 4,
Q

< G @ (I oy + I8l ) 1ol
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Therefore, (2.96) follows from ([2.97)).
(ii) Next we prove the following bound as done in (12.88)):

Julzr@ < Eo() (If e + 1Al ) (299

except that we do not need to assume p < 2 here as in (2.88)). Having

u.
lullp = sup 2@l (2.99)

0#£peL? () ||90HLP/(Q) ’

there exists a unique (w,#) € W (Q) x L% () of the problem 1) for any ¢ € LP' ()
satisfying the estimate (2.91)) (For p < 2, the estimate (2.91)) can be proved by the exact
same argument as in Proposition [2.6.10f). Thus we can write,

/u-c,o:/u-(—Aw—l—V%):2/]DDu:]D)w—l—/ozuT~w,:/f-'w—l—(h,,w)F
) o) o) r )
which yields ([2.98) as before. For the pressure estimate, we proceed as in ([2.83)). [

Proof of Theorem 2.6.11 Let u; € W'?(Q) be the weak solution of

—Au; + Vr =divF, divu; =0 in Q
u-n=0, [2Du;+F)n| +au;,=0 onl.

given by Proposition [2.6.10[ and uy € W1P(Q) be the weak solution of

—Aus+Vmy=f, divuy =0 in
uy-n =0, 2[(Duy)n]_+aouyy =h onl.

given by Proposition [2.6.12l Then (u,7) = (uy,m) + (w2, m2) and is the solution of the
problem (S)) which also satisfies the estimate (2.92)) and (2.93). |

Remark 2.6.13. Note that it is also possible to deduce uniform estimate in the
case when (2 is axisymmetric, « is a constant with no strict positive lower bound «, and
the condition is satisfied. Indeed, we may use the L? estimate in (??) and
carry forward all consequent results.

In the next result, we improve the dependence of the continuity constant + of the inf-sup
condition (2.61)) on the parameters and show that it is actually independent of a.
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Theorem 2.6.14. Let p € (1,00) and o € L'P)(T'). We have the following inf-sup condi-

tion:
2 [oDu:D o Pr
inf sup 2 JoDu: D + fratr - | >~v(Q,p) (2.100)
o T =
@#0

when either (i) Q0 is not azisymmetric or (ii) 2 is axisymmetric and o > a, > 0.

Proof. It follows the same proof as in Proposition 2.6.12| Indeed, let u € V2 (Q2) and
u # 0. Then by Korn inequality, ||u|lwir@) = [|u| zr@) + [|Du| Le @)

1. We first write
Du: G Du:G
|Dw|/fr) =  sup M(ZG‘ = sup US?G| (2.101)
0£GELP (Q) H H]LP'(Q) 0£GeL? () H HILP’(Q)
where L' (Q) is the space of all symmetric matrices in L' (€2). For the last equality, note
that, for any matrix G, it can be decomposed as G = (G + G”) + (G — G”) and
Du : (G — G”) = 0. Therefore, denoting K = (G + G%), we have K € L () and
1Kl ) < 2[|Gllpm (o) which shows that
|JoDu : G| |JoDu : K]

sup < sup :
0#£GeLP (Q) HGHLP’ Q) 0£KeLE () ”KHILP’ Q)

And the reverse inequality in the above relation is obvious.
Now for any G € L¥ (), let (o, 7) € W (Q) x LE (€2) be the unique solution of
—Ap+ V7 =divG, di =0 in
L Ve (2.102)
p-n=0, [2Dp+G)n|_ +ap,=0 onl.

Since we have either (i) €2 is not axisymmetric or (ii) € is axisymmetric and o > «a, > 0,
the solution also satisfies estimate (by Proposition [2.6.10)),

lellwrr ) < CoNG Ly q)- (2.103)
Also taking u as a test function in the weak formulation of (2.102), we obtain
2/Dgo:]D)u—|—/agoT-uT:—/G:Vu:—/G:]D)u (2.104)
Q r o) Q

where in the last equality, we used G is symmetric. Thus, from (2.101]), combining ([2.103))
and (2.104)), we get

2 [Du:D o,
Dl r) < Cp(2)  sup 2 JoDu : Dy + [rau ¢|‘

<P€Vf;(ﬂ) ||SO||WLP’(Q)
%0
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2. Similarly as in (2.88)), to show
’2fQDu : ]D)‘P + fF alr - (PT|

lellze@) < Co(8) sup (2.105)
‘PEVf:-(Q) H‘PHWLP/(Q)
@#0
we write
Il =  sup 1ol 106

0£weLr (Q) |wl| £ Q) .

So for any w € L (Q), the unique solution (¢,7) € WL (Q) x L¥(Q) of the Stokes
problem

—Ap+Vi=w, divep=0 in O
v v (2.107)
¢-n=0, 2[(De)n] +ap,=0 onl
satisfies (by Proposition [2.6.9))
lllwis @) < Co(Q) 1wl Ly q). (2.108)
Therefore taking w as a test function in the weak formulation of (2.107)), we get,
2/D¢:Du+/a<p7-u72/u-'w
Q r Q
which yields (2.105]) from (2.106)) together with (2.108)).
Hence, the constant (£, p) is simply the inverse of C,(€2). [

Theorem 2.6.15. Let p > 2, « be a constant and f € L(Q2). Then the solution (u, ) €
W2P(Q) x WP(Q) of (9) with F =0 and h = 0 satisfies the following estimates:
(i) if Q is not axisymmetric, then

[ullwze@) + ITllwir) < Gp(Q) [[fllze@ (2.109)
(ii) if Q is axisymmetric and o > o, > 0, then
[ellwer@) + lI7llwir@) < Cp(Q ) [[Fllee @) (2.110)

Remark 2.6.16. If we consider the operator of the form div(A(z)V)u instead of Au in
the first equation of the system and continue all the corresponding estimates, we may
obtain the above W??-estimate for all p € (1,00) as done in Theorem m

Proof. The proof follows combining the H?-estimate and the W'P-estimate proved in

Theorem and Theorem [2.6.11| respectively. [ |
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2.7 Limiting cases

Our objective in this section is to study the limiting behaviour of the solution of when
the friction coefficient o goes to 0 and oo.

27.1 «tendsto0

Theorem 2.7.1. Let p € (1,00), § be not axisymmetric and (W, 7,) be the weak solution

of where
feL'W(Q)Felr(Q),he W »"T),ac L'P(T).

Then as o — 0 in L*®P)(T), we have the convergence,
(uavﬂ—a) — (’LL(),T('()) in Wl’p(Q) X Lg(Q)

where (ug, ™) is a solution of the following Stokes problem with Navier boundary condition
corresponding to o = 0,
—Aug+Vmy=f+divF, divuy=0 in Q,

(2.111)
uy-n=0, [2Duy+F)n|_=h on T.

Proof. Let a — 0 in L!*®(T"). That means there does not exist any a, > 0 such that
a > a, on I'. Now from the estimates and estimates (2.64), it is clear that (u,, m,)
is bounded in W'?(Q) x LE(Q) for all p € (1,00). Then there exists (ug, m9) € WHP(Q2) x
L5(€2) such that

(Ua, Ta) — (w9, ™) weakly in WP(Q) x LP(Q).

It can be easily shown that (wug, ) is the unique solution of the Stokes problem with

Navier boundary condition, corresponding to a = 0,

—A'U,O + VTFO = f + div F, div Uy = 0 in Q,

(2.112)
uy-n=0, [2Duo+F)n|_=h on T

Indeed, since (wq, ) is the solution of (), it satisfies the weak formulation ([2.17). Now
as in Lemma U, — ug in WHP(Q) implies

Uar — Ugr in L*(T)
where s satisfies (2.16) and because a — 0 in L*®)(T"),

0oy —= 0 in L™(D)

65



Chapter 2. Stokes and Navier-Stokes equations with Navier boundary condition

with m satisfies (2.15). Hence in the weak formulation (2.17), the boundary term in the
left hand side goes to 0. So finally, passing the limit, we deduce,

Ve VE(9), Q/DUO1D<P:/f'<P—/F1V‘P+<haSO>F'
Q Q Q

Now by taking difference between the system and the limiting system ([2.112]), we get,
—A(uy —ug) + V(1q —m) =0, div (uq —up) =0 in Q,
(Ug —up) - m=0, 2[D(u, —up)n| + a(u, —ug)r = —aug, on I'.

Once again using the estimates of Theorem and Proposition for the above system
and also using Holder inequality and trace theorem, we obtain

ltta = wollwisa + I = moll e

< C(Q) llavorll 0,
< C(Q) [ledll oo oy [ wol[wrrw ey -

Therefore, u, — uy and 7, — my both tend to zero in the same rate as a. |

Remark 2.7.2. We can prove also the above theorem for {2 axisymmetric and o constant,
provided the compatibility condition (2.33), with the help of the estimates (2.35) and
Remark [2.6.13] Indeed, to expect the limiting system to be (2.111f), we must assume the

compatibility condition since this is the necessary condition for the existence of a solution

of the system (2.111)).

2.7.2 « tends to oo

Next we study the behaviour of u, where « is a constant and grows to oc.
Theorem 2.7.3. Let p € (1,00) and (u,, m,) be the weak solution of where
feL'WQ)Fell(Q),he Wﬁi’p(lﬂ) and « constant.
i) Then as o — oo, we have the convergence,
(Ue, To) = (Uoo, Too)  in WHP(Q) x LE(Q)

where (Uso, Too) @ the unique solution of the Stokes problem with Dirichlet boundary con-
dition,

—AUug + Vo =f+divF in Q,

div us =0 in €, (2.113)

Uso =0 on T
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ii) Moreover, for p > 2, we obtain the strong convergence

(Ua, To) = (Uoo, o) in WIP(Q) x LE(Q).

Proof. As a — oo, we can consider a > 1.

i) From estimates (2.92) or (2.93)), we see that (u,, 7,) is bounded in W1P(Q) x L(Q),
hence there exists (Uso, Too) € WIP(Q) x LH(Q) such that

(Ue, To) = (Uoo, Too)  Weakly in WHP(Q) x LP(Q).
But we can also write the system as follows :
—Au, +Vr,=f+divF in Q
divu, =0 in Q (2.114)
Uy =+ (h—[(2Du, + F)n],) on T.
Passing limit in the above system as o — 0o, we obtain that (u., 7o) is the solution of
the Stokes problem with Dirichlet boundary condition ([2.113)).

Indeed, passing limit in the first two equations of (2.114]) is easy. And for the boundary

condition, since (4, 7,) is bounded in EP(2), by the Green formula (2.12)), 2[(Du,)n], is
bounded in W™ #»*(T"). Hence taking limit as « — oo in the boundary condition of (2.114)),

we obtain the boundary condition of (2.113).
ii) Now taking the difference between the systems and , we get
—A(Uy — Us) + V(To — Too) =0,  div (Uy —Us) =0 in Q
(Ug —U) =0, 2[D(us — us)n], + (g — Us)r = h —2[(Dus)n], on I'
Multiplying the above system by u, — 4. and integrating by parts yields,

2 [ 1D~ u) 4 o [ [t = uac)r? = (b = 2Dl e = )
Q r

AS Uy — Uy in H2(T) weakly and h — 2[(Dus)n], € H2(I'), this shows the strong
convergence of u, to U in H*()). And the strong convergence for the pressure term
follows from the following estimate

o — mocllzag@) < IV (0 — Toc) lr-1(0) < ClIA (20— 2000) | 11-1(0).

Next, for p > 2, as D(uy — Us) — 0 in L*(Q), D(u, — us) — 0 for almost every
x € ) up to a subsequence. Also using the uniform estimate in Theorem [2.6.11] for the

above system satisfied by w, — u.,, we can write

e = el < Col@)1h = 2[(Dus)mlell, p
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which shows that ||D(%, — Uoo)|lr) < C. Therefore, dominated convergence theorem
yields ||[D(tq — Uoo)||Lr() — 0. This completes the proof. |

2.7.3 « less regular

Theorem 2.7.4. Let
feL3(Q),Fel?Q),he H () and a € L5 (T).
Then the Stokes problem has a weak solution (w, ) in H(Q) x L*(Q).

Proof. Without loss of generality, we assume h = 0.

i) First let us consider €2 is not axisymmetric. Let aj € D(I') such that o, — a in
L3(T). Now if (uy, mp) € HY(Q) x L3(92) is the solution of the problem corresponding
to ay, from the estimates satisfied by (ug, ), we can see, there exists (u, ) €
H'(Q) x L(9) such that

(ug, ) — (w,m) in  HYQ) x L*(Q).

Also it is easy to show that
—Au+Vr=finQ, divu=0in), w-n=0onTl.

Now from the Green formula (2.12), we obtain

2[(Duy)n). — 2[Du)n|. in H 2(T).
Moreover, as aj, — « in L3 (') and uyr — u, in L4(D), it gives

apupr — au, in LY.
Therefore since uy satisfies the boundary condition
[(2Duy, + F)n]_+ o upr =0 on T,
passing the limit, it yields
(2Du +F)n|_ +au, =0 onl.

Hence, (u, ) becomes the solution of the Stokes problem .

ii) Note that, when Q is axisymmetric and @ > a, > 0, we can find a sequence
ar € D(I') such that ap > a, and ap — a in L%(F). So we can make use of the estimate

(2.32) and obtain the same result. |

Remark 2.7.5. For a € L3(') and h = 0, the solution w € H'(Q) satisfies the extra
property: [(Du)n]_€ L*(T).
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2.8 Navier-Stokes equations

Finally we consider the non-linear problem and study the existence of generalized and
strong solutions for the Navier-Stokes system (NS)).

Definition 2.8.1. Given f € L'®(Q).F € L/(Q).h € W #"(I') and a € L'®)/(T), a
couple u € V7 _(€) is called a weak solution of the Navier-Stokes system (NS if it satisfies:
for all ¢ € V;,p/T(Q)

Q/Du:ID)go+b(u,u,cp)+/auT-goT:/‘f-go—/F:Vgo—k(h,go)F (2.115)
QO T O QO
where b(u, v, w) = [ (u-V)v - w.

2.8.1 Existence and regularity

Theorem 2.8.2. Let p € (1,00) and
feL'P(Q),Fel?(Q),he W #T) and a € L'®(T)

where r(p) and t(p) are defined by (2.10) and (2.8|) respectively. Then the following two

statements are equivalent:

(i) uw € VP (Q) is a weak solution of , in the sense of Deﬁmtion and,
(ii) (u,7) € WIP(Q) x LP(Q) satisfies:
—Au+(u-V)u+Vr=f+divF, divu=0 in the sense of distribution
u-n =0 in the sense of trace (2.116)
2[(Du)nl, + au, =0 in W VPP(T).

The proof is standard and very similar to that of Proposition [2.3.10] hence we omit it.
To facilitate the work, we give some properties of the operator b but skip the proof (cf.

[11, Lemma 7.2]).

Lemma 2.8.3. The trilinear form b is defined and continuous on V} (Q) x V2 (Q) x
V2.(Q). Also, we have

b(u,v,v) =0 (2.117)

and
b(u,v,w) = —b(u,w,v) Yu,v,weV(Q).

Moreover
b(u,u,8) =0 and b(B,B,u)=0.
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Now we can prove the existence of the generalized solution of the Navier-Stokes problem
(NS)). First we study the Hilbert case.

Theorem 2.8.4. Let
feL3(Q),Fel’Q),he H () and a € L*(T).

Then the problem (NS) has a weak solution (w,m) € H'(Q) x L3(Q) satisfying the following
estimates:
a) if Q) is not axisymmetric, then

lullney + 720 < OO (1180, + IFlze + WAl g ). (2118)
b) if Q is axisymmetric and
(i) @ > a, >0 on T, then

c(©)

L S —
llar e+ ey < e o s

(161, )+ Bl + Il y ) - (2119
(#) f,h satisfy the condition:
[£-B-[F:9B+(hB) ~
Q Q
then the solution w satisfies [ auw - B =0 and
2
Dulay + [ alurl? + 7130 < C@) (115, + 1Fllzie) + 1l 4, ) - (2:120)
T

In particular, if « is a constant, then [ru- B =0 and

lullney + 720 < OO (1150, + IFlze + WAl 3 ). (212D)

Remark 2.8.5. Note that in the case of w-m # 0 on I' when () has multiply connected
boundary, the existence of solution of Navier-Stokes equation with Dirichlet boundary
condition is not yet clear in full generality, e.g. see [84]. So we do not consider that case
here for the Navier boundary condition also.

Proof. 1. Existence: The existence of solution of (2.115) can be shown using standard
arguments i.e. by Galerkin method, we construct an approximate solution and then pass
to the limit. Nonetheless, we state it briefly for completeness.
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For each fixed integer m > 1, define an approximate solution u,, of (2.115)) by
m
Uy = Zfi,mvh gi,m eR
i=1
Z/Dum : Doy + b(wp, Uiy, V1) —i—/auTm-ka = /f-vk —/IF : Vg, + (h,vi)r,
Q r Q Q
fork=1,....m

(2.122)

and V,, := (v1, ..., v,,) is the space spanned by the vectors vy, ..., v, and {v;}; is a Hilbert
basis of V2 (). Note that V;, is equipped with the scalar product (,) induced by V2 (€2).
Let us also define the mapping P, : V,, — V,, as for all w,v € V,,,

(Pn(w),v) =2 | Dw: Dv + b(w,w,v)+ [ aw, v, — | f-v+ [ F:Vv—(hv)..
/ [ 1] f

The continuity of the mapping is obvious. Also, using ([2.117)), we get

(Pu(w),w) = 2|Dwltegy + [ alws* = [ £-w+ [F:Vw = (h,w);
r Q Q

> C(@)wlm e {lwlme ~ C@ (11,50, + 1Pl + 1l 30 ) -

Hence, (P,,(w),w) > 0 for all ||w||y;,, = k where k > C(Q) <Hf||L§(Q) + [[Fllez) + ([Pl ;-1 r))

Therefore, the hypothesis of Brower’s theorem is satisfied and there exists a solution u,,

of [2.122).

Next as u,, is a solution of (2.122)), we have

2Dt faay + [ gl = [ £t~ [F Van + (B
r Q Q

which yields the a priori estimate
ftmllzr@ < @) (£ ) + IFllier + Bl 4, )

Since the sequence w,, remains bounded in V2 (), there exists some u € V2 (Q) and a

subsequence which we still call u,, such that
u, —uin V().

Now due to the compact embedding of H'(f2) into L*(f2), we can pass to the limit in

(2.122) and obtain, for any v € V2 (Q),

2/]D)u:]D)'v+b(u,u,v)+/auT-vT:/f-'v—/IF:V'v—i—(h,'v)F
0 r 0 Q
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and thus u is a solution of (2.115|).

2. Estimates: The estimates can be shown as for the Stokes problem in Theorem

243 |
Proposition 2.8.6. The weak solution of the problem , given by Theorem is

unique provided
- 1
C(a, )

where the constant C(«, Q)) depends on the continuity constant of the linear form b and the

H[Fllez) + 1ol -y (2.123)

17,5 0
equivalence constant of H'(Q) norm, precised in the proof.

Remark 2.8.7. Interestingly, in the case of a = 0, there is no uniqueness of the solution
of the system even for small data. But in our case, when « # 0 on some I'y C I' with
|T'o| > 0, there is indeed uniqueness of the solution under the assumption of small data as
in the case of Dirichlet boundary condition. The reason of this behaviour is the presence
of a non-trivial kernel of the Stokes operator for a = 0.

Proof. Taking ¢ = w in (2.115)) and using (2.117]), we obtain that any solution of ([2.115|)
satisfies the estimate

lulzr o) < €, D) (£l ) + [Fllzie) + Bl y-4,r,) (2124)

where we used the following norm equivalence:
el < Cla,®) (2\|Du||%2<m + a|u42) .
Q

Note that if € is non-axisymmetric, C'(a, 2) only depends on € and if ) is axisymmetric,
C(a, ) = C(Q)min{2,a}. Now if u; and u, are two different solutions of (2.115)), let
u = u; — uy and subtracting the equations (2.115)) corresponding to w; and us, we get

Vo € V2 .(Q), Q/Du : D + b(ug, u, @) + b(u, us, ) + /ozu, - =0.  (2.125)
Taking ¢ = w in (2.125) and once again using (2.117)) implies
2||Dul|F2 —l—/oz|u,.|2 —b(u, us, u)

which yields, using the continuity of b and the estimate (2.124]) for s,
[ullz @) < C)C (e, Q)[|ullzn ol @

< C()(Co, D)l (1180 + IFllee + IRl )
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Thus considering the condition ([2.123), the above inequality implies |[w| g1(0) = 0 that is
U = Us. [ |

Next we prove the existence of solution of the system (NS|) in W?(Q2) using the Hilbert
case and the Stokes regularity result.

Corollary 2.8.8. Let p > % and f,F, h and a satisfy the assumptions as in Theorem
[2.8.2

i) There exists a weak solution (u,w) € WHP(Q) x L§(Q) of (NI).

ii) Moreover, for any p € (1,00), if F =0 and

feLP(Q),he W rP(T) and a € W' a9(T)

with q > g ifp < % and q = p otherwise, then (u,n) € W2P(Q) x WhHP(Q).

Proof. i) First let us consider p > 2. Then we have existence of a solution (u,7) €
H'(Q) x L) from Theorem using the Hilbert case. Since u € H'({2), the non-
linear term (w - V)u € L2(Q) — L™®(Q) if p < 3. Hence, using the regularity result for
Stokes problem in Corollary [2.5.6] we obtain that (u, ) € WP(Q2) x LP(S2). For p > 3,
repeating the same argument with uw € W13(Q), we deduce the required regularity.

And to obtain existence result for p € (%, 2), we follow the exact same construction as
in [104, Theorem 1.1]. Note that we replaced the space W~1?(Q) for the given data in
[104] by L™®) (). For example, we used the following lemma instead of [104, Lemma 1.2]:

If there exists (v,7) € WP(Q) x LP(Q) such that

—Av+v-Vo+Vi—f €L®0Q)
dive =0 in (2

v-n=20 on I

2[(Dv)n|. + v, =0 on I’

for p < ¢ < 2, then there exists (w,7) € WP(Q) x LP(Q) such that

~Aw+w-Vw+ V7 —f € L'¥0Q)

divw =0 in

w-n=>0 onI'

2[(Dw)n|. +aw,=0 on T
Where%:§+%—§ (thus s > q).

The rest of the proof follows the same argument as in [104] without any further changes.
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ii) Next to prove the strong regularity result, consider the more regular data. For

%,3] and thus r(p*) = p, we have f €

L") (Q),h € WP "(T') and hence using the above regularity result for weak solution
of (NS)), we obtain (u,7) € W (Q) x L (). Now for p € (1, 2), (u-V)u € L*(Q) with

12

p € (1,3], since the Sobolev exponent p* € (

which implies s > p and thus using Theorem again, we obtain (u,7) € W?P?(Q) x
Whe(Q). Forp = 3, since W*(Q) < L™(2) for any m € (1,00), we ha;/e (u-V)u € L ()
with £ = & 4+ L so choosing m > 3 gives s > 3 and thus (u,7) € W>2(Q) x Wh2(Q).
Now for p > 3, having u € W22(Q) gives Y, w;00u € L3(Q) which yields u €
W237¢(Q)). Further repeating the argument, we get u € WP(Q). |

Finally we discuss the limiting behaviour of the Navier-Stokes system (NS|) as « goes

to 0 or oco.

2.8.2 Limiting cases

Theorem 2.8.9. Let p > 2, Q be not axisymmetric and (wq,7,) be a weak solution of

(NS|) where
feL'WQ),Fecl’(Q),he W »*(T) and a € L'®(I).

Then as ||a| piw ) — 0, we have the convergence,
(Uo, To) — (ug, m) in WP(Q) x LE(Q)
where (wg, mo) is a solution of the following Navier-Stokes problem

—Aug+uyg-Vug+Vrg=f+divF, divuy=0 in €, (2.126)
uy-n=0, [2Duy+F)n]_=h on T. .
Proof. i) We assume for ease of calculation, F = 0 and h = 0. As o — 0 in L*?)(T"), there

does not exist any a, > 0 such that a > «, on I'g C I'. Therefore, (u,,,) satisfies the
estimates (2.118). For 2 < p < 3, using the Stokes estimate (2.64]), we obtain

letallwioe + [Tallr < CQ) (IFlzrw + lta - Vatallpo )

< Q) (I fllzro ) + lalinw)
< C(9Q) (1 + Hf”m(p)(n)) 1f 1l 2ro o
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and for p > 3,
leallwio) + Imallzo@) < Q) (1Flzrmioy + e - Vatall o)
() (HfHLT(P)(Q) + [[ualls Q))
C@) |1+ (1+ 1f o) 1o 1o,

IN

A

Then (wq, T,) is bounded in WP(Q) x LP(Q) with respect to a. So there exists (ug, 7o) €
Whr(Q) x LP(Q) such that

(e, 7o) — (ug, ™) weakly in W'P(Q) x LP(Q).

Now, as in Theorem [2.7.1] passing the limit as a — 0 in L*?)(T") in the variational formu-
lation satisfied by (w,, 7,), we get that ug satisfies the equation

2/]D)u0 Dep + b(wo, uo, ¢ /f Ve VZ(Q).

Indeed, u, — uy weakly in W?(Q) implies w,, — ug in L*(2) where

(Lpr) if p<3
s€{(l,00) if p=3 (2.127)
(1,00] if p>3.

Also, Vu, — Vug weakly in LP(§2). Therefore, u, - Vu, — ug - Vuy weakly in L()

where

1 1 1
=4z
qg p S

and note that, ¢ € W'#(Q) — L7(Q). Hence, b(ty, Ua, @) — b(ug, g, @) as a — 0 in
L*P)(T). Therefore, (ug, ) is a solution of the problem (2.126)).

ii) Next we show that the convergence that (u,,7,) — (ug, To) weakly in WhP(Q) x
LP(Q) occurs in fact in strong sense. Taking the difference between the systems (NS|) and
(2.1206), we get,

—A(ug —ug) + V(1 —m) = ug - Vug — uy - Vu, in 2
div (uy —ug) =0 in
(Ug —ug) - m=0, 2[D(uq—uo)n]. +ou,, =0 onl
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Note that wg - Vug — s - Vu, = div(u, ® u, — up @ ug). Thus using the Stokes estimate
(2.64) for the above system gives

Hua - UOHWLP(Q) + H7Ta - 7TOHLP(Q)

< € (lta & 1o — o @ wollzr(e) + lauoell, - )

= € (Iata = a0) & o+ 10 (1t~ wo) [y + vt 1)

<C [”“a — uollzs(@) (”“aHW“’(Q) + H“O”Wlm(ﬂ)) + HaHLt(m(r)||U0HWLP(Q)]
where s is defined as in (2.127). Now since u,, is bounded in W?(2) and by compactness,

u, — ug in L*(2), we obtain the strong convergence of u, to ug in W?(Q) as a« — 0. B

Remark 2.8.10. As in the Stokes case, we can prove also the above theorem for €2 axisym-
metric and a constant, provided the compatibility condition (2.33), with the help of the

estimates (2.120]) and Remark [2.6.13] Indeed, to expect the limiting system to be ([2.126)),

we must assume the above compatibility condition since this is the necessary condition for
the existence of a solution of the system ([2.126]).

Theorem 2.8.11. Let p > 2 and (uq, 7o) be the weak solution of (NS) with f € L™ (Q),
Felr(Q), he W_%’p(F) and o a constant. Then as e — oo, we have the convergence,

(Uo, To) = (Uoo, Too)  in WIP(Q) x LE(Q)
where (Ueo, Too) s @ solution of the Navier-Stokes problem with Dirichlet boundary condi-
tion,
—AUy + Uy - VU + Vo = fF+divF  in Q)
div uy =0 in (2.128)

Uso =0 on T.

Proof. i) Without loss of generality, assume F = 0 and h = 0. As o — oo, we can consider

« > 1 and then we have estimates (2.118) and (2.119). Also as done in Theorem [2.8.9]
using the Stokes estimate (2.92)) and (2.93), we can write, for 2 < p < 3,

Hu"‘HWl’p(Q) + ||7Ta||LP(Q) < Gp(Q) (HfHLT(P)(Q) + [lua - Vua||y(p>(g))
< o) (Il + [tall3r o)
<G @) (14 1 flzrw@) 1 £l @

and then similar for p > 3 as well. This shows that (u,, 7,) is bounded in W1P(Q) x LP(Q)
for all p > 2. Hence there exists (oo, Too) € WHP(Q) X LP(Q) such that

(Uo, To) = (Uoo, Too)  weakly in WHP(Q) x LP(1).
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Now rewriting the system (NS|) as,

—Auy,+uy-Vu,+Vr,=f in Q
div u, = in € (2.129)
Uy = —2[(Dug)nl, on T
and as in Theorem letting @@ — oo in the above system, we obtain that (Ue, Teo)
satisfies the Navier-Stokes problem ([2.12§)).

ii) Therefore, (u, — us) satisfies the system

—A(Uy — Uso) + V (To — Too) = Uso * VU — Uy - Vg in €,
div (g — Us) =0 in €,
(Ug —Us) =0, 2[D(uqy — )N, + (g — Us), = —2[(Dus)n], onl.

Multiplying by (u, — us) and integrating by parts, we get,

2/ ID(ua — uo)|? + a/ (e — o)+ |?

=b Uy — Uoo, Uoo, Uy — Uso) — (2[(Duse )]+, (g — u°°)>H*%(r)xH%(F) :

But as a — 00, by compactness u, — Uy in L*(Q2) and thus
b (ua — Uso) Uy U — uoo) S ||’U,a - uoo”%/l(Q)HVUOOHLQ(Q) — 0.
Also since w, — us weakly in Hz(T') and [(Dus)n], € H2(T), it implies,

<2[<D’U,00)n]7-, (ua - uOO)>H’%(F)><H%(F) — 0.

Therefore along with the fact that u, — u. in L*(£2), we obtain the strong convergence
Uy — Us in H'(Q). For the pressure term, we can write

||7TO£ - 7TOO||L2(Q) S OHV(WQ — 7Too)||H*1(Q)
< O = At = Uoo) + (U - VUta — U - Vltoo) | 1)
< Ol = Alua = too)[l-1(0) + [|[ta @ Ua = Uoo @ Uoo || 120

and thus 7, — 7 in L*(Q).

Now similar to the Stokes case, for p > 2, D(uq — Us,) — 0 in L*(Q2) implies D(u, —
Us) — 0 for almost every @ € 2 up to a subsequence. Also using the uniform estimate of

7



Chapter 2. Stokes and Navier-Stokes equations with Navier boundary condition

Theorem [2.6.11] for the above system satisfied by w, — u.,, we can write

Hua - uooHW11’(Q)

< G (1t ® tta = o0 @ w100 + 2Dl )

< Cp() [[ltta — tooll @) ([[tallwisg) + oo lwrr) ) + oo lwise)]

with s defined as in (2.127) so that W'P(Q) — L*(Q). This shows that ||D(u, —

compact

Uoo)||lr(0) < C and therefore, dominated convergence theorem yields ||D(tq —too)||lLr(0) —
0. This completes the proof. [ |
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CHAPTER

Semigroup theory for the Stokes operator with Navier

boundary condition on L” spaces

This is a joint work with Chérif Amrouche and Miguel Escobedo.

Abstract : We consider the Navier-Stokes equation in a bounded domain with C!!
boundary, completed with slip boundary condition. Apart from studying the general semi-
group theory related to the Stokes operator with Navier boundary condition where the
slip coefficient « is a non-smooth scalar function, our main goal is to obtain estimate on
the solutions, independent of a. We show that for o large, the weak and strong solutions
of both the linear and non-linear system are bounded uniformly with respect to «. This
justifies mathematically that the solution of the Navier-Stokes problem with slip condition
converges in the energy space to the solution of the Navier-Stokes with no-slip boundary
condition as o — oo.

3.1 Introduction

In this article we prove the existence of solutions to the following problem for the Navier
Stokes equation:
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Chapter 3. Semigroup theory for the Stokes operator with Navier boundary condition on LP spaces

%‘;—Au—i—(u'V)u—i- Vr=0 in Q x (0,7 (3.1)
diva = 0 in Q x (0,7) (3.2)
u-n=>0 onI'x (0,7 (3.3)
2[(Du)n|, +au, =0 onI'x (0,7) (3.4)
u(0) = uo in Q2 (3.5)

where  is a bounded domain of R3, not necessarily simply connected, whose boundary
[ is of class CY!. The initial velocity ug and the (scalar) friction coefficient « are given
functions. The external unit normal vector on I' is denoted by n, Du = % (Vu + VuT)
denotes the strain tensor and the subscript 7 denotes the tangential component i.e. v, =
v — (v-n)n for any vector field v. The functions w and 7 describe respectively the velocity
and the pressure of a viscous incompressible fluid.

The boundary condition (3.4]) was introduced by H. Navier in [96], taking into account
the molecular interactions with the boundary, and is called Navier boundary condition. It
may be deduced from kinetic theory considerations, as first described in [92] and rigorously
proved under suitable conditions in [91]. It has been widely studied in recent years, because
of its significance in modeling and simulations of flows and fluid-solid interaction problems
(cf. [70], [52], |98] and references therein). In that context the function « is, up to some
constant, the inverse of the slip length. We then impose the condition a@ > 0 in all the
remaining of this work.

The problem with Dirichlet boundary condition has deserved a lot of attention. In
particular, a good semigroup theory has been developed in a series of work by Giga (cf.
[56], [58], |59], [61]). Here we wish to establish a similar framework for o« #Z 0. We will
study two different types of solutions for (3.6), (3.2)-(3.5): strong solutions which belong
to LP(0, T, L(f2)) type spaces and weak solutions (in a suitable sense) that may be written
for a.e. t >0, as u(t) = v(t) + Vw(t) where v € LP(0,T; L9(S2)) and w € LP(0,T; LY(£2)).
We will also consider different hypothesis on regularity of the function a. In particular,
we collect some of the relevant results available for the Navier-Stokes problem with no-slip
condition based on semigroup properties and prove them for the system — for the
sake of completeness, so that this paper can be used as a basis for further work.

Let us briefly mention here some related works. The system (3.1)-(3.5) has been stud-
ied in [34] in 2D where a > 0 is a function in C?*(T"), with the main objective to analyse
vanishing viscosity limit where the existence of weak and strong solutions have been es-
tablished. Also in [32], the authors have studied stochastic Navier-Stokes equation with
Navier boundary condition, similar to (3.1)-(3.5) where they considered same assumption
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that o > 0 is in C?(T") and proved existence of weak solution. Beirao Da Veiga [18] has
considered the same problem in 3D in C*! domain with o > 0 constant and first show that
the Stokes operator with Navier boundary condition A is a maximal monotone, self-adjoint
operator on L?,,T(Q) which generates an analytic semigroup of contraction and thus obtain
strong solution of Stokes problem; Also by identifying the domain of A'/2, he obtain the
global strong solution of Navier-Stokes equation under the assumption of small data as in
the no-slip boundary condition. The system — has also been studied by Tanaka
et al [71] in Sobolev-Slobodetskii spaces in point of view to analyze asymptotic behavior
of the unsteady solution to the steady solution where they have considered I' belongs to
W;H and o € (0,1) belongs to WQ%H’%%((O, o0) x I') with [ € (3,1) and proved exis-
tence of local in time, strong solution and global in time, strong solution for small data.
Note that in this work, o depends on both time and space variable. We want to mention
further the works of [70,90] where though the main goal is again to study viscosity limit,
in the first paper, Iftimie and Sueur show existence of global in time weak solution in
C([0,00); L7 ,(Q)) N L, ([0,00); H'(Q)) for L2 () initial value; by classical approach:
first deriving some energy estimate and then using Galerkin method. There they consid-
ered « a scalar function of class C?, without a sign. And in the second paper, Masmoudi
and Rousset worked on anistropic conormal Sobolev spaces considering smooth domain
and || < 1. In the paper [95], the authors aimed to prove the existence of global in
time, strong solution of a similar problem assuming small data, in C'"' domain and « non-
negative, Holder continuous in time. Also we mention the work [116] where Lagrangian
Navier-Stokes problem (as a regularization system of classical Navier-Stokes equations)
with vorticity slip boundary condition (which is close to the boundary condition (3.4])) has
been studied for non-negative smooth function o and existence of weak solution, global in
time is obtained.

Further, in [21], Benes has established a unique weak solution, local in time for the
Navier-Stokes system with mixed boundary condition: on some part of the boundary Navier
condition with a = 0 is considered and on other part, Neumann type boundary condition.
Some similar result for Navier-Stokes problem with Navier-type boundary condition (which
corresponds to a = 0) has been studied in, for example [85]. Also for v = 0 the semigroup
associated to equation with (3.2)-(3.5) has been studied in [7]. We also mention the
interesting work [41] where the low Mach number limit is studied for the Navier-Stokes
system describing the motion of a compressible viscous fluid subjected to the slip boundary
condition, with the friction coefficient inversely proportional to a certain power of the Mach
number, in an unbounded (exterior) domain with compact boundary. We also mention the
works by Shimada [110], [108], [109] which discuss Stokes operator with Robin boundary

condition, in particular resolvent estimate, LP — L7 regularity and asymptotic analysis.
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Chapter 3. Semigroup theory for the Stokes operator with Navier boundary condition on LP spaces

In this work, we wish to study the general semigroup theory for any p € (1, c0) for the
Stokes operator with Navier boundary condition (NBC) with (possibly) minimal regularity
on « which gives us existence, uniqueness and regularity of both strong and weak solutions
of (3.6), (3-2)-(3.5). Though the method to deduce the resolvent estimate for general p # 2
is close to that in 7] but the main difficulty in our case is to obtain some estimate on the
pressure term in suitable space, due to the presence of the friction @ which is not smooth.
As explained in [18], for the case p = 2, the operator behaves well and the semigroup
framework is easy to establish which is not the situation for non-Hilbert cases. To achieve
the uniform estimate on the solutions with respect to o which is one of the main goal of
this work, we use LP-extrapolation theorem by Shen [107]. We want to mention the work
in [45] where the Stokes resolvent system has been considered in a general unbounded
domain with C3 boundary and Navier slip boundary condition (where o > 0 a constant).
The authors studied the resolvent estimate in function spaces of the type L4 N L? when
q <2and LY+ L? when 1 < ¢ < 2 (though without any further information concerning
the behavior with respect to the friction coefficient).

Next using the properties of the Stokes operator with NBC and analyzing the fractional
and imaginary powers, we obtain the LP — LY estimates and the maximal regularity for
non-homogeneous linear problem as in the classical Dirichlet boundary condition. But
again here the difficulty is to obtain bounds for the imaginary powers of the operator since
our operator does not reduce to an elliptic operator as in [6]. And for the no-slip boundary
condition, Giga [56] used the theory of Pseudo-differential operators for bounded domain,
while in the case of full space, Giga and Sohr [60] used Fourier multiplier method which is
not adaptable in our case. So here we use a perturbation argument adapting the theory of
interpolation-extrapolation, established in [8]. In [101], the authors use the same method
to establish that the Stokes operator with NBC for @ > 0 constant, possesses a bounded
H>-calculus on LY (€2) which implies that the operator has bounded imaginary powers.

Also in our work, we consider optimal regularity of the domain unlike the other works.

It seems very natural to let @ — oo in some sense in order to obtain the Dirichlet
boundary condition on I' from the condition ([3.4). One of the goals of the present article is
to study the behavior of the solutions of the unsteady Stokes and Navier-Stokes equation
with NBC with respect to «, in particular what happens when « goes to co. This problem
is considered by Kelliher [80] in 2D where the author shows in Theorem 9.2 that, for
ug € H?(Q), when ||1/a||z=ry — 0, the solution of problem — converges to the
solution of the Navier-Stokes problem with Dirichlet boundary condition in suitable spaces
(cf. Section 3.9 for details). In our work, we first deduce uniform resolvent estimates with
respect to some suitable norm of the function a which in turn provides a independent
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estimates for the solutions of non-stationary Stokes problem with NBC. This enables us to
consider the case where « is a constant function and @ — oo in both the linear problem

(3.6), (3.2)-(3.5) and the nonlinear problem (3.1))-(3.5). We show that the solutions of the

problems with NBC converge strongly in the energy space to the solutions of corresponding
problem with Dirichlet boundary condition as a goes to oo.

We state now our main results, for which the following notations are needed:
Ly () ={veLP(Q);divv=0in Qv-n=0onT}
equipped with the norm of L?(€2) and
D(4,0) = {u € WP(Q) N L, _(Q); 2[(Du)n], + au, =0 on I'}.

The space D(4,,,) is nothing but the domain of 4, ,, the Stokes operator on L _(€2) with

the boundary conditions (3.3))-(3.4)).

Theorem 3.1.1. Suppose that o € Wlf%’”(lﬂ) for some ri > 3 and a > 0. Then, for
every ug € L2 (Q) with ro > 3, there exists a unique solution w of f defined on
a mazimal time interval [0,T,) such that

w e C([0,T.); () N L9(0, T.: L ()

t"4u € C([0,7,); L2 () and  t"||ul|pr@) — 0 ast — 0

3w

with r = min(ry, ), p >r, ¢ > r and % =2 %. Moreover,

u e C((0,T,),D(A..)) NC'((0,T); L, ().

Ifr >3 and T, < oo,
|u(t)||Lr) = C(Th — t) B/

where C' is independent of T, and t.

Also, there exists a constant € > 0 such that if |[ug|| g3 ) < €, then T, = oo.

Under weaker conditions on 2 and «, a similar Theorem holds for initial data in
the space of distributions wy = ¥ + Vx where ¢ € L"(Q) and x € L"(Q) (denoted

by [Hj (div, )]’ cf. Proposition [3.2.1)), with r > 3.
The proof of these results is based on a careful study of the semigroup associated to

the linear equation

ou
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Chapter 3. Semigroup theory for the Stokes operator with Navier boundary condition on LP spaces

with conditions (3.2))-(3.5). For that we first study the strong and weak Stokes opera-
tors A, and By, and deduce that both of them have bounded inverse on L? _(€2) and
[HY (div, Q)] respectively for all p € (1,00). Also —A,, and —B,, generate bounded
analytic semigroups on their respective spaces (cf. Theorem and Theorem
and their pure imaginary powers are uniformly bounded as well (cf. Theorem . We
obtain the following theorems, if f = 0:

Theorem 3.1.2. Let 1 < p < 0o and a > 0 be as in (3.18). Then for ug € L? (S2), the
problem ([3.6), (3.9)-(3.8) with f = 0 has a unique solution w(t) satisfying
u € C([0,00), LE (2)) N C((0,00), D(A,,4)) N C*((0, 00), L ()
and
u e C*((0,00),D(AL ) VEkeN, VieN\{0}.

Also, for allt > 0 and q > p, u(t) € LYQ) and there exists 6 > 0 independent of t and q
such that:

[w(t)||zoge) < C(Q,p) e 2t 32WP= 1D |y || 1o ).

Moreover, the following estimates also hold

IDea(t) | Loy < C(2,p) e 22RO g 1y,

o —0ty—(m+n)— —
V-m,n €N, ||at7mAZ,au(t)HLq(Q) < C(Q,p) e 8 mm=3/20/p=1/0) |y |1 o

For f # 0, and if we denote £, the following real interpolation space:

Eqy = (D(Apa), L5 ()

q

Q=

we have the result:

Theorem 3.1.3. Let 1 < p,q < oo. Also assume that 0 < T < oo and o > 0 be as in
(3.18). Then for f € L(0,T; LY () and uo € E,, there evists a unique solution (u,)
of (3-6) with (5.9)-(3.5) satisfying:

w € LU0, To; W2P(Q)) forall Ty<T if T<oo and Ty < oo if T = oo,
ou

r e L0, TWH(Q)/R), S e 1(0,T, 12, (0),

T

/

0

q

ou

ot

T T T
dt + [ ulfyenydt + [ I7lfraq)dt < C ( J 1Rt + ||uo||;gq) (3.7
0 0 0

Lr(Q)

where C' > 0 is independent of f,ug and T.
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Similar results hold for less regular data (cf. Theorem and Theorem [3.7.1)). And
the last interesting result of our work is the following limit problem which improves the
result in [80, Theorem 9.2]:

Theorem 3.1.4. Let Q be C*' and « be a constant. Also let (u,,7,) be a solution
of the problem (3.1)-(5.3) where wg € H{(Q) with div ug = 0 in Q and (Yoo, 7o) €
L2(0,T; HY(Q)) x L*(0,T; L*()) a solution of the following Navier-Stokes problem with
Dirichlet boundary condition

a(’;’;o_Auoo"f'(uoo'v)uoo—'—VWoo:O, divu,, =0 inQx(0,7),

U =0 onT x(0,7), (38)

U(0) =up in Q

(whose existence has been proved in (115, Theorem 3.1, Chapter III]). Then for any T < T,
(where T, is defined in Theorem ,

(Ua, Ta) = (Uoo, Too) in L2(0,T; HY(Q)NL™(0,T; L*(Q))x L*(0,T; L*(Q)) as o — o0

and

T
//Iua — Ug|* < S (3.9)
or

Similar result holds for the linear problem as well as for initial data in LP-spaces (cf.

Section [3.9).

3.2 Preliminaries

First, we review some basic notations and functional framework, we will use in the study.
Throughout the work, if we do not specify otherwise, € is an open bounded set in R? with
boundary I" of class C'! possibly multiply connected. Also if we do not precise otherwise,

we will always assume
a>0 onI' anda>0 onsomelyCI' with [I)] > 0.

We follow the convention that C' is an unspecified positive constant that may vary from
expression to expression, even across an inequality (but not across an equality); Also C
depends on €2 and p generally and the dependence on other parameters will be specified in
the parenthesis when necessary.
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Chapter 3. Semigroup theory for the Stokes operator with Navier boundary condition on LP spaces

The vector-valued Laplace operator of a vector field v can be equivalently defined by
Av = 2 div Dv — grad (div v).

We will denote by 2(2) the set of smooth functions (infinitely differentiable) with compact
support in 2. Define
2,Q):={ve2():divv=0inQ}

LE(Q) = {u e LP(Q) - /U - 0} .

Q

and

For p € [1,00), p’ denotes the conjugate exponent of p i.e. ]% + = = 1. We also introduce

1
p/
the following space:

H?(div,Q) :={v € LP(Q) : div v € LP(Q)}
equipped with the norm
[l e @ive) = ]z + 1div vl Lr(9)-

It can be shown that 2(Q) is dense in H?(div, Q) for all p € [1,00). The closure of 2(1)
in H?(div, Q) is denoted by HE(div,)) and it can be characterized by

H{(div,Q) = {v € H’(div,Q):v-n=0 on I'}. (3.10)

For p € (1,00), we denote by [H{(div,Q)]’, the dual space of H{(div,2), which can be
characterized as (for details, see [103, Proposition 1.0.4]):

Proposition 3.2.1. A distribution f belongs to [HE(div, Q)] iff there exists ¢ € LP'(Q)
and x € L (Q) such that f = 1 + V. Moreover, we have the estimate :

||f||[Hg(div,Q)]' < f:iwanX maX{H@bHLp’(Q)» ||X||Lp’(9)}~

Next we introduce the spaces:
L) (Q):={vel’(Q):dive=0in Qv-n=0o0nT}
equipped with the norm of L?(Q);
W2 (Q) :={veW"(Q):dive=0inQv-n=0o0nT}
equipped with the norm of W'?(Q) and H; _(€2) := W>2(Q). Also let us define

EP(Q) = {(u,7) € W'P(Q) x LP(Q); ~Au + Vr € L' (Q)}
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where

r(p) :maX{l,I%} if p#
r(p) > 1 it p=

NI NIw

Let us now introduce some notations to describe the boundary. Consider any point P
on I and choose an open neighborhood W of P in I', small enough to allow the existence
of 2 families of C? curves on W with the following properties: a curve of each family passes
through every point of W and the unit tangent vectors to these curves form an orthogonal
system (which we assume to have the direct orientation) at every point of . The lengths
s1, s9 along each family of curves, respectively, are a possible system of coordinates in W.

We denote by 71, 75 the unit tangent vectors to each family of curves.

With these notations, we have v = 37, vpTi + (v - n)n where T, = (731, Th2, Te3) and
v = v - T. For simplicity of notations, we will denote,

2
A=Y (vT : g;) T . (3.11)

k=1

Here we state a relation between the Navier boundary condition and another type of
boundary condition involving curl (often called as "Navier type boundary condition’) which
will be used in later work. For proof, see [11, Appendix A].

Lemma 3.2.2. For any v € W?P?(Q), we have the following equalities:

2[(Dv)n] =V, (v-n)+ <§Z,> — Av

and

curlv xn=-V,.(v-n)+ (81}) + Av.
on ) _

Remark 3.2.3. In the particular case v-n = 0 on I', we have the following equalities for
all v € W2r(Q),

2[(Dv)n]_ = (g:i) —Av and curlvxn= <§Z) + Av

which implies that
2[(Dv)n],_ = curl v x n — 2Awv. (3.12)

Note that on a flat boundary, A = 0 and 2 [(Dv)n]|_ is actually equal to curl v x n.
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Chapter 3. Semigroup theory for the Stokes operator with Navier boundary condition on LP spaces

Let us recall the Green’s formula that plays an important role in this work, which is
proved in Lemma [2.3.5]

Theorem 3.2.4. Let Q C R3? be a C%' bounded domain. Then,
(i) 2(Q) x 2(Q) is dense in EP(Q).
(i) The linear mapping (v, 7) — [(Dv)n|_, defined on D(Q) x P(Q) can be extended

to a linear, continuous map from EP(Q) to W_%’p(F). Moreover, we have the following
relation: for all (v,7) € EP(Q) and ¢ € W}T’,Q_I(Q),

[(~2v+Vm) - =2 [Do:De - 2((Do)nl, . 0, (3.13)

1 .
. PP (C)xWwB P ()
Q

Finally, we recall that the infinitesimal generator of an analytic semigroup can be
characterized by the following theorem |15, Theorem 3.2, Chapter IJ:

Theorem 3.2.5. Let A be a densely defined linear operator in a Banach space &. Then
A generates an analytic semigroup on & if and only if there exists M > 0 such that

_ M
(M = A) " 2w < N

for all A € C with Re A > 0.

3.3 Stokes operator on L} (§2): Strong solutions

It is known that the closure of 2,(2) in L?(€2) is the Banach space L? () [113, Theorem
1.4]. We introduce now the unbounded operator (A4, o, D(A,q)) on LE () whose defini-
tion depends on the regularity of the function «.

1. If o € L'®(T) with

Iy +p if 1<p<?

2+ if 3<p<3, 2

=20t aspsied (3.14)
p if p=2

Zp+p if p>3

with p > 0 arbitrarily small, we define the Stokes operator A,, on L? _(Q) as:

D(Ayq) = {u € W}2(Q) : Au € L(Q),2[(Du)n], + ou, =0 on I'} (3.15)
A,o(u)=—P(Au) foru e D(A4,,) (3.16)
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where P : LP(2) — L? _(€2) is an projection on L? _(€2). More precisely, for all 1 € L?(),
P(¢) = ¥ — Vr where 7 € WH?(Q) is a weak solution of the following weak Neumann

problem

{ div(Vr — ) =0 in © )

(V=) - n=0onT.

Notice that, when u € D(A, o) but u € W2?(Q), the boundary term [(Du)n], is still well
defined as shown in 11, Lemma 2.4].

2. If « is such that

1—i7%+9 . 3
P < 2
0e w 12 () if 1<p<y (3.18)
W' P(I) if p>3
with p > 0 arbitrarily small, then we define the Stokes operator A, , on L () as
D(Ay0) = {u € W2(Q) N L2, (Q),2(Du)n], + au, =0 on T'} (3.19)
A, o(u) = —P(Au) forue D(A,,). (3.20)

Remark 3.3.1. If a satisfies (3.18)), then o € L*®)(T) as well.

Remark 3.3.2. When « satisfies (3.18) and u € D(4,,), A,ou = Au where A is the
following operator:
Ae LW, (Wir@))
defined by (Au,v) = a(u,v)
where a(u,v) = 2/]D)u : Do + /auT -V
0 r

More precisely, using Green’s formula ([3.13)) and the relation 2[(Du)n|, = —au, on I', we
can deduce (Au,v) = (A, ,u,v) for any v € Wiﬁl(Q) and u € D(4,,).
3.3.1 Analyticity

In order to show that (D(Ap.), Aya) generates an analytic semi group on L2 _(€2), some
estimate on the resolvent (A + A,)~', A € C is needed.
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Suppose that a € L'®(T') and f € L? (). Then by (3.15)-(3.16), u € D(4,,) and
(A + Apo)u = f is equivalent to uw € W'P(Q) satisfying

M —Au+Vr=f in Q2 (3.21)
divau =0 in Q2 (3.22)
u-n=0 onT (3.23)
2[(Du)n|, + au, =0 onI' (3.24)

for some m € LP(Q).

If on the other hand, « satisfies (3.18), w € D(4,,) and (A + A,,)u = f for f €
L _(Q), is equivalent to (u,7) € W*P(Q) x W'P(Q) satisfying (3.21])-(3.24).
Proposition 3.3.3. Suppose that o € L'®)(T), f € [HY (div, Q)] with p € (1,00) and

A € C. Then, u € WH(Q) solves - for some m € LP(Q) is equivalent to
u € WL (Q) satisfies:

ax(u, ) = (f,@) Vo W,Z(Q)

where:

(3.25)
ax(u, @) = A [u-@+2 [Du: D+ (aur, @r);
Q Q

and (, )p denotes the duality product between Wﬁi’p(I’) and W%’p,(F).

Proof. Tt follows from the trace theorem and Holder inequality that for all u € WP Q)
and @ € WEZ(Q), au, - @, € L'(T) (cf. Lemma [2.3.8) and

[ otur - @ < Cllall o [elhwiy @)l )
T

It easily then follows that ay(-, ) is a continuous sesqui-linear form on WL (Q) x WL (Q).

When A\ = 0, it is the sesqui-linear form a(-,-) introduced in the previous chapter. The

proof of this proposition then follows exactly the same steps and uses the same arguments

as in Proposition [2.3.10} |

The following theorem gives the existence of a unique solution of the resolvent problem

and also the resolvent estimate.

Theorem 3.3.4. For any e € (0,m), let \ € . :={\ € C*: |arg\| < 7w — ¢}, f € L*(Q)
and o € L*(T"). Then,
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1. the problem - has a unique solution (u,m) € H' () x L(Q).
2. there exists a constant C. > 0, independent of f, a and X\, such that the solution u

satisfies the following estimates:

lellz2 @)

D p2(0) <

1
)_Oe\/m

1 fllz2 (3.27)
and

17l 2(0) < C(Q)

1 1
1 1 fllz2 Q)- 3.28
+ = C’a ( + \/ﬂ)] || H () ( )

3. moreover, if either (i) 2 is not axisymmetric or (ii) Q0 is azisymmetric and o > o, > 0,
then

1
oy + 72y < C@) (14 =) 100y (329
and if a is a constant, then
1
Jullrey + I7llniey < C@) (1+ = ) 12w (330

where C(Q) does not depend on a.

Remark 3.3.5. Note that the estimates (3.26]) and (3.27) give better decay for A large
and enables us having a good semigroup theory, in general. On the other hand, estimate

(13-29) gives uniform bound on the solution, especially when A is small.

Proof. 1. In view of Proposition[3.3.3], it is enough to prove the existence and uniqueness of
a solution to (3.25). Also A = 0 case corresponds to the existence result for the stationary
Stokes problem Theorem [2.4.1} So we may consider X\ # 0.

By Korn inequality, [|u| r2() + [|Du| 12 is an equivalent norm on H'(2). Then using
the following inequality (cf. |6, Lemma 4.1]):

Ve, Vab>0, |Aa +b] > C. (|A\|a 4+ b) for some constant C. > 0

and a > 0, we get,

|ax(u, u)| > C; (|>\|||U||2L2(Q) + 2||Du||%2(9) + /a|uf|2)
I
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> C. min (1], 2) (|[llF2(0) + IDu]|720))

> C. min (|A],2) w3 )
Hence, for all A\ € X,, ay is coercive on H},T(Q) and therefore, by Lax-Milgram lemma, we
get a unique solution in HY, (Q2) of the problem (3.25)) which proves 1.

2. From the variational formulation, we have,
a/\(uau’) :/.fﬁ'
Q

which gives
Jax(uw, w)| < || Fllz2@llullz2@)-
But we also have,
jax(w, w)| > C. (M| Z2(0) + 2 Dul|Ze(g))
Thus .
wllz2@) < m”f”m(m

and then
1 1

D7) < 5 Ca||f||L2(Q)Hu”L2(Q) < WHfH%%Q)
prove the inequalities and .
From the equation (3.21]), we may write, using and ,
I7llz2@) < IVl < CO) (Ifllz2@ + [Aulla-1e) + Al @)
< CQ) (I fllz2@ + 1Dl z2y + M el 22y

1 1
L+ = (1+—=—=]| Iflz@
@( NMM” "
which gives ((3.28).

3. Moreover, writing (3.21) as —Au+V7 = f—Au, we deduce from the Stokes estimate
Theorem in the case either (i) Q is not axisymmetric or (ii) €2 is axisymmetric and
a > a, > 0, the existence of a constant C' > 0 which depends only on 2 such that

1
Jullzr @) + Iz < CO) (1l + Wl ) < C@) (1+ &) I1f 2oy

This provides the better bound (3.29) on w and 7 when A is small.
Similarly, for constant «, the H? estimate of the Stokes problem Theorem yields

<C(Q)

1
o) + il o) < C@) (14 &) 1200
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In the next theorem we prove the analyticity of the semigroup generated by the Stokes
operator with Navier boundary condition on L? (€2).

Theorem 3.3.6. For any o € L*(T'), the operator —As,, defined in (W ' with
p = 2, generates a bounded analytic semigroup on LU7T(Q).

Proof. Obviously D(Ay,) is dense in LZ _(€2). Therefore, according to Theoremm it is
enough to prove the resolvent estimate. Now, by definition and from the previous theorem,

we have,
(Ot A = sup A Ae) Fllizey o Nl
’ feL2 () £l 22 rerz @ [ fllze) = CelA
F#0
Hence, the result. |

Next we extend the results of Theorem for all p € (1, 00).

Theorem 3.3.7. Suppose that p € (1,00), « satisfies and N € X, where X, is

defined as in Theorem |3.3.4. Then for every f € LP(), the problem (3.21)-(3.24) has a
unique solution (u,7) € WP(Q) x W2(Q) N L{(Q).

Proof. case (i): p > 2. Since from the assumption, f € L?(Q) and o € L*(T), there
exists a unique solution (u,7) € HY(Q) x L3(Q) of (3.21)-(3.24) by Theorem [3.3.4 Now
writing the equation as —Au + V7 = f — Au and since u € HY(Q) — L%(Q), we
have f — Au € LP(Q) for all p < 6. Thus, using the regularity result in Theorem , we
obtain u € W?2(Q) for all p < 6.

Now for p > 6, we have u € W2%(Q) — L>*(Q2). Hence f — Mu € L?(Q) and by the
same regularity result, we get u € W2P(Q) for all p > 6.

case (ii): 1 < p < 2. We first claim that (A + A) is an isomorphism from W, {(Q)
o (WLe(Q)) for all ¢ > 2. Then the adjoint operator, Al + A* is also an isomorphism
from W' (Q) to (WL(Q))’ with ¢’ < 2. Then, for any f € L (Q) C (WL (Q)), there
exists a unique u € W} 2(Q) such that (A\I + A*)u = f. Our second claim is that, since
f € Lt (Q) it follows that u € D(4,,) and A*u = A, u. This finally implies that
(A + Ayo)u = f.

First claim: For ¢ > 2 and £ € (W4 () C (H..(Q)), from Lax Milgam lemma
there is a unique uw € H, _(Q) such that ay(u,) = (£, ¢) for all ¢ € H, (). Then,
a(u, p) = (€ — I, @) with £ — Au € (W2LZ(Q))". On the other hand, by Theorem m
there exists a unique w € W}4(Q) C W,2(Q2) such that

a(w, p) = (£ — M, @) Yo € W (Q).
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It then follows that
a(w —u,p) =0 Vo € H, (Q)
and by the uniqueness result Theorem [2.5.3) w = w in H, () and thus u € W {(Q).

)
Second claim: If f € L?_(Q) with 1 <p <2 and (A + A*)u = f with u € W 2(Q),
then A*u = f — M =: g € L _(Q) which means a(u, ) = (g,¢) for all ¢ € ngf/(Q)
It then follows by the regularity result Theorem that (u,m) € W2P(Q) x WP(Q)
with 7 defined by for v = Awu and u satisfies the boundary condition. In particular
u € D(A,,). Then, using Remark 3.3.2] A u = A*u. |

Remark 3.3.8. Notice that though the two boundary conditions
curlu xn=0 onTl (3.31)
and
2[(Du)n], + au, =0 on I’ (3.32)

are very much similar, as described in , but in the case of the Stokes problem with
Navier type boundary condition on L _(€) the pressure is constant and hence does
not appear in the operator (see [5, Proposition 3.1]). On the contrary, the pressure term
does appear in the Stokes operator with Navier boundary condition .

Next we deduce LP-resolvent estimate for all p € (1, 00).

Theorem 3.3.9. Let A € C* with Re X > 0 and p € (1,00). Then for a € L'P)(T") and for
any f € L*(Q), the unique solution u € W'P(Q) of - satisfies the estimate:
C
lellzee) < 71l llze)
A
where C' depends at most on p and ).

To prove the above theorem, we need to establish the following weak Reverse Holder
estimate (as in [107, Lemma 6.2]):

Lemma 3.3.10. Let xgp € Q and 0 < r < ¢ diam(Q). Let (u,7) € H'(B(xo,2r) N Q) x
L*(B(xg,2r) N Q) satisfies the Stokes system

AM—Au+Vr=0, divu=0 in B(xg,2r)NQ

(3.33)
u-n=0, 2[Du)n|_ +au, =0 on B(xy,2r)NT
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where A € C* with Re X > 0 and o € L*®)(T"). Then, for any p > 2,

1/p 1/2

1 1
/ | <c|5 / ) (3.34)

s
QNB(zo,r) QNB(zo,2r)

where C' > 0 depends only on p and ).
Note that if B(xg,2r) NT = (), then we do not consider any boundary condition.

Proof. By a geometric consideration (since I' is compact), we only need to establish the
estimate in two cases : (i) zo € 2 and B(zo,3r) C §; (ii) zo € I

The first case (i) follows from interior estimate (cf. [107, estimate 5.22]). The second
case (ii) concerns a boundary estimate. Here onwards, we denote the ball B(zq, R) by Bg

and £, f = & L, f.

1. Let r < s <t < 2r and consider a cut-off unction n € C2°(B;) such that

n=1onB;,, 0<n<1 and \angt :
-5

Multiplying (3.33)) by n*u and integrating by parts, we get,
0=\ / n*ul? + 2 / Du : D(n*u) + / an?|u,|* — / (m — o) div(n*u)
Bo,-NQ Bo,NQ Bo,-NI" Bo,N
where Ty = fp ~q 7. This gives, using the fact that div w =0 in (,
A / n?|lu)?+2 / n? |Du|*+ / an’lu.|®* = —4 / Du : nVnu+2 / (m — mo)nVnu
Bo,-NQ Bo,-NQ Bo,.NI' B2,-NQ B2,-NQ
where Vnu is the matrix Vi ® u. Equating real and imaginary parts and using Cauchy’s

inequality, this implies

Re A / n*lul? + 2 / n*|Dul* + / an’lu,|?

B2,.N$2 BN Bo,-NI'
= —4Re / Du : nVnu + 2Re / (m — mo)nVnu
B2rNQ Ba2,NQ
<e [ wpuf+ce [ VaPlulre [ owlm-mP+C Vol (335)
QNBay QNBa, QNBa, QNBa,
and
Im A / n°|ul?
Bo,N
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= —4Im / Du : nVnu + 2Im / (m — mo)nVnu
B2,NN2 Ba,.NQ

<e [ wuPec [ ViRl ie [ ofm-mPec [ 9nPul (3.36)

QNBa,- QNBa,- QNBa,- QN B,

Now adding ([3.35)) and ([3.36)) gives, since a > 0,

(Re A+ |Im A|) / Pluf? + 2 / 7| Du)?

BN Bs,.NQ

<e / n’[Dul? + C. / IVl lul? + ¢ / n*|m — mol*

QNBay QNBay QN B2,

Incorporating the properties of 1, we obtain

Al / ul? + / IDuf? < C<Q))2Qr4t 4 e / I — o2 (3.37)

(t—s
BJNQ B,NQ QAB,

2. Next to estimate the pressure term, as m — my € L*(B; N ), there exists a unique
¥ € H(B; N Q) such that

divep=nm—m9 in BN
Pp=0 on d(B; N Q)

satisfying

||| 51 (Bino) < C() ||m — 7ol 22 (B0 - (3.38)

Multiplying (3.33) by % yields (replacing m by (7 — m) and extending % by 0 outside
QN By,

A / u-z,b—i—Z/]Du:]Dh,bz / (m —mp) div ep = / | — o

QNB: QNB: QNDB; QNBy¢
which gives, using (3.38)),
I = ol z2@nsy < C() (M|l 2@ns,) + [Dull2@ns,)

Plugging this estimate in (3.37]), we obtain

N[ ke [ purs SO [ e [puP e [l

(t —s)?
BsNQ BsNQ QN By QN By QN By
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From here, we deduce the following Caccioppoli inequality for Stokes system

which follows from the general result [55, Lemma 0.5] setting f = |\||u|?* + |Du|? g =
lul>,h =0 and a = 2.

3. Therefore [94, Lemma 6.7] enables us to have the following reverse Holder inequality,

1/2 1/q

]f wl?| <O ][ ME for any ¢ > 0. (3.39)

QNB; QNBa,

Finally we claim that the above inequality implies (3.34). To prove that, let us define an
operator
T: LY (2N By) — L*(QN B,)

V= .

Now for the adjoint map
T : L*(QN B,) = LP(QN By,)
by definition, we can write,

<T*ua f)Lp(QﬂBQT)XLp,(QﬂBQT) = <uv Tf>L2(QmB,.)><L2(QmB,,.)

11
< OO 7 NF | oo 1l 20,
where the last inequality comes from (3.39)). This shows
3(1_1
|7 ull sy < COIF*7 full 220,

Since T*u = w on LP(2 N B,.), we then obtain

1/p 1/2
[l e [ qup
ONB, QNB,
which concludes (3.34)) upon using |[u|z2ns,) < ||[u|lL2@0B,,)- [ |

The following lemma, due to Shen [107, Lemma 6.3], contains the real variable argument
needed to complete the proof of Theorem [3.3.9
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Lemma 3.3.11. Let p > 2 and Q be a bounded Lipschitz domain in R%. Suppose that:
(1) T is a bounded sublinear operator in L*(;C™) and ||T||p2—r2 < Co;

(2) There exist constants 0 < 5 < 1 and N > 1 such that for any bounded measurable f
with suppf C '\ 3B,

1/2

1/p 1/2
(][|Tf!p) <N ( ][ |Tf|2) +§/113%<][’f|2) (3.40)

QNB QN2B

where B = B(z,r) is a ball with x € Q and 0 < r < B diam(Y). Then T is bounded on
Li(Q;C™) for any 2 < q < p. Moreover, ||T||ps—rs is bounded by a constant depending on
at most d,m, 3, N, Cy, p,q and the Lipschitz character of €.

The definition of the Lipschitz character (used above) of a bounded Lipschitz domain
Q2 can be found in 100, Sec. 5]. For convenience, we recall it.

A bounded domain €2 C R™,n > 2 is called a bounded Lipschitz domain if there exists
ro, M > 0 such that for each point z € 0f2, there exists a Lipschitz continuous function
Ny : R"" — R with 7,(0) = 0 and ||V, e gn-1) < M and a rotation R, : R* — R" such
that for all 0 < r < rg,

R.(Q—{z}) N D(r)
R (02— {z}) N D(r)

Dy, (r)
I, (r)

where

D(r) :={(a',x,) : |2'| < r,|z,] < 10n(M + 1)r}
Dy, (r) = {(2,2,) : 2| < r,ne(z') <z, < 10n(M + 1)r}
Inz(r) = {(x/7$n) : |$l| <r, 77x<$/) = :pn}
Now let 2y, ...,zy € OQ be such that {U,, ,, }¥; covers 9Q where U, := {z} + R;'D(r).

Then a constant C' > 0 is said to depend on the Lipschitz character of € if it depends on
M and N.

Proof of Theorem [3.3.9l By rescaling, we may assume that diam(Q) = 1. Then for
A € C* with ReX > 0 and f € L?*(Q), there exists a unique (u,7) € H'(Q) x L(Q)
satisfying (3.21))-(3.24). Also

AL a2 +2 [ 1Duf + [ afur® < C [ |f]ul
Q Q T Q
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where C' depends only on 2. By Hoélder inequality, this implies

IMwllz2) < Coll fllz2(e)

where Cj depends only on €. Let us now define the operator T\ by T\(f) = |A|u. Then
Ty is a bounded linear operator on L?(Q2) and ||T)||z2—z2 < Cy which is the assumption
(1) in Lemma [4.2.6], We will show || T}||ge—rs < C for 2 < ¢ < p using Lemma [£.2.6|

To verify the assumption (2) in Lemma |4.2.6, let B = B(zg,r) where 2o €  and
0<r<ec Let f e L*Q) with suppf C 2\ 3B. Since
A —Au+Vr=0, divu=0 in QN3B
u-n=0, 2[Du)n| +au,=0 onl'N3B

we may then apply Lemma [3.3.10| to obtain,

. 1/p . 1/2
(r:a/ ’“’p) SC(T:») / ’“’2) -

QN2B

1/p 1/2
( / |TA<f>|p) sc( / mmr?)

QNB Q2B
where C' depends only on p and €2. Therefore by Lemma we conclude that the

operator T) is bounded on L4(Q2) for any 2 < ¢ < p and that ||T)||ge—re < C; where C,

It follows that

depends on at most ¢ and 2. Thus in view of the definition of T, we have shown that for

any q > 2,
Cq
[wllza@) < m\lfl!m(m-
By duality, the estimate also holds for ¢ € (1,2). [ |

As a conclusion, we have the following theorem:

Theorem 3.3.12. Let p € (1,00) and « as in (3.18)). Then for all X\ € C* with Re A > 0
and f € LP(Q), there exists a constant C' > 0 depending on at most p and €2 such that the

unique solution (u,7) € D(A,,) x WHP(Q) N LE(Q) of (3.21)-(3.24) satisfies:
C
Julzre) < meHLP(Q)- (3.41)

If moreover «v is a constant and either (i) 0 is not azisymmetric or (ii) ) is axisymmetric
and o > oy, > 0, then

.

| £l zr ()
VIA

IDul|zo@) < (3.42)
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and
ullwzr@) < C [ £z - (3.43)

Proof. Estimate (3.41) follows from Theorem [3.3.9]

Let us now prove the estimate (3.42)). From Gagliardo-Nirenberg inequality [3, Chapter
IV, Theorem 4.14, Theorem 4.17] and regularity estimate for the stationary Stokes problem

Theorem [2.6.15 we have,

1/2 1/2
IDw o0y < C [ullwingy < C lullyyam g lullie,

1/2 1/2
<Cf - /\UHL/p(Q)Hu”L/p(Q)

1/2 1/2
< C (I fllzr@ + Mlulle@) " el

and estimate (3.42)) follows using (3.41)).
To prove ({3.43)) we again use Theorem [2.6.15 and (3.41)) to obtain

|ullwe2r@) < C||f — Mu|zo) < C | fllze@)-

Finally we obtain our first main result:

Theorem 3.3.13. Let « be as in (3.18)). The operator —A, , generates a bounded analytic
semigroup on LY _(Q) for all 1 < p < oo.

Proof. In view of Theorem [3.3.12] to apply Theorem it remains to check that D(A4,.,)
is dense in L? (€2). But this is immediate since 9,(2) — D(4,,) — L _(Q) and by
definition 9,(2) is dense in L? _(€2). [

3.4 Stokes operator on [HY (div, )]

g, T

We first recall that if £ € [HE (div,Q)]’ (defined in (3.10)) and is such that divf € LP(Q)
for some p € (1, 00), then its normal trace (f-n)r is well defined and belongs to Wﬁl*i’p(l’)
|6, Corollary 3.7].

Let 4 be the closure of 9,() in [HY (div, )]’ Then, it can be shown that

B = [HY (div, Q)] , = {f € [H (div, Q)] : div f =0in Q, f - m=00nT}
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which is a Banach space with the norm of [HE (div,)]’ [6, Proposition 3.9]. Let Q :
[HY (div, Q)] — 2 be the orthogonal projection on %. We define the Stokes operator
B,, on %, as

D(B,,) = {u € W'(Q)N & : Au € [HY (div, Q)]',2[(Du)n], + au, =0 on I'};
Byo(u) = —Q(Au) foru e D(B,,)

with o € L*®)(I") where t(p) is defined in (3.14).

3.4.1 Analyticity

As in the previous section, we will now discuss the analyticity of the semigroup generated
by the Stokes operator B, , on [HY (div, 9))] .

Theorem 3.4.1. Let p € (1,00) and a € L'P(T). Then, for all A\ € C* such that

ReA > 0, and all £ € [HE (div,Q)], the problem - has a unique solution
(u,7) € WP(Q) x LE(Q) satisfying

C

Hg/(div,Q)]/ < m H‘fH[Hg/(div,Q)]/ (344)

Jull
for some constant C' independent of A and c.

Proof. 1. Existence: The proof of the existence and uniqueness of the solution follows
similar arguments as in the proof of Theorem and Theorem [3.3.7] For p = 2 the exis-
tence and uniqueness of solution comes from Lax-Milgram lemma and De Rham theorem
for the pressure.

When p > 2, since f € [HE (div,Q)]' C [HZ(div,Q)] and o € L'®(T) C L(T), we
have the existence of the unique solution (u,7) € H'(Q) x L3(2). We can now apply the
regularity result for weak solution of the stationary Stokes system Corollary [2.5.6] since
f — M € [HE (div, Q)] to obtain uw € WL»(Q).

For p < 2, the proof follows in the same way as in Corollary [2.5.6]
2. Estimate: Now to prove the estimate , consider the problem,
MW—Av+VO=F, dive=0 inQQ
{v -n=0, 2[(Dv)n|,+av,=0 onl
where F' € Hg,(div, Q) and @ as in (3.18). Thanks to Theorem m and the estimate
(3:41)), there exists unique (v,0) € W27 (Q) x (W (Q) N LY (Q)) with the estimate

C
||v||LP'(Q) < W ||F||LP’(Q) '
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As a result, we get,

11l LEl

'(div,Q) | /\| HY (div,Q)"

Now, for the solution (u,7) € Wl’p(Q) x LP(2) of the problem ({3.21)-(3.24)), we get,

_ [(u, F)| | (u, W — Av + V) |
||u|| dlv Q)] — Sup W - Sl/lp HFH )
FEHp (div,Q2) Hp (div,Q2) FEH(Z)) (div,02) Hg (div,Q2)
F¢0 F#0
| (Au— Au+ V7, ) | | (f;v) |
== sup = up ' '
FGHg/(diV,Q) ||F|| d1V Q) FEHp (div,Q) ||F|| le Q)
F+#0 F¢0

< — /
— |)\| HfH[Hé’ (div,Q)]’
which is the required estimate. [ |

Theorem 3.4.2. Let p € (1,00) and o € L'P(T) with t(p) defined in (3.14). Then, for
fe [Hé’/(div, )], the unique solution (u, ) of - in D(Bya) X L{(Q) is such

that the pressure T satisfies the following estimate in the case when (i) either Q is not
azisymmetric or (i) Q is axisymmetric and o > o, > 0:

”7THLp < O H-f” HP dlv Q)]/

for some constant C independent of A\ and «.

Proof. By the regularity result of the stationary Stokes problem Theorem [2.6.11] we can
write

lwllwrr + il < CILF = Nl

and the result follows using estimate ((3.44]). |

The analyticity of the semigroup generated by the Stokes operator B, , on [H{ / (div, Q)]7, .
is now easily deduced from Theorem [3.4.1]

Theorem 3.4.3. Let a € L'P)(T") with t(p) defined in (3.14). The operator — B, gener-

/

ates a bounded analytic semigroup on [H{ (div, Q)] _ for all 1 < p < oo.

Proof. In view of Theorem to apply Theorem it remains to check that D(B, ) is
dense in [H? (div, Q)];, - But this is immediate since 2, () — D(Bpq) < [HY (div, )]
and by definition 2,(€) is dense in [HY (div, )] |
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3.5 Imaginary and Fractional powers

3.5.1 Imaginary powers

Our main purpose in this section is to prove local bounds on pure imaginary powers A;fa
and B  of the Stokes operators defined in Section and Section respectively. A

D,
complete theory of fractional powers of an operator (bounded or unbounded) can be found

in Komatsu [83].

Since these operators are non-negative operators, it then follows from the results in
[83] and in [114] that their powers are well, densely defined and closed linear operators on
L’ () and [HY (div, )]’ with domain D(Aj,) and D(BL,) respectively.

Notice that in [5], it was comparatively straight forward to obtain the bounds on pure
imaginary powers, since with Navier type boundary condition, the Stokes operator actually
reduces to Laplace operator and thus they could borrow the well-established theory for
elliptic operators, which is not our case. Therefore we use the theory of interpolation-
extrapolation to make use of the established theory for similar operators and implement a

perturbation argument.

Theorem 3.5.1. Let o be as in and if p € (1,3] suppose also that o € L>(T").
Then there ezists an angle 0 < 0 < /2 and a constant C' > 0 such that for any s € R,

is s|0
| AR, || < C el?. (3.45)

Similarly, for a € L*>(T"), there exists an angle 0 < §' < /2 and a constant C' > 0, such
that for any s € R,

|Bis.)l < €' el (3.46)

Proof. Since the proof of is exactly similar to that of (3.45), we only show ([3.45)).
The proof of is based on the theory of interpolation-extrapolation scales from [8].
A similar approach has been followed in [101], considering the perturbation of a different
operator than ours and for o constant.

1. Let us define Xo := L? (2) and A := Al + Ay, for A > 0 and where Ay is the
Stokes operator with Navier-type boundary condition
u-n=0 curluxn=0 onl.
ie.
D(Ayr) = {u € W*(Q)NLL_(Q),curl u xn=0onT}
ANT(U/) = —P(A’U/) for u € D(ANT)
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D(M + A,) = D(4,) for A > 0.

As indicated in the Introduction to this Section, the powers A§ of the operator A, are well,
densely defined and closed linear operators on L} _(€2) with domain D(Af).

Now by [8, Theorems V.1.5.1 and V.1.5.4], (Xo, Ag) generates an interpolation-extrapolation

scale (X,, Ay), a € R with respect to the complex interpolation functor since Ay is a closed
operator on Xy with bounded inverse (cf. [5, Theorem 4.8]). More precisely, for every
a € R, X, is a Banach space, X, — X,_; and A, is an unbounded linear operator on X,
with domain X,,; and for a > O:

(1) Xo = (D(AG), 1A - )
(17) A, is the restriction of Ay on X,.

Moreover, for any b € (a,a + 1),

1 1-6 0
X, = [X,, X, here - = .
0= wilo where 7= —— 4=

Similarly, let X3 := (X,) = Lg:T(Q), Al = (Ay). Then (X}, A}) generates another
interpolation-extrapolation scale (X#, A?), the dual scale by [8, Theorem V.1.5.12] and

(X,) =X*, and (A4,) =A%, foracR

where A’ denotes the dual of A. In the particular case a = —1/2, we obtain by definition,
an operator A_yp : X_1/5 — X_y/, with

D(A_12) = Xi/2 = [Xo, Xi]1/2. (3.47)
We now claim that
[Xo, Xu]1/2 = W,2(Q) (3.48)
and then,
Xoaje = [WiH Q) (3.49)

will follow.

To prove (13.48)), one inclusion is obvious. Indeed,

[Xo, Xi]uj2 C [LD (), WZE(Q)]1 0 = W2(Q).

And for the other inclusion, by (3.47) it is enough to prove that W, 2(Q2) C D(A(l)/ %). To
this end, first consider the operator (A45)/2 on LY (). Since Ay has a bounded inverse,
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3.5.1. Imaginary powers

(A§)'/? is an isomorphism from D((A})"/?) to L¥ (Q) [114, Theorem 1.15.2, part(e)] and
thus, for any F € L¥ (), there exists a unique v € D((Af)/?) such that (Af)/2y = F.
So, for all uw € D(Ay),

1/2 1/2 1\2
e _ (40" )| (A (4)20))
[Ag" " ullrz (@) = sup IF| - 5)2
rerr @ Il ) wepatsy 10400l o
F#0 v7#0 !
A
_ sup |§ fuav>|
ven(al/) 1(A0)2 vl o)
v#0 ’

|Jo Au - v + curl u - curl v|

sup T
iy T TV SR
v#0 ’

S CHuHWlP(Q) (350)
Now as D(Ay) is dense in W 2(Q), we get the inequality (3.50) for all uw € W #(Q) which
gives the required embedding.

Now from [6, Theorem 6.1], we know that there exist constants A > 0 and 6 € (0, )
such that
Vs € R, [|AF]|cxo) < Mel.

It then follows from [8, Theorem V.1.5.5 (ii)] that
Vs eR, || (A—l/z)w leex ) < Ml

We call the operator A_;/, the weak Stokes operator subject to Navier-type boundary
condition. Since A_j/; is the closure of Ay in X_;/5 and X; — Xy, it follows that
A_y1pu = Agu for u € X; and thus, for all v € Wc,l,’_}?/(Q),

<U,A,1/gu> = (v, Agu) :)\/u-v—i—/curlu-curlv
Q Q

(X—1/2)/><X—1/2

where we only used integration by parts. Now using the density of X in X /3, we obtain
the relation, for all (u,v) € W22(Q) x WIF'(Q),

<A,1/2u, v> = )\/u Sv+ /curl u - curl v. (3.51)
Q Q
2. Next let us define an unbounded operator Ay, on X_;/p, with domain X o, as, for
all (,v) € WEZ(Q) x W2 (Q),

(AN pu,v) = /curl u - curl v + (Au,v) + /a’u, v (3.52)
Q r
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where A is defined in (3.11]). We call the operator Ay, the weak Stokes operator subject
to Navier boundary conditions. Comparing (3.52]) with (3.51]) implies

(AT + Ay ) u,v) = (A_ypu,v) + (Agu, )y (3.53)

where the linear operator A, : X_;/5 — X_;/9, given by,

(Apu,v)p = (Au,v) + /ozu v
r

is a lower order perturbation of A_y/,. Therefore, as a € L*(I'), it follows from [101]
Proposition 3.3.9],

Vs eR: (M + Axw)]” ey, < Mell

for some constant 04 € (0,7/2). Since, from Corollary 2.5.6, Ax,,, has a bounded inverse
it follows from [101, Proposition 3.3.9] again, that

AR wlleix_y . < Mo,

3. Now we want to transfer this 'bounded imaginary power’ property to the strong
Stokes operator A, with Navier boundary condition, defined in — on L _(Q).
For that we will apply again Amann’s theory of interpolation-extrapolation scales. Let
Xy = [W;;’_’/(Q)}/, Ay == Ay and X}' := W 2(Q). By [8, Theorems V.1.5.1 and
V.1.5.4], the pair (X', Ay) generates an interpolation-extrapolation scale (X*, A¥),a € R
with respect to the complex interpolation functor and by [8, Theorem V.1.5.5 (ii)], for any
a€R,

Vs €R, [[(AY)"|lzxmy < MelsPa,

We will show in the remaining part of this proof that the operator Ay, : X3/, C X{)y —
X1, coincides with A, where the strong Stokes operator A, : D(A,) C Lf _(€2) — L? (2)

is defined in (3.19)-(3.20). Observe that, by (3.47), (3.49),
XéU :X,1/2 and Xiy :X1/2'
Therefore,
10/2 = [XéuaXiu]l/Q = [X71/2,X1/2}
and the operator Aj), is the restriction of Ay on X{,. Hence, A})yu = Agu = Ay, u for

any u € D(Ai”/z) = X3}, and then, for any ¢ € Wj}f/(Q),

Ve, (3.54)

Xo = L2,()

12

(. Aﬁ"/2“>(xw ) xxy

1/2 1/2

= <907 AN,wu> (X“’/
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3.5.2. Fractional powers

= /curl u - curl o+ (Au, ) + /au . (3.55)
Q r
On the other hand, for any (v, ) € D(A,) x W[}vﬁ’/(ﬂ), it follows from integration by parts
that

(o, Apv)( = /curl v - curl ¢ + (Av, ) + /a’u - . (3.56)
0 r

X;U/Q) XX,
Now for any given u € D(AY),), AY)yu € Lb (€2) and then there exists a unique v € D(A,)
such that

Ap'U = A;U/Zu
since A, is onto. Thus it follows from 1} that for any ¢ € W22'(1),

<907 APIU> ( = <907 AN,wu> (

/
X ) XX

!
- Xw ) XX,

1/2

This in turn implies by (3.55) and (3.56)) that

<907 AN,wu> ( = <907 AN,U}”) (

X;U/Q) XX, X;U/Q) xX;U/Q'
Hence, v = u by injectivity of Ay,,. Similarly, if v € D(A,) is given, then there exists a
unique u € D(AY),) such that AY,u = Ayv since Ayv € L (€2) and AY), is onto. By the
same argument as above, we obtain u = v showing that D(4,) = D(A}{),) and A, = AY),.

Thus finally we get that,

Vs €R, (4] cs, @) < MellPs,

3.5.2 Fractional powers

The above result allows us to study the domains of A7, § € R. It can be shown that D(A? )
is a Banach space with the graph norm which is equivalent to the norm [|A” - || zr(o), since
Ap o has bounded inverse. Note that for any 3 € R, the map u — ||AJ jul|Lr o) defines a
norm on D(AS ) due to the injectivity of A7 .

Theorem 3.5.2. For all p € (1,00), D(AY2) = W P(Q) with equivalent norms.

Proof. Since the pure imaginary power of A,, is bounded and satisfies estimate ([3.45]),
using the result [114, Theorem 1.15.3], we get that

D (A7) = [Lf (), D(Apa)ls.

1
2
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Chapter 3. Semigroup theory for the Stokes operator with Navier boundary condition on LP spaces

Then it is enough to show that

[L];,r (Q), D(Ap,a)] = Wi’f—(Q)

1
2
with equivalent norms, which is already proved in (|3.48]). |

Remark 3.5.3. If €2 is not obtained by rotation around an axis i.e. if €2 is not axisymmet-
ric, the norms |[u|lwirq) and [|Dul|rr o) are equivalent for w € W'P(Q) with w-n =0
on I'; as shown in Proposition 2.3.11} As a result we have the following equivalence for all

u € D(AII){O%):

D ooy ~ |AY 2] o).

Our next result is an embedding theorem of Sobolev type for domains of fractional
powers which will be applied to deduce the so-called LP — L? estimates for the solution of
the evolutionary Stokes equation.

Theorem 3.5.4. For all1 < p < oo and for all § € R such that 0 < 5 < %, the following

embedding holds :
20

1 1
D(AS,) = LYQ)  where — = - — 3
7 qg P

Proof. First observe that for 0 < 6 < 1, by the result [114, Theorem 1.15.3] and the
estimate (3.45)), we can write

D(A% ) =[L% (), DAL + A,0)]e = [LP(Q), W?P(Q)]p — W?P(Q) — LI(Q) (3.57)

where

1 26 n - 3
— — —  when —.
p 3 P=5

Now since [ < %,Wewrite6:9+kwith0§9< land £k =0or 1. If £ = 0, the
result follows from (3.57). If k& = 1, consider m large so that D(A,) C D(A? ) where

1 _1_ 28 1 _1_ 2 1_ 1 _ 2 3 . :
s =1 3 If we set w7 5> then ¢ @ "3 and qo < 3 by assumptions on p and f3.

Hence as the consequence of the embedding (3.57)), we get

1_
q

D(AL,) = LP(@) and D(A,,) = L(Q),
Thus it follows that for all u € D(A}",),

[ull L) < Cll AL Jullpo@ < ClIAD jullLq).

40,

Finally by density of D(A",) in D(AJ ) (since D(AZ ) € D(Af ) by the definition of ¢),
we complete the proof. [ |
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3.6 The homogeneous Stokes problem

In this section, with the help of the semigroup theory, we solve the homogeneous time
dependent Stokes problem:

%‘;—Au—l—VW:O, divu=0 inQx(0,7),
u-n=0, 2[(Dun]+au,=0 onl x(0,7), (3.58)

u(0) =up in
for which the analyticity of the semigroups, considered before give a unique solution sat-

isfying the usual regularity.

3.6.1 Strong solution

We start with the strong solution of the problem (3.58)).

Theorem 3.6.1. Let p € (1,00) and a be as in (3.18). Then forug € L% (S2), the problem
(3.58) has a unique solution u(t) satisfying

u € C([0,00), Lb (2)) N C((0,00), D(A,,4)) N C((0, 00), LE (<)) (3.59)
and if 0 is C*°, then
u € C*((0,00),D(A] ) VEkeN,VieN\{0}. (3.60)

Also we have the estimates, for some constant C' > 0 independent of «,

|u(t)|lzr ) < Clluol|zro) (3.61)
and
ou(t C
||81(t) < ?HUoHLp(Q)- (3.62)
LP(Q)

Moreover, if a is a constant and either (i) Q is not axisymmetric or (ii) ) is axisymmetric
and o > o, > 0, then

C
IDw(t) || ooy < Vi |woll e (o) (3.63)

C
[w(@®)[[wzr@) < —[[wollLr@) (3.64)

t

and
C

19 7lsog0) < ol (3.65)
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Proof. Since —A,, generates an analytic semigroup for every uo € L? _(€2), the initial
value problem ([3.58)) has a unique solution u(t) = T'(t)ug, by [99, Corollary 1.5, Chapter
4, page 104]. Also, from [99, Theorem 7.7, Chapter 1, Page 30], we get that

|T(t)] < C  for some constant C' > 0, independent of a.

As a result, we obtain the estimate ([3.61]). Also, with the help of [99, point (d), Theorem
5.2, Chapter 2], we get the estimate ([3.62). To prove the estimate (3.63), we need to
proceed as in the proof of , hence we skip it. The estimate follows from ((3.62))
and using the fact that |[v||w2r) =~ [[Apa?| Lr@) for v € D(A,,).

Further, using the usual regularity properties of semi group and by [99, Lemma 4.2,
chapter 2], we can deduce the regularity (3.59) and (3.60). The estimate on the pressure
term (3.65)) can be deduced from the equation using (3.62)) and ([3.64). |

The estimates (3.61)), (3.62) and (3.63)) allow us to deduce the following regularity

result.

Corollary 3.6.2. Let p € (1,00) and a be as in (3.18). Moreover, ug € L? (R2),0 <T <
oo and (u, ) be the unique solution of problem (3.58)) given by theorem |3.6.1. Then, for
all 1 < q < 2, we have,

w € L0, T; WH(Q)), m € LU0, T; LE(Q)) and 881; e LI(0, T; [HY (div, Q)]").
Proof. Since we have the Korn inequality
[u(®)lwir@) < [[w®)]lLe@) + [Dut)]|e o)
and wu(t) satisfies the estimates and (3.63)), we get,
lu®lfpag@) < OO+ t7)luoll ooy

which implies w € L(0,T; W?(Q)) only for 1 < ¢ < 2 and for all 0 < T' < co.

Moreover, as the operator B, , : D(B,,) — [HY (div, Q)] is an isomorphism, we have

the equivalence of norm, for any v € D(B,,), HB]wﬂ)|\[H,,/(di Q= |vlp(B,.) and here
o \d1v;, ’

Bpou =2 Thus 24 € L9(0, T; [HY (div, Q)])).

ou

Finally from the equation V7 = Au — 2%, the regularity of 7 follows. [ |

Theorem 3.6.3. Let o satisfy . Then for all p < q < oo and ug € LY (Q), there
exists 0 > 0 such that the unique solution u(t) of the problem belongs to L1(Q2) and
satisfies, for allt >0 :

lu®)lzs@) < C(Q,p) e 2P D g | (. (3.66)
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Moreover, the following estimates also hold

IDw(t)|| o) < C(Q,p) et 32RO g 1o (3.67)

i m,n € N, ||7An ( )HLq < C(Q p) —6tt—(m+n)—3/2(1/p—1/q)||u0||Lp(Q). (368)
Note that all the above constants C(€),p) are independent of .

Proof. First observe that in the case of p = ¢, the estimates (3.66]), (3.67]) and (3.68]) follow
from the classical semi group theory and the result that | T(t)|| < Me™° ([99, Theorem
6.13, Chapter 2)).

Suppose that p # ¢. Let s € R such that %(% — %) <s< % and set pio = ]% 23—5 It is
clear that p < ¢ < po. Since for all ¢ > 0 and for all [ € RT, u(t) € D(A, ), thanks to
Theorem |3.5.4) u(t) € D(A5,) — L»(Q). Now % = x4+ 1_70‘ for a = 11/; 11//;0 € (0,1).
Thus u(t) € L(€2) and

[w()l|za@) < Cllu®)l|gnollu®lni < ClA; T wol| g0 IT()woll o
< Ce ™t ug| (o)

where the last estimate follows from [99, Chapter 2, Theorem 6.13].

In order to prove (3.68) we first obtain from (3.59): 2-A" w(t) € Li(Q) for any
m,n € N and then

I A (6 5m(oy = IAS T (B soy < o™= 9200100 g 1 .

To prove estimate (3.67)), we first deduce from ([3.68) for m = 1 and n = 0:

1

[Apau®llzae) < Ce™e 263, (3.69)
Then, from Gagliardo Niremberg’s inequality, we obtain:

IDwu(t) | zagey < C lu®)llwrom) < C wlt)llyaq )i
scuuwwﬂq@n<nw2 < C || Agau(t)]| Loy () o)

Thus (3.67) follows from (3.66) and (3.69). [ ]

Proof of Theorem [3.1.2l This essentially follows from Theorem and Theorem 3.6.3]
|
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3.6.2 Weak solution

The following result says that if the initial data is in [HZ (div, )], we have the weak
solution for the homogeneous problem (3.58). Here, as in Theorem we use the
analyticity of the semi group generated by the operator B, , and the fact that ||7°(¢)|| <
Me™o,

Theorem 3.6.4. Let 1 < p < 0o and o € L*®)(T") where t(p) defined in (3.14). Then, for
all uy € [Hé’l(div, )], the problem (3.58) has a unique solution w(t) with the regularity

u € C([0,00), [HE (div,2)]") N C((0, 00), D(By,.4)) N C((0, 00), [HE (div, Q)])

and
u € C*((0,00),D(B,)) VkeN, VieN\{0}.

Also there exists constants C' > 0, independent of o and § > 0 such that for all t > 0,

st
1) vy < ¢ N0l iy
and out) 5t
u(t H B
— <C 7”“0” o
’ ot (HE' (div, Q)] (vl

Moreover, if (i) either Q2 is not axisymmetric or (i) Q is azisymmetric and o > a, > 0,

then

e—dt

[ullwisg) < C H“OH ' (div, Q)]

and
_5t

€
197 g sy < €

@vQ) =~ "4 [|wol [HE' (div, Q)]

In the same way as we deduced in Corollary [3.6.2] we can have the following regularity
result from Theorem [3.6.4]

Corollary 3.6.5. Let p € (1,00) and o € L*P)(T') where t(p) defined in (3.14). Moreover,
suppose ug € [Hg/(div, 2)]),0<T < o0 and (u, ) be the unique solution of problem (13.58)
given by theorem|[3.6.4. Then, for all 1 < q < 2, we have

w e LI(0,T; LP()).

Proof. We know the interpolation inequality

1/2 1/2
() o) < @) 1@ O 0

Now using the estimates in Theorem and the fact that [HE (div, Q) — W=1P(Q) in
the above inequality, we get the result. [ |
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3.7 The non-homogeneous Stokes problem

Here we discuss the non-homogeneous Stokes problem:

- MutVi—f dve=0 Qx(0.7)
u-n=0, 2[(Dun],+au,=0 onl x(0,7), (3.70)

u(0) =up in

It is known that if —A generates a bounded analytic semigroup on a Banach space X, then
we can construct a strong solution of

u+ Au= f forae. t€(0,7), u(0)=a (3.71)

if f is Holder continuous in time with values in X. But the analyticity of e ** is not

sufficient to deduce the existence of solutions of (3.71)) for general f € LP(0,T; X) unless
X is a Hilbert space. Therefore, we use the result on abstract Cauchy problem by Giga
and Sohr [61, Theorem 2.3] which used the notion of (-convexity. For completeness, we

recall the definition of {-convexity (see [23], also refer to [102]):
A Banach space X is said to be (-convex if there exists a symmetric biconvex function
¢ on X x X such that ((0,0) > 0 and
(o) < oyl i el <1<yl

The concept of (-convexity is stronger than that of reflexivity. For application purpose, it
is important to recall [61] that X is (-convex iff for some 1 < s < oo, the truncated Hilbert

transform

™ T

w0 - [ D rermx

converges as ¢ — 0 for almost all £ € R and there is a constant C' = C(s, z) independent
of f such that

|H f
where (Hf)(t) = lim(H.£)(t).

The result in [61, Theorem 2.3] is useful in two senses : (i) it can be used even when

Lwx) <O f

L5(R,X)

A does not have a bounded inverse (though in our case, both A, and B, have bounded
inverse) and (ii) the constant in the estimate is independent of time 7', hence gives global

in time results.

Here we introduce the notation for the space, for any 1 < p,q < oo,

l7p oo 11 dt 1/p
DY = o€ X ol g =l + (10t oz ) <0
D4 0 t
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which actually agrees with the real interpolation space (D(A), X), ;,,, When e~ is an
analytic semigroup. First we deduce the strong solution of the Stokes system (3.70]) and

obtain LP — LY estimates.

Proof of Theorem B.1.3l Since L (1) is (-convex [61, page 81] and A, , satisfies the
estimate , all the assumptions of [61, Theorem 2.3] are fulfilled with A = A, , and
X = L{;’T(Q) As a result, the regularity of and v follow. The regularity of 7 comes
from the fact that

Vﬂ:f—i:+Au (3.72)

Also we get the estimate

T Qul? T . T
A atL®ﬁ+A’Mmmm@ﬁSC(AHﬂMp®ﬁ+MﬂilJ
which yields (3.7)) using the fact that A, ,u = —Au + V. u

In the same way, using A = B, , and X = [Hj Y (div, Q)]/
[HY (div, Q)] is ¢-convex [6, Proposition 2.16] and B, , satisfies the estimate on the pure

5. in [61, Theorem 2.3], since

imaginary power (3.46]), we get the weak solution of the problem ({3.70) with corresponding
estimates as follows:

Theorem 3.7.1. Let 0 < T < 00,1 < p,q < 0o and a € L*P(T) where t(p) be defined in
1

(3-14). Then for every f € LU0, T [HE (div, Q)]
solution (u, ) of - satisfying the properties :

1_77q
: . .
o) and ug € Dy " there exists a unique

u € L0, To; W'P(Q)) forall Ty <T if T<oo and Ty < oo if T = oo,

w10 Q). O € L0, (B (div, )L,
Tl ou ||
)

T
n dt—l—/ ||u||W1,p(Q)dt+/0 ||7T||%p(Q)/Rdt

[Hp (div,Q

(/ 11 ey 8 sl )
Bpa
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3.8 Nonlinear problem

In this section, we consider the initial value problem for the Navier-Stokes system with
Navier boundary condition :
ou . :
E—Au%—(u-V)u—FVW:O, divu=0 inQx(0,7),
w-n=0 2(Dun],+au, =0 onl x(0,T), (3.73)

u(0) =uy in Q.

The semi group theory formulated in Section [3.3] and for the Stokes operator
provides us the necessary properties with which we can obtain some existence, uniqueness
and regularity result for the non-linear problem as well. Here we want to employ the results

of [58] for the abstract semi linear parabolic equation of the form
ur+ Au= Fu, u(0)=a (3.74)

where F'u represents the nonlinear part and A is an elliptic operator. This abstract theory
gives the existence of a local solution u(t) for certain class of Fu. The solution can be ex-
tended globally also, provided norm of the initial data is sufficiently small. Moreover, this
solution belongs to L(0,T; LP) with suitably chosen p, q. Since, u € L4(0,T; LP) is equiva-
lent of saying |[u(t)|| rr) € L9(0,T), this gives the asymptotic behaviour of ||u(t)||rro) as
t — 0 and t — oo. Also we mention the interesting article [29] for a discussion on differ-
ent types of solutions of incompressible Navier-Stokes equations with Dirichlet boundary
condition and different approaches to obtain those.

To apply [58, Theorem 1 and Theorem 2|, we need to verify the hypothesis therein,

which we state below for convenience:

For a closed subspace EP of LP(Q2), let P : LP(Q2) — EP be a continuous projection
for p € (1,00) such that the restriction of P on C,(f2), the space of continuous functions
with compact support, is independent of p and C,(Q2) N EP be dense in EP. Let e be a
strongly continuous operator on E? for all p € (1,00). Also, there exists constants n,m > 1
such that for a fixed T € (0, 00), the estimate

(A) le™ Fll oy < M]S|

Ls(Q)/tU, f € ES, t e (O,T)

holds with o = (% — %)% for p > s > 1 and constant M depending only on p, s, T

Moreover, let F'u be written as
Fu=LGu
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where L is a closed, linear operator, densely defined from LP(Q) to E? for some g > 1 such
that for some v,0 < v < m, the estimate

(N1) le™ A Lf o) < NillFloogey /™, f € B, t€(0,T)

holds with Ny depending only on 7" and p, for all p € (1,00) and G is a nonlinear mapping
from EP to L"(€2) such that for some 3 > 0, the estimate

(N2) |Gv = G|l ey < Nallo = wllwo) (0] 7o) + wllagey) » G(O) =0

holds with 1 < h = p/(1 + ) and Ny depending only on p, for all p € (1, c0).

With these assumptions, the next Theorem follows directly from [58, Theorem 1 and
Theorem 2.

Theorem 3.8.1. For ug € L), () and o € Wi=rr([),r > 3, a > 0, there exists Ty > 0
and a unique solution w(t) of (3.73) on [0,Ty) such that

(3.75) w € C(0,To); L, () N L9(0, Ty; L1, ()

tYy € C([0,Tp); L? () and Y| ul| gy — 0 ast — 0

3 3

with % =2 —=.p,q >r. Moreover, there exists a constant € > 0 such that if |[uo || Lr) < €,

then Ty can be taken as infinity for r = 3.

Let (0,T,) be the maximal interval such that w solves (3.73) in C((0,T,); L}, .(2)),r >
3. Then
lu(®)llzr@) > C(T — )&=

where C' is independent of T, and t.

Proof. As our Stokes operator has all the same properties and estimates satisfied by the
Stokes operator with Dirichlet boundary condition, we are exactly in the same set up
as in [58] and hence the proof goes similar to that. However, we briefly review it for
completeness.

Let E? be L? (2) and P : LP(2) — L% (Q2) be the Helmholtz projection, defined in
. It is trivial to see that P is independent of p € (1,00) on C,(2) and C.(Q)N LY ()
is dense in L _(€2). The Stokes operator A,, on L? (Q) is defined in (3.19)-(3.20) with
dense domain and —A,, generates bounded analytic semigroup on L? () for all p €
(1,00) also (cf. Theorem [3.3.13). Applying P on both sides of the Navier-Stokes system
gives

u + Apou = —Pu - V)u, u(0) = uy
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which is obviously in the form (3.74) with Fu = —P(u - V)u

We now need to verify the assumptions (A), (N1) and (N2). Since —A,, generates a
bounded analytic semigroup with bounded inverse, we have (cf. |99, Chapter 2, Theorem
6.13))

VFe Ly (Q)., AL fllro

)/tU.
As D(A7,) is continuously embedded in W?7%((2), this together with the Sobolev embed-
ding theorem yields (A) with m = 2,n = 3.

Next we want to write the nonlinear term Fu. Since div u = 0, we have (u - V)u; =
Z?Zl V,(uju;). If we define g : R* — R? by

(9(2))ij = —wiz;

3
Lgi; =Y PV,gi

j=1
which is a linear operator, it implies F'u = LGu. Also it is easy to see from Holder
inequality that

19(y) = 9(2)| < Naly = 2|(y[ + [2]), 9(0) =0
which gives in turn (N2) with g = 1.

Finally

He—tAp,aLfHLp _ ||A1/2 —tAp A~ 1/2Lf||L1’( ||A 1/2Lf||Lp(Q)

t1/2

and since A Y2L is bounded in LP(Q) (cf. [59, Lemma 2.1]), the assumption (N1) is
verified for v = 1. This completes the proof. [ ]

Next we show that the solution of (3.73) given in the above Theorem in the integral
form is actually regular enough and satisfies (3.73).

Theorem 3.8.2. Let ug € L), (2),r > 3 and u(t) be the unique solution of given
by Theorem |3.8.1. Then

u € C((0,T.), D(Ara)) N CH((0, T); L, ()
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Proof. As in the previous Theorem, the proof follows exactly the same way as in the
case of the Dirichlet boundary condition in [59]. Since the Stokes operator with Navier
boundary condition, defined in —, have all the same properties as for the Stokes
operator with Dirichlet boundary condition, [59, Theorem 2.5] gives (with f = 0) that
u e C((0,73],D(4,4)). And uw € C'((0,T.]; L}, .(Q2)) follows from [47, Lemma 2.14] (with
f=0). [

Next we show that regular solutions satisfy energy inequality provided the initial con-
dition is in L2 (Q).

Proposition 3.8.3. Let ug € L} (Q) and u be a regular solution of on (0, To)(Ty <
o) satisfying (3.75). Then

u e L=(0,Ty; L () N L*(0, Toy; H'(2))

and satisfies the energy equality

t t
1 1
5 [P +2 [ [puf+ [ [afud = [ludl®
Q 0 Q 0or Q

Proof. The proof follows the same reasoning as in [58, Proposition 1, Section 5]. [

3.9 The limit as a — >

Let us denote now wu,, the solutions of the unsteady Stokes or Navier-Stokes equation with
NBC for a given slip coefficient a@ > 0 and a fixed initial data uy. A very formal argument
suggests that when o — oo, we may expect that u, — u in some sense, where u, is
the solution of the same equation, with the same initial data, but with Dirichlet boundary
condition. The existence of solutions u., for such a problem, for a suitable set of initial data
has been proved for example in [113, Theorem 1.1, Chapter III] for the Stokes equation
and |113, Theorem 3.1, Chapter III] for the Navier Stokes equation.

This question has already been considered in [80] for Q2 a two dimensional domain and
L € L*°(I'). The author proves in Theorem 9.2 that when ||| Loy — 0 and uo € H?*(Q)N
H{(Q)NL (), the solution of problem — converges to the solution of the Navier-
Stokes problem with Dirichlet boundary condition in L>(0,T; L*(Q)) N L0, T; H*(2)) N
L*(0,T; L*(T)) (|80, Theorem 9.2]).

Our results on this problem are based on the uniform estimates of the solutions with

NBC with respect to the parameter a proved in the previous Sections. Then, we may only
consider the case where the function « is a non negative constant. But, on the other hand,
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3.9. The limit as o« — >

our convergence result in the Hilbert case, with the same rate of convergence as in [80]
only needs the initial data to satisfy wo € Hy () N L2 (€2) and we also obtain convergence

results for the non Hilbert cases.

In the first two results of this Section, we prove that when « is a constant and the
initial data is such that wy € D(A,,) for all « sufficiently large, the solutions of the
Stokes equation with Navier boundary conditions converge in the energy space to
the solutions of the Stokes equation with Dirichlet boundary condition obtained in [57].

Moreover, we also obtain estimates on the rates of convergence.

Theorem 3.9.1. Let uy € H}(Q) with div ug = 0 in Q, a > 0 be a constant and
To(t) : L2 () — L3 (Q) the semigroup generated by the Stokes operator Ay, defined in

—. Then for any T' < oo,

(3.76) T.(t)ug — Tos(tug in  L*0,T; H'(Q)) as o —

where Ty (t) is the semigroup generated by the Stokes operator with Dirichlet boundary
condition [57]. Also we have,

Q

(3.77) /t/ ID(To (g — Too(t)uto) |2 + /T/ T (o — Too(Buol? < .

o

Proof. i) Let us denote u, = To(t)ug. Then u, is the solution of the Stokes problem
with Navier boundary condition (3.58)), given by Theorem where 7, is the associated
pressure. So u, satisfies the following energy equality

T T
1 1
5 [ TuaTE+2 [ [1Dual+a [ [ fuar =3 [ fuof
Q 0 Q 0r Q

which shows that as a — oo,

Du,, is bounded in L*(0,T; L*(£2))
and

Uq, is bounded in L*(0, T'; L*(T)).
Therefore, u, is bounded in L?(0,T; H*(S2)). Hence 7, is also bounded in L?(0, T; L*())
since || Bov||im2aiv0)y = |v|m1 ) for all v € D(B;). This deduces that Qo is as well
bounded in L*(0, T; H~1(Q)). So there exists (U, o) € L*(0,T; H'(Q))x L*(0,T; L*(2))
with 2%= € L2(0,T; H~'(Q)) such that up to a subsequence,

(Uer, o) = (oo, Too) Weakly in L2(0, T; H*(Q)) x L*(0,T; L*(Q)) as a — o0
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and
ou,, N OUso

ot ot
Also, by Aubin-Lions Lemma, we have

weakly in L*(0,T; H™'()).

Uy — Uy in L0, T; LO75(Q)) for any ¢ > 0.

Next we claim that (s, 7o) satisfies the following Dirichlet problem

a’g:o—Auoo-i-VWoo—O, divus =0 in Qx(0,7)
(3.78) Uy =0 on ' x (0,7)
U (0) = ug in €.

Indeed, for any v € C'([0,T]; H; ,(€2)) where we denote Hj ,(Q) = H(Q) N L2 (Q), the
weak formulation satisfied by (w,, 7,) is,

(3.79) Z<a;a, > e +2//]D)ua Dv = 0.

0

Then passing limit as a — 0o, we obtain

(3.80) /T<a;’;°,v> e +2//]D)uoo . Do = 0.

0 0

Also writing the boundary condition satisfies by u,, in the following way,

thor =~ [(Dug)n

and since [(Du,)n], is bounded in C((0,T), H?(I")) [due to (3.59)], passing limit as
a — oo shows that u., =0 on I' x (0,7).

In order to show that 1. (0) = ug, we can write from (3.79), for any v € C'([0, T}; H; ,(2))

with v(T") = 0,
—//ua —I—Q//]Dua ]D)'v—/uo

and similarly from (3.80)),

—//uoo- +2//]Duoo ID)v—/uOO
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3.9. The limit as o« — >

As v(0) is arbitrary, we thus conclude that ©(0) = wug. This proves the claim that
(Uoo, Too) solves the Dirichlet problem (3.78)).

ii) It remains to prove the estimates and the strong convergence of (t, T4 ) 10 (Uso, Too)-
Note that (va,pa) = (e — Ueo, Ta — o) satisfies the following problem

%’?—Avﬁvpa:o, div v, = 0 in Qx (0,7)
(3.81) Vo =0, 2[(Dva)nls +aver = —2[(Dus)nl,  on T x (0,T)
v,(0) =0 in Q.

Multiplying the above system by wv,, we obtain the following energy estimate, for any
T < o0,

(3.82) > oato)? + 2 / [ IDva? + / [ alverl? =2 / ([(Duc)] var)r
Q 0 Q 07T 0

If wy € Hy(2) N L3 (Q), then us, € L*(0,T; H*(Q2)) (cf. [113, Proposition 1.2, Chapter
I1I]) and thus the term in the right hand side can be estimated as

T

// [(Duco)n]r - Var < |[Uosl 20, 1:052(0) [|Vall 20,2 (0)) -

0T
As v, — 0 in L2(0,T; L)) (since v, — 0 in L2(0,T; H2(I')) and H2(I) is compact
in L*(T')), the above estimate shows that the rate of convergence of |[valr2(0.rr2r)) is

i||uoo||L2(0’T;H2(Q)). Hence the strong convergence result 1) and the estimate (3.77))
follow. ]

In order to prove the convergence result for any p € (1,00), we need to use some
compactness argument. But due to unavailability of the energy estimate for general p # 2,
some more regularity of the solution of (3.58]), hence more regular initial data is required.

Theorem 3.9.2. Let p € (1,00), To(t), Too(t) be defined as in Theorem and wy €
WP (Q) N L? (). Then for any T < oo, as a — oo,

(3.83) T.(t)uo = Tw(t)uo in  C([0,T];D(AL2))
and
(3.84) To(t)ug — Too(t)ug  in  C*(0,T;D(AL,)) VkeN, VIeN\{0}.

Also if we assume ugy € D(Aia), then the following convergence rate can be obtained, for
any 1 < g < oo,
0

(385) I

To(t)uo — Too(t) o) || oo,z () + 1T (t) o — Too(t)wol| oo, rw2p()) <

°1Q
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Proof. First we claim the following set theoretic equality

WEP(Q) N L2,(Q) = 0 D(A,).
Indeed, it is obvious to see that
QlD(APva) ={ue W*(Q) NnW,?(Q)N Ly _(Q):[(Du)n], =0on I}
Let us denote the set on the right hand side of the above relation by E. It is then enough
to show E C WP (Q) N L? (). To simplify, assuming Q = R3 , we get that if w = 0 on
I, then [(Du)n], = 0 iff (‘3—7;;, ‘3—?;, 0) = 0. Taking into account the fact that div 4 = 0 in
), this implies g—z =0 on I'. Hence the claim.

i) Since uy € D(4, ) for every a large enough,
u, € C([0,T]; W22(Q)) N C'([0,T]; L% .(2)) is bounded as a — oo.
So by compactness, there exists u,, € C[0,T; W;f (2)) such that up to a subsequence,
Uy — Uso in C([0,T]; W,2(Q)).

Also by De Rham’s theorem, there exists mo, € C([0,T]; LP(Q2)) such that 7, — 7 in
C([0,T7; LP(2)). In fact, as u, € C*(0,T;D(AL)) is bounded uniformly for any & € N and
I € N\{0}, we get that us, € C*(0,T;D(AL)). We now claim that (s, 7o) satisfies the
Stokes equation with Dirichlet boundary condition. Indeed if we write the system ({3.58|)
as

ou,,
ot

2
(386) Uy N = O’ Uor = ——[(D’u/a)n]T on F X (O,T)
(6]

—Au,+Vr, =0, divu,=0 inQx(0,7)

ua(0) =up in )

passing the limit o — 0o, we obtain that wu, satisfies the system ({3.78) which is given by
Two(t)ug, with associated pressure 7. Note that we use u, is continuous up to t = 0 to
show that w., satisfies the initial data. Thus, by the hypothesis on ug, the convergence

result (3.83) and ({3.84) follow.

ii) Next to deduce the rate of convergence, consider the difference between the systems

(3.86) and ([3.78)). The system satisfied by (v, pa) = (Ua — Uoo, Ta — Teo) is therefore

%?‘—Ava—kVpa:O, divw, =0 inQx(0,7)
2
(3.87) Vo - n=0, vor=——[(Duy)n], onTl x(0,7T)

«

v,(0)=0 in Q.
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3.9. The limit as o« — >

We then reduce the system ([3.87)) to a problem with homogeneous boundary data to apply
the known estimates for Stokes problem for example, |61, Theorem 2.8]. For any a > 0
and t > 0, let (w, (1), z4(t)) satisfies the system

—Aw,(t) + Vzo(t) =0, div w,(t) =0, wu(t)|r = ua|r(t).

Since we have assumed ug € D(A;a), we get the improved regularity |82, Theorem 4.4.7,
Chapter 4] u, € C([0,00); W2E(Q)) which gives 2| (1) € WZ_%’p(Q) forallt > 0.
Thus the regularity result for Stationary Stokes system with Dirichlet boundary condition
[31] yields that 2w, (t) € W2P(Q) for all ¢ > 0. We also obtain the estimate

< C)(uan.|

(388) ||wa||cl([0’T];W2p < CH'U,QH

([0 T W ")’

I ) oo, 1w

Note that the above continuity constant C' is independent of . Then the substitution
Vi 1= v, — w, reduces the system (3.87) to,

aa‘;—AV + Vps = — ag;a, divV,=0 in Qx(0,7)
V,=0 on ' x (0,7)
Va(0) = —w,(0) in Q.

Hence the maximal regularity result |61, Theorem 2.8] leads us to,

V, € L0, T; WgP(Q)) with (0,T; L2 (Q)) for any 1 < g < 0o

ot

and the estimate

1%

with C' = C(Q,p,q) > 0 independent of a.. Therefore, together with (3.88]), we obtain

T
0wa
- / | = AV + Vpaliroy < C (/ =5 e @) + ||’wa(0)||w2vp(9))
0

LP(Q)

A
ot

C

«

T
+ / H - Ava + vpquLp(Q) S
0

LP(Q)

since ||[(Duq)n],|| is bounded for all a large. This concludes the proof. B

L (0. B (D))

We prove now our two results on the convergence as o — oo of the solutions to the
Navier Stokes equation and begin with the case where ug belongs to an L2-type space.
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Proof of Theorem [3.1.4. We proceed as in the linear case.
i) From Proposition we can see that as a — oo,

Du,, is bounded in L*(0,T; L*(Q2))

and
Uq, is bounded in L*(0, T; L*(T)).

Therefore, u,, is bounded in L?(0,T; H'(2)). And since || Bs, olliEz(av.0) = V] m1 () for
any v € D(Bs,,), T, is as well bounded in L2(0, T; L*(€2)). This implies %% is also bounded
in L2(0,7; H'(Q)). Hence, there exists (oo, Too) € L*(0, T} Hl(Q)) x L2(0,T; L*(Q))
with %= € 12(0,T; H~'(2)) such that up to a subsequence,

(e, o) = (Uoo; Too)  Weakly in  L?(0,T; H'(Q)) x L*(0,T; L*(2)) as a — oo

and
ou, N O

ot ot

Also, by Aubin-Lions compactness result,

weakly in ~ L*(0,T; H™'()).

Uy — Uy in L0, T;L°5(Q)) forany &> 0.

Next we show that (e, 7o) satisfies the Dirichlet problem ({3.8). Indeed, for any
v € C([0,T]; Hy ,(Q)), the weak formulation of the problem (3.73) is, for 0 <t < T,

t t t
Ju,
(3.89) /<;,v> +2//]D)ua:Dv+//(ua-V)ua-v:0.
0 H=1(Q)xH () 0 Q

0 Q

Then passing limit as a — oo, we obtain

(3.90) /t<au°° > " +2//]Duoo.]D)v+/t/ (U - V)t - v = 0.
0 )% 0 Q

To pass to the limit in the non-linear term, we used the standard relation

/(ua-V)ua-v:—/(ua~V)v-ua.

Q

Also writing the boundary condition satisfied by wu,, in the following way,

oy — —Z[(Dua)n]T
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3.9. The limit as o« — >

and since [(Duq)n, is bounded in L*(0,T; H'*(T')) [since uy € H_ () implies u, is
bounded in L?(0, T; H*(Q)) (the deduction follows exact same proof in [113, Theorem 3.11,
Chapter 3], due to the fact that ||ul|g2q) < C(Q)[|A2,0ul|z2(q))], passing limit as o — oo
shows that u =0 on I' x (0,7).

In order to prove u.(0) = ug, we write from (3.89), for any v € C*([0,T]; H; (1))
with v(T) = 0,

_//ua +2//Dua-Dv+/T/(ua-V)ua-v:/u0.v0

and similarly from (|3.90)),

S [ rea ] [oupn [ [ So= [0

As v(0) is arbitrary, we thus conclude u.(0) = uy.

ii) To show the estimates and the strong convergence of (uq, 7o) t0 (Uoo, Too ), S€tting
Vy = Uy — Uy and p, = Ty, — Mo, it Solve the following problem

a;ta Av, + (U - Vg — (U - V)Uoo + Vp, =0, div v, =0 in Qx(0,7)
Vo - =0, 2[(Dvy)n|; + avyr = —2[(Du)n], onI' x (0,7
v,(0) =0 in .

Multiplying the above system by v, and integrating by parts over Q x (0,7"), we deduce

t t
1
Soa @l + 2 [ 1Dvalaey + o [ Ivarlize)
(3.91) 0 0

(U - V)Ug — (Uoo * V)Uso, Vo)

- _2/t {[(Duoo)n)r, var)r —

o —_

We estimate suitably the right hand side of (3.91). As v, — 0 in L?(0,7; L*(Q)) and
uo € Hj () implies us, € L*(0,T; H*(2)) N L>(0,T; Hy ,(£2)), thus

/t((ua V)ug — (Uoo - V)Uoo, Vo) = —/t/('va-V)uoo SV

< ||va”iQ(0,T;L4(Q))HuOO||L°°(07T§H1(Q)) — 0.
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Similarly, since vy — 0 in L2(0,T; L*(I)) (as v, — 0 in L2(0,T; H'()) and H2(I) is
compact in L*(T)) and [(Dus)n|, € L*(0,T; L*(T)),

t
[{lDus)nlr, var)y < Cllusclzommz@yllvalizo ey — 0.
0

Therefore, convergence in L>(0,T; L*(R?)) and in L*(0,7; H'(2)) follow immediately,
along with the estimate (3.9). The strong convergence for the pressure term follows from
the equation. [ |

When the initial data belongs to an L"-type space with » > 3, we have the following:

Theorem 3.9.3. Let (uq,m,) be the solution of the problem with wy € Wi () N
L () wherer > 3. Suppose also that (Us, Tso) € C([0,T]; W27 (2))NC ([0, T]; L"(Q)) x
C([0,T); Wr()) is the solution of (5.8) with the same initial data uy whose existence

and uniqueness has been proved in [58, Theorem 4. Then as o — o0,
(3.92) (e, To) = (Uoo, o)  in C([0,T); WH5(Q)) x C([0,T); L¥())
where s € [1,00) if r =3 and s = oo if r > 3.

Moreover, if ug € D(Af)’a) for o sufficiently large, then we obtain the following rate of
convergence, for any m € (1, 00),

°lQ

0
(393) H a(’ua — uoo)HLm(O,T;LS(Q)) + H’U/a — uooHLm(O,T;W2,s(Q)) S

Proof. i) As explained in the beginning of the proof of Theorem [3.9.2] uy € D(A4,,) for

all a large enough and hence
u, is bounded in  C([0,T]; W2 (Q2)) n C*([0,T]; L"(2)).

Thus by compactness, there exists u, € C([0,T]; W#(Q)) with s as defined in the theorem
such that, up to a subsequence,

Uy — Us in O([0,T]; WH(Q)).

This implies by De Rham theorem, 7, — 7 in C([0,7]; L*(€2)). Now to show that the
limit (weo, Too) actually satisfies the Navier-Stokes problem with homogeneous Dirichlet
boundary data, we write the system (3.73)) in the following form

ou,

ot

2
(394) Uy - N = O’ Uor = ——[(Dua)n]T on F X (O, T)
(0]

u(0) =up in Q.

— Aty + (o - V)Uuy + V7, =0, divu,=0 inQx(0,7)
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Since (g * V)Uug — (Uoo * VU = (Ug — Us) - VU, + U - V(U — Uy ), the regularity
implies
(o - V)ua — (Uoo - V)UOO”LS(Q)

Lo + [Uool| o) | V(Ua — Uso)]

< e — sollz=(9)[[ Vo] L5 (Q)

<t — toollwrs() ([thallwrs) + ool wree)
which shows that (u, - V)us — (U - V)Us in C([0,T; L¥(2)) as a — oo. Hence, passing
limit in the other terms of the above system yields that indeed u., is a solution of the

problem (3.8)). Note that we use the continuity of u, up to t = 0 to obtain wu., satisfies
the initial data.

Next to deduce the rate of convergence, taking difference between the two systems

(3-94) and (3.8) and denoting by v, = Uy — Us and p, = Ty — Te, We obtain

a(;;a Avy + Vpy = (Uoo - V)Uso — (Ug - VU, divo, =0 in Q x (0,7)
2

Vo =0, v4r =——[(Du,)nl, onI'x (0,7)
a

v,(0) =0 in Q.

But notice that (teo * V)Uoo — (Ug - V)u, — 0 in L™(0,T; L*(Q2)) for any m € [1,00) and
[(Duy)nl, is bounded in L™(0,T; W'=+5(I')). Therefore as we have done for the linear
problem, using the lift operator and then the maximal regularity for the Stokes system
with non-homogeneous initial data [61, Theorem 2.8] leads us to the following

/15

<C (/H(uoo Ve — (U0 - V)ug|

Ov, ||™

T
+_/|| _Ava+vPa|?S(Q)
@ 0

m 1
o) T IDua)nle .. o )

This finally shows that both the terms in the right hand side go to 0 as o — oo. Hence
the result. [}
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CHAPTER

Uniform W!? estimate for elliptic operator with

Robin boundary condition in C' domain

This is a joint work with Chérif Amrouche, Carlos Conca and Tuhin Ghosh.

Abstract : We consider the Robin boundary value problem div(AVu) = divf + F in ,
C! domain, with (AVu — f)-n + au = g on ', where the matrix A belongs to VMO(R?),
and discover the uniform estimates on ||u||w1r(q), with 1 < p < 0o, independent on . At
the difference with the case p = 2, which is simpler, we call here the weak reverse Holder
inequality. This estimates show that the solution of Robin problem converges strongly
to the solution of Dirichlet (resp. Neumann) problem in corresponding spaces when the
parameter « tends to oo (resp. 0).

4.1 Introduction and statement of main result

This paper is concerned with the second order elliptic problem of divergence form with

Robin boundary condition. In a bounded domain (open, connected set) 2 in R™ with
1

FeLr(Q),F e L' (Q) and g € W »P(I'), consider the following problem

(4.1) Lu=divf + F in Q,
. (AVu—f) - n+au=g on I’

where

(4.2) L =div(AV)
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Chapter 4. Uniform WP estimate for elliptic operator with Robin boundary condition in C* domain

with A(z) = (a;j(x)) is an 3 X 3 matrix with real-valued, bounded, measurable entries
satisfying the following uniform ellipticity condition

1
u]f’\ng(w)f-é’g;]ﬂQ for all &, x € R"™ and some p > 0.

Here n is the outward unit normal vector on the boundary.

We want to study the well-posedness of the problem , precisely, the existence,
uniqueness of weak solution of in WHP(Q) for any p € (1,00) and the bound on the
solution, uniform in «. Assuming o« > 0 a constant or a smooth function, the proof of
existence of a unique solution provided A € VMO(R?) uses Neumann regularity results
for elliptic problems; the interested reader is referred to [42] for details. The case a < 0
corresponds to the Steklov eigen value problem (for a recent survey on this topic, see [63]
and the references therein). That being said, our main interest is to obtain some precise

estimate on the solution, in particular estimates uniform in «.

Note that, formally, a = oo corresponds to the Dirichlet boundary condition whereas
a = 0 gives the Neumann boundary condition. In both Dirichlet and Neumann cases, we
have the classical WP estimate of the solution. And so for the Robin problem as follows:

Jullwisie) < €(@) (1) + 1F oy + gl 4o )

where C'(a) depends also on p and on 2. Such well-posedness results on Robin boundary
value problem for arbitrary domains can be found, for example, in [39]. But the continuity
constant depends on « whereas the constant in Dirichlet (and Neumann) estimate has
no «. So it is natural to expect we may obtain a-independent bound of the solution of
problem . That is, if we let a tend to oo, we show rigorously that we get back the
solution of the Dirichlet problem. The case when « goes to 0 is relatively easier to handle

(though not trivial) assuming the compatibility condition of the Neumann problem.

Among the vast literature on Robin boundary value problem and various related ques-
tions to study, we did not find any reference concerning the question of behavior of the
solution on the parameter o in the existing literature so far, even for Laplacian. Hence
the purpose of this article is to address that issue, in particular to estimate the continuity

constant C'(«) uniformly with respect to a.

Here is our main result. Throughout this work, the following assumption on « will be

considered which we do not mention each time:

(4.3) ac ') and a>a,>0 onl
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where ¢(p) defined by

t(p) =2 if p=2
t(p)=2+c¢ if 3<p<3p#2
t(p) = 2max{p,p'} +¢ otherwise

where € > 0 is arbitrary, satisfies t(p) = t(p’).
Also let F' € L"®)(Q) where

3 . 3
p% if p > 5
7(p) = { any arbitrary real number > 1 if p= %
1 if p<3i.

Theorem 4.1.1. Let Q be a C' bounded domain in R®, p € (1,00), f € LP(Q), F €
1

L'®(Q) and g € W™ »P(T') and o € L*P/(T). Suppose that the coefficients of the operator

L, defined in ({4{.9), are symmetric and in V MO(R®). Then the weak solution u € W'P(Q)

of satisfies the following estimate:
(1.4 Jullwsoey < Co($2.) (I sy + I1F vy + -3, )

where the constant C,(€2, o) > 0 is independent of .

Notice that, with above estimate result, we immediately get that the solution of the
Robin problem converges strongly to the solution of Dirichlet boundary problem in
the corresponding spaces as a goes to co. To prove the above theorem, we first obtain the
result for F'=10, g = 0 and p > 2 and then for p < 2 using duality argument; And finally
for FF # 0, g # 0. Essentially we want to utilise the a-independent L? gradient estimate
(which follows from the variational formulation) to yield L? gradient estimate. The main
tool in the proof for p > 2 is a weak reverse Holder inequality (wRHI) for gradient satisfied
by the solution of the homogeneous problem, shown in Theorem [4.2.11] Note that for
Lipschitz domain, the weak reverse Holder inequality is only true for certain values of p,
even for Dirichlet boundary condition. It was first proved by Giaquinta |53} Proposition 1.1,
Chapter V] in the case of Dirichlet condition, on smooth domain and for Laplace operator
which follows from an argument by Gehring [49]. wRHI in the case of B(x,r) C Q follows
from the classical interior estimate for harmonic functions. But in the case when x € T,
some suitable boundary Holder estimate is required. In the present paper, to treat the
operator in divergence form with V M O-coefficients, we use an approximation argument
from the constant coefficient operator case, found in [28]. In the case of Neumann problem
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Chapter 4. Uniform WP estimate for elliptic operator with Robin boundary condition in C* domain

and for general second order elliptic operator, the proof of wRHI has been done in [51]
section 4] in Lipschitz domain; Whereas the sketch of the proof for Neumann problem in
smooth domain has been given in |81, p. 914].

We obtain the similar result for H*-bound (on Lipschitz domain) for s € (0,1) in

2
Theorem |4.2.17| and W?P-estimate (on C*' domain) in Theorem m

4.2 Related results and Proof of Theorem 4.1.1

To prove Theorem [.1.1], we start with the definition of a weak solution and studying the
existence result. Note that, we consider here only the case n = 3 for the sake of clarity
but all the results are true for n = 2 as well and the exact same proofs follow with the
necessary modifications.

Definition 4.2.1. Given f € LP(Q), F € L"™(Q) and g € W/_%"’(F), we say u € WHP(Q)
is a weak solution of (4.1)) if it satisfies:

(45 VeeW''(Q), [A@)Vu-Vo+ [aup=[f-Vo- [Fo+igeh
Q r Q 0

where (-, )1 denotes the duality between W_%’p(F) and PVx%’p,(F).

Note that the boundary integral [, au ¢ is well defined.

Theorem 4.2.2 (Existence result in WH?(Q),p > 2). Let Q be a C' bounded domain
in R® and p > 2. Suppose that the coefficients of the operator L, defined in , are
symmetric and in VMO(R?). Then for any f € LP(Q), F € L"®(Q) and g € W™ »?(T),
there exists a unique weak solution u € WHP(Q2) of Problem .

Remark 4.2.3. Note that for p = 2, Q Lipschitz is sufficient to show the existence of
solution u € H(Q).

Proof. For p = 2, the bilinear form

Y ou,p€ HY(Q), a(u,gp):/A(x)Vu-Vgo—i-/auap
Q r

is clearly continuous. Also, due to the ellipticity hypothesis on A(z) and by Friedrich’s
inequality and the assumption a > «a, > 0 on I', we may have

aw,w) = [ A@)Vu-Tu+ [alul? = C(0n) fule
Q r
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which shows that the bilinear form is coercive on H'(£2). And the right hand side of (4.5))
defines an element in the dual of H'(Q). Thus, by Lax-Milgram lemma, there exists a
unique u € H'(Q) satisfying (4.5). So we obtain the existence of a unique weak solution

of (4.1)) in H'(Q).

Now for p > 2, since LP(Q) — L*(Q), L'®)(Q) — L8/3(Q), W »(T") — H~3(T") and
L*P)(T) < L*(T), there exists a unique v € H*(Q) solving (4.1). It remains to show that
u € WHP(Q).

(i) 2<p<3. Sinceu € H'(Q) — L*T) and a € L*™(T), we have au € L#(T") where
L = 14 . But using the Sobolev embedding L% (I') < W™ 7" (T') with p; = 2¢; (since

q1 24-¢
. 1 2(1+ 1 )
Le. —=_-|-
P1 3\4 2+4+¢ ’

Q1 > %)
Neumann regularity result (cf. [42, Theorem 5]) implies u € WHPL(Q) since Q is C!. If
p1 > p, we are done. Otherwise, u € W1P1(Q). Hence, u € L**(T") where

1
1 1 1—171_1 1

si p 2 o 2

as p1 < p < 3. Then au € L%2(T") where q% = i +

3 .
P2 = 35G2 1.€.

. But, L&(T') < W #%(T") with

1
2+¢e

1_2(1+ L1, 1)_2(2 1+1)

pe 3\4 24¢ 2 24¢) 3\24+e 2 4)°

If po > p, then as before, we have u € W'P(Q). Otherwise, u € W'P2(Q). Proceeding
similarly, we get u € WhPk+1(Q) with

1 2(k+1 k+1
Pes1 3\24+¢e 2 4)°

(where in each step, we assumed that py < 3). Now choosing k = L% — %J + 1 such that

Pr+1 > 3 > p (where |a| stands for the greatest integer less than or equal to a), we obtain
u e Whr(Q).

(ii) p > 3. From the previous case, we obtain u € Wh3(Q) which gives u € L(T)
for all 1 < ¢ < co. But a € L3P™(T") implies au € L3P(I') — Wﬁi’p(l"). Therefore, using
same reasoning as before, from the Neumann regularity result, we get w € W'?(Q). N

Remark 4.2.4. Note that in the above proof, we do not use explicitly the VMO property
of A, but this is indeed necessary for the existance of solution of the Neumann problem.
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Next we discuss the estimate of the solution of problem (4.1)) for p > 2 with F' = 0 and
g = 0, independent of «.

Theorem 4.2.5 (W'P(Q) estimate, p > 2 with RHS f). Let Q be a C' bounded
domain in R3, p > 2 and f € LP()). Suppose that the coefficients of the operator L,
defined in , are symmetric and in VMO(R?). Then the weak solution u € W'P(Q) of
with F' =0 and g = 0, satisfies the following estimate:

(4.6) lullwrr@)y < Cp(€2, ) || £z

where the constant C, (€2, ) > 0 is independent of a.

The proof of the above theorem is very much similar to that of Neumann problem [51],
once we have the wRHI. Since €2 is C!, there exists some ry > 0 such that for any zq € T,
there exists a coordinate system (z’, x3) which is isometric to the usual coordinate system
and a C! function ¢ : R? — R so that,

B(wg,m0) NQ = {(2',13) € B(wo,70) : 73 > ¢(2)}

and
B(xg,m0) NT = {(a,x3) € B(wo,ro) : x5 = P(a)}.

In some places, we may write B instead of B(z,r) where there is no ambiguity and
aB := B(z,ar) for a > 0.

We first prove the following weak reverse Holder inequality for some p =2 +¢, ¢ > 0
whose proof is straight forward but this is not sufficient to deduce Theorem [4.2.5]

Lemma 4.2.6. Let Q be a C' bounded domain in R3 and L be the operator defined in
with constant coefficients. For any B(x,r) with the property that 0 < r < % and either
B(x,2r) € Q or x € T, the following weak Reverse Holder inequalities hold: for some
e >0,

(i) if B(x,2r) C 9,

1/2+¢ 1/2
1 1
= / Wik <C|= / [Vol?
r r
B(z,r) B(w,2r)
whenever v € H'(B(x,2r)) satisfies Lo = 0 in B(z,2r).
(i) if v € T,
1/2+¢ 1/2
1 2+4¢ ]_
= (/R 4710l el I A TR
B(z,r)NQ B(z,2r)NQ
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whenever v € H'(B(z,2r) N Q) satisfying

Lv =0 in B(z,2r)NQ

(4.7)
AVv-n+av =0 on B(z,2r)NT.

The constants C' > 0 in the above estimates are independent of «.

Proof. The proof of the weak Reverse Holder inequality for Robin problem follows the
similar argument as for the Dirichlet problem, established in [53].

case(i) : 2B C Q.
Since v satisfies the equation div(A(z)V)v = 0 in 2B, we can have the following Caccioppoli

c i
2 ~12 ~

IVl <5 [lo=of, =g [

B 2B 2B

for some constant C' > 0 independent of a. Now using the following Sobolev-Poincaré

inequality,

inequality, for any v € W1?(Q), p > 1,

v =0l o* ) < ClIV|| e (@), V== [V

where p* is the Sobolev exponent, we obtain,

/lV?}\z < g ( /\Vv]"f) 2/q

B 2B

with ¢ = 6/5 (this value comes from the dimension n = 3). Upon normalizing both sides,

) 1/2 ) 1/§
(r?s/\w?) <C (ﬁ/my@) .
B

2B

we can write,

Here note that in R?, |B| = cr3. Then setting g = |[Vv|? and ¢ = 5/3 = 2/, we have,
1 1 !
rs/g"ﬁc(r:a/g) -
B 2B
Hence, |53 Proposition 1.1] with f = 0 and § = 0 implies, for some ¢ > 0,

) 1/2+¢ . 1/2
(73/|VU|2+8> <C (73/|VU|2)

B 2B

which completes the proof in the first case.
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case(ii) : z €T.
The proof is very much similar to the above interior estimate. First we want to prove
a Caccioppoli type inequality for the problem (4.7) up to the boundary. For that, let
n € CX(2B) be a cut-off function such that

C
0<n<1, n=1onB and |Vpy <—
r

Now multiplying (4.7) by n*v and integrating by parts, we get,

/ AVv - V(n?v) + / an*v? =0

2BNQ d(2BNN)

which yields,

L / n*|Vol* + / an*v? < / n* A(x)Vo - Vo + / an*v? = =2 / nv AVuv - Vn.
2BNQ 2BAT 2BNQ 2BAT 2BNQ
Using Cauchy’s inequality on the right hand side, we obtain,

/lVU|2772+ / an*v? < C

2BNQ 2BNI°

1
1 wverea [ v2|w|2].
2BNQ 2BNQ

The above constant C' depends on A only. Simplifying the above estimate gives
[ e+ [ apr<c [ ool
2BNQ 2BAT 2BNQ
which yields the Caccioppoli-type inequality, up to the boundary,
2 2 2.2 22_C 2
(4.8) /]VU|—|—/ow§/|Vv|n+/omv §—2/U.
BNQ BN 2BNQ 2BNT " aBne

But we also have,

||v||§11(m)go( [ v+ [ Uz) g(](oz*)( [ v+ [ mﬂ).

BNQ BN’ BNQ BN

Hence, using (4.8)), we obtain,

2/q
[ o+ wopy < S22 |v|2s053*)( / <|v|2+|w2>@/2)

BNQ 2BNQ) 2BNS)
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with ¢ = 6/5 so that (§)* = 2. Thus,

2/q
L <|v\2+|vUrQ>sC§?*>( / <rv|2+rw>@/2>

BNQ 2BNQ

1 2/q
— C(av) ( / <|v|2+|w12>@/2) .

2BNSQ2

Now if we set,
(|v|?> + |[Vo|?)¥? if y€2BNQ

g\y) =
) 0 if ye2B\Q
and ¢ = 2/4, we obtain,
q
1 1
7 [ <Cle) (&/9) ~
B 2B

Once again [53, Proposition 1.1] with f = 0 and 6 = 0 implies, for some ¢ > 0,

1 1/q+e 1 1/q
+
Ffr) =<5 f7)

1/q+e ] /2
(|u|2+|vv\2)<q+6>q/2) gc(ﬁ / (|v|2+!Vv|2>)

2BNSQ2

1.e.

1
5 |
BNQ

or equivalently, for some s > 2,

1 1/s 1 1/2
(r3 / <|v\2+|w>3/2) SC(ﬁ / (!v|2+!w\2))

BNQ 2BNQ

which finishes the proof. |

Next to prove wRHI for all p > 2, we require the following boundary Holder estimate
for £ under Robin boundary condition.

Theorem 4.2.7. Let Q be a C' bounded domain in R3, p > 1 and v € (0,1). Suppose that
the operator L defined in has constant and symmetric coefficients and

Lv =0 in B(Q,r)N
AVv-n+av =0 on B(Q,r)NT
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for some Q € T' and 0 < r < rg, Then for any z,y € B(Q,r/2) N,

1/p

(1.9) oo o <o ()| f e

(Q,r)NQ

where C > 0 depends only on Q,p and the ellipticity constant u, but independent of c.
Proof. Follows from classical regularity theory (for example, see [62, Theorem 8.27]). W

Now the weak reverse Holder inequality for any p > 2 is proved in the case of constant
coefficients.

Lemma 4.2.8. Let  be a C' bounded domain in R® and p > 2. Suppose that L, defined
n , has constant and symmetric coefficients. Then for any B(x,r) with the property

that 0 < r < % and either B(x,2r) C Q or x € T', the following weak Reverse Hélder

inequalities hold:
(i) if B(x,2r) C 9,

1/p 1/2
(4.10) ][ wvor | <c ][ Vo)?

B(x,r) B(w,2r)

whenever v € HY(B(x,2r)) satisfies Lv = 0 in B(z,2r).
(ii) ifr €T,

1/p 1/2
(4.11) fomrepr| <ol Ve P

B(z,r)NQ B(z,2r)NQ

whenever v € HY(B(z,2r) N Q) satisfies

Lv =0 in B(z,2r)Nng
AVv-n+av =0 on B(z,2r)NT(ifzel).

The constant C' > 0 at most depends on €2, p and the ellipticity constant .

Proof. Since A is symmetric and positive definite, by a change of coordinate system, we
may assume that £ = A (although we may consider the full operator and all the results
hold true as well).

The proof we will follow has been used for elliptic equations with Neumann boundary
condition in [81], just after the statement of Theorem 4.1.
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interior estimates for Harmonic functions, even when €2 is Lipschitz:
1/2

case(i) : B(xg,2r) C Q.
The weak reverse Holder inequality (4.10) holds for any p > 2, by the following well-known
[Vul?

sup |Vu|<C
B(zo,2r)

B(zo,r)

case(ii) : zq € T.
sup |v|
(T) B(zcd(a))

) and ¢ > 0 is chosen such that B(xz,2c¢(z)) C

E

From the interior gradient estimate for harmonic function, we can write (eg. see [66, Lemma

1.10))
[Vo(z)| <

= o>

for any « € B(xg,r) N where §(z) = d(z,
1/2

B(z9,2r) N Q. From [66, Remark 1.19], we may then write
C
Foowp

<
|Vo(z)| < 5)
B(z,cé(z))

Now for fixed y € B(z,2c¢d(x)), let u(z) = v(x) — v(y). Then Lu = 0 in B(z,2¢d(x)) and
1/2

thus we may write from the above argument,

S e

<
|Vu(x)| < 5)
B(z,cd(z))

which gives, along with the boundary Holder estimate (4.9)),
1/2

R ORI
1/2

¢ 2
- 0(2) — o(y)d
(5([[)) ’ B(z,cé(z))
- 1/2
< C / <|Z_y|> ][ ’U|2 dz
= 1+3
5(1‘) : B(z,2¢6(x)) " B(z0,2r)NQ
1/2 1/2
C 1
< s I I B FERCE
5(x) +3 Y
B(z0,2r)NQ B(z,2¢6(x))
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1/2
C 1 :
g pmecee ol I JRNNCI o BT CICO) i
(6(1’)) ’ B(x0,2r)NQ "
1/2
§(x)) 1
—C, (6(z)) 32 / o]
rYy
B(x0,2r)NQ
X 1/6 -
(6(x))~ 1-3/2 6 r B 2 2
<C, S [ <a (s fooveE
B(zo,2r)NQ B(z0,2r)NQ
We have used Sobolev estimate in the last inequality. Since v € (0, 1) is arbitrary, we thus
have,
1/2
r\’ 2 2
Vo)l < &, (5 f e
6(x)
B(z0,2r)NQ
Finally it yields choosing v so that py < 1,
1/p 1/2
fover| <ol {1Vl
B(zo,r)NQ2 B(z0,2r)NQ
This completes the proof. [ |

A function f is said to be in the space BMO(R") (bounded mean oscillation) if f €
L} .(R™) satisfies

loc

where f = o5 [paan [-
Moreover a function f in BMO(R") is said to be in VMO(R") if
. 1 -
lim sup — / |f —f]dx=0.

r—0 zER™ T'n
B(z,r)

To treat the elliptic operator with VMO coefficients, we prove the following approxi-
mation argument, found in [2§].

Lemma 4.2.9. Let Q be a C' bounded domain in R®. Suppose that the coefficients of
operator L, defined in , are symmetric and in VMO(R3). Then there exists a function
h(r) and some constants C > 0,c > 0 with the following properties:
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i) liII(l) h(r) =0;
r—r
ii) for any v € H' solution of

Lv =0 in B(z,8")NK

(4.12)
AVv-n+av =0 on B(z,87)NT

with © € Q and 0 < r < cry, there exists a function w € WYP(B(x,r) N Q) such that for
any p > 2,

1/2 1/2
(4.13) ][ Vo — Vw2 +o—w?|  <h@r) ][ IVol? + |v]?
B(z,r)NQ B(z,8r)NQ
1/p 1/2
(4.14) ][ VwlP +wfP| <C ][ Vol + 2|,
B(z,r)NQ B(z,8r)NQ

where the constant C' > 0 depends at most on 2, p, .., and A.

Proof. Let us fix 79 € Q and 0 < 7 < cry where 0 < ¢ << 1 is such that Lemma can
be applied suitably. Let v € H(B(xq,8r) N Q) be a weak solution of (4.12)). Consider

div(BVw) =0 in B(xg,4r) N

(4.15)
(BVw) -n+aw = (AVv) -n+av on 9(B(zg,4r)NQ)

where B = (b;;)1<i ;<3 are the constants given by

1
bij = ———=— / a;j(x) de.
B(xo,8 ’
| (ZL‘(), r)|B(x0,8r)
So, w € HY(B(zg,4r) N Q) is a weak solution of (4.15)) if for all p € H'(B(xq,4r) NQ),
/ BVw -V + / aw @ = / AVv -V + / av Q.

B(x0,4r)NQ O(B(z0,4r)NQ) B(z0,4r)NQ O(B(z0,4r)NQ)

The existence of w € H'(B(xzg,4r) N Q) follows immediately from the regularity of v. It
then follows

/ BV(v—w) -V + / alv—w)p = / (B—A)Vuv-Ve.
e

B(zo,4r)N A(B(zo,4r)NQ) B(z,4r)NQ
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Next we show that w satisfies estimates (4.13)) and (4.14)).
To see (4.13), choosing ¢ = v — w, by ellipticity and Cauchy inequality, we obtain

po [ INe-wP+ [ a-wp

B(z0,4r)N2 O(B(z0,41)NQ)
< [ UB- AWV -w)
B(z0,4r)NQ
<c. [ B-avePre [ Ve-w)p
B(z0,4r)NQ B(zo,4r)NQ

But we also have the equivalence of norm,

I = wlinseannn <C| [ IN@-wP+ [ jo-wp

B(z0,4r)NQ B(zg,4r)NC

<C)| [ Ne-wP+ [ ao-uf
B(z0,4r)NQ B(zg,4r)NC

where the above constant C' > 0 depends on 2 and «, but is independent of » and a. This

gives
1/2
][ Vv — Vwl? + [v — w|?
B(zg,4r)NQ
1/2
<ol o B-aWP
B(z,4r)NQ
1/2q 1/2¢'
el fooB-a
B(zo,4r)NQ B(z0,4r)NQ
Defining
1/2q'
h(r) = C'sup ][ B — A
To€Q B(z0,4r)NQ
the last inequality yields
1/2 1/2¢
Vv — Vw]? + [v — w]? < h(r) ][ V|
B(z0,4r)NQ B(z0,4r)NQ

1/2

<h)| VPP

B(z0,8r)NQ
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Note that in the last line, we used L?¢ weak reverse Holder inequality (i.e. for some ¢ > 1)
for v which follows from Lemma [4.2.6] It is known from John-Nirenberg inequality that
h(r) — 0 as 7 — 0. Indeed, John-Nirenberg inequality says, for any BM O-function f,

/ele—?\ < Cr"

B
for some constant C' > 0 depending only on n. Since A € VMO(R?), by definition we get
that h(r) — 0.

Finally, to see (4.14)), note that (BVw)-n+aw = 0 on B(xg,4r)NT. Thus, by Lemma
we obtain, for any p > 2,

1/p
f

B(zo,r)NQ
1/2
<ol f VPP
B(z0,4r)NQ
1/2 1/2
<c| f WR+pP| +o| f Ve-wP+p-wf
B(z0,4r)NQ B(z0,4r)NQ
1/2
<cl f Vel
B(z0,8r)NQ
This shows that in fact w € W'P(B(zy,r) N Q) which completes the proof. [ |

With Lemma 4.2.9] at our hand, we may use the following approximation theorem,
motivated from the paper of Caffarelli and Peral [28] and proved in [51], to finish the proof
of the weak reverse Holder inequality for VMO coefficient.

Theorem 4.2.10. Let E C R" be any open set and F': 2 — R" locally square integrable.
Let p > 2. Suppose there exists some constants 3> 1, C > 1 and € > 0 such that for every
cube Q with 2Q = Q(xo,2r) C E, there exists a measurable function Rg on 2Q) satisfying

1/p 1/2
(4.16) Firgr | <c| f1F?
Q BQ
and
1/2 1/2
(4.17) ][|F—RQ|2 <e 7[|F|2
Q BQ
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Let 2 < q < p. Then, there exists eg = £o(C,n, p,q, 5) such that if € < &¢, we have
1/q 1/2
(4.18) ][|F|q <0 ][ Tk
Q 2Q

where C7 > 0 depends only on C.n,p,q, .

Theorem 4.2.11. Let Q be a C' bounded domain in R® and p > 2. Suppose that the
coefficients of operator L, defined in , are symmetric and in VMO(R3). Then for
any B(xz,r) with the property that 0 < r < "2 and either B(x,2r) C Q or x € ', the weak
Reverse Hélder inequalities and hold with constant C' > 0 independent of «.

Proof. Let h(r) be same as in Lemma and choose ¢ such that 2 < ¢ < p. Let gy be the

same as in Theorem [4.2.10| and then we choose r small enough such that sup h(r) < .
0<r<ro

Let v € HY(B(xg,87) N Q) be a weak solution of

Lv =0 in B(xo,8)NK
AVv-n+av =0 on B(xg,8)NT
where 0 < r < % and either B(zg,2r) C Q or zy € T'. To apply Theorem [4.2.10 take

E = B(x¢,8r) and B(x,r) is any ball with B(z,2r) C E. Then the proof divides in the
following cases:

i) if B(z,r)NQ =0, we take FF' =0 = Rp,
ii) if B(x,r) C Q, set F'= Vv and Rg = Vu,
i) if B(z,r) NQ # 0 and B(x,7) N (Q)¢ # (), we further consider the two situations:

—if z € Q, set

(Vw,w) on B(z,r)NQ,

F=(Vuv,v)xo and Rp=
on B(z,r)N QS

—if 2 ¢ Q, by a geometric observation, it is easy to find a ball B = B(y, 2r) such that
yeT and B C B C E, we then set

(Vw,w) on B(y,2r)NQ,

F=(Vu,v)xo and Rpz=
b on B(y,2r) N Q°.

The estimates (4.16]) and (4.17)) now follow from (4.14]) and (4.13)). Hence the proof finishes

from (4.18)). |
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Now to complete the proof of Theorem [4.2.5, we will use Lemma [2.6.8

Proof of Theorem [4.2.5l Given any ball B with either 2B C Q or B centers on I, let
v € C*(8B) is a cut-off function such that 0 < ¢ <1 and

1 ond4dB
0 outside 8B

('0:

and we decompose u = v + w where v, w satisfy

(4.19) div(A(z)Vo) = div(pf)  inQ
| (AVv —pf) - n+av=0 onT

and

(4.20) div(A(#)Vw) = div (1 - @)f) i ©
| (AVw - (1 -¢)f) -n+aw=0 onT.

Multiplying (4.19) by v and integrating by parts, we get,
/A(x)VU - Vo +/a|v\2 = /gpf - Vo
o) r )

which gives

1
(4.21) [Vollz2(0) < EHSOfHL%Q)'
and since a > a, > 0 on I,
[oll7) < C(Q,a.) (HVUH%Q(Q) +/04’U’2) < C(Q, ) lofllze@IVUllzz)-
r
This yields the complete L2-estimate
(4.22) vl @) < C(Q, o) lof 220

(i) First we consider the case 4B C Q. We want to apply Lemma with G =
|Vul|,Gg = |Vu| and Rp = |Vw|. Tt is easy to see that

Gl < |G|+ |Bpl.
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Now we verify (2.75) and (2.76). For that, using (£.21]) we get,
C(Q,
2 2 2 * 2
\23\/WGB‘ u3|/wvv‘ DBrWQ\/WV off = pBer\/‘-ﬂ

C(Q, ay

s()/lf\2
18BN Q]

8BNS

where in the last inequality, we used that |8B N 2| < |Q]. This gives the estimate (2.76]).

Next, from (4.20])), we observe that div(A(z)V)w = 0 in 4B. Hence, by the wRHI in
Theorem [4.2.11] (using 2B instead of B), we have

1/p 1/2
(fwmﬂ fg?(fwwﬂ
2B 4B

which implies together with (4.21)),

(fRMJWSC(waﬁWSO:(fVﬁyﬂ+(fwﬁym

2B 4B 4B 4B
1/2 /2
<C fw@ +09a*(fﬂﬂﬂ .
4B 8BNN

This gives (2.75). So from Lemma [2.6.8] it follows that

(][qu)”q<cp(ﬂ) (][vu2>1/z+ (g[fq)l/q

) )
for any 2 < ¢ < p where C,(€2) > 0 does not depend on «.

Because of the self-improving property of the weak Reverse Holder condition (4.10)),
the above estimate holds for any ¢ € (2, p) for some p > p also and in particular, for ¢ = p,

which clearly implies (4.6]).
(ii) Next consider B centers on I We apply Lemma now with G = |u| +
|Vu|,Gg = |v|] + |Vv| and Rp = |w| + |[Vw|. Obviously, |G| < |G| + |Rp| and again

by ({#:22).

1 ) 1 , 1
- < - - "
uBmQy/’Gﬂ-—mem | (bof 19l < 25 Ve
28BN 2BNQ

(Q, a 9
mem/Wf’

(Q, a 9

BBHQ|/|ﬂ
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which yields (2.76]). Also w satisfies the problem

div(A(x)Vw) =0 in4BNQ
(AVw) -n+aw =0 on4BNT.

So by the wRHI in Theorem [4.2.11| and the estimate (4.22)), we can write,

1/p 1/p
( / |RB|p) S( / <<|w|+|w|>2>p/2)

1/2
<c f<|w|2+|w|2>)

4BN
r 1/2 1/2
<c ( / <|u|2+|w2>) +( / <|v|2+|w|2>>
4BN 4BN

1/2 1/2
<C IGIQ) +C(Q,a*)( |f|2>
431[9 SBiQ

which yields (2.75). Thus we have,

1/q 1/2 1/q
(f<|ur+|w>q) < Gy a) (f|ur2+|w|2> +(f|f|q)

Q

for any 2 < ¢ < p where C,(€2, ) > 0 does not depend on a. This completes the proof
together with the previous case. |

The next proposition will be used to study the complete estimate of the Robin problem
(4.1). The result is not optimal and will be improved in Proposition 4.2.14

Proposition 4.2.12 (W?(Q) estimate, p > 2 with RHS F). Let Q be a C' bounded
domain in R®, p > 2, and F € LP(?). Suppose that the coefficients of the operator L,
defined in , are also symmetric and in VMO(R?). Then the unique weak solution
u e WhP(Q) of with f = 0 and g = 0, satisfies the following estimate:

[ullwir@) < Co(€2, @) | F | o)
where the constant C,($2, ) > 0 is independent of a.

Proof. The result follows using the same argument as in Theorem [4.2.5 and hence we do
not repeat it. |
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Proposition 4.2.13 (W?(Q) estimate with RHS f). Let Q be a C' bounded domain
inR3, pe (1,00) and f € LP(Q). Suppose that the coefficients of the operator L, defined
n , are also symmetric and in VMO(R?). Then there exists a unique weak solution
u e Wh(Q) of with F =0 and g = 0, satisfying the following estimate:

(4.23) ullwir@) < Cp(2, o) (| Fllzr

where the constant C,(€2, ) > 0 is independent of a.

Proof. The existence of a unique solution and the corresponding estimate for p > 2 is done
in Theorem and Theorem respectively. Now suppose that 1 < p < 2. We first
discuss the estimate and then the existence of a solution.

(i) Estimate I: Let g € C5°(Q) and v € W' (Q) be the weak solution of div(A(x)V)v =
div g in Q and (AV)v-n+av=0on . Since p’ > 2, from Theorem we have

19l @) < ol )|l o -

Also if u € WHP(Q) is a solution of (4.1)) with F' =0, g = 0, using the weak formulation of
the problems satisfied by u and v, we have

Q/f-Vv:Q/g-Vu

which gives,
I/g Vul < | Fler@ IVl @) < 1 llze@ 1ol g
Q

and hence,

Vu -
IVuloy = sup Hovedl

< Cp(Q )| fllze-
0#£geL (Q) ||g||LP'(Q)

(ii) Estimate IT: Next we prove that

(4.24) [ull o) < Cp(€, ) | £l Lo(e)-

For that, from Proposition 4.2.12] we get for any ¢ € L (2), the unique weak solution
w € W (Q) of the problem

div(A(z)Vw) = ¢ in Q2
(AV)w-n+aw =0 on I’

satisfies

||wHW1m/(Q) < Cp(R, o) ||<PHL1>’(Q)-
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Therefore using the weak formulation of the problems satisfied by v and w, we obtain,
. ow
/ugpz/udlv(A(x)V)w:—/A(:C)vaw—i-/uaf:_/f.vw
Q Q Q P o Q

which implies

Jou o
lullney = sup ol
0£peL? () HSOHLP’(Q)

This completes proof of the estimate (4.23]).

< Cp( ) (| F [l -

(iii) Existence and uniqueness: The uniqueness of solution of (4.1)) follows from (4.23]).
For the existence, we will use a limit argument. Let {f;} € C5°(£2) such that

fe—= fF in LP(Q)
and uy, € W' (Q) be the unique weak solution of
div(A(x)Vug) = div fi in Q
(AV)ug - m + auy =0 on T

Note that u, € WP(Q) since p’ > 2. Also from (i) we have,

url[wir@) < Cp(, o) || frllze )
and
ur — willwrr) < Cp(, ) (| fx — fillzr)-

Thus it follows up — w; — 0 in WHP(Q) as k,l — oo i.e. {ug} is a Cauchy sequence in
WLP(Q). Then as WHP(€) is a Banach space, there exists u € WHP(Q) such that

up — u in WHP(Q)
satisfying
[ullwrr@) < Go(Q2, ) | FllLe()-

Clearly u also solves the system (4.1]). |

Proposition 4.2.14 (W'?(Q) estimate with RHS F'). Let Q be a C* bounded domain
inR®, p € (1,00), F € L"P(Q) and g € W_%’p(F). Suppose that the coefficients of the
operator L, defined in , are also symmetric and in VMO(R3). Then the weak solution
u € WHP(Q) of the problem

Lu=F in Q
(4.25)
(AVu) -n+aou=g onT
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satisfies the following estimate:

Julbwroiey < Col@ a0) (IF Loy + gl 40
where the constant C,(€2, ) > 0 is independent of a.

Proof. 1t suffices to prove the estimate since the existence and uniqueness of u follows from
the same argument as in Proposition [4.2.13]

(i) Estimate I: Let £ € C$°(Q) and v € W' (Q) be the weak solution of div(A(z)Vv) =
div f in Q and (AV)v-n + av =0 on I'. By Proposition [4.2.13 we then have

[l @) < Cp(Q )| Fllp ()

Also, if u € WHP(Q) is a solution of (4.25), from the weak formulation of the problems
satisfied by v and v, we get

f-Vu= [ A@@)Vu-Vo+ [ cuv =— [ Fu+ (g,0)p.
[ [
This implies

[ £ 9ul S IF Lo ol oo + 191 1ol 4
Q

< Gl (IF Nl + 9l ) Nl
since —h— = z% — 3 = = for p > 2 and WL (Q) < L=(Q) when p < 3. Thus,

()= (r(p))’
Vu -
|Vul|gpo) = sup M

< Cyl(,0) (I1F Ly + gl
0#£feLr (Q) ||f||Lp’(Q)

)
WP P(T)

(ii) Estimate II: Next we prove the following bound as done in (4.24)):
(4.26) lullzney < Co(00) (IF oy + 9l

except that we do not need to assume p < 2 here as in |D For any ¢ € L¥ (), there
exists a unique weak w € W1¥ () solving the problem

div(A(z)Vw) = ¢ in Q2
(AV)w-n+aw =0 on I’

and satisfying
||wHW1m’(Q) < Cp<Qaa*>H90HL1"(Q)‘

150



4.2. Related results and Proof of Theorem (4.1.1

(For p < 2 the above estimate can be proved by the exact same argument as in Proposition

4.2.13)). Finally we can write,
ou ow
/ugpz/qu:/Auw—/a—nw—i- u&—n:/Fw—(g,w>F
Q Q Q r r Q

which yields as before

Jullzrey < Co(62,00) (1Pl + ol 40y )
and thus we obtain (4.26)). [ |

Proof of Theorem [£.1.1] Let u; € WP(Q2) be the weak solution of

div(A(z)Vuy) =divf in
(AVu; — f) - n+au; =0 onT

given by Proposition 4.2.13[and uy € WP(Q) be the weak solution of

div(A(x)Vug) = F  in )
(AV)ug -n+auy =g onl

given by Proposition 4.2.14 Then u = wu; + uy is the solution of the problem which
also satisfies the estimate (4.4)). ]

Next we prove uniform H* bound for s € (0, 3).

Proposition 4.2.15. Let Q be a Lipschitz bounded domain in R3, g € L*(T) and « is a

constant. Then the problem

Au=0 in §2
(4.27) ou

—tau=yg on I’

on

has a weak solution u € H%(Q) which also satisfies the estimate
(4.28) [l 3 o) = CEN9l L2y

H3(Q) —

Proof. A solution u € H'(Q) of the problem (4.27)) satisfies the variational formulation:

Yo € H'(Q), /Vu-VgO—I—/augp:/gap.
o) r r
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Multiplying the above relation by « and substituting ¢ = u, we get

o [ 196l + lawl) = a [ gu < llgllelloul 2
Q r

and thus
laullzz@y < |lgllzz)-

Now from the regularity result for Neumann problem |74, Theorem 2|, we obtain

Jtll3,0) < COllg — ol < CO)lgll e

which gives the required estimate. [

Remark 4.2.16. We do not know any reference of H*(Q2) regularity results (in particular,
s = 3/2) for the general second order elliptic operator of divergence form with Neumann
boundary condition, instead of Laplacian. That is the reason, we have stated the above

Proposition for Laplacian.

Theorem 4.2.17 (H*(2) estimate). Let Q be a Lipschitz bounded domain in R, s €
(0,1) and « is a constant. Then for g € H*=3(T"), the problem has a solution
u € H'™(Q) which also satisfies the estimate

[l 1022y < C(D) g1

HS*%(F)'

Proof. We obtain the result by interpolation between H'(Q) and H 3 (Q) regularity results
in Theorem and Proposition 4.2.15| respectively. |

4.3 Estimate for strong solution

Theorem 4.3.1 (W?2P?(Q) estimate). Let Q be a CY' bounded domain in R, p € (1, 00)
1
and a be a constant. Then for F € LP(Q) and g € W' #P(T), the weak solution u of the

problem

Au=F in €,

(4.29) ou
—tau=gyg on I’
on

belongs to W2P(Q) and satisfies the following estimate:

(1.30) Julhwasier < Gyl @) (IFllvey + gl )

where the constant C, (€2, o) > 0 is independent of .
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4.3. Estimate for strong solution

Remark 4.3.2. We can in fact show the existence of u € W?P(Q) for more general a,

3

5and ¢ =p

1
not necessarily constant; in particular for o« € W' ¢%(T") with ¢ > % if p<

otherwise.

Proof. For the given data, there exists a unique solution u of in W1P(Q), by Theorem
Then it can be shown that in fact u belongs to W2?(2) by Neumann regularity
result using bootstrap argument. But concerning the estimate, we do not obtain a «
independent bound on wu, using the estimate for Neumann problem. So we consider the

following argument.

As T is compact and of class Ch!, there exists an open cover U; i.e. I' C U¥_ U; and
bijective maps H; : () — U, such that

H; € CY(Q), J':= H ' e CVY(Ty), Hi(Q4) =9QNU; and Hy(Qo) =T NU;

where we denote

Q= {x=(2',23);|2'| <1 and |z3| < 1}

Q. =QnER:

Qo = {z = (2/,0); |2'| < 1}.
Then we consider the partition of unity 6; corresponding to U; with supp 6; C U;. So we
can write u = 2%  f;u where 0 € C2(Q). It is easy to see that v; = f,u € W>P(Q N Uj)
and satisfies:

0 4wy =g+ &
on =9 on

u=:h; on JQNU;).
Precisely, we have, for all ¢ € W' (Q N U;),

(4.31) /Vvi~Vg0+Oz / vip = — / fio + / hip

QNU; rnu; QNU; rnu;

where f; € LP(Q2) and h; € Wlﬁ’p(f‘). Now to transfer v;|onu, to Q4+, set w;(y) = v;(H;(y))

for y € Q.. Then,
ov; Ow; OJ},

Odx; 4~ Oy Ox;
Also let v € H'(Q4) and set p(z) = ¥(J(z)) for x € QN U;. Then ¢ € H(QNU;) and

0 _ o0
dx; T Oy Ox;’
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Thus, putting these in (4.31)), we obtain under this change of variable, for all v» € H*(Q.),

(4.32) / (@) 2800 / - / ﬁ-w+/ﬁiw
Q+ Qo

Oy, Oy,

Q+

with ay(z) = X, gi £ |det Jac H;|, f; = f;0J" and h; = h;o Ji. Here det Jac H; denotes
the determinant of the Jacobian matrix of H;. Note that ay € COY(Q), f; € LP(Q4) and
h; € Wi/e'» (Qo). Also 1D is a Robin problem of the form 1) for w; on @, since w;

vanishes in a neighbourhood of 0Q); \. (o, the coefficient matrix satisfying the assumptions.

For notational convenience, in this last part, we omit the index ¢ 7.e. we simply write
w instead of w;. Now denoting 0; = %, we see that z; := w,i = 1, 2 solves the following
J

problem

div(A(x)Vz) = div(fe;) — div(9;A(z)V)w in Q4

o +az = fe;-n — (QA(x)V)w-n + d;h on Qo

where e; is the unit vector with 1 in ** position. Thus, we can apply Theorem for
the above system and may conclude

s < Co(@+) (v + 18A@ Vel + 10, 40 )

which yields, for all 2,7 =1,2,3 except i = j = 3,
@31 10hwlian < GlQ) (Il + lwlwren + IF 30 ).

Now to show the estimate for 93w, we can write from the equation (4.32)) (omitting the
index 1),
1 9 )
633w——(f aij Ojw — 8a”8w) in Q.
ass
But since J is an one-one map, agz # 0 and thus together with (4.34)), we obtain the same
estimate (4.34)) for 02,w. Therefore, we can conclude, for all i =1, ..., k,

lollwasarizy < Co() (Il + gl y1-gyg, + lulwiois))

()
and consequently (4.30)), using W'?-estimate result. |
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