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Abstract

For a Riemannian foliation F on a compact manifold M, J. A. Alvarez Lépez proved that the
geometrical tautness of F, that is, the existence of a Riemannian metric making all the leaves
minimal submanifolds of M, can be characterized by the vanishing of a basic cohomology
classky € H' (M /F) (the Alvarez class). In this work we generalize this result to the case of
a singular Riemannian foliation K on a compact manifold X. In the singular case, no bundle-
like metric on X can make all the leaves of &£ minimal. In this work, we prove that the Alvarez
classes of the strata can be glued in a unique global Alvarez class ky € H'(X/K). As a
corollary, if X is simply connected, then the restriction of K to each stratum is geometrically
taut, thus generalizing a celebrated result of E. Ghys for the regular case.
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1 Introduction
1.1 Tautness and cohomology

A foliation F on a manifold M is said to be (geometrically) faut if there exists a metric
such that every leaf of F is a minimal submanifold of M. Tautness is a relevant property
of foliations, which has been extensively studied since the eighties and nineties of the last
century. It is essentially a transverse property: A. Haefliger proved that if M is compact, the
tautness of F depends only on its transverse structure, namely, on the holonomy pseudogroup
of F (see [9, Theorem 4.1]).

In the case of Riemannian foliations (those admitting a bundle-like metric, that is, a metric
whose orthogonal component is holonomy invariant), tautness is remarkably of topological
nature, as the following results show. In [13], X. Masa proved that if F is an oriented and
transversally oriented Riemannian foliation, then it is taut if and only if the top degree group
of the basic cohomology is isomorphic to R, as conjectured by Y. Carriére in his Ph.D.
Thesis. In [1], J.A. Alvarez Lopez defined the so-called Alvarez class (or tautness class)
Ky € H(M /F) whose vanishing characterizes the tautness of a Riemannian foliation F on
a compact manifold M. As a corollary, he removed the assumption of orientability of Masa’s
characterization. Another immediate consequence of Alvarez’s result is that any Riemannian
foliation on a simply connected and compact manifold M is taut, which was proven previously
by E. Ghys in [7, Théoreme B]. One more characterization is obtained by combining these
results with F. Kamber and Ph. Tondeur’s Poincaré duality property for the basic cohomology
[12, Theorem 3.1]:

H*(M/F) ZHom(HI *(M/F),R), (1.1)

where ¢ is the codimension of  and the x -twisted basic cohomology H.* (M /F) stands for the
cohomology of the basic de Rham complex with the twisted differential d,w = dw—k Aw. It
follows that, under the assumptions of Masa’s theorem, F is tautif and only if H, ,9 M/F)=R.
For an account of the history of tautness and cohomology of Riemannian foliations see [23]
and V. Sergiescu’s Appendix in [15].

1.2 Tautness of strata of singular Riemannian foliations

We are interested in finding the singular version of those results in the less explored framework
of a singular Riemannian foliation (SRF, for short) K on a compact manifold X. We now
summarize some results we have obtained in this direction.

One major difference with the regular case is that, in an SRF, geometrical tautness is not
to be achieved globally: there exists no bundle-like metric on X making all the leaves of

@ Springer



Cohomological tautness of singular... 4265

minimal submanifolds of X (essentially, because they are of different dimensions, see [22,
p- 186] and [16]). It is natural, then, to focus on the foliations /g induced by I on each
stratum S, which are regular. Notice that strata may not be compact submanifolds of X. The
mean curvature form for non-compact manifolds has a different behavior: Example 2.4 of [5]
describes a Riemannian foliation F on a non-compact manifold M whose mean curvature
form « is basic, but not closed, showing that the Alvarez class may not even be defined if M
is not compact.

Nevertheless, in [22] and [23] we proved that, for a certain class of foliations called CERFs,
the Alvarez class is well defined and the characterizations of tautness described above hold.
CERFs are regular Riemannian foliations on possibly non-compact manifolds that can be
suitably embedded in a regular Riemannian foliation on a compact manifold called zipper,
and whose basic cohomology is computed by a compact saturated subset called reppiz.

The main point is that the singular strata of an SRF are CERFs. Although the compactness
of X does not imply the compactness of the strata, each stratum will inherit the cohomological
behavior of tautness from its zipper. Hence, the rich classical cohomological study of tautness
applies to each stratum of any SRF defined on a compact manifold.

1.3 Main result

In this work we intend to understand the tautness character of all strata globally, by show-
ing that the topology of X has, indeed, a strong influence on the tautness of each stratum,
individually. Our main result is the following:

Theorem 1.1 Let K be an SRF on a closed manifold X. Then there exists a unique class kx €
H'(X/K) that contains the Alvarez class of each stratum. More precisely, the restriction of
Kk x to each stratum S is the Alvarez class of (S, Ks).

We will say that kx is the Alvarez class of K, and that K is cohomologically taut if its
Alvarez class vanishes. To prove Theorem 1.1 we shall need to exploit the local description
of the neighbourhood of a stratum of an SRF, and use strongly the fact that its associated
sphere bundle admits a compact structure group. The key technical point needed to patch
up the Alvarez classes of all strata together is Proposition 4.7, which establishes that the
Alvarez class of a singular stratum S is induced by the Alvarez class of a tube along S. As
a consequence, although taut and non-taut strata may coexist in an SRF (as it happens in
Example 6.11), all strata below a taut stratum must be taut. As an application, we retrieve a
singular version of the classical result by E. Ghys referred to above:

Corollary 1.2 Every SRF on a compact simply connected manifold X is cohomologically taut.

Organization of the article. In Sects. 2 and 3 we recall some known facts about SRFs and
CEREFs, respectively, and prove that certain bundles of singular strata are CERFs. In Sect. 4
we introduce the notion of thick foliated bundle and study the interplay between the Alvarez
classes of their components. We apply this study in Sect. 5, as thick foliated bundles appear
in the local structure of an SRF, which we shall use to prove the main results in Sect. 6. The
Appendix is devoted to the reduction of the structure group of the sphere bundle of a stratum.
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4266 J.I. Royo Prieto et al.

2 Singular Riemannian foliations

In this section we present the class of foliations we are going to study in this paper, which
were introduced by P. Molino in [15, Chapter 6]. They are essentially Riemannian foliations
whose leaves may have different dimensions.

2.1 SRFs

A Singular Riemannian Foliation (SREF, for short) on a connected manifold X is a partition
K by connected immersed submanifolds, called leaves, satistying the following properties:

i) the module of smooth vector fields tangent to the leaves is transitive on each leaf;
ii) there exists a Riemannian metric x on X, called adapted metric, such that each geodesic
that is perpendicular at one point to a leaf remains perpendicular to every leaf it meets.

The first condition implies that (X, ) is a singular foliation in the sense of [25] and [27].
Notice that the restriction of K to a saturated open subset V' C X induces an SRFin V, which
we shall denote by Ly . Any regular Riemannian foliation (RF for short) is an SRF, but the
first interesting examples of SRFs are the following:

o the partition defined by the orbits of an action by isometries of a connected Lie group;

e the partition defined by the closures of the leaves of a regular Riemannian foliation;

e the partition defined by the closures of the leaves of a singular Riemannian foliation (this
is Molino’s conjecture, recently proved in [2]).

2.2 Stratification

Let L; denote the union of all the leaves of KC of dimension i. We denote by Sk the stratification
of X whose elements, called strata, are the connected components of the subsets L;, for every
i > 0. The restriction of C to a stratum S is an RF Kg. The strata are partially ordered by:
S1 < Sy & S; C 5. Denote by < the corresponding strict partial order. For every stratum
S, we have S = U Si<S S;. Thus, the minimal strata are the only closed strata. The maximal
stratum, called the regular stratum, is an open dense subset of X, and shall be denoted by R.
The other strata will be called singular strata. Recall that two strata S and S’ are comparable
if either S’ < S or § < ' holds.

The depth of a stratum § € S, written depthy S, is defined to be the largest i for which
there exists a chain of strata §; < S;—1 < --- < Sp = S. So, depthy- S = 0 if and only if §
is a closed stratum. The depth of S is defined as the depth of its regular stratum, and will
be denoted by depth Si.. Notice that depth Sic = 0 if and only if /C is regular.

We now recall some geometrical tools which we shall use for the study of the SRF (X, K).

2.3 Foliated tubular neighbourhoods

Since a singular stratum S € Sx is a proper submanifold of X, we can consider a tubular
neighbourhood 7T = (T, ts, S) with fibre the open disk D”s ! The following smooth maps
are associated with this neighbourhood:

e The radius map ps: Ts — [0, 1) defined fibrewise by z > |z|. Each ¢ # 0 is a regular
value of pg, and we have pgl 0) =S.
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e The contraction Hs: Ts x[0, 1] — Ts defined fibrewise by (z, ) + r-z. The restriction
(Hg),: Ts — Ts is an embedding for each ¢ # 0 and (Hs), = ts.

These maps satisfy ps(r - u) = r ps(u). This tubular neighbourhood can be chosen to satisfy
the two following important properties (see [15, Lemma 6.1] and [3, Lemma 1]):

e Each (o' (1), K) is an SRF, and
e Each (Hy),: (Ts, K) — (Ts, K) is a foliated map.

We shall say that 7g is a foliated tubular neighbourhood of S. The core of 7Tg is the
hypersurface Dg = pgl (1/2). The following map

ZLs: (Ds x (0,1), K xZ) - ((Ts\S), K), (2.1)

defined by %s(z,t) = Hs(z,2t), is a foliated diffeomorphism, where Z stands for the
foliation of (0, 1) by points.

2.4 Thom-Mather system

In Sect. 5 we shall need the foliated tubular neighbourhoods of the strata satisfying certain
compatibility conditions. We introduce the following notion, inspired by the abstract stratified
objects of [14,28].

A family of foliated tubular neighbourhoods 7" = {7g | S singular stratum} is a foliated
Thom—Mather system of (X, K) if the following conditions are satisfied:

(TM1) For each pair of singular strata S, S” we have
TsN Ty # @ < S and S are comparable.
Let us suppose that S < S. The other conditions are:

(TM2) Ts N Ty =15 ' (Ts N S).
(TM3) pg = pgrotson Ts N T
(TM4) pso(Hg'); = ps, and pgo(Hg); = psr on Ts N Ty, for all ¢ € (0, 1).

This notion was already defined in [22, Appendix], but without the condition (TM4). In
that paper we constructed a collection of tubular neighbourhoods 7 satisfying (TM1), (TM2)
and (TM3). Let’s show that, in turn, it also satisfies the condition (TM4).

Proposition 2.1 Let IC be an SRF defined on a compact manifold X. Then there exists a
Sfoliated Thom—Mather system of (X, K).

Proof Consider the collection 7 of foliated tubular neighbourhoods constructed in [22,
Appendix], where it is proven to satisfy (TM1), (TM2) and (TM3). Let’s see (TM4).
Consider two singular strata S’ < S. For every (y,t) € Ts N Ty x (0, 1), we have

ps o (Hs) (v) T2 pg o 15(Hs), () = ps (3),

and so, the latter part of (TM4) follows.

To prove the first part of (TM4) we recall the description of Ts N Ty shown in [22, 3.2].
Consider the SRF (Dg, Kp,,) and notice that S” = Dg N S is a stratum of that SRF. The
following restriction of .Zs (2.1) is, in fact, an isometry:

Lyt (Ds NTs x (0,1).K x I, plpg +di*) — (Ty NTs). K, ). (22)
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4268 J.I. Royo Prieto et al.

/D
' Dg NTg = Tgn

Fig.1 The shaded areais T¢y N Tg = Tgr x (0, 1)

Using up,, we can take a foliated tubular neighbourhood (Ts, g7, S”) of S” in Dgr N Ts
(see Fig. 1). In fact, Tg» = Dy N Ts.

Now, to prove the first part of (TM4), take y € Ty N Ts and (x,r) € Tg» x (0, 1) such
that Zg/(x, r) = y. On one hand, notice that (2.2) implies that ps(ZLs (x, r)) = psr(x) for
any r, and thus, we have ps(y) = ps~(x). On the other hand,

ps o (Hs )i (y) = ps o (Hg)i(ZLs(x,r)) = ps o (Hg) (Hg (x, 2r))
= ps (Hg'(x,2r1)) = ps (L (x, rt)) = psr(x),

and (TM4) follows. ]

Notice that (TM4) does not hold for S’ = S since ps(Hs(z,r)) = r - ps(z). We fix for
the rest of this paper a such foliated Thom—Mather system 7.

Remark 2.2 Given two singular strata S and §’, using (TM1) and (TM4), we have:

TsNTg #0 <= DsNTg # 0 <= DsN Dy # ) <= S and S’ are comparable.

2.5 Structure group

We can take an atlas of the bundle 7g whose cocycle takes values in the structure group
O(ng + 1). By [15], we have that the fibres of this bundle are modelled on an SRF &g on
the open disk D"s*+!. Moreover, this foliation is invariant by homotheties and the origin is
the only O-dimensional leaf. This implies that the sphere bundle Dg = (ts, Dg, S) which is,
indeed, a restriction of 7g, satisfies depth Sx pg = depth § Kry — 1.

Molino and Boualem ([3]) prove that there exists a foliated atlas

B— {w,-; (r5 (Ui, K) > (U; x DT K x 55)}. 1
S

of 7Tg whose cocycle takes values in the following structure group

Diff (D"t £5) = { f € Diff (D" )| f preserves & and | f(v)| = |v] if v € D"}
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We do not know whether this structure group can be reduced to the compact Lie group
O(ng + 1) NDIiff(D*sH! | £5), but the following lemma shows that the sphere bundle Dg has
a richer structure group than that of 7g.

Lemma 2.3 The sphere bundle Ds admits an atlas with values in the compact Lie group
O(ns + 1, Gs) = {A € O(ns + 1)|A preserves Gs},

where Gs is an SRF on the fibre S™S with no 0-dimensional leaves.

Proof See Appendix. O

3 Tautness of Riemannian foliations

In this section we recall that, although a stratum S of an SRF K is, in general, not compact,
the tautness of g can be characterized cohomologically. More precisely, the classical study
of tautness applies to a class of RF on possibly non-compact manifolds called CERFs, and
Ks is a CERF.

3.1 Differential forms

Let F be an oriented foliation of dimension p on the Riemannian manifold (M, n). The
characteristic form y, € Q7 (M) is defined by

Xu(X1, .., Xp) = det(u(X;, Ej)), VXi,...,X, € CX(TM), 3.1)

where {E1, ..., E,} is alocal oriented orthonormal frame of 7 7. The mean curvature form
Ky € QY (M) is determined by k,(X) = O forall X € C*(TF) and Rummler’s formula
[24]:

kp(Y)=—dx, (Y, Ey,...,Ep), VY€ C®(TF)*H). (3.2)

Notice that both x,, and k/, are determined by the orthogonal subbundle (7 F)* and the
volume form along the leaves. Notice also that «;, is defined even if no orientation assumptions
are made, and itis determined by (3.2) in an open set where orientation conditions are satisfied.

We say that u is faut (it is also called minimal or harmonic in the literature) if every leaf
of F is a minimal submanifold of M, which is tantamount to saying that its mean curvature
form is zero. We shall say that F is faut if M admits a taut metric with respect to F. If T F is
oriented, tautness is characterized by Rummler-Sullivan’s criterion [26, Remark in p. 219],
which says that F is taut if and only if there exists a form w € Q7 (M) whose restriction to
T F is positive and such that it is d F-closed; namely, dw (X1, ..., Xp, Y) = 0 for any vector
fields X1,..., X, € C¥(TF)and Y € C®(TM).

We say that  is tense if its mean curvature form is basic. We shall say that a tense metric
W is strongly tense if k,, is also closed (see [19, Def. 2.4]; in [22] and [23] it is called a
D-metric).

If F is an RF on a compact manifold M, then there exists a tense metric ( [6, Tenseness
Theorem in p. 1239]). As M is compact, any tense metric must also be strongly tense by [11,
Eq.4.4].

Strong tenseness is not guaranteed if M is not compact. Example 2.4 of [S] shows an
RF of dimension 2 on a noncompact manifold with a tense metric that is not strongly tense.
Nevertheless, in[19, Theorem 1.1]itis shown that any transversely complete RF of dimension
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4270 J.I. Royo Prieto et al.

1 on apossibly non-compact manifold M admits a strongly tense metric. In[18, Corollary 1.9]
the result is extended to any uniform complete RF.

3.2 The CERFs

Let M be amanifold endowed with an RF F. A zipper of F is a compact manifold N endowed
with an RF H satisfying the following property:

(a) The manifold M is a saturated open subset of N and Hy = F.
A reppiz of F is a saturated open subset U of M satisfying the following properties:

(b) the closure U in M is compact;
(c) the inclusion U < M induces the isomorphism H*(U /F) = H*(M | F),

where H*(M /F) stands for the basic cohomology, that is, the cohomology of the complex
of basic forms Q*(M /F) = {w € Q*(M)|ixw = ixdw = 0VX € C*(TF)}. We shall also

. q.i. .. L .
use the notation U < M to denote a quasi-isomorphism in basic cohomology.
We say that F is a Compactly Embeddable Riemannian Foliation (or CERF ) if (M, F)
admits a zipper and a reppiz. We have shown in [23, Proposition 2.4] that, for any stratum §
of an SRF K defined on a compact manifold, the foliation Ky is a CERF.

3.3 Tautness of CERFs

In [23, section 3] we prove that for a CERF F on a possibly non-compact manifold M the
classical study of cohomology and tautness holds. We summarize the main results here:

(i) The CERF F admits a strongly tense metric (.
(ii) Theclass [«,] € H L /F) does not depend on the choice of the strongly tense metric
w. We shall call it the Alvarez class of F, and denote it by k 7.
(iii) If U is a saturated open subset of M, then the Alvarez class of (U, F) is the restriction
of the Alvarez class of (M, F).
(iv) The tautness of F is equivalent to any of the following statements:

(@ kr =0,
(b) H"(M/F) # 0 (when F is transversally oriented),
() H,? (M/F) # 0 (when M is oriented and F is transversally oriented),

where n = codim F and the «-twisted cohomology HJ(M /F) is the cohomology of the
complex of basic forms with the twisted differential d,w = dw—k Aw, being k € Q1 (M /F)
any representative of the Alvarez class of F.

4 Thick foliated bundles

In this section we slightly generalize the notion of a foliated bundle. Principal foliated bundles
were introduced by Molino (see [15, section 2.6]) to study objects such as the lifted foliation
to the transverse frames bundle (see [15, Proposition 2.4]). In such bundles, if a vector is
tangent to a leaf, then it cannot be tangent to the fibre of the bundle The fibres of a thick
foliated bundle may carry a richer foliated structure. All foliations considered in this section
are regular, unless otherwise stated.
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Definition 4.1 Let %, .# and & be foliations on the manifolds B, F and E, respectively.
A fibre bundle 7 : (E, &) — (B, %) with fibre (F,.%) and structure group G is a thick
foliated bundle if G < Diff (F, %) and there exists an atlas of the bundle {(U;, ¥;)}ies such
that the charts

Vit (U, &) — (Ui x F, 2 x F)
are foliated diffeomorphisms.

Example 4.2 Let K be an SRF over a compact space X and w: Dg —> S be the sphere
bundle of a singular stratum S, for some Thom—Mather system. The restriction of 7 to the
regular part E = Dg N R is a thick foliated bundle over B = § whose fibre is the regular part
of the model SRF on a sphere (see section 2.5). The foliations & and 4 are the corresponding
restrictions of /C.

Example 4.3 The following classical structures are particular cases of thick foliated bundles:

(1) If G = F,m is principal and .7 is the pointwise foliation, then 7 is a principal foliated
bundle.
(ii) If £ is the one leaf foliation and . is the pointwise foliation, then 7 is a foliated
bundle in the sense of [8].
(>iii) If £ is the pointwise foliation, F is compact and .7 is the one leaf foliation, then
is a Seifert bundle.

Ifrn: (E,& —> (B, ) is a thick foliated bundle of fibre (F, .%), the condition G <
Diff (F, %) allows us to define a fibrewise foliation .# on E, just considering

vi: (7N, #) — (U; x F, {points} x ) (4.1)

as foliated diffeomorphisms. We will say that J# is the fibrewise foliation associated to 7.
The following Lemma shows the interplay between the mean curvature forms of the foliations
involved in a thick foliation bundle. The proof is similar to the first part of the proof of [17,
Lemma 7].

Lemmad.4 Letrw: (E, &) —> (B, PB) be athick foliated bundle. Let y be a metric on E and
denote by k,, the mean curvature form of (E, 7, y), where S is the associated fibrewise
foliation. Then for any metric ;L p on B, there exists a metric g on E such that the mean
curvature form of (E, &, LE) is

K[LE = (Ky)o,l + T[*K;Lgv (42)

where the bigrading is associated to TE = T& & (T &)+ .

Proof We consider a bundle decomposition

(i) kermy = ¢ © T,
TE (i) T¢ =TH ® §2;L
_ vt o (iii) &1 ® & < (TIH)7;
TE = MEB £ ®¢s satisfying (iv) 74lg, s &2 —> T2 is an isomorphism;
ker 7, V) Tyles: &3 — (T#)-"5 is an isomor-
phism.

To construct such a decomposition, first, take ¢; = (T )17 Nker 7, which gives (i). Take
¢> any supplementary of 7.7 in T &, thus satisfying (ii). As n.: T& — T A is surjective
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4272 J.I. Royo Prieto et al.

and T < ker m,, for degree reasons we have (iv). Now, consider D a supplementary of
1 in (T #)1Y. Notice that 74|p: D — TB is an isomorphism. Finally, we take {3 =
(% p) "1 (T 2B)*+#8), which gives (iii) and (v).

Now, we define the metric i = ¥ l|kerm, + 7*ip so that the four summands of the
previous decomposition are ug-orthogonal. To prove formula (4.2) it suffices to check it
locally; namely, for any neighbourhood U C E small enough so that both ¢, and &y are
oriented (and thus, % (y)). We now claim that, in U, we have

Xug = Xy N T[*XMB’ (4.3)

where , is the characteristic form of (M, /7, y). By definition (see (3.1)) x,. is the form
that vanishes when applied to any vector orthogonal to & and whose restriction to its leaves
is a volume form of norm one.

So consider a y-orthonormal and positively oriented parallelism X4, ..., X, of T ¢y
and a py-orthonormal and positively oriented parallelism Zy, ..., Z,; of T %|; ), which
are my-related to the pp-orthonormal parallelism Yy, ..., Y, of {]y. As my(X;) = 0 for
i=1,..., p, wehave:

(Xy A”*X/J.B)(Xl,-~-,Xp,Y1»--~,Yq) =Xy(Xla~-~5Xp)7T*Xp.B(Y17---»Yq)
=Xs(Zl,...,Zq)= 1 =XME(XI,...,XP,Yl,...,Yq).

Now, take Y a section of (T &) E|y = ¢i|ly @ &3|y. By (iii), we have Y € Co(T 1),
and thus, iy x,, = 0. We also have iy (m* xp) = 0, because 7+(Y) € C®(TB) ‘s lz@))
(due to (iii) and (v)). So (4.3) follows.

To prove (4.2), first take X a section of T& @ TH @ . We have m* (k) (X) = 0,
because 7 (X) € C®(T %), and (ky )o,1(X) = 0 because of the bigrading. So (4.2) holds
for T&.

It remains to check (4.2) for Y a section of (T&)L“E lu = ¢1lu @ &3lu- Notice that
Y € CO(TRB)8)and Y € C®((T)LY). So we finally have:

(3.2)

ke (V) 2 iy, (V. X1, X YY)
)y, (V. X1, X)) T (VL Yy)
=1
— Xy (X1 X)) Ty, (VY1 Yy
L
3.2)

= iy (¥) + 7%k, (V) = (e )0,1(Y) + 77k (¥).
O

Lemmad4.5 Let w: (E,&) —> (B, $) be a thick foliated bundle with taut fibre (F,.%)
and compact structure group G. Then there exists a foliated Galois 7./27.-covering map
7: (EY, 6% > (E, &) suchthatn® =motisa thick foliated bundle whose fibre (F%, 7%
is taut, and admitting G as structure group, which preserves a given orientation in T .F*.

Proof Consider p: (F*, #%) — (F, %) the tangent orientation covering (see [10, p. 162])
of (F,.%), which is a Galois Z/2Z-covering space such that 7.7 ! is orientable. Notice that
Z* is taut for the pullback of a taut metric on F. For any f € Diff (F,.%), we can define
f*% e Diff (F*, .#%) as the only lifting of f which preserves a given orientation of T.%".
This unicity gives (Idr)* = Idp: and (f o g)* = f* o g*. So, we have defined an algebraic
group action Wg: G x F! — F%,
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Let’s prove that W¢ is, indeed, a smooth Lie group action. It suffices to see that it is
continuous, which we will show from its local expression. Without loss of generality, we can
take (U;, ¢;) and (U}, ¢;) two foliated charts of (F', %) satisfying f(U;) C U;. We then
have

ft
U x 227~ U, x 2)22

|,

Uy ———=Uj,

where the vertical maps are just the projection on the first factor. We have f%(x,r) =
(f (x), sign(JA(x)[)), being

‘ 4 _(AW)] 0
(¢iosow, >*¢f<x> - (B(x) C(x))'

We thus get that the correspondence f —> f* is continuous, and thus W is continuous,
hence smooth. We just have to change the fibre (F,.%#) by (F 1, .Z%) in the thick foliated
bundle 7 to get T as desired. O

The proof of the following Lemma is partially similar to that of [7, Theorem 3.1]:

Lemma 4.6 The fibrewise foliation associated to a thick foliated bundle with taut fibre and
compact structure group is taut.

Proof In [1, Lemma 6.3] it is proven that the tautness character of a foliation is preserved by
finite coverings (that result is established for Riemannian foliations on compact manifolds,
but the proof does not use those assumptions). So by Lemma 4.5, we can assume that the fibre
(F, F) is tangentially oriented and that the structure group G preserves a given orientation
on T.Z to prove that .77 is taut.

Take X € QP (F) a d.%-closed characteristic form, and consider its averaged form

Y:/ g X dg € QP(F),
G

where p = dim.%. We have that X is also d.%-closed because the elements of G preserve
. As they also preserve the orientation of T.Z, then the restriction X |7 & is positive.

We can take {(U;, ¥;)}ics an atlas of the thick fibre bundle 7 whose cocycle belongs to
G, and a partition of unity {(U;, p;j)}icr. Foralli € I, define ¢; and r; so that the following
diagrams are commutative:

[0, 1] =——— 7~ 1(U;)

N

Uy<~<—U x F——F
pi (PF)i

where p; and (pr); are the projections onto each factor. Now, we define

X =Y ri-$X € Q(E),

i
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being E the total space of the thick fibre bundle. We now prove that the associated fibrewise
foliation # is taut by showing that x satisfies the conditions of the Rummler-Sullivan
criterion. First, we have that x |7~ is positive because ¥ |r.# is positive and the maps
;i : @YU, #) - (F,F) are foliated (see (4.1)). It remains to see that X is d-

closed. Take X1, ..., X, € C®(Ts) and Y € C®°(TE). On one hand, for all i € I and
jef{l,..., p}, we have
dri(X;) = Xj(ri) = X;(pi o pi o¥;) =0, 4.4)

because p; o p; o ¥; is constant along the leaves of 7. On the other hand, for all i, j € I,
we have that ¢/ = qb}?, because ¢; o q[)i_l € G and ¥ is G-invariant. Thus, fixing io € I,
we have

D o driNeF R (X1, Xp) = L XX . Xp) Y dri(Y) =0, (4.5)
iel iel

because ) ;. dri(Y) = d(ZieI ri)(Y) =d(1)(Y) = 0. Now, (4.4) and (4.5) yield

D dri NG (X1 X, ¥) =0,
iel

which, finally, leads to

dX (X1, Xp, ¥) =) ri - dX(@isX1, ., $isXp, §iu¥) =0,
iel

because ¥ is d.#-closed and ¢;x X ; € C*°(T F) foralli e I and j =1,..., p. O

Proposition 4.7 Let w: (E, &) —> (B, %) be a thick foliated bundle of CERFs with taut
fibre and compact structure group. Then the Alvarez classes of & and B satisfy

Ke =T"Kp.

Proof The associated fibrewise foliation .7 is taut by Lemma 4.6. Take y a taut metric on
(E, J0), that is, satisfying «, = 0, and take wup a strongly tense metric on (B, %). By
Lemma 4.4, we get a metric ;g such that «,,, = 7*«,,,. Notice that k,; is a closed &-basic
form, and thus, u g is strongly tense. By 3.3(ii), we get ke = m*Kk 5. m]

We finish this section with two illustrations of Proposition 4.7.

Remark 4.8 Denote by 7 : (M 171y — (M, F) the transverse orthonormal frame bun-
dle of the RF (M, F). Then & is a thick foliated principal bundle. The fibre O(g) carries
the pointwise foliation, which is trivially taut. Then by Proposition 4.7 we get that their
Alvarez classes satisfy k71 = m*k . This result was proven in [17, Lemma 7] without
using Dominguez’s Theorem. This remark applies for any other foliated principal bundle
with compact structure group.

As an application, if we want to study the tautness of the foliation induced by the action
of the product of some groups on a manifold, we can drop the compact factors in the sense
precised by the following result.

Corollary 4.9 Let G| be a compact Lie group and G, be another Lie group, with G| x G,
acting freely on M. Denote by F and F» the foliations induced on M by G1 x G and G,
respectively, and by F> the foliation induced by G, on M /G 1. Suppose that those foliations
are also CERFs. Then, the following statements are equivalent:
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(1) (M, F) is taut;
(i) (M, F) g taut;
(i) (M /Gy, F») is taut.

Proof Consider 7/ = F or F,. Then the principal bundle 7 : (M, F') —> (M/G1, F2)
is a thick foliated bundle whose compact fibre G carries either the one leaf foliation or
the pointwise foliation, respectively. As both foliations on G are taut, the hypothesis of
Proposition 4.7 are satisfied and the equivalence holds. O

5 Local structure of SRFs

Let K be an SRF on the compact manifold X. In this section we prove that the Alvarez class
of a stratum of K induces the Alvarez class of its corresponding sphere bundle, which will
be a key step to extend the Alvarez class to the whole manifold X in the next section.

We first show that the regular part of the sphere bundle of a singular stratum is a CERF.
Recall the quasi-isomorphism notation used in 3.2 (c).

Lemma 5.1 Let (Y, K) be an SRF with a foliated Thom—Mather system. Consider S and S’
two singular strata and take ¢ € (0, %). Consider M = Dg N R the regular part of the sphere
bundle Dg, and the subset M, = M\,0S71 ([0, &]). Then we have M, & M.

Proof First notice thatif S = S, then M C Dg C pgl(%), and hence, M = M..If Sand S’
are not comparable, then by Remark 2.2 we also have M = M,. So in both cases, the lemma

follows trivially.
Suppose that either S < S’ or S’ < S holds. The restriction of the map (2.1)

ZLs: (Dgr x (0, 1), K x ) — (Ts'\S"), K),
to the regular part is the foliated diffeomorphism:
ZLs: (Dg NRx(0,1),LxIT)— (T NR), K). 5.1
We now prove the following identity by double inclusion:
ZLsy(DsNDgNRx(0,1) =DsNTg NR. (5.2)
For the “C” part, take x € Dg N Dy N R and ¢ € (0, 1). Then

ps(Ls (x, 1)) = ps(Hg (x, 20)) "2Y ps(x) = 12, (5.3)

which implies Zs (x,t) € Dg, and by (5.1), we are done. For the reciprocal, take x €
DsNTg NR.Asx € Ty, there exists (y,t) € Dg x (0, 1) such that

x = Hy(y,2t) = 1/2 = ps(x) = ps(Hy (v, 26)) "ZY ps(y), (5.4)

that is, y € Dg, which proves the “2” part.
We now define the covering M = M, UV, where V. = M N Ts. We have the following
chain of foliated diffeomorphisms:

M.V =DsNRN Ty Npg (e, 1) Z Lg(Ds N Dg N R x (e, 1)

(5.2)
~DsNDgNRx (e, 1) =DsNDgNRx(0,1) = DsNRNTy =V,
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and thus the Mayer-Vietoris sequence for basic cohomology yields M, & M. O

Remark 5.2 Notice that we need both parts of (TM4) to prove (5.3) and (5.4) because we are
considering both cases (§ < §" and S’ < S).

‘We now fix some notation for the rest of this article. For each i € Z we shall write:
o X = US
depthyc S<i

and, fori € {0, ...,r — 1}, where r = depth S,

o Ti = JTs

SCEN\Z
o 7;: T —> E\Zi_1;
e p;: T; — [0, 1) its radius function, and
e D; = pifl(%) the core of 7;.

Notice that both 7; and D; have a finite number of connected components. The proof of
the next proposition is similar to that of [23, Proposition 2.4]:

Proposition 5.3 Ler S be a singular stratum of IC, denote by T its tubular neighbourhood
in T and Dy its corresponding core. Then the restrictions of K to both Ts N R and Ds N R
are CERFs.

Proof The foliated diffeomorphism (5.1) implies that it suffices to show that (Dg N R, K)
is a CEREF to prove the proposition. Notice that any zipper of the CERF (R, K) is a zipper
for (Ds N R, K), which yields property (a) of 3.2. So it suffices to construct a reppiz of
M = Dg N R by removing a small neighbourhood of each singular stratum.

1
Take ¢ € (0, %) and consider TZ."3 = U ,oj_l([O, g]) foralli =0,...,r — 1. Notice that
j=0
X\R = X, C T/ ;. We now show that U = M\T;_, is areppiz of M, i.e., U satisfies
properties (b) and (c) of 3.2.
We define, fori =0, ...,r —1:
o the subset U; = M\T};
e the space ¥; = X\T;
e the collection 7; = {T\TF|T € T};
e the statement P; = “7; is a foliated Thom—Mather system of the SRF (Y;, K), and
q.i.
U — M”

We now prove P,_j by induction on i, which implies 3.2 (b).

As X is a union of minimal (closed) strata of (X, K), then T = p,, ! ([0, &]) is a satu-
rated closed subset of (X, K), and the first part of Py follows. Now by repeatedly applying
Lemma 5.1 with Y = X and §’ each connected component of X, we get the second part,

. q.i.
that is, Uy — M.
Suppose now that P;_j is true, and let’s prove P;. We have

Y, = X\Tf = Yi1\p; ' ([0, £]) mdﬁz{ngﬂmwMTeﬁqy

Notice that, for every S’ € ¥; we have that S ’\Tf_] is a minimal (hence, closed) stratum of
Yi—1.So ,0171 ([0, €]) is a saturated closed subset of (¥;_1, K) and as a consequence, we get
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the first part of P;. By repeatedly applying Lemma 5.1 with Y = ¥;_j and §’ each connected
component of i, we get U; N U;_1. By induction hypothesis, we have U;_; BN M, and

hence, U; & M holds. So we get P; and the induction proof is completed.
We have proven P,_1, which implies that U = U,_; satisfies 3.2 (b).
We now have to prove that the closure of U in M is compact (property (c) of 3.2).

r—1 r—1
Consider the union of open tubes 7, = L_J(T‘S U ,0.71([0, €)), where (-)° stands
i=0
for the interior operator. We define K = M \TE, which is a subset of M containing U. Let’s
compute its closure in X:

K € M\(T.)° = M\T, & M\T, =

So K isclosed in X, and thus, compact. Hence, U is compact, and 3.2 (b) is satisfied. To justify
step (%), it suffices to see (Ds N R)\(Ds N R) C X,_1, because in that case, M\M C T.
By construction, the core Dy is a closed subset of X\ X,_;, being s = depthy- S. So we get
Ds\Ds C %,_1 and therefore:

Ds N R\(Ds N R) C Ds\(Ds N R) = Ds\DsUDs\R C Z,_1 UX\R=3,_1,
which ends the proof. O
We get that the Alvarez class of a singular stratum induces that of its sphere bundle.

Proposition 5.4 Let S be a minimal stratum of an SRF (X, K), and let m: Dg —> S be
its associated sphere bundle. Suppose that the foliation of the fibre is taut. Then the Alvarez
classes of Kpgnr and Ks satisfy k pgnr = wks.

Proof From Proposition 5.3, Kpgnr is a CERF. From Lemma 2.3, 7 is a thick foliated bundle
with compact structure group and taut fibre. Proposition 4.7 gives the result. O

6 Tautness of singular Riemannian foliations

Let K be an SRF on the compact connected manifold X. In Proposition 5.4 we proved that
the Alvarez class of each stratum is related to that of the regular part of a tube around it. This
resembles a lot Verona’s approach to differential forms on stratified spaces, cf. [29]. In this
section we shall follow that approach to patch up the Alvarez classes of all the strata into a
unique cohomology class.

Notice that the definition of the basic forms (see Sect. 3.2) in the context of a regular
foliation makes sense when the foliation is singular. We shall thus use the same notation and
denote the basic cohomology of (X, K) by H*(X/K). The existence of basic partitions of
unity implies the existence of Mayer-Vietoris sequences for the basic cohomology of open
K-saturated subsets of X (see [30, Lemma 3]).

Remark 6.1 By degree reasons, the inclusion Qlx /K) — Q'(X)inducesa monomorphism
in cohomology H' (X /K) — H'(X).

The following example will be used in the proof of the main theorem:
Lemma6.2 Ler G be an SRF on the sphere SK without 0-dimensional leaves. Then

H'(4/6) = 0.
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Proof If k = 1, since there are no 0-dimensional leaves, G must be a regular foliation of
dimension 1, that is, the one leaf foliation, and the statement holds trivially. If £ # 1, then
the lemma follows by Remark 6.1, because H 1 (Sk) =0. O

Assume the notation used in Sect. 5, and putr = depth Sx.. We have the following compact
saturated subsets of X:

=YX 1C¥%C--CE_1=X\RCZX =X.
We also consider the open saturated subsets R; = X\ X,_; and the inclusions

A=RyCR=R I CRyC---CR CRy1=X.

Proposition 6.3 Let K be an SRF on X, and denote by R its regular part. Then the inclusion
induces a monomorphism in basic cohomology

g HY(X/K) — H'(R/K).
Proof We consider, fori € {1, 2, ..., r + 1} the following statement:
P; = “The inclusion R;_; <> R; induces a monomorphism H! (Ri/K) — H! (Ri-1/K)”.

We shall show that P; holds for every i € {1, 2, ..., r 4+ 1}, thus proving the Proposition. P;
holds trivially. Take, for short, T = T,_;4+1, which is a tube of the singular strata forming
Ri\R;_1. From the saturated open covering {R;,_, T} of R;, we have the Mayer-Vietoris
exact sequence for basic cohomology, which begins:

H(Ri/K) — H°(Ri_1/K) ® HY(T/K) — H°(Ri_1 NT)/K) —> ... (6.1)

By (6.1), H*(R;/K) = H°(R;_1/K) and H*(T /K) = HO((R;_1 NT)/K), we get the exact
sequence:

0 — H'(Ri/K) -2 H'(Ri_1/K) @ H'(T/K) 2> H'(R—1 N T)/K).  (62)

If we prove that H'! (T/IC)—>H1 ((Ri—1 NT)/K) is injective, we get that ¢ is injective and
thus P;. As Ri_1NT = T,_;j+1\Xr—i+1, it suffices to prove that, for each singular stratum S,
the inclusion ¢: Ts N R;—; < T induces a monomorphism in basic cohomology. We have

H(Ts/K) —“= H'((Ts N Ri_1)/K) 6.3)

H'(S/K) = H'(Ds N Ri—1)/K),

where ¢ p is induced by the inclusion Dg < Ts and w = 7|p,. As L’I‘) is an isomorphism we
just have to prove that 7* is injective. Take [o] € H!(S/K) so that 7*« = df, with f abasic
functionon DsNR;_1. Asixdf = ix(m*a) =0 =iy f forevery X € ker m,, we have that f
is r-basic, and so there exists g € C°°(S) sothat f = 7*g. Hence 7*(«) = dn*g = n*dg,
which yields « = dg, because m is a submersion. By degree reasons, we have that g is
K-basic and thus [¢] = [dg] = 0in H Ies /K). We get that 7* is injective, which ends the
proof. O

Theorem 6.4 (bis.) Let IC be an SRF on a closed manifold X. Then there exists a unique
class kx € H'(X/K) that contains the Alvarez class of each stratum. More precisely, the
restriction of Kk x to each stratum S is the Alvarez class of (S, Ks).
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Proof Firstnotice that the unicity of k x comes from the fact that it induces the Alvarez class of
the regular part and from Proposition 6.3. For the existence, we proceed by complete induction
on r = depth Sxc. When » = 0 the SRF is indeed an RF and the result follows trivially. If
r > 0, we assume that the theorem is true for depth Sx. < r and prove it for depth Sxc = r.
We shall construct inductively oni € {0, 1,...,r + 1} aform k; € HY(R; /K) satisfying

kil =ki—1 and k;ils =ks VS C R\R;_1,

and finish the proof by taking kx = k,11. Suppose that we have constructed the classes
0 =Ko, k1, ...,k;—1 and let’s construct k;. As in the proof of Proposition 6.3 we take the
open covering {R;_1, T} of R;, which yields the exact sequence (6.2). We shall prove that
pki—1, T%ks) = 0O for each singular stratum S C R;\R;_1, which would give k; by the
exactness of 6.3, thus completing the induction. By Proposition 6.3, ¢; : Hl((R,-_lﬂT)/lC) —
H'(T N R)/K) is a monomorphism. So, if we prove that ¢; o p(k;—1, T*kg) = 0, we are
done. We have

tiopki—1, T'ks) = ki—t|lrnr — T*ks|lrRnr = - = KR|rRnT — TFKS|RAT,  (6.4)

where k g is the Alvarez class of R = R;. Notice that the nullity of (6.4) can be checked on
HY(DsN R) /K) via the isomorphism ¢}, of (6.3). There only remains to prove that

KRIrRADs = ks € H' ((Ds N R)/K). (6.5)

Let (S"5, G) be the fibre of the bundle Dgs. Then depth G < r, and by induction hypothesis,
there exists a class kg € H'(S"S/G) whose restriction to the regular part Rg of G is the
Alvarez class of (Rs, G). By Lemma 6.2, we have that ks = 0, which yields kg, = 0 and
thus (Rg, G) is a taut CERF. Then by Proposition 5.4 we get (6.5) and the proof is complete.

]

This theorem leads us to the following natural definitions:

Definition 6.5 Let K be an SRF on a compact connected manifold X. Then the Alvarez class
of (X, K) is the unique class ky € H I(x /K) which induces the Alvarez class of every
stratum of Si. We shall say that an SRF is cohomologically taut if its Alvarez class is zero.

Notice that although geometrical tautness cannot be achieved globally for an SRF (see 1.1),
we have been able to define cohomological tautness by means of a basic class (which may be
regarded as aclassin H'(X), by Remark 6.1). The geometrical meaning of the cohomological
tautness of an SRF must be interpretated individually on each stratum, as we summarize in
the following theorem:

Theorem 6.6 Let KC be an SRF on a compact manifold X. Then, the following three statements
are equivalent:

(a) The foliation K is cohomologically taut;
(b) The foliation Kg is taut for each stratum S € Sx;
(c) The foliation Kg is taut.

Proof The only nontrivial implication is (¢) = (a), which follows because (g (kx) = kg =
0 and Proposition 6.3. O

The following Corollary generalizes E. Ghys’ celebrated result about tautness of Rieman-
nian foliations on simply connected spaces (see [7, Théoreme B]:
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Corollary 6.7 (bis.) Every SRF on a compact simply connected manifold X is cohomologi-
cally taut.

Proof By Remark 6.1 we have H! (X/K) =0, and thus kx = 0. ]

Remark 6.8 Recall that Molino’s desingularization ()N( , IE) of (X, K) is an RF that is taut
if and only if g is taut [22, Remark 2.4.3]. Nevertheless, Corollary 6.7 cannot be proved
directly from that fact, because the desingularization of a simply connected manifold may
not be simply connected. Notice also, that, as a consequence of Theorem 6.6 and Corollary
6.7, the foliation induced on each stratum of a SRF on a simply connected compact manifold
is a geometrically taut RF, which is not evident a priori.

As in the regular case, cohomological tautness can be detected by using some other
cohomological groups. The first one is the twisted cohomology H(X /K) where « is any
representative of the Alvarez class k x .

Proposition 6.9 Let X be a connected compact manifold endowed with an SRF K. The
Sfollowing two statements are equivalent:

(a) The foliation K is cohomologically taut.
(b) The cohomology group H,? (X/K) is isomorphic to R.

Otherwise, H (X /K) = 0.

Proof We proceed in two steps.

(a) = (b). If £ is cohomologically taut then ky = [¢] = 0. So, H,?(X/IC) =
HY(X/K) =R.

(b) = (a). From Theorem 6.6 it suffices to prove that g is a taut foliation; that is, that
H,?R (R/K) # 0 (cf. [23, Theorem 3.5]). Proceeding as in Proposition 6.3, we get that the
restriction (g : H,? (X/K) — H,?R (R/K) is a monomorphism. This gives (a).

Since HY (R/K) = 0 or R (cf. [23, Theorem 3.5]) then we get H)(X/K) =0orR. O

The second one has been proved in [21, Corollary 3.5]. Recall that a singular stratum
is a boundary stratum' if there exists a stratum S’ satisfying § < S’ and codimy K =
codimg g + 1. The union of boundary strata of X is denoted by 9(X/K).

Proposition 6.10 Let X be a connected compact manifold endowed with a CERF K such that
KCr is transversally oriented. Put n = codim KCg. Then, the following three statements are
equivalent:

(a) The foliation K is cohomologically taut.
(b) The cohomology group H" (X /K, 3(X /K)) is isomorphic to R.
(c) The intersection cohomology group IH %(X /K) is isomorphic to R, for any perversity
p=t
The inductive construction of the Alvarez classes «; in the proof of Theorem 1.1 implies
thatif S’ < S and Ky is cohomologically taut, then X g must be cohomologically taut. In fact,
the Alvarez class is an obstruction to foliatedly embed Riemannian foliations: it is not possible
to foliatedly embed a non-taut RF in a taut SRF. As an application of Corollary 6.7, we can,
for example, get that Carriere’s well-known non-taut Riemannian flow on the manifold Tg
(see [4, Exemple I. D. 6]) cannot be foliatedly embedded in any sphere with a SRF.
Nevertheless, both taut and non-taut strata can coexist in the same SREF, as the following
example shows.

U'n [21, p. 431] there’s a typo in one sign of the formula of the definition, which says codimy; F =
codimg Fgr — 1.
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Fig.2 The ends of the handle are
diffeomorphic to T3

Example 6.11 (|20, Sect. 3.5]) Consider the unimodular matrix A = (3]) and v = (v, v2)
one of its irrational slope eigenvectors. Denote by F, the Kronecker flow induced on the
torus T2, which can be naturally extended to the linear flow Fg3 on S* corresponding to
the R-action ®g3 (7, (z1,22)) = ("Y1 - z1, €"?2 . z3). We consider the suspension of this
action, that is, the R-action on S* = £S3, given by & (¢, [(z1, 22), s]) = [P (¢, (z1, 22)), ]
Its orbits define an SRF Fgs+ whose singular part consists of two fixed points: the North and
South poles of S*. By Corollary 6.7, Fsa 1s a cohomologically taut singular Riemannian flow.

The closures of the generic leaves of Fga are tori of dimensions 1 and 2. Take two leaves
Ly and L, whose disjoint closures are foliated diffeomorphic to (T2, F,), and consider
K1, K> disjoint compact saturated neighbourhoods of Ly and L,. Then (K;, Fga) s foliated
diffeomorphic to (T? x D2, F, x {points}) fori = 1, 2 (see [4, Proposition 3]). Notice that
(0K;, Fgu) = (T3, F, x {points}), and denote by (K;)° the interior of K; fori = 1,2. We
construct the manifold X = (S4\((K1)° U (K2)°))/ ~, where we have identified 0 K; and
dK> by (x1,—) ~ (A - xp,—) for x;,x € T2. Equivalently, we can glue the boundaries
of a handle T? x [0, 1] to dK; using the identification ~ and the identity, respectively, for
i =1, 2 (see Fig. 2).

Notice that the described surgery is compatible with Fg4 and denote by K the singular
Riemannian flow induced in X. By construction, K has two singular strata, both of them fixed
points, and thus, trivially endowed with taut foliations. None of them are boundary strata,
and then H3(X /K, 0(X/K)) =H 3x /K). A straightforward Mayer-Vietoris computation
gives H3(X /K) = 0, and by (b) of Proposition 6.10 we have that K is not cohomologically
taut.

The described surgery can be easily generalized to generate cohomologically non-taut
singular Riemannian flows from cohomologically taut singular Riemannian flows.
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Appendix

This appendix is devoted to proving Lemma 2.3.

Some geometrical facts

The following two lemmas will be useful to describe the local foliated structure of the charts
of a tubular neighbourhood of a stratum.

Lemma 7.1 Let M and M’ be two manifolds, respectively endowed with the SRFs F and F'.
Consider an embedding F: M x [0, 1) — M’ x [0, 1). If the restriction

F:(Mx(0,1),FxT)— (M x(0,1), F xTI) (7.1)
is foliated then

F:Mx[0,1),FxI) — (M x[0,1),F xT)
is also foliated.

Proof Notice, on one hand, that when F and F are regular, the result follows directly from
the local description of F.

Consider, on the other hand, S € S a minimal stratum. From (7.1) there exists §’ € Sz
with F(S x (0, 1)) ¢ 8" x (0, 1) and therefore F(S x [0, 1)) C §' x [0, 1). We claim that

F(S x[0,1)) Cc S x [0, 1).

For that purpose, let us suppose that there exists S € Sz with S5 < §" and F(S x {0}) N
(Sy x {0}) # @. Since F(M x [0, 1)) is an open subset of M" x [0, 1) then F(M x (0, 1)) N
(S(/) x (0,1)) # ¢. But this is not possible since the map F: (M x (0,1),F x I) —
(F(M x (0, 1)), F x ) is a foliated diffeomorphism and S x (0, 1) a minimal stratum of
SFExT.

We proceed now by induction on depth S #. If depth S 7 = 0, then F is a regular foliation
and the above considerations yield F (M x [0, 1)) C R’ x [0, 1), where R’ is a regular stratum
of S . We get the result since the two foliations are regular.

Now, if depth S > 0, denote S,;, the union of closed strata of F. By induction hypoth-
esis, the restriction

F: (M = Spin) x[0,1), FxT) — (M' x [0,1), F x T)

is a foliated map. Consider now S € S a singular stratum. We have seen that there exists
S € S with F(S x [0, 1)) € 8’ x [0, 1). It remains to prove that

F:(Sx[0,1),FxT)— (S x[0,1),F xI)
is a foliated map. It follows, since F and F’ are regular. O

Lemma 7.2 Let M and M’ be two manifolds, respectively endowed with the SRFs F and F'.
Consider an embedding f: M x R™1 — M’ x R" ! with f(M x {0}) C M’ x {0}. Then
there exists a unique embedding

F:MxS"x[0,1) — M xS" x[0,1)
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making the following diagram commutative

M xS x[0,1) —2= M xS" x [0, 1)

| |
M x Rn+1 % M’ x R”+1
where the smooth map Q is defined by Q(u,6,t) = (u,t - 0). Moreover, consider SRFs £
and G on R"! and S, respectively, such that P: (S" x (0,1),G xI) — (]R”‘H\{O}, 5) ,
defined by P(0,t) =t -0, is a foliated diffeomorphism and T denotes the foliation by points.
Suppose that the embedding f: (M x R"H F x &) - (M’ x R F' x ) is foliated.
Then

F:MxS"x[0,1),FxGXxTI)— (M xS"x[0,1),F xGx1I)
is a foliated embedding.

Proof We proceed in several steps.

e Uniqueness. It follows from the density of M x S" x (0, 1) in M x S" x [0, 1) and from
the fact that the restriction Q: M x S" x (0, 1) — M x (R"T1\{0}) is a diffemorphism.

e Existence. Write f = (fo, f1): M x R*™1 — M’ x R**! The components fy and fi
are smooth with fi(—,0) = 0. Sothe map h: M x S" x [0, 1) — R"st! defined by
h(u,0,t) = fi(u,t-0)/t is smooth and without zeroes. Finally, we define

h(u,0,t)

F(u,0,1) = (fo(“’t'e)’ WG, 8,0

t-||h(u,o, t)||) .

e Embedding. Since f = (fy, f1) is anembedding with fj(—, 0) = 0, then each restriction
Si(u, =): R+l 5 R+ jg an embedding. Put G, = fj(u, —)4o its differential at O,
which is an isomorphism. By construction we have i (u, 0,0) = G,(0)/]|G,(0)]]. So
each restriction F: {u} x S" x {0} — {fo(u,0)} x S x {0} is a diffeomorphism.
Now, consider (u;,6;) € M x S" fori = 1,2 such that F(u;, 6;,0) = F(uz, 6;,0).
Since f is an embedding both (u;, 6;, 0) live on the same fibre {u} x S" x {0}. Since G,
is an isomorphism, we get that F is an embedding.

e Foliated. Therestriction F: (M xS"x (0, 1), FxGxT) — (M'xS"x (0, 1), F' xGx1T)
is a foliated embedding since the restriction Q: (M x §" x (0,1),F x G x ) —
(M x R™1\{0}, F x &) is a foliated diffeomorphism. Now, it suffices to apply Lemma
7.1to F. o

Lifting of charts

Assume the notation of Sects. 2.3-2.5, some of which we recall now. As the foliation £g of
R”s*! s invariant by homotheties, there exists a foliation Gg on the sphere S”S such that the
map P: (8" x (0,1),Gs xZ) — (R”S“\{O}, 53) , where Z denotes the 0-dimensional
foliation, is a foliated diffeomorphism. The foliation Gg is an SRF (see [15]).

We put A and B two atlases of the tubular neighbourhood t5: Ts — S whose structure
groups are, respectively, O (ns + 1) and Diff (D!, £). Recall the foliated smooth map
Zs: (Dsx[0,1), CxZT) — (Ts, K)defined by Ls(z, t) = 2t-z. Therestriction Ls : (Dg X
0,1),KxI)— (Ts\S, K) is a foliated diffeomorphism. Notice that any chart (U, {) € A
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satisfies ¥ (v, 7 - 0) = ¢ - ¥ (v, 0) and induces a lifted diffeomorphism 1 that makes the
following diagram commute:

U xS x [0, 1) ——= Dg x [0, 1) (72)

! N

v

UxDstl —— > Ty,

where ¥ (u, 0,t) = (¥ (u, 1/2 - 6),1). The following lemma proves that the same lifting
property holds for the charts of 5.

Lemma 7.3 Let (U, ®) be a chart of B. Then there exists a foliated embedding ¢ : (U x S™S x
[0,1), x Gs x T) — (Ds x [0, 1), K x ) making the following diagram commute:

U xS x [0, 1) = Dg x [0. 1)

L

UxDmstH— 2 o ¢,

Proof Take a chart (U, ¥) € A. Notice that the lifted map ¥ (see (7.2)) is an embedding
and the composition & = ! o ¢ is a diffeomorphism. By the first part of Lemma 7.2, h
can be lifted to the diffeomorphism H: U x §" x [0, 1) — U x S"S x [0, 1) and defining
¢ = yroH we get the following commutative diagram:

[
UXS”SX[O,l)T-UXS"S x [0,1) —— Dg x [0, 1)
4
Ql Ql lffs
h 14

UxDstl — 1~ pxDistl ——— > Ty,

@
The restriction @: (U x S x (0,1), K x Gs x Z) — (Ds x (0, 1), K x ) is a foliated
embedding since the restrictions Q: (U xS"S x (0, 1), KxGs xT) — (U x Rus+] \{0}, K x

Es) and Ls: (Ds x (0, 1)) — (Ts\S, K) are foliated diffeomorphisms (cf. 6.1). Now, it
suffices to apply the Lemma 7.1 to . The uniqueness of ¢ follows by density. O

Proof of Proposition 2.3
For each (U, ¥) € B we define
@ (U xS, K xGs) — (Ds, K)

by 5(u, 0) = prP(u, 0, 0), where pr ;DS x [0, 1) = Dy is the canonical projection and ¢
comes from Lemma 7.3. Notice that ¢ is a foliated embedding. Since Zs(z, 0) = t5(z) for
each z € Dg, we have
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5P (u, 0) = TsprP(u, 6,0) = Ls(pré(u, 6,0), 0)
= LsP,0,0) =90(u,0,0) =¢u) =u.

We conclude that C = {(U, ®) | (U, ®) € B)} is an atlas of the sphere bundle 7,: Dg — S.
By construction, the structure group preserves Gs. It remains to prove that it also belongs to
the orthogonal group O (ng + 1).

Consider (U;, ¢;), (U;, </Tj) € C. In the commutative diagram

P77,
UiNUj xS™ x [0,1) ——=U; NU; x S" x [0, 1)

P9,
U; ﬂUj x Drstl %Ui ﬂUj X]D)n5+1,

(cf. Lemma 7.3) the two horizontal rows are foliated diffeomorphisms. The top map is
determined by the bottom map as described in the proof of Lemma 7.2. So for each (u, 6, 0) €
UiNnU; x 8" x [0, 1) we get

@i o8 (w.6.0) = (u, Gu(®)/11Gu(6)]], 0).

This equality yields

71 p—
Pi oPju,0) = (u, Gu(0)/11Gu(O)I.

The linear map G, is the differential of the smooth map f; j(u, —): D*s*! — Dustl
where (Pi_lo‘/’j(u,G) = (u, fi,j(u,0)). Since (U;, ¥;) € B then |?;(u, v)| = |v| for each
(u,v) € U x D"s*! So we get that G, € O(ns + 1). We have finished, since

wifloso:j(u, 0) = (u, G4 (0)).
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