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Abstract: The purpose of this paper is to introduce and analyze a new idea of proximally compatible
mappings and we extend some results of Jungck via proximally compatible mappings. Furthermore,
we obtain common best proximity point theorems for proximally compatible mappings through two
different ways of construction of sequences. In addition, we provide an example to support our
main result.
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1. Introduction

A study of best proximity point theory is a useful tool for providing optimal approximate solutions
when a mapping does not have a fixed point. In other words, optimization problems can be converted
to the problem of finding best proximity points. Hence, the existence of best proximity points develops
the theory of optimization.

Interestingly, these best proximity point theorems also serve as a natural generalization of fixed
point theorems and a best proximity point becomes a fixed point if the mapping under consideration
is a self-mapping.

In [1], Jungck introduced the notion of compatible mappings and derived results on common
fixed points for the compatible mappings. Sessa [2] defined the term weakly commuting pairs and
obtained fixed point theorems. The following theorem via commuting mappings was studied in [3].

Theorem 1. Let (X, D) be complete metric space. Then, a continuous function A : X — X has a fixed point if
and only if there exists s € (0,1) and a function T : X — X which commutes with A (TA = AT) and satisfies:
I'(X) C A(X)and D(T'(n),T(w)) <sD(A(n), A(w)) forn,w € X.

One can note that the above theorem is a generalization of the Banach contraction theorem.
Das et al. [4] generalized the result of Jungck [3] and proved existence of common fixed point for
mappings which need not be continuous. In [5], Chang generalized and unified many fixed point
theorems in complete metric spaces. Later, Conserva [6] proved three existence of common fixed
point theorems for commuting mappings on a metric space which generalize the various fixed point
results. In 1998, Jungck and Rhoades [7] initiated the concept of weakly compatible mappings and
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proved that the class of weakly compatible mappings contains the class of compatible mappings.
Furthermore, Chugh and Kumar [8] proved theorems on existence of a common fixed point for weakly
compatible mappings.

In the sequel, Basha et al. [9] gave existence of common best proximity points for pairs of non-self
mappings in metric spaces. Aydi et al. [10] established the existence result of common best proximity
point for generalized « — ¢ —proximal contractive pair of non-self mappings. In [11], Mongkolkeha et al.
proved existence of common best proximity point for a pair of proximity commuting mappings in a
complete metric space. On the other hand, Cvetkovi¢ et al. [12] showed existence of common fixed
point for four mappings in cone metric spaces. Parvaneh Lo'lo’ et al. [13] proved a result which gives
sufficient condition to exist a common best proximity point for four different mappings in metric-type
spaces. One can get some ideas on results of common best proximity point for several kinds of non-self
mappings which are available in [14-18]

In this research paper, we provide the concept of proximally compatible mappings and we give
common best proximity point theorems for proximally compatible non-self mappings. First, we prove
some basic results from Jungck [1], which are analogous of self mappings. Using these results, we give
enough conditions that make sure the existence of a common best proximity point.

2. Preliminaries

Here we start with some notions:
Let M, N be two subsets of a metric space (X, D).

dist(tM,N) = D(M,N) =inf{D(y,w) : 1 € M,w € N};
D(y,N)=inf{D(n,w):w € N};

My = {5 € M:D(y,0') = dist(M, N) for somew’ € N};
No = {w € N : D(y,w) = dist(M, N) for somen’ € M}.

Definition 1 ([13]). An element 5 € M is said to be a common best proximity point of the nonself-mappings
A1, N, ..., Ay - M — N if it satisfies

D(, M) = D(1, Aaip) = . = D(1g, Anip) = D(M, N).

Definition 2 ([13]). Mappings A : M — Nand T : M — N are said to be commute proximally if they satisfy
[D(v,An) = D(v,ITy) = D(M,N)] implies Av =Tuv,

for some v, v,y € M.

Definition 3. Let A, T be two non self~mappings A, T : M — N. A point y € M is said to be coincidence
point if A(n) =T (n).

Definition 4. A pair of mappings A and T is called weakly commuting proximally pair if they commute
proximally at coincidence points.

Definition 5 ([13]). If My # @ then the pair (M, N) is said to have the P-property if for any 11,172 € My and
w1, wr € Ny

D =D
{ (71, 1) (M,N) implies  D(n1,12) = D(wy, wy).

D(i]z, a)2) = D(M,N

Definition 6. A function x : [0,00) — [0,00) is said to be an altering distance function if it satisfies,
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(i)  x is non-decreasing and continuous,
(i) x(t) =0ifft =0.

In [2], Khan et al. extended the fixed point theorems for contractive type mappings using altering
distance function.

Let M and N be subsets of a metric space (X,D). LetT : M — N be a continuous and
nondecreasing mapping such that

x(D(I'(n),I(w))) < x(D(n,w)) = ¢(D(y,w)) for y,w € M,
where y, ¢ are altering distance functions.

3. Proximally Compatible Mappings
Now we extend the definition of compatible mappings (Definition 2.1 of [1]) for the case of

non-self mappings.

Definition 7. Let M and N be two subsets of a metric space (X, D). Two non-self mappings A and T from M
to N are proximally compatible if for any sequences {1, }, {v,} and {v,,} in M

D(v,, A =D(M,N .
{ (Un, i) ( ) implies  lim D (Avy,Tv,) =0,
11—>00

D(vy, Tyyy) = D(M, N)

whenever limy, 0 Uy, = limy, 0o v, = ¢

Example 1. Let X = R2 and D(y7,w) = /(g1 — w1)2 + (72 — w2)?, where n = (y1,12),w = (w1, wy).
In addition, we consider M = {(0,17) : 0 <y <1},N = {(1,w) : 0 < w < 1}, then My = M,Nyp = N.
Define the functions A,T : M — N by A(0,7) = (1,7%) and T(0,17) = (1,2%%). Now if

D((0,73), (L)) =1
D((0,2173), (1,2175)) =1

then, we have D(A(0,213),T(0,73)) = D((1,2%4,), (1,24;)) = 611, and
D((0,73),(0,213)) = 3. Since > — 0 as n — o0, 617, — 0. So A and T are proximally compatible.

Proposition 1. Let M and N be two subsets of a metric space (X, D). Let A, T : M — N be continuous and
let B={a € M: D(a,Aa) = D(a,Ta) = D(M,N)}. Assume that the pair (M, N) satisfies P-property.
Then A and I are proximally compatible if any one of the following holds:

(1) Ifvy, vy —t€ Masn — oo, thent € B,

(2)  D(vy,vn) — 0asn — oo implies D(v,, B) — 0asn — oo,
(3) B is compact and D(vy, vy,) — 0as n — oo imply D(n,, B) — 0asn — oo,

where vy, vy, Ny are same as in Definition 7.
Proof. We assume lim;,_, U, = limy, 0o v, = t for some t € M.

If (1) holds, since t € B, D(t, At) = D(t,T't) = D(M, N). By P-property, D(At,I't) = 0. Since A, T are
continuous, which gives

limy 00 Avy = At
{ N implies D(Avy,Tv,) — D(At,Tt) =0,

result follows. If (2) holds, and by noting that B is closed, since D(vy, B) — 0 as n — oo, then there
exists a sequence {b, } in B such that D(v,, b,) — 0 as n — oo. This implies that b, — t as n — o0, and
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then ¢ € B. So the result follows from (1). If (3) holds, since B is compact, there is a subsequence {1, }
of {1, } such that {r,, } converges to 7* and #* € B, thatis, D(y*, Ay*) = D(y*,Tyy*) = D(M, N). The
continuity of A implies that A, — Ay*. From Definition 7, in particular, we have D (v, , A1y, ) =
D(M, N), and as k — oo, we obtain D(t, Ay*) = D(M, N), and by P-property, we get t = 1*. Therefore
A, T are proximally compatible by (1). O

Proposition 2. Let M and N be two subsets of a metric space (X, D). Let A,T : M — N, be proximally
compatible and the pair (M, N) satisfy P- property.
(1) If At =Tt, with

D(v, At) = D(M,N)
D(v,Tt) = D(M, N),

then Av = Tv.
(2)  Suppose that limy, e Uy = limy, o vy, = t for some t in M, where vy, vy, are same as in Definition 7.

(a) If Ais continuous at t, then lim, e I'vy, = At.
(b) If A, T are continuous at t, with

D(v, At) = D(M,N)
D(v,Tt) = D(M,N),

then v = vand Av = Tv.

Proof. For (1), suppose that At = I't and

D(v, At) = D(M, N)
D(v,Tt) = D(M, N).

By P-property, we have D(v,v) = D(At,Tt) = 0, and this implies that v = v. Now, assume
vy upsilon,v, = v, 1, =t, foralln € N. So

D(v,, A =D(M,N
{ (Un, Aipn) ( ) implies ~ lim D(Avy,Tvy) =0
n—s00

D (v, Tyn) = D(M,N),

by proximally compatible. Then D(Av,Tv) = 0, proving (1). Now we prove 2(a), since
lim, seo vy = t, limy 0 Avy, = At by continuity of A. Now

D(Tvy, At) < D(Tvy, Avy) + D(Avy, At).

Since A, T are proximally compatible, D(T'v,, At) — 0.
For 2(b), T'v, — At by 2(a) and by continuity I'v, — I't. Thus At = I't. By the P-property we have
v = v. In addition, also Av =T'v, by (1). O

4. Common Best Proximity Points for (¢, J, x, ¢)-Contractions

Motivated by Definition 3.1 in [1], we define the following.
Definition 8. Let (X, D) be a metric space. Let M and N be two subsets of X. A pair of nonself mappings A
and T from M to N are (€,9, x, ) — F, G— contractions relative to mappings F,G : M — N if and only if

A(M) C G(M),T(M) C F(M), and there exists a mapping 6 : RT™ — R™T such that 5(e) > e foralle > 0
and for n,w € M :
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1. €< x(D(Fy,Gw)) — ¢(D(Fn, Gw)) < 8(e) implies x (D(An,Tw)) < €, and
2. Ay =T'w whenever Fij = Gw,

where x, @ are altering distance functions.

Note that if A and I are (¢, 6, x, ¢) — F, G— contractions, then x (D(An,Tw)) < x(D(Fy, Gw)) —
¢(D(Fn, Gw)) forall 7,w € M.
Let M and N be subsets of a metric space (X, D). Let A, T, F, and G be nonself mappings from M to
N such that A(M) € G(M) and I'(M) C F(M) for 59 € M. Any sequence {w;} is constructed by

won—1 = Gloy—1 = Afjoy—2 and wy,, = F1oy, = I'tjp,_1 for n € N - called an F, G - iteration of 7y under
AandT.

Lemma 1. Let M and N be two subsets of a metric space (X, D). Let F and G be nonself mappings from M to
N and let (A,T) be (€,6, x, ) — F, G— contraction. If ny € M and {wy} is an F, G-iteration of 5o under A
and T, then

(i) foreache >0, € < x(D(wp,wy)) — ¢(D(wp, wyg)) < 6(e) implies
X(D(wp+1, wqﬂ)) < €, where p, q are opposite parity,
(i) D(wn,wpi1) — 0asn — oo, and
(iii) {wy} is a Cauchy sequence.
Proof. To prove (i), lete > 0. Since A and T are (¢, 9, x, ¢) — F, G-contractions,
e < x(D(Fy,Gw)) — ¢(D(Fy, Gw)) < é(e) implies x (D(An,Tw)) <e. 1)
Now suppose that € < x(D(wp, wq)) — ¢(D(wp,wy)) < 6(€), where p = 2n and q = 2m — 1. We have

X(D(wpi1, wg41)) = x(D(wWant1, wom)) = X (D(Ahj2n, Tiiom—1))

and

X(D(‘Up:wq)) - ‘P(D(wprwq)) = X(D(WZn/w2m—l)) - GD(D(Wanwzm—l))
= X(D(Fnaun, Gliam-1)) — @(D(Fnan, Gijam—-1))-

By (1), we have,
€< X(D(FWZW G’?Zm—l)) - GD(D(FUzn, G772m—1)) < 5<€)’

which gives x (D(An2u, Tiam—1)) = x (D(wps1,wg41)) <e.
For (ii), we know from the hypothesis x (D(A#,Tw)) < x(D(Fn, Gw)) — ¢(D(Fy, Gw)) forally, w €
M. Suppose n is even, say, n = 2m,

X (D(wam, wop1))

(D(Tram—1, Atj2m))

X(D<F’727m G’72m71)) - (P(D(F’?Zmr G’?Zm—l))
(D( )
(D(

X(D(wnrwn+1))

\
=

IA A

x(D F772m/ G772m—1
= X(D(wam wom-1)) = x(D(wn, wy—1)).
Similarly, one can prove that x (D(wy, wpt1)) < x(D(wy—1,wn)) if n = 2m + 1. Then the sequence

{X(D(a)n, wn+1))} is nonincreasing which shows D(wy, wy+1) < D(wy, w,—1) for all n. Hence, the
sequence {D(wy, wy+1)} is bounded and nonincreasing. Thus, there exists r > 0 such that

nlgr;o D(wy, wyi1) = 7. )
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Suppose r > 0. Let us assume 7 is odd, that is, n = 2m — 1. Then the inequality

X(D(wmwnﬂ)) = x(D(wam- 1,w2m))

D(Anom—2,Th2m-1))

(Fii2m—2, Gam-1)) — ¢(D(Fijam—2, G1j2m—1))
(

(

(

|
=

IAIA
=

Friam—2,Glam—1))
D(wam—2, Wam—1))

X D Wy — 1/(4711))

|
=

which implies that

lim (D (Fiizm—2, Glom—1)) = lim ¢(D(wam—2,wom—1)) = lim @(D(wy41,wn)) =0.  (3)

m—yo0 m—o0 n—o0

However, as 0 < r < D(wy+1, wy) and ¢ is nondecreasing function,

0 < (r) < ¢(D(wWnt1,wn)),

and this implies lim, .0 ¢ (D(wy41,wy)) > @(r) > 0 which contradicts to (3). Similarly one can easily
varify that for the case of n is even. Then we obtain,

lim D(wy, wy41) = 0. 4)

n—oo

To show (iii), suppose {wy, } is not a Cauchy sequence. Then we can choose an € > 0 such that for
any integer [, there exist m(I) and n () with m(I) > n(l) > I such that

D(w2m(l)/ wZn(Z)) > €. &)
For each 21, let 2m(1) be the smallest integer exceeding 2n(1) satisfying both (5) and the next inequality
D(wan (1), wom(1y—2) < € (6)

Then for each 21, we have

D(wap (1), Wom(1))
D(wan (1), Wam(1y—2) + D(Wam(1y—2, Wam(1y=1) + D(@am(1y—1, Wam(1y)-

IN A

Using (6), we obtain
€ < D(wau(1y, Wam(1y) < €+ D(Wom(1)—2, Wom(1)—1) + D(@om(1)—1, Wom(1))-
From part (ii) and by Sandwich lemma, we get
D(wyu(1y, Womry) — € as | — oo. (7)
Again from part (i7) and (7), the inequality
D(wam(1), Wan(1y) < D(@Wam(1y, Wam(1y+1) + D(@Wom(1) 41, W2 (1))

as | — oo, gives that
€< 113?0 D(me(z)lezn(l))'
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Now again we have the inequality

D(wom(1)+1, Wan(1)) < D(@am(1)41, Wamty) + D(@Wam(1y, wan(ry)

as | — oo, we obtain

Ilingo D(CUQm(l)+1/w2n(l)) Se

Hence lim;_., D(me(l)_H, WZn(l)) = €. In the same way, one can obtain

Lim D(wam(r), Wan(1y-1) = €-
Therefore, we have
X(D(@Won(ry Wamy+1)) = X(D(TH2ny—1, Aam(ry))

X (D(Fiam(ty, Glan(1y-1)) — @(D(Fiamy, Gan(1y-1))
= X(D(@Wam(1y, Wan1y-1)) = ¢(D(@Wam(1), Wan(1y-1))-

IN

Letting [ — oo, we get
x(€) < x(e) —gle),

which implies a contradiction, since € > 0. Thus, {wy, } is a Cauchy sequence in N and so {wy,}. U

Lemma 2. Let M and N be two subsets of a metric space (X, D). Let F,G : M — N be nonself mappings. Let
AandT be (¢,6, x, ¢) — F, G-contractions such that the pairs { A\, F} and {T', G} are proximally compatible.
Assume (M, N) satisfies P-property and A(My) C No. If there exists z € My such that Az = Fz and
I'z = Gz, then A, T, F and G have unique common best proximity points.

Proof. By the definition of (¢, d, x, ¢) — F, G-contractions implies

x(D(An,Tw)) < x(D(Fy,Gw)) — ¢(D(Fy, Gw)) if Fij # Gw
< x(D(Fn,Gw)).

Suppose z € My such that Az = Fz and I'z = Gz. Thus if Fz # Gz, then

x(D(AzT2)) < x(D(FzG2)) - p(D(Fz,Gz))
< x(D(Fz Gz)),

which is contradiction. Then Az =Tz = Fz = Gz.

Since A(My) C Ny, there exists 7 € My such that D(y,Az) = D(y,Tz) = D(y,Fz) =
D(n,Gz) = D(M, N).

As {A,F} and {T, G} proximally compatible, implies that Ay = I'y = Fyj = Gy. Since A(My) C
Np, there exists w € My such that D(w,An) = D(w,I'y) = D(w,Fy) = D(w,Gy) = D(M,N).
Since the pair (M, N) has the P-property

x(D(p,w)) = x(D(AzTy))

< x(D(Fz,Gn)) — ¢(D(Fz,Gn))
= x(D(,w)) — ¢(D(n,w)),
¢(D(,w)) < 0.

These imply that # = w. Therefore D(, Ay) = D(y,Tyy) = D(y,Fn) = D(n,Gn) = D(M, N).
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To prove the uniqueness, suppose that w is another common best proximity point of the mappings
A,T,F and G, so that, D(w, Aw) = D(w,Tw) = D(w, Fw) = D(w,Gw) = D(M,N). As the pair
(M, N) has the P-property

x(D(y,w)) = x(D(An,Tw))
< x(D(Fn,Gw)) — ¢(D(Fy, Gw))
= x(D(n,w)) — ¢(D(y,w)),
¢(D(y,w)) < 0,

which imply # = w. This completes the proof. [

Now we prove the existence of common best proximity point for four mappings.

Theorem 2. Let M and N be two subsets of a complete metric space (X, D). Let F and G be mappings from M
to N and let A and T be (€, 9, x, ¢) — F, G- contractions such that the pairs (A, F) and (T, G) are proximally
compatible and assume A(My) € G(Mp) € Ny, T'(My) C F(Mp) C Ny with G(My), F(My) and Ny are
closed. Then A, T, F and G have unique common best proximity point.

Proof. Let 7y in M. Since A(My) C G(M)), there exists 17 in My such that A(79) = G(#1). Similarly,
a point 77, € M can be chosen such that I'(17) = F(#2). Continuing in this way, we obtain a sequence
{wn} C Ny such that

way = A(112n) = G(2n41) and wau i1 = T(12041) = F(12n42),n =0,1,2,3, ... 8

By Lemma 1, {w,} is a Cauchy sequence in Nj. Since Ny is complete, there is a point z € Ny
such that limy, e wy, = z. Therefore limy, o Atpy = limy—00 G2y r1 = z and limy oo ['pp1 =
limy e F11242 = z. Then

lim Anay = lim Grjapi1 = m Trppniq = lim Frpanip = 2.

n—o0

Since F(M)) is closed, z € F(M)). Then there exists a point v € My such that Fv = z. Then,
X(D(Av,T12n41)) < x(D(Fv,Grjans1)) — ¢(D(Fv, Gipzus1))-
Asn — oo,
x(D(Av,z)) < 0. )

Therefore Av = z = Fuv.
Since G(M)) is closed, z € G(M)). Then there exists a point v € My such that Gv = z. Then,

x(D(zI'v))

IAIA I
= =

Il
=
)
N
N
N~—
S—
|
o

Therefore I'v = z = Gv. Thus Av = Fv = T'v = Gv € Nj.

Then there exists # € My such that D(y, Av) = D(n,Tv) = D(y,Fv) = D(y,Gv) = D(M, N).
Since the pair (A, F) and (I, G) are proximally compatible, Ay = Fy and I'y = Gz and the theorem
follows from Lemma 2. O
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Through the following example we illustrate our result.

Example 2. Let X = R?, D(,w) = /(1 — w1)? + (2 — w2)? where n = (11, 12), w = (w1, w;) and
let M={(0,w):w e [l,00)},N={(1,w):w € [1,00)}. Then clearly, My = M, Ny = N. The functions
A,T,F,G: M — N are defined by A(0,w) = (1,w?), T(0,w) = (1,w), F(0,w) = (1, “’42“), GO,w) =
(1, #) Here (M, N) satisfies P-property with D(M, N) = 1 and F(My) = Ny, G(My) = No. Now we
claim that A and F are proximally compatible. Indeed, let {(0,1,)} C My, we have

D((0, 51y, (1, 1)) =1

{D((O,m%), (1,2) =1

whenever (0,72) — (0,) as n — co and (0, ’73;1) — (0,t) as n — oo, which implies that t = 1. Now

(051 rot) =o((1 (521, () =t v

Asn — oo, since 73 — 1, we get (174 — 1)>/4 — 0. This proves { A, F} is proximally compatible. Similarly,
one can easily verify that the pair {T', G} is also proximally compatible. Now suppose x (t) = 2t, ¢(t) = t, and if
e < x(D(F(0,17),G(0,)) — 9(D(F(0,7), G(0,w)) = D(F(0,17), G(0,)) = (1* — w?) /2 < 8(e) then,
because of 17, w > 1, we get 7> + w > 1+ +/2€ + 1. In addition, also, since (n* — w?)/2 < 5(€), we obtain
that x(D(A(0,17),T(0,w))) = (1 —w) < 45(e)(1+ vV2e+1)7! = ¢, if 5(e) = e(1++2c+1)/4.

Therefore by Theorem 2, there exists a common best proximity point (0,1) € M.

We give another method to find best proximity point by changing the construction of sequence.

Let M and N be subsets of a metric space (X, D). Let A, I, F, and G be nonself mappings from
M to N such that A(My) C G(Mp) and T(My) C F(My). Fix #p in My, since A(My) C G(My),
there exists an element #; in My such that Ayy = Gr;. Similarly, a point 17, € My can be chosen
such that I'y; = F,. By continuing, we get a sequence {#,} in My such that Anp, = Gip,41 and
I'oni1 = Fropgo, forn =0,1,2,3, ...

Suppose A(My) C Ny and I'(My) C Ny, there exists {v,, } in My such that

D (va, Afja) = D(M,N) and D (vay41, Tans1) = D(M, N). (10)
Therefore
D (van, Atjan) = D (Van, Giians1) = D (02541, Tii2nt1) = D (vans1, Fijons2) = D(M, N).

Lemma 3. Let Aand T be (€,6, x, ¢) — F, G-contractions and assume that the pair (M, N) has the P-property.
Then the sequence {vy } defined by (10) above is Cauchy in M.

Proof. Let D, = D(vy,vy41),n = 0,1,2,.... Now, we prove D,, < D,,_q forn = 1,2,3,.... By the
P-property, we have

X(D(v2n, v2011)) = x(D(An2u, Thouy1))
< X(D(Fi2u, Giiaus1)) — (D (Fryan, Gani1))
< x(D(Fyan, Giions1))
= X(D(van—1,020)),
X(D2n) < Xx(D2y-1)-
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These imply that Dy, < Dy,,_1. Similarly,

X(D(v2ng1,v2n42)) = x(D(An2042,TH2n41))

(D(Fii2n+2, G2ng1)) — @(D(Fant2, Gijzns1))
(D(Frant2,Gant1))
(D(
(

IA A
= =

X(D(v2n41, V20 )
X(D2nt1) < x(D2n).

These imply that Dy,11 < Dj,. Therefore, we have D, < D,,_.
Therefore, the sequence {D(v,, v,41)} is bounded and non-increasing. Then there exists ¥ > 0
such that

lim D(vy, 0y41) = (11)

n—oo

Suppose that limy, e D(Vy, U;41) = 1 > 0. Let us assume 7 is odd, that is, n = 2m — 1. Again by the
P-property and using A and I are (¢, 4, x, ¢) — F, G-contractions, we obtain

X(D(Un/UnJrl)) = X D(U2m l/UZm))

D(T2m—1, Ajam))

(Fiiom, Giiam—1)) — @(D(Fjom, Gljam—1))
(

(

(

|
=

)
)
Fi12m, Gii2m—-1))
D(vam—1, V2am—2))

X(D(vn, vps1))-

|
=

IN A
/\/\/\i/\/\
-

Now using (11) and continuity of x in the above inequality, we can obtain

lim ¢(D(Fnom, Giiam—1)) = lim @(D(v2m—1,v2om—2)) = lim ¢(D(vy, vy41)) = 0. (12)

m—o0 m—o0 n—o0

However, as 0 < r < D(vy, v,+1) and ¢ is nondecreasing function,

0 < ¢(r) < ¢(D(vn,Vn11)),

$0 lim, 00 ¢ (D (0, Uy11)) > @(r) > 0 which contradicts to (12). Similarly one can easily varify that
for the case of n is even. Hence,
lim D(vy, vy41) = 0. (13)

n—o0

Suppose that {vy,} is not a Cauchy sequence. Then there exists € > 0 and for any even integer 2!
for which we can find subsequences {v,,,;)} and {vy,(;y} of {v2,} such that 2n(I) is smallest index
for which

2n(1) > 2m(l) > 21, D(Vgp (1), Vau(r)) = €.

This means that
D(va(1y, Von(1y—1) < € (14)

Then, we obtain
€ < D(vam(1y, Van(1)

< D(Vom(1), Van(1y—1) + D(Van(1y—1, V2n(1))
< €+ D(Vgn(1y—1, V2u(r))-
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Letting [ — co and using (13) we conclude that
Lim D(0gn(1), Van(1)) = €

Again from (13) and (15), the inequality

D (02 (1), V2n(1)) < D(Vam(1y, Vam(1)=1) + D(V2m(t)=1- V2ur))»

as | — oo, gives that

e< 115?0 D(Uzm(])flrUZn(l))'

Now again we have the inequality

D(vam(1y-1,V2u(1)) < D(Vam(t)—1, Vam(ry) + D(Vam(y, V2n(r))s

as | — oo, we obtain
lli_)r?o D(Uzm(l)—lrUZn(l)) <e

Then from (16) and (17), we have
Lim D(0gn(1)-1, V2n(1)) = €.

Now we prove im; o D(V2,,(1)—1, Vo (1)—2) = €. By (13) and (18), we have

D(02n(1)—1, Vam(1)—2) < D(Van(1)—1, V2n(1)) + D(V2n(1), V2m(y=1) + D(V2m(1y—1, Vam(ry—2),

as | — oo, gives that
llgl; D(U2n(1)_1/02m(l)—2) Se.

By triangle inequality

D(vau(y, Vam@y) < D(02n1), Van(1y—1) + D(02n(1)—1, Vam(1)—2) + D(Vam(1)—2, Vam(y—1)

+D (Va1 -1, Vam(1))-

Now using (13), (15) and taking limit on both side of the above inequality, we get

€< 11i_>I?o D (van(1)-1, Vam(1)—2)-

Therefore
IIL%D(Uzn(l)—lfvm(l)—Z) =€

Using (18) and (19), we have

X(D(Wam)-1,V20())) = X(D(Mou(y, Thom(iy-1))

IA

Letting | — oo, we get
x(€) < x(e) = ole),

X (D(Ftau(1y, Gllam(1y-1)) — @ (D(Fan(1y, Gllam(1y-1))
X (D(Van(1y—1, Vam(1—2)) — @(D(V2n(1)—1, Vam(1)—2))-

110f13

(15)

(16)

(17)

(18)

(19)

which implies a contradiction, since € > 0. Thus, {v, } is a Cauchy sequence in My and so {v, }. O
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Theorem 3. Let M and N be two subsets of a complete metric space (X, D). Assume the pair (M, N) satisfies
P-property. Let F and G be mappings from M to N and let A and T be (€, 9, x, ¢) — F, G- contractions such
that the pairs (A, F) and (T, G) are proximally compatible and assume A(My) C G(My),T'(My) C F(My)
and A(Mp) C Ny, T'(My) C No with My is closed. If A, T, F and G are continuous on M then A, T, F and G
have unique common best proximity point.

Proof. By Lemma 3, the sequence {v, } is Cauchy and since M, is closed, there exists v € M such
that {v, } converges to v.

Since the pair {A, F} is proximally compatible, by Definition 7, D(Avy,1, Fvp,) — 0. However,
since A and F are continuous, D(Auvyy,11, Fua,) — D(Av, Fv). Therefore, Av = Fu.
Similarly, the pair {T', G} is proximally compatible, by Definition 7, D(I'v,, GUa,4+1) — 0. Also, the
continuity of I and G implies that D(T'vy,, Guyy41) — D(T'v, Gv). Therefore, I'v = Gu. Further the
theorem follows from Lemma 2. [

5. Conclusions

The fixed point theorems help to provide sufficient conditions to ensure the existence of solution
for many nonlinear problems. On the other word, the fixed point theorems give the solution of
equations of the form Tx = x, where T is self mapping. Suppose the mapping T is non-self, there is
no guarantee for solution. In this situation, the best proximity point theorems provide approximate
solution to the nonlinear problems. In the literature, there are many articles deal the existence of best
proximity point for various kind of non-self mappings. The more general version of best proximity
point theorems which involve more than one non-self mappings known as common best proximity
point theorems. There are many research works that provide the existence of common best proximity
points. In the sequel, we want to find existence of common best proximity point for a large class of
non-self mappings. Therefore, in this paper, we give a new idea of proximally compatible mappings
with an interesting example and using this class of mappings, we extend some results of Jungck.
Furthermore, we introduce the concept (¢,d, x, ¢) contractions, this class of mappings contains the
class of (€,6) contractions in [1]. In addition, using this class, we provide common best proximity
point theorems for proximally compatible mappings. Finally, we provide an example to support our
main result.
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