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ABSTRACT: We prove the following preservation theorem for the Horn fragment of
Equality-free Logic:
Theorem 0.1. For any sentence ¢ € L, the following are equivalent:
i) ois preserved under Hg, H ;1 and Pg.
ii) o is logically equivalent to an equality-free Horn sentence.
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1. Introduction

This paper is a contribution to the Model Theory of languages without
cquality. Equality-free logic is the fragment of first-order logic composed
by all the formulas that do not contain the equality symbol. In recent ti-
mes, research in the areas of Algebraic Logic and Computer Science has
attracted the attention on some fragments of equality-free logic. In this
article we prove a preservation theorem for the Horn fragment of this lo-
gic. Let L be a first-order language. It is said thata formula ¢ € L is a
basic Horn formula if ¢ is a disjunction of formulas

0V .V,

where at most one of the formulas , is atomic, the rest being negations of
atomic formulas. A Horn formula ¢ e L is built up from basic Horn for-
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mulas by means of the connective A and the quantifiers ¥, 3. H.J. Keisler
proved, assuming the continuum hypothesis, that a first-order sentence is
logically equivalent to a Horn sentence if and only if it is preserved under
reduced products, see [13], and then F. Galvin eliminated this hypothesis,
see [9]. There are two more proofs of this theorem, one was obrained by R.
Mansfield, using boolean-valued models, see [14]. The other is due to S.
Shelah, see [19]; he indicates that the theorem could be obtained by the
technique he introduced to prove that two elementary equivalent models
have isomorphic ultrapowers. We prove the following result:

Theorem. For any sentence o € L, the following are equivalent:

i) ois preserved under Hg, H;l and Py.

i) ois logically equivalent to an equality-free Horn sentence.

Our proof follows the main lines of Keisler and Galvin proof. Indepen-
dently, G.C. Nelson has given a proof of the same result in [16], using the
indications of S. Shelah. The notion of quasi-isomorphism which he uses is
equivalent to our notion of relative correspondence. Some other recent works
on equality-free logic are [4], [5], [6] [7] and [8].

The following notation will be used in this work. From now on Z will
be a similarity type with at least one relation symbol. We denote by L the
set of first-order formulas of type L and by I, the set of quantifier-free
formulas of 7. Given a class T of formulas, let us denote by - the class of
cquality-free formulas of =, that is, the class of all formulas of £ that do
not contain the equality symbol. Given L-structures 4 and Band a class =
of formulas, we write 4=, Band A=; Bto mean that 4 and B satisfy
exactly the same sentences ¥ and -, respectively. In case that T is one of the
classes I, L, we will abbreviate the expression using =~ and =, respective-
ly. For any L-structure 4 and any set B¢ A, we denote by L(B) the simila-
rity type obrained from Z by adding a new constant symbol for each ele-
ment of B and we denote by A; the natural expansion of 4 to Z(B), where
every new constant denotes its corresponding element. For the sake of cla-
rity we use the same symbol for the constant and for the clement that is
denoted by the constant. |4 denotes the power of the set A. Given a struc-
ture 4, for any Bc A, <B> denotes the substructure of 4 generated by B.

Three notions are important in the proof of the preservation theorem for
equality-free languages. These three notions are: strict homomorphism,
relative correspondence and filter-product. The paper concentrates on the
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study of filter-products, notion that plays in equality-free logic the same
role that reduced products play in logic with equality. The other two no-
tions have been studied in [1], [2], [17], [16], [5]. Now we introduce and

give a characterization of the concept of strict homomorphism.

Definition 1. If 4 and B are L-structures, it is said that an homomorphism
h: A — B is strict if for any n-adic relation symbol Re L and any ay,....a, € A,

<ap,...a> € e <ha),. ha)>e R

Proposition 1.1. Let A and B be L-structures and h: A — B an homomor-
phism from A onto B. Then the following are equivalent:

1) b is a strict homomorphism.

i) For any atomic formula ¢ € L', ¢ = ¢(x1,...,x,), and for any sequence
ay,....a, of elements of A,

A= ¢lay,...a) iff  Be=glhla),. . Ma)l.

ii) For any formula g € L7, ¢ = ¢(x),...,x,), and for any sequence a,,....a, of
elements of A,

A= §lay,..a) iff  Be dlha),...ha)l.

Given a class K of L-structures we define the following classes of
L-structures: P (K), the class of all reduced products, over proper
x-complete filters, of systems of members of K Hg(K), the class of all
strict homomorphic images of members of K and H;l (K), the class of all
strict._ homomorphic counter-images of members of K. We suppose that
every one of the above classes is closed under isomorphic images and that
the reduced products are of non-empty systems.

Now we introduce a notion that plays in equality-frec languages the
same role that the isomorphism relation plays in logic with equality.

Definition 2. Let A and B be L-structures. A relation R < A x B is a relative
correspondence between A and B ifdom(R) = A, rg(R) = B and
(1) for any constant ce L, ¢?Rc?,

(2) for any n-adic function symbol fe L, any 4,...a, € A and any
by,...,b, € Bsuch that 4,Rb; for ecach 7= 1,...,7,

fﬂ ([llJ"')[lu)Rf’B(bll"')bu))
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(3) for any n-adic function symbol § e I, any a,...,4, € A and any
by,...,b, € Bsuch that 4,Rb, for each i = 1,....n,

<dy,...a>€ S <b,..,b>ec S

We say that two Z-structures 4 and B are relatives (or that A is relative to B),
in symbols 4 ~ B, if chere is a relative correspondence between them. The
notion of relative correspondence was introduced by G. Zubieta in [20],
using condition iv) of next Proposition 1.2 as the defining one, but only for
relational structures, and independently by W. Blok and D. Pigozzi in [1],
using condition ii) of Proposition 1.2 as the defining one but for the spe-
cial case of logical matrices. The word relative was introduced by the last
two authors. The equivalences between ii), iii) and iv) already appear in [1]
for the special case of logical matrices. Another equivalence of this concept
is the notion of quasi-isomorphism in [17] and [16]. The proof of the next
proposition can be found in [5].

Proposition 1.2. Let 4 and ‘B be L-structures. The following are equivalent:

i)A~B

ii) There are ne w and L-structures Cy,..., C, such that 4 = Cp, B=C, and
Joranyi< n, C, € Hg(C) or C., € H;l(C,)

i) 4, Be H(O), for some C.

v) 4, Be HEI(C),ﬁ)r some C.

v) There are enumerations of A and B, a-= (:ic Dand b= (b,: ie ]
respectively, such that (4, a) = 5 (B b).

vi) There are enumerations of A and B, a =(g;:ie Dand b=(b:ie I
respectively, such that (4, a) =~ (B, b).

In equality-free logic the reduced product operators are not the most
natural ones because there is no need to consider quotients modulo the rela-
tion associated to the filter. We now introduce some operators that play in
cquality-free logic the same role that reduced products play in logic with
equality. They have been considered before by J. Monk [15] and W. Blok
and D. Pigozzi [2]. Now we need some more notation. If (4).;1s a fami-
ly of L-scructures, [1. 4, is the direct product of the family and for any
filter Fover I, T],. 4/ F is the reduced product modulo F. We denote by &
the direce power of 4, and given an ultrafilter U over 7, we denote by av
the ultrapower of 4 modulo U.
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Definition 3. Let I be a non-empty set, (A); a family of L-structures and F
a filter over I. We define the filter-product of the family ()., modulo F,

that we denote by [1 ,.FE . A, as follows:
o The domain of [1 i, 4, 511 A
° For any constant ce L, clliei % =<cfiiie b,
o For any n-adic function symbol fe L and any a,,..., a, € I1, 4,
U0 (s a) = <f2 (D) a,()) s ie B
o For any n-adic relation symbol Re L and any ay,..., a, € 114,
<y, 4> € R4 iff Hie I:<a(d),..., a(d><c Ri}e F

Observe that the relation ~defined on [1. 4, by:
an~pb iff {iel:a(s)=0dte F

for any 2,6 e [1.4, is a congruence relation of 17,4 and the reduced
product [1,.,4/F is precisely the quotient 112, 4/~ » Therefore, Hi,ﬁb c

iel

e H'(IT.A/F) and so [17, 4,and [1,. A/ F are relatives.

iel
2. Equality-free Horn sentences

To start this section we give a preservation theorem for equality-free sen-
tences. The proof can be found in [5].

Theorem 2.1. Let K be a class of L-structures. The following are equivalent:

i) K is axiomatizable by a set of equality-free sentences.

i1) K is closed under ultraproducts, Hy and Hy' and for any L-structure A
the following holds: if some ultrapower of A lies in K, then Ae K.

Corollary 2.2. Let T U {o} be a set of sentences of L. Then:

i) T is axiomatizable by a set of equality-free sentences iff T is preserved
under Hg and H'.

i) o is logically equivalent to an equality-free sentence iff o is preserved
under Hy and H'.
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In order to prove the preservation result for Hom sentences in L, we
first show the following lemma:

Proposition 2.3. Let B be an L-structure, I a non-empty set and (A).; a fa-
mily of L-structures. The following are equivalent:

) B~ I, A/ for some proper filter F over I,
1) B ~ Hi, A, for some proper filter F over I.

There are enumerations of [1,.,4,and B, 7 = (a;:j€ ) and b = (6;:je ))

respectively, such that for any basic Horn formula ¢(xi,..., x,) € L™ and any
Gyreos a5 € T 4A, if for every ie ]

A= 0l (9),..., 4, ()],
then,

Bi= ¢lb,..., b, ].

n

Proof. 1) & ii) is clear. ii) = iii) Assume that B ~ Hi,ﬂL. By Proposi-

tion 1.2, there are enumerations of [1./4;and B 2 = ([sz: je J) and & =
= (@ tje ) respectively, such that
(HF /q/‘) Z) =" ($> Z)

ief

Suppose that ¢(x,,..., x,) is a basic Horn formula of /- and @iyens @y, cle-
ments of ], 4, such that for every 7e [

A= olay(Dse.., 7, ().

Then, since ¢ is a Horn formula,

1_‘5 ﬂ1/F'= (p[[[lj]][::'“: [[lj,,]F]'
and since ¢ is equality-free,
I.FE, A= ¢lay,..., ;).
Therefore,

B ¢[b;,..., b, ).
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Thus, condition iii) holds. 3

iii) = ii) Suppose that there are enumerations of [1.4; and B, a = (4;:
je Nand B=(b;:je ) respectively, such that condition iii) holds. Gi-
ven a sequence d = ..., 4, € 11cpd; we will denote by o (7) the sequence
4, (D),..., @,({) and by b7 the corresponding sequence of B, b;,..., b, Now
we define for any ne w, any sequence d = 4;,..., 4;, € I1.,4; and any equali-
ty-free atomic formula ¢ = ¢(x,5..05 x,), the set

Sea = {iel: 4=09 [Z(z)]}

and the set R=1{S,; : B= ¢ [57]). We can distinguish two cases. Case I:
R = 0. In this case, let F={J}. It is easy to check that

(T2, A, a)y =5 (B, b).

Case 1I: R # a. Observe that R has the finite intersection property: suppo-
se that S, 4,0, Sy di € R and assume that forany i#j, 1 £ i< k,1<7< 4
the set of variables that occur in ¢, and the set of variables that occur in ¢;
are disjoint. Then,

B A N0 banbal.

Suppose also, searching for a contradiction, that S, 4, N ... NS, 4. = 0. Then,
forany ie [,

A= =, Voo Vb [d (), d D]
And since =, V ... V 1¢, is an equality-free basic Horn formula, by iii),

B gV o V[0 4 b 4],
which is absurd. Hence we can conclude that R has the finite intersection
property.
Let now Fbe the filter over I generated by R. Since R has the finite
intersection property, Fis proper. We show that

(15, A, a)=, (B 6).
Let = w(x,,..., x,) be an equality-free atomic formula and ¢ = Byrons &, €

e 1. A Suppose that :

F
iel

A=yl c].
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Then,

X={iel: A=vylc()]}e F

and consequently, since Fis the filter over 7 generated by R, there are

Sy drreens Sy, 44 € Rsuch that
X2 8, 4N.NS, 7.

Assume that for any i# 7, 1 £i< k, 1 <7< k, the set of variables that occur

in ¢, and the set of variables that occur in ¢; are disjoint. Then, for any
ie [,

A0y A > Wl d (e, D40, ().

On the one hand, since ¢, A...A ¢ =y is equivalent to an equality-free ba-
sic Horn formula and condition iii) holds,

B AN o> ylba,. 67,57
And on the other hand, since Sor direens Spodi € R,
Bi=g) NN ¢ [ by b2,
Hence, Br=y[ 4 ]. Conversely, if B=y[5 -l thenS,” € R < F And sin-

ce ¥ is an equality-free atomic formula,

F

iel

A= wlc].
Hence, we can conclude that
{12, a, 2) =- (B b).
By Proposition 1.2, B~ 17, 4. O

Let us now introduce some terminology. Given an infinite cardinal x
and a set 7 of power «, the expression "for r-almost all ;e /' will mean
"for all but fewer than x elements of 7". If we assume that 2~ = k*, the next
proposition gives us a sufficient condition for a saturaced structure of
power x* to be relative to a reduced product of some set of structures. We
will use this fact later on to prove the desired preservation theorem.

524 THEORIA - Segunda Epoca
Vol. 15/3, 2000, 517-530




p. DELLUNDE APRESERVATION THEOREM FOR EQUALITY-FREE HORN SENTENCES

Proposition 2 4. Let x be a cardinal such that 2% = x* and assume that LI +
+ Xy S k. Let B be a saturated L-structure of power x*, I a ser of power K and
(A) s a family of L-structures of power S k*. Suppose that for any Horn sen-
tence o€ L7, if for k-almost all i e 1

A=o0,
then

Be=o.
Then, Be H HgPr ({4;: i€ 1.

Proof Let A =114, Since 2= x*, we have that |4l < k. Let (4 : & € «*)
and (V' : € e x*) be enumerations of 4 and B respectively. By transfinite
‘nduction we define two enumerations, (2;: & € «*) and (b : Ee x*), of A
and B respectively, such that for any ve «, (a:: Ee v) and (b;: & e v) sa-
tisfy the following condition: for any Horn formula ¢(x;,..., x,) € L7, any
s &y € vand any @ ..., 4, € 4,

if for k-almost all 1e I, 4;= o [a:(2),..., 4, (1],
then B= o by .., b)) (1)

Suppose inductively that we have defined (a:: &€ v) and (b : E € v) such
that satisfy condition (1). We can distinguish two cases: case v = p +2k and
case v = +2k+ 1, where gt is a limit or 0, and ke w.

Case v = p +2k Let a, = a,,, . Let p be the set of all the formulas
¢(x, b,y by) € L(B) such that o(x, yp-r ) € Lis an equality-free Horn
formula, &,,..., £, € vand for k-almost all ie 7,

/qi = ¢ [‘Zv(l>) ﬂgl(l>:--~) ‘Zé,,(lﬂ-
If 6(x, be,,..., bs) € p, then for x-almost all 7€ 7,
A; = Axg [a (D), a; (1)].

Therefore, as the set of Horn formulas of L7 is closed under 3, by inductive
hypothesis,

Br= Ixp [bs,.0r be]-
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And since the set of Horn formulas of 77 is closed under A, pis a l-type
over the set (b:: &€ v)in B, Consequently, since Bis saturated, B satisfies
- Let 6, be such a realization of p.

Case v=p+2k+ 1. Let b,= b, . Let g be the set of all the formulas
¢(x, ..., a;) € L(A) such that ¢(x, Yoo ¥u) € L is an equality-free Horn
formula, &,..., &, € vand

B ¢ [b, b, b))
For any equality-free Horn formula ¢(x, y,,..., 3,) € I, if
Bi= ¢ (b, b ..., b, ),
then Bi= =V [by,..., b, ]. We define for any ¢ = ¢(x, 5., 4 ) € g the set
L={ie I: A, v Yo ay (o s (D).

Since the set of Horn formulas of I is closed under Vv, by inductive hypo-
thesis, || = x. Therefore, by Lemma 6.1.6. of [4], since lgl < x, there is
(s : ¢ € ¢ such that:

a) for any ¢ e g, Jyc I, and /| = x
b) forany ¢, ¢’ ¢, if ¢ # ¢ then J N Jy=o.

We now define @, e A in the following way:

() al() e Ais.t. A= ¢ [as), ag (Do a2 (D], ifie J,
1) =
Y arbitrary, otherwise,
forany ie I

Once we have finished the construction, (de:&ext)and (6, : & e «)
have the desired property: for any ve x*, (2,: &€ v) and (b:: & e v) satisfy
condition (1). Therefore, these enumerations satisfy also condition iii) of
Proposition 2.3. Hence we can conclude that B e H{HPy (2;:ie B). O

Now, assuming the continuum hypothesis (CH), we will prove the pre-
servation theorem for Horn sentences. Later we will show how to eliminate
this strong hypothesis.

Theorem 2.5 (CH). For any sentence c € L, the Jollowing are equivalent:
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i) o is preserved under Hg, Hy' andPy.

ii) ¢ is logically equivalent to an equality-free Horn sentence.

Proof ii) = i) is clear. 1) = ii) Suppose that o is preserved under Hj,
H' and Py. We can assume that Z is finite (we consider only the symbols

that occur in 0). If o is inconsistent it is clear. Otherwise, let T be the fo-
llowing set of sentences

Y ={ye L :yisaHorn sentence and &= ¢ — y}.

Clearly T # o. We prove that there is y € T such that = v - 0. By com-
pactness, since X is closed under A, it is enough to show that £ = o. Since o
is preserved under Hj, H;l, by Corollary 2.2, o is logically equivalent to
an equality-free sentence. Therefore, in order to prove that T = o, since any
finite model is equivalent in equality-free logic to an infinite model, it
suffices to show that, for any infinite L-structure 4, if A= %, then 4 = o.
Moreover, since L is finite, by the Léwenheim-Skolem Theorem, we can
restrict ourselves to infinite countable models. Suppose that 4 is an infinite
countable L-structure such that 4 = 2. We will show that 4 = o. Let B be an

clementary extension of A4 of power X, and saturated. Since L is finite and
|Al < 280 = X, the existence of such extension is guaranteed by Lemma

5.1.4 of [4].

Let now ¥ be the set

¥ ={we L :yisaHorn sentence and =y A o is consistent}.

Clearly ¥ # 0. We choose, for any y e ¥ a countable model 4, of -y A 0.
" Let /= wx ¥ and for any i=<n, y> € 1, 4;= 4, Now-we show that for any
Horn sentence y e L, if for x-almost all 7€ 7, 4, = v, then B= y. Suppose
that ye L is a Horn sentence such that for yalmost all 7€ 7, 4, = y. Then
w e W, otherwise for any ne wand any 7= <n, y»> € [, 4, = -y, contradic-
ting the fact that for x-almost all 7 e 7, 4, = y. Therefore, y € £ and
since 4 < B, B= ¥ and consequently B = y. Hence, by Proposition 2.4,
Be H'HsPy ({4,: ie I}). Since ois preserved under Hg, H' and Py and
forany ie [, A= 0, B= o and thus, 4 = 0. We can conclude that T = o
Then, o is logically equivalent to an equality-free Horn sentence. O
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Now, let us eliminate the continuum hypothesis of Theorem 2.5. We
assume that Z is finite and we assign suitable Godel numbers to the sym-
bols and expressions of L. For a definition of arithmetical predicate and
arithmerical statement and a reference to find the following theorems see

Chapter 6.2. of [4].
Theorem 2.6. Let T be an arithmetical statement,
If ZFE + CH ~ T, then ZF ~ T.

Observe that the predicates "o is an equality-free sentence of L" and "o is
an equality-free Horn sentence of L" are recursive and the predicate "o is
logically equivalent to an equality-free Horn sentence of L" is arithmetical,

Proposition 2.7. The predicate "o is preserved under Hg and H{' " i
arithmetical.

Proof. By Corollary 2.2, because the predicate "o is an equality-free
sentence of L" is recursive.

Theorem 2.8 (Galvin). The predicate "o is preserved under Py " is arithmeti-
cal.

Corollary 2.9. The predicate o is preserved under Hg, Hy' and Py " is
arithmetical. 4

Proof. By Proposition 2.7 and Theorem 2.8. O

Corollary 2.10. The statement 'c is logically equivalent to an equality-free
Horn sentence of L if and only if o is preserved under Hg, Hy' and Py " is

arithmetical,

Theorem 2.11. For any sentence o € L, the following are equivalent:

1) o is preserved under H, H;l and Py.

i) o is logically equivalent to an equality-free Horn sentence.

Proof. By Corollary 2.10 and Theorems 2.5 and 2.6.
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