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Abstract

Quantum mechanics, is at the heart of many of the technological and scientific milestones
of the last century such as the laser, the integrated circuit, or the magnetic resonance
imaging scanner. However, only few decades have passed since we have the possibility
to coherently manipulate the quantum states encoded in physical registers of specific
quantum platforms. Understanding the light-matter interaction mechanisms that govern
the dynamics of these systems is crucial for manipulating these registers and scaling up
their quantum volume, which is a must for building a full-fledged quantum computer with
vast implications in physics, chemistry, economics, and beyond. In 2019, the group of
Prof. John Martinis at Google achieved a technological milestone when they performed
an experiment with 53 superconducting quantum bits (qubits). Although this can still be
considered a small quantum system, the Google group claimed that, to solve the problem
run by their quantum setup, the best classical computers would need thousands of years,
and in consequence, they had achieved quantum supremacy. This is a matter of debate,
as, short after, IBM argued that their classical computers could run the algorithm in a
few days. Nevertheless, it is believed that noisy intermediate-scale quantum devices are
capable of outperforming the best classical computers in specific tasks such as calculating
properties of many-body quantum systems. In this regard, quantum simulators are
specific purpose quantum computers that are expected to boost our understanding of,
e.g., high-temperature superconductors or light-matter interactions beyond perturbative
regimes. A different application of quantum technologies is that of quantum sensors.
These quantum devices, that can be manipulated with suited radiation patterns, enable the
measurement of physical quantities with unprecedented spatial resolution. This procedure
is known as quantum sensing, and, among other things, it is a field that promises a better
understanding of biological systems. In light of the above, it is clear that the endeavour of
investigating light-matter interactions and finding optimal scenarios for their manipulation
is of major importance for quantum technology and its emerging applications.

In this Thesis, we develop novel proposals for efficient quantum information processing
and quantum sensing, quantum simulation of generalized light-matter interactions beyond
the strong-coupling regime, and quantum supremacy experiments with neutral atoms. In
particular, we propose two different methods to generate quantum logic gates with trapped
ions driven by microwave radiation. One is aimed to be applied in current setups, while the
other one assumes experimental parameters reachable in the near term. We demonstrate
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that both methods are robust against the main sources of decoherence in these systems.
Moreover, our quantum gates work without laser radiation which is an advantage for
scaling up trapped-ion quantum processors, as optical tables are substituted by microwave
antennas that can be easily integrated in microtrap arrays. We also study different models
of light-matter interaction, more specifically, the Rabi-Stark and the nonlinear quantum
Rabi models, and propose a method for their implementation using laser-driven trapped
ions, where quantum simulations of light-matter interaction have already been realized.
In these models, we discover interesting properties such as the appearance of selective
multi-photon interactions or the blockade of population distribution in the Hilbert space.
Furthermore, we propose how ultracold atoms in optical lattices can be controlled with
microwave and laser radiation in order to realize the boson sampling problem, a model
of computation capable of showing quantum supremacy with tens of particles. Taking
into account experimental error sources, such as particle losses, we estimate that, using
neutral atoms in spin-dependent optical lattices and, within realistic conditions, quantum
supremacy could be achieved with tens of atoms. Finally, we develop a method to achieve
selective interactions between a nitrogen-vacancy center and nearby carbon-13 atoms.
These interactions are obtained by suitably designed microwave pulse sequences, and can
be used to perform nuclear magnetic resonance at the nanoscale, with applications in
biological sciences. Compared to other methods, ours is energy efficient, and thus, less
invasive and suitable to be applied in biological samples.

All in all, in this Thesis we design radiation patterns capable of creating effective light-
matter interactions suited to applications in quantum computing, quantum simulation
and quantum sensing. In this manner, the results presented here significantly expand
our knowledge on the control of light-matter interactions, and provide optimal scenarios
for current quantum devices to generate the next-generation of quantum applications.
Moreover, we introduce novel methods to simulate generalized light-matter interactions
beyond perturbative regimes. Thereby, we believe our results will boost the construction
of better quantum sensors, quantum simulators and trapped-ion quantum processors, as
well as the first experimental realization of quantum supremacy using neutral atoms.
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ṅref
com, ṅ
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Û , Ût, Ût,1 Boson sampling time-evolution operator, time-evolution opera-

tor corresponding to step t, time-evolution operator from time
step 1 to t, i.e. Ût,1 =
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1 Introduction

Quantum mechanics, which describes the natural processes that take place at the atomic
scale, is one of the most successful theories in physics. From the very beginning, light-
matter interaction, or the interaction between atoms and electromagnetic fields, has played
a major role in the development of the quantum theory. The quantisation of energy was
first proposed by Max Plack in 1900 to describe the electromagnetic spectral distribution
produced by a thermal source [1]. In 1905, Einstein explained the photoelectric effect [2],
and, by 1917, he had developed a model for light-matter interaction that accounted for the
absorption and stimulated or spontaneous emission of light by atoms [3]. The quantum
theory was further formalised by Erwin Schrödinger in 1926, when he proposed a wave
equation that correctly predicted the spectral lines of the hydrogen atom [4]. By the same
years, Paul Dirac made the first attempt to quantise the electromagnetic field [5]. However,
it was not until the late 1940’s that a theory for the interaction between quantised light
and matter became available [6], namely quantum electrodynamics (QED), accurately
predicting the Lamb shift measured in the hydrogen microwave (MW) spectrum [7].

The rapid growth of MW and radio-frequency technology for telecommunications in
the first half of the twentieth century led to the invention of the maser in 1953 [8]. The
maser produces coherent MW radiation through amplification by stimulated emission.
This, along with other discoveries, such as optical pumping [9], paved the way to the
construction of the first laser in 1960 [10]. The laser helped to formalise the theory of
optical coherence [11, 12], and enabled coherently controlled interactions between light
and matter. In the mid 70’s, the ability to trap charged atoms [13] was combined with
lasers, leading to the first laser cooling protocol [14, 15]. During the 80’s laser cooling
and trapping techniques for neutral atoms were developed [16], quantum jumps were
observed [17–19] and ground-state cooling of a single trapped ion was achieved [20].
Lasers also allowed to study Rydberg atoms in optical or MW cavity resonators, a research
field called cavity QED [21]. The interaction between these atoms with highly-excited
electronic states and cavity modes leads to changes in the atomic properties, e.g. the
enhancement or suppression of the spontaneous emission rate1 [23, 24]. In 1992, the

1The enhancement of the spontaneous emission rate is called the Purcell effect, and was previously
discovered by Edward M. Purcell in the context of nuclear magnetic resonance [22].
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so-called strong-coupling (SC) regime between light and matter was achieved for a single
atom [25], allowing to study the interaction between atoms and photons at the level of
single quanta [26]. Light-matter interaction at the SC regime allows the formation of
hybrid modes called polaritons, which share properties of both light and matter. These
play a role, for example, in the localisation of light at small volumes via surface plasmons
for subwavelength imaging [27].

In a parallel effort, in the 1930’s, Alan Turing set the grounds of the theory of
computation when he showed that a machine with enough memory and following a very
limited set of instructions, the so-called Turing machine, could efficiently perform any
algorithmic process [28]. This idea, along with the discovery of the first transistor2,
and later, the MOSFET [29] in 1959, led to the exponential development of modern
digital computers [30]. Algorithms started to be classified in terms of the amount of
resources, time and memory needed in order to find a solution using a Turing machine [31].
For some problems, like multiplication, this amount of resources increased polynomially
with the size of the input number, making them easy to solve. Other problems were
hard to solve, for example, factoring integer numbers, for which no algorithm is known
that scales polynomially with the input size. Another important issue was that, in
the model of computation described by Turing, logical operations are irreversible. In
1961, Landauer used Shannon’s information theory [32] to state that each of these
irreversible operations would increase entropy, setting a fundamental energy cost to each
operation [33]. Landauer’s principle motivated the search for reversible computation
models [34], and, in the early 80’s, the idea of a quantum Turing machine was proposed
and developed by Benioff [35], Manin [36] and Deutsch [37]. This quantum computer
would store the information in two-level quantum systems, called quantum bits or qubits.
Due to the linearity of the Schrödinger equation, this model of computation would be
reversible. Furthermore, Feynman suggested that the quantum computer would be a
natural testbed for simulating quantum physics [38], while this would typically require an
exponential amount of resources in a classical Turing machine [39]. In this way, quantum
simulation appeared as the first practical application of a quantum computer. During the
same years, the first ideas for secure communication using quantum mechanical variables
were introduced [40, 41], originating a research field that is known today as quantum
cryptography [42]. In 1994, Peter Shor proposed a quantum algorithm for efficiently
factoring integer numbers [43], which boosted what has been later called “the second
quantum revolution” by Dowling and Milburn [44].

By that time, the control of individual quantum systems was already possible3, and the
race for building a quantum computer started. Few months after the announcement of
Shor’s algorithm, Cirac and Zoller proposed a method to implement the controlled-NOT
gate using two trapped ions [45]. Based on that proposal, the first two-qubit gate was
realized by the group led by Wineland [46]. In the years that followed, numerous proposals

2The Nobel Prize in Physics 1956 was awarded jointly to William B. Shockley, John Bardeen and Walter
H. Brattain “for their researches on semiconductors and their discovery of the transistor effect”.

3In 2012, Serge Haroche and David J. Wineland received the Nobel Prize “for ground-breaking experi-
mental methods that enable measuring and manipulation of individual quantum systems”.
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Chapter 1. Introduction

for the physical realization of qubits and gates using photons [47, 48], ions [49–52], atoms in
cavity QED [53] or optical lattices [54], anyons [55], semiconductors [56], nuclear magnetic
resonance (NMR) [57, 58], crystallographic defects in diamond [59], and superconducting
circuits [60] were introduced. Besides, new quantum algorithms were developed [61, 62],
and the first protocols for quantum error correction were introduced [63, 64]. Ideally, a
quantum computer ought to be built by qubits that interact strongly among them, yet
are isolated from the environment to avoid any source of decoherence. On the other
hand, we should be able to control and measure the system from the exterior, which
requires the aforementioned isolation to be highly selective. In this regard, quantum
error correction [65] provides pathways to build fault-tolerant quantum computers with
qubit-errors below an acceptable given threshold [66]. In exchange, one needs to encode
the quantum information of a logical qubit in many physical qubits.

Despite the impressive progress made increasing both the number of qubits and their
coherence properties [67–80], the present-day quantum technology, sometimes referred
to as noisy intermediate-scale quantum (NISQ) technology [81], remains insufficient for
a physical realisation of a fault-tolerant universal quantum computer [82]. This has
stimulated the development of alternative models of quantum computation adapted to
NISQ devices, such as digital-analog quantum computation [83], variational quantum
eigensolvers [84], constant-depth quantum circuits [85], temporally unstructured quantum
circuits [86], quantum circuits with identical noninteracting bosons (also known as boson-
sampling devices) [87], random circuits of coupled qubits [88] or quantum annealers
[89]. Because of their reduced experimental complexity, all these models of quantum
computation are promising candidates to show a speedup over classical algorithms in NISQ
architectures, a feat often named as quantum supremacy or quantum advantage [90–92].
In fact, last year, quantum supremacy was claimed for the first time by the group led by
Martinis using random circuits of superconducting qubits [93].

Arguably the most important application of quantum computation is quantum sim-
ulation [94–101], which consists in the reproduction of relevant quantum models using
controllable quantum systems. The idea was first proposed by Manin [36] and Feyn-
man [38] in the early 80’s, and was further formalised by Lloyd [102], who theoretically
proved that quantum computers can efficiently simulate any local quantum system.
Because the dimension of the Hilbert space grows exponentially with the number of
constituents of the system, the classical simulation of quantum many-body phenomena is,
in general, extremely inefficient, and, often, impossible [103]. On the contrary, quantum
simulators can efficiently simulate models in quantum field theory [104–109], quantum
chemistry [110–112], condensed matter [113–116], or even quantum gravity [117]. The
universal simulator described by Lloyd was later called digital quantum simulator, and
it is different from analog [118–120] or digital-analog [121, 122] quantum simulators
which are non-universal platform-dependent models of computation designed to mimic
the behaviour of specific quantum systems. These, however, are better adapted to NISQ
systems, and have already been used to realise physical predictions beyond the reach of
classical methods [123]. Quantum computers and simulators are better than classical
computers at the task of simulating nature [124], and, thus, are expected to become an
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important tool for scientific discovery [125].
The same extraordinary sensitivity to external agents that makes the construction of a

quantum computer challenging, can be exploited to build quantum sensors. Quantum
sensing is the use of quantum objects or quantum coherence to measure a physical
quantity [126]. It also refers to the use of entanglement to improve the precision of a
measurement beyond classical limits [127]. Examples of quantum sensors include atomic
clocks [128], which serve as the best time and frequency standards, superconducting
quantum interference devices and the thermal vapour of atoms, which make the most
precise magnetometers [129], nitrogen-vacancy (NV) centers in diamond as magnetic
sensors at the nanoscale [130, 131], trapped ions as electric-field and force sensors [132,
133], or squeezed states of light for gravitational wave detection [134]. Among quantum
technologies, quantum sensors have the greatest potential for practical applications in
the near term. Quantum correlations among photons can be exploited to achieve target
detection in unfavourable scenarios with bright background noise and a low-reflectivity
target. Extending this sensing scheme, called quantum illumination [135–137], to the
MW regime is believed to be the way forward in the construction of the first quantum
radar [138]. Another example of practical applications is given by atomic clocks. Clocks
in relative motion or at different gravitational potentials experience time differently.
Quantifying this time difference can be then useful to determine the structure of massive
objects in geophysics and hydrology [139, 140]. Furthermore, quantum sensing may also
play a crucial role in scientific discovery. For example, creating quantum superpositions
with massive particles [141–147] is useful to test collapse models, which state that the
Schrödinger equation is an approximation that breaks down with large enough masses
delocalised above a critical distance [148, 149], or investigate the quantum nature of
gravity, for instance, observing gravity-mediated entanglement [150, 151].

Quantum science and technology is a burgeoning research field with promising applica-
tions that will have a tremendous impact in society. Light-matter interactions are at the
heart of quantum platforms, and are essential to exploit the quantum behaviour of these
systems. As an example, MW radiation or laser fields can be applied to quantum systems
based on trapped atoms for the sake of high-fidelity quantum information processing.
Existing models of light-matter interaction provide us with the theoretical framework
needed to explore new forms of manipulating quantum states, and, helped by numerical
simulations, search for methods that achieve, e.g., energy-efficient quantum sensing or
robust quantum logic operations. Conversely, controlled quantum systems can be used to
study models of light-matter interaction without conventional approximations, in regimes
where classical numerical methods breakdown. In summary, this thesis focuses on the
design of electromagnetic radiation patterns capable of tailoring light-matter interactions
in quantum systems to achieve fast and robust quantum information processing, energy-
efficient quantum sensing or the simulation of quantum models whose dynamics can be
engineered.
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Chapter 1. Introduction

1.1. What you will find in this thesis

In this thesis, we design new forms to control light-matter interactions for specific
applications in quantum computing, quantum simulation and quantum sensing with
trapped ions, ultracold atoms in optical lattices, and NV centers. For that, in chapter 1
we first review central models of light-matter interaction, namely the semiclassical and
quantum Rabi models. We also explain basic concepts of dynamical decoupling (DD),
such as the spin echo or the dressed state approach. Finally, we present the quantum
platforms studied in the thesis, and review their importance in the current ecosystem of
quantum technologies.

In chapter 2, we propose two different methods to realise high-fidelity entangling gates
with trapped ions using MW fields. The first uses pulsed MW radiation to generate fast
gates with experimental parameters achievable in the near term. The second method
applies to current experimental regimes and uses continuous radiation patterns to drive
the gate. As opposed to lasers, MW sources are easy to control and can be incorporated
to scalable trap designs, which make MW-driven trapped ions a leading approach to scale
up trapped-ion quantum processors. Our presented gate-designs account for the main
sources of decoherence present in those processors, and, using pulsed and continuous
DD techniques, we show how to minimise their effect reaching fidelities above 99.9% in
realistic experimental scenarios.

In chapter 3, we explore two models of light-matter interaction and study their
dynamics in different parameter regimes. In the case of the Rabi-Stark model, we find
selective multiphoton interactions in the SC and USC regimes. Using time-dependent
perturbation theory, we develop an analytical framework to explain these interactions. In
the case of the nonlinear quantum Rabi model, we find its dynamical behaviour is limited
to certain regions in the Fock space, diving the latter into different sections. Combining
this property with dissipation, we design a method to generate large-n Fock states with
trapped ions. We also provide methods to simulate both the Rabi-Stark and the nonlinear
quantum Rabi models with a laser-driven trapped ion.

In chapter 4, we introduce a method to realise boson sampling with ultracold atoms
in optical lattices. The control of such system is achieved using both MW and laser
fields, and combining pulsed and continuous radiation patterns. Boson sampling is a
model of quantum computation with potential to demonstrate quantum supremacy in the
near future. Using simple error-scaling models, we estimate how the experimental errors
should scale with the number of bosons (atoms, in this case) in order to show advantage
with respect to the best classical algorithms. We benchmark our error model with exact
numerical simulations of non-Hermitian Hamiltonian models that include particle loss.

In chapter 5, we present a design of amplitude modulated MW pulses able to achieve
selective NV-nuclei interactions at strong magnetic fields. Working with strong magnetic
fields can provide an enhancement on the resolution of NMR spectra, however, if the
MW power is not accordingly increased, it leads to a decay of the NMR signal. On the
other hand, working with a high MW power may not be convenient, especially when
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dealing with biological samples that could be damaged when exposed to a large amount of
radiation. Our presented method circumvents these issues by using amplitude modulated
pulses that enhances the resolution of the measured signals.

1.2. Models for light-matter interaction

1.2.1. The Rabi model

The Rabi model or the semiclassical Rabi model was introduced by Isaac Rabi in 1937
to describe the effect of oscillating magnetic fields onto atoms with nuclear spin [152].
Despite being originally introduced in the context of NMR, the Rabi model is also the
most simple model that describes the interaction between a two-level atom and a classical
electromagnetic field. Think of a spin-1/2 particle under the influence of a static magnetic
field ~B0 = B0ẑ, where ẑ is the unit vector in the z direction. The energy of such a
particle would be described by the following Hamiltonian

H0 = −~µ · ~B0 = ~ω0

2 σz, (1.1)

where ~µ = −γ ~
2~σ, γ being the particle’s gyromagnetic ratio, ~ the reduced Planck

constant, and σx,y,z the Pauli matrices. In NMR, ω0 = −γB0 is known as the Larmor
frequency, and, according to Eq. (1.1) any spin state will rotate around the z axis with a
period 2π/ω0. When a orthogonal gyrating magnetic field ~B(t) = B[cos (ωt)x̂+sin (ωt)ŷ]
is applied, we obtain the Rabi model

HR = ω0

2 σz + Ω
2 (σ+e

−iωt + σ−e
iωt), (1.2)

where σ± = (σx± iσy)/2 and Ω = γB/2. In Eq. (1.6) and from now on, all Hamiltonians
will be redefined as H → H/~, thus, will be given in units of angular frequency. To solve
the dynamics given by Eq. (1.6) we move to an interaction picture [153] with respect to
H = ω

2 σz, HI
R = eiHtHRe

−iHt −H, obtaining

HI
R = ∆

2 σz + Ω
2 σx, (1.3)

where ∆ = ω0 − ω is the detuning with respect to the Larmor frequency. At resonance,
Eq. (1.3) describes the rotation of the spin around the x̂ axis at a frequency Ω, called the
Rabi frequency. In Fig. 1.1(b), the evolution of state |↓〉 (σz|↓〉 = −|↓〉) is shown, in terms
of the average values of σx,y,z4 for a time π/Ω. This operation, where the population of
state |↓〉 is transferred to state |↑〉, is known as a π pulse.

4Quantum mechanics is a probabilistic theory and it predicts average values of observables. The
measurement of these average values requires several experimental runs to collect statistical data.
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Figure 1.1.: a) A particle with spin precessing under a static magnetic field ~B0 and an oscillating
transverse field ~B(t). b) A π pulse in the Bloch sphere. Evolution of initial state
|↓〉, according to the resonant Rabi model and during a time π/Ω, is shown, both
in the interaction and Schrödinger pictures, with Ω = ω0/10.

The Rabi model describes the evolution of a two-level system under an oscillating mag-
netic field, however, it does not account for environmental effects that cause decoherence.
In 1946, Felix Bloch introduced phenomenological equations that described the dynamics
of the spin including those effects [154], characterised by two coherence times T1 and T2.
The former, called relaxation time, is related with population decay from the |↑〉 to the
|↓〉 state, while the latter represents the unpredictability (after a time T2) of the relative
phase between |↓〉 and |↑〉 states. Just as the Rabi model, Bloch equations are valid to
describe the evolution of a two-level atom driven by a coherent electromagnetic field and
affected by decoherence, which in that case, take the name of Maxwell-Bloch or optical
Bloch equations [155].

The rotating wave approximation

Instead of the gyrating field used in Eq. (1.6), it is more typical to consider a time-varying
field of the form ~B(t) = B cos(ωt)x̂. In such case, Eq. (1.3) reads

HI
R = ∆

2 σz + Ω
2 σx + Ω

2 (σ+e
−i2ωt + σ−e

i2ωt). (1.4)

If the intensity of the transverse field is small compared to the static magnetic field, then
ω ≈ ω0 � Ω, and the last terms in Eq. (1.4), called counter-rotating terms, can be
neglected under the rotating-wave approximation (RWA). A measurable effect of those
counter-rotating terms is a shift of the Larmor frequency by an amount Ω2/4ω0, known
as the Bloch-Siegert shift5. To derive this, one has to use time-dependent perturbation
theory, see for example, Eqs. (A.15) and (A.16) in appendix A.4.

5This shift was first measured by Felix Bloch and Arnold J. F. Siegert in 1940 [156].
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Dressed states

We call dressed states to electronic or nuclear-spin states whose energy has been shifted
because of the interaction with the radiation field. A typical example is the so-called light
shift [157], obtained when the absolute value of the detuning |∆| is much larger than the
Rabi frequency Ω, yet |∆| � ω0. The effective Hamiltonian in this regime is

HI
light ≈

Ω2

4∆σz, (1.5)

which describes a change of the energy difference between states |↓〉 and |↑〉, positive or
negative depending on the sign of the detuning ∆. When the Rabi frequency Ω (which is
proportional to the intensity of the radiation field) changes with the position ~x, the shift
can induce a force in the particle.

Another kind of dressed state is also described by Eq. (1.3). When ∆ = 0, an energy
difference of Ω between states |±〉 = |↑〉 ± |↓〉 (up to normalisation and in the interaction
picture) is produced. The introduction of a weaker field ~B(t) = B̃(cos (ω̃t)x̂+ sin (ω̃t)ŷ,
represented by

HI
R = Ω

2 σx + Ω̃
2 (σ+e

i∆̃t + σ−e
−i∆̃t), (1.6)

where Ω̃ = γB̃/2 and ∆̃ = ω0 − ω̃, can lead to transitions between states |+〉 and |−〉
when ∆̃ = ±Ω. In atomic physics, these two transitions at ω±Ω and the central transition
at ω0 can be observed and are known as the Mollow triplet [158, 159]. Both the light-shift
and the Mollow triplet are often referred in the literature as the alternating current (AC)
Stark effect [157] or Autler-Townes effect [160]. States dressed with resonant driving
fields are naturally protected from small shifts in ω0 [161] and form the basis of continuous
DD techniques [162, 163].

Spin echo

The spin echo or Hahn echo6 is a method by which a revival of the spin’s coherence
occurs after the application of a π pulse. It is also the most common method to combat
dephasing caused by uncontrolled shifts on ω0 due to fluctuations of the intensity of
the magnetic field. For a simple analysis, let us assume we start with the spin in state
|↑〉+ |↓〉. According to Eq. (1.1) the state should evolve as eiω0t|↑〉+ e−iω0t|↓〉, however,
in a rotating frame with respect to ω0

2 σz, the state should stay as |↑〉+ |↓〉. If the Larmor
frequency undergoes an unknown shift δ, at a time t, the state would be eiδt|↑〉+ e−iδt|↓〉.
This would imply the loss of information about the relative phase between the two states,
and therefore, a coherence loss7. The application of a π pulse produces a population
exchange between both states, transforming the state into e−iδt|↑〉 + eiδt|↓〉. After a

6The spin echo was first observed by Erwin L. Hahn in 1950 [164].
7More precisely, the loss of coherence would occur if δ changes stochastically with each experimental

run.
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Chapter 1. Introduction

time t, the state would be eiδte−iδt|↑〉+ e−iδteiδt|↓〉 = |↑〉+ |↓〉, and the relative phase
produced by the unknown shift disappears, recovering coherence. It is important to remark
that spin echo is used as the basis of pulsed DD techniques [165–167].

1.2.2. The quantum Rabi model

The quantum Rabi model (QRM) describes the interaction between a two-level atom
and a quantised mode of the electromagnetic field. The model was first introduced by
Jaynes and Cummings in 1963 [168], however, its predictions were not measured until the
late 80’s in the context of cavity QED [21, 169, 170]. Besides, the QRM describes the
basic interactions that take place in trapped ions [171], superconducting circuits [172] or
semiconducting quantum dots [173]. The Hamiltonian of the model is

HQRM = ωR
0
2 σz + ωRa†a+ g(a+ a†)(σ+ + σ−) (1.7)

where ωR
0 is the natural frequency of the two-level atom, ωR and a†(a) are the frequency

and the creation (annihilation) operators of the electromagnetic mode, and g measures
how strong is the coupling between the atom’s dipole moment and the bosonic field mode.
See Fig. 1.2 for a simple sketch of the system. Near resonance, that is, when ωR ≈ ωR

0 ,
and if g � ωR, the terms aσ− and a†σ+ can be eliminated by the RWA, retrieving the
so-called Jaynes-Cummings (JC) model

HJC = ωR
0
2 σz + ωRa†a+ g(aσ+ + a†σ−). (1.8)

The JC model is analytically solvable and, when ωR = ωR
0 , it describes a periodic

population exchange between states |e, n〉 and |g, n + 1〉 at a rate given by Ω =
g
√
n+ 1 [168, 174], as shown in Fig. 1.2(b). Here, |g〉 and |e〉 represent the ground and

excited state of the atom, and |n〉 represents the n-th Fock state of the bosonic mode.
Notice that the frequency of these oscillations Ω, also called Rabi oscillations, depends on
the number of photons n in the cavity. At n = 0, an excited atom may emit a photon
to an empty cavity mode, and absorb it afterwards8. The JC model also predicts the
collapses and revivals of atomic state populations when the field mode is in a coherent
state9 [176].

The experimental observation of Rabi oscillations requires Ω to be larger than the
relaxation rates (1/T1) of both the atom and the cavity, known as the SC regime [177, 178].
In contrast to the weak-coupling regime, where substantial changes in the atomic properties
(e.g. the Purcell effect) can already be observed, the SC regime allows the formation of
hybrid dressed states, different from the ones introduced in section 1.2.1, called polaritonic
states or simply polaritons, which share both light and matter character [27]. In the case

8These oscillations are known as vacuum Rabi oscillations [175].
9These collapses and revivals were first observed by Gerhard Rempe, Herbert Walther and Norbert Klein

in 1987 [169].
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Figure 1.2.: a) Sketch of an atom inside a cavity, where Γ and κ are the relaxation rates of
the atom and the cavity, respectively. b) Time evolution of state populations for
g/ωR = 0.01, ωR

0 = ωR according to the QRM. For initial states |e, 0〉 (up) and
|e, 3〉 (down), periodic population exchange is shown, with states |g, 1〉 and |g, 4〉
and at rates g and 2g respectively.

of the resonant JC model, these are represented by |g, n+ 1〉 ± |e, n〉 eigenstates, up to
normalisation.

Based on previous work by Dicke [179], Tavis and Cummings studied the interaction of
N atoms with a single mode of the electromagnetic field, predicting that the frequency
of (now collective) Rabi oscillations can increase by a factor of

√
N [180]. In fact, the

first cavity QED experiments that achieved the SC regime were done with more than one
atom [181–183]. Since then, the effective coupling strength g of light-matter interactions
has progressively increased, reaching the ultrastrong coupling (USC) [184–188] regime
(g/ωR & 0.1) or the deep-strong coupling (DSC) [189–191] regime (g/ωR & 1) with
superconducting circuits, Landau polaritons or plasmon polaritons. These experimental
developments have motivated the study of the full QRM in Eq. (1.7) [192], as the RWA is
not longer justified. Despite being the most simple representation of quantum light-matter
interaction, an exact analytical solution for the QRM was only proposed recently, in
2011 [193]. Unlike the JC model, the QRM dynamics does not show clear features until
it reaches the DSC regime, where periodic collapses and revivals of the qubit initial state
survival probability are predicted [194].

1.3. Quantum technologies

Quantum technologies that aim to achieve quantum computing or quantum sensing need
a well defined qubit or quantum information register, and the ability to initialise and
measure its state. In the case of quantum sensing, this qubit should also interact with the
physical quantity of interest. For quantum computing, the design of the system should
be scalable to a large number of qubits, while maintaining long coherence times and the
ability to make single and two-qubit gates. In the following, we describe three of the most
promising quantum platforms to develop both quantum sensing and quantum computing,
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Chapter 1. Introduction

which are also the ones studied in this thesis.

Trapped ions

Charged atomic ions are trapped and suspended in vacuum using oscillating electromagnetic
fields [171, 195]. The effective harmonic potential created by these fields confines the ion
in all directions, with trapping frequencies on the order of few MHz. In linear traps, the
ions arrange in a linear configuration in the z direction, where the harmonic force is weaker
than in the other directions (see Fig. 1.3(a) for an illustration of a linear trap). Two
electronic states connected by an electric quadrupole transition, or two hyperfine states
connected by Raman or MW transitions can serve as a qubit, see Figs. 1.3(a) and (b). In
both cases, an electric dipole transition to a radiative state is used for cooling the ion’s
motion10, initialisation and read-out of the qubit state [196]. For one of the qubit states,
driving the radiative transition will induce spontaneous emission of photons that can be
collected by a camera, realising the measurement of the qubit state.

Coherent operations are typically realised with lasers, these allow to manipulate the qubit
state and, moreover, to entangle internal (electronic) and external (vibrational) degrees of
freedom by the so-called sideband transitions. It is the control of this qubit-boson interac-
tion which allows to realise entangling gates among different ions in few microseconds [197]
and with the highest fidelity achieved so far in quantum technologies [198, 199]. Coher-
ence times can range from milliseconds to minutes using decoherence-free subspaces and
DD [78]. A dispersive coupling with the collective motional modes also permits to engineer
spin-spin interactions governed by the effective Hamiltonian H =

∑
i,j Jijσ

x
i σ

x
j [200–

202], which is useful to study many-body quantum phenomena like quantum phase
transitions [120, 203, 204] or quantum chaos [205, 206]. Moreover, trapped-ions have
also proven to be an excellent testbed to simulate relativistic quantum mechanics [207–209]
or quantum field theories [210, 211].

In this thesis, we study trapped ions as quantum simulators for generalised QRMs
beyond the SC regime, and also as a scalable platform to build quantum computers.
In the case of the latter, we combine laser-free entangling operations driven by MW
radiation with DD techniques to achieve high-fidelity entangling gates. Finally, trapped
ions can also be excellent quantum sensors of electric fields. This can be exploited to
measure minute forces with a sensitivity of 1 yN/

√
Hz [132, 133], or for high-precision

mass spectrometry11.

Ultracold atoms in optical lattices

Neutral atoms can be trapped in periodic optical potentials, called optical lattices, created
by the interference of two counter-propagating laser beams. The frequency of the laser
10Ground-state cooling with trapping frequencies of the order of one megahertz correspond to a tempera-

ture of tens of µK.
11Check articles 8, 9, 10, and 12 from the list of publications
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Figure 1.3.: a) Sketch of a linear radiofrequency trap similar to the one shown in Ref. [171]. In
the middle, a chain of 5 ions scattering blue light. b) Simplified level scheme of an
optical qubit using a 40Ca+ ion [212]. The metastable transition S ↔ D at 729
nm it is used as a qubit with lifetime T1 ∼ 1 s. The radiative transition S ↔ P at
397 nm is used for read-out. c) Simplified level scheme of a hyperfine qubit using a
9Be+ ion [46]. Off resonant excitation of the radiative S ↔ P transition at 313
nm is used to produce coherent population exchange between two hyperfine levels
of the S subspace.

fields is far detuned with respect to the frequency of an electric dipole transition of the
atom. As a result, a light shift, similar to the one presented in section 1.2.1, is induced
with the Rabi frequency proportional to the intensity of the laser field. The interference
between the two beams creates a periodic spatial pattern for the intensity (Ω cos (kx)
in one dimension), which induces a force on the atom, called optical dipole force. This
force is used to trap atoms in minima of the light potential V (x) = Ω2/∆ cos2 (kx) (see
Fig. 1.4(a) for an illustration), while the photon scattering rate is highly reduced with
a large detuning ∆. Atoms trapped in optical potentials need to be cooled down to
temperatures below tens of µK, achievable with laser cooling techniques12. Using different
hyperfine states of the atoms, these can be initialised in predefined arrays, and similar to
trapped ions, the measurement is done via resonance fluorescence.

Ultracold atoms in optical lattices are the leading technology for analog quantum
simulation of many-body physics [95, 101]. The periodic form of the optical potentials
resemble structures of real crystal lattices, and the interaction among the atoms can be
controlled with light fields. Important many-body systems, such as Bose-Hubbard or Fermi-
Hubbard models can be simulated [213], mechanisms such as thermalisation [214–216] or
many-body localisation [217, 218] observed, or fundamental theories for high-energy and
condensed-matter physics studied via synthetic gauge fields [219].

Quantum computation can also be pursued with optical lattices. Qubits can be
encoded in long-lived hyperfine states and entangling gates can be realised via the strong
dipole-dipole interactions among Rydberg atoms. However, and despite the significant
progress, several challenges such as the generation of a high-fidelity two-qubit gate remain
unsolved [220].
12In 1997, Steven Chu, Claude Cohen-Tannoudji and William D. Phillips received the Nobel prize for

their developments of methods to cool and trap atoms using laser light.
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Figure 1.4.: a) A neutral particle trapped in one minimum of the optical potential V (x) (in red).
Also, a simplified level scheme of the 133Cs atom, where the off resonant excitation
of the S ↔ P transition by the standing wave is the responsible of the dipole force.
b) NV center in a diamond lattice, with 12C (grey) and 13C (blue) atoms nearby. A
static magnetic field is applied parallel to the NV axis, and a transverse MW field is
depicted in red. c) Level scheme for the NV center, where coloured (black) arrows
indicate radiative (nonradiative) transitions.

In this thesis, we base on previous experiments of quantum interference of non-interacting
atoms with optical lattices, such as the realisation of Hong-Ou-Mandel interference [221],
to propose a scalable method to realise multiparticle quantum interference experiments,
and more specifically, boson sampling.

Nitrogen-vacancy centers in diamond

The NV center is a point defect in diamond with a particular set of properties that makes
it suitable for the study and exploitation of quantum phenomena [222]. The defect is
formed when a carbon atom in the diamond lattice is substituted by a nitrogen and an
adjacent lattice site presents a vacancy [223, 224], see Fig. 1.4(b), and can be produced
by several techniques [225]. The NV− or NV center’s13 electronic level structure is formed
by two triplet states 3A2 (ground) and 3E (excited) and two intermediate singlet states
1A1 and 1E, see Fig. 1.4(c). A qubit is usually encoded in the ms = 0 and one of
ms = ±1 states of the subspace 3A2, separated in energy by D = (2π)×2.88 GHz, called
the zero-field splitting. Also, a magnetic field in Bz the direction of the NV breaks the
degeneracy between states ms = ±1 by an amount γeBz. Operations within this subspace
are carried out using MW radiation, while optical transitions are used for initialisation
and measurement of the NV. When the electron is excited to the 3E subspace through
a spin-conserving radiative transition, the excited states can decay to the ground state
directly or via the intermediate states. The latter occurs with a higher probability for
states |3E,±1〉 and the intermediate states are long-lived (∼ 250 ns) compared to the
states in 3E. This results in a spin-dependent fluorescence signal, which is stronger for
the |3A2, 0〉 state. Most importantly, the decay via the intermediate states changes the
spin state from ms = ±1 to ms = 0 and vice versa, and, because of the preference of one
13Other two charge states exist, NV+ and NV0, whose properties differ from those of the negatively

charged defect.
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1.3 Quantum technologies

of the pathways, this can be used for the initialisation or polarisation of the spin state.
The coherent control of the NV center is possible at room temperature, with coherence

times on the order of milliseconds [126] and electron spin polarisation above 90% [226].
Because of this, NV centers have been proposed as quantum sensors for high-resolution
scanning probe microscopy [227–229], magnetometry [230–232], thermometry [233–236],
pressure sensing [237] or to be used as biomarkers with living organisms [238]. In this thesis,
we focus on the possibility of realising nanoscale NMR with NV centers. This enables the
control and measurement of magnetic field emitters (as nuclear spins) with sub-100nm
resolution, with applications for imaging of nanometric magnetic structures [130, 131,
228] or optical polarisation of magnetic nuclei for high-resolution magnetic resonance
imaging [239].

NV centers also have interesting applications for quantum information processing. At
low temperatures, the fidelity of initialisation and read-out increases significantly [240], and
T1 coherence times approaching to 103 s have been reported [241] at ≈ 3.7 K. Coherence
times due to dephasing T2 depend mainly on the number of 13C nuclei near the NV [230],
and, with a small amount of these impurities, T2 can be increased up to T1 with DD
techniques [167]. Both the NV centers and the nearby 13C nuclei can be used as quantum
information registers [242, 243], current experiments being able to achieve high-fidelity
gates [244] and registers up to 10 qubits [245]. Still, the deterministic fabrication of
these solid-state devices is challenging as requires a three dimensional precision better
than 10 nm [246]. Alternative approaches to scalability consider NV centers coupled
to superconducting circuits [247] or photons [248, 249]. Using the latter, entanglement
between electron spins separated by 1.3 km has been achieved [250].
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2 Quantum Logic with MW-Driven
Trapped Ions

The control and manipulation of the quantum information of individual atoms via elec-
tromagnetic fields has been extremely successful with trapped ions, which has placed
trapped-ion quantum technology as a leading candidate to build reliable quantum simula-
tors and computers [94, 96, 251–253]. In the near future, these could solve computational
problems in a more efficient manner than classical devices by exploiting the quantum
correlations among their atomic constituents. To this end, the systematic generation
of single-qubit and two-qubit gates with high-fidelity is crucial. The latter has been
achieved by using laser light that couples the internal (atomic) and external (vibrational)
degrees of freedom of the ions leading to fast single-qubit, and two-qubit gates of a
high fidelity [197–199]. Nevertheless, to scale laser-based quantum processors while
maintaining high fidelities represents a hard technological challenge, since it requires the
precise and simultaneous control of multiple laser sources.

An alternative approach to laser-driven systems was proposed by Mintert and Wunder-
lich [254]. This involves the use of MW fields together with magnetic field gradients to
create interactions among the internal states of the ions. Unlike lasers, the control of
MW sources is comparatively easy, and their introduction in scalable trap designs is less
demanding [71]. In addition, MW driven quantum gates do not use any optical transition.
This avoids spontaneous emission of some atomic states that define the qubit, which
is an unavoidable limiting factor for laser-driven quantum gates [198, 199, 255]. After
the initial proposal in [254], the use of MW schemes has been pursued in two distinct
fashions, using either static magnetic field gradients [254, 256–258], or MW radiation
in the near-field [259–262]. In the former, a static magnetic field gradient provides
spatial field variations on the size of the wave packet of the ion, coupling the atomic and
vibrational degrees of freedom. This coupling is combined with MW fields in the far-field
regime, which are used to modulate the interaction. In the latter, oscillating MWs in the
near-field regime are used as the generators of the qubit-boson interaction. Notice that
MW fields in the near field naturally provide the required spatial field variations without
the need to add a static magnetic field gradient. In addition, recently a method has
been proposed to couple ionic internal and external degrees of freedom, that combines
oscillating magnetic field gradients with MW fields on the far-field regime [263, 264].
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2.1 Pulsed DD for fast and robust two-qubit gates

Typically, ion qubits are encoded in hyperfine atomic states which are sensitive to
magnetic field fluctuations. These represent the main source of decoherence, and have
to be removed to achieve quantum information processing with high fidelity. To this
end, pulsed and continuous DD techniques have been introduced [52, 161, 265–270].
In particular, the creation of dressed-states has been proved useful [162, 163, 271–275]
and has led to the best reported gate fidelities (> 98%) with MW fields on the far-
field regime [276]. On the other hand, the best near-field MW gates, with fidelities of
99.7% [262, 277], use a driving field on the carrier transition or MW amplitude modulation
to protect the gate with respect to the main sources of error.

In this chapter we propose two different methods to achieve high-fidelity two-qubit
gates using MW fields on the far-field regime combined with a static magnetic field
gradient. In both cases, DD techniques are used to design gates which are robust against
fluctuations of the MW and magnetic fields. The method presented in section 2.1 is
specifically designed to work with a strong qubit-boson coupling and large MW power,
leading to gate times of tens of microseconds. On the other hand, the gate scheme in
section 2.2 works with a lower qubit-boson coupling and MW power, making it more
accessible experimentally, and achieving gate times on the order of a millisecond.

2.1. Pulsed DD for fast and robust two-qubit gates

Fast trapped-ion entangling gates require an effectively large qubit-boson coupling, which
is usually obtained increasing either the Lamb-Dicke (LD) parameter, i.e. the original
qubit-boson coupling, or the intensity of the field driving the qubit. Experiments using
far-field MW with static magnetic field gradients work with a LD parameter of η ∼ 0.01
and less than a hundred kilohertz of MW Rabi frequency. This leads to gate times on
the order of the millisecond. Reference [273], for example, proposes to use hundreds of
kilohertz of MW Rabi frequency, obtaining gate times of a few hundreds of microseconds.
In this section we propose to boost the speed of two-qubit gates by increasing the magnetic
field gradient and thus the LD parameter to η ∼ 0.1. This complicates the application
of schemes where the qubit-qubit interaction is mediated by a single motional mode, as
the spectroscopic discrimination of the rest is no longer possible. The use of multiple
modes has also been explored theoretically [278] and experimentally [279] for laser based
systems.

In this section, we propose a scheme leading to fast and high-fidelity two-qubit gates
through a specifically designed sequence of MW π-pulses acting in the presence of a
magnetic field gradient. Our method employs the two vibrational modes in the axial
direction of the two-ion chain leading to gate times approaching the inverse of the
trap frequency. On top of that, the sequence uses pulsed DD to protect qubits from
uncontrolled noise sources. The high speed and robustness of our scheme results in two-
qubit gates of high fidelity even in presence of motional heating. Our detailed numerical
simulations show that state-of-the-art in MW trapped-ion technology allows for two-qubit
gates sufficiently fast to pave the way for scalable quantum computers.
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Figure 2.1.: Two trapped 171Yb+ ions under a magnetic field gradient. Hyperfine levels of the
two ions are shown. The magnetic field B(z) removes the degeneracy of the F = 1
manifold separating the {F = 1,mF = ±1} and {F = 1,mF = 0} levels of both
ions by an amount of ±γeB(zj)/2 respectively.

2.1.1. System: two 171Yb+ ions

We consider a setup consisting of two 171Yb+ ions in a MW quantum computer module [71].
For each ion, we define our qubit between the lowest energy state |g〉 ≡ {F = 0,mF = 0}
and the first excited state with positive magnetic moment |e〉 ≡ {F = 1,mF = 1} in the
hyperfine manifold, see Fig. 2.1. The conditions under which transitions to other hyperfine
levels can be safely neglected are covered in appendix A.1. The motion of different ions is
coupled via direct Coulomb interaction and can be collectively described by two harmonic
normal modes in each of the three spatial dimensions. In the following, we will restrict
our analysis to the normal modes in the axial direction ẑ, namely the center-of-mass and
the breathing modes, which are independent of the radial ones. That is, we assume that
the magnetic field gradient in the radial direction is negligible compared to that in the
axial direction. This configuration is described by the Hamiltonian

H = ν1a
†a+ ν2c

†c + [ωe + γeB(z1)/2]|e〉〈e|1 + ωg|g〉〈g|1
+ [ωe + γeB(z2)/2]|e〉〈e|2 + ωg|g〉〈g|2. (2.1)

Here, γe = (2π)× 2.8 MHz/Gauss is the gyromagnetic ratio of the electron, a(a†) and
c(c†) are the bosonic annihilation(creation) operators of the motional modes, which have
frequencies ν1 = ν and ν2 =

√
3ν, respectively [280]. Typical values for ν/(2π) range

from hundreds of kilohertz to one or two megahertz, and B(zj) is the magnetic field
at the position of ion j. We consider a magnetic field gradient that leads to a linearly
growing B(zj) term, ∂B/∂z=gB. Then, by expressing the ion coordinates in terms of
the vibrational normal modes [280] and suitably shifting the zero-point energy of the
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2.1 Pulsed DD for fast and robust two-qubit gates

qubits, the Hamiltonian in Eq. (2.1) can be rewritten as

H = ν1b
†b+ ν2c

†c + ω1

2 σz1 + η1ν1(b+ b†)σz1 − η2ν2(c+ c†)σz1

+ ω2

2 σz2 + η1ν1(b+ b†)σz2 + η2ν2(c+ c†)σz2 . (2.2)

Here, the operators of the center-of-mass mode have been redefined as b = a + 2η1,
where M is the mass of each ion and ηm = γegB

8νm

√
~

Mνm
is the effective LD parameter

which quantifies the coupling strength between the qubits and the m-th motional mode.
The qubit energy splittings are ωj = ωe − ωg − 4η2

1ν1 + γeBj/2, where Bj ≡ B(z0
j ) is

the magnetic field on the equilibrium position of the j-th ion. For a detailed derivation of
Hamiltonian in Eq. (2.2), please refer to appendix A.2.

In presence of the magnetic field gradient gB , the energy splitting of the two ion-qubits
differs by ω2 − ω1 = γegB∆z/2, where ∆z is the distance between the equilibrium

positions of the ions. Later, we will see that ω2 − ω1 = γegB
2

(
2e2

4πε0Mν2

)1/3
is a quantity

on the order of tens of megahertz for the parameters considered here. This energy
difference combined with a specifically designed MW-pulse sequence to efficiently cancel
crosstalk effects (see section 2.1.3) will allow us to address individually each qubit. We
consider a bichromatic electromagnetic field of frequencies ωj and phases φ as described
by the Hamiltonian

Hc(t) = Ω1(t)(σx1 + σx2 ) cos(ω1t− φ)
+ Ω2(t)(σx1 + σx2 ) cos(ω2t− φ). (2.3)

Under the influence of such MW control fields our system Hamiltonian would be given by

HI(t) = η1ν1(be−iν1t + b†eiν1t)σz1 − η2ν2(ce−iν2t + c†eiν2t)σz1 (2.4)
+ η1ν1(be−iν1t + b†eiν1t)σz2 + η2ν2(ce−iν2t + c†eiν2t)σz2

+ Ω1(t)
2 (σ+

1 e
iφ + σ−1 e

−iφ) + Ω2(t)
2 (σ+

2 e
iφ + σ−2 e

−iφ).

The Hamiltonian above is posed in a rotating frame with respect to H0 = ν1b
†b+ ν2c

†c+
ω1
2 σ

z
1 + ω2

2 σ
z
2 . The non-resonant components of the MW driving have been eliminated

under the RWA, whose validity will be later confirmed by detailed numerical simulations
using the first-principles Hamiltonian. In this respect, we want to remark that terms that
rotate at a rate similar to 2ωj (which corresponds to a frequency of tens of gigahertz for
the 171Yb+ ion, see for example [281]) can be safely neglected by invoking the RWA, see
appendix A.1. The slower frequencies rotating at a rate of |ω2−ω1| (on the order of tens
of MHz for our simulated conditions) lead to off-resonant couplings and require a specific
treatment covered in section 2.1.3.

Now we move to a rotating frame with respect to Ω1(t)
2 (σ+

1 e
iφ+σ−1 e−iφ)+ Ω2(t)

2 (σ+
2 e

iφ+
σ−2 e

−iφ). The Rabi frequencies Ω1,2(t) will be switched on and off, i.e. the driving is
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Chapter 2. Quantum Logic with MW-Driven Trapped Ions

applied stroboscopically in the form of π-pulses, leading to

HII(t) = f1(t)σz1 [η1ν1be
−iν1t − η2ν2ce

−iν2t + H.c.]
+ f2(t)σz2 [η1ν1be

−iν1t + η2ν2ce
−iν2t + H.c.], (2.5)

where the modulation functions fj(t) take the values ±1 depending on the number of
π-pulses applied to the j-th ion. More specifically, for an even (odd) number of pulses we
have fj = 1(−1). The idealised description in Eq. (2.5) assumes instantaneous π-pulses,
which is a good approximation if the Rabi frequencies are much larger than any other
frequency in Eq. (2.5). Nevertheless, to match realistic experimental conditions, our
numerical simulations will consider sequences of finite π-pulses in the form of top-hat
functions of length tπ = π/Ω.

The Schrödinger equation corresponding to Eq. (2.5) is analytically solvable and leads
to the propagator U(t) = Us(t)Uc(t) where

Us(t) = exp

−i 2∑
j=1
{η1Gj1(t)b+ (−1)jη2 Gj2(t)c+ H.c.}σzj

, (2.6)

and
Uc(t) = exp [iϕ(t)σz1σz2 ] , (2.7)

see appendix A.4 for the derivation. The Gjm(t) functions in Us(t) are

Gjm(t) = νm

∫ t

0
dt′fj(t′)e−iνmt

′
, (2.8)

while the achieved two-qubit phase ϕ(t) in Eq. (2.7) is

ϕ(t) = η2
1 [ϕ̃1(t)− 1

3
√

3
ϕ̃2(t)] = η2

1ϕ̃(t), (2.9)

where
ϕ̃m(t) = νm =

∫ t

0
dt′
[
f1(t′)G2m(t′) + f2(t′)G1m(t′)

]
eiνmt

′
, (2.10)

and = being the imaginary part of the subsequent integral. One can demonstrate that, at
the end of the sequence, ϕ̃(t) does not depend on the values of η1,2 and ν1,2 but on the
ratio between mode frequencies ν2/ν1 =

√
3 (appendix A.6). Hence, the study of ϕ̃(t)

covers all situations regardless of the value of η1,2 and ν1,2.
From the solution U(t), it is clear that a π-pulse sequence of duration TG, satisfying

conditions

Gjm(TG) = 0, ϕ(TG) 6= 0, (2.11)

results in a phase gate between the two qubits and leaves the hyperfine levels of the
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FIG. 2: (color online) a) Pulse sequence including 4 blocks in a
AXY-4 configuration. Each block is a composite pulse including 5
⇡-pulses with tunable distances between them. b) Structure of the X
and Y composite pulses where it can be seen the internal symmetry
imposed by the constants ⌧a and ⌧b.

from the environment but also drives the performance of the
two-qubit phase gate. The AXY-n sequence consists of n
blocks of 5 ⇡-pulses each, as depicted in Fig. 2 a). Each
⇡-pulse is applied around an axis on the x-y plane denoted
by the phase �. We define two blocks: the X block, which
consists of 5 rotations along the the axes corresponding to
~�x ⌘ {�x

1, �
x
2, �

x
3, �

x
4, �

x
5} = { ⇡6 , ⇡2 , 0, ⇡2 , ⇡6 } + ' with ' a constant

phase, and the Y block, which performs the rotations along the
same axes shifted by a phase of ⇡/2 with respect to those of
the X block, i.e. ~�y = { ⇡6 + ⇡2 , ⇡, ⇡2 , ⇡, ⇡6 + ⇡2 }+'. The sequence
then consists of a series of n consecutive X and Y blocks.
For example, an AXY-4 sequence would be XYXY, while an
AXY-8 sequence would be XYXYYXYX. The time distribu-
tion of pulses inside each block is identical. As illustrated in
Fig. 2 a), each block has a duration ⌧ and is symmetric with re-
spect to the ⌧/2 point, where a pulse is applied. Therefore, the
time of application of the first and second pulses, ⌧a and ⌧b,
respectively, together with ⌧ completely define the sequence.
The adaptability of the method is given by the freedom to set
these three parameters, which need only fulfill the condition
⌧1 < ⌧2 < ⌧/2.

It can be shown that at the end of any AXY-n sequence of
length n⌧, function G jm(n⌧) is identically zero for values of ⌧
that are a natural multiple of the oscillation period of mode
m, that is to say for ⌫m⌧ = 2⇡k for k = 0, 1, 2, ... [3]. This
means that a qubit can be decoupled from a specific motional
mode just by guaranteeing that the sequence is composed of
blocks of a length that matches a multiple of the oscillation
period of such a mode, regardless of ⌧a and ⌧b. Unfortunately,
the two motional modes in our system have incommensurable
oscillation frequencies, meaning that it is impossible to find
a value of ⌧ that by itself would result in a decoupling of the
qubit from both motional modes. However, by suitably adapt-
ing parameters ⌧a and ⌧b we can find a sequence of pulses
that applied on a qubit simultaneously decouples it from both
motional modes.

We will design an AXY-4 sequence of a duration such that
⌧ = 2⇡/⌫1, which makes G j1(4⌧) = 0 for any choice of ⌧a and
⌧b, and we will numerically look for the values of ⌧a and ⌧b
that minimise G j2(4⌧). In Fig. (??) we give a 2 dimensional
color plot of G j2(4⌧) for all the di↵erent combinations of ⌧a
and ⌧b. The dark blue trajectories represent the choice of val-

ues of ⌧a and ⌧b that minimise the coupling of qubit j to the
second mode, and therefore would result in a valid sequence
for a 2 qubit phase gate. On top of the color plots we give the
corresponding phase of the resulting two qubit gate, according
to Eq. (10), where we have assumed that the same sequence is
applied to both ions.

IV. NUMERICAL TESTS

We have simulated the following Hamiltonian with the only
assumption of neglecting terms that rotates at a speed of tens
of GHz. More specifically, in the rotating frame of !1

2 �
z
1 +

!2
2 �

z
2 we have that the e↵ective Hamiltonian is

H = �1(b + b†)�z
1 � �2(c + c†)�z

1

+ �1(b + b†)�z
2 � �2(c + c†)�z

2

+ ⌫1b†b + ⌫2c†c

+
⌦1(t)

2
�
�1
1 +
⌦1(t)

2
(�+2 ei(!2�!1)tei�1 + H.c.)

+
⌦2(t)

2
�
�2
2 +
⌦2(t)

2
(�+1 ei(!1�!2)tei�2 + H.c.). (12)

Here, �� j

i = �
+
i ei� j + ��i e�i� j , and the last two lines contain

both the resonant terms giving rise to the ⇡-pulses, i.e. ⌦1(t)
2 �

�1
1

and ⌦2(t)
2 �

�2
2 , as well as the leading order crosstalk contribu-

tion of each ⇡-pulse on the o↵-resonant ion. The latter are
⌦1(t)

2 (�+2 ei(!2�!1)tei�1 + H.c.) and ⌦2(t)
2 (�+1 ei(!1�!2)tei�2 + H.c.).

In this manner we have considered Eq. (12) as the starting
point of our simulations without doing further assumptions.

After an application of two non simultaneous AXY-4 se-
quences to the ions, we obtain a fidelity of 99.96% for a
gate Uc(t) = exp

⇣
i ⇡4�

z
1�

z
2

⌘
, and of 99.98% for Uc(t) =

exp
⇣
i ⇡8�

z
1�

z
2

⌘
. The time of the gate is in both cases 40 µs,

while we consider a magnetic field gradient of 200 T
m , ⌫1 =

(2⇡) ⇥ 100 KHz, ⌫2 = (2⇡) ⇥ p3 100 KHz and |⌦1| = |⌦2| ⇡
(2⇡) ⇥ 7.6 MHz leading to a ⇡-pulse time of ⇡ 66 ns. Further-
more, we are considering that the bosonic modes, b and c, are
in a initial thermal state each of them containing 0.5 phonons.
In addition and in order to include possible errors sources, we
are considering a Rabi frequency mismatch of 1%, a trap fre-
quency shift of 0.1% that implies a deviation of (2⇡) ⇥ 100
Hz for ⌫1 and of (2⇡) ⇥ p3 100 Hz for ⌫2, while a constant
energy shift of (2⇡) ⇥ 20 KHz on both ions is also present in
the numerics.

V. THE YB ION

VI. AVOIDING CROSSTALK EFFECTS

Our strategy to produce fast ⇡-pulses on the qubits and, at
the same time, achieve single addressing consists on appropri-
ately choosing the Rabi frequency of the drivings as follows:
When one ⇡-pulse is applied on, for example the first qubit we
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Figure 2.2.: AXY-4 pulse sequence. (a) Each composite pulse includes five π-pulses with
tuneable distances among them. (b) Zoom on the composite X and Y pulses with
the corresponding pulse-phases in Hc(t). (c) Modulation function associated to the
composite pulses.

ions decoupled from their motion. To accomplish these two conditions, we will design a
specific MW pulse sequence that, in addition, will eliminate the dephasing noise due to
magnetic field fluctuations or frequency offsets on the registers. Note that, if the latter
are not averaged out, they would spoil the generation of a high-fidelity two-qubit gate.

2.1.2. The AXY-n MW sequence

In order to satisfy Eqs. (2.11) we propose to use variations of the adaptive XY-n (AXY-
n) family of DD sequences introduced in Ref. [267] for nanoscale nuclear magnetic
resonance [282–286]. Unlike previously used pulsed ion-trap DD schemes [266], AXY-nB
consists of nB blocks of 5 non-equally separated π-pulses, as depicted in Fig. 2.2 for the
AXY-4 case, where the inter-pulse spacing can be arbitrarily tuned while the sequence
remains robust [267]. Each π-pulse is applied along an axis in the x-y plane of the Bloch
sphere of each qubit state that is rotated an angle φ with respect to the x axis.

We define two blocks: the X block, made of 5 π-pulses along the axes corresponding
to ~φx ≡ {φx1 , φx2 , φx3 , φx4 , φx5} = {π6 ,

π
2 , 0,

π
2 ,

π
6 }+ ζ, with ζ an arbitrary constant phase,

and the Y block, with rotations along the same axes but shifted by a π/2 phase, i.e.
~φy = {π6 + π

2 , π,
π
2 , π,

π
6 + π

2 }+ζ. The sequence then has nB consecutive X and Y blocks
with the same, tuneable, inter-pulse spacing. For example, the AXY-4 sequence is XYXY.
As illustrated in Fig. 2.2(b), each block is symmetric and has a duration τ . Therefore,
within a five-pulse block the time of application of the first and second pulses, τa and τb
where τa < τb < τ/2, together with τ define the whole sequence.

At the end of any AXY-nB sequence of length nBτ , where nB is an even integer, the
function Gjm(nτ) is zero for values of τ that are a multiple of the oscillation period of
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Figure 2.3.: Absolute value of Gj2(t) after an AXY-4 sequence as a function of τa and τb
(τa < τb < τ/2), for (a): τ = 1× 2π/ν1, (c): τ = 2× 2π/ν1, (e): τ = 3× 2π/ν1.
The dark blue regions show the τa and τb values that correspond to a complete
decoupling of the qubits with the modes at the end of the sequence. The phases
ϕ̃(t) are represented in (b), (d), (f) by the red panels.

mode m, that is for νmτ = 2πr with r ∈ N. This is due to the translational symmetry
of the fj(t) functions, for which fj(t′ + τ) = −fj(t′) and fj(t′ + 2τ) = fj(t′) holds,
meaning that

Gjm(nτ) = νm

∫ nτ

0
dt′fj(t′)e−iνmt

′
(2.12)

=
∑n/2−1
p=0 νm

∫ τ

0
dt′fj(t′)

(
e−iνm[t′+2pτ ] − e−iνm[t′+(2p+1)τ ]

)
= 0

if νmτ is a multiple of 2π, and for n even. This means that a qubit can be left in a
product state with a specific motional mode m regardless of the values of τa and τb.
Unfortunately, the two motional modes in our system have incommensurable oscillation
frequencies (note that ν2/ν1 =

√
3) which leads to the impossibility of finding a τ that,

independently of τa and τb, decouples the qubits from both vibrational modes.
An AXY-4 sequence of a duration 4τ such that τ = 2πr/ν1, makes Gj1(4τ) = 0 for

any choice of τa and τb, while we will numerically look for the values of τa and τb that
minimise |Gj2(4τ)|. For the sake of simplicity in the presentation of this part, we consider
f1(t) = f2(t), i.e. the same sequence is simultaneously applied to both qubits leading to
G1m = G2m. However, when considering real pulses, we will not use simultaneous driving
in order to efficiently eliminate crosstalk effects which leads to an optimal performance of
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2.1 Pulsed DD for fast and robust two-qubit gates

the method, see section 2.1.3. In Fig. 2.3(a) we give a contour colour plot of |Gj2(4τ)|
with τ = 2π/ν1 for all combinations of τa and τb. The dark blue regions represent
the values of τa and τb that minimise the |Gj2(4τ)| functions. Then any pair of τa,b
in that region defines a valid sequence for a two-qubit phase gate. At Fig. 2.3(b), we
give the corresponding value for ϕ̃(4τ) of the resulting two-qubit gate (red panels). In
Figs. 2.3(c), 2.3(d) and 2.3(e), 2.3(f) the same procedure is shown for τ = 2× 2π/ν1
and τ = 3 × 2π/ν1, respectively, i.e. for values r = 2 and r = 3, obtaining several
combinations of τa and τb that result in a phase gate. Finally, to recover the actual
phase ϕ(4τ), we multiply ϕ̃(4τ) by η2

1 = ~γ2
eg

2
B

64Mν3 , according to Eq. (2.9), showing the
dependance of the total phase ϕ on ν and gB .

2.1.3. Tailored sequences and results

We will benchmark the performance of our MW-pulse scheme by means of detailed
numerical simulations. The total Hamiltonian governing the dynamics is H +Hc. In a
rotating frame with respect to H0 and after neglecting terms that rotate at a speed of
tens of GHz (see appendices A.1 and A.3 for more details), the effective Hamiltonian
reads

HI(t) = η1ν1(be−iν1t + b†e+iν1t)σz1 − η2ν2(ce−iν2t + c†e+iν2t)σz1
+ η1ν1(be−iν1t + b†e+iν1t)σz2 + η2ν2(ce−iν2t + c†e+iν2t)σz2

+ Ω1(t)
2 σφ1 + Ω1(t)

2 (σ+
2 e

iδ2teiφ + H.c.)

+ Ω2(t)
2 σφ2 + Ω2(t)

2 (σ+
1 e

iδ1teiφ + H.c.). (2.13)

Here, σφj = σ+
j e

iφ + σ−j e
−iφ, and the last two lines contain both the resonant terms

giving rise to the π-pulses, i.e. Ω1(t)
2 σφ1 and Ω2(t)

2 σφ2 , as well as crosstalk contributions
of each π-pulse on the off-resonant ion. The latter are Ω1(t)

2 (σ+
2 e

iδ2teiφ + H.c.) and
Ω2(t)

2 (σ+
1 e

iδ1teiφ + H.c.), where δ2 = −δ1 = ω2 − ω1. We use Eq. (2.13) as the starting
point of our simulations without any further assumptions. In addition, our numerical
simulations include motional decoherence described by a Lindblad equation accounting
for an environment at a temperature of 50 K as well as static errors on Ω1,2, ω1,2, and ν.

To get rid of crosstalk effects, we use a DD scheme acting non simultaneously on both
ions that, at the same time, meets conditions in Eqs. (2.11), and gives rise to a tuneable
phase gate between the ions. In this respect, one can demonstrate that a term like

H = Ω1(t)
2 σφ1 + Ω1(t)

2 (σ+
2 e

iδ2teiφ + H.c.), (2.14)

for a final time t(1)
π = π

Ω1
, i.e. the required time for a π-pulse on the first ion, has the
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Figure 2.4.: (a) Pulse sequence on the first(second) ion, upper (bottom) panel. The first (second)
ion is driven with an AXY-4 sequence, red (yellow) blocks represent π-pulses. Each
pulse on the second ion is separated by ∆t from the pulses acting on the first ion.
(b) Zoom on two pulses. We can observe the propagators leading to π-pulses, i.e.
exp [−iΩ1,2

2 σφ1,2tπ] (red and yellow blocks), and their unwanted side-effects in the
adjacent ions exp [i δ2,12 σz2,1tπ] (empty blocks).

associated propagator
U
t
(1)
π

= e−i
Ω1
2 σφ1 tπei

δ2
2 σ

z
2 tπ , (2.15)

if and only if the Rabi frequency Ω1 satisfies

Ω1 = δ2√
4k2 − 1

,with k ∈ N. (2.16)

See appendix A.6 for a demonstration of this. In the same manner, the term Ω2(t)
2 σφ2 +

Ω2(t)
2 (σ+

1 e
iδ1teiφ + H.c.) gives rise to U

t
(2)
π

= e−i
Ω2
2 σφ2 tπei

δ1
2 σ

z
1 tπ under the conditions

t
(2)
π = π

Ω2
and Ω2 = |δ1|/

√
4k2 − 1,with k ∈ N. Hence, when the MW driving is applied

non-simultaneously over the registers, one can clearly argue that a π-pulse on the first
ion induces a dephasing-like propagator on the second ion (i.e. ei

δ2
2 σ

z
2 tπ ) and vice versa.

It turns out that our DD sequence successfully eliminates such undesired contribution.
Two blocks of our non simultaneous AXY-nB sequence are depicted in Fig. 2.4(a),

where one has to select τ , τa,b and ∆t. While τ and τa,b define the sequence acting
on the first ion, a temporal translation ∆t of each π-pulse sets the sequence on the
second ion. Note that ∆t must satisfy ∆t > tπ to assure there is no pulse overlap, see
Fig. 2.4(b). As we said before, the construction in Fig. 2.4(a) eliminates the dephasing
terms ei

δ2,1
2 σz2,1tπ . For example, the propagator for the first ion after a XY block U (1)

XY,
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2.1 Pulsed DD for fast and robust two-qubit gates

upper panel in Fig. 2.4(a), reads

U
(1)
XY =

[
ei
δ1
2 σ

z
1 tπσ

φy5
1

][
ei
δ1
2 σ

z
1 tπσ

φy4
1

][
ei
δ1
2 σ

z
1 tπσ

φy3
1

][
ei
δ1
2 σ

z
1 tπσ

φy2
1

][
ei
δ1
2 σ

z
1 tπσ

φy1
1

]
[
ei
δ1
2 σ

z
1 tπσ

φx5
1

][
ei
δ1
2 σ

z
1 tπσ

φx4
1

][
ei
δ1
2 σ

z
1 tπσ

φx3
1

][
ei
δ1
2 σ

z
1 tπσ

φx2
1

][
ei
δ1
2 σ

z
1 tπσ

φx1
1

]
= σ

φy5
1 σ

φy4
1 σ

φy3
1 σ

φy2
1 σ

φy1
1 σ

φx5
1 σ

φx4
1 σ

φx3
1 σ

φx2
1 σ

φx1
1 , (2.17)

where the last equality can be achieved using {σz1 , σ
φx,y

1 } = 0. Equation (2.17) describes a
situation without motional degrees of freedom. However the cancelation of the dephasing
terms is still valid if one includes the spin-motion coupling terms because they depend
on σz1,2, see Eq. (2.1), and the operators ei

δ1,2
2 σz1,2tπ commute with them leading to the

same cancelation.
In the same manner, one can find the propagator for the second ion U (2)

XY, see lower
panel in Fig. 2.4(a). This propagator reads

U
(2)
XY =

[
σ
φy5
2 ei

δ2
2 σ

z
2 tπ

][
σ
φy4
2 ei

δ2
2 σ

z
2 tπ

][
σ
φy3
2 ei

δ2
2 σ

z
2 tπ

][
σ
φy2
2 ei

δ2
2 σ

z
2 tπ

][
σ
φy1
2 ei

δ2
2 σ

z
2 tπ

]
[
σ
φx5
2 ei

δ2
2 σ

z
2 tπ

][
σ
φx4
2 ei

δ2
2 σ

z
2 tπ

][
σ
φx3
2 ei

δ2
2 σ

z
2 tπ

][
σ
φx2
2 ei

δ2
2 σ

z
2 tπ

][
σ
φx1
2 ei

δ2
2 σ

z
2 tπ

]
= σ

φy5
2 σ

φy4
2 σ

φy3
2 σ

φy2
2 σ

φy1
2 σ

φx5
2 σ

φx4
2 σ

φx3
2 σ

φx2
2 σ

φx1
2 . (2.18)

We can see that after an XY block, there is no contribution of dephasing like operators,
see the last lines in Eqs. (2.17) and (2.18). Hence, a sequence XYXY applied to both
ions following the scheme in Fig. 2.4(a) will also share this property with the additional
advantage of being robust against control errors [267].

After simulating the application of a non-simultaneous AXY-4 sequence, we show
the results (infidelities) in Table 2.1. It is noteworthy that our numerical results have
been calculated including motional decoherence. More specifically, we have added to the
dynamics governed by the Hamiltonian in Eq. (2.13) a dissipative term of the form, see
for example [287],

D(ρ) = Γb
2

{
(N̄b + 1)(2bρb† − b†bρ− ρb†b) + N̄b(2b†ρb− bb†ρ− ρbb†)

}
(2.19)

+ Γc
2

{
(N̄c + 1)(2cρc† − c†cρ− ρc†c) + N̄c(2c†ρc− cc†ρ− ρcc†)

}
,

where an estimation of the values for the heating rates Γb,c is given in appendix A.7 for
each of the specific examples considered here, while N̄b,c = 1/(e~ν1,2/kBT − 1) where we
have considered a temperature of T = 50K.

We computed the gate infidelity for the following situations. Firstly, we simulated the
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Chapter 2. Quantum Logic with MW-Driven Trapped Ions

Table 2.1.: Infidelities (I) for two-qubit gates after the application of 20 imperfect MW pulses on
each ion, according to our AXY-4 protocol, for several initial states, ψj , and different
experimental conditions, see main text. We focus in π/4 and π/8 entangling phase
gates, however our method is general and can achieve any phase. Initial states,
up to normalisation, are ψ1 = |g〉 ⊗ (|g〉 + |e〉), ψ2 = (|g〉 + |e〉) ⊗ (|g〉 + |e〉),
ψ3 = |g〉 ⊗ (|g〉 + i|e〉) + |e〉 ⊗ |e〉, ψ4 = |e〉 ⊗ (|g〉 − i|e〉) + |g〉 ⊗ |g〉, and ψ5 =
|e〉 ⊗ (|g〉 − i|e〉) + |g〉 ⊗ (|g〉+ i|e〉).

I (×10−4) exp(iπ4σ
z
1σ

z
2) exp(iπ8σ

z
1σ

z
2) exp(iπ4σ

z
1σ

z
2) exp(iπ8σ

z
1σ

z
2)

η1 = 0.069 η1 = 0.069 η = 0.078 η1 = 0.078
TG = 80 µs TG = 80 µs TG = 36.3 µs TG = 36.3 µs

ψ1 1.172 0.128 2.060 0.144
ψ2 2.229 0.136 4.905 0.304
ψ3 3.052 0.116 5.899 0.371
ψ4 4.631 0.172 5.946 0.413
ψ5 3.250 0.110 4.635 0.293

gates exp(iπ4σ
z
1σ

z
2) and exp(iπ8σ

z
1σ

z
2), second and third columns in Table 2.1, with a gate

time of 80 µs for a magnetic field gradient of gB = 150 Tm [276]. We designed the MW
sequence such that τ = 3× 2πr/ν1 leading to a gate time which is 12 times the period of
the center-of-mass mode. Other relevant parameters are ν1 = ν2/

√
3 = (2π)× 150 kHz,

π-pulse time of ≈ 75 ns that implies a Rabi frequency of Ω1 = Ω2 = Ω ≈ (2π)× 6.63
MHz, and ω2 − ω1 = (2π) × 25.7 MHz, while we have chosen ∆t as 1.05 times the
π-pulse time. Both bosonic modes are initially in a thermal state1 with 0.2 phonons
each [256]. In addition to heating processes with rates ΓbN̄b ≈ (2π) × 133 Hz and
ΓcN̄c ≈ (2π)× 9 Hz (appendix A.7), our simulations include a Rabi frequency mismatch
of 1%, a trap frequency shift of 0.1%, and an energy shift of (2π)× 20 kHz on both ions.

Secondly, we also target the gates exp(iπ4σ
z
1σ

z
2) and exp(iπ8σ

z
1σ

z
2), fourth and fifth

columns in Table 2.1, but now with gB = 300 Tm . The gate time is 36.3 µs, i.e. 8 times
the oscillation period of the center-of-mass mode whose frequency is ν = ν1 = ν2/

√
3 =

(2π) × 220 kHz. Other parameters are Ω ≈ (2π) × 10 MHz, π-pulse time of ≈ 49 ns,
ω2 − ω1 = (2π) × 39.8 MHz and the energy shift upon the ions, errors on Rabi and
trap frequencies, ∆t, and the initial bosonic states are the same as in the previous case.
Because of the new value for gB, the heating rates had to be recalculated leading to
ΓbN̄b ≈ (2π)× 248 Hz and ΓcN̄c ≈ (2π)× 16 Hz.

In Table 2.1 we find that, even in the presence of the errors we have included, our
method leads to fast two-qubit gates with fidelities exceeding 99,9%. Finally, we note
that higher values of gB will result in faster gates.

In summary, we have demonstrated that pulsed DD schemes are efficient generators of
fast and robust two-qubit gates. Our MW sequence forces the two motional modes in a
certain direction to cooperate and makes the gate fast and robust against external noise

1A thermal state of a bosonic mode is defined as ρT =
∑∞

n=0
n̄n

(n̄+1)n+1 |n〉〈n|
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2.2 Hybrid MW radiation patterns for high-fidelity quantum gates

sources including motional heating.

2.2. Hybrid MW radiation patterns for high-fidelity
quantum gates

In this section, we present a method to generate two-qubit gates among trapped ions
that combines pulsed and continuous MW radiation patterns in the far-field regime. As
opposed to the previous method, this one is designed to be applied with a small LD
parameter η ∼ 0.01, and it is directly applicable in chains with more than two ions as
the gate is mediated by a single motional mode. Similar to the previous method, this
scheme is also protected against magnetic fluctuations, errors on the delivered MW fields,
and crosstalk effects caused by the use of long wavelength MW radiation. Moreover, our
protocol is flexible since it runs with arbitrary values of the MW power. In particular,
inspired by results in Refs. [288, 289], this method involves phase-modulated drivings,
phase flips, and refocusing π pulses leading to high-fidelity entangling gates within current
experimental limitations. We numerically test the performance of our gates in the presence
of magnetic fluctuations of different intensities, deviations on the MW Rabi frequencies,
as well as under motional heating. We demonstrate the achievement of fidelities largely
exceeding 99% in realistic experimental scenarios, while values larger than 99.9% are
reachable with small improvements.

2.2.1. Method: bichromatic gate with continuous DD

As in the previous section, we consider two 171Yb+ ions sitting next to each other in
the longitudinal direction z of a linear harmonic trap. We define a qubit using two
states of the 6s2S1/2 hyperfine manifold. These are |g〉 ≡ {F = 0,mF = 0}, and
|e〉 ≡ {F = 1,mF = 1}. Due to the Zeeman effect, the frequency of the jth qubit
is ωj = ω0 + γeB(z0

j )/2, where ω0 = (2π) × 12.6 GHz, γe = (2π) × 2.8 MHz/Gauss,
see [281], and z0

j is the equilibrium position of the ion. The presence of a constant
magnetic field gradient ∂B/∂z = gB in the z direction results in different values of ωj for
each qubit, which allows individual control on each ion with MW fields [269, 290]. The
Hamiltonian of the system can be written as

H = ω1

2 σz1 + ω2

2 σz2 + νa†a+ ην(b+ b†)Sz , (2.20)

where Sz = σz1 + σz2 , b†(b) is the creation (annihilation) operator that correspond to the
center-of-mass mode, ν is the trap frequency and η = γegB

8ν

√
~
Mν is the LD parameter

that quantifies the strength of the qubit-boson interaction.
Bichromatic MW drivings, at detuning δ, can be applied to both ions. Then, Hamil-

tonian (2.20) in a rotating frame with respect to H0 = ω1
2 σ

z
1 + ω2

2 σ
z
2 + νb†b reads (see
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Chapter 2. Quantum Logic with MW-Driven Trapped Ions

appendix B.1 for additional details about the involved interaction pictures)

H = ην(be−iνt + b†eiνt)Sz + Ω cos (δt)Sx. (2.21)

For the sake of clarity, we have omitted the presence of the breathing mode in Eqs. (2.20)
and (2.21), as well as the crosstalk terms in Eq. (2.21). However, these will be included
in our numerical simulations to demonstrate that they have a negligible impact in our
scheme. Furthermore, in appendix B.2 one can find a complete description of the system
Hamiltonian. Now, we move to a second rotating frame with respect to Ω cos (δt)Sx (this
is known as the bichromatic interaction picture [264, 291, 292]) and use the Jacobi-Anger
expansion (eiz sin (θ) =

∑+∞
n=−∞ Jn(z) einθ, with Jn(z) being Bessel functions of the first

kind) to obtain

H = ην(be−iνt + H.c.)
{
J0

(2Ω
δ

)
Sz + 2J1

(2Ω
δ

)
sin (δt)Sy

}
. (2.22)

Note we only keep terms up to the first order of the Jacobi-Anger expansion, since higher
order terms would not lead to any significant contribution if Ω� δ. If we choose δ = ν+ξ
with ξ � ν, and neglect all terms that rotate with ν by invoking the RWA, we find the
gate Hamiltonian

HG = iηνJ1

(2Ω
δ

){
b†e−iξt −H.c.

}
Sy ≈ i

ηνΩ
δ

{
b†e−iξt −H.c.

}
Sy, (2.23)

where we used J1(x) ≈ x/2 for small x. For evolution times tn = 2πnRT/ξ where
nRT ∈ N, the time-evolution operator associated to Eq. (2.23) is

UG(tn) = exp (iθnS2
y) (2.24)

with θn = 2πnRTη
2ν2J2

1 (2Ω/δ)/ξ2 ≈ 2πnRTη
2Ω2/ξ2 [49–51]. By tuning the parameters

such that θn = π/8, the propagator UG evolves the initial (separable) state |g,g〉 into the
maximally entangled Bell state 1√

2 (|g,g〉+ i|e,e〉).

In order to protect this gate scheme from magnetic field fluctuations of the kind
ε1(t)

2 σz1 + ε2(t)
2 σz2 (ε1,2(t) being stochastic functions) we introduce an additional MW

driving that will suppress their effect. We select a MW driving such that it enters in
Eq. (2.21) as a carrier term of the form ΩDD

2 Sy leading to

H = ην(be−iνt + b†eiνt)Sz + Ω cos (δt)Sx + ΩDD

2 Sy. (2.25)

In the bichromatic picture, Eq. (2.25) reads (note that in the following, we adopt the

27



2.2 Hybrid MW radiation patterns for high-fidelity quantum gates

-0 01 -0 005 0 0 005 0 01
0.8

0.9

1

-0.01 -0.005 0 0.005 0.01
0.999
0.9992
0.9994
0.9996
0.9998

-2 -1 0 1 2
0.8

0.9

1

-2 -1 0 1 2
0.8

0.9

1

F
<latexit sha1_base64="ACzl4t/5Du62DNMzihm6aU7YIgY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BQTwmYB6QLGF20puMmZ1dZmaFEPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSwfzDhBP6IDyUPOqLFS/a5XLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU147U+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNCtl76JcqV+WqjdZHHk4gVM4Bw+uoAr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AZu/jM4=</latexit>

�(t) = 0
<latexit sha1_base64="m/aBOzOQ36fvv/ZFyUz3w0W6vpQ=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYhDiJexGQS9C0IvHCOYhyRJmJ7PJkJnZZaZXCCFf4cWDIl79HG/+jZNkD5pY0FBUddPdFSaCG/S8b2dldW19YzO3ld/e2d3bLxwcNkycasrqNBaxboXEMMEVqyNHwVqJZkSGgjXD4e3Ubz4xbXisHnCUsECSvuIRpwSt9NhJBryEZ9det1D0yt4M7jLxM1KEDLVu4avTi2kqmUIqiDFt30swGBONnAo2yXdSwxJCh6TP2pYqIpkJxrODJ+6pVXpuFGtbCt2Z+ntiTKQxIxnaTklwYBa9qfif104xugrGXCUpMkXni6JUuBi70+/dHteMohhZQqjm9laXDogmFG1GeRuCv/jyMmlUyv55uXJ/UazeZHHk4BhOoAQ+XEIV7qAGdaAg4Rle4c3Rzovz7nzMW1ecbOYI/sD5/AGn/o+n</latexit>

�(t) 6= 0
<latexit sha1_base64="tflg/TguvTiWWwbBpwjHJdYYkxc=">AAAB9HicbVDLTgJBEJzFF+IL9ehlIjHBC9lFEz0SvXjERB4JbMjs0MCE2dllppeEEL7DiweN8erHePNvHGAPClbSSaWqO91dQSyFQdf9djIbm1vbO9nd3N7+weFR/vikbqJEc6jxSEa6GTADUiiooUAJzVgDCwMJjWB4P/cbY9BGROoJJzH4Iesr0ROcoZX8djwQRbxsKxhRt5MvuCV3AbpOvJQUSIpqJ//V7kY8CUEhl8yYlufG6E+ZRsElzHLtxEDM+JD1oWWpYiEYf7o4ekYvrNKlvUjbUkgX6u+JKQuNmYSB7QwZDsyqNxf/81oJ9m79qVBxgqD4clEvkRQjOk+AdoUGjnJiCeNa2FspHzDNONqccjYEb/XldVIvl7yrUvnxulC5S+PIkjNyTorEIzekQh5IldQIJyPyTF7JmzN2Xpx352PZmnHSmVPyB87nD5WTkVI=</latexit>a) b) c)

-1 -0.5 0 0.5 1
�⌦DD(%)

<latexit sha1_base64="EtJxGCrccvq654zvUwKh/49UerI=">AAACBHicbVC7SgNBFJ2NrxhfUcs0gyEQm7AbBS2DprAzgnlAdllmJzfJkJndZWZWCEsKG3/FxkIRWz/Czr9x8ig08cCFwzn3cu89QcyZ0rb9bWXW1jc2t7LbuZ3dvf2D/OFRS0WJpNCkEY9kJyAKOAuhqZnm0IklEBFwaAej66nffgCpWBTe63EMniCDkPUZJdpIfr7g9oBrgt1bAQPip64UuF6f4LJbOvXzRbtiz4BXibMgRbRAw89/ub2IJgJCTTlRquvYsfZSIjWjHCY5N1EQEzoiA+gaGhIByktnT0xwySg93I+kqVDjmfp7IiVCqbEITKcgeqiWvan4n9dNdP/SS1kYJxpCOl/UTzjWEZ4mgntMAtV8bAihkplbMR0SSag2ueVMCM7yy6ukVa04Z5Xq3XmxdrWII4sK6ASVkYMuUA3doAZqIooe0TN6RW/Wk/VivVsf89aMtZg5Rn9gff4Ag3WWtA==</latexit>

�⌦ (%)
<latexit sha1_base64="J/ijv/YObElKap3vV9sgLTaZ0eM=">AAACG3icbVDLSgNBEJyNrxhfUY9eBkMgXsJuFPQYNAdvRjAPyC7L7KSTDJnZXWZmhbDkP7z4K148KOJJ8ODfOHkcTGJBQ1HVTXdXEHOmtG3/WJm19Y3Nrex2bmd3b/8gf3jUVFEiKTRoxCPZDogCzkJoaKY5tGMJRAQcWsHwZuK3HkEqFoUPehSDJ0g/ZD1GiTaSn68U3S5wTbB7J6BP/NSVAtdqY1xyi2e5BQ9jd6r6+YJdtqfAq8SZkwKao+7nv9xuRBMBoaacKNVx7Fh7KZGaUQ7jnJsoiAkdkj50DA2JAOWl09/GuGiULu5F0lSo8VT9O5ESodRIBKZTED1Qy95E/M/rJLp35aUsjBMNIZ0t6iUc6whPgsJdJoFqPjKEUMnMrZgOiCRUmzhzJgRn+eVV0qyUnfNy5f6iUL2ex5FFJ+gUlZCDLlEV3aI6aiCKntALekPv1rP1an1Yn7PWjDWfOUYLsL5/AdntniI=</latexit>

-1 0 1 2-2
0.8

1

0.9

0.999

1

-1 -0.5 0 0.5 1

F
<latexit sha1_base64="ACzl4t/5Du62DNMzihm6aU7YIgY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BQTwmYB6QLGF20puMmZ1dZmaFEPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSwfzDhBP6IDyUPOqLFS/a5XLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU147U+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNCtl76JcqV+WqjdZHHk4gVM4Bw+uoAr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AZu/jM4=</latexit> F

<latexit sha1_base64="ACzl4t/5Du62DNMzihm6aU7YIgY=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BQTwmYB6QLGF20puMmZ1dZmaFEPIFXjwo4tVP8ubfOEn2oIkFDUVVN91dQSK4Nq777eTW1jc2t/LbhZ3dvf2D4uFRU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj25nfekKleSwfzDhBP6IDyUPOqLFS/a5XLLlldw6ySryMlCBDrVf86vZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApObNKn4SxsiUNmau/JyY00nocBbYzomaol72Z+J/XSU147U+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpuCDcFbfnmVNCtl76JcqV+WqjdZHHk4gVM4Bw+uoAr3UIMGMEB4hld4cx6dF+fd+Vi05pxs5hj+wPn8AZu/jM4=</latexit>

✏/2⇡ (kHz)
<latexit sha1_base64="8KxTWy0hqCluS9yai/d1tSeD0lI=">AAACAXicbVC7SgNBFJ2NrxhfqzaCzWAQYhN3o6Bl0CZlBPOA7BJmJ7PJkHksM7NCDLHxV2wsFLH1L+z8GyfJFho9cOFwzr3ce0+UMKqN5305uaXlldW1/HphY3Nre8fd3WtqmSpMGlgyqdoR0oRRQRqGGkbaiSKIR4y0ouH11G/dEaWpFLdmlJCQo76gMcXIWKnrHgQk0ZRJcVoJEgoDGCheGtbuT7pu0St7M8C/xM9IEWSod93PoCdxyokwmCGtO76XmHCMlKGYkUkhSDVJEB6iPulYKhAnOhzPPpjAY6v0YCyVLWHgTP05MUZc6xGPbCdHZqAXvan4n9dJTXwZjqlIUkMEni+KUwaNhNM4YI8qgg0bWYKwovZWiAdIIWxsaAUbgr/48l/SrJT9s3Ll5rxYvcriyINDcARKwAcXoApqoA4aAIMH8ARewKvz6Dw7b877vDXnZDP74Becj2/kwZXg</latexit>

-1 0 1 2-2
✏/2⇡ (kHz)

<latexit sha1_base64="8KxTWy0hqCluS9yai/d1tSeD0lI=">AAACAXicbVC7SgNBFJ2NrxhfqzaCzWAQYhN3o6Bl0CZlBPOA7BJmJ7PJkHksM7NCDLHxV2wsFLH1L+z8GyfJFho9cOFwzr3ce0+UMKqN5305uaXlldW1/HphY3Nre8fd3WtqmSpMGlgyqdoR0oRRQRqGGkbaiSKIR4y0ouH11G/dEaWpFLdmlJCQo76gMcXIWKnrHgQk0ZRJcVoJEgoDGCheGtbuT7pu0St7M8C/xM9IEWSod93PoCdxyokwmCGtO76XmHCMlKGYkUkhSDVJEB6iPulYKhAnOhzPPpjAY6v0YCyVLWHgTP05MUZc6xGPbCdHZqAXvan4n9dJTXwZjqlIUkMEni+KUwaNhNM4YI8qgg0bWYKwovZWiAdIIWxsaAUbgr/48l/SrJT9s3Ll5rxYvcriyINDcARKwAcXoApqoA4aAIMH8ARewKvz6Dw7b877vDXnZDP74Becj2/kwZXg</latexit>

nPF = 0
<latexit sha1_base64="is1/3TRY8jG8qe7BbKYbDWL7iLM=">AAAB83icdVDLSgMxFM3UV62vqks3wSK4KpmqtV0IRUFcVrAP6Awlk2ba0CQzJBmhDP0NNy4UcevPuPNvTNsRVPTAhcM593LvPUHMmTYIfTi5peWV1bX8emFjc2t7p7i719ZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknGF/N/M49VZpF8s5MYuoLPJQsZAQbK3myn3pKwOb19AL1iyVUPquieq0KURnNYYl7Uq9UXOhmSglkaPaL794gIomg0hCOte65KDZ+ipVhhNNpwUs0jTEZ4yHtWSqxoNpP5zdP4ZFVBjCMlC1p4Fz9PpFiofVEBLZTYDPSv72Z+JfXS0xY81Mm48RQSRaLwoRDE8FZAHDAFCWGTyzBRDF7KyQjrDAxNqaCDeHrU/g/aVdsLOXK7WmpcZnFkQcH4BAcAxecgwa4AU3QAgTE4AE8gWcncR6dF+d10Zpzspl98APO2ydyapFN</latexit>

nPF = 1
<latexit sha1_base64="cGVBiu9HnQLkDZNM/7bU7drYVWo=">AAAB83icdVDLSsNAFJ3UV62vqks3g0VwFZImaLsQioK4rGAf0IQymU7aoTOTMDMRSuhvuHGhiFt/xp1/4/QhqOiBC4dz7uXee6KUUaUd58MqrKyurW8UN0tb2zu7e+X9g7ZKMolJCycskd0IKcKoIC1NNSPdVBLEI0Y60fhq5nfuiVQ0EXd6kpKQo6GgMcVIGykQ/TyQHDavpxduv1xxbK9eq/oOdOyzql/z6oa4vud4LnRtZ44KWKLZL78HgwRnnAiNGVKq5zqpDnMkNcWMTEtBpkiK8BgNSc9QgThRYT6/eQpPjDKAcSJNCQ3n6veJHHGlJjwynRzpkfrtzcS/vF6m41qYU5Fmmgi8WBRnDOoEzgKAAyoJ1mxiCMKSmlshHiGJsDYxlUwIX5/C/0m7arueXb31K43LZRxFcASOwSlwwTlogBvQBC2AQQoewBN4tjLr0XqxXhetBWs5cwh+wHr7BI34kWA=</latexit>

0.8

1

0.9

Figure 2.5.: Resilience to constant errors for gB = 20.9 T/m and ν = (2π)×138 kHz (η = 0.011)
and Ω = (2π)× 26 kHz. (a) Bell state fidelity for ΩDD = 0 (blue dashed curve)
and ΩDD = (2π)× 49 kHz (green solid curve). Right and left panels show the cases
with and without phase modulation respectively. (b) Bell state fidelity for nPF = 1
(solid green curve) and for nPF = 0 (red dashed curve). (c) Bell state fidelity with
respect to constant shifts in Ω(t).

convention J0,1

(
2Ω
δ

)
≡ J0,1)

H = ην(be−iνt + b†eiνt)
{
J0Sz + 2J1 sin (δt)Sy

}
+ΩDD

2

{
J0Sy − 2J1 sin (δt)Sz

}
. (2.26)

The new driving ΩDD
2 Sy leads to the appearance of the second line in Eq. (2.26). Here,

the ΩDD
2 J0Sy term is the responsible of removing magnetic field fluctuations, while

J1ΩDD sin (δt)Sz interferes with the gate and has to be eliminated. This term can be
neglected under a RWA only if ΩDD � δ, thus, its presence limits the range of applicability
of our method since larger values for ΩDD are desirable to better remove the effect of
magnetic field fluctuations. To overcome this problem, we introduce in all MW drivings,
i.e. those leading to the terms Ω cos (δt)Sx and ΩDD

2 Sy in Eq. (2.25), a time-dependent
phase that will eliminate J1ΩDD sin (δt)Sz. This time-dependent phase follows equation

φ(t) = 4ΩDDJ1

δJ0
sin2 (δt/2). (2.27)

The presence of φ(t) changes Hamiltonian (2.25) to (see appendix B.2)

H = ην(be−iνt + b†eiνt)Sz + Ω cos (δt)S‖φ + ΩDD

2 S⊥φ , (2.28)

with S‖φ ≡ S+eiφ(t) + H.c. and S⊥φ ≡ −iS+eiφ(t) + H.c. In a rotating frame with respect
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Figure 2.6.: Scheme of the control parameters. (a) Bichromatic driving Ω(t) = Ω cos (δt).
(b) Phase modulation of the bichromatic driving. The change of sign during the
second half of the evolution is due to the phase flip of the carrier driving. Here,
φm = max (|φ(t)|) (c) Carrier driving acting equivalently on both ions except in
the middle, where each ion undergoes a 180◦ (red) and 360◦ (green) rotation
respectively. (d) Phase modulation of the DD field. During the second part of the
evolution, the phase is flipped from −π/2 to π/2.

to − φ̇(t)
2 Sz we find

H =
{
ην(be−iνt + H.c.) + φ̇(t)

2

}
Sz + Ω cos (δt)Sx + ΩDD

2 Sy. (2.29)

Now, in the bichromatic interaction picture, the previous Hamiltonian transforms as

H̃ = ην(be−iνt + H.c.)
{
J0Sz + 2J1 sin (δt)Sy

}
(2.30)

+ Ω̃DD

2 Sy − ΩDDJ
2
1/J0 cos (2δt)Sy,

where Ω̃DD = J0ΩDD(1 + 2J2
1/J

2
0 ). Here we can see that, due to the action of φ(t),

the interfering J1ΩDD sin (δt)Sz term is removed. Instead, in Eq. (2.30) we find the
term ΩDDJ

2
1/J0 cos (2δt)Sy, which has a small coupling constant (ΩDDJ

2
1/J0) and that

commutes with the gate Hamiltonian (2.23). In Fig. 2.5(a) (left panel) we show the
obtained Bell state fidelity without phase modulation, i.e. by using Hamiltonian (2.25),
for different values of a constant energy deviation ε in the qubit resonance frequencies.
The blue dashed curve corresponds to the case ΩDD = 0, where the scheme does not
offer protection against ε, while the green solid curve incorporates the driving leading to
the carrier ΩDD

2 Sy. Fig. 2.5(a) (right panel) shows the case with phase modulation in
Eq. (2.28) that achieves larger fidelities.
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2.2 Hybrid MW radiation patterns for high-fidelity quantum gates

Our method can be further improved since the first term in Eq. (2.30), i.e. ην(be−iνt +
H.c.)J0Sz, leads to undesired accumulative effects that we can correct. The latter can be
calculated in a rotating frame with respect to Ω̃DDSy/2 and computing the second-order
Hamiltonian, which reads

H̃ ≈ HG − gΩ̃(2b†b+ 1)Sy −
gν
2 (S2

x + S2
z ), (2.31)

where, gΩ̃ = Ω̃DDη
2J2

0
1−Ω̃2

DD/ν
2 , gν = νη2J2

0
1−Ω̃2

DD/ν
2 , see appendix B.3. Although small, the terms

gΩ̃(2b†b + 1)Sy and gν
2 (S2

x + S2
z ) spoil a superior gate performance. Hence, we will

eliminate them by introducing refocusing techniques. In particular, to nearly remove the
gΩ̃(2b†b+ 1)Sy term, we divide the evolution in two parts, and flip the phase of the carrier
driving during the second part of the evolution. In this respect, a scheme of the control
parameters can be seen in Fig. 2.6. This phase flip causes a change in the sign of ΩDD,
(i.e. ΩDD → −ΩDD) which acts as a refocusing of unwanted shifts in Sy. This strategy
is also valid to minimise the errors due to constant shifts in ΩDD as it can be seen in
Fig. 2.5(b). Note that the phase flip of the carrier forces us to also change the sign of
φ(t), since Eq. (2.27) should hold during the implementation of the gate. As we will see
later, performing a large number of phase flips (nPF) will further suppress fluctuations on
the carrier driving, while it also limits the possible values for ΩDD, check appendix B.1
for additional details.

A partial refocusing of the term gν
2 (S2

x + S2
z ) in Eq. (2.31) is also possible by rotating

one of the qubits in the middle and at the end of the gate via π pulses. In particular,
if these π pulses are performed along the y axis, i.e., each π pulse equals exp (iπ/2σy1 ),
the S2

x and S2
z operators change their sign simultaneously, while S2

y remains unchanged.
The combined action of phase flips and π pulses allows us to approximate Eq. (2.31)
as H̃ ≈ HG. It is noteworthy to mention that off-resonant vibrational modes would
contribute with accumulative factors similar to the last term in Eq. (2.31). Then, these
are refocused by the two π pulses as we will show in our numerical simulations. As
our method removes undesired effects due to additional vibrational modes, it is directly
applicable to produce entangling gates between any two ions in a large chain. In addition,
one can always consider to concatenate sequences of two-qubit operations leading to
multi-qubit gates [251]. For completeness in our analysis, in Fig. 2.5(c) we plot the Bell
state fidelity with respect to constant shifts in Ω(t). Note that our scheme also shows
robustness with respect to this kind of errors, since a shift in Ω(t) rotates with frequency
δ which diminishes its effect.

2.2.2. Optimal refocusing and results

To demonstrate the performance of our method in realistic experimental scenarios, we
calculate the Bell state fidelity with fluctuating errors in both magnetic and driving fields,
as well as in the presence of motional heating. Furthermore, our simulations include
crosstalk terms, and the off-resonant breathing mode (the initial state of both motional
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Chapter 2. Quantum Logic with MW-Driven Trapped Ions

modes is a thermal state with an average number of phonons n̄ = 1). The results
are shown in Fig. 2.7 for two different parameter regimes. These are gB = 20.9 T/m,
ν = (2π) × 138 kHz and Ω = (2π) × 37 kHz on the left figure, and gB = 38.5 T/m,
ν = (2π) × 207 kHz and Ω = (2π) × 26.6 kHz on the right figure (note both regimes
have a LD parameter η = 0.011).

Blue squares indicate Bell state infidelities obtained with our method. Here, a total
number of 31 phase flips were employed. Notice that, for ΩDD = 0 fidelities are below
99% even without fluctuating errors. We identify that this is due to the crosstalk of
the MW driving fields at Rabi frequency Ω, since these induce frequency shifts in the
off-resonant qubits. If ΩDD 6= 0, these energy shifts are cancelled and we find fidelities
ranging from 99, 9% to 99, 99%. Note that these values are obtained using moderate MW
radiation power, rather than with Rabi frequencies on the order of MHz as in section 2.1.
The parameters in the right panel are more favourable for several reasons: first, the
Rabi frequency is smaller than for the left case and the magnetic field gradient is larger;
both lower crosstalk effects. Second, a larger trap frequency lowers the effect of the
off-resonant mode. Finally, a smaller Ω/δ ratio is also preferable to avoid any effect of
higher-order Bessel functions. In this respect, note we always truncate the Jacobi-Anger
expansion to the first order, see Eq. (2.30). Black squares indicate the infidelities obtained
without phase modulation. As expected, phase modulation is crucial to remove energy
shifts induced by ΩDD.

Other curves take into account the heating of the center-of-mass mode and fluctuating
errors in the magnetic field and MW drivings. The effect of the former is introduced
in our model with a dissipative term as the one described in Eq. (2.19) for two modes,
whereas in this case T = 300K was chosen. In the left panel, we consider a heating rate
of ˙̄n ≈ 300 ph/s [256, 276, 287]. For the right panel, we consider a more favourable
scenario with ˙̄n ≈ 200 ph/s.

Magnetic and MW fluctuations are introduced via an Ornstein-Uhlenbeck (OU) stochas-
tic process [293]. Each point in Fig. 2.7 corresponds to 100 realisations. The OU process
is characterised by the correlation time τB and coherence time T2 for the magnetic field
fluctuations, while τΩ and the relative amplitude error δΩ are used for the MW driving
field fluctuations. For the driving fields, we choose a correlation time of τB = 500 µs
and a relative amplitude error of δΩ = 0.5% in the left panel, and a correlation time
of τΩ = 1 ms and δΩ = 0.25% in the right panel [294]. Different strengths for the
magnetic field fluctuations are given by the red, green and purple squares, with parameters
(τ, T2) = (0.05, 0.5), (0.1, 1), and (0.2, 2) ms, respectively.

Our numerical simulations predict fidelities above 99% even for the worst case corre-
sponding to (τ, T2) = (0.05, 0.5) ms and with current heating rates (left panel). In a
more optimistic experimental scenario with (τ, T2) = (0.2, 2) ms, our protocol leads to
fidelities larger than 99, 9% for distinct values of ΩDD (right panel).

In this section, we have proposed a method for the generation of entangling gates that
combines phase-modulated continuous MW drivings with phase flips and refocusing π
pulses to produce entangling gates with high fidelity. Numerical simulations including the
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Figure 2.7.: Logarithm of the Bell state infidelity as a function of ΩDD, for gB = 20.9 T/m,
ν = (2π) × 138 kHz and Ω = (2π) × 37 kHz (left panel), and gB = 38.5 T/m,
ν = (2π)×207 kHz and Ω = (2π)×26.6 kHz (right panel). Blue and black squares
take into account crosstalk effects and the presence of the off-resonant vibrational
mode, with and without phase modulation, respectively. Other curves include
motional heating of the center-of-mass mode, and fluctuations of the magnetic
field as well as the driving fields. The red, green and purple squares correspond
to different error parameters (τ, T2) = (0.05, 0.5), (0.1, 1), and (0.2, 2) ms that
characterise magnetic field fluctuations.

main sources of decoherence show that fidelities on Bell-state preparation exceeding 99%
are possible within current experimental limitations, while fidelities larger than 99.9% are
achievable with further experimental improvement.
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3 Quantum Simulation of Light-Matter
Interactions

Understanding the interactions that emerge among two-level atoms (qubits) and bosonic
field modes is of major importance for the development of quantum technologies. The
qubit-boson interaction governs the dynamics of distinct quantum platforms such as cavity
QED [21, 170], trapped ions [171] or superconducting circuit [172], that can achieve the
SC regime. Here, the qubit-boson Rabi coupling g is usually much smaller than the field
frequency, but larger than the coupling to the environment. In these conditions, the JC
model [168] that appears after applying the RWA provides an excellent description of
the system. In the last decade, experiments in circuit QED have achieved couplings well
above the USC regime (g/ω & 0.1) [189], hindering a perturbative treatment of the QRM.
In the DSC regime, (g/ω & 1) the full QRM has to be considered, and the associated
physics is different from the one described by JC model [194].

In this chapter, we study two different extensions of the QRM, namely the Rabi-Stark
model and the nonlinear QRM. In the former, a Stark coupling term is added to the QRM,
which leads to multi-photon selective interactions in the SC and USC regimes. The latter
is natural to the implementation of the QRM in trapped ions, when moving beyond the
LD regime.

3.1. Selective interactions in the Rabi-Stark model

The QRM with a Stark coupling term, named the Rabi-Stark model [295] (in the following
we will also use that denomination) was first considered by Grimsmo and Parkins [296, 297].
The study of its energy spectrum [295, 298, 299] has revealed some interesting features
such as a spectral collapse or a first-order phase transition [299], which connects it with
the two-photon QRM [300–306] or with the anisotropic QRM [307]. On the other hand,
dynamical features of the JC model with a Stark coupling term have been studied in the
past [308–313]. The Stark coupling is useful to restrict the resonance condition and the
Rabi oscillations to a preselected JC doublet, leaving the other doublets in a dispersive
regime. This selectivity has found applications for state preparation and reconstruction of
the bosonic modes in cavity QED [308, 310] or trapped ions [309, 311, 312]. In light of
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3.1 Selective interactions in the Rabi-Stark model

the above, the dynamical study of the full QRM with a Stark coupling term in the SC
and USC regimes is well justified.

In this section, we study the dynamical behaviour of the QRM with a Stark term, i.e. the
Rabi-Stark model, and show that the interplay between the Stark and Rabi couplings gives
rise to selective k-photon interactions in the SC and USC regimes. Note that, previously, k-
photon (or multiphoton) resonances have been investigated in the linear QRM [314, 315],
driven linear qubit-boson couplings [316–320] or nonlinear couplings [321, 322], and
recently have found applications for quantum information science [323, 324]. In our
case, k-photon transitions appear as higher-order processes of the linear QRM, while
the Stark coupling is responsible for the selective nature of these interactions. This
section is organised as follows: In section 3.1.1 the Rabi-Stark model is introduced and
we review the selective one-photon interactions that appear. In section 3.1.2 we use
time-dependent perturbation theory to characterise the emergent k-photon interactions
whose strength scales as (g/ω)k. Finally, in section 3.1.3 we introduce a method to
simulate the Rabi-Stark model in a wide parameter regime using a single trapped ion.
Moreover, we validate our proposal with numerical simulations which show an excellent
agreement between the dynamics of the Rabi-Stark model and the one achieved by the
trapped-ion simulator.

3.1.1. Selectivity in one-photon interactions

The Hamiltonian of the Rabi-Stark model is

H = ω0

2 σz + ωa†a+ γa†aσz + g(σ+ + σ−)(a+ a†) (3.1)

where ω0 is the frequency of the qubit or two-level system, ω is the frequency of the
bosonic field, and γ and g are the couplings of the Stark and Rabi terms, respectively.
Note that the Stark term is diagonal in the bare basis

{
|e〉, |g〉

}
⊗ |n〉 (where σz|e〉 = |e〉,

σz|g〉 = −|g〉 and a†a|n〉 = n|n〉), and it can be interpreted as a qubit energy shift that
depends on the bosonic state. If we move to an interaction picture with respect to the first
three terms in Eq. (3.1), the system Hamiltonian reads (see appendix C.1 for additional
details)

HI(t) =
∞∑
n=0

Ωn(σ+e
iδ+
n t + σ−e

iδ−n t)|n+1〉〈n|+ H.c. (3.2)

where Ωn = g
√
n+ 1, δ+

n = ω + ω0
n and δ−n = ω − ω0

n, with ω0
n = ω0 + γ(2n + 1).

If γ = 0, these detunings are independent of the state n, and, for |δ+| � Ωn and
δ− = ω − ω0 = 0 (|δ−| � Ωn and δ+ = ω + ω0 = 0), a resonant JC (anti-JC)
Hamiltonian is recovered when fast rotating terms are averaged out by invoking the
RWA. In these conditions, the dynamics leads to Rabi oscillations between the states
|e, n〉 ↔ |g, n + 1〉 (|g, n〉 ↔ |e, n + 1〉) for every n, and at a rate proportional to Ωn.
These interactions are not selective as they apply to all Fock states in the same manner.
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Figure 3.1.: One-photon selective interactions of the Rabi-Stark model. Hamiltonian (3.1) acts
during a time t = π/2Ωn and we calculate 〈a†a〉 for different ratios of ω0/ω and
initial states |e, 0〉 (blue), |e, 1〉 (orange), |e, 2〉 (purple) and |e, 3〉 (green) with fixed
couplings γ/ω = −0.25 and g/ω = 0.02 (solid lines). If γ = 0, all JC peaks would
be at ω − ω0 = 0 (dashed lines).

The presence of a nonzero Stark coupling γ makes these detunings dependent on n,
allowing to identify a resonance condition for a selected Fock state n = N0, while the rest
of Fock states stay out of resonance. From Eq. (3.2) we note that if δ−N0

= 0 (δ+
N0

= 0)
and |δ−n 6=N0

| � Ωn 6=N0 (|δ+
n 6=N0

| � Ωn 6=N0), the dynamics of Hamiltonian (3.1) will
produce a resonant one-photon JC (anti-JC) interaction only in the subspace {|e〉, |g〉} ⊗
{|N0〉, |N0 + 1〉}. This is observed in Fig. 3.1, where resonance peaks appear for initial
states |e, n〉 with different number n. Here, a one-photon Rabi oscillation occurs if
ω − ω0 = γ(2n+ 1) i.e. δ−n = 0. In Fig. 3.1, we vary (ω − ω0)/ω in the x axis for fixed
γ/ω = −0.25 and g/ω = 0.02, and meet this resonance condition for n = 0, 1, 2, 3 that
correspond to the four peaks on the left side (solid lines). The other two peaks on the
right correspond to δ+

n = 0 resonances leading to one-photon anti-JC interactions for
n = 1, 2.

3.1.2. Multi-photon interactions

As revealed previously, besides one-photon transitions, the Rabi-Stark Hamiltonian pro-
duces selective k-photon interactions. Unlike the selective one-photon interactions, which
appear due to the interplay between the Stark term and the rotating or counter-rotating
terms, these selective multi-photon interactions are a direct consequence of the interplay
between the Stark term and both the rotating and counter-rotating terms. Calculating
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Figure 3.2.: Three-photon selective interactions of the Rabi-Stark model. (a) Resonance spec-
trum of anti-JC-like three-photon process for state |g, 5〉. After a time t = π/2Ω(3)

5+,
〈a†a〉 is shown for γ/ω = −0.4. The peaks appear shifted from δ

(3)
5+ = 0 (dashed

line) at δ̃(3)
5+ = 0 which corresponds to the dark curve in the xy plane representing

the lower values of log10 |δ
(3)
5+ |. (b) Time evolution of populations Pg,4 (solid) and

Pe,7 (dashed) for initial state |g, 4〉 (green) and populations Pg,5 and Pe,8 for initial
state |g, 5〉 (red) for g/ω = 0.05 (up) and g/ω = 0.1 (down).

the Dyson series for Eq. (3.2), we obtain that the second order Hamiltonian is

H
(2)
I =

∞∑
n=0

(
∆e
nσ+σ− + ∆g

nσ−σ+
)
|n〉〈n| (3.3)

where ∆e
n = Ω2

n−1/δ
+
n−1−Ω2

n/δ
−
n and ∆g

n = Ω2
n−1/δ

−
n−1−Ω2

n/δ
+
n , plus a time-dependent

part oscillating with frequencies δ+
n+1 +δ−n = 2ω+2γ, δ−n+1 +δ+

n = 2ω−2γ, and δ±n , δ±n+1
that is averaged out due to the RWA (see appendix C.1.1 for the derivation of Eq. (3.3)).

The third order Hamiltonian leads to three-photon transitions described by the following
Hamiltonian (see appendix C.1.2 for the derivation)

H
(3)
I (t) =

∞∑
n=0

(
Ω(3)
n+e

iδ
(3)
n+tσ+ + Ω(3)

n−e
iδ

(3)
n−tσ−

)
|n+3〉〈n|+ H.c., (3.4)

where Ω(3)
n± = g3

√
(n+ 3)!/n!/2δ±n (ω ∓ γ) and δ(3)

n± = δ±n+2 + δ∓n+1 + δ±n = 2ω + δ±n+1.
According to this, a JC type three-photon process occurs for |e, N0〉 if δ(3)

N0− = 0 producing
population exchange between the states |e, N0〉 ↔ |g, N0 + 3〉. For the state |g, N0〉,
anti-JC-type transitions to the state |e, N0 + 3〉 occur when δ(3)

N0+ = 0. In the following
we will check the validity of these effective Hamiltonians by numerically calculating the
dynamics of Hamiltonian (3.1).

In Fig. 3.2(a) we let the system evolve for a time t = π/2Ω(3)
5+ for a fixed value of

γ/ω = −0.4 and calculate the average number of photons 〈a†a〉 for different values of
ω0/ω and couplings g/ω. We do this for the initial state |g, N0 = 5〉, near the resonance
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point δ(3)
5+ = 3ω+ω0 +13γ = 0. We observe that resonances do not appear when δ(3)

5+ = 0,
see dashed line on the left, owing to a resonance frequency shift that depends on the value
of g. To explain this we go to an interaction picture with respect to Hamiltonian (3.3),
then, the oscillation frequencies in Eq. (3.4) will be shifted to δ̃(3)

n+ = δ
(3)
n+ + ∆e

n+3 −∆g
n

and δ̃(3)
n− = δ

(3)
n− + ∆g

n+3 −∆e
n. In the xy plane of Fig. 3.4(a) we make a grayscale colour

plot of log10 |δ̃
(3)
5+ | as a function of ω0 and g and see that the minima of δ̃(3)

5+ (dark line)
is in very good agreement with the point in which the three-photon resonance appears
(the logarithm scale is used to better distinguish the zeros of δ̃(3)

5+).
To show that the three-photon interaction applies only to the preselected subspace, in

Fig. 3.2(b) we plot the evolution of initial states |g, 4〉 and |g, 5〉. As expected, the latter
exchanges population with the state |e, 8〉 while the former remains constant. Besides,
for g/ω = 0.05 (upper figure), the transition is slower but most of the population is
transferred to |e, 8〉 at time t = π/2Ω(3)

5+. For g/ω = 0.1 (lower figure) the exchange rate
is much faster but the transfer is not so efficient.

In this context, higher-order selective interactions will be produced by the Rabi-Stark
model and could in principle be tracked by the calculation of higher-order Hamiltonians.
However, being a high-order process, its strength decreases with order k since Ω(k)/ω ∝
(g/ω)k. Then, high-order processes require longer times to be observed which may exceed
the coherence times of the system. In any case, we find interesting to study the case for a
higher k. Following the same procedure as for calculating Eqs. (3.3) and (3.4), we conclude
that for even k, the k-th order Hamiltonian will not produce selective interactions as they
will average out as a consequence of the RWA. For odd k, the k-th order Hamiltonian
predicts a k-photon transition of the form

H
(k)
I (t) =

∞∑
n=0

(
Ω(k)
n+e

iδ
(k)
n+tσ+ + Ω(k)

n−e
iδ

(k)
n−tσ−

)
|n+k〉〈n|+ H.c., (3.5)

where

δ
(k)
n± =

k−1∑
s=0

δ±n+s + δ∓n+s+1 + δ±k = (k − 1)ω + δ±n+(k−1)/2 (3.6)

and

Ω(k)
n± = gk

(k − 1)!!(ω ∓ γ) k−1
2

√
(n+ k)!
n!

k−2∏
s=1,3...

1
δ

(s)
n±
. (3.7)

Using Eqs. (3.6) and (3.7) and with the help of numerical simulations, it is easy to
find k-photon processes to validate the effective Hamiltonian (3.5). Here, numerical
simulations are required as the analytic calculation of the exact resonance frequencies of
higher-order processes rapidly becomes challenging. For example, for tracking a JC-type
five-photon interaction for N0, we use the condition δ(5)

N0− = 0 to retrieve an approximate
value for the qubit frequency of ωc0 = 5ω − γ(2N0 + 5). Then, we calculate the time
evolution governed by Hamiltonian (3.1) for a time t = π/2Ω(5)

N0− and plot 〈σ+σ−〉 for
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Figure 3.3.: Five-photon selective interactions of the Rabi-Stark model. a) On the left, 〈σ+σ−〉
is shown after a time t = π/2Ω(5)

2−, for different values of ω0/ω around ωc0 =
5ω − γ(2 × 2 + 5) and initial state |g, 7〉. Here, g/ω = 0.1 and γ/ω = 0.9. On
the right, time evolution of populations Pe,2 and Pg,7 for initial state |g, 7〉 and
populations Pe,1 and Pg,6 for initial state |g, 8〉, for ω0/ω = −3.227. b) and c)
The same procedure with initial state |g, 8〉 and |g, 9〉, where the peaks appear for
ω0/ω = −5.072 and ω0/ω = −6.918.

different values of ω0 close to ωc0 until we find a peak corresponding to the resonant
five-photon interaction.

As an example, in Fig. 3.3 we show these resonances for N0 = 2, 3 and 4, with g/ω = 0.1
and γ/ω = 0.9. We find resonance peaks for ω0/ω = −3.227,−5.072 and −6.918 which
are close to the ones obtained with the approximate formula ωc0/ω = −3.1,−4.9 and −6.7.
In comparison with the three-photon processes, five-photon transitions are slower, and the
population transfer to the preselected state is partial for g/ω = 0.1. It is interesting to
note that the revival of the initial state as well as the selectivity condition are maintained
at the beginning of the USC regime. Note that for ω0/ω = −3.227, an exchange between
states |g, 7〉 ↔ |e, 2〉 occurs while the neighbouring states |g, 6〉 and |e, 1〉 are completely
out of resonance. In this respect, with larger coupling constants such as g/ω ≈ 0.3
one would still get signatures of selectivity, but the interaction will not longer be a JC
(or anti-JC) type k-photon interaction as it would involve states out of the selected JC
(or anti-JC) doublet. In Fig. 3.3 the population transfer from |g, N0 + 5〉 to |e, N0〉 is
already partial, and interestingly, the remaining population goes to states |g, N0 + 1〉 and
|g, N0 − 1〉.

To experimentally verify our predictions regarding the selective k-photon interactions
of the Rabi-Stark model, in the next section we propose an experimental implementation
of the model.
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Figure 3.4.: Selective one-photon and three-photon interactions with a trapped ion. a) Time
evolution of the mean number of phonons and populations P+,2 (solid) and P−,3
(dashed) starting from state |+, 2〉 for g/ωR = 0.05, γ/ωR = −0.4 and ωR

0 /ω
R = 3.

b) Time evolution of the mean number of phonons and populations P+,3 (solid)
and P−,0 (dashed) starting from state |+, 3〉 for g/ωR = 0.3, γ/ωR = −0.1 and
ωR

0 /ω
R = −2.4385. Solid green lines evolve according to Eq. (3.10) while black

squares evolve according to Eq. (3.8).

3.1.3. Implementation with trapped ions

Trapped ions are excellent quantum simulators [96, 171], with experiments implementing
the one-photon QRM [161, 325, 326] and proposals for the two-photon QRM [268, 327].
In the following, we propose a route to simulate the Rabi-Stark model using a single
trapped ion.

The Hamiltonian of a single trapped ion interacting with co-propagating laser beams
labeled with j can be written, in an interaction picture with respect to the free energy
Hamiltonian H0 = ωI

2 σz + νa†a, as [171]

H =
∑
j

Ωj
2 σ+eiη(ae−iνt+a†eiνt)e−i(ωj−ωI)teiφj + H.c.. (3.8)

Here Ωj is the Rabi frequency, η and a†(a) are the LD parameter and the creation
(annihilation) operator acting on vibrational phonons, ν is the trap frequency, ωj − ωI is
the detuning of the laser frequency ωj with respect to the carrier frequency ωI , and φj
accounts for the phase of the laser.

As a possible implementation of the Rabi-Stark model we consider two drivings acting
near the first red and blue sidebands, and a third one on resonance with the carrier
interaction ωS = ωI . The Hamiltonian in the LD regime, η

√
〈a†a〉 � 1, and after the

vibrational RWA approximation, reads

HLD = −igraσ+e−iδrt − igba†σ+e−iδbt − ĝSσ
+ + H.c. (3.9)

where ωr,b = ωI ∓ ν + δr,b, gr,b = ηΩr,b/2, φr,b,S = −π and ĝS = ΩS
2 (1 − η2/2) −
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ΩS
2 η

2a†a = Ω0
2 − γ

Ra†a. Dependence of the carrier interaction on the phonon number
appears when considering the expansion of eiη(a+a†) up to the second order in η. At
this point, if δr = −δb = ωR, Eq. (3.9) can already be mapped to a Rabi-Stark model
in a frame rotated by −ωRa†a. However, the engineered Hamiltonian cannot explore
all regimes of the model, as Ω0 and γR cannot be independently tuned, thus restricting
the Hamiltonian to regimes where γR � Ω0. This issue can be solved by moving to an
interaction picture with respect to ΩDD

2 σx − ωRa†a, where ΩDD = −(Ω0 + ωR
0 ), and by

shifting the detunings by δr,b = ΩDD ± ωR. The resulting Hamiltonian after neglecting
terms oscillating at ΩDD is

HII
LD = ωR

0
2 σx + ωRa†a+ gRσy(a+ a†) + γRa†aσx. (3.10)

Here gR = (ηΩr/4)(1 − εS) if Ωb = Ωr(1 − εS)/(1 + εS) with εS = ΩS/ν. See
appendix C.2 for a detailed derivation of Eq. (3.10). Notice that Eqs. (3.1) and (3.10)
are equivalent by simply changing the qubit basis. For the latter, the diagonal basis is
given by {|+〉, |−〉} ⊗ |n〉, where σx|±〉 = ±|±〉. The parameters of the model are now
ωR

0 = −(Ω0 + ΩDD), ωR = (δr − δb)/2, and γR = η2ΩS/2. Regimes where γR < 0 can
be also reached by taking φS = 0, however, the frequency of the rotating frame changes to
ΩDD = Ω0−ωR

0 . Moreover, in this case gR = (ηΩr/4)(1+εS) if Ωb = Ωr(1+εS)/(1−εS).
In the following, we verify the feasibility of the proposal by comparing the dynamics

generated by the Hamiltonian (3.8) with the one of the Rabi-Stark model at Eq. (3.10). The
results are shown in Figs. 3.4(a) and 3.4(b) for one-photon and three-photon oscillations
respectively. The experimental parameters we use in Fig. 3.4(a) are ν = (2π) × 4.98
MHz for the trapping frequency, η = 0.1 for the LD parameter and ΩS = (2π) × 120
kHz for the carrier driving, leading to a Stark coupling of |γR| = (2π) × 0.6 kHz. We
consider a Stark coupling of γR/ωR = −0.4, a Rabi coupling of gR/ωR = 0.05, and
ωR

0 = ωR−γR(2N0+1) with N0 = 2. To achieve this regime the experimental parameters
are Ωr = (2π)× 2.94 kHz, Ωb = (2π)× 3.08 kHz, and ΩDD = (2π)× 114.86 kHz. We
observe that with an initial state |+, 2〉, there is an exchange of population with the state
|−, 3〉. In Fig. 3.4(b) we show that selective three-photon oscillations of the Rabi-Stark
model can be observed in some milliseconds. Starting from |+, 3〉, we can observe coherent
population exchange with state |−, 0〉. Here, the LD parameter is η = 0.05 and the
parameters of the model are γR/ωR = −0.1, gR/ωR = 0.3 and ωR

0 /ω
R = −2.4385 for

which we require Ωr = (2π)× 35.2 kHz, Ωb = (2π)× 36.9 kHz, and ΩDD = (2π)× 123.5
kHz. Although in the previous case we have focused on the Rabi-Stark model in the SC
and USC regimes, it is noteworthy to mention that our method is still valid for larger
ratios of g/ω. Thus, our method represents a simple and versatile route to simulate the
Rabi-Stark model in all important parameter regimes.

In this section, we studied the dynamics of the Rabi-Stark model QRM in the SC
and USC regimes and characterise the novel k-photon interactions that appear by using
time-dependent perturbation theory. Due to the Stark-coupling term, these k-photon
interactions are selective, thus their resonance frequency depends on the state of the

40



Chapter 3. Quantum Simulation of Light-Matter Interactions

bosonic mode. Finally, and with the support of detailed numerical simulations, we proposed
an implementation of the Rabi-Stark model with a single trapped ion. The numerical
simulations show an excellent agreement between the dynamics of the trapped-ion system
and the Rabi-Stark model.

3.2. Nonlinear quantum Rabi model in trapped ions

The study of the nonlinear QRM covered in this section is also a study of the nonlinear
behaviour of a single trapped ion when it is far away from the LD regime. While in the past,
research beyond the LD regime was mainly focussed on the nonlinear JC model [322, 328–
330], its implications in laser cooling [331–333] or for possible applications to simulate
Frack-Condon physics [334] has also been investigated. To set up the stage for a subsequent
analysis, in section 3.2.1 we first briefly review the JC model and take this as a reference
to show the difference with the nonlinear JC model. The appearance of nonlinear terms
in the Hamiltonian suppresses the collapses and revivals for a coherent-state evolution
typical from linear cases. In section 3.2.2, we investigate how the nonlinear anti-JC model,
which appears as the counterpart of nonlinear JC model, can be combined with controlled
depolarising noise, to generate arbitrary n-phonon Fock states. Moreover, the latter could
in principle be done without a precise control of pulse duration or shape, and without the
requirement of a previous high-fidelity preparation of the motional ground state. Finally,
in section 3.2.3, we propose the quantum simulation of the nonlinear quantum Rabi model
by simultaneous off-resonant nonlinear JC and anti-JC interactions.

3.2.1. JC models in trapped ions

The Hamiltonian describing a laser-cooled two-level ion trapped in a harmonic potential
and driven by a monochromatic laser field can be expressed as

H = ωI
2 σz + νa†a+ Ω

2 σ
x[ei(η(a+a†)−ωLt+φ) + H.c.], (3.11)

where ω0 is the two-level transition frequency, σz, σx are Pauli matrices associated to this
two-level system, Ω is the Rabi frequency, ωL is the driving laser frequency, and φ is the
phase of the laser field.

In the LD regime, moving to an interaction picture with respect to H0 = ωI
2 σz + νa†a,

and after the application of the so-called optical RWA, the Hamiltonian in Eq. (3.11) can
be written as [171]

HLD
int = Ω

2 σ
+[1 + iη(ae−iνt + a†eiνt)]ei(φ−δt) + H.c., (3.12)

where δ = ωL − ωI is the laser detuning and the condition η � 1 allows to keep only the
zero and first order terms in the expansion of exp [iη(a+ a†)]. When δ = −ν and Ω� ν,
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after applying the vibrational RWA, the dynamics of such a system is described by the JC
Hamiltonian, HJC = igr(σ+a− σ−a†), where gr = ηΩ/2 and φ = 0. This JC model is
analytically solvable and generates population exchange between states |g, n〉 ↔ |e, n−1〉
with rate Ωn,n−1 = ηΩ

√
n. On the other hand, when the detuning is chosen to be δ = ν,

the effective model is instead described by the anti-JC model HaJC = igb(σ+a† − σ−a),
where gb = ηΩ/2, which generates population transfer between states |g, n〉 ↔ |e, n+1〉
with rate Ωn,n+1 = ηΩ

√
n+ 1.

When the trapped-ion system is beyond the LD regime, the simplification of the
exponential term described above is not justified and Eq. (3.12) reads

Hint = Ω
2 σ

+eiη(a+eiνt+ae−iνt)−i(δt−φ) + H.c.. (3.13)

When δ = −ν and Ω� ν, after applying the vibrational RWA, the effective Hamiltonian
describing the system is given by the nonlinear JC model [322], which can be expressed as

HnJC = igr[σ+f1(n̂)a− σ−a†f1(n̂)], (3.14)

where the nonlinear function f1 [322] is given by

f1(n̂) = e−η
2/2

∞∑
l=0

(−η2)l

l!(l + 1)!a
†lal, (3.15)

with a†lal = n̂!/(n̂ − l)!. The dynamics of this model can also be solved analytically,
and as the linear JC model, yields to population exchange between states |g, n〉 ↔
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√

30〉
after (a) linear JC and (b) nonlinear JC evolution, both with the same coupling
strength gr and η = 0.5 for the nonlinear case. As shown in (a), there exists an
approximate collapse and subsequent revival in the JC model dynamics, while for
the nonlinear JC model this is not the case.

|e, n−1〉. However, in this case the Rabi frequencies are Ω̃n,n−1 = |f1(n− 1)|Ωn,n−1 =
ηΩ
√
n|f1(n − 1)|, where f1(n) corresponds to the value of the diagonal operator f1

evaluated on the Fock state |n〉, i.e. f1(n) ≡ 〈f1(n̂)〉n. If the detuning in Eq. (3.13) is
chosen to be δ = ν, and Ω� ν, then the application of the vibrational RWA yields the
nonlinear anti-JC model,

HnaJC = igb[σ+a†f1(n̂)− σ−f1(n̂)a], (3.16)

which, as the linear anti-JC model, generates population exchange between states |g, n〉 ↔
|e, n+1〉 with rate Ω̃n,n+1 = |f1(n)|Ωn,n+1 = ηΩ

√
n+ 1|f1(n)|. The nonlinear function

f1 depends on the LD parameter η and on the Fock state |n〉 on which it is acting. The
LD regime is then recovered when η

√
〈(a+ a†)2〉 � 1. In this regime, |f1(n)| ≈ 1, and

thus the dynamics is the one corresponding to the linear models.
Beyond the LD regime, the nonlinear function f1, which has an oscillatory behaviour

both in n ∈ N and η ∈ R, needs to be taken into account. In Fig. 3.5(a), we plot the
logarithm of the absolute value of f1(n, η) for different values of n and η, where the
green regions represent lower values of log (|f1(n, η)|), i.e, values for which f1 ≈ 0. This
oscillatory behaviour can also be seen in Fig. 3.5(b) where we plot the value of f1 as a
function of the Fock state number n for η = 0.5. For this specific case, we can see that
the function is close to zero around n = 14 and n = 48, meaning that for η = 0.5, the
rate of population exchange between states |g, 15〉 ↔ |e, 14〉 and |g, 49〉 ↔ |e, 48〉 will
vanish for the nonlinear JC model. The same will happen to the exchange rate between
states |g, 14〉 ↔ |e, 15〉 and |g, 48〉 ↔ |e, 49〉 for the nonlinear anti-JC model.

We observe approximate collapses and revivals for an initial coherent state1 with an
average number of photons of |α|2 = 30 by evolving with the JC model, as shown in

1A coherent state is defined as |α〉 = e−|α|
2/2
∑∞

n=0
αn√
n!
|n〉
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Figure 3.7.: (a) The nonlinear function f1 evaluated at different Fock states n, for the case of
η = 0.4518 (decreasing blue curve). Zero value (horizontal orange line). For this
value of the LD parameter, f1|17〉 = 0. (b) Phonon statistics of the initial thermal
state with 〈n〉 = 1 (c) Time evolution of the average value of the number operator n̂
starting from the state in (b) and following the evolution for the preparation of Fock
state |17〉, that is during a nonlinear anti-JC model with spontaneous decay of the
two-level system. (d) Phonon statistics at the end of the protocol, t = 100× 2π/gb,
with all the population concentrated in Fock state |17〉.

Ref. [176], see Fig. 3.6(a). Here, we plot 〈σz(t)〉 = 〈ψ(t)|σz|ψ(t)〉 for a state that evolves
according to the JC model. Comparing the same case for the nonlinear JC model with
η = 0.5, as depicted in Fig. 3.6(b), we appreciate that in the latter case the collapses
and revivals vanish, and the dynamics is more irregular. This can seem natural given that
the phenomenon of revival takes place whenever the most significant components of the
quantum state, after some evolution time, turn out to oscillate in phase again, which may
be more unlikely if the dynamics is nonlinear. Notice that we let the case of the nonlinear
JC model evolve for a longer time, since the nonlinear function f1 effectively slows down
the evolution.

3.2.2. Fock-state generation with a dissipative nonlinear anti-JC
model

In this section we study the possibility of using the dynamics of the nonlinear anti-JC
model introduced in the previous section to, along with depolarising noise, generate
high-number Fock states in a dissipative manner. In particular, the depolarising noise
that we consider corresponds to the spontaneous relaxation of the internal two-level
system of the ion. Such a dissipative process, combined with the dynamics of the JC
model in the LD regime (linear JC model), is routinely exploited in trapped-ion setups
for the implementation of sideband cooling. It is noteworthy to mention that the effect
of nonlinearities on sideband cooling protocols, which arise when outside the LD regime,
have also been a matter of study [331, 332].

Our method works as follows: we start in the ground state of both the motional and the
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internal degrees of freedom |g, 0〉 (as we will show later, our protocol works as well when
we are outside the motional ground state, as long as the population of Fock states higher
than the target Fock state is negligible). Acting with the nonlinear anti-JC Hamiltonian
we induce a population transfer from state |g, 0〉 to state |e, 1〉, while at the same time,
the depolarising noise transfers population from |e, 1〉 to |g, 1〉. The simultaneous action
of both processes will “heat” the motional state, progressively transferring the population
of the system from one Fock state to the next one. Eventually, all the population will be
accumulated in state |g, n〉, where a blockade of the propagation of population through
the chain of Fock states occurs, if f1(n) = 0, as the transfer rate between states |g, n〉
and |e, n + 1〉 vanishes, Ω̃n,n+1 = 0. We point out that the condition f1(n) = 0 can
always be achieved by tuning the LD parameter to a suitable value, i.e. for every Fock
state |n〉, where n > 0 there exists a value of the LD parameter η for which f1(n, η) = 0.
As an example, we choose the LD parameter η = 0.4518, for which f1(17) = 0, and
simulate our protocol using the master equation

ρ̇ = −i[HnaJC, ρ] + Γ
2 (2σ−ρσ+ − σ+σ−ρ− ρσ+σ−), (3.17)

where Γ = 2gb is the decay rate of the internal state.
In Fig. 3.7 we numerically show how our protocol is able to generate the motional

Fock state |17〉, starting from a thermal state with 〈n〉 = 1. In other words, one can
obtain large final Fock states starting from an imperfectly cooled motional state, by
a suitable tuning of the LD parameter. As an advantage of our method compared to
previous approaches [335], we do not need a fine control over the Rabi frequencies or
pulse durations, given that the whole wave-function, for an arbitrary initial state with
motional components smaller than n, will converge to the target Fock state |n〉. We want
to point out that this protocol relies only on the precision to which the LD parameter can
be set, which in turn depends on the precision to which the wave number k and the trap
frequency ν can be controlled. These parameters enjoy a great stability in trapped-ion
setups [336], and therefore we deem the generation of high-number Fock states as a
promising application of the nonlinear anti-JC model dynamics.

3.2.3. Nonlinear quantum Rabi model

Here we propose to implement the nonlinear quantum Rabi model (NQRM) in all its
parameter regimes via the use of the Hamiltonian in Eq. (3.13). We consider off-resonant
first-order red and blue sideband drivings with the same coupling Ω and corresponding
detunings δr, δb. The interaction Hamiltonian after the optical RWA reads [171, 325],

Hint =
∑
j=r,b

Ωj
2 σ+eiη(a†eiνt+ae−iνt)e−i(δjt−φj) + H.c., (3.18)

where ωr = ωI − ν + δr and ωb = ωI + ν + δb, with δr, δb � ν � ωI and Ωr = Ωb � ν.
We consider the system beyond the LD regime and set the laser-field phases to φr,b = 0.
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If we invoke the vibrational RWA, i.e. neglect terms that rotate with frequencies in the
order of ν, the remaining terms read

Hint = igRσ+(f1ae
−iδrt + a†f1e

−iδbt
)

+ H.c., (3.19)

where gR = ηΩr/2 and f1 ≡ f1(n̂) was introduced in Eq. (3.15). The latter corresponds to
an interaction picture Hamiltonian of the NQRM with respect to the free Hamiltonian H0 =
1
4 (δb + δr)σz + 1

2 (δb − δr)a†a. Therefore, undoing the interaction picture transformation,
we have

HnQRM = ωR
0
2 σz + ωRa†a+ igR(σ+ − σ−)(f1a+ a†f1), (3.20)

where ωR
0 = − 1

2 (δr + δb) and ωR = 1
2 (δr − δb). Equation (3.20) represents the general

form of the NQRM, where ωR
0 is the level splitting of the simulated two level system, ωR is

the frequency of the simulated bosonic mode and g is the coupling strength between them,
which in turn will be modulated by the nonlinear function f1(n̂, η). The different regimes of
the NQRM will be characterised by the relation among these four parameters. First, in the
LD regime or η

√
〈(a+ a†)2〉 � 1, Eq. (3.20) can be approximated to the linear QRM [325].

Beyond the LD regime, in a parameter regime where |ωR − ωR
0 | � gR � |ωR + ωR

0 |, the
RWA can be applied. This would imply neglecting terms that rotate at frequency ωR +ωR

0
in an interaction picture with respect to H0, leading to the nonlinear JC model studied
in section 3.2.1. On the other hand, the nonlinear anti-JC model would be recovered in
a regime where |ωR + ωR

0 | � gR � |ωR − ωR
0 |. It is worth mentioning that the latter

is only possible if the frequency of the two-level system and the frequency of the mode
have opposite sign. The USC and DSC regimes are defined as 0.1 . gR/ωR . 1 and
gR/ωR & 1 respectively, and in these regimes the RWA does not hold anymore.

As an example, here we investigate the NQRM in the DSC regime with initial Fock
state |0, g〉, where |0〉 is the ground-state of the bosonic mode, and |g〉 stands for the
ground state of the two-level system. In Fig. 3.8(a), we study the case for η = 0.67898,
where f1|7〉 = 0, gR/ωR = 4 and ωR

0 = 0. More specifically, a quantum simulation of the
model in this regime can be achieved with the following detunings and Rabi frequency:
δr = 2π×11.31 kHz, δb = −2π×11.31 kHz, gR = 2π×45.24 kHz and Ωr = 2π×133.26
kHz. In Ref. [194], it was shown that the linear QRM shows collapses and revivals and a
round trip of the phonon-number wave-packet along the chain of Fock states, when in
the DSC regime. Here, we observe that in the nonlinear case, Fig. 3.8(a), collapses and
revivals do not present the same clear structure, having a more irregular evolution. Most
interestingly, the system dynamics never surpasses Fock state |n〉, for which f1(n) = 0.
Regarding the simulated regime of the nonlinear QRM, we point out that the nonlinear
term also contributes to the coupling strength. Therefore, to keep the NQRM in the DSC
regime, the ratio gR/ωR should be larger than that for the linear QRM since f1(n) < 1
always. Summarising, our result illustrates that the Hilbert space is effectively divided
into two subspaces by the NQRM, namely those spanned by Fock states below and above
Fock state |n〉. We denote the Fock number n, where f1|n〉 = 0, as “the barrier” of the
NQRM.
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<latexit sha1_base64="cpGa8V/HYT7TNtRh4rsJMnmFrd0=">AAAB8nicbVBNS8NAEN3Ur1q/qh69LBbBU0lKQS9C0YvHCvYD0lA2m027dLMbdidCCf0ZXjwo4tVf481/47bNQVsfDDzem2FmXpgKbsB1v53SxubW9k55t7K3f3B4VD0+6RqVaco6VAml+yExTHDJOsBBsH6qGUlCwXrh5G7u956YNlzJR5imLEjISPKYUwJW8gfARcRymN00htWaW3cXwOvEK0gNFWgPq1+DSNEsYRKoIMb4nptCkBMNnAo2qwwyw1JCJ2TEfEslSZgJ8sXJM3xhlQjHStuSgBfq74mcJMZMk9B2JgTGZtWbi/95fgbxdZBzmWbAJF0uijOBQeH5/zjimlEQU0sI1dzeiumYaELBplSxIXirL6+TbqPuNevNh2atdVvEUUZn6BxdIg9doRa6R23UQRQp9Ixe0ZsDzovz7nwsW0tOMXOK/sD5/AE5tZE4</latexit>
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<latexit sha1_base64="EXfWkUEEk+O13PKpL5sBVt4jIng=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoTmQg3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeO1nXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68TtpXVa9Wrd3XKo2bPI4inME5XIIHdWjAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwAteo28</latexit>
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<latexit sha1_base64="EXfWkUEEk+O13PKpL5sBVt4jIng=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoTmQg3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeO1nXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68TtpXVa9Wrd3XKo2bPI4inME5XIIHdWjAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwAteo28</latexit>
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<latexit sha1_base64="EXfWkUEEk+O13PKpL5sBVt4jIng=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkUI9FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpoTmQg3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeO1nXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68TtpXVa9Wrd3XKo2bPI4inME5XIIHdWjAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwAteo28</latexit>

P

<latexit sha1_base64="LaWn+BKAL4WM/PVfE3WkcoA/apc=">AAAB6HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIoS6Lbly2YB/QDpJJ77SxmcyQZIQy9AvcuFDErZ/kzr8xbWehrQcCh3POJfeeIBFcG9f9dgobm1vbO8Xd0t7+weFR+fiko+NUMWyzWMSqF1CNgktsG24E9hKFNAoEdoPJ7dzvPqHSPJb3ZpqgH9GR5CFn1Fip1XwoV9yquwBZJ15OKpDD5r8Gw5ilEUrDBNW677mJ8TOqDGcCZ6VBqjGhbEJH2LdU0gi1ny0WnZELqwxJGCv7pCEL9fdERiOtp1FgkxE1Y73qzcX/vH5qwms/4zJJDUq2/ChMBTExmV9NhlwhM2JqCWWK210JG1NFmbHdlGwJ3urJ66RzVfVq1VqrVmnc5HUU4QzO4RI8qEMD7qAJbWCA8Ayv8OY8Oi/Ou/OxjBacfOYU/sD5/AGr34zb</latexit>
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<latexit sha1_base64="LaWn+BKAL4WM/PVfE3WkcoA/apc=">AAAB6HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIoS6Lbly2YB/QDpJJ77SxmcyQZIQy9AvcuFDErZ/kzr8xbWehrQcCh3POJfeeIBFcG9f9dgobm1vbO8Xd0t7+weFR+fiko+NUMWyzWMSqF1CNgktsG24E9hKFNAoEdoPJ7dzvPqHSPJb3ZpqgH9GR5CFn1Fip1XwoV9yquwBZJ15OKpDD5r8Gw5ilEUrDBNW677mJ8TOqDGcCZ6VBqjGhbEJH2LdU0gi1ny0WnZELqwxJGCv7pCEL9fdERiOtp1FgkxE1Y73qzcX/vH5qwms/4zJJDUq2/ChMBTExmV9NhlwhM2JqCWWK210JG1NFmbHdlGwJ3urJ66RzVfVq1VqrVmnc5HUU4QzO4RI8qEMD7qAJbWCA8Ayv8OY8Oi/Ou/OxjBacfOYU/sD5/AGr34zb</latexit>

P

<latexit sha1_base64="LaWn+BKAL4WM/PVfE3WkcoA/apc=">AAAB6HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIoS6Lbly2YB/QDpJJ77SxmcyQZIQy9AvcuFDErZ/kzr8xbWehrQcCh3POJfeeIBFcG9f9dgobm1vbO8Xd0t7+weFR+fiko+NUMWyzWMSqF1CNgktsG24E9hKFNAoEdoPJ7dzvPqHSPJb3ZpqgH9GR5CFn1Fip1XwoV9yquwBZJ15OKpDD5r8Gw5ilEUrDBNW677mJ8TOqDGcCZ6VBqjGhbEJH2LdU0gi1ny0WnZELqwxJGCv7pCEL9fdERiOtp1FgkxE1Y73qzcX/vH5qwms/4zJJDUq2/ChMBTExmV9NhlwhM2JqCWWK210JG1NFmbHdlGwJ3urJ66RzVfVq1VqrVmnc5HUU4QzO4RI8qEMD7qAJbWCA8Ayv8OY8Oi/Ou/OxjBacfOYU/sD5/AGr34zb</latexit>
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Figure 3.8.: Fidelity with respect to the initial state P (t) = |〈ψ0|ψ(t)〉|2 versus time is shown in
the upper figures. In the lower figures, phonon statistics is shown at different times,
where t̃ = gRt/2π. In (a), |0, g〉 is chosen as initial state, while in (b) and (c) the
initial state is |α= 1, g〉. In (a), the evolution occurs under the NQRM with LD
parameter η = 0.67898, where f1|7〉 = 0, gR/ωR = 4 and ωR

0 = 0. Observing the
phonon statistics we see how Fock states where n > 7 never get populated. In (b),
the state evolve under the linear QRM. In (c), the state evolve under the NQRM
with LD parameter η = 0.57838, where f1|10〉 = 0, gR/ωR = 3.7 and ωR

0 = 0.

To benchmark the effect of the barrier, we also provide simulations starting from an
initial coherent state with α = 1 whose average phonon number is 〈n〉 = |α|2 = 1,
and make the comparison between the QRM and the NQRM in the DSC regime. For
the parameter regime gR/ωR = 2 and ωR

0 = 0, the fidelity with respect to the initial
coherent state in the linear QRM performs periodic collapses and full revivals as it can be
seen in Fig. 3.8(b). In the lower figures of Fig. 3.8(b), we observe a round trip of the
phonon-number wave packet, similarly to what was shown in Ref. [194] for the case of the
linear QRM starting from a Fock state. The NQRM, on the other hand, has an associated
dynamics that is aperiodic and more irregular, as shown in Fig. 3.8(c), and never crosses
the motional barrier produced by the corresponding f1(n) = 0. This suggests that the
NQRM could be employed as a motional filter. This filter is determined by the location of
the barrier with respect to the initial state distribution. Here, by filter we mean that the
population of Fock states above a given threshold can be prevented. For the simulation we
choose the LD parameter η = 0.57838 for which f1|10〉 = 0, which is far from the centre
of the distribution of the initial coherent state, as well as most of its width. The simulated
parameter regime corresponds to the DSC regime with gR/ωR = 3.7 and ωR

0 = 0. This
case could also be simulated with trapped ions with detunings of δr = 2π × 11.31kHz
and δb = −2π × 11.31kHz, and a Rabi frequency of Ωr = 2π × 133.26kHz. As for the
case corresponding to initial Fock state |0, g〉, the evolution of the NQRM in the coherent
state case, depicted in Fig. 3.8(c), never exceeds the barrier.

In summary, in this section we have proposed the implementation of the nonlinear QRM
in arbitrary coupling regimes with trapped-ion quantum simulators. The nonlinear term
that appears in our model is characteristic of the region beyond the LD regime. This
nonlinear term causes the blockade of motional propagation at |n〉 whenever f1(n̂)|n〉 = 0.
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3.2 Nonlinear quantum Rabi model in trapped ions

In order to compare our model with the linear QRM, we have plotted the evolution of the
population of the internal degrees of freedom of the ion evolving under the linear JC and
nonlinear JC models and observe that for the latter the collapses and revivals disappear.
Also, we have proposed a method for generating large Fock states in a dissipative manner,
making use of the nonlinear anti-JC model and the spontaneous decay of the two-level
system. Finally, we have studied the dynamics of the linear and nonlinear full QRM on
the DSC regime and notice that the nonlinear case can act as a motional filter.
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4 Boson Sampling with Ultracold Atoms

The realization of quantum supremacy is a milestone on the path towards fault-tolerant
quantum computing. On the one hand, it demonstrates that quantum speedup is indeed
possible, which shall serve to discard the existence of some unknown and fundamental
physical principle capable of hindering the realization of a quantum computer [149]. On
the other hand, it constitutes the first violation of the so-called extended Church-Turing
thesis [337], which states that any physically realizable computational model can be
efficiently simulated by a classical Turing machine. The latter can only be claimed if the
computational complexity of the task performed by the quantum machine is known. For
example, the outperformance of classical computers by quantum annealers or quantum
simulators would not serve as a violation of the extended Church-Turing thesis, as the
computational complexity of the problem being solved is not well defined. In this sense,
a rigorous test of quantum supremacy has to be based on solid assumptions about the
computational complexity of the accomplished task [338].

Quantum sampling problems enjoy the fact that their computational complexity can
be precisely assessed [85]. These problems consist on generating samples according
to a probability distribution associated to the output of a quantum circuit. Moreover,
these models can be implemented by quantum computers without using error correcting
codes [339], dramatically reducing their experimental cost in comparison to other quantum
algorithms. Particularly, the so-called boson-sampling problem [87, 339, 340] has received
a lot of attention because non-interacting particles, for example photons, are enough for
its realization.

Boson sampling consists in the problem of sampling from the probability distribution
of the outcomes generated when you introduce N bosons in a linear interferometer with
M modes. Both initial and final states are written in the Fock basis, and the linear
interferometer is described by an M×M unitary matrix. The probability amplitude of each
outcome state is proportional to the permanent of an N ×N submatrix, where the rows
and columns relate the initial state with that particular outcoming state. The permanent
appears due to all N ! different physical paths contributing to the same outcome, see
Fig. 4.1(b). Even if it looks similar to the determinant, whose computation is efficient
by classical means, calculating the permanent of a complex-valued matrix is a #P-hard
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U13

<latexit sha1_base64="+XCvFVH4Y+lGgEekrlWbuBEiV6Q=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewqRI9ELx4xcYEENqRbulDptpu2a0I2/AcvHjTGq//Hm//GAntQ8CWTvLw3k5l5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEeoTyaXqhFhTzgT1DTOcdhJFcRxy2g7HtzO//USVZlI8mElCgxgPBYsYwcZKLb+feZfTfrniVt050CrxclKBHM1++as3kCSNqTCEY627npuYIMPKMMLptNRLNU0wGeMh7VoqcEx1kM2vnaIzqwxQJJUtYdBc/T2R4VjrSRzazhibkV72ZuJ/Xjc10XWQMZGkhgqyWBSlHBmJZq+jAVOUGD6xBBPF7K2IjLDCxNiASjYEb/nlVdK6qHq1av2+Vmnc5HEU4QRO4Rw8uIIG3EETfCDwCM/wCm+OdF6cd+dj0Vpw8plj+APn8wcRII7O</latexit>

U11

<latexit sha1_base64="YyoQYPh7WCWHDEd0VGO22hTaD2w=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48VTFtoQ9lsN+3azW7Y3Qgl9D948aCIV/+PN/+N2zQHbX0w8Hhvhpl5YcKZNq777ZTW1jc2t8rblZ3dvf2D6uFRW8tUEeoTyaXqhlhTzgT1DTOcdhNFcRxy2gknt3O/80SVZlI8mGlCgxiPBIsYwcZKbX+Qed5sUK25dTcHWiVeQWpQoDWofvWHkqQxFYZwrHXPcxMTZFgZRjidVfqppgkmEzyiPUsFjqkOsvzaGTqzyhBFUtkSBuXq74kMx1pP49B2xtiM9bI3F//zeqmJroOMiSQ1VJDFoijlyEg0fx0NmaLE8KklmChmb0VkjBUmxgZUsSF4yy+vkvZF3WvUL+8bteZNEUcZTuAUzsGDK2jCHbTABwKP8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwAOFo7M</latexit>

U12

<latexit sha1_base64="+6HsaYqLNJypQUqyEiB6m9IXT4U=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewSiB6JXjxi4gIJbEi3dKHSbTdt14Rs+A9ePGiMV/+PN/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTtpapItQnkkvVDbGmnAnqG2Y47SaK4jjktBNObud+54kqzaR4MNOEBjEeCRYxgo2V2v4g82qzQbniVt0F0DrxclKBHK1B+as/lCSNqTCEY617npuYIMPKMMLprNRPNU0wmeAR7VkqcEx1kC2unaELqwxRJJUtYdBC/T2R4VjraRzazhibsV715uJ/Xi810XWQMZGkhgqyXBSlHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/XlddKuVb16tXFfrzRv8jiKcAbncAkeXEET7qAFPhB4hGd4hTdHOi/Ou/OxbC04+cwp/IHz+QMPm47N</latexit>

U21

<latexit sha1_base64="nyfXhf7zYWTAm55Rll00pC2IJ/c=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewSiB6JXjxi4gIJbEi3dKHSbTdt14Rs+A9ePGiMV/+PN/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTtpapItQnkkvVDbGmnAnqG2Y47SaK4jjktBNObud+54kqzaR4MNOEBjEeCRYxgo2V2v4gq3mzQbniVt0F0DrxclKBHK1B+as/lCSNqTCEY617npuYIMPKMMLprNRPNU0wmeAR7VkqcEx1kC2unaELqwxRJJUtYdBC/T2R4VjraRzazhibsV715uJ/Xi810XWQMZGkhgqyXBSlHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/XlddKuVb16tXFfrzRv8jiKcAbncAkeXEET7qAFPhB4hGd4hTdHOi/Ou/OxbC04+cwp/IHz+QMPnI7N</latexit>

U22

<latexit sha1_base64="xPhSEbW4uNQNyPxS3Yzlq9SQhcU=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewSiB6JXjxi4gIJbEi3dKHSbTdt14Rs+A9ePGiMV/+PN/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTtpapItQnkkvVDbGmnAnqG2Y47SaK4jjktBNObud+54kqzaR4MNOEBjEeCRYxgo2V2v4gq9Vmg3LFrboLoHXi5aQCOVqD8ld/KEkaU2EIx1r3PDcxQYaVYYTTWamfappgMsEj2rNU4JjqIFtcO0MXVhmiSCpbwqCF+nsiw7HW0zi0nTE2Y73qzcX/vF5qousgYyJJDRVkuShKOTISzV9HQ6YoMXxqCSaK2VsRGWOFibEBlWwI3urL66Rdq3r1auO+Xmne5HEU4QzO4RI8uIIm3EELfCDwCM/wCm+OdF6cd+dj2Vpw8plT+APn8wcRIY7O</latexit>

U23

<latexit sha1_base64="T+QLpE6fkP9Humq8GuiIa9Ks56s=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewiRo9ELx4xcYEENqRbulDptpu2a0I2/AcvHjTGq//Hm//GAntQ8CWTvLw3k5l5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEeoTyaXqhFhTzgT1DTOcdhJFcRxy2g7HtzO//USVZlI8mElCgxgPBYsYwcZKLb+f1S6m/XLFrbpzoFXi5aQCOZr98ldvIEkaU2EIx1p3PTcxQYaVYYTTaamXappgMsZD2rVU4JjqIJtfO0VnVhmgSCpbwqC5+nsiw7HWkzi0nTE2I73szcT/vG5qousgYyJJDRVksShKOTISzV5HA6YoMXxiCSaK2VsRGWGFibEBlWwI3vLLq6RVq3r16uV9vdK4yeMowgmcwjl4cAUNuIMm+EDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w8Spo7P</latexit>

U31

<latexit sha1_base64="ymDJ5h9bIsmOq/ay8BcelH7PXkQ=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewqRI9ELx4xcYEENqRbulDptpu2a0I2/AcvHjTGq//Hm//GAntQ8CWTvLw3k5l5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEeoTyaXqhFhTzgT1DTOcdhJFcRxy2g7HtzO//USVZlI8mElCgxgPBYsYwcZKLb+fXXrTfrniVt050CrxclKBHM1++as3kCSNqTCEY627npuYIMPKMMLptNRLNU0wGeMh7VoqcEx1kM2vnaIzqwxQJJUtYdBc/T2R4VjrSRzazhibkV72ZuJ/Xjc10XWQMZGkhgqyWBSlHBmJZq+jAVOUGD6xBBPF7K2IjLDCxNiASjYEb/nlVdK6qHq1av2+Vmnc5HEU4QRO4Rw8uIIG3EETfCDwCM/wCm+OdF6cd+dj0Vpw8plj+APn8wcRIo7O</latexit>

U32

<latexit sha1_base64="Y/WP55cNBS/7Ex63V+4q0/qaCdU=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewiRo9ELx4xcYEENqRbulDptpu2a0I2/AcvHjTGq//Hm//GAntQ8CWTvLw3k5l5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEeoTyaXqhFhTzgT1DTOcdhJFcRxy2g7HtzO//USVZlI8mElCgxgPBYsYwcZKLb+fXdSm/XLFrbpzoFXi5aQCOZr98ldvIEkaU2EIx1p3PTcxQYaVYYTTaamXappgMsZD2rVU4JjqIJtfO0VnVhmgSCpbwqC5+nsiw7HWkzi0nTE2I73szcT/vG5qousgYyJJDRVksShKOTISzV5HA6YoMXxiCSaK2VsRGWGFibEBlWwI3vLLq6RVq3r16uV9vdK4yeMowgmcwjl4cAUNuIMm+EDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w8Sp47P</latexit>

U33

<latexit sha1_base64="mq/bAWfz7tgXP5Qh/S4NE0lbnso=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewKRo9ELx4xcYEENqRbulDptpu2a0I2/AcvHjTGq//Hm//GAntQ8CWTvLw3k5l5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEeoTyaXqhFhTzgT1DTOcdhJFcRxy2g7HtzO//USVZlI8mElCgxgPBYsYwcZKLb+f1WrTfrniVt050CrxclKBHM1++as3kCSNqTCEY627npuYIMPKMMLptNRLNU0wGeMh7VoqcEx1kM2vnaIzqwxQJJUtYdBc/T2R4VjrSRzazhibkV72ZuJ/Xjc10XWQMZGkhgqyWBSlHBmJZq+jAVOUGD6xBBPF7K2IjLDCxNiASjYEb/nlVdK6qHr16uV9vdK4yeMowgmcwjl4cAUNuIMm+EDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w8ULI7Q</latexit>
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<latexit sha1_base64="FpjWjtY3GooloR0379bZgotf5Lw="></latexit>
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<latexit sha1_base64="FpjWjtY3GooloR0379bZgotf5Lw="></latexit>

U16

<latexit sha1_base64="4dwWdHHFZlRcnzyK+h9neXWfp+Y=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewaUI9ELx4xcYEENqRbulDptpu2a0I2/AcvHjTGq//Hm//GAntQ8CWTvLw3k5l5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEeoTyaXqhFhTzgT1DTOcdhJFcRxy2g7HtzO//USVZlI8mElCgxgPBYsYwcZKLb+feZfTfrniVt050CrxclKBHM1++as3kCSNqTCEY627npuYIMPKMMLptNRLNU0wGeMh7VoqcEx1kM2vnaIzqwxQJJUtYdBc/T2R4VjrSRzazhibkV72ZuJ/Xjc10XWQMZGkhgqyWBSlHBmJZq+jAVOUGD6xBBPF7K2IjLDCxNiASjYEb/nlVdK6qHq1av2+Vmnc5HEU4QRO4Rw8uIIG3EETfCDwCM/wCm+OdF6cd+dj0Vpw8plj+APn8wcVr47R</latexit>

U26

<latexit sha1_base64="BvPTHhKVBbEI61bR0ynjrprW0iY=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewS/DgSvXjExAUS2JBu6UKl227argnZ8B+8eNAYr/4fb/4bC+xBwZdM8vLeTGbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHLS1TRahPJJeqE2JNORPUN8xw2kkUxXHIaTsc38789hNVmknxYCYJDWI8FCxiBBsrtfx+Vruc9ssVt+rOgVaJl5MK5Gj2y1+9gSRpTIUhHGvd9dzEBBlWhhFOp6VeqmmCyRgPaddSgWOqg2x+7RSdWWWAIqlsCYPm6u+JDMdaT+LQdsbYjPSyNxP/87qpia6DjIkkNVSQxaIo5chINHsdDZiixPCJJZgoZm9FZIQVJsYGVLIheMsvr5JWrerVqxf39UrjJo+jCCdwCufgwRU04A6a4AOBR3iGV3hzpPPivDsfi9aCk88cwx84nz8XNY7S</latexit>

U36

<latexit sha1_base64="W1F/0RYruW8bVoEL9kiZZnYKYHI=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewqfhyJXjxi4gIJbEi3dKHSbTdt14Rs+A9ePGiMV/+PN/+NBfag4EsmeXlvJjPzwoQzbVz32ymsrK6tbxQ3S1vbO7t75f2DppapItQnkkvVDrGmnAnqG2Y4bSeK4jjktBWObqd+64kqzaR4MOOEBjEeCBYxgo2Vmn4vO7+c9MoVt+rOgJaJl5MK5Gj0yl/dviRpTIUhHGvd8dzEBBlWhhFOJ6VuqmmCyQgPaMdSgWOqg2x27QSdWKWPIqlsCYNm6u+JDMdaj+PQdsbYDPWiNxX/8zqpia6DjIkkNVSQ+aIo5chINH0d9ZmixPCxJZgoZm9FZIgVJsYGVLIheIsvL5PmWdWrVS/ua5X6TR5HEY7gGE7Bgyuowx00wAcCj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8AGLuO0w==</latexit>

U66

<latexit sha1_base64="p1M8kp7S6jxNdllTw2IQ8kxHXGQ=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewaRI9ELx4xcYEENqRbulDptpu2a0I2/AcvHjTGq//Hm//GAntQ8CWTvLw3k5l5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEeoTyaXqhFhTzgT1DTOcdhJFcRxy2g7HtzO//USVZlI8mElCgxgPBYsYwcZKLb+f1evTfrniVt050CrxclKBHM1++as3kCSNqTCEY627npuYIMPKMMLptNRLNU0wGeMh7VoqcEx1kM2vnaIzqwxQJJUtYdBc/T2R4VjrSRzazhibkV72ZuJ/Xjc10XWQMZGkhgqyWBSlHBmJZq+jAVOUGD6xBBPF7K2IjLDCxNiASjYEb/nlVdK6qHq16uV9rdK4yeMowgmcwjl4cAUNuIMm+EDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w8dTY7W</latexit>

U61

<latexit sha1_base64="qRO3KBf+iNRvLxYal6LtMruLHqw=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewaUI9ELx4xcYEENqRbulDptpu2a0I2/AcvHjTGq//Hm//GAntQ8CWTvLw3k5l5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEeoTyaXqhFhTzgT1DTOcdhJFcRxy2g7HtzO//USVZlI8mElCgxgPBYsYwcZKLb+fXXrTfrniVt050CrxclKBHM1++as3kCSNqTCEY627npuYIMPKMMLptNRLNU0wGeMh7VoqcEx1kM2vnaIzqwxQJJUtYdBc/T2R4VjrSRzazhibkV72ZuJ/Xjc10XWQMZGkhgqyWBSlHBmJZq+jAVOUGD6xBBPF7K2IjLDCxNiASjYEb/nlVdK6qHq1av2+Vmnc5HEU4QRO4Rw8uIIG3EETfCDwCM/wCm+OdF6cd+dj0Vpw8plj+APn8wcVtI7R</latexit>

U62

<latexit sha1_base64="1hvRmy74HBfBjt6kXxaG8BqJ1jE=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewS/DgSvXjExAUS2JBu6UKl227argnZ8B+8eNAYr/4fb/4bC+xBwZdM8vLeTGbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHLS1TRahPJJeqE2JNORPUN8xw2kkUxXHIaTsc38789hNVmknxYCYJDWI8FCxiBBsrtfx+dlmb9ssVt+rOgVaJl5MK5Gj2y1+9gSRpTIUhHGvd9dzEBBlWhhFOp6VeqmmCyRgPaddSgWOqg2x+7RSdWWWAIqlsCYPm6u+JDMdaT+LQdsbYjPSyNxP/87qpia6DjIkkNVSQxaIo5chINHsdDZiixPCJJZgoZm9FZIQVJsYGVLIheMsvr5JWrerVqxf39UrjJo+jCCdwCufgwRU04A6a4AOBR3iGV3hzpPPivDsfi9aCk88cwx84nz8XOY7S</latexit>

U63

<latexit sha1_base64="17jY8VfzVHyB5qY0Amnb03cMRe4=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewqfhyJXjxi4gIJbEi3dKHSbTdt14Rs+A9ePGiMV/+PN/+NBfag4EsmeXlvJjPzwoQzbVz32ymsrK6tbxQ3S1vbO7t75f2DppapItQnkkvVDrGmnAnqG2Y4bSeK4jjktBWObqd+64kqzaR4MOOEBjEeCBYxgo2Vmn4vuzyf9MoVt+rOgJaJl5MK5Gj0yl/dviRpTIUhHGvd8dzEBBlWhhFOJ6VuqmmCyQgPaMdSgWOqg2x27QSdWKWPIqlsCYNm6u+JDMdaj+PQdsbYDPWiNxX/8zqpia6DjIkkNVSQ+aIo5chINH0d9ZmixPCxJZgoZm9FZIgVJsYGVLIheIsvL5PmWdWrVS/ua5X6TR5HEY7gGE7Bgyuowx00wAcCj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8AGL6O0w==</latexit>

. . .

+

Pr( ) = |Per( )|2

<latexit sha1_base64="K6NJBGhyd41ACgv9ulJB9dOSQBs=">AAACBXicbZDLSgMxFIYzXmu9jbrURbAIdVNmSkU3QtGNywr2Ap2xZNJMG5pkhiQjlGk3bnwVNy4Uces7uPNtTKddaOsPgS//OYfk/EHMqNKO820tLa+srq3nNvKbW9s7u/befkNFicSkjiMWyVaAFGFUkLqmmpFWLAniASPNYHA9qTcfiFQ0End6GBOfo56gIcVIG6tjH3mSw5osevD0cpQxkUVobnB0X+7YBafkZIKL4M6gAGaqdewvrxvhhBOhMUNKtV0n1n6KpKaYkXHeSxSJER6gHmkbFIgT5afZFmN4YpwuDCNpjtAwc39PpIgrNeSB6eRI99V8bWL+V2snOrzwUyriRBOBpw+FCYM6gpNIYJdKgjUbGkBYUvNXiPtIIqxNcHkTgju/8iI0yiW3Ujq7rRSqV7M4cuAQHIMicME5qIIbUAN1gMEjeAav4M16sl6sd+tj2rpkzWYOwB9Znz+GuZYJ</latexit>

Pr( ) = |Per( )|2

<latexit sha1_base64="K6NJBGhyd41ACgv9ulJB9dOSQBs=">AAACBXicbZDLSgMxFIYzXmu9jbrURbAIdVNmSkU3QtGNywr2Ap2xZNJMG5pkhiQjlGk3bnwVNy4Uces7uPNtTKddaOsPgS//OYfk/EHMqNKO820tLa+srq3nNvKbW9s7u/befkNFicSkjiMWyVaAFGFUkLqmmpFWLAniASPNYHA9qTcfiFQ0End6GBOfo56gIcVIG6tjH3mSw5osevD0cpQxkUVobnB0X+7YBafkZIKL4M6gAGaqdewvrxvhhBOhMUNKtV0n1n6KpKaYkXHeSxSJER6gHmkbFIgT5afZFmN4YpwuDCNpjtAwc39PpIgrNeSB6eRI99V8bWL+V2snOrzwUyriRBOBpw+FCYM6gpNIYJdKgjUbGkBYUvNXiPtIIqxNcHkTgju/8iI0yiW3Ujq7rRSqV7M4cuAQHIMicME5qIIbUAN1gMEjeAav4M16sl6sd+tj2rpkzWYOwB9Znz+GuZYJ</latexit>

Pr( ) = |Per( )|2

<latexit sha1_base64="K6NJBGhyd41ACgv9ulJB9dOSQBs=">AAACBXicbZDLSgMxFIYzXmu9jbrURbAIdVNmSkU3QtGNywr2Ap2xZNJMG5pkhiQjlGk3bnwVNy4Uces7uPNtTKddaOsPgS//OYfk/EHMqNKO820tLa+srq3nNvKbW9s7u/befkNFicSkjiMWyVaAFGFUkLqmmpFWLAniASPNYHA9qTcfiFQ0End6GBOfo56gIcVIG6tjH3mSw5osevD0cpQxkUVobnB0X+7YBafkZIKL4M6gAGaqdewvrxvhhBOhMUNKtV0n1n6KpKaYkXHeSxSJER6gHmkbFIgT5afZFmN4YpwuDCNpjtAwc39PpIgrNeSB6eRI99V8bWL+V2snOrzwUyriRBOBpw+FCYM6gpNIYJdKgjUbGkBYUvNXiPtIIqxNcHkTgju/8iI0yiW3Ujq7rRSqV7M4cuAQHIMicME5qIIbUAN1gMEjeAav4M16sl6sd+tj2rpkzWYOwB9Znz+GuZYJ</latexit>

+

+

++

U11

<latexit sha1_base64="YyoQYPh7WCWHDEd0VGO22hTaD2w=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48VTFtoQ9lsN+3azW7Y3Qgl9D948aCIV/+PN/+N2zQHbX0w8Hhvhpl5YcKZNq777ZTW1jc2t8rblZ3dvf2D6uFRW8tUEeoTyaXqhlhTzgT1DTOcdhNFcRxy2gknt3O/80SVZlI8mGlCgxiPBIsYwcZKbX+Qed5sUK25dTcHWiVeQWpQoDWofvWHkqQxFYZwrHXPcxMTZFgZRjidVfqppgkmEzyiPUsFjqkOsvzaGTqzyhBFUtkSBuXq74kMx1pP49B2xtiM9bI3F//zeqmJroOMiSQ1VJDFoijlyEg0fx0NmaLE8KklmChmb0VkjBUmxgZUsSF4yy+vkvZF3WvUL+8bteZNEUcZTuAUzsGDK2jCHbTABwKP8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwAOFo7M</latexit>

U23

<latexit sha1_base64="T+QLpE6fkP9Humq8GuiIa9Ks56s=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewiRo9ELx4xcYEENqRbulDptpu2a0I2/AcvHjTGq//Hm//GAntQ8CWTvLw3k5l5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEeoTyaXqhFhTzgT1DTOcdhJFcRxy2g7HtzO//USVZlI8mElCgxgPBYsYwcZKLb+f1S6m/XLFrbpzoFXi5aQCOZr98ldvIEkaU2EIx1p3PTcxQYaVYYTTaamXappgMsZD2rVU4JjqIJtfO0VnVhmgSCpbwqC5+nsiw7HWkzi0nTE2I73szcT/vG5qousgYyJJDRVksShKOTISzV5HA6YoMXxiCSaK2VsRGWGFibEBlWwI3vLLq6RVq3r16uV9vdK4yeMowgmcwjl4cAUNuIMm+EDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w8Spo7P</latexit>

U36

<latexit sha1_base64="W1F/0RYruW8bVoEL9kiZZnYKYHI=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewqfhyJXjxi4gIJbEi3dKHSbTdt14Rs+A9ePGiMV/+PN/+NBfag4EsmeXlvJjPzwoQzbVz32ymsrK6tbxQ3S1vbO7t75f2DppapItQnkkvVDrGmnAnqG2Y4bSeK4jjktBWObqd+64kqzaR4MOOEBjEeCBYxgo2Vmn4vO7+c9MoVt+rOgJaJl5MK5Gj0yl/dviRpTIUhHGvd8dzEBBlWhhFOJ6VuqmmCyQgPaMdSgWOqg2x27QSdWKWPIqlsCYNm6u+JDMdaj+PQdsbYDPWiNxX/8zqpia6DjIkkNVSQ+aIo5chINH0d9ZmixPCxJZgoZm9FZIgVJsYGVLIheIsvL5PmWdWrVS/ua5X6TR5HEY7gGE7Bgyuowx00wAcCj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8AGLuO0w==</latexit>

U11

<latexit sha1_base64="YyoQYPh7WCWHDEd0VGO22hTaD2w=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48VTFtoQ9lsN+3azW7Y3Qgl9D948aCIV/+PN/+N2zQHbX0w8Hhvhpl5YcKZNq777ZTW1jc2t8rblZ3dvf2D6uFRW8tUEeoTyaXqhlhTzgT1DTOcdhNFcRxy2gknt3O/80SVZlI8mGlCgxiPBIsYwcZKbX+Qed5sUK25dTcHWiVeQWpQoDWofvWHkqQxFYZwrHXPcxMTZFgZRjidVfqppgkmEzyiPUsFjqkOsvzaGTqzyhBFUtkSBuXq74kMx1pP49B2xtiM9bI3F//zeqmJroOMiSQ1VJDFoijlyEg0fx0NmaLE8KklmChmb0VkjBUmxgZUsSF4yy+vkvZF3WvUL+8bteZNEUcZTuAUzsGDK2jCHbTABwKP8Ayv8OZI58V5dz4WrSWnmDmGP3A+fwAOFo7M</latexit>

U21

<latexit sha1_base64="nyfXhf7zYWTAm55Rll00pC2IJ/c=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewSiB6JXjxi4gIJbEi3dKHSbTdt14Rs+A9ePGiMV/+PN/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTtpapItQnkkvVDbGmnAnqG2Y47SaK4jjktBNObud+54kqzaR4MNOEBjEeCRYxgo2V2v4gq3mzQbniVt0F0DrxclKBHK1B+as/lCSNqTCEY617npuYIMPKMMLprNRPNU0wmeAR7VkqcEx1kC2unaELqwxRJJUtYdBC/T2R4VjraRzazhibsV715uJ/Xi810XWQMZGkhgqyXBSlHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/XlddKuVb16tXFfrzRv8jiKcAbncAkeXEET7qAFPhB4hGd4hTdHOi/Ou/OxbC04+cwp/IHz+QMPnI7N</latexit>

U13

<latexit sha1_base64="+XCvFVH4Y+lGgEekrlWbuBEiV6Q=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewqRI9ELx4xcYEENqRbulDptpu2a0I2/AcvHjTGq//Hm//GAntQ8CWTvLw3k5l5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEeoTyaXqhFhTzgT1DTOcdhJFcRxy2g7HtzO//USVZlI8mElCgxgPBYsYwcZKLb+feZfTfrniVt050CrxclKBHM1++as3kCSNqTCEY627npuYIMPKMMLptNRLNU0wGeMh7VoqcEx1kM2vnaIzqwxQJJUtYdBc/T2R4VjrSRzazhibkV72ZuJ/Xjc10XWQMZGkhgqyWBSlHBmJZq+jAVOUGD6xBBPF7K2IjLDCxNiASjYEb/nlVdK6qHq1av2+Vmnc5HEU4QRO4Rw8uIIG3EETfCDwCM/wCm+OdF6cd+dj0Vpw8plj+APn8wcRII7O</latexit>

U36

<latexit sha1_base64="W1F/0RYruW8bVoEL9kiZZnYKYHI=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewqfhyJXjxi4gIJbEi3dKHSbTdt14Rs+A9ePGiMV/+PN/+NBfag4EsmeXlvJjPzwoQzbVz32ymsrK6tbxQ3S1vbO7t75f2DppapItQnkkvVDrGmnAnqG2Y4bSeK4jjktBWObqd+64kqzaR4MOOEBjEeCBYxgo2Vmn4vO7+c9MoVt+rOgJaJl5MK5Gj0yl/dviRpTIUhHGvd8dzEBBlWhhFOJ6VuqmmCyQgPaMdSgWOqg2x27QSdWKWPIqlsCYNm6u+JDMdaj+PQdsbYDPWiNxX/8zqpia6DjIkkNVSQ+aIo5chINH0d9ZmixPCxJZgoZm9FZIgVJsYGVLIheIsvL5PmWdWrVS/ua5X6TR5HEY7gGE7Bgyuowx00wAcCj/AMr/DmSOfFeXc+5q0FJ585hD9wPn8AGLuO0w==</latexit>

U33

<latexit sha1_base64="mq/bAWfz7tgXP5Qh/S4NE0lbnso=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewKRo9ELx4xcYEENqRbulDptpu2a0I2/AcvHjTGq//Hm//GAntQ8CWTvLw3k5l5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEeoTyaXqhFhTzgT1DTOcdhJFcRxy2g7HtzO//USVZlI8mElCgxgPBYsYwcZKLb+f1WrTfrniVt050CrxclKBHM1++as3kCSNqTCEY627npuYIMPKMMLptNRLNU0wGeMh7VoqcEx1kM2vnaIzqwxQJJUtYdBc/T2R4VjrSRzazhibkV72ZuJ/Xjc10XWQMZGkhgqyWBSlHBmJZq+jAVOUGD6xBBPF7K2IjLDCxNiASjYEb/nlVdK6qHr16uV9vdK4yeMowgmcwjl4cAUNuIMm+EDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w8ULI7Q</latexit>

U26

<latexit sha1_base64="BvPTHhKVBbEI61bR0ynjrprW0iY=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewS/DgSvXjExAUS2JBu6UKl227argnZ8B+8eNAYr/4fb/4bC+xBwZdM8vLeTGbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHLS1TRahPJJeqE2JNORPUN8xw2kkUxXHIaTsc38789hNVmknxYCYJDWI8FCxiBBsrtfx+Vruc9ssVt+rOgVaJl5MK5Gj2y1+9gSRpTIUhHGvd9dzEBBlWhhFOp6VeqmmCyRgPaddSgWOqg2x+7RSdWWWAIqlsCYPm6u+JDMdaT+LQdsbYjPSyNxP/87qpia6DjIkkNVSQxaIo5chINHsdDZiixPCJJZgoZm9FZIQVJsYGVLIheMsvr5JWrerVqxf39UrjJo+jCCdwCufgwRU04A6a4AOBR3iGV3hzpPPivDsfi9aCk88cwx84nz8XNY7S</latexit>

U33

<latexit sha1_base64="mq/bAWfz7tgXP5Qh/S4NE0lbnso=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewKRo9ELx4xcYEENqRbulDptpu2a0I2/AcvHjTGq//Hm//GAntQ8CWTvLw3k5l5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEeoTyaXqhFhTzgT1DTOcdhJFcRxy2g7HtzO//USVZlI8mElCgxgPBYsYwcZKLb+f1WrTfrniVt050CrxclKBHM1++as3kCSNqTCEY627npuYIMPKMMLptNRLNU0wGeMh7VoqcEx1kM2vnaIzqwxQJJUtYdBc/T2R4VjrSRzazhibkV72ZuJ/Xjc10XWQMZGkhgqyWBSlHBmJZq+jAVOUGD6xBBPF7K2IjLDCxNiASjYEb/nlVdK6qHr16uV9vdK4yeMowgmcwjl4cAUNuIMm+EDgEZ7hFd4c6bw4787HorXg5DPH8AfO5w8ULI7Q</latexit>

U21

<latexit sha1_base64="nyfXhf7zYWTAm55Rll00pC2IJ/c=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewSiB6JXjxi4gIJbEi3dKHSbTdt14Rs+A9ePGiMV/+PN/+NBfag4EsmeXlvJjPzwoQzbVz32ylsbG5t7xR3S3v7B4dH5eOTtpapItQnkkvVDbGmnAnqG2Y47SaK4jjktBNObud+54kqzaR4MNOEBjEeCRYxgo2V2v4gq3mzQbniVt0F0DrxclKBHK1B+as/lCSNqTCEY617npuYIMPKMMLprNRPNU0wmeAR7VkqcEx1kC2unaELqwxRJJUtYdBC/T2R4VjraRzazhibsV715uJ/Xi810XWQMZGkhgqyXBSlHBmJ5q+jIVOUGD61BBPF7K2IjLHCxNiASjYEb/XlddKuVb16tXFfrzRv8jiKcAbncAkeXEET7qAFPhB4hGd4hTdHOi/Ou/OxbC04+cwp/IHz+QMPnI7N</latexit>

U16

<latexit sha1_base64="4dwWdHHFZlRcnzyK+h9neXWfp+Y=">AAAB7XicbVBNTwIxEJ3FL8Qv1KOXRmLiiewaUI9ELx4xcYEENqRbulDptpu2a0I2/AcvHjTGq//Hm//GAntQ8CWTvLw3k5l5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEeoTyaXqhFhTzgT1DTOcdhJFcRxy2g7HtzO//USVZlI8mElCgxgPBYsYwcZKLb+feZfTfrniVt050CrxclKBHM1++as3kCSNqTCEY627npuYIMPKMMLptNRLNU0wGeMh7VoqcEx1kM2vnaIzqwxQJJUtYdBc/T2R4VjrSRzazhibkV72ZuJ/Xjc10XWQMZGkhgqyWBSlHBmJZq+jAVOUGD6xBBPF7K2IjLDCxNiASjYEb/nlVdK6qHq1av2+Vmnc5HEU4QRO4Rw8uIIG3EETfCDwCM/wCm+OdF6cd+dj0Vpw8plj+APn8wcVr47R</latexit>

U31
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Figure 4.1.: a) Given an M ×M Haar random unitary matrix U , a probability distribution can
be defined by the modulus squared permanents of N × N submatrices. Boson
sampling consists in sampling from this probability distribution PBS . b) In an
experimental boson sampler, PBS contains the probabilities of all possible outcomes
of the machine, given an N -boson initial state. For example, the 3× 3 submatrix
AS formed by the 9 elements in red squares in a) relates the initial state a†1a

†
2a
†
3|0〉

with the output state a†1a
†
3a
†
6|0〉. As a result of quantum interference among N !

physical paths, the probability of this output state is given by the modulus squared
permanent of AS .

computational problem [341], meaning that the simulation of the boson sampling problem
is believed to be extremely inefficient for a classical computer. It has being conjectured
that sampling, even approximately, from the probability distribution of a boson sampler
is already a #P-hard problem [87, 342]. This, along with boson sampling being robust
against experimental imperfections [343–347], has motivated the rapid progress of boson
sampling machines.

Up to now, quantum boson sampling has been realized using photonic quantum
circuits [348–358], with the current record being 20 input and 14 output photons in
60 modes [359]. Although significant conceptual and technological advances have been
made scaling-up these photonic devices to a larger number of photons [358, 360–365],
the simultaneous control of more than twenty photons remains, so far, inaccessible
experimentally. In addition, the progress of classical methods to simulate boson sampling
has been significant in the last few years [366–368]. These two facts complicate a near-
term quantum-supremacy test by a photonic boson-sampling machine. On the other hand,
alternative methods for doing boson sampling with trapped ions [369], superconducting
circuits [370] or optical lattices [371, 372] have been proposed. However, up to now only
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a proof-of-principle experiment using coupled vibrational modes of a single ion has been
realized [373].

In this chapter, we present a scalable method to implement boson sampling using
ultracold atoms in state-dependent optical lattices. In our scheme, atoms cooled into their
vibrational ground state play the role of indistinguishable bosons, while both the lattice sites
and the internal state of the atoms serve as the bosonic modes. Polarization-synthetized
optical lattices can be used to realize state-dependent lattice-shift operations [374, 375],
which allows bringing together spatially separated modes. In addition, pairwise interactions
among these modes, analogous to the beamsplitters used in photonic devices, can be
achieved via the combination of MW radiation with site-resolved optical pulses. The
latter is the basic building block of our proposal, and has already been demonstrated in
Ref. [221], where the Hong-Ou-Mandel interference between two optically trapped atoms
is reported.

The chapter is organized as follows: In section 4.1 we describe the method to realize
quantum circuits with ultracold atoms in polarization-synthesized optical lattices. In
section 4.2 we discuss the case of the boson-sampling quantum circuit and the scaling
of such a device to tens of atoms. We study how the two-body collisions affect to the
rate in which valid samples are generated, and also how they change the form of the
final probability distribution. In section 4.2.3, we also consider other sources of error like
dephasing or imperfect ground state cooling.

4.1. Quantum circuits with spin-dependent optical
lattices

In this section we present ultracold atoms in state-dependent optical lattices as a scalable
architecture to realize discrete-time quantum circuits, and, in particular, boson sampling.
The idea is based on the fact that any M ×M unitary matrix U describes the evolution
of a particular M -mode linear interferometer, allowing only nearest-neighbour coupling
among the modes [376, 377]. Linear interferometers of noninteracting atoms are an
interesting alternative to photonic interferometers because of the ability of controlling
a large number of particles in atomic systems. Moreover, these systems can exploit
controlled coherent collisions [378] among particles at the same site. These nonlinear
processes could increase the amount of quantum correlations in the output states [379],
possibly making the classical simulation of such a sampler even harder than for the linear
case.

Preparing an array of identical atoms

Interference between two optical laser beams is routinely used to create arrays of optical
micropotentials called optical lattices. Atoms can be trapped in those lattice sites and
repositioned one by one using state-dependent moving potentials [375, 380–383]. As a
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Figure 4.2.: Illustration of the quantum-circuit scheme based on ultracold atoms in polarization-
synthesized optical lattices. Each lattice site hosts two modes of the quantum
circuit, represented by two atomic internal states, |↑〉 and |↓〉. A representative
initial state is shown in the figure, where every second mode is occupied. Atoms are
displaced by state-dependent shift operations, while their internal states are coupled
using MW radiation and light shifts. Inset: A combination of local addressing pulses
and MW pulses realize the equivalent of a photonic beamsplitter.

result, these atoms can be prepared in states were the position of each atom in the lattice
is predefined. Currently, the record in the number of assorted atoms is in N = 111 [384],
well above the N = 20 photons achieved with photonic devices [359]. Furthermore,
ideas to increase this number up to 1000 exist for the case of two-dimensional state-
dependent optical lattices [375]. After being rearranged, the atoms can be cooled down
to their vibrational ground state by means of sideband cooling. Using this, a purity or
ground-state probability of up to 90% has being demonstrated [383], the main limitation
being the small trap frequency along at least one of the confining directions. In this
respect, probabilities close to unity are expected in deep three-dimensional optical lattices.
Alternative techniques to create low-entropy atom ensembles exist, which involve the
preparation of a Mott insulator state and the subsequent selection of atoms at predefined
lattice sites. With this method, a purity of 99% per site has being experimentally achieved
for 12 atoms [385, 386].

Wiring the quantum circuit with polarization-synthesized optical lattices

For the realization of discrete-time quantum circuits, we consider polarization-synthesized
optical lattices [375]. These consist of two independent optical potentials that are
polarization selective, trapping atoms depending on the polarization of the transition
associated with an internal state. For that, two states of the 6s2S1/2 hyperfine manifold
of the 133Cs atom can be used, e.g., |↑〉 = |F = 4,mF = 4〉 and |↓〉 = |F = 3,mF = 3〉.
The lattice wavelength is set at λL = 870 nm. Then, due to different polarizability [387–

52



Chapter 4. Boson Sampling with Ultracold Atoms

389], atoms in |↑〉 or |↓〉 feel only either one of the two periodic potentials:

V↑,↓(x) = V 0
↑,↓ cos2{2π/λL[x− x↑,↓(t)]}, (4.1)

where the position of both lattice sites x↑,↓(t) can be independently controlled with
subnanometer precision by a fast polarization synthesizer [374]. Also, the depth of the
micropotentials V 0

↑,↓ is sufficiently large to suppress the tunnelling of atoms to neighbouring
sites.

In Fig. 4.2 we illustrate how different lattice sites can be “wired” by using fast, state-
dependent shifts of the optical lattice, generating discrete-time quantum circuits with
ultracold atoms. In our scheme, the modes of the quantum circuit are represented by both
the different lattice sites and the two internal states. Thus, with our method, M/2 lattice
sites are sufficient to represent M modes. The shift operation preserves the coherence
between the two internal states [390], and its duration can be as short as the trapping
period, which is about 3 femtoseconds. The geometry of the circuit depicted in Fig. 4.2
is equivalent to those realized with photonic systems, except that in our case a single
spatial dimension is enough, in contrast to the two spatial dimensions used in photonic
circuits [355]. As in photonic circuits, the evolution of an M -mode interferometer coupled
pairwise at discrete time steps is represented by an M×M unitary matrix U [376, 377].
The matrix representation of a general pairwise interaction acting at time t on lattice site
s is

T (t, s) =
(
e−iφ cos(θ/2) − sin(θ/2)
e−iφ sin(θ/2) cos(θ/2)

)
, (4.2)

where φ is a phase imprinted onto only the |↑〉 mode, and θ is the angle by which the
pseudospin (i.e., the two coupled modes, |↑〉 and |↓〉) is rotated around the y axis of the
Bloch sphere. Interestingly, a general M×M unitary matrix U can be represented by
the product of M(M−1)/2 independent operations T (t, s) [376, 377]. Notice that, as
each operation is characterized by two parameters, the whole protocol is then defined
by M(M−1) independent parameters, corresponding to the number of free parameters
characterizing a generic M ×M unitary matrix, up to M phase shifts applied to the M
output modes, which are irrelevant for most applications. In principle, all these operations
can be implemented in M time steps, resulting in an M -step circuit depth [377].

Arbitrary mode coupling by light pulses

Two modes in the same lattice site can be coupled by combining site-resolved light
pulses with global MW pulses, realizing T (t, s). More specifically, site-resolved light
pulses are used to imprint a local differential phase shift between the two hyperfine
states, |↑〉 and |↓〉, while global MW radiation results in a global Hadamard operation.
The latter can be implemented by a π/2 MW pulse, rotating the pseudospin by 90
degrees around the x axis of the Bloch sphere. This is represented by a Hadamard-like
transformation H2×2 = exp(−iσxπ/4). Differential light shifts can be realized with
cesium atoms [387–389]. In addition, these pulses can be focused so that they act only
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onto the target sites [391–393], allowing the realization of independent rotations around
the z axis, A(ϕs) = exp[−iσzϕ/2], where the angle ϕs is controlled by the product of
the laser intensity and the pulse duration. The duration of the global MW pulse is about
150µs, however, can be shortened to tens of microseconds just by increasing the MW
power. On the other hand, the local laser pulses can be realized in about 10µs using
approximately 1µW of laser power per addressed lattice site. Moreover, in the case of the
latter, the probability of error by scattering of light is of the order of 10−5. As the main
advantage, this method avoids using site-resolved Raman pulses in order to couple the
two modes.

The described quantum gates are sufficient to build a generic T (t, s) operation, as
shown by the following formula:

T ′(t, s) = eiφ/2 T (t, s) = H†2×2A(θ)H2×2A(φ). (4.3)

Notice that the eiφ/2 is global only to the pseudospin subspace and, thus, we should
account for it when building the M ×M unitary. However, it can be shown that the
algorithm in Clements et al. [377] can be easily adapted to employ T ′(t, s) as the basic
building block of the quantum circuit, instead of T (t, s). Thus, the control of this global
phase is not necessary for the purpose at hand. In the inset of Fig. 4.2 an illustration
of the application of a T (t, s) operation between a |↑〉 mode in site s and a |↓〉 mode in
site s+ 1 is shown. First, we use a spin-dependent displacement operation to bring the
|↓〉 mode in site s+ 1 to the site s. Then, the quantum gates described above can be
applied, and the operation is finished by shifting back the |↓〉 mode to site s+ 1.

Site- and state-resolved detection of individual atoms

Being able to measure the output state is a necessary condition for any useful quantum
computation. A fluorescence image is captured to measure the final state [393, 394].
Using a high-resolution objective lens, the position of the atoms in the optical lattices
can be reconstructed with high-fidelity, exceeding 99% [395]. This fluorescence technique
provides information about the occupation of the lattice sites, however, to discriminate
between the two modes in the same lattice sites, a spin-sensitive detection scheme is
needed. For that, as demonstrated in Ref. [395], a long-distance state-dependent shift
can be performed, turning apart atoms in different states, |↑〉 and |↓〉, that were initially
on the same lattice site.

Ideally, one should also be able to detect how many atoms are in each site. Unfortunately,
standard fluorescence imaging produces pairwise atom losses, allowing only the parity
of the occupation number to be measured. To solve this, one could try to spread the
atoms along the perpendicular lattice sites before imaging, for example, through a ballistic
expansion. Similar methods are employed for number-resolving photodetection [352, 396],
and have been recently adapted to optical lattices [385, 397]. Alternatively, one could
exploit interaction blockade to induce occupation-dependent tunneling to distinct sites of
a multilayer optical lattice [398].
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4.2. Scaling of atomic boson sampling

Quantum circuits with ultracold atoms, described in section 4.1, provide a way to
implement boson sampling, as an alternative to photonic devices. Currently, atomic
systems allow controlling a hundred of particles distributed in hundreds of lattice sites,
which makes these systems highly attractive to scale up boson sampling and achieve
quantum supremacy. The initial state could be given by N atoms uniformly distributed
along the first N sites |ψ0〉 =

∑N
s=1 â

†
2s−1|0〉, where |0〉 is the vacuum of all M modes. If

the generated unitary U is chosen randomly according to the Haar measure, then to sample
from the output probability distribution P (n1, n2, ..., nM ) = |〈n1, n2, ..., nM |Û |ψ0〉|2 is
believed to be a hard task for classical computers [87]. Although the formal mathematical
proof of hardness requires N ≤M1/6, typically, a more feasible condition, i.e. N ≤M1/2,
is assumed sufficient.

In order to propose a quantum supremacy demonstration experiment by solving the
boson sampling problem, it is necessary to take into account experimental imperfections.
In this section we study how particle loss may, on the one hand, decrease the rate in
which valid samples can be generated, and, on the other hand, change the complexity of
the probability distribution we are sampling from.

4.2.1. A simple model for the sampling rate

The repetition rate of the experiment is directly related to the time necessary to prepare
the initial state, make all the interference operations, and measure the final state. The
initial state can be prepared efficiently in about 100 ms up to 100 atoms [375], that
is why we assume a fixed time tin for carrying out this initial step. The time required
to make all interference operations, however, directly depends on the number of modes
in the system, which grows as M = N2 as a requirement of the problem itself. As we
already mentioned, any unitary transformation of dimension M ×M can be done by
M(M − 1)/2 two-dimensional unitary operations [376, 377] from which we consider that,
in average, (M − 1)/2 can be done in parallel, i.e., at the same time (see Fig. 4.2). The
final state measurement is done in a single operation lasting about tdet = 50 ms, which
detects the position and spin of the atoms by fluorescence imaging. All this suggests that
the processing time scales as tpr ≡ R−1

pr ≈ N2top + tin + tdet with respect to the number
of particles N . Here, top is the time required to make an interference operation, while tin
and tdet are the initialization and measurement times respectively. In addition, we are
mainly interested in detecting the output states that have at most one atom in each mode,
since the probability of those events is the one predicted to be the hardest for classical
algorithms. Thus, the states belonging to this subspace, called collision-free-subspace,
are post-selected from all the output states. With a quadratic scaling of the number of
modes, approximately a fraction e−1 of the final states correspond to these kind [399].

The above analysis describes the ideal situation where all atoms are prepared in the
ground state of motion, none of them is lost in the experiment, and the measurement
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4.2 Scaling of atomic boson sampling

is carried out with 100% efficiency. However, in a realistic scenario, one should account
for experimental errors that affect the rate at which post-selected samples are generated.
Following a similar approach as the one presented in Refs. [357, 366], we estimate the
sampling rate as

R = 1
e
Rprη

N
d Psurv, (4.4)

where Psurv is the survival probability of N atoms and ηd is the detection efficiency per
atom. The latter is controlled significantly well with the best reported detection efficiency
of 99% [395]. The survival probability of the N atoms during the complete evolution will
depend on the processing time tpr. In principle, an atom may escape from the trap due
to background vapor collisions. The survival probability that accounts for this effect for
single atoms is given by the exponential formula exp (−tpr/τbg), where τbg is the mean
lifetime of a single atom before it is lost by background collisions.

Also, the presence of more than one atom in the same lattice site may cause the loss
of one of the atoms, or even the loss of both of them due to inelastic collisions (e.g.,
spin exchanging collisions). For this type of collisions, the survival probability of a pair of
atoms can be written as a (1 + (tpr − tin)/τtb)−1 function of time [400], where τtb is
the mean lifetime of two-body collisions. Then, one has to consider the probability of
having a particle pair on the same lattice site and per each step of the process. If we
start from a configuration that has all the atoms placed on different lattice sites, this
probability can be considered zero until tin. During the process of interference operations
and measurement, this probability cannot be ignored. To approximate the value of this
probability, we consider that the bosons are at all times uniformly distributed. We can
then write the survival probability of N atoms per time step τ as

Pstep(τ) = (e−N
τ
τbg )

N/2∑
k=0

Ppair(k)
[
1 + τ

τtb

]−k
(4.5)

where Ppair(k) is the probability of finding k pairs distributed in different sites. For
example, k = 0 corresponds to the case where all atoms are on distinct lattice sites.
Ppair(k) can be analytically calculated, leading to (3/2)k/(e3/2k!) for large N , see
appendix D.1 for details. Equation (4.5) does not take into account states with more
than two particles in a lattice site. For a more accurate description, Ppair(k) can be
substituted by P (k2, k3, k4, k5), meaning the probability of having k2 pairs, k3 trios, k4
quartets, and so on. In Fig. 4.3(a), different configurations are shown for N = 4 and
M = 12. However, and as proved in appendix D.1, this generalized probability tends
to the same Poissonian distribution (3/2)k2/(e3/2k2!) at large N . With this model, the
total survival provability can be written as

Psurv(N) = Pstep(top)MPstep(tdet). (4.6)

Later, we will benchmark this model with exact numerical simulations for a small number
of particles N . Up to then, we can assume this model to be correct and compare it with
other models that describe the scaling of the boson sampling problem in photonic circuits
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Table 4.1.: Experimental parameters
Conservative State of the art

Spin addresing + Lattice shift time (top) 150µs +20µs 30µs +3µs
Initialization time (tin) 0.75s 0.1s
Detection time (tdet) 60ms 30ms

Detection efficiency (ηd) 0.99 0.999
One-body loss lifetime (τbg) 60s 360s
Two-body loss lifetime (τtb) 40ms 400ms

or classical computers.
Conservative and state of the art values for the experimental parameters can be found

in Table 4.1. For the two-body losses, we take τtb = 400ms as the state-of-art value,
which is in principle achievable using Feshbach resonances [401]. These two cases are
represented by the two solid blue curves in Fig. 4.3(b), were the lower and upper curves
corresponding to current and best cases, respectively. We have also included an additional
line (dotted blue) that represents the case with the best reported parameters except for
the mean lifetime of two-body collisions, which is assumed to remain τtb = 40ms. Notice
that the upper blue lines meet the solid gray line (representing the classical computing
rate) around N & 30, thus, predicting quantum advantage for N & 30 particles.

Photonic boson sampling devices also suffer from particle loss, which is, actually, the
main limitation when scaling up. Although the rate in which indistinguishable photons are
created is of R0 = 76MHz, the rate in which valid experimental samples are generated
in current setups drops down to R = 295Hz for 5-photon boson sampling [359]. If
the number M of modes scale quadratically with N , the sampling rate of a photonic
experiment can be characterized by

R = 1
e

R0

N
ηN (4.7)

where R0/N is the rate in which an N -photon initial state can be prepared and η = ηfη
d
c

is the survival probability of a single photon during the experiment. The latter is a product
of a fixed survival probability ηf that accounts for errors that do not increase with the
number of particles N and the transmission probability of the photon through the circuit
ηdc , which depends on the transmission probability per unit of length ηc and the optical
depth d, that increases quadratically (d = M = N2 for a square circuit [377]) with N . If
photon loss is allowed in the model, the sampling rate becomes

R = 1
e

R0

N

(
N

N − kl

)
ηN−kl(1− η)kl , (4.8)

where kl is the number of lost photons. In boson sampling with lost photons, if the loss
of 2 photons is allowed R increases by a factor of N(N − 1)/2 with respect to the case
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Figure 4.3.: a) Examples of states with M = 12 and N = 4. P (0, 0, 0) is the ratio between
the number of states with zero pairs, trios and quartets, and the total number of
states. P (1, 0, 0) corresponds to the proportion of states with a single particle pair,
and zero trios and quartets. P (2, 0, 0) and P (0, 1, 0) for states with two particle
pairs, zero trios and zero quartets, and a single particle trio, zero pars and zero
quartets, respectively. b) Scaling of boson sampling machines. The sampling rate
versus the number of particles is shown for atomic (blue), photonic (purple), and
classical (grey) boson sampling devices. If experimental parameters are improved,
both photonic and atomic devices may surpass the classical algorithms, at N ≈ 23
and N ≈ 30, respectively. In the case of the photonic device, for the dashed curve
we allow ≈ 30% of lost photons.

without losses.
From the R = 295Hz count rate reported in Ref. [359] for the 5-photon boson sampling,

and taking into account that the transmission rate of the 60× 60 optical circuit is 98, 7%,
and, thus, ηc = 0.9871/60, we can extract a fixed survival probability of ηf = 0.14.
According to Ref. [358], the single-photon source, interferometer and detection efficiencies
can be increased up to 0.8, 0.9, and 0.9 respectively, obtaining ηf = 0.65. In Fig. 4.3(b),
lower purple curves (both solid and dashed) assume ηf = 0.14 and a circuit transmission
rate of ηc = 0.9871/60, while the upper curves assume ηf = 0.65 and a perfect transmission
rate. With the best parameters, quantum advantage could be achieved around N ≈ 23
with a 30% photon loss.

Finally, the time required by the Metropolised independence sampling algorithm intro-
duced in Ref. [366] to produce a valid sample scales as

1/R = 100ãN22N (4.9)

58



Chapter 4. Boson Sampling with Ultracold Atoms

where ã relates to the speed of the classical computer. This value has been reported to
be ã = 3 × 10−15 s in the case of the Tianhe 2 supercomputer [367]. For the case of
a regular computer we choose this value to be ã = 3 × 10−9 s. If comparing with the
photonic boson sampler with photon loss, we should substitute N by N − kl in Eq. (4.9).
The latter corresponds to the dotted grey line in Fig. 4.3(b), which crosses the photonic
sampling rate at around N ≈ 23.

Since both tpr and d scale quadratically with the number of particles, the atomic and
photonic sampling-rate formulas scale worse than the classical algorithm. However, and
as it is shown in Fig. 4.3(b), at meaningful time scales (i.e., for all practical purposes)
both experimental machines are expected to sample much faster than classical supercom-
puters. In the case of the atomic device, we show that sampling faster than a classical
supercomputer is possible around N & 30, both when τtb = 40ms and τtb = 400ms.

One thing that has to be considered is that two-body losses may change the form the
probability distribution we are sampling from. If that is the case, we need to quantify
how far are we from the probability distribution that corresponds to the boson sampling
problem. For that, in the next section we present a Hamiltonian model that will serve
us to quantify this distance between both probability distributions in terms of the state
fidelity.

4.2.2. Hamiltonian model for particle loss

In this section, we use the second quantization formalism of quantum mechanics to build a
Hamiltonian model that will represent the boson sampling problem with particle loss. The
system will contain N particles in M bosonic modes, and will be subjected to incoherent
one-body and two-body losses. Those losses can be represented, as we will see, by an
anti-Hermitian part in the system Hamiltonian.

Using second quantization, the free-energy Hamiltonian corresponding to a one-
dimensional optical lattice of M/2 sites (for simplicity, we will assume that the number of
modes is even) where each site can hold atoms in two different atomic states is written as

H0 =
M/2∑
s=1

ω↑a
†
2s−1,↑a2s−1,↑ + ω↓a

†
2s,↓a2s,↓ (4.10)

where a†j(aj) is the creation (annihilation) operator associated to the j-th mode. From
now on and for simplicity, aj,↑ ≡ aj and aj,↓ ≡ aj , odd or even j numbers being associated
to |↑〉 or |↓〉 atomic states, respectively.

Coherent population exchange between |↑〉 and |↓〉 states can be achieved using a MW
field with frequency ω↑ − ω↓, giving rise to Rabi oscillations. The effective Hamiltonian
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4.2 Scaling of atomic boson sampling

associated to this process is, in an interaction picture with respect H0,

Hx =
M/2∑
s=1

Ω0

2 (a†2s−1a2se
iϕ0 + a2s−1a

†
2se
−iϕ0) (4.11)

where Ω0 and ϕ0 are the Rabi frequency and the phase associated to the MW driving.
As anticipated in section 4.1, local differential light shifts can be produced by focused
laser beams, which allow to shift the energies defined by H0. This can be represented by
the following Hamiltonian,

Hz =
M/2∑
s=1

Ωs
2 (a†2s−1a2s−1 − a†2sa2s), (4.12)

where the value of Ωs can be different for each site s. Combining the evolution of
Hamiltonians (4.11) and (4.12), any 2× 2 unitary tranformation between on-site modes
can be represented. The time evolution operator corresponding to this generic operation
would be

Ût = e−iH
(ϕ=π)
x τ/4e−iH

~θ
z τ/4e−iH

(ϕ=0)
x τ/4e−iH

~φ
z τ/4, (4.13)

where τ = 2π/Ω0, and Ωsτ/4 = θs at exp [−iH~θ
z τ/4] and Ωsτ/4 = φs at exp [−iH ~φ

z τ/4].
The operation described in Eq. (4.13) applies simultaneously in all M/2 lattice sites,
and it is characterized by M independent parameters ~θt = (θ1, θ2, ..., θM/2) and ~φt =
(φ1, φ2, ..., φM/2). Those parameters describe M/2 arbitrary unitary operations, each as
defined in Eq. (4.3), between all on-site modes. An example is shown in Fig. 4.4 for the
case M = 6. As explained previously, the ability to shift the optical potential associated
to one of the atomic states allows to connect neighbouring modes of the circuit. Thus,
the following Hamiltonians, can also be implemented:

H ′x =
M/2−1∑
s=1

Ω0

2 (a†2sa2s+1e
iϕ0 + a2sa

†
2s+1e

−iϕ0), (4.14)

and

H ′z =
M/2−1∑
s=1

Ωs
2 (a†2sa2s − a†2s+1a2s+1). (4.15)

Up to now, we have assumed the number of modes in the circuit M to be even. In the
case M is odd, the summatories in Eqs. (4.11), (4.12), (4.14) and (4.15) have to sum
up to (M − 1)/2. Doing the same as in Eq. (4.13) with Hamiltonians (4.14) and (4.15),
we are able to implement M/2 two-dimensional unitary operations among neighbouring
modes. Concatenating these operations as

Û = ÛM ÛM−1...Û2Û1, (4.16)
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Figure 4.4.: Implementation of a 6× 6 unitary operation in 6 time steps. At each time step t,
a 2× 2 unitary transformation is applied on each site s, characterized by θts and
φts. Red and blue lines represent bosonic modes associated with state |↑〉 and |↓〉.
Green circles represent the light shift generated by a focused laser beam, which
allows to perform an independent operations on each lattice site.

we are able to transform the M modes of the system according to a Haar random unitary
matrix U . Unitaries U and Û should not be mixed: while U is an M ×M unitary matrix,
Û is an infinite-dimentional unitary operator acting on the Hilbert space of quantum
states. Both can be related by the following formula

Û†a†jÛ =
M∑
i=1

Ujia
†
i , (4.17)

which describes how the j-th mode transforms after all operations in Eq. (4.16).
To model the effect of particle loss we can use a Lindblad master equation of the

following form
ρ̇ = −i[H, ρ] +

∑
b

ΓbLb(ρ), (4.18)

where
Lb(ρ) = FbρF

†
b −

1
2{F

†
b Fb, ρ}, (4.19)

and Fb represents a jump operator acting on the system and producing the loss. The
jump operator corresponding to one-particle loss due to collisions with background gas
would be an annihilation operator acting independently on each mode am. Thus, the
superoperator corresponding to this process would be

Lbg(ρ) =
M∑
m=1

amρa
†
m −

1
2{n̂m, ρ}, (4.20)

with a loss rate given by Γbg = 1/τbg. For two-body collisions, we need to consider
two scenarios: on the one hand, two particles on the same mode can collide. The jump

61



4.2 Scaling of atomic boson sampling

operator would be a2
m/
√

2 and the superoperator

Ltb1(ρ) = 1
2

M∑
m=1

a2
mρ(a†m)2 − 1

2{n̂m(n̂m − 1), ρ}, (4.21)

with loss rate Γtb = 1/τtb. On the other hand, two particles on neighbouring modes on the
same site could collide, in which case the jump operator would be a2s−1a2s, where s is the
site index. This jump operator would change to a2sa2s+1 when the lattice configuration
is shifted to produce the interactions described in Eqs. (4.14) and (4.15). Thus, we would
have two different superoperators acting depending on the lattice configuration. Those
would be

Ltb2(ρ) =
M/2∑
s=1

a2s−1a2sρa
†
2s−1a

†
2s −

1
2{n̂2s−1n̂2s, ρ}, (4.22)

or

L′tb2(ρ) =
M/2∑
s=1

a2sa2s+1ρa
†
2sa
†
2s+1 −

1
2{n̂2sn̂2s+1, ρ}, (4.23)

both with decay rate Γtb = 1/τtb.
In the boson sampling problem the number of particles is conserved. In other words,

the Hamiltonian commutes with N̂ =
∑
m n̂m, the operator corresponding to the total

number of particles. In the master equation, the elements that describe population transfer
from the N particle subspace to another subspace with a lower amount of particles are
the first terms in Eqs. (4.20), (4.21), (4.22), and (4.23). If we are only interested in the
N particle subspace, we can safely ignore these terms, as they do not affect this subspace.
Doing so, we loose the unitarity of the master equation, which will now describe loss of
probability, tr(ρ) ≤ 1. In exchange, the description of the problem becomes simpler and
the dynamics of the lossy system is given by the non-Hermitian Hamiltonian

H̃ = H − iV − iΓbg

2 N̂ , (4.24)

where V changes from

V = Γtb

4

M∑
m=1

n̂m(n̂m − 1) + Γtb

2

M/2∑
s=1

n̂2s−1n̂2s (4.25)

to

V ′ = Γtb

4

M∑
m=1

n̂m(n̂m − 1) + Γtb

2

M/2−1∑
s=1

n̂2sn̂2s+1 (4.26)

depending on the lattice configuration. It can be proven that, at each step, the anti-
Hermitian part commutes with the Hermitian part, i.e. [H,V ] = [H ′, V ′] = 0, and,
in addition, we have that [N̂ , V ] = [N̂ , V ′] = [N̂ ,H] = [N̂ ,H ′] = 0, thus, the time
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evolution operator corresponding to the time step t can be written as Ûte−V τe−ΓbgτN̂/2.
At the end, the time evolution operator can be written as

Ûe−MτΓbgN̂/2e−VMτe−VM−1τ ...e−V2τe−V1τ (4.27)

where Vt is given by Û†t−1,1V Ût−1,1 when j odd, and Û†t−1,1V
′Ût−1,1 when j even, with

Ût,1 =
∏t
j=1 Ûj . The probability of having an N -particle state at the output is then

given by

p = e−MτΓbgN 〈ψ0|
( M∏
t=1

e−Vtτ
)† M∏
t=1

e−Vtτ |ψ0〉, (4.28)

where |ψ0〉 is the initial state of the system, and N̂ |ψ0〉 = N |ψ0〉. Notice that the
exponential decay produced by uncorrelated particle loss exp (−NΓbgMτ) has the same
form as in Eq. (4.5). Using Eq. (4.27), we can also write the fidelity between the final
states produced by the cases with and without losses. This is given by1

F = |〈ψ0|
M∏
t=1

e−Vtτ |ψ0〉|2
/
〈ψ0|

( M∏
t=1

e−Vtτ
)† M∏
t=1

e−Vtτ |ψ0〉. (4.29)

From Eq. (4.29), we learn that uncorrelated particle loss does not affect the state fidelity
nor the form of the final probability distribution. In consequence, one can claim that
homogeneous one-body losses do not change the complexity associated to the probability
distribution of the boson sampling problem. Unfortunately, one can not claim the same
thing for two-body losses, which is why we need to know how both the fidelity and
the success probability scale with the number of particles N . These quantities can be
numerically calculated for a small number of particles, however, their calculation becomes
intractable for more than five particles because the Hilbert space dimension increases
exponentially. Thus, it is convenient to have analytical expressions for F and p. For that,
we need to do some approximations.

Weak two-body losses

If the two-body loss rate is small, meaning ΓtbMτ � 1, we can expand all exponentials
to the second order, and we get that the success probability is

p ≈ e−MΓbgτN
{

1− 2τ
M∑
t

〈Vt〉+ τ2[
M∑
t

〈V 2
t 〉+

M∑
t,t′

〈VtVt′〉]
}

+O(τ3) (4.30)

1Typically, the fidelity between two pure states can be written as |〈ψ1|ψ2〉|2. However, if these are not
normalized, the correct expression is |〈ψ1|ψ2〉|2/(〈ψ1|ψ1〉〈ψ2|ψ2〉)
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Figure 4.5.: Numerically calculated 〈Vt〉 and 〈VtVt′〉 for N = 3 and M = 9. (a) Mean value of
〈Vt〉 for 30 different random unitaries. Solid and dashed lines correspond to uniform
and anti-bunched initial states, respectively. (b) and (c) show the mean value of
〈VtVt′〉 for 30 unitaries and for the cases of uniform and anti-bunched initial states,
respectively.

and the fidelity is

F ≈ 1− τ2
{ M∑
t,t′

〈VtVt′〉 − 〈Vt〉〈Vt′〉
}

+O(τ3). (4.31)

In Fig. 4.5, we can see the form of 〈Vt〉 and 〈VtVt′〉 for two different initial states and for
N = 3. For a uniform initial state |ψu〉, where all configurations have the same probability
amplitude, 〈Vt〉 and 〈VtVt′〉 maintain, in average, the same value throughout the process.
With an anti-bunched initial state, where the average distance among atoms is maximal,
〈Vt〉 and 〈VtVt′〉 are zero at the beginning and they increase their value with each step
t. When increasing the number of particles, this behaviour is not expected to change,
as long as the number of modes scales quadratically with N . Thus, one can assume the
following lower bounds for p and F

p & e−MΓbgτN
{

1− 2Mτ〈V 〉u +Mτ2(1 +M)〈V 2〉u
}

+O(τ3) (4.32)

and
F & 1−M2τ2

{
〈V 2〉u − 〈V 〉2u

}
+O(τ3), (4.33)

where we assume that 〈Vt〉 . 〈V 〉u and 〈VtVt′〉 . 〈V 2〉u.
Now, one can analytically calculate the values of 〈V 〉u and 〈V 2〉u, which, for large N ,

give 〈V 〉u = 3Γtb/4 and 〈V 2〉u = (3/2 + 9/4)Γ2
tb/4, see appendix D.2 for more details.

Using these results, Eqs. (4.32) and (4.33) give

p & e−MΓbgτN
{

1− 3MΓtbτ/2 + 15M2Γ2
tbτ

2(1 + 1/M)/36
}

+O(τ3) (4.34)
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Figure 4.6.: (a) and (b) Success probability per time step pt, where p =
∏
t
pt, for different

decay rates MΓtbτ = 1 (upper lines), MΓtbτ = 5 (middle lines), and MΓtbτ = 20
(lower lines), N = 3, and for a uniform and antibunched initial state, respectively.
Blue lines represent the exact calculation, where each point is calculated after 30
different random unitaries. Dashed and dotted green lines represent the results of the
models with algebraic and exponential decay, respectively. (c) Success probability
versus MΓtbτ . One can see how the algebraic model (dashed green) is in very good
agreement with the exact case with uniform initial state (solid blue).

and
F & 1− 3M2Γ2

tbτ
2/8 +O(τ3). (4.35)

From the above equations, we can infer that when increasing the number of particles,
Γtbτ has to scale as 1/M , either by decreasing τ or Γtb, if we want to maintain a constant
value for F and p. Notice that maintaining a constant value for the fidelity would imply
that the complexity of the generated sample is kept constant [363].

According to Eq. (4.35), achieving quantum advantage at N ≈ 30 with 99% state
fidelity would require τtb to be around five thousand times the operation time τ . For
example, if τ ∼ 100µs, then τtb ∼ 500ms. This value is, in principle, achievable using
Feshbach resonances [401]. However, it may well be that high fidelities are not necessary
to achieve quantum supremacy. Advantage with respect classical computers may be
possible in a regime where MΓtbτ & 1, as long as sampling from the generated probability
distribution, different from the one generated by standard boson sampling, is a hard task.
This is why it is interesting to try to extend the previous analysis to the strong-loss case.

Strong two-body losses

In the following, we try to estimate how the success probability would scale in a scenario
where losses are strong and MΓtbτ � 1 does not hold true. Exact numerical simulations
can be used to calculate the behaviour of the success probability throughout the process.
Similar to the case with weak losses, probability loss per time step is more or less constant
for uniform initial states, see Fig. 4.6(a). To estimate this value, we assume we have a
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uniform state at each time step, then, according to the model presented in the previous
section, probability loss per time step would be given by2

Pstep = e−NΓbgτ

N/3∑
k3=0

N/2−3k3∑
k2=0

P (k2, k3)
[
1 + 3Γtbτ

]−k3[
1 + Γtbτ

]−k2
, (4.36)

where P (k2, k3) gives the probability having k2 pair and k3 trios. We ignore the cases
where 4 or more particles are in a lattice site, since these probabilities are zero for N = 3.
Notice that Eq. (4.36) does not correspond to applying the loss Hamiltonian evolution
operator to the uniform state for a time τ , i.e. e−NΓbgτ 〈e−V τ 〉u, which would end up with
a similar result with exponential decays exp (−Γtbτ) instead of algebraic (1 + Γtbτ)−1.
Interestingly, the formula with the algebraic decay approaches better to the exact result,
as it can be seen in Fig. 4.6(c). This tells us that the average state in the lossy case is
not really uniform, as it is in the case without any loss. On the other hand, the excellent
agreement between our model and the exact results justifies our model and its use in
Fig. 4.3(b).

According to this model, advantage with respect classical computers can not be
reached within the current experimental values. However, sampling faster than a classical
supercomputer would be possible around N ≈ 34 with τtb ≈ 40ms and τ ≈ 33µs. In this
regime, MΓtbτ ≈ 1, and most likely the generated probability distribution is different
from the one required by standard boson sampling. Unfortunately, to determine wether it
is still hard to sample from that probability distribution is beyond the scope of this work.

4.2.3. Additional considerations

Particle loss is the main experimental imperfection that affects to the sampling rate.
However, there are other sources of error that, without affecting the sampling rate,
can change the form the final probability distribution, i.e. the final state. Undesired
differential light shifts may appear due to fluctuations of the magnetic field or imperfect
light polarization of the optical lattice [402]. These light shifts will induce errors in
the application of the 2 × 2 unitary transformations, which could deviate the total
M × M unitary transformation from the ideal Haar random unitary. In this regard,
Leverrier et al. [403] proved that the hardness of the final probability distribution is
guaranteed, as long as the error introduced by each operation scales as 1/N2. A uniform
light shift can be represented in our Hamiltonian model, just by including a term like
Hshift = εΩ0

∑M/2
s=1 n̂2s through all the process. For N = 3, a light shift with ε = 8×10−3

yields F ≈ 99%. Maintaining this fidelity at N ≈ 30 would then require ε ∼ 8× 10−5,
which, for Ω0 ≈ (2π)× 3 MHz, would equal to an uncontrolled light shift of (2π)× 240
Hz.

2The loss rate of 3 particles (a particle trio) on the same site is given by 3Γtb. Notice that there are 3
different ways to form a pair, thus, the probability of a two-body collision is 3 times higher.
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Another relevant issue is the degree of distinguishability among the atoms. The boson
sampling problem assumes that the particles are indistinguishable. In our case, two atoms
on the same mode will be indistinguishable only if they share the same motional state. For
that, ground-state cooling of all vibrational degrees of freedom is required. Moreover, the
transport of atoms could change their motional state by inducing unwanted excitations.
In this respect, Refs. [343, 404] prove that quantum advantage is also possible with
partially distinguishable particles. More precisely, Shchesnovich [404] shows that, while
increasing N , the final state fidelity (which measures how close we are to the boson
sampling probability distribution) would remain constant, as long as the fidelity between
the vibrational states of two atoms scales as 1−O(1/N).

Summarizing, in this chapter we have proposed a method to realize boson sampling
with ultracold atoms in optical lattices. Using simple error models, we compare the scaling
of atomic, photonic and classical boson sampling machines up to tens of particles, and
conclude that, in the near future, atomic and photonic machines could achieve quantum
advantage with N ≈ 30 and N ≈ 23 particles, respectively. We benchmark the atomic
error model using exact numerical simulations of a Hamiltonian model that includes
one-body and two-body losses. This two models are in good agreement for N = 3 with
weak and strong two-body losses3. Finally, with strong two-body losses one may still
sample faster than a classical supercomputer, however, the probability distribution one is
sampling from does not correspond to the boson sampling probability distribution, and
further work is needed to prove wether it is still hard to sample from that probability
distribution.

3Numerical simulations of the Hamiltonian model become too demanding for N > 4.
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5 Quantum Sensing with NV Centers

The ability to manipulate a small quantum system using electromagnetic radiation, and
initialize and read-out its quantum state, can be used to gain control over nearby systems.
It is the case of nanoscale NMR, whose goal is that of detecting and controlling magnetic
field emitters (as nuclear spins) with high frequency and spatial resolution [405–410]. The
NV center is a prominent quantum sensor candidate owing to its long coherence times
working on room temperature environments. Its electronic spin is controlled with MW
radiation, while initialization and read-out is done with optical fields [282, 411]. At room
temperature, the decay time T1 of the NV center is of the order of milliseconds [126].
Coherence times due to dephasing T2 are typically shorter, due to the interaction among
13C nuclei in the diamond and the NV [230]. Here, DD techniques have played an
important role, taking the coherence time T2 to the decay time T1 [167]. On the
other hand, DD techniques are also employed to couple the NV to a target signal,
e.g. classical electromagnetic radiation [231] or the hyperfine fields emitted by nuclear
spins [241, 283, 412]. In particular, DD techniques generate filters that allow the passage
of signals with only specific frequencies [413]. It is the accuracy of this filter what
determines the fidelity in the detection and control on the target signal. Continuous or
pulsed (or stroboscopic) DD schemes are typically considered. While the former requires
to fulfill the Hartmann-Hahn condition [289, 414], the latter uses the time spacing among
π pulses to induce a rotation frequency in the NV, matching that of the target signal [415].
Pulsed DD schemes have advantages over continuous methods, such as the achievement
of enhanced frequency selectivity by using large harmonics of the generated modulation
function [267, 415]. Another advantage is the demonstrated robustness against control
errors of certain pulse sequences such as those of the XY family [269, 285, 416–418].
However, the use of large harmonics makes DD sequences sensitive to environmental
noise, and leads to signal overlaps which hinders spectral readout [267]. As we will show,
these issues can be minimised by applying a large static magnetic field Bz. Unfortunately,
the performance of pulsed DD techniques under large Bz gets spoiled unless π pulses
are fast, i.e. highly energetic, compared with nuclear Larmor frequencies (note these
are proportional to Bz). This represents a serious disadvantage, especially when DD
sequences act over biological samples, since fast π pulses require high MW power causing
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5.1 Model: NV center for nanoscale NMR

damage as a result of the induced heating [419].
In this chapter, we propose a design of amplitude modulated decoupling pulses that

solves these problems and achieves tuneable, hence highly selective, NV-nuclei interactions.
This can be done without fast π pulses, i.e. with low MW power, and involving large
magnetic fields. We use an NV center in diamond to illustrate our method, although
this is general thus applicable to arbitrary hybrid spin systems. Furthermore, our protocol
can be incorporated to standard pulsed DD sequences such as the widely used XY8
sequence, demonstrating its flexibility. We note that a different approach based on a
specific continuous DD method [289] has been proposed to operate with NV centers
under large Bz fields.

5.1. Model: NV center for nanoscale NMR

We consider an NV center coupled to nearby nuclear spins. This is described by

H = DS2
z − γeBzSz −

∑
j

ωLI
z
j + Sz

∑
j

~Aj · ~Ij , (5.1)

where D = (2π) × 2.87 GHz is the so-called zero-field splitting, γe = −(2π) × 28.024
GHz/T is the electronic gyromagnetic ratio of the NV center, and Bz is the intensity of
the magnetic field applied in the NV axis (the z axis). The nuclear Larmor frequency is
ωL = γnBz with γn the nuclear gyromagnetic ratio. Sz = |1〉〈1| − |−1〉〈−1| is the spin-1
operator representing the NV center, |1〉 and |−1〉 being two of the three hyperfine levels
of the NV. The nuclear spin-1/2 operators are Iαj = 1/2 σαj (α = x, y, z) and ~Aj is the
hyperfine vector mediating the NV-nucleus coupling. The latter is given by

~Aj = µ0γeγn~
4πr3

j

[
ẑ − 3(ẑ · ~rj)~rj

r2
j

]
, (5.2)

where ~rj is the position vector of nucleus j with respect to the origin (the vacancy site),
and µ0 = 4π × 10−7 T ·m/A is the vacuum permeability.

The internal state of the NV is manipulated with an external MW field polarized in the
x axis. The Hamiltonian corresponding to such field is

Hc =
√

2Ω(t)Sx cos [ωt− φ], (5.3)

where Sx = 1√
2 (|1〉〈0|+ |−1〉〈0|+ H.c.), φ is the pulse phase, and ω is the MW driving

frequency. If this frequency equals the natural frequency of the |1〉 ↔ |0〉 transition
(D + γeBz/2), Eq. (5.1) is, in the rotating frame defined by DS2

z − γeBzSz,

H =
∑
j

ωj ω̂j · ~Ij + σz
2
∑
j

~Aj · ~Ij + Ω(t)
2 (|1〉〈0|eiφ + H.c.), (5.4)
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where σz = |1〉〈1|−|0〉〈0|, and ω̂j = ~ωj/|~ωj | with ~ωj = ωLẑ− 1
2
~Aj (note that |~ωj | = ωj).

It is worth mentioning that the use of the |1〉 ↔ |0〉 transition translates into a position-
dependent shift of the Larmor frequency of the nuclei, ωj ≈ ωL − 1

2A
z
j . For some

applications, it may be convenient to avoid this shift using the |1〉 ↔ | − 1〉 transition
instead1.

In pulsed DD methods resonance is achieved by the stroboscopic application of the
MW driving leading to periodic π rotations in the NV electronic spin. In an interaction
picture with respect to Ω(t)

2 (|1〉〈0|eiφ + H.c.), the stroboscopic application of these MW
pulses is described as

H = −
∑
j

ωj ω̂j · ~Ij + F (t)σz2
∑
j

~Aj · ~Ij , (5.5)

with the modulation function F (t) taking periodically the values +1 or −1, depending
on the number of π pulses on the NV. Notice that a similar thing has been done in
section 2.1 in the context of trapped ions.

A common assumption of standard DD techniques is that π pulses are nearly instan-
taneous, thus highly energetic. However, in real cases we deal with finite-width pulses
such that a time tπ = π

Ω is needed to produce a π pulse (if Ω constant during the pulse).
This has adverse consequences on the NV-nuclei dynamics such as the appearance of
spurious resonances [420–422], or the drastic reduction of the NMR sensitivity at large
Bz [288]. In Ref. [288] a strategy to signal recovery is presented. Here, we extend this
approach to achieve selective nuclear interactions. In the following, we demonstrate that
the introduction of extended pulses with tailored Ω leads to tunable NV-nuclei interactions
with low-power MW radiation.

5.2. DD with instantaneous MW pulses

We consider the widely used XY8 = XYXYYXYX scheme, X (Y) being a π angle rotation
around the x (y) axis of the Bloch sphere corresponding to states |0〉 and |1〉. The
sequential application of XY8 on the NV leads to a periodic, even, F (t) that expands in
harmonic functions as F (t) =

∑
n fn cos (nωMt), where fn = 2/T

∫ T
0 F (s) cos (nωMs)ds,

and ωM = 2π
T with T the period of F (t). See an example of F (t) in the inset of Fig. 5.1 (a).

In an interaction picture with respect to −
∑
j ωj ω̂j · ~Ij , Eq. (5.4) is2

H =
∑
n,j

fn cos (nωMt)σz
2

[
Axj I

x
j cos (ωjt) +Ayj I

y
j sin (ωjt) +AzjI

z
j

]
, (5.6)

1For an example check article 14 from the list of publications.
2To prove it, one can use the following: eia(n̂·~σ) ~σ e−ia(n̂·~σ) = ~σ cos(2a) + n̂ × ~σ sin(2a) + n̂ (n̂ ·
~σ) (1− cos(2a)) .
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0
<latexit sha1_base64="Ff3F2BD2T9HC3mOYsPGdMkgQiiw=">AAAB4nicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXkAiSwIT0NDXQoeeR7hoTMuEHdGXUnZ/kD/g3NjgLBe/qdN3bSd0KUiUNue6XU1pb39jcKm9Xdnb39g+qh0cdk2RaYFskKtHdgBtUMsY2SVLYTTXyKFD4EExu5/7DI2ojk/iepin6ER/FMpSCkx213EG15tbdhdgqeAXUoFBzUP3sDxORRRiTUNyYnuem5OdckxQKZ5V+ZjDlYsJH2LMY8wiNny8WnbGzMNGMxsgW79/ZnEfGTKPAZiJOY7PszYf/eb2Mwms/l3GaEcbCRqwXZopRwuZ92VBqFKSmFrjQ0m7JxJhrLshepWLre8tlV6FzUfcsty5rjZviEGU4gVM4Bw+uoAF30IQ2CEB4hjd4d4bOk/PivP5ES07x5xj+yPn4Bm/Likk=</latexit><latexit sha1_base64="Ff3F2BD2T9HC3mOYsPGdMkgQiiw=">AAAB4nicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXkAiSwIT0NDXQoeeR7hoTMuEHdGXUnZ/kD/g3NjgLBe/qdN3bSd0KUiUNue6XU1pb39jcKm9Xdnb39g+qh0cdk2RaYFskKtHdgBtUMsY2SVLYTTXyKFD4EExu5/7DI2ojk/iepin6ER/FMpSCkx213EG15tbdhdgqeAXUoFBzUP3sDxORRRiTUNyYnuem5OdckxQKZ5V+ZjDlYsJH2LMY8wiNny8WnbGzMNGMxsgW79/ZnEfGTKPAZiJOY7PszYf/eb2Mwms/l3GaEcbCRqwXZopRwuZ92VBqFKSmFrjQ0m7JxJhrLshepWLre8tlV6FzUfcsty5rjZviEGU4gVM4Bw+uoAF30IQ2CEB4hjd4d4bOk/PivP5ES07x5xj+yPn4Bm/Likk=</latexit><latexit sha1_base64="Ff3F2BD2T9HC3mOYsPGdMkgQiiw=">AAAB4nicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXkAiSwIT0NDXQoeeR7hoTMuEHdGXUnZ/kD/g3NjgLBe/qdN3bSd0KUiUNue6XU1pb39jcKm9Xdnb39g+qh0cdk2RaYFskKtHdgBtUMsY2SVLYTTXyKFD4EExu5/7DI2ojk/iepin6ER/FMpSCkx213EG15tbdhdgqeAXUoFBzUP3sDxORRRiTUNyYnuem5OdckxQKZ5V+ZjDlYsJH2LMY8wiNny8WnbGzMNGMxsgW79/ZnEfGTKPAZiJOY7PszYf/eb2Mwms/l3GaEcbCRqwXZopRwuZ92VBqFKSmFrjQ0m7JxJhrLshepWLre8tlV6FzUfcsty5rjZviEGU4gVM4Bw+uoAF30IQ2CEB4hjd4d4bOk/PivP5ES07x5xj+yPn4Bm/Likk=</latexit><latexit sha1_base64="Ff3F2BD2T9HC3mOYsPGdMkgQiiw=">AAAB4nicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXkAiSwIT0NDXQoeeR7hoTMuEHdGXUnZ/kD/g3NjgLBe/qdN3bSd0KUiUNue6XU1pb39jcKm9Xdnb39g+qh0cdk2RaYFskKtHdgBtUMsY2SVLYTTXyKFD4EExu5/7DI2ojk/iepin6ER/FMpSCkx213EG15tbdhdgqeAXUoFBzUP3sDxORRRiTUNyYnuem5OdckxQKZ5V+ZjDlYsJH2LMY8wiNny8WnbGzMNGMxsgW79/ZnEfGTKPAZiJOY7PszYf/eb2Mwms/l3GaEcbCRqwXZopRwuZ92VBqFKSmFrjQ0m7JxJhrLshepWLre8tlV6FzUfcsty5rjZviEGU4gVM4Bw+uoAF30IQ2CEB4hjd4d4bOk/PivP5ES07x5xj+yPn4Bm/Likk=</latexit>

�0.5
<latexit sha1_base64="uLIhm0WwV+p7BUz6lrB4Z8M0hRU=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuLEkouiy6MZlBXuBNpTJ9KQZOrkwMxFC6CPoStSdL+QL+DZOahba+q++Of8/cP7jJYIrbdtfVmVldW19o7pZ29re2d2r7x90VZxKhh0Wi1j2PapQ8Ag7mmuB/UQiDT2BPW96W/i9R5SKx9GDzhJ0QzqJuM8Z1cXozG5ejuoNu2nPRZbBKaEBpdqj+udwHLM0xEgzQZUaOHai3ZxKzZnAWW2YKkwom9IJDgxGNETl5vNdZ+TEjyXRAZL5+3c2p6FSWeiZTEh1oBa9YvifN0i1f+3mPEpSjREzEeP5qSA6JkVlMuYSmRaZAcokN1sSFlBJmTaHqZn6zmLZZeieNx3D9xeN1k15iCocwTGcggNX0II7aEMHGATwDG/wbk2sJ+vFev2JVqzyzyH8kfXxDbZvivc=</latexit><latexit sha1_base64="uLIhm0WwV+p7BUz6lrB4Z8M0hRU=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuLEkouiy6MZlBXuBNpTJ9KQZOrkwMxFC6CPoStSdL+QL+DZOahba+q++Of8/cP7jJYIrbdtfVmVldW19o7pZ29re2d2r7x90VZxKhh0Wi1j2PapQ8Ag7mmuB/UQiDT2BPW96W/i9R5SKx9GDzhJ0QzqJuM8Z1cXozG5ejuoNu2nPRZbBKaEBpdqj+udwHLM0xEgzQZUaOHai3ZxKzZnAWW2YKkwom9IJDgxGNETl5vNdZ+TEjyXRAZL5+3c2p6FSWeiZTEh1oBa9YvifN0i1f+3mPEpSjREzEeP5qSA6JkVlMuYSmRaZAcokN1sSFlBJmTaHqZn6zmLZZeieNx3D9xeN1k15iCocwTGcggNX0II7aEMHGATwDG/wbk2sJ+vFev2JVqzyzyH8kfXxDbZvivc=</latexit><latexit sha1_base64="uLIhm0WwV+p7BUz6lrB4Z8M0hRU=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuLEkouiy6MZlBXuBNpTJ9KQZOrkwMxFC6CPoStSdL+QL+DZOahba+q++Of8/cP7jJYIrbdtfVmVldW19o7pZ29re2d2r7x90VZxKhh0Wi1j2PapQ8Ag7mmuB/UQiDT2BPW96W/i9R5SKx9GDzhJ0QzqJuM8Z1cXozG5ejuoNu2nPRZbBKaEBpdqj+udwHLM0xEgzQZUaOHai3ZxKzZnAWW2YKkwom9IJDgxGNETl5vNdZ+TEjyXRAZL5+3c2p6FSWeiZTEh1oBa9YvifN0i1f+3mPEpSjREzEeP5qSA6JkVlMuYSmRaZAcokN1sSFlBJmTaHqZn6zmLZZeieNx3D9xeN1k15iCocwTGcggNX0II7aEMHGATwDG/wbk2sJ+vFev2JVqzyzyH8kfXxDbZvivc=</latexit><latexit sha1_base64="uLIhm0WwV+p7BUz6lrB4Z8M0hRU=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuLEkouiy6MZlBXuBNpTJ9KQZOrkwMxFC6CPoStSdL+QL+DZOahba+q++Of8/cP7jJYIrbdtfVmVldW19o7pZ29re2d2r7x90VZxKhh0Wi1j2PapQ8Ag7mmuB/UQiDT2BPW96W/i9R5SKx9GDzhJ0QzqJuM8Z1cXozG5ejuoNu2nPRZbBKaEBpdqj+udwHLM0xEgzQZUaOHai3ZxKzZnAWW2YKkwom9IJDgxGNETl5vNdZ+TEjyXRAZL5+3c2p6FSWeiZTEh1oBa9YvifN0i1f+3mPEpSjREzEeP5qSA6JkVlMuYSmRaZAcokN1sSFlBJmTaHqZn6zmLZZeieNx3D9xeN1k15iCocwTGcggNX0II7aEMHGATwDG/wbk2sJ+vFev2JVqzyzyH8kfXxDbZvivc=</latexit>

1<latexit sha1_base64="un2PrcY2OgBO8nch9jD8dtiGjbU=">AAAB4nicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXkAiSwIT0NDXQoeeR7hoTMuEHdGXUnZ/kD/g3NjgLBe/qdN3bSd0KUiUNue6XU1pb39jcKm9Xdnb39g+qh0cdk2RaYFskKtHdgBtUMsY2SVLYTTXyKFD4EExu5/7DI2ojk/iepin6ER/FMpSCkx21vEG15tbdhdgqeAXUoFBzUP3sDxORRRiTUNyYnuem5OdckxQKZ5V+ZjDlYsJH2LMY8wiNny8WnbGzMNGMxsgW79/ZnEfGTKPAZiJOY7PszYf/eb2Mwms/l3GaEcbCRqwXZopRwuZ92VBqFKSmFrjQ0m7JxJhrLshepWLre8tlV6FzUfcsty5rjZviEGU4gVM4Bw+uoAF30IQ2CEB4hjd4d4bOk/PivP5ES07x5xj+yPn4BnFJiko=</latexit><latexit sha1_base64="un2PrcY2OgBO8nch9jD8dtiGjbU=">AAAB4nicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXkAiSwIT0NDXQoeeR7hoTMuEHdGXUnZ/kD/g3NjgLBe/qdN3bSd0KUiUNue6XU1pb39jcKm9Xdnb39g+qh0cdk2RaYFskKtHdgBtUMsY2SVLYTTXyKFD4EExu5/7DI2ojk/iepin6ER/FMpSCkx21vEG15tbdhdgqeAXUoFBzUP3sDxORRRiTUNyYnuem5OdckxQKZ5V+ZjDlYsJH2LMY8wiNny8WnbGzMNGMxsgW79/ZnEfGTKPAZiJOY7PszYf/eb2Mwms/l3GaEcbCRqwXZopRwuZ92VBqFKSmFrjQ0m7JxJhrLshepWLre8tlV6FzUfcsty5rjZviEGU4gVM4Bw+uoAF30IQ2CEB4hjd4d4bOk/PivP5ES07x5xj+yPn4BnFJiko=</latexit><latexit sha1_base64="un2PrcY2OgBO8nch9jD8dtiGjbU=">AAAB4nicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXkAiSwIT0NDXQoeeR7hoTMuEHdGXUnZ/kD/g3NjgLBe/qdN3bSd0KUiUNue6XU1pb39jcKm9Xdnb39g+qh0cdk2RaYFskKtHdgBtUMsY2SVLYTTXyKFD4EExu5/7DI2ojk/iepin6ER/FMpSCkx21vEG15tbdhdgqeAXUoFBzUP3sDxORRRiTUNyYnuem5OdckxQKZ5V+ZjDlYsJH2LMY8wiNny8WnbGzMNGMxsgW79/ZnEfGTKPAZiJOY7PszYf/eb2Mwms/l3GaEcbCRqwXZopRwuZ92VBqFKSmFrjQ0m7JxJhrLshepWLre8tlV6FzUfcsty5rjZviEGU4gVM4Bw+uoAF30IQ2CEB4hjd4d4bOk/PivP5ES07x5xj+yPn4BnFJiko=</latexit><latexit sha1_base64="un2PrcY2OgBO8nch9jD8dtiGjbU=">AAAB4nicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXkAiSwIT0NDXQoeeR7hoTMuEHdGXUnZ/kD/g3NjgLBe/qdN3bSd0KUiUNue6XU1pb39jcKm9Xdnb39g+qh0cdk2RaYFskKtHdgBtUMsY2SVLYTTXyKFD4EExu5/7DI2ojk/iepin6ER/FMpSCkx21vEG15tbdhdgqeAXUoFBzUP3sDxORRRiTUNyYnuem5OdckxQKZ5V+ZjDlYsJH2LMY8wiNny8WnbGzMNGMxsgW79/ZnEfGTKPAZiJOY7PszYf/eb2Mwms/l3GaEcbCRqwXZopRwuZ92VBqFKSmFrjQ0m7JxJhrLshepWLre8tlV6FzUfcsty5rjZviEGU4gVM4Bw+uoAF30IQ2CEB4hjd4d4bOk/PivP5ES07x5xj+yPn4BnFJiko=</latexit>

0.5
<latexit sha1_base64="qJdB4BoeIUT1rAl/j9ETKsOhgek=">AAAB5HicbZDLTgJBEEVr8IX4Ql266UhMXJEZo9El0Y1LjPJIgJCepgY69DzSXWNCJvyBroy684v8Af/GBmeh4F2drns7qVt+oqQh1/1yCiura+sbxc3S1vbO7l55/6Bp4lQLbIhYxbrtc4NKRtggSQrbiUYe+gpb/vhm5rceURsZRw80SbAX8mEkAyk42dG9W73olytu1Z2LLYOXQwVy1fvlz+4gFmmIEQnFjel4bkK9jGuSQuG01E0NJlyM+RA7FiMeoull81Wn7CSINaMRsvn7dzbjoTGT0LeZkNPILHqz4X9eJ6XgqpfJKEkJI2Ej1gtSxShms8ZsIDUKUhMLXGhpt2RixDUXZO9SsvW9xbLL0Dyrepbvziu16/wQRTiCYzgFDy6hBrdQhwYIGMIzvMG7EzhPzovz+hMtOPmfQ/gj5+MbTeCKwA==</latexit><latexit sha1_base64="qJdB4BoeIUT1rAl/j9ETKsOhgek=">AAAB5HicbZDLTgJBEEVr8IX4Ql266UhMXJEZo9El0Y1LjPJIgJCepgY69DzSXWNCJvyBroy684v8Af/GBmeh4F2drns7qVt+oqQh1/1yCiura+sbxc3S1vbO7l55/6Bp4lQLbIhYxbrtc4NKRtggSQrbiUYe+gpb/vhm5rceURsZRw80SbAX8mEkAyk42dG9W73olytu1Z2LLYOXQwVy1fvlz+4gFmmIEQnFjel4bkK9jGuSQuG01E0NJlyM+RA7FiMeoull81Wn7CSINaMRsvn7dzbjoTGT0LeZkNPILHqz4X9eJ6XgqpfJKEkJI2Ej1gtSxShms8ZsIDUKUhMLXGhpt2RixDUXZO9SsvW9xbLL0Dyrepbvziu16/wQRTiCYzgFDy6hBrdQhwYIGMIzvMG7EzhPzovz+hMtOPmfQ/gj5+MbTeCKwA==</latexit><latexit sha1_base64="qJdB4BoeIUT1rAl/j9ETKsOhgek=">AAAB5HicbZDLTgJBEEVr8IX4Ql266UhMXJEZo9El0Y1LjPJIgJCepgY69DzSXWNCJvyBroy684v8Af/GBmeh4F2drns7qVt+oqQh1/1yCiura+sbxc3S1vbO7l55/6Bp4lQLbIhYxbrtc4NKRtggSQrbiUYe+gpb/vhm5rceURsZRw80SbAX8mEkAyk42dG9W73olytu1Z2LLYOXQwVy1fvlz+4gFmmIEQnFjel4bkK9jGuSQuG01E0NJlyM+RA7FiMeoull81Wn7CSINaMRsvn7dzbjoTGT0LeZkNPILHqz4X9eJ6XgqpfJKEkJI2Ej1gtSxShms8ZsIDUKUhMLXGhpt2RixDUXZO9SsvW9xbLL0Dyrepbvziu16/wQRTiCYzgFDy6hBrdQhwYIGMIzvMG7EzhPzovz+hMtOPmfQ/gj5+MbTeCKwA==</latexit><latexit sha1_base64="qJdB4BoeIUT1rAl/j9ETKsOhgek=">AAAB5HicbZDLTgJBEEVr8IX4Ql266UhMXJEZo9El0Y1LjPJIgJCepgY69DzSXWNCJvyBroy684v8Af/GBmeh4F2drns7qVt+oqQh1/1yCiura+sbxc3S1vbO7l55/6Bp4lQLbIhYxbrtc4NKRtggSQrbiUYe+gpb/vhm5rceURsZRw80SbAX8mEkAyk42dG9W73olytu1Z2LLYOXQwVy1fvlz+4gFmmIEQnFjel4bkK9jGuSQuG01E0NJlyM+RA7FiMeoull81Wn7CSINaMRsvn7dzbjoTGT0LeZkNPILHqz4X9eJ6XgqpfJKEkJI2Ej1gtSxShms8ZsIDUKUhMLXGhpt2RixDUXZO9SsvW9xbLL0Dyrepbvziu16/wQRTiCYzgFDy6hBrdQhwYIGMIzvMG7EzhPzovz+hMtOPmfQ/gj5+MbTeCKwA==</latexit>

0
<latexit sha1_base64="Ff3F2BD2T9HC3mOYsPGdMkgQiiw=">AAAB4nicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXkAiSwIT0NDXQoeeR7hoTMuEHdGXUnZ/kD/g3NjgLBe/qdN3bSd0KUiUNue6XU1pb39jcKm9Xdnb39g+qh0cdk2RaYFskKtHdgBtUMsY2SVLYTTXyKFD4EExu5/7DI2ojk/iepin6ER/FMpSCkx213EG15tbdhdgqeAXUoFBzUP3sDxORRRiTUNyYnuem5OdckxQKZ5V+ZjDlYsJH2LMY8wiNny8WnbGzMNGMxsgW79/ZnEfGTKPAZiJOY7PszYf/eb2Mwms/l3GaEcbCRqwXZopRwuZ92VBqFKSmFrjQ0m7JxJhrLshepWLre8tlV6FzUfcsty5rjZviEGU4gVM4Bw+uoAF30IQ2CEB4hjd4d4bOk/PivP5ES07x5xj+yPn4Bm/Likk=</latexit><latexit sha1_base64="Ff3F2BD2T9HC3mOYsPGdMkgQiiw=">AAAB4nicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXkAiSwIT0NDXQoeeR7hoTMuEHdGXUnZ/kD/g3NjgLBe/qdN3bSd0KUiUNue6XU1pb39jcKm9Xdnb39g+qh0cdk2RaYFskKtHdgBtUMsY2SVLYTTXyKFD4EExu5/7DI2ojk/iepin6ER/FMpSCkx213EG15tbdhdgqeAXUoFBzUP3sDxORRRiTUNyYnuem5OdckxQKZ5V+ZjDlYsJH2LMY8wiNny8WnbGzMNGMxsgW79/ZnEfGTKPAZiJOY7PszYf/eb2Mwms/l3GaEcbCRqwXZopRwuZ92VBqFKSmFrjQ0m7JxJhrLshepWLre8tlV6FzUfcsty5rjZviEGU4gVM4Bw+uoAF30IQ2CEB4hjd4d4bOk/PivP5ES07x5xj+yPn4Bm/Likk=</latexit><latexit sha1_base64="Ff3F2BD2T9HC3mOYsPGdMkgQiiw=">AAAB4nicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXkAiSwIT0NDXQoeeR7hoTMuEHdGXUnZ/kD/g3NjgLBe/qdN3bSd0KUiUNue6XU1pb39jcKm9Xdnb39g+qh0cdk2RaYFskKtHdgBtUMsY2SVLYTTXyKFD4EExu5/7DI2ojk/iepin6ER/FMpSCkx213EG15tbdhdgqeAXUoFBzUP3sDxORRRiTUNyYnuem5OdckxQKZ5V+ZjDlYsJH2LMY8wiNny8WnbGzMNGMxsgW79/ZnEfGTKPAZiJOY7PszYf/eb2Mwms/l3GaEcbCRqwXZopRwuZ92VBqFKSmFrjQ0m7JxJhrLshepWLre8tlV6FzUfcsty5rjZviEGU4gVM4Bw+uoAF30IQ2CEB4hjd4d4bOk/PivP5ES07x5xj+yPn4Bm/Likk=</latexit><latexit sha1_base64="Ff3F2BD2T9HC3mOYsPGdMkgQiiw=">AAAB4nicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXkAiSwIT0NDXQoeeR7hoTMuEHdGXUnZ/kD/g3NjgLBe/qdN3bSd0KUiUNue6XU1pb39jcKm9Xdnb39g+qh0cdk2RaYFskKtHdgBtUMsY2SVLYTTXyKFD4EExu5/7DI2ojk/iepin6ER/FMpSCkx213EG15tbdhdgqeAXUoFBzUP3sDxORRRiTUNyYnuem5OdckxQKZ5V+ZjDlYsJH2LMY8wiNny8WnbGzMNGMxsgW79/ZnEfGTKPAZiJOY7PszYf/eb2Mwms/l3GaEcbCRqwXZopRwuZ92VBqFKSmFrjQ0m7JxJhrLshepWLre8tlV6FzUfcsty5rjZviEGU4gVM4Bw+uoAF30IQ2CEB4hjd4d4bOk/PivP5ES07x5xj+yPn4Bm/Likk=</latexit>

�0.5
<latexit sha1_base64="uLIhm0WwV+p7BUz6lrB4Z8M0hRU=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuLEkouiy6MZlBXuBNpTJ9KQZOrkwMxFC6CPoStSdL+QL+DZOahba+q++Of8/cP7jJYIrbdtfVmVldW19o7pZ29re2d2r7x90VZxKhh0Wi1j2PapQ8Ag7mmuB/UQiDT2BPW96W/i9R5SKx9GDzhJ0QzqJuM8Z1cXozG5ejuoNu2nPRZbBKaEBpdqj+udwHLM0xEgzQZUaOHai3ZxKzZnAWW2YKkwom9IJDgxGNETl5vNdZ+TEjyXRAZL5+3c2p6FSWeiZTEh1oBa9YvifN0i1f+3mPEpSjREzEeP5qSA6JkVlMuYSmRaZAcokN1sSFlBJmTaHqZn6zmLZZeieNx3D9xeN1k15iCocwTGcggNX0II7aEMHGATwDG/wbk2sJ+vFev2JVqzyzyH8kfXxDbZvivc=</latexit><latexit sha1_base64="uLIhm0WwV+p7BUz6lrB4Z8M0hRU=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuLEkouiy6MZlBXuBNpTJ9KQZOrkwMxFC6CPoStSdL+QL+DZOahba+q++Of8/cP7jJYIrbdtfVmVldW19o7pZ29re2d2r7x90VZxKhh0Wi1j2PapQ8Ag7mmuB/UQiDT2BPW96W/i9R5SKx9GDzhJ0QzqJuM8Z1cXozG5ejuoNu2nPRZbBKaEBpdqj+udwHLM0xEgzQZUaOHai3ZxKzZnAWW2YKkwom9IJDgxGNETl5vNdZ+TEjyXRAZL5+3c2p6FSWeiZTEh1oBa9YvifN0i1f+3mPEpSjREzEeP5qSA6JkVlMuYSmRaZAcokN1sSFlBJmTaHqZn6zmLZZeieNx3D9xeN1k15iCocwTGcggNX0II7aEMHGATwDG/wbk2sJ+vFev2JVqzyzyH8kfXxDbZvivc=</latexit><latexit sha1_base64="uLIhm0WwV+p7BUz6lrB4Z8M0hRU=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuLEkouiy6MZlBXuBNpTJ9KQZOrkwMxFC6CPoStSdL+QL+DZOahba+q++Of8/cP7jJYIrbdtfVmVldW19o7pZ29re2d2r7x90VZxKhh0Wi1j2PapQ8Ag7mmuB/UQiDT2BPW96W/i9R5SKx9GDzhJ0QzqJuM8Z1cXozG5ejuoNu2nPRZbBKaEBpdqj+udwHLM0xEgzQZUaOHai3ZxKzZnAWW2YKkwom9IJDgxGNETl5vNdZ+TEjyXRAZL5+3c2p6FSWeiZTEh1oBa9YvifN0i1f+3mPEpSjREzEeP5qSA6JkVlMuYSmRaZAcokN1sSFlBJmTaHqZn6zmLZZeieNx3D9xeN1k15iCocwTGcggNX0II7aEMHGATwDG/wbk2sJ+vFev2JVqzyzyH8kfXxDbZvivc=</latexit><latexit sha1_base64="uLIhm0WwV+p7BUz6lrB4Z8M0hRU=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuLEkouiy6MZlBXuBNpTJ9KQZOrkwMxFC6CPoStSdL+QL+DZOahba+q++Of8/cP7jJYIrbdtfVmVldW19o7pZ29re2d2r7x90VZxKhh0Wi1j2PapQ8Ag7mmuB/UQiDT2BPW96W/i9R5SKx9GDzhJ0QzqJuM8Z1cXozG5ejuoNu2nPRZbBKaEBpdqj+udwHLM0xEgzQZUaOHai3ZxKzZnAWW2YKkwom9IJDgxGNETl5vNdZ+TEjyXRAZL5+3c2p6FSWeiZTEh1oBa9YvifN0i1f+3mPEpSjREzEeP5qSA6JkVlMuYSmRaZAcokN1sSFlBJmTaHqZn6zmLZZeieNx3D9xeN1k15iCocwTGcggNX0II7aEMHGATwDG/wbk2sJ+vFev2JVqzyzyH8kfXxDbZvivc=</latexit>

1<latexit sha1_base64="un2PrcY2OgBO8nch9jD8dtiGjbU=">AAAB4nicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXkAiSwIT0NDXQoeeR7hoTMuEHdGXUnZ/kD/g3NjgLBe/qdN3bSd0KUiUNue6XU1pb39jcKm9Xdnb39g+qh0cdk2RaYFskKtHdgBtUMsY2SVLYTTXyKFD4EExu5/7DI2ojk/iepin6ER/FMpSCkx21vEG15tbdhdgqeAXUoFBzUP3sDxORRRiTUNyYnuem5OdckxQKZ5V+ZjDlYsJH2LMY8wiNny8WnbGzMNGMxsgW79/ZnEfGTKPAZiJOY7PszYf/eb2Mwms/l3GaEcbCRqwXZopRwuZ92VBqFKSmFrjQ0m7JxJhrLshepWLre8tlV6FzUfcsty5rjZviEGU4gVM4Bw+uoAF30IQ2CEB4hjd4d4bOk/PivP5ES07x5xj+yPn4BnFJiko=</latexit><latexit sha1_base64="un2PrcY2OgBO8nch9jD8dtiGjbU=">AAAB4nicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXkAiSwIT0NDXQoeeR7hoTMuEHdGXUnZ/kD/g3NjgLBe/qdN3bSd0KUiUNue6XU1pb39jcKm9Xdnb39g+qh0cdk2RaYFskKtHdgBtUMsY2SVLYTTXyKFD4EExu5/7DI2ojk/iepin6ER/FMpSCkx21vEG15tbdhdgqeAXUoFBzUP3sDxORRRiTUNyYnuem5OdckxQKZ5V+ZjDlYsJH2LMY8wiNny8WnbGzMNGMxsgW79/ZnEfGTKPAZiJOY7PszYf/eb2Mwms/l3GaEcbCRqwXZopRwuZ92VBqFKSmFrjQ0m7JxJhrLshepWLre8tlV6FzUfcsty5rjZviEGU4gVM4Bw+uoAF30IQ2CEB4hjd4d4bOk/PivP5ES07x5xj+yPn4BnFJiko=</latexit><latexit sha1_base64="un2PrcY2OgBO8nch9jD8dtiGjbU=">AAAB4nicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXkAiSwIT0NDXQoeeR7hoTMuEHdGXUnZ/kD/g3NjgLBe/qdN3bSd0KUiUNue6XU1pb39jcKm9Xdnb39g+qh0cdk2RaYFskKtHdgBtUMsY2SVLYTTXyKFD4EExu5/7DI2ojk/iepin6ER/FMpSCkx21vEG15tbdhdgqeAXUoFBzUP3sDxORRRiTUNyYnuem5OdckxQKZ5V+ZjDlYsJH2LMY8wiNny8WnbGzMNGMxsgW79/ZnEfGTKPAZiJOY7PszYf/eb2Mwms/l3GaEcbCRqwXZopRwuZ92VBqFKSmFrjQ0m7JxJhrLshepWLre8tlV6FzUfcsty5rjZviEGU4gVM4Bw+uoAF30IQ2CEB4hjd4d4bOk/PivP5ES07x5xj+yPn4BnFJiko=</latexit><latexit sha1_base64="un2PrcY2OgBO8nch9jD8dtiGjbU=">AAAB4nicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXkAiSwIT0NDXQoeeR7hoTMuEHdGXUnZ/kD/g3NjgLBe/qdN3bSd0KUiUNue6XU1pb39jcKm9Xdnb39g+qh0cdk2RaYFskKtHdgBtUMsY2SVLYTTXyKFD4EExu5/7DI2ojk/iepin6ER/FMpSCkx21vEG15tbdhdgqeAXUoFBzUP3sDxORRRiTUNyYnuem5OdckxQKZ5V+ZjDlYsJH2LMY8wiNny8WnbGzMNGMxsgW79/ZnEfGTKPAZiJOY7PszYf/eb2Mwms/l3GaEcbCRqwXZopRwuZ92VBqFKSmFrjQ0m7JxJhrLshepWLre8tlV6FzUfcsty5rjZviEGU4gVM4Bw+uoAF30IQ2CEB4hjd4d4bOk/PivP5ES07x5xj+yPn4BnFJiko=</latexit>

0.5
<latexit sha1_base64="qJdB4BoeIUT1rAl/j9ETKsOhgek=">AAAB5HicbZDLTgJBEEVr8IX4Ql266UhMXJEZo9El0Y1LjPJIgJCepgY69DzSXWNCJvyBroy684v8Af/GBmeh4F2drns7qVt+oqQh1/1yCiura+sbxc3S1vbO7l55/6Bp4lQLbIhYxbrtc4NKRtggSQrbiUYe+gpb/vhm5rceURsZRw80SbAX8mEkAyk42dG9W73olytu1Z2LLYOXQwVy1fvlz+4gFmmIEQnFjel4bkK9jGuSQuG01E0NJlyM+RA7FiMeoull81Wn7CSINaMRsvn7dzbjoTGT0LeZkNPILHqz4X9eJ6XgqpfJKEkJI2Ej1gtSxShms8ZsIDUKUhMLXGhpt2RixDUXZO9SsvW9xbLL0Dyrepbvziu16/wQRTiCYzgFDy6hBrdQhwYIGMIzvMG7EzhPzovz+hMtOPmfQ/gj5+MbTeCKwA==</latexit><latexit sha1_base64="qJdB4BoeIUT1rAl/j9ETKsOhgek=">AAAB5HicbZDLTgJBEEVr8IX4Ql266UhMXJEZo9El0Y1LjPJIgJCepgY69DzSXWNCJvyBroy684v8Af/GBmeh4F2drns7qVt+oqQh1/1yCiura+sbxc3S1vbO7l55/6Bp4lQLbIhYxbrtc4NKRtggSQrbiUYe+gpb/vhm5rceURsZRw80SbAX8mEkAyk42dG9W73olytu1Z2LLYOXQwVy1fvlz+4gFmmIEQnFjel4bkK9jGuSQuG01E0NJlyM+RA7FiMeoull81Wn7CSINaMRsvn7dzbjoTGT0LeZkNPILHqz4X9eJ6XgqpfJKEkJI2Ej1gtSxShms8ZsIDUKUhMLXGhpt2RixDUXZO9SsvW9xbLL0Dyrepbvziu16/wQRTiCYzgFDy6hBrdQhwYIGMIzvMG7EzhPzovz+hMtOPmfQ/gj5+MbTeCKwA==</latexit><latexit sha1_base64="qJdB4BoeIUT1rAl/j9ETKsOhgek=">AAAB5HicbZDLTgJBEEVr8IX4Ql266UhMXJEZo9El0Y1LjPJIgJCepgY69DzSXWNCJvyBroy684v8Af/GBmeh4F2drns7qVt+oqQh1/1yCiura+sbxc3S1vbO7l55/6Bp4lQLbIhYxbrtc4NKRtggSQrbiUYe+gpb/vhm5rceURsZRw80SbAX8mEkAyk42dG9W73olytu1Z2LLYOXQwVy1fvlz+4gFmmIEQnFjel4bkK9jGuSQuG01E0NJlyM+RA7FiMeoull81Wn7CSINaMRsvn7dzbjoTGT0LeZkNPILHqz4X9eJ6XgqpfJKEkJI2Ej1gtSxShms8ZsIDUKUhMLXGhpt2RixDUXZO9SsvW9xbLL0Dyrepbvziu16/wQRTiCYzgFDy6hBrdQhwYIGMIzvMG7EzhPzovz+hMtOPmfQ/gj5+MbTeCKwA==</latexit><latexit sha1_base64="qJdB4BoeIUT1rAl/j9ETKsOhgek=">AAAB5HicbZDLTgJBEEVr8IX4Ql266UhMXJEZo9El0Y1LjPJIgJCepgY69DzSXWNCJvyBroy684v8Af/GBmeh4F2drns7qVt+oqQh1/1yCiura+sbxc3S1vbO7l55/6Bp4lQLbIhYxbrtc4NKRtggSQrbiUYe+gpb/vhm5rceURsZRw80SbAX8mEkAyk42dG9W73olytu1Z2LLYOXQwVy1fvlz+4gFmmIEQnFjel4bkK9jGuSQuG01E0NJlyM+RA7FiMeoull81Wn7CSINaMRsvn7dzbjoTGT0LeZkNPILHqz4X9eJ6XgqpfJKEkJI2Ej1gtSxShms8ZsIDUKUhMLXGhpt2RixDUXZO9SsvW9xbLL0Dyrepbvziu16/wQRTiCYzgFDy6hBrdQhwYIGMIzvMG7EzhPzovz+hMtOPmfQ/gj5+MbTeCKwA==</latexit>

0
<latexit sha1_base64="Ff3F2BD2T9HC3mOYsPGdMkgQiiw=">AAAB4nicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXkAiSwIT0NDXQoeeR7hoTMuEHdGXUnZ/kD/g3NjgLBe/qdN3bSd0KUiUNue6XU1pb39jcKm9Xdnb39g+qh0cdk2RaYFskKtHdgBtUMsY2SVLYTTXyKFD4EExu5/7DI2ojk/iepin6ER/FMpSCkx213EG15tbdhdgqeAXUoFBzUP3sDxORRRiTUNyYnuem5OdckxQKZ5V+ZjDlYsJH2LMY8wiNny8WnbGzMNGMxsgW79/ZnEfGTKPAZiJOY7PszYf/eb2Mwms/l3GaEcbCRqwXZopRwuZ92VBqFKSmFrjQ0m7JxJhrLshepWLre8tlV6FzUfcsty5rjZviEGU4gVM4Bw+uoAF30IQ2CEB4hjd4d4bOk/PivP5ES07x5xj+yPn4Bm/Likk=</latexit><latexit sha1_base64="Ff3F2BD2T9HC3mOYsPGdMkgQiiw=">AAAB4nicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXkAiSwIT0NDXQoeeR7hoTMuEHdGXUnZ/kD/g3NjgLBe/qdN3bSd0KUiUNue6XU1pb39jcKm9Xdnb39g+qh0cdk2RaYFskKtHdgBtUMsY2SVLYTTXyKFD4EExu5/7DI2ojk/iepin6ER/FMpSCkx213EG15tbdhdgqeAXUoFBzUP3sDxORRRiTUNyYnuem5OdckxQKZ5V+ZjDlYsJH2LMY8wiNny8WnbGzMNGMxsgW79/ZnEfGTKPAZiJOY7PszYf/eb2Mwms/l3GaEcbCRqwXZopRwuZ92VBqFKSmFrjQ0m7JxJhrLshepWLre8tlV6FzUfcsty5rjZviEGU4gVM4Bw+uoAF30IQ2CEB4hjd4d4bOk/PivP5ES07x5xj+yPn4Bm/Likk=</latexit><latexit sha1_base64="Ff3F2BD2T9HC3mOYsPGdMkgQiiw=">AAAB4nicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXkAiSwIT0NDXQoeeR7hoTMuEHdGXUnZ/kD/g3NjgLBe/qdN3bSd0KUiUNue6XU1pb39jcKm9Xdnb39g+qh0cdk2RaYFskKtHdgBtUMsY2SVLYTTXyKFD4EExu5/7DI2ojk/iepin6ER/FMpSCkx213EG15tbdhdgqeAXUoFBzUP3sDxORRRiTUNyYnuem5OdckxQKZ5V+ZjDlYsJH2LMY8wiNny8WnbGzMNGMxsgW79/ZnEfGTKPAZiJOY7PszYf/eb2Mwms/l3GaEcbCRqwXZopRwuZ92VBqFKSmFrjQ0m7JxJhrLshepWLre8tlV6FzUfcsty5rjZviEGU4gVM4Bw+uoAF30IQ2CEB4hjd4d4bOk/PivP5ES07x5xj+yPn4Bm/Likk=</latexit><latexit sha1_base64="Ff3F2BD2T9HC3mOYsPGdMkgQiiw=">AAAB4nicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXkAiSwIT0NDXQoeeR7hoTMuEHdGXUnZ/kD/g3NjgLBe/qdN3bSd0KUiUNue6XU1pb39jcKm9Xdnb39g+qh0cdk2RaYFskKtHdgBtUMsY2SVLYTTXyKFD4EExu5/7DI2ojk/iepin6ER/FMpSCkx213EG15tbdhdgqeAXUoFBzUP3sDxORRRiTUNyYnuem5OdckxQKZ5V+ZjDlYsJH2LMY8wiNny8WnbGzMNGMxsgW79/ZnEfGTKPAZiJOY7PszYf/eb2Mwms/l3GaEcbCRqwXZopRwuZ92VBqFKSmFrjQ0m7JxJhrLshepWLre8tlV6FzUfcsty5rjZviEGU4gVM4Bw+uoAF30IQ2CEB4hjd4d4bOk/PivP5ES07x5xj+yPn4Bm/Likk=</latexit>

�0.5
<latexit sha1_base64="uLIhm0WwV+p7BUz6lrB4Z8M0hRU=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuLEkouiy6MZlBXuBNpTJ9KQZOrkwMxFC6CPoStSdL+QL+DZOahba+q++Of8/cP7jJYIrbdtfVmVldW19o7pZ29re2d2r7x90VZxKhh0Wi1j2PapQ8Ag7mmuB/UQiDT2BPW96W/i9R5SKx9GDzhJ0QzqJuM8Z1cXozG5ejuoNu2nPRZbBKaEBpdqj+udwHLM0xEgzQZUaOHai3ZxKzZnAWW2YKkwom9IJDgxGNETl5vNdZ+TEjyXRAZL5+3c2p6FSWeiZTEh1oBa9YvifN0i1f+3mPEpSjREzEeP5qSA6JkVlMuYSmRaZAcokN1sSFlBJmTaHqZn6zmLZZeieNx3D9xeN1k15iCocwTGcggNX0II7aEMHGATwDG/wbk2sJ+vFev2JVqzyzyH8kfXxDbZvivc=</latexit><latexit sha1_base64="uLIhm0WwV+p7BUz6lrB4Z8M0hRU=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuLEkouiy6MZlBXuBNpTJ9KQZOrkwMxFC6CPoStSdL+QL+DZOahba+q++Of8/cP7jJYIrbdtfVmVldW19o7pZ29re2d2r7x90VZxKhh0Wi1j2PapQ8Ag7mmuB/UQiDT2BPW96W/i9R5SKx9GDzhJ0QzqJuM8Z1cXozG5ejuoNu2nPRZbBKaEBpdqj+udwHLM0xEgzQZUaOHai3ZxKzZnAWW2YKkwom9IJDgxGNETl5vNdZ+TEjyXRAZL5+3c2p6FSWeiZTEh1oBa9YvifN0i1f+3mPEpSjREzEeP5qSA6JkVlMuYSmRaZAcokN1sSFlBJmTaHqZn6zmLZZeieNx3D9xeN1k15iCocwTGcggNX0II7aEMHGATwDG/wbk2sJ+vFev2JVqzyzyH8kfXxDbZvivc=</latexit><latexit sha1_base64="uLIhm0WwV+p7BUz6lrB4Z8M0hRU=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuLEkouiy6MZlBXuBNpTJ9KQZOrkwMxFC6CPoStSdL+QL+DZOahba+q++Of8/cP7jJYIrbdtfVmVldW19o7pZ29re2d2r7x90VZxKhh0Wi1j2PapQ8Ag7mmuB/UQiDT2BPW96W/i9R5SKx9GDzhJ0QzqJuM8Z1cXozG5ejuoNu2nPRZbBKaEBpdqj+udwHLM0xEgzQZUaOHai3ZxKzZnAWW2YKkwom9IJDgxGNETl5vNdZ+TEjyXRAZL5+3c2p6FSWeiZTEh1oBa9YvifN0i1f+3mPEpSjREzEeP5qSA6JkVlMuYSmRaZAcokN1sSFlBJmTaHqZn6zmLZZeieNx3D9xeN1k15iCocwTGcggNX0II7aEMHGATwDG/wbk2sJ+vFev2JVqzyzyH8kfXxDbZvivc=</latexit><latexit sha1_base64="uLIhm0WwV+p7BUz6lrB4Z8M0hRU=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuLEkouiy6MZlBXuBNpTJ9KQZOrkwMxFC6CPoStSdL+QL+DZOahba+q++Of8/cP7jJYIrbdtfVmVldW19o7pZ29re2d2r7x90VZxKhh0Wi1j2PapQ8Ag7mmuB/UQiDT2BPW96W/i9R5SKx9GDzhJ0QzqJuM8Z1cXozG5ejuoNu2nPRZbBKaEBpdqj+udwHLM0xEgzQZUaOHai3ZxKzZnAWW2YKkwom9IJDgxGNETl5vNdZ+TEjyXRAZL5+3c2p6FSWeiZTEh1oBa9YvifN0i1f+3mPEpSjREzEeP5qSA6JkVlMuYSmRaZAcokN1sSFlBJmTaHqZn6zmLZZeieNx3D9xeN1k15iCocwTGcggNX0II7aEMHGATwDG/wbk2sJ+vFev2JVqzyzyH8kfXxDbZvivc=</latexit>

1<latexit sha1_base64="un2PrcY2OgBO8nch9jD8dtiGjbU=">AAAB4nicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXkAiSwIT0NDXQoeeR7hoTMuEHdGXUnZ/kD/g3NjgLBe/qdN3bSd0KUiUNue6XU1pb39jcKm9Xdnb39g+qh0cdk2RaYFskKtHdgBtUMsY2SVLYTTXyKFD4EExu5/7DI2ojk/iepin6ER/FMpSCkx21vEG15tbdhdgqeAXUoFBzUP3sDxORRRiTUNyYnuem5OdckxQKZ5V+ZjDlYsJH2LMY8wiNny8WnbGzMNGMxsgW79/ZnEfGTKPAZiJOY7PszYf/eb2Mwms/l3GaEcbCRqwXZopRwuZ92VBqFKSmFrjQ0m7JxJhrLshepWLre8tlV6FzUfcsty5rjZviEGU4gVM4Bw+uoAF30IQ2CEB4hjd4d4bOk/PivP5ES07x5xj+yPn4BnFJiko=</latexit><latexit sha1_base64="un2PrcY2OgBO8nch9jD8dtiGjbU=">AAAB4nicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXkAiSwIT0NDXQoeeR7hoTMuEHdGXUnZ/kD/g3NjgLBe/qdN3bSd0KUiUNue6XU1pb39jcKm9Xdnb39g+qh0cdk2RaYFskKtHdgBtUMsY2SVLYTTXyKFD4EExu5/7DI2ojk/iepin6ER/FMpSCkx21vEG15tbdhdgqeAXUoFBzUP3sDxORRRiTUNyYnuem5OdckxQKZ5V+ZjDlYsJH2LMY8wiNny8WnbGzMNGMxsgW79/ZnEfGTKPAZiJOY7PszYf/eb2Mwms/l3GaEcbCRqwXZopRwuZ92VBqFKSmFrjQ0m7JxJhrLshepWLre8tlV6FzUfcsty5rjZviEGU4gVM4Bw+uoAF30IQ2CEB4hjd4d4bOk/PivP5ES07x5xj+yPn4BnFJiko=</latexit><latexit sha1_base64="un2PrcY2OgBO8nch9jD8dtiGjbU=">AAAB4nicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXkAiSwIT0NDXQoeeR7hoTMuEHdGXUnZ/kD/g3NjgLBe/qdN3bSd0KUiUNue6XU1pb39jcKm9Xdnb39g+qh0cdk2RaYFskKtHdgBtUMsY2SVLYTTXyKFD4EExu5/7DI2ojk/iepin6ER/FMpSCkx21vEG15tbdhdgqeAXUoFBzUP3sDxORRRiTUNyYnuem5OdckxQKZ5V+ZjDlYsJH2LMY8wiNny8WnbGzMNGMxsgW79/ZnEfGTKPAZiJOY7PszYf/eb2Mwms/l3GaEcbCRqwXZopRwuZ92VBqFKSmFrjQ0m7JxJhrLshepWLre8tlV6FzUfcsty5rjZviEGU4gVM4Bw+uoAF30IQ2CEB4hjd4d4bOk/PivP5ES07x5xj+yPn4BnFJiko=</latexit><latexit sha1_base64="un2PrcY2OgBO8nch9jD8dtiGjbU=">AAAB4nicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXkAiSwIT0NDXQoeeR7hoTMuEHdGXUnZ/kD/g3NjgLBe/qdN3bSd0KUiUNue6XU1pb39jcKm9Xdnb39g+qh0cdk2RaYFskKtHdgBtUMsY2SVLYTTXyKFD4EExu5/7DI2ojk/iepin6ER/FMpSCkx21vEG15tbdhdgqeAXUoFBzUP3sDxORRRiTUNyYnuem5OdckxQKZ5V+ZjDlYsJH2LMY8wiNny8WnbGzMNGMxsgW79/ZnEfGTKPAZiJOY7PszYf/eb2Mwms/l3GaEcbCRqwXZopRwuZ92VBqFKSmFrjQ0m7JxJhrLshepWLre8tlV6FzUfcsty5rjZviEGU4gVM4Bw+uoAF30IQ2CEB4hjd4d4bOk/PivP5ES07x5xj+yPn4BnFJiko=</latexit>

0.5
<latexit sha1_base64="qJdB4BoeIUT1rAl/j9ETKsOhgek=">AAAB5HicbZDLTgJBEEVr8IX4Ql266UhMXJEZo9El0Y1LjPJIgJCepgY69DzSXWNCJvyBroy684v8Af/GBmeh4F2drns7qVt+oqQh1/1yCiura+sbxc3S1vbO7l55/6Bp4lQLbIhYxbrtc4NKRtggSQrbiUYe+gpb/vhm5rceURsZRw80SbAX8mEkAyk42dG9W73olytu1Z2LLYOXQwVy1fvlz+4gFmmIEQnFjel4bkK9jGuSQuG01E0NJlyM+RA7FiMeoull81Wn7CSINaMRsvn7dzbjoTGT0LeZkNPILHqz4X9eJ6XgqpfJKEkJI2Ej1gtSxShms8ZsIDUKUhMLXGhpt2RixDUXZO9SsvW9xbLL0Dyrepbvziu16/wQRTiCYzgFDy6hBrdQhwYIGMIzvMG7EzhPzovz+hMtOPmfQ/gj5+MbTeCKwA==</latexit><latexit sha1_base64="qJdB4BoeIUT1rAl/j9ETKsOhgek=">AAAB5HicbZDLTgJBEEVr8IX4Ql266UhMXJEZo9El0Y1LjPJIgJCepgY69DzSXWNCJvyBroy684v8Af/GBmeh4F2drns7qVt+oqQh1/1yCiura+sbxc3S1vbO7l55/6Bp4lQLbIhYxbrtc4NKRtggSQrbiUYe+gpb/vhm5rceURsZRw80SbAX8mEkAyk42dG9W73olytu1Z2LLYOXQwVy1fvlz+4gFmmIEQnFjel4bkK9jGuSQuG01E0NJlyM+RA7FiMeoull81Wn7CSINaMRsvn7dzbjoTGT0LeZkNPILHqz4X9eJ6XgqpfJKEkJI2Ej1gtSxShms8ZsIDUKUhMLXGhpt2RixDUXZO9SsvW9xbLL0Dyrepbvziu16/wQRTiCYzgFDy6hBrdQhwYIGMIzvMG7EzhPzovz+hMtOPmfQ/gj5+MbTeCKwA==</latexit><latexit sha1_base64="qJdB4BoeIUT1rAl/j9ETKsOhgek=">AAAB5HicbZDLTgJBEEVr8IX4Ql266UhMXJEZo9El0Y1LjPJIgJCepgY69DzSXWNCJvyBroy684v8Af/GBmeh4F2drns7qVt+oqQh1/1yCiura+sbxc3S1vbO7l55/6Bp4lQLbIhYxbrtc4NKRtggSQrbiUYe+gpb/vhm5rceURsZRw80SbAX8mEkAyk42dG9W73olytu1Z2LLYOXQwVy1fvlz+4gFmmIEQnFjel4bkK9jGuSQuG01E0NJlyM+RA7FiMeoull81Wn7CSINaMRsvn7dzbjoTGT0LeZkNPILHqz4X9eJ6XgqpfJKEkJI2Ej1gtSxShms8ZsIDUKUhMLXGhpt2RixDUXZO9SsvW9xbLL0Dyrepbvziu16/wQRTiCYzgFDy6hBrdQhwYIGMIzvMG7EzhPzovz+hMtOPmfQ/gj5+MbTeCKwA==</latexit><latexit sha1_base64="qJdB4BoeIUT1rAl/j9ETKsOhgek=">AAAB5HicbZDLTgJBEEVr8IX4Ql266UhMXJEZo9El0Y1LjPJIgJCepgY69DzSXWNCJvyBroy684v8Af/GBmeh4F2drns7qVt+oqQh1/1yCiura+sbxc3S1vbO7l55/6Bp4lQLbIhYxbrtc4NKRtggSQrbiUYe+gpb/vhm5rceURsZRw80SbAX8mEkAyk42dG9W73olytu1Z2LLYOXQwVy1fvlz+4gFmmIEQnFjel4bkK9jGuSQuG01E0NJlyM+RA7FiMeoull81Wn7CSINaMRsvn7dzbjoTGT0LeZkNPILHqz4X9eJ6XgqpfJKEkJI2Ej1gtSxShms8ZsIDUKUhMLXGhpt2RixDUXZO9SsvW9xbLL0Dyrepbvziu16/wQRTiCYzgFDy6hBrdQhwYIGMIzvMG7EzhPzovz+hMtOPmfQ/gj5+MbTeCKwA==</latexit>

0
<latexit sha1_base64="Ff3F2BD2T9HC3mOYsPGdMkgQiiw=">AAAB4nicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXkAiSwIT0NDXQoeeR7hoTMuEHdGXUnZ/kD/g3NjgLBe/qdN3bSd0KUiUNue6XU1pb39jcKm9Xdnb39g+qh0cdk2RaYFskKtHdgBtUMsY2SVLYTTXyKFD4EExu5/7DI2ojk/iepin6ER/FMpSCkx213EG15tbdhdgqeAXUoFBzUP3sDxORRRiTUNyYnuem5OdckxQKZ5V+ZjDlYsJH2LMY8wiNny8WnbGzMNGMxsgW79/ZnEfGTKPAZiJOY7PszYf/eb2Mwms/l3GaEcbCRqwXZopRwuZ92VBqFKSmFrjQ0m7JxJhrLshepWLre8tlV6FzUfcsty5rjZviEGU4gVM4Bw+uoAF30IQ2CEB4hjd4d4bOk/PivP5ES07x5xj+yPn4Bm/Likk=</latexit><latexit sha1_base64="Ff3F2BD2T9HC3mOYsPGdMkgQiiw=">AAAB4nicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXkAiSwIT0NDXQoeeR7hoTMuEHdGXUnZ/kD/g3NjgLBe/qdN3bSd0KUiUNue6XU1pb39jcKm9Xdnb39g+qh0cdk2RaYFskKtHdgBtUMsY2SVLYTTXyKFD4EExu5/7DI2ojk/iepin6ER/FMpSCkx213EG15tbdhdgqeAXUoFBzUP3sDxORRRiTUNyYnuem5OdckxQKZ5V+ZjDlYsJH2LMY8wiNny8WnbGzMNGMxsgW79/ZnEfGTKPAZiJOY7PszYf/eb2Mwms/l3GaEcbCRqwXZopRwuZ92VBqFKSmFrjQ0m7JxJhrLshepWLre8tlV6FzUfcsty5rjZviEGU4gVM4Bw+uoAF30IQ2CEB4hjd4d4bOk/PivP5ES07x5xj+yPn4Bm/Likk=</latexit><latexit sha1_base64="Ff3F2BD2T9HC3mOYsPGdMkgQiiw=">AAAB4nicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXkAiSwIT0NDXQoeeR7hoTMuEHdGXUnZ/kD/g3NjgLBe/qdN3bSd0KUiUNue6XU1pb39jcKm9Xdnb39g+qh0cdk2RaYFskKtHdgBtUMsY2SVLYTTXyKFD4EExu5/7DI2ojk/iepin6ER/FMpSCkx213EG15tbdhdgqeAXUoFBzUP3sDxORRRiTUNyYnuem5OdckxQKZ5V+ZjDlYsJH2LMY8wiNny8WnbGzMNGMxsgW79/ZnEfGTKPAZiJOY7PszYf/eb2Mwms/l3GaEcbCRqwXZopRwuZ92VBqFKSmFrjQ0m7JxJhrLshepWLre8tlV6FzUfcsty5rjZviEGU4gVM4Bw+uoAF30IQ2CEB4hjd4d4bOk/PivP5ES07x5xj+yPn4Bm/Likk=</latexit><latexit sha1_base64="Ff3F2BD2T9HC3mOYsPGdMkgQiiw=">AAAB4nicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXkAiSwIT0NDXQoeeR7hoTMuEHdGXUnZ/kD/g3NjgLBe/qdN3bSd0KUiUNue6XU1pb39jcKm9Xdnb39g+qh0cdk2RaYFskKtHdgBtUMsY2SVLYTTXyKFD4EExu5/7DI2ojk/iepin6ER/FMpSCkx213EG15tbdhdgqeAXUoFBzUP3sDxORRRiTUNyYnuem5OdckxQKZ5V+ZjDlYsJH2LMY8wiNny8WnbGzMNGMxsgW79/ZnEfGTKPAZiJOY7PszYf/eb2Mwms/l3GaEcbCRqwXZopRwuZ92VBqFKSmFrjQ0m7JxJhrLshepWLre8tlV6FzUfcsty5rjZviEGU4gVM4Bw+uoAF30IQ2CEB4hjd4d4bOk/PivP5ES07x5xj+yPn4Bm/Likk=</latexit>

�0.5
<latexit sha1_base64="uLIhm0WwV+p7BUz6lrB4Z8M0hRU=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuLEkouiy6MZlBXuBNpTJ9KQZOrkwMxFC6CPoStSdL+QL+DZOahba+q++Of8/cP7jJYIrbdtfVmVldW19o7pZ29re2d2r7x90VZxKhh0Wi1j2PapQ8Ag7mmuB/UQiDT2BPW96W/i9R5SKx9GDzhJ0QzqJuM8Z1cXozG5ejuoNu2nPRZbBKaEBpdqj+udwHLM0xEgzQZUaOHai3ZxKzZnAWW2YKkwom9IJDgxGNETl5vNdZ+TEjyXRAZL5+3c2p6FSWeiZTEh1oBa9YvifN0i1f+3mPEpSjREzEeP5qSA6JkVlMuYSmRaZAcokN1sSFlBJmTaHqZn6zmLZZeieNx3D9xeN1k15iCocwTGcggNX0II7aEMHGATwDG/wbk2sJ+vFev2JVqzyzyH8kfXxDbZvivc=</latexit><latexit sha1_base64="uLIhm0WwV+p7BUz6lrB4Z8M0hRU=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuLEkouiy6MZlBXuBNpTJ9KQZOrkwMxFC6CPoStSdL+QL+DZOahba+q++Of8/cP7jJYIrbdtfVmVldW19o7pZ29re2d2r7x90VZxKhh0Wi1j2PapQ8Ag7mmuB/UQiDT2BPW96W/i9R5SKx9GDzhJ0QzqJuM8Z1cXozG5ejuoNu2nPRZbBKaEBpdqj+udwHLM0xEgzQZUaOHai3ZxKzZnAWW2YKkwom9IJDgxGNETl5vNdZ+TEjyXRAZL5+3c2p6FSWeiZTEh1oBa9YvifN0i1f+3mPEpSjREzEeP5qSA6JkVlMuYSmRaZAcokN1sSFlBJmTaHqZn6zmLZZeieNx3D9xeN1k15iCocwTGcggNX0II7aEMHGATwDG/wbk2sJ+vFev2JVqzyzyH8kfXxDbZvivc=</latexit><latexit sha1_base64="uLIhm0WwV+p7BUz6lrB4Z8M0hRU=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuLEkouiy6MZlBXuBNpTJ9KQZOrkwMxFC6CPoStSdL+QL+DZOahba+q++Of8/cP7jJYIrbdtfVmVldW19o7pZ29re2d2r7x90VZxKhh0Wi1j2PapQ8Ag7mmuB/UQiDT2BPW96W/i9R5SKx9GDzhJ0QzqJuM8Z1cXozG5ejuoNu2nPRZbBKaEBpdqj+udwHLM0xEgzQZUaOHai3ZxKzZnAWW2YKkwom9IJDgxGNETl5vNdZ+TEjyXRAZL5+3c2p6FSWeiZTEh1oBa9YvifN0i1f+3mPEpSjREzEeP5qSA6JkVlMuYSmRaZAcokN1sSFlBJmTaHqZn6zmLZZeieNx3D9xeN1k15iCocwTGcggNX0II7aEMHGATwDG/wbk2sJ+vFev2JVqzyzyH8kfXxDbZvivc=</latexit><latexit sha1_base64="uLIhm0WwV+p7BUz6lrB4Z8M0hRU=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuLEkouiy6MZlBXuBNpTJ9KQZOrkwMxFC6CPoStSdL+QL+DZOahba+q++Of8/cP7jJYIrbdtfVmVldW19o7pZ29re2d2r7x90VZxKhh0Wi1j2PapQ8Ag7mmuB/UQiDT2BPW96W/i9R5SKx9GDzhJ0QzqJuM8Z1cXozG5ejuoNu2nPRZbBKaEBpdqj+udwHLM0xEgzQZUaOHai3ZxKzZnAWW2YKkwom9IJDgxGNETl5vNdZ+TEjyXRAZL5+3c2p6FSWeiZTEh1oBa9YvifN0i1f+3mPEpSjREzEeP5qSA6JkVlMuYSmRaZAcokN1sSFlBJmTaHqZn6zmLZZeieNx3D9xeN1k15iCocwTGcggNX0II7aEMHGATwDG/wbk2sJ+vFev2JVqzyzyH8kfXxDbZvivc=</latexit>

h�xi
<latexit sha1_base64="LYv57rJwPiIs051Hg1VUaNCPYYc=">AAAB+3icbVDNSsNAGNz4W+tf1IvgZbEInkoigh6LXjxWsD/QhLDZfkmXbjZhdyOWUF9GT6LefAtfwLdxG3PQ1jnNzszCNxNmnCntOF/W0vLK6tp6baO+ubW9s2vv7XdVmksKHZryVPZDooAzAR3NNId+JoEkIYdeOL6e+b17kIql4k5PMvATEgsWMUq0kQL70ONExBywp1ickOABe7IUArvhNJ0SeJG4FWmgCu3A/vSGKc0TEJpyotTAdTLtF0RqRjlM616uICN0TGIYGCpIAsovygZTfBKlEusR4PL9O1uQRKlJEppMQvRIzXsz8T9vkOvo0i+YyHINgpqI8aKcY53i2RB4yCRQzSeGECqZuRLTEZGEajNX3dR358suku5Z0zX89rzRuqqGqKEjdIxOkYsuUAvdoDbqIIoe0TN6Q+/W1HqyXqzXn+iSVf05QH9gfXwDBaOUWA==</latexit><latexit sha1_base64="LYv57rJwPiIs051Hg1VUaNCPYYc=">AAAB+3icbVDNSsNAGNz4W+tf1IvgZbEInkoigh6LXjxWsD/QhLDZfkmXbjZhdyOWUF9GT6LefAtfwLdxG3PQ1jnNzszCNxNmnCntOF/W0vLK6tp6baO+ubW9s2vv7XdVmksKHZryVPZDooAzAR3NNId+JoEkIYdeOL6e+b17kIql4k5PMvATEgsWMUq0kQL70ONExBywp1ickOABe7IUArvhNJ0SeJG4FWmgCu3A/vSGKc0TEJpyotTAdTLtF0RqRjlM616uICN0TGIYGCpIAsovygZTfBKlEusR4PL9O1uQRKlJEppMQvRIzXsz8T9vkOvo0i+YyHINgpqI8aKcY53i2RB4yCRQzSeGECqZuRLTEZGEajNX3dR358suku5Z0zX89rzRuqqGqKEjdIxOkYsuUAvdoDbqIIoe0TN6Q+/W1HqyXqzXn+iSVf05QH9gfXwDBaOUWA==</latexit><latexit sha1_base64="LYv57rJwPiIs051Hg1VUaNCPYYc=">AAAB+3icbVDNSsNAGNz4W+tf1IvgZbEInkoigh6LXjxWsD/QhLDZfkmXbjZhdyOWUF9GT6LefAtfwLdxG3PQ1jnNzszCNxNmnCntOF/W0vLK6tp6baO+ubW9s2vv7XdVmksKHZryVPZDooAzAR3NNId+JoEkIYdeOL6e+b17kIql4k5PMvATEgsWMUq0kQL70ONExBywp1ickOABe7IUArvhNJ0SeJG4FWmgCu3A/vSGKc0TEJpyotTAdTLtF0RqRjlM616uICN0TGIYGCpIAsovygZTfBKlEusR4PL9O1uQRKlJEppMQvRIzXsz8T9vkOvo0i+YyHINgpqI8aKcY53i2RB4yCRQzSeGECqZuRLTEZGEajNX3dR358suku5Z0zX89rzRuqqGqKEjdIxOkYsuUAvdoDbqIIoe0TN6Q+/W1HqyXqzXn+iSVf05QH9gfXwDBaOUWA==</latexit><latexit sha1_base64="LYv57rJwPiIs051Hg1VUaNCPYYc=">AAAB+3icbVDNSsNAGNz4W+tf1IvgZbEInkoigh6LXjxWsD/QhLDZfkmXbjZhdyOWUF9GT6LefAtfwLdxG3PQ1jnNzszCNxNmnCntOF/W0vLK6tp6baO+ubW9s2vv7XdVmksKHZryVPZDooAzAR3NNId+JoEkIYdeOL6e+b17kIql4k5PMvATEgsWMUq0kQL70ONExBywp1ickOABe7IUArvhNJ0SeJG4FWmgCu3A/vSGKc0TEJpyotTAdTLtF0RqRjlM616uICN0TGIYGCpIAsovygZTfBKlEusR4PL9O1uQRKlJEppMQvRIzXsz8T9vkOvo0i+YyHINgpqI8aKcY53i2RB4yCRQzSeGECqZuRLTEZGEajNX3dR358suku5Z0zX89rzRuqqGqKEjdIxOkYsuUAvdoDbqIIoe0TN6Q+/W1HqyXqzXn+iSVf05QH9gfXwDBaOUWA==</latexit>

h�xi
<latexit sha1_base64="LYv57rJwPiIs051Hg1VUaNCPYYc=">AAAB+3icbVDNSsNAGNz4W+tf1IvgZbEInkoigh6LXjxWsD/QhLDZfkmXbjZhdyOWUF9GT6LefAtfwLdxG3PQ1jnNzszCNxNmnCntOF/W0vLK6tp6baO+ubW9s2vv7XdVmksKHZryVPZDooAzAR3NNId+JoEkIYdeOL6e+b17kIql4k5PMvATEgsWMUq0kQL70ONExBywp1ickOABe7IUArvhNJ0SeJG4FWmgCu3A/vSGKc0TEJpyotTAdTLtF0RqRjlM616uICN0TGIYGCpIAsovygZTfBKlEusR4PL9O1uQRKlJEppMQvRIzXsz8T9vkOvo0i+YyHINgpqI8aKcY53i2RB4yCRQzSeGECqZuRLTEZGEajNX3dR358suku5Z0zX89rzRuqqGqKEjdIxOkYsuUAvdoDbqIIoe0TN6Q+/W1HqyXqzXn+iSVf05QH9gfXwDBaOUWA==</latexit><latexit sha1_base64="LYv57rJwPiIs051Hg1VUaNCPYYc=">AAAB+3icbVDNSsNAGNz4W+tf1IvgZbEInkoigh6LXjxWsD/QhLDZfkmXbjZhdyOWUF9GT6LefAtfwLdxG3PQ1jnNzszCNxNmnCntOF/W0vLK6tp6baO+ubW9s2vv7XdVmksKHZryVPZDooAzAR3NNId+JoEkIYdeOL6e+b17kIql4k5PMvATEgsWMUq0kQL70ONExBywp1ickOABe7IUArvhNJ0SeJG4FWmgCu3A/vSGKc0TEJpyotTAdTLtF0RqRjlM616uICN0TGIYGCpIAsovygZTfBKlEusR4PL9O1uQRKlJEppMQvRIzXsz8T9vkOvo0i+YyHINgpqI8aKcY53i2RB4yCRQzSeGECqZuRLTEZGEajNX3dR358suku5Z0zX89rzRuqqGqKEjdIxOkYsuUAvdoDbqIIoe0TN6Q+/W1HqyXqzXn+iSVf05QH9gfXwDBaOUWA==</latexit><latexit sha1_base64="LYv57rJwPiIs051Hg1VUaNCPYYc=">AAAB+3icbVDNSsNAGNz4W+tf1IvgZbEInkoigh6LXjxWsD/QhLDZfkmXbjZhdyOWUF9GT6LefAtfwLdxG3PQ1jnNzszCNxNmnCntOF/W0vLK6tp6baO+ubW9s2vv7XdVmksKHZryVPZDooAzAR3NNId+JoEkIYdeOL6e+b17kIql4k5PMvATEgsWMUq0kQL70ONExBywp1ickOABe7IUArvhNJ0SeJG4FWmgCu3A/vSGKc0TEJpyotTAdTLtF0RqRjlM616uICN0TGIYGCpIAsovygZTfBKlEusR4PL9O1uQRKlJEppMQvRIzXsz8T9vkOvo0i+YyHINgpqI8aKcY53i2RB4yCRQzSeGECqZuRLTEZGEajNX3dR358suku5Z0zX89rzRuqqGqKEjdIxOkYsuUAvdoDbqIIoe0TN6Q+/W1HqyXqzXn+iSVf05QH9gfXwDBaOUWA==</latexit><latexit sha1_base64="LYv57rJwPiIs051Hg1VUaNCPYYc=">AAAB+3icbVDNSsNAGNz4W+tf1IvgZbEInkoigh6LXjxWsD/QhLDZfkmXbjZhdyOWUF9GT6LefAtfwLdxG3PQ1jnNzszCNxNmnCntOF/W0vLK6tp6baO+ubW9s2vv7XdVmksKHZryVPZDooAzAR3NNId+JoEkIYdeOL6e+b17kIql4k5PMvATEgsWMUq0kQL70ONExBywp1ickOABe7IUArvhNJ0SeJG4FWmgCu3A/vSGKc0TEJpyotTAdTLtF0RqRjlM616uICN0TGIYGCpIAsovygZTfBKlEusR4PL9O1uQRKlJEppMQvRIzXsz8T9vkOvo0i+YyHINgpqI8aKcY53i2RB4yCRQzSeGECqZuRLTEZGEajNX3dR358suku5Z0zX89rzRuqqGqKEjdIxOkYsuUAvdoDbqIIoe0TN6Q+/W1HqyXqzXn+iSVf05QH9gfXwDBaOUWA==</latexit>

h�xi
<latexit sha1_base64="LYv57rJwPiIs051Hg1VUaNCPYYc=">AAAB+3icbVDNSsNAGNz4W+tf1IvgZbEInkoigh6LXjxWsD/QhLDZfkmXbjZhdyOWUF9GT6LefAtfwLdxG3PQ1jnNzszCNxNmnCntOF/W0vLK6tp6baO+ubW9s2vv7XdVmksKHZryVPZDooAzAR3NNId+JoEkIYdeOL6e+b17kIql4k5PMvATEgsWMUq0kQL70ONExBywp1ickOABe7IUArvhNJ0SeJG4FWmgCu3A/vSGKc0TEJpyotTAdTLtF0RqRjlM616uICN0TGIYGCpIAsovygZTfBKlEusR4PL9O1uQRKlJEppMQvRIzXsz8T9vkOvo0i+YyHINgpqI8aKcY53i2RB4yCRQzSeGECqZuRLTEZGEajNX3dR358suku5Z0zX89rzRuqqGqKEjdIxOkYsuUAvdoDbqIIoe0TN6Q+/W1HqyXqzXn+iSVf05QH9gfXwDBaOUWA==</latexit><latexit sha1_base64="LYv57rJwPiIs051Hg1VUaNCPYYc=">AAAB+3icbVDNSsNAGNz4W+tf1IvgZbEInkoigh6LXjxWsD/QhLDZfkmXbjZhdyOWUF9GT6LefAtfwLdxG3PQ1jnNzszCNxNmnCntOF/W0vLK6tp6baO+ubW9s2vv7XdVmksKHZryVPZDooAzAR3NNId+JoEkIYdeOL6e+b17kIql4k5PMvATEgsWMUq0kQL70ONExBywp1ickOABe7IUArvhNJ0SeJG4FWmgCu3A/vSGKc0TEJpyotTAdTLtF0RqRjlM616uICN0TGIYGCpIAsovygZTfBKlEusR4PL9O1uQRKlJEppMQvRIzXsz8T9vkOvo0i+YyHINgpqI8aKcY53i2RB4yCRQzSeGECqZuRLTEZGEajNX3dR358suku5Z0zX89rzRuqqGqKEjdIxOkYsuUAvdoDbqIIoe0TN6Q+/W1HqyXqzXn+iSVf05QH9gfXwDBaOUWA==</latexit><latexit sha1_base64="LYv57rJwPiIs051Hg1VUaNCPYYc=">AAAB+3icbVDNSsNAGNz4W+tf1IvgZbEInkoigh6LXjxWsD/QhLDZfkmXbjZhdyOWUF9GT6LefAtfwLdxG3PQ1jnNzszCNxNmnCntOF/W0vLK6tp6baO+ubW9s2vv7XdVmksKHZryVPZDooAzAR3NNId+JoEkIYdeOL6e+b17kIql4k5PMvATEgsWMUq0kQL70ONExBywp1ickOABe7IUArvhNJ0SeJG4FWmgCu3A/vSGKc0TEJpyotTAdTLtF0RqRjlM616uICN0TGIYGCpIAsovygZTfBKlEusR4PL9O1uQRKlJEppMQvRIzXsz8T9vkOvo0i+YyHINgpqI8aKcY53i2RB4yCRQzSeGECqZuRLTEZGEajNX3dR358suku5Z0zX89rzRuqqGqKEjdIxOkYsuUAvdoDbqIIoe0TN6Q+/W1HqyXqzXn+iSVf05QH9gfXwDBaOUWA==</latexit><latexit sha1_base64="LYv57rJwPiIs051Hg1VUaNCPYYc=">AAAB+3icbVDNSsNAGNz4W+tf1IvgZbEInkoigh6LXjxWsD/QhLDZfkmXbjZhdyOWUF9GT6LefAtfwLdxG3PQ1jnNzszCNxNmnCntOF/W0vLK6tp6baO+ubW9s2vv7XdVmksKHZryVPZDooAzAR3NNId+JoEkIYdeOL6e+b17kIql4k5PMvATEgsWMUq0kQL70ONExBywp1ickOABe7IUArvhNJ0SeJG4FWmgCu3A/vSGKc0TEJpyotTAdTLtF0RqRjlM616uICN0TGIYGCpIAsovygZTfBKlEusR4PL9O1uQRKlJEppMQvRIzXsz8T9vkOvo0i+YyHINgpqI8aKcY53i2RB4yCRQzSeGECqZuRLTEZGEajNX3dR358suku5Z0zX89rzRuqqGqKEjdIxOkYsuUAvdoDbqIIoe0TN6Q+/W1HqyXqzXn+iSVf05QH9gfXwDBaOUWA==</latexit>

h�xi
<latexit sha1_base64="LYv57rJwPiIs051Hg1VUaNCPYYc=">AAAB+3icbVDNSsNAGNz4W+tf1IvgZbEInkoigh6LXjxWsD/QhLDZfkmXbjZhdyOWUF9GT6LefAtfwLdxG3PQ1jnNzszCNxNmnCntOF/W0vLK6tp6baO+ubW9s2vv7XdVmksKHZryVPZDooAzAR3NNId+JoEkIYdeOL6e+b17kIql4k5PMvATEgsWMUq0kQL70ONExBywp1ickOABe7IUArvhNJ0SeJG4FWmgCu3A/vSGKc0TEJpyotTAdTLtF0RqRjlM616uICN0TGIYGCpIAsovygZTfBKlEusR4PL9O1uQRKlJEppMQvRIzXsz8T9vkOvo0i+YyHINgpqI8aKcY53i2RB4yCRQzSeGECqZuRLTEZGEajNX3dR358suku5Z0zX89rzRuqqGqKEjdIxOkYsuUAvdoDbqIIoe0TN6Q+/W1HqyXqzXn+iSVf05QH9gfXwDBaOUWA==</latexit><latexit sha1_base64="LYv57rJwPiIs051Hg1VUaNCPYYc=">AAAB+3icbVDNSsNAGNz4W+tf1IvgZbEInkoigh6LXjxWsD/QhLDZfkmXbjZhdyOWUF9GT6LefAtfwLdxG3PQ1jnNzszCNxNmnCntOF/W0vLK6tp6baO+ubW9s2vv7XdVmksKHZryVPZDooAzAR3NNId+JoEkIYdeOL6e+b17kIql4k5PMvATEgsWMUq0kQL70ONExBywp1ickOABe7IUArvhNJ0SeJG4FWmgCu3A/vSGKc0TEJpyotTAdTLtF0RqRjlM616uICN0TGIYGCpIAsovygZTfBKlEusR4PL9O1uQRKlJEppMQvRIzXsz8T9vkOvo0i+YyHINgpqI8aKcY53i2RB4yCRQzSeGECqZuRLTEZGEajNX3dR358suku5Z0zX89rzRuqqGqKEjdIxOkYsuUAvdoDbqIIoe0TN6Q+/W1HqyXqzXn+iSVf05QH9gfXwDBaOUWA==</latexit><latexit sha1_base64="LYv57rJwPiIs051Hg1VUaNCPYYc=">AAAB+3icbVDNSsNAGNz4W+tf1IvgZbEInkoigh6LXjxWsD/QhLDZfkmXbjZhdyOWUF9GT6LefAtfwLdxG3PQ1jnNzszCNxNmnCntOF/W0vLK6tp6baO+ubW9s2vv7XdVmksKHZryVPZDooAzAR3NNId+JoEkIYdeOL6e+b17kIql4k5PMvATEgsWMUq0kQL70ONExBywp1ickOABe7IUArvhNJ0SeJG4FWmgCu3A/vSGKc0TEJpyotTAdTLtF0RqRjlM616uICN0TGIYGCpIAsovygZTfBKlEusR4PL9O1uQRKlJEppMQvRIzXsz8T9vkOvo0i+YyHINgpqI8aKcY53i2RB4yCRQzSeGECqZuRLTEZGEajNX3dR358suku5Z0zX89rzRuqqGqKEjdIxOkYsuUAvdoDbqIIoe0TN6Q+/W1HqyXqzXn+iSVf05QH9gfXwDBaOUWA==</latexit><latexit sha1_base64="LYv57rJwPiIs051Hg1VUaNCPYYc=">AAAB+3icbVDNSsNAGNz4W+tf1IvgZbEInkoigh6LXjxWsD/QhLDZfkmXbjZhdyOWUF9GT6LefAtfwLdxG3PQ1jnNzszCNxNmnCntOF/W0vLK6tp6baO+ubW9s2vv7XdVmksKHZryVPZDooAzAR3NNId+JoEkIYdeOL6e+b17kIql4k5PMvATEgsWMUq0kQL70ONExBywp1ickOABe7IUArvhNJ0SeJG4FWmgCu3A/vSGKc0TEJpyotTAdTLtF0RqRjlM616uICN0TGIYGCpIAsovygZTfBKlEusR4PL9O1uQRKlJEppMQvRIzXsz8T9vkOvo0i+YyHINgpqI8aKcY53i2RB4yCRQzSeGECqZuRLTEZGEajNX3dR358suku5Z0zX89rzRuqqGqKEjdIxOkYsuUAvdoDbqIIoe0TN6Q+/W1HqyXqzXn+iSVf05QH9gfXwDBaOUWA==</latexit>

(a)
<latexit sha1_base64="4wISSNJmhEwdiitn2MHmgEQA+yM=">AAAB5HicbZDLSgNBEEVrfMb4irp00xiEuAkzIugy6MZlRPOAZAg9nZqkSc+D7hohhPyBrkTd+UX+gH9jJ85CE+/qdN3bULeCVElDrvvlrKyurW9sFraK2zu7e/ulg8OmSTItsCESleh2wA0qGWODJClspxp5FChsBaObmd96RG1kEj/QOEU/4oNYhlJwsqP7Cj/rlcpu1Z2LLYOXQxly1Xulz24/EVmEMQnFjel4bkr+hGuSQuG02M0MplyM+AA7FmMeofEn81Wn7DRMNKMhsvn7d3bCI2PGUWAzEaehWfRmw/+8TkbhlT+RcZoRxsJGrBdmilHCZo1ZX2oUpMYWuNDSbsnEkGsuyN6laOt7i2WXoXle9SzfXZRr1/khCnAMJ1ABDy6hBrdQhwYIGMAzvMG7EzpPzovz+hNdcfI/R/BHzsc3fEWK3w==</latexit><latexit sha1_base64="4wISSNJmhEwdiitn2MHmgEQA+yM=">AAAB5HicbZDLSgNBEEVrfMb4irp00xiEuAkzIugy6MZlRPOAZAg9nZqkSc+D7hohhPyBrkTd+UX+gH9jJ85CE+/qdN3bULeCVElDrvvlrKyurW9sFraK2zu7e/ulg8OmSTItsCESleh2wA0qGWODJClspxp5FChsBaObmd96RG1kEj/QOEU/4oNYhlJwsqP7Cj/rlcpu1Z2LLYOXQxly1Xulz24/EVmEMQnFjel4bkr+hGuSQuG02M0MplyM+AA7FmMeofEn81Wn7DRMNKMhsvn7d3bCI2PGUWAzEaehWfRmw/+8TkbhlT+RcZoRxsJGrBdmilHCZo1ZX2oUpMYWuNDSbsnEkGsuyN6laOt7i2WXoXle9SzfXZRr1/khCnAMJ1ABDy6hBrdQhwYIGMAzvMG7EzpPzovz+hNdcfI/R/BHzsc3fEWK3w==</latexit><latexit sha1_base64="4wISSNJmhEwdiitn2MHmgEQA+yM=">AAAB5HicbZDLSgNBEEVrfMb4irp00xiEuAkzIugy6MZlRPOAZAg9nZqkSc+D7hohhPyBrkTd+UX+gH9jJ85CE+/qdN3bULeCVElDrvvlrKyurW9sFraK2zu7e/ulg8OmSTItsCESleh2wA0qGWODJClspxp5FChsBaObmd96RG1kEj/QOEU/4oNYhlJwsqP7Cj/rlcpu1Z2LLYOXQxly1Xulz24/EVmEMQnFjel4bkr+hGuSQuG02M0MplyM+AA7FmMeofEn81Wn7DRMNKMhsvn7d3bCI2PGUWAzEaehWfRmw/+8TkbhlT+RcZoRxsJGrBdmilHCZo1ZX2oUpMYWuNDSbsnEkGsuyN6laOt7i2WXoXle9SzfXZRr1/khCnAMJ1ABDy6hBrdQhwYIGMAzvMG7EzpPzovz+hNdcfI/R/BHzsc3fEWK3w==</latexit><latexit sha1_base64="4wISSNJmhEwdiitn2MHmgEQA+yM=">AAAB5HicbZDLSgNBEEVrfMb4irp00xiEuAkzIugy6MZlRPOAZAg9nZqkSc+D7hohhPyBrkTd+UX+gH9jJ85CE+/qdN3bULeCVElDrvvlrKyurW9sFraK2zu7e/ulg8OmSTItsCESleh2wA0qGWODJClspxp5FChsBaObmd96RG1kEj/QOEU/4oNYhlJwsqP7Cj/rlcpu1Z2LLYOXQxly1Xulz24/EVmEMQnFjel4bkr+hGuSQuG02M0MplyM+AA7FmMeofEn81Wn7DRMNKMhsvn7d3bCI2PGUWAzEaehWfRmw/+8TkbhlT+RcZoRxsJGrBdmilHCZo1ZX2oUpMYWuNDSbsnEkGsuyN6laOt7i2WXoXle9SzfXZRr1/khCnAMJ1ABDy6hBrdQhwYIGMAzvMG7EzpPzovz+hNdcfI/R/BHzsc3fEWK3w==</latexit>

(b)
<latexit sha1_base64="K8gh48Ns56LF0xP9vbTul0KOZ/A=">AAAB5HicbZDLSgNBEEVrfMb4irp00xiEuAkzIugy6MZlRPOAZAg9nZqkSc+D7hohhPyBrkTd+UX+gH9jJ85CE+/qdN3bULeCVElDrvvlrKyurW9sFraK2zu7e/ulg8OmSTItsCESleh2wA0qGWODJClspxp5FChsBaObmd96RG1kEj/QOEU/4oNYhlJwsqP7SnDWK5XdqjsXWwYvhzLkqvdKn91+IrIIYxKKG9Px3JT8CdckhcJpsZsZTLkY8QF2LMY8QuNP5qtO2WmYaEZDZPP37+yER8aMo8BmIk5Ds+jNhv95nYzCK38i4zQjjIWNWC/MFKOEzRqzvtQoSI0tcKGl3ZKJIddckL1L0db3FssuQ/O86lm+uyjXrvNDFOAYTqACHlxCDW6hDg0QMIBneIN3J3SenBfn9Se64uR/juCPnI9vfcSK4A==</latexit><latexit sha1_base64="K8gh48Ns56LF0xP9vbTul0KOZ/A=">AAAB5HicbZDLSgNBEEVrfMb4irp00xiEuAkzIugy6MZlRPOAZAg9nZqkSc+D7hohhPyBrkTd+UX+gH9jJ85CE+/qdN3bULeCVElDrvvlrKyurW9sFraK2zu7e/ulg8OmSTItsCESleh2wA0qGWODJClspxp5FChsBaObmd96RG1kEj/QOEU/4oNYhlJwsqP7SnDWK5XdqjsXWwYvhzLkqvdKn91+IrIIYxKKG9Px3JT8CdckhcJpsZsZTLkY8QF2LMY8QuNP5qtO2WmYaEZDZPP37+yER8aMo8BmIk5Ds+jNhv95nYzCK38i4zQjjIWNWC/MFKOEzRqzvtQoSI0tcKGl3ZKJIddckL1L0db3FssuQ/O86lm+uyjXrvNDFOAYTqACHlxCDW6hDg0QMIBneIN3J3SenBfn9Se64uR/juCPnI9vfcSK4A==</latexit><latexit sha1_base64="K8gh48Ns56LF0xP9vbTul0KOZ/A=">AAAB5HicbZDLSgNBEEVrfMb4irp00xiEuAkzIugy6MZlRPOAZAg9nZqkSc+D7hohhPyBrkTd+UX+gH9jJ85CE+/qdN3bULeCVElDrvvlrKyurW9sFraK2zu7e/ulg8OmSTItsCESleh2wA0qGWODJClspxp5FChsBaObmd96RG1kEj/QOEU/4oNYhlJwsqP7SnDWK5XdqjsXWwYvhzLkqvdKn91+IrIIYxKKG9Px3JT8CdckhcJpsZsZTLkY8QF2LMY8QuNP5qtO2WmYaEZDZPP37+yER8aMo8BmIk5Ds+jNhv95nYzCK38i4zQjjIWNWC/MFKOEzRqzvtQoSI0tcKGl3ZKJIddckL1L0db3FssuQ/O86lm+uyjXrvNDFOAYTqACHlxCDW6hDg0QMIBneIN3J3SenBfn9Se64uR/juCPnI9vfcSK4A==</latexit><latexit sha1_base64="K8gh48Ns56LF0xP9vbTul0KOZ/A=">AAAB5HicbZDLSgNBEEVrfMb4irp00xiEuAkzIugy6MZlRPOAZAg9nZqkSc+D7hohhPyBrkTd+UX+gH9jJ85CE+/qdN3bULeCVElDrvvlrKyurW9sFraK2zu7e/ulg8OmSTItsCESleh2wA0qGWODJClspxp5FChsBaObmd96RG1kEj/QOEU/4oNYhlJwsqP7SnDWK5XdqjsXWwYvhzLkqvdKn91+IrIIYxKKG9Px3JT8CdckhcJpsZsZTLkY8QF2LMY8QuNP5qtO2WmYaEZDZPP37+yER8aMo8BmIk5Ds+jNhv95nYzCK38i4zQjjIWNWC/MFKOEzRqzvtQoSI0tcKGl3ZKJIddckL1L0db3FssuQ/O86lm+uyjXrvNDFOAYTqACHlxCDW6hDg0QMIBneIN3J3SenBfn9Se64uR/juCPnI9vfcSK4A==</latexit>

(c)
<latexit sha1_base64="BkacJ6IWAQbopoR1h+lBj/zMfII=">AAAB5HicbZDLSgNBEEVrfMb4irp00xiEuAkzIugy6MZlRPOAZAg9nZqkSc+D7hohhPyBrkTd+UX+gH9jJ85CE+/qdN3bULeCVElDrvvlrKyurW9sFraK2zu7e/ulg8OmSTItsCESleh2wA0qGWODJClspxp5FChsBaObmd96RG1kEj/QOEU/4oNYhlJwsqP7ijjrlcpu1Z2LLYOXQxly1Xulz24/EVmEMQnFjel4bkr+hGuSQuG02M0MplyM+AA7FmMeofEn81Wn7DRMNKMhsvn7d3bCI2PGUWAzEaehWfRmw/+8TkbhlT+RcZoRxsJGrBdmilHCZo1ZX2oUpMYWuNDSbsnEkGsuyN6laOt7i2WXoXle9SzfXZRr1/khCnAMJ1ABDy6hBrdQhwYIGMAzvMG7EzpPzovz+hNdcfI/R/BHzsc3f0OK4Q==</latexit><latexit sha1_base64="BkacJ6IWAQbopoR1h+lBj/zMfII=">AAAB5HicbZDLSgNBEEVrfMb4irp00xiEuAkzIugy6MZlRPOAZAg9nZqkSc+D7hohhPyBrkTd+UX+gH9jJ85CE+/qdN3bULeCVElDrvvlrKyurW9sFraK2zu7e/ulg8OmSTItsCESleh2wA0qGWODJClspxp5FChsBaObmd96RG1kEj/QOEU/4oNYhlJwsqP7ijjrlcpu1Z2LLYOXQxly1Xulz24/EVmEMQnFjel4bkr+hGuSQuG02M0MplyM+AA7FmMeofEn81Wn7DRMNKMhsvn7d3bCI2PGUWAzEaehWfRmw/+8TkbhlT+RcZoRxsJGrBdmilHCZo1ZX2oUpMYWuNDSbsnEkGsuyN6laOt7i2WXoXle9SzfXZRr1/khCnAMJ1ABDy6hBrdQhwYIGMAzvMG7EzpPzovz+hNdcfI/R/BHzsc3f0OK4Q==</latexit><latexit sha1_base64="BkacJ6IWAQbopoR1h+lBj/zMfII=">AAAB5HicbZDLSgNBEEVrfMb4irp00xiEuAkzIugy6MZlRPOAZAg9nZqkSc+D7hohhPyBrkTd+UX+gH9jJ85CE+/qdN3bULeCVElDrvvlrKyurW9sFraK2zu7e/ulg8OmSTItsCESleh2wA0qGWODJClspxp5FChsBaObmd96RG1kEj/QOEU/4oNYhlJwsqP7ijjrlcpu1Z2LLYOXQxly1Xulz24/EVmEMQnFjel4bkr+hGuSQuG02M0MplyM+AA7FmMeofEn81Wn7DRMNKMhsvn7d3bCI2PGUWAzEaehWfRmw/+8TkbhlT+RcZoRxsJGrBdmilHCZo1ZX2oUpMYWuNDSbsnEkGsuyN6laOt7i2WXoXle9SzfXZRr1/khCnAMJ1ABDy6hBrdQhwYIGMAzvMG7EzpPzovz+hNdcfI/R/BHzsc3f0OK4Q==</latexit><latexit sha1_base64="BkacJ6IWAQbopoR1h+lBj/zMfII=">AAAB5HicbZDLSgNBEEVrfMb4irp00xiEuAkzIugy6MZlRPOAZAg9nZqkSc+D7hohhPyBrkTd+UX+gH9jJ85CE+/qdN3bULeCVElDrvvlrKyurW9sFraK2zu7e/ulg8OmSTItsCESleh2wA0qGWODJClspxp5FChsBaObmd96RG1kEj/QOEU/4oNYhlJwsqP7ijjrlcpu1Z2LLYOXQxly1Xulz24/EVmEMQnFjel4bkr+hGuSQuG02M0MplyM+AA7FmMeofEn81Wn7DRMNKMhsvn7d3bCI2PGUWAzEaehWfRmw/+8TkbhlT+RcZoRxsJGrBdmilHCZo1ZX2oUpMYWuNDSbsnEkGsuyN6laOt7i2WXoXle9SzfXZRr1/khCnAMJ1ABDy6hBrdQhwYIGMAzvMG7EzpPzovz+hNdcfI/R/BHzsc3f0OK4Q==</latexit>

(d)
<latexit sha1_base64="gG1hatD7kZlj834ZvrBuxbRtuiE=">AAAB5HicbZDLSgNBEEVrfMb4irp00xiEuAkzIugy6MZlRPOAZAg9nZqkSc+D7hohhPyBrkTd+UX+gH9jJ85CE+/qdN3bULeCVElDrvvlrKyurW9sFraK2zu7e/ulg8OmSTItsCESleh2wA0qGWODJClspxp5FChsBaObmd96RG1kEj/QOEU/4oNYhlJwsqP7Sv+sVyq7VXcutgxeDmXIVe+VPrv9RGQRxiQUN6bjuSn5E65JCoXTYjczmHIx4gPsWIx5hMafzFedstMw0YyGyObv39kJj4wZR4HNRJyGZtGbDf/zOhmFV/5ExmlGGAsbsV6YKUYJmzVmfalRkBpb4EJLuyUTQ665IHuXoq3vLZZdhuZ51bN8d1GuXeeHKMAxnEAFPLiEGtxCHRogYADP8AbvTug8OS/O6090xcn/HMEfOR/fgMKK4g==</latexit><latexit sha1_base64="gG1hatD7kZlj834ZvrBuxbRtuiE=">AAAB5HicbZDLSgNBEEVrfMb4irp00xiEuAkzIugy6MZlRPOAZAg9nZqkSc+D7hohhPyBrkTd+UX+gH9jJ85CE+/qdN3bULeCVElDrvvlrKyurW9sFraK2zu7e/ulg8OmSTItsCESleh2wA0qGWODJClspxp5FChsBaObmd96RG1kEj/QOEU/4oNYhlJwsqP7Sv+sVyq7VXcutgxeDmXIVe+VPrv9RGQRxiQUN6bjuSn5E65JCoXTYjczmHIx4gPsWIx5hMafzFedstMw0YyGyObv39kJj4wZR4HNRJyGZtGbDf/zOhmFV/5ExmlGGAsbsV6YKUYJmzVmfalRkBpb4EJLuyUTQ665IHuXoq3vLZZdhuZ51bN8d1GuXeeHKMAxnEAFPLiEGtxCHRogYADP8AbvTug8OS/O6090xcn/HMEfOR/fgMKK4g==</latexit><latexit sha1_base64="gG1hatD7kZlj834ZvrBuxbRtuiE=">AAAB5HicbZDLSgNBEEVrfMb4irp00xiEuAkzIugy6MZlRPOAZAg9nZqkSc+D7hohhPyBrkTd+UX+gH9jJ85CE+/qdN3bULeCVElDrvvlrKyurW9sFraK2zu7e/ulg8OmSTItsCESleh2wA0qGWODJClspxp5FChsBaObmd96RG1kEj/QOEU/4oNYhlJwsqP7Sv+sVyq7VXcutgxeDmXIVe+VPrv9RGQRxiQUN6bjuSn5E65JCoXTYjczmHIx4gPsWIx5hMafzFedstMw0YyGyObv39kJj4wZR4HNRJyGZtGbDf/zOhmFV/5ExmlGGAsbsV6YKUYJmzVmfalRkBpb4EJLuyUTQ665IHuXoq3vLZZdhuZ51bN8d1GuXeeHKMAxnEAFPLiEGtxCHRogYADP8AbvTug8OS/O6090xcn/HMEfOR/fgMKK4g==</latexit><latexit sha1_base64="gG1hatD7kZlj834ZvrBuxbRtuiE=">AAAB5HicbZDLSgNBEEVrfMb4irp00xiEuAkzIugy6MZlRPOAZAg9nZqkSc+D7hohhPyBrkTd+UX+gH9jJ85CE+/qdN3bULeCVElDrvvlrKyurW9sFraK2zu7e/ulg8OmSTItsCESleh2wA0qGWODJClspxp5FChsBaObmd96RG1kEj/QOEU/4oNYhlJwsqP7Sv+sVyq7VXcutgxeDmXIVe+VPrv9RGQRxiQUN6bjuSn5E65JCoXTYjczmHIx4gPsWIx5hMafzFedstMw0YyGyObv39kJj4wZR4HNRJyGZtGbDf/zOhmFV/5ExmlGGAsbsV6YKUYJmzVmfalRkBpb4EJLuyUTQ665IHuXoq3vLZZdhuZ51bN8d1GuXeeHKMAxnEAFPLiEGtxCHRogYADP8AbvTug8OS/O6090xcn/HMEfOR/fgMKK4g==</latexit>

l = 13
<latexit sha1_base64="/MruP2qnpa5wd3zI5auBGlgPuiQ=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCroRim5cVrAXaEOZTE+aoZMLMxMhhD6CrkTd+UK+gG/jpGahrf/qm/P/A+c/XiK40rb9ZVVWVtfWN6qbta3tnd29+v5BV8WpZNhhsYhl36MKBY+wo7kW2E8k0tAT2POmt4Xfe0SpeBw96CxBN6STiPucUV2MxLVzPqo37KY9F1kGp4QGlGqP6p/DcczSECPNBFVq4NiJdnMqNWcCZ7VhqjChbEonODAY0RCVm893nZETP5ZEB0jm79/ZnIZKZaFnMiHVgVr0iuF/3iDV/pWb8yhJNUbMRIznp4LomBSVyZhLZFpkBiiT3GxJWEAlZdocpmbqO4tll6F71nQM3180WjflIapwBMdwCg5cQgvuoA0dYBDAM7zBuzWxnqwX6/UnWrHKP4fwR9bHNyo+i0Q=</latexit><latexit sha1_base64="/MruP2qnpa5wd3zI5auBGlgPuiQ=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCroRim5cVrAXaEOZTE+aoZMLMxMhhD6CrkTd+UK+gG/jpGahrf/qm/P/A+c/XiK40rb9ZVVWVtfWN6qbta3tnd29+v5BV8WpZNhhsYhl36MKBY+wo7kW2E8k0tAT2POmt4Xfe0SpeBw96CxBN6STiPucUV2MxLVzPqo37KY9F1kGp4QGlGqP6p/DcczSECPNBFVq4NiJdnMqNWcCZ7VhqjChbEonODAY0RCVm893nZETP5ZEB0jm79/ZnIZKZaFnMiHVgVr0iuF/3iDV/pWb8yhJNUbMRIznp4LomBSVyZhLZFpkBiiT3GxJWEAlZdocpmbqO4tll6F71nQM3180WjflIapwBMdwCg5cQgvuoA0dYBDAM7zBuzWxnqwX6/UnWrHKP4fwR9bHNyo+i0Q=</latexit><latexit sha1_base64="/MruP2qnpa5wd3zI5auBGlgPuiQ=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCroRim5cVrAXaEOZTE+aoZMLMxMhhD6CrkTd+UK+gG/jpGahrf/qm/P/A+c/XiK40rb9ZVVWVtfWN6qbta3tnd29+v5BV8WpZNhhsYhl36MKBY+wo7kW2E8k0tAT2POmt4Xfe0SpeBw96CxBN6STiPucUV2MxLVzPqo37KY9F1kGp4QGlGqP6p/DcczSECPNBFVq4NiJdnMqNWcCZ7VhqjChbEonODAY0RCVm893nZETP5ZEB0jm79/ZnIZKZaFnMiHVgVr0iuF/3iDV/pWb8yhJNUbMRIznp4LomBSVyZhLZFpkBiiT3GxJWEAlZdocpmbqO4tll6F71nQM3180WjflIapwBMdwCg5cQgvuoA0dYBDAM7zBuzWxnqwX6/UnWrHKP4fwR9bHNyo+i0Q=</latexit><latexit sha1_base64="/MruP2qnpa5wd3zI5auBGlgPuiQ=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCroRim5cVrAXaEOZTE+aoZMLMxMhhD6CrkTd+UK+gG/jpGahrf/qm/P/A+c/XiK40rb9ZVVWVtfWN6qbta3tnd29+v5BV8WpZNhhsYhl36MKBY+wo7kW2E8k0tAT2POmt4Xfe0SpeBw96CxBN6STiPucUV2MxLVzPqo37KY9F1kGp4QGlGqP6p/DcczSECPNBFVq4NiJdnMqNWcCZ7VhqjChbEonODAY0RCVm893nZETP5ZEB0jm79/ZnIZKZaFnMiHVgVr0iuF/3iDV/pWb8yhJNUbMRIznp4LomBSVyZhLZFpkBiiT3GxJWEAlZdocpmbqO4tll6F71nQM3180WjflIapwBMdwCg5cQgvuoA0dYBDAM7zBuzWxnqwX6/UnWrHKP4fwR9bHNyo+i0Q=</latexit>

l = 15
<latexit sha1_base64="cwQPviEi2+22E6cyFuGNcePJ+9U=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJKLoRim5cVrAXaEOZTE+aoZMLMxMhhD6CrkTd+UK+gG/jpGahrf/qm/P/A+c/XiK40rb9ZVVWVtfWN6qbta3tnd29+v5BV8WpZNhhsYhl36MKBY+wo7kW2E8k0tAT2POmt4Xfe0SpeBw96CxBN6STiPucUV2MxLVzMao37KY9F1kGp4QGlGqP6p/DcczSECPNBFVq4NiJdnMqNWcCZ7VhqjChbEonODAY0RCVm893nZETP5ZEB0jm79/ZnIZKZaFnMiHVgVr0iuF/3iDV/pWb8yhJNUbMRIznp4LomBSVyZhLZFpkBiiT3GxJWEAlZdocpmbqO4tll6F71nQM3583WjflIapwBMdwCg5cQgvuoA0dYBDAM7zBuzWxnqwX6/UnWrHKP4fwR9bHNy06i0Y=</latexit><latexit sha1_base64="cwQPviEi2+22E6cyFuGNcePJ+9U=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJKLoRim5cVrAXaEOZTE+aoZMLMxMhhD6CrkTd+UK+gG/jpGahrf/qm/P/A+c/XiK40rb9ZVVWVtfWN6qbta3tnd29+v5BV8WpZNhhsYhl36MKBY+wo7kW2E8k0tAT2POmt4Xfe0SpeBw96CxBN6STiPucUV2MxLVzMao37KY9F1kGp4QGlGqP6p/DcczSECPNBFVq4NiJdnMqNWcCZ7VhqjChbEonODAY0RCVm893nZETP5ZEB0jm79/ZnIZKZaFnMiHVgVr0iuF/3iDV/pWb8yhJNUbMRIznp4LomBSVyZhLZFpkBiiT3GxJWEAlZdocpmbqO4tll6F71nQM3583WjflIapwBMdwCg5cQgvuoA0dYBDAM7zBuzWxnqwX6/UnWrHKP4fwR9bHNy06i0Y=</latexit><latexit sha1_base64="cwQPviEi2+22E6cyFuGNcePJ+9U=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJKLoRim5cVrAXaEOZTE+aoZMLMxMhhD6CrkTd+UK+gG/jpGahrf/qm/P/A+c/XiK40rb9ZVVWVtfWN6qbta3tnd29+v5BV8WpZNhhsYhl36MKBY+wo7kW2E8k0tAT2POmt4Xfe0SpeBw96CxBN6STiPucUV2MxLVzMao37KY9F1kGp4QGlGqP6p/DcczSECPNBFVq4NiJdnMqNWcCZ7VhqjChbEonODAY0RCVm893nZETP5ZEB0jm79/ZnIZKZaFnMiHVgVr0iuF/3iDV/pWb8yhJNUbMRIznp4LomBSVyZhLZFpkBiiT3GxJWEAlZdocpmbqO4tll6F71nQM3583WjflIapwBMdwCg5cQgvuoA0dYBDAM7zBuzWxnqwX6/UnWrHKP4fwR9bHNy06i0Y=</latexit><latexit sha1_base64="cwQPviEi2+22E6cyFuGNcePJ+9U=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJKLoRim5cVrAXaEOZTE+aoZMLMxMhhD6CrkTd+UK+gG/jpGahrf/qm/P/A+c/XiK40rb9ZVVWVtfWN6qbta3tnd29+v5BV8WpZNhhsYhl36MKBY+wo7kW2E8k0tAT2POmt4Xfe0SpeBw96CxBN6STiPucUV2MxLVzMao37KY9F1kGp4QGlGqP6p/DcczSECPNBFVq4NiJdnMqNWcCZ7VhqjChbEonODAY0RCVm893nZETP5ZEB0jm79/ZnIZKZaFnMiHVgVr0iuF/3iDV/pWb8yhJNUbMRIznp4LomBSVyZhLZFpkBiiT3GxJWEAlZdocpmbqO4tll6F71nQM3583WjflIapwBMdwCg5cQgvuoA0dYBDAM7zBuzWxnqwX6/UnWrHKP4fwR9bHNy06i0Y=</latexit>

l = 33
<latexit sha1_base64="bIbhGNjkhFyKdEjq0fv4vhpBPZU=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJLehGKLpxWcFeoA1lMj1phk4uzEyEEvoIuhJ15wv5Ar6Nk5qFtv6rb87/D5z/eIngStv2l1VaW9/Y3CpvV3Z29/YPqodHXRWnkmGHxSKWfY8qFDzCjuZaYD+RSENPYM+b3uZ+7xGl4nH0oGcJuiGdRNznjOp8JK4bjVG1ZtfthcgqOAXUoFB7VP0cjmOWhhhpJqhSA8dOtJtRqTkTOK8MU4UJZVM6wYHBiIao3Gyx65yc+bEkOkCyeP/OZjRUahZ6JhNSHahlLx/+5w1S7V+5GY+SVGPETMR4fiqIjklemYy5RKbFzABlkpstCQuopEybw1RMfWe57Cp0L+qO4ftmrXVTHKIMJ3AK5+DAJbTgDtrQAQYBPMMbvFsT68l6sV5/oiWr+HMMf2R9fAMtPItG</latexit><latexit sha1_base64="bIbhGNjkhFyKdEjq0fv4vhpBPZU=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJLehGKLpxWcFeoA1lMj1phk4uzEyEEvoIuhJ15wv5Ar6Nk5qFtv6rb87/D5z/eIngStv2l1VaW9/Y3CpvV3Z29/YPqodHXRWnkmGHxSKWfY8qFDzCjuZaYD+RSENPYM+b3uZ+7xGl4nH0oGcJuiGdRNznjOp8JK4bjVG1ZtfthcgqOAXUoFB7VP0cjmOWhhhpJqhSA8dOtJtRqTkTOK8MU4UJZVM6wYHBiIao3Gyx65yc+bEkOkCyeP/OZjRUahZ6JhNSHahlLx/+5w1S7V+5GY+SVGPETMR4fiqIjklemYy5RKbFzABlkpstCQuopEybw1RMfWe57Cp0L+qO4ftmrXVTHKIMJ3AK5+DAJbTgDtrQAQYBPMMbvFsT68l6sV5/oiWr+HMMf2R9fAMtPItG</latexit><latexit sha1_base64="bIbhGNjkhFyKdEjq0fv4vhpBPZU=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJLehGKLpxWcFeoA1lMj1phk4uzEyEEvoIuhJ15wv5Ar6Nk5qFtv6rb87/D5z/eIngStv2l1VaW9/Y3CpvV3Z29/YPqodHXRWnkmGHxSKWfY8qFDzCjuZaYD+RSENPYM+b3uZ+7xGl4nH0oGcJuiGdRNznjOp8JK4bjVG1ZtfthcgqOAXUoFB7VP0cjmOWhhhpJqhSA8dOtJtRqTkTOK8MU4UJZVM6wYHBiIao3Gyx65yc+bEkOkCyeP/OZjRUahZ6JhNSHahlLx/+5w1S7V+5GY+SVGPETMR4fiqIjklemYy5RKbFzABlkpstCQuopEybw1RMfWe57Cp0L+qO4ftmrXVTHKIMJ3AK5+DAJbTgDtrQAQYBPMMbvFsT68l6sV5/oiWr+HMMf2R9fAMtPItG</latexit><latexit sha1_base64="bIbhGNjkhFyKdEjq0fv4vhpBPZU=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJLehGKLpxWcFeoA1lMj1phk4uzEyEEvoIuhJ15wv5Ar6Nk5qFtv6rb87/D5z/eIngStv2l1VaW9/Y3CpvV3Z29/YPqodHXRWnkmGHxSKWfY8qFDzCjuZaYD+RSENPYM+b3uZ+7xGl4nH0oGcJuiGdRNznjOp8JK4bjVG1ZtfthcgqOAXUoFB7VP0cjmOWhhhpJqhSA8dOtJtRqTkTOK8MU4UJZVM6wYHBiIao3Gyx65yc+bEkOkCyeP/OZjRUahZ6JhNSHahlLx/+5w1S7V+5GY+SVGPETMR4fiqIjklemYy5RKbFzABlkpstCQuopEybw1RMfWe57Cp0L+qO4ftmrXVTHKIMJ3AK5+DAJbTgDtrQAQYBPMMbvFsT68l6sV5/oiWr+HMMf2R9fAMtPItG</latexit>

l = 35
<latexit sha1_base64="7ko0VbmdY4y5mEFTVauBVAjr9HY=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJVnQjFN24rGAv0IYymZ40QycXZiZCCX0EXYm684V8Ad/GSc1CW//VN+f/B85/vERwpW37yyqtrK6tb5Q3K1vbO7t71f2DjopTybDNYhHLnkcVCh5hW3MtsJdIpKEnsOtNbnO/+4hS8Th60NME3ZCOI+5zRnU+EtfnF8Nqza7bc5FlcAqoQaHWsPo5GMUsDTHSTFCl+o6daDejUnMmcFYZpAoTyiZ0jH2DEQ1Rudl81xk58WNJdIBk/v6dzWio1DT0TCakOlCLXj78z+un2r9yMx4lqcaImYjx/FQQHZO8MhlxiUyLqQHKJDdbEhZQSZk2h6mY+s5i2WXonNUdw/eNWvOmOEQZjuAYTsGBS2jCHbSgDQwCeIY3eLfG1pP1Yr3+REtW8ecQ/sj6+AYwOItI</latexit><latexit sha1_base64="7ko0VbmdY4y5mEFTVauBVAjr9HY=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJVnQjFN24rGAv0IYymZ40QycXZiZCCX0EXYm684V8Ad/GSc1CW//VN+f/B85/vERwpW37yyqtrK6tb5Q3K1vbO7t71f2DjopTybDNYhHLnkcVCh5hW3MtsJdIpKEnsOtNbnO/+4hS8Th60NME3ZCOI+5zRnU+EtfnF8Nqza7bc5FlcAqoQaHWsPo5GMUsDTHSTFCl+o6daDejUnMmcFYZpAoTyiZ0jH2DEQ1Rudl81xk58WNJdIBk/v6dzWio1DT0TCakOlCLXj78z+un2r9yMx4lqcaImYjx/FQQHZO8MhlxiUyLqQHKJDdbEhZQSZk2h6mY+s5i2WXonNUdw/eNWvOmOEQZjuAYTsGBS2jCHbSgDQwCeIY3eLfG1pP1Yr3+REtW8ecQ/sj6+AYwOItI</latexit><latexit sha1_base64="7ko0VbmdY4y5mEFTVauBVAjr9HY=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJVnQjFN24rGAv0IYymZ40QycXZiZCCX0EXYm684V8Ad/GSc1CW//VN+f/B85/vERwpW37yyqtrK6tb5Q3K1vbO7t71f2DjopTybDNYhHLnkcVCh5hW3MtsJdIpKEnsOtNbnO/+4hS8Th60NME3ZCOI+5zRnU+EtfnF8Nqza7bc5FlcAqoQaHWsPo5GMUsDTHSTFCl+o6daDejUnMmcFYZpAoTyiZ0jH2DEQ1Rudl81xk58WNJdIBk/v6dzWio1DT0TCakOlCLXj78z+un2r9yMx4lqcaImYjx/FQQHZO8MhlxiUyLqQHKJDdbEhZQSZk2h6mY+s5i2WXonNUdw/eNWvOmOEQZjuAYTsGBS2jCHbSgDQwCeIY3eLfG1pP1Yr3+REtW8ecQ/sj6+AYwOItI</latexit><latexit sha1_base64="7ko0VbmdY4y5mEFTVauBVAjr9HY=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJVnQjFN24rGAv0IYymZ40QycXZiZCCX0EXYm684V8Ad/GSc1CW//VN+f/B85/vERwpW37yyqtrK6tb5Q3K1vbO7t71f2DjopTybDNYhHLnkcVCh5hW3MtsJdIpKEnsOtNbnO/+4hS8Th60NME3ZCOI+5zRnU+EtfnF8Nqza7bc5FlcAqoQaHWsPo5GMUsDTHSTFCl+o6daDejUnMmcFYZpAoTyiZ0jH2DEQ1Rudl81xk58WNJdIBk/v6dzWio1DT0TCakOlCLXj78z+un2r9yMx4lqcaImYjx/FQQHZO8MhlxiUyLqQHKJDdbEhZQSZk2h6mY+s5i2WXonNUdw/eNWvOmOEQZjuAYTsGBS2jCHbSgDQwCeIY3eLfG1pP1Yr3+REtW8ecQ/sj6+AYwOItI</latexit>

l = 13
<latexit sha1_base64="/MruP2qnpa5wd3zI5auBGlgPuiQ=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCroRim5cVrAXaEOZTE+aoZMLMxMhhD6CrkTd+UK+gG/jpGahrf/qm/P/A+c/XiK40rb9ZVVWVtfWN6qbta3tnd29+v5BV8WpZNhhsYhl36MKBY+wo7kW2E8k0tAT2POmt4Xfe0SpeBw96CxBN6STiPucUV2MxLVzPqo37KY9F1kGp4QGlGqP6p/DcczSECPNBFVq4NiJdnMqNWcCZ7VhqjChbEonODAY0RCVm893nZETP5ZEB0jm79/ZnIZKZaFnMiHVgVr0iuF/3iDV/pWb8yhJNUbMRIznp4LomBSVyZhLZFpkBiiT3GxJWEAlZdocpmbqO4tll6F71nQM3180WjflIapwBMdwCg5cQgvuoA0dYBDAM7zBuzWxnqwX6/UnWrHKP4fwR9bHNyo+i0Q=</latexit><latexit sha1_base64="/MruP2qnpa5wd3zI5auBGlgPuiQ=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCroRim5cVrAXaEOZTE+aoZMLMxMhhD6CrkTd+UK+gG/jpGahrf/qm/P/A+c/XiK40rb9ZVVWVtfWN6qbta3tnd29+v5BV8WpZNhhsYhl36MKBY+wo7kW2E8k0tAT2POmt4Xfe0SpeBw96CxBN6STiPucUV2MxLVzPqo37KY9F1kGp4QGlGqP6p/DcczSECPNBFVq4NiJdnMqNWcCZ7VhqjChbEonODAY0RCVm893nZETP5ZEB0jm79/ZnIZKZaFnMiHVgVr0iuF/3iDV/pWb8yhJNUbMRIznp4LomBSVyZhLZFpkBiiT3GxJWEAlZdocpmbqO4tll6F71nQM3180WjflIapwBMdwCg5cQgvuoA0dYBDAM7zBuzWxnqwX6/UnWrHKP4fwR9bHNyo+i0Q=</latexit><latexit sha1_base64="/MruP2qnpa5wd3zI5auBGlgPuiQ=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCroRim5cVrAXaEOZTE+aoZMLMxMhhD6CrkTd+UK+gG/jpGahrf/qm/P/A+c/XiK40rb9ZVVWVtfWN6qbta3tnd29+v5BV8WpZNhhsYhl36MKBY+wo7kW2E8k0tAT2POmt4Xfe0SpeBw96CxBN6STiPucUV2MxLVzPqo37KY9F1kGp4QGlGqP6p/DcczSECPNBFVq4NiJdnMqNWcCZ7VhqjChbEonODAY0RCVm893nZETP5ZEB0jm79/ZnIZKZaFnMiHVgVr0iuF/3iDV/pWb8yhJNUbMRIznp4LomBSVyZhLZFpkBiiT3GxJWEAlZdocpmbqO4tll6F71nQM3180WjflIapwBMdwCg5cQgvuoA0dYBDAM7zBuzWxnqwX6/UnWrHKP4fwR9bHNyo+i0Q=</latexit><latexit sha1_base64="/MruP2qnpa5wd3zI5auBGlgPuiQ=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCroRim5cVrAXaEOZTE+aoZMLMxMhhD6CrkTd+UK+gG/jpGahrf/qm/P/A+c/XiK40rb9ZVVWVtfWN6qbta3tnd29+v5BV8WpZNhhsYhl36MKBY+wo7kW2E8k0tAT2POmt4Xfe0SpeBw96CxBN6STiPucUV2MxLVzPqo37KY9F1kGp4QGlGqP6p/DcczSECPNBFVq4NiJdnMqNWcCZ7VhqjChbEonODAY0RCVm893nZETP5ZEB0jm79/ZnIZKZaFnMiHVgVr0iuF/3iDV/pWb8yhJNUbMRIznp4LomBSVyZhLZFpkBiiT3GxJWEAlZdocpmbqO4tll6F71nQM3180WjflIapwBMdwCg5cQgvuoA0dYBDAM7zBuzWxnqwX6/UnWrHKP4fwR9bHNyo+i0Q=</latexit>

l = 33
<latexit sha1_base64="bIbhGNjkhFyKdEjq0fv4vhpBPZU=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJLehGKLpxWcFeoA1lMj1phk4uzEyEEvoIuhJ15wv5Ar6Nk5qFtv6rb87/D5z/eIngStv2l1VaW9/Y3CpvV3Z29/YPqodHXRWnkmGHxSKWfY8qFDzCjuZaYD+RSENPYM+b3uZ+7xGl4nH0oGcJuiGdRNznjOp8JK4bjVG1ZtfthcgqOAXUoFB7VP0cjmOWhhhpJqhSA8dOtJtRqTkTOK8MU4UJZVM6wYHBiIao3Gyx65yc+bEkOkCyeP/OZjRUahZ6JhNSHahlLx/+5w1S7V+5GY+SVGPETMR4fiqIjklemYy5RKbFzABlkpstCQuopEybw1RMfWe57Cp0L+qO4ftmrXVTHKIMJ3AK5+DAJbTgDtrQAQYBPMMbvFsT68l6sV5/oiWr+HMMf2R9fAMtPItG</latexit><latexit sha1_base64="bIbhGNjkhFyKdEjq0fv4vhpBPZU=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJLehGKLpxWcFeoA1lMj1phk4uzEyEEvoIuhJ15wv5Ar6Nk5qFtv6rb87/D5z/eIngStv2l1VaW9/Y3CpvV3Z29/YPqodHXRWnkmGHxSKWfY8qFDzCjuZaYD+RSENPYM+b3uZ+7xGl4nH0oGcJuiGdRNznjOp8JK4bjVG1ZtfthcgqOAXUoFB7VP0cjmOWhhhpJqhSA8dOtJtRqTkTOK8MU4UJZVM6wYHBiIao3Gyx65yc+bEkOkCyeP/OZjRUahZ6JhNSHahlLx/+5w1S7V+5GY+SVGPETMR4fiqIjklemYy5RKbFzABlkpstCQuopEybw1RMfWe57Cp0L+qO4ftmrXVTHKIMJ3AK5+DAJbTgDtrQAQYBPMMbvFsT68l6sV5/oiWr+HMMf2R9fAMtPItG</latexit><latexit sha1_base64="bIbhGNjkhFyKdEjq0fv4vhpBPZU=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJLehGKLpxWcFeoA1lMj1phk4uzEyEEvoIuhJ15wv5Ar6Nk5qFtv6rb87/D5z/eIngStv2l1VaW9/Y3CpvV3Z29/YPqodHXRWnkmGHxSKWfY8qFDzCjuZaYD+RSENPYM+b3uZ+7xGl4nH0oGcJuiGdRNznjOp8JK4bjVG1ZtfthcgqOAXUoFB7VP0cjmOWhhhpJqhSA8dOtJtRqTkTOK8MU4UJZVM6wYHBiIao3Gyx65yc+bEkOkCyeP/OZjRUahZ6JhNSHahlLx/+5w1S7V+5GY+SVGPETMR4fiqIjklemYy5RKbFzABlkpstCQuopEybw1RMfWe57Cp0L+qO4ftmrXVTHKIMJ3AK5+DAJbTgDtrQAQYBPMMbvFsT68l6sV5/oiWr+HMMf2R9fAMtPItG</latexit><latexit sha1_base64="bIbhGNjkhFyKdEjq0fv4vhpBPZU=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJLehGKLpxWcFeoA1lMj1phk4uzEyEEvoIuhJ15wv5Ar6Nk5qFtv6rb87/D5z/eIngStv2l1VaW9/Y3CpvV3Z29/YPqodHXRWnkmGHxSKWfY8qFDzCjuZaYD+RSENPYM+b3uZ+7xGl4nH0oGcJuiGdRNznjOp8JK4bjVG1ZtfthcgqOAXUoFB7VP0cjmOWhhhpJqhSA8dOtJtRqTkTOK8MU4UJZVM6wYHBiIao3Gyx65yc+bEkOkCyeP/OZjRUahZ6JhNSHahlLx/+5w1S7V+5GY+SVGPETMR4fiqIjklemYy5RKbFzABlkpstCQuopEybw1RMfWe57Cp0L+qO4ftmrXVTHKIMJ3AK5+DAJbTgDtrQAQYBPMMbvFsT68l6sV5/oiWr+HMMf2R9fAMtPItG</latexit>

34
<latexit sha1_base64="0qo2mX/Ds/UCJ5PJvVIcjVV8+pE=">AAAB43icbZDLTgJBEEVr8IX4Ql266UhMXJEZJdEl0Y1LNCIkMCE9TQ106Hmku8aEEL5AV0bd+Uf+gH9jg7NQ8K5O172d1K0gVdKQ6345hZXVtfWN4mZpa3tnd6+8f/BgkkwLbIpEJbodcINKxtgkSQrbqUYeBQpbweh65rceURuZxPc0TtGP+CCWoRSc7OjuvNYrV9yqOxdbBi+HCuRq9Mqf3X4isghjEoob0/HclPwJ1ySFwmmpmxlMuRjxAXYsxjxC40/mm07ZSZhoRkNk8/fv7IRHxoyjwGYiTkOz6M2G/3mdjMJLfyLjNCOMhY1YL8wUo4TNCrO+1ChIjS1woaXdkokh11yQPUvJ1vcWyy7Dw1nVs3xbq9Sv8kMU4QiO4RQ8uIA63EADmiAghGd4g3cHnSfnxXn9iRac/M8h/JHz8Q3m7oqK</latexit><latexit sha1_base64="0qo2mX/Ds/UCJ5PJvVIcjVV8+pE=">AAAB43icbZDLTgJBEEVr8IX4Ql266UhMXJEZJdEl0Y1LNCIkMCE9TQ106Hmku8aEEL5AV0bd+Uf+gH9jg7NQ8K5O172d1K0gVdKQ6345hZXVtfWN4mZpa3tnd6+8f/BgkkwLbIpEJbodcINKxtgkSQrbqUYeBQpbweh65rceURuZxPc0TtGP+CCWoRSc7OjuvNYrV9yqOxdbBi+HCuRq9Mqf3X4isghjEoob0/HclPwJ1ySFwmmpmxlMuRjxAXYsxjxC40/mm07ZSZhoRkNk8/fv7IRHxoyjwGYiTkOz6M2G/3mdjMJLfyLjNCOMhY1YL8wUo4TNCrO+1ChIjS1woaXdkokh11yQPUvJ1vcWyy7Dw1nVs3xbq9Sv8kMU4QiO4RQ8uIA63EADmiAghGd4g3cHnSfnxXn9iRac/M8h/JHz8Q3m7oqK</latexit><latexit sha1_base64="0qo2mX/Ds/UCJ5PJvVIcjVV8+pE=">AAAB43icbZDLTgJBEEVr8IX4Ql266UhMXJEZJdEl0Y1LNCIkMCE9TQ106Hmku8aEEL5AV0bd+Uf+gH9jg7NQ8K5O172d1K0gVdKQ6345hZXVtfWN4mZpa3tnd6+8f/BgkkwLbIpEJbodcINKxtgkSQrbqUYeBQpbweh65rceURuZxPc0TtGP+CCWoRSc7OjuvNYrV9yqOxdbBi+HCuRq9Mqf3X4isghjEoob0/HclPwJ1ySFwmmpmxlMuRjxAXYsxjxC40/mm07ZSZhoRkNk8/fv7IRHxoyjwGYiTkOz6M2G/3mdjMJLfyLjNCOMhY1YL8wUo4TNCrO+1ChIjS1woaXdkokh11yQPUvJ1vcWyy7Dw1nVs3xbq9Sv8kMU4QiO4RQ8uIA63EADmiAghGd4g3cHnSfnxXn9iRac/M8h/JHz8Q3m7oqK</latexit><latexit sha1_base64="0qo2mX/Ds/UCJ5PJvVIcjVV8+pE=">AAAB43icbZDLTgJBEEVr8IX4Ql266UhMXJEZJdEl0Y1LNCIkMCE9TQ106Hmku8aEEL5AV0bd+Uf+gH9jg7NQ8K5O172d1K0gVdKQ6345hZXVtfWN4mZpa3tnd6+8f/BgkkwLbIpEJbodcINKxtgkSQrbqUYeBQpbweh65rceURuZxPc0TtGP+CCWoRSc7OjuvNYrV9yqOxdbBi+HCuRq9Mqf3X4isghjEoob0/HclPwJ1ySFwmmpmxlMuRjxAXYsxjxC40/mm07ZSZhoRkNk8/fv7IRHxoyjwGYiTkOz6M2G/3mdjMJLfyLjNCOMhY1YL8wUo4TNCrO+1ChIjS1woaXdkokh11yQPUvJ1vcWyy7Dw1nVs3xbq9Sv8kMU4QiO4RQ8uIA63EADmiAghGd4g3cHnSfnxXn9iRac/M8h/JHz8Q3m7oqK</latexit>

36
<latexit sha1_base64="qCkq1W2ILJEYwbzZ4dAJcsTP5f4=">AAAB43icbZDLTgJBEEVr8IX4Ql266UhMXJEZNeqS6MYlGnkkMCE9TQ106Hmku8aEEL5AV0bd+Uf+gH9jg7NQ9K5O172d1K0gVdKQ6346haXlldW14nppY3Nre6e8u9c0SaYFNkSiEt0OuEElY2yQJIXtVCOPAoWtYHQ981sPqI1M4nsap+hHfBDLUApOdnR3et4rV9yqOxf7C14OFchV75U/uv1EZBHGJBQ3puO5KfkTrkkKhdNSNzOYcjHiA+xYjHmExp/MN52yozDRjIbI5u+f2QmPjBlHgc1EnIZm0ZsN//M6GYWX/kTGaUYYCxuxXpgpRgmbFWZ9qVGQGlvgQku7JRNDrrkge5aSre8tlv0LzZOqZ/n2rFK7yg9RhAM4hGPw4AJqcAN1aICAEJ7gFd4cdB6dZ+flO1pw8j/78EvO+xfp6oqM</latexit><latexit sha1_base64="qCkq1W2ILJEYwbzZ4dAJcsTP5f4=">AAAB43icbZDLTgJBEEVr8IX4Ql266UhMXJEZNeqS6MYlGnkkMCE9TQ106Hmku8aEEL5AV0bd+Uf+gH9jg7NQ9K5O172d1K0gVdKQ6346haXlldW14nppY3Nre6e8u9c0SaYFNkSiEt0OuEElY2yQJIXtVCOPAoWtYHQ981sPqI1M4nsap+hHfBDLUApOdnR3et4rV9yqOxf7C14OFchV75U/uv1EZBHGJBQ3puO5KfkTrkkKhdNSNzOYcjHiA+xYjHmExp/MN52yozDRjIbI5u+f2QmPjBlHgc1EnIZm0ZsN//M6GYWX/kTGaUYYCxuxXpgpRgmbFWZ9qVGQGlvgQku7JRNDrrkge5aSre8tlv0LzZOqZ/n2rFK7yg9RhAM4hGPw4AJqcAN1aICAEJ7gFd4cdB6dZ+flO1pw8j/78EvO+xfp6oqM</latexit><latexit sha1_base64="qCkq1W2ILJEYwbzZ4dAJcsTP5f4=">AAAB43icbZDLTgJBEEVr8IX4Ql266UhMXJEZNeqS6MYlGnkkMCE9TQ106Hmku8aEEL5AV0bd+Uf+gH9jg7NQ9K5O172d1K0gVdKQ6346haXlldW14nppY3Nre6e8u9c0SaYFNkSiEt0OuEElY2yQJIXtVCOPAoWtYHQ981sPqI1M4nsap+hHfBDLUApOdnR3et4rV9yqOxf7C14OFchV75U/uv1EZBHGJBQ3puO5KfkTrkkKhdNSNzOYcjHiA+xYjHmExp/MN52yozDRjIbI5u+f2QmPjBlHgc1EnIZm0ZsN//M6GYWX/kTGaUYYCxuxXpgpRgmbFWZ9qVGQGlvgQku7JRNDrrkge5aSre8tlv0LzZOqZ/n2rFK7yg9RhAM4hGPw4AJqcAN1aICAEJ7gFd4cdB6dZ+flO1pw8j/78EvO+xfp6oqM</latexit><latexit sha1_base64="qCkq1W2ILJEYwbzZ4dAJcsTP5f4=">AAAB43icbZDLTgJBEEVr8IX4Ql266UhMXJEZNeqS6MYlGnkkMCE9TQ106Hmku8aEEL5AV0bd+Uf+gH9jg7NQ9K5O172d1K0gVdKQ6346haXlldW14nppY3Nre6e8u9c0SaYFNkSiEt0OuEElY2yQJIXtVCOPAoWtYHQ981sPqI1M4nsap+hHfBDLUApOdnR3et4rV9yqOxf7C14OFchV75U/uv1EZBHGJBQ3puO5KfkTrkkKhdNSNzOYcjHiA+xYjHmExp/MN52yozDRjIbI5u+f2QmPjBlHgc1EnIZm0ZsN//M6GYWX/kTGaUYYCxuxXpgpRgmbFWZ9qVGQGlvgQku7JRNDrrkge5aSre8tlv0LzZOqZ/n2rFK7yg9RhAM4hGPw4AJqcAN1aICAEJ7gFd4cdB6dZ+flO1pw8j/78EvO+xfp6oqM</latexit>

38
<latexit sha1_base64="HYpnw5QucfiLzUc+H8/gJuOYGYw=">AAAB43icbZDLTgJBEEVr8IX4Ql266UhMXJEZNZEl0Y1LNCIkMCE9TQ106Hmku8aEEL5AV0bd+Uf+gH9jg7NQ8K5O172d1K0gVdKQ6345hZXVtfWN4mZpa3tnd6+8f/BgkkwLbIpEJbodcINKxtgkSQrbqUYeBQpbweh65rceURuZxPc0TtGP+CCWoRSc7OjuvNYrV9yqOxdbBi+HCuRq9Mqf3X4isghjEoob0/HclPwJ1ySFwmmpmxlMuRjxAXYsxjxC40/mm07ZSZhoRkNk8/fv7IRHxoyjwGYiTkOz6M2G/3mdjMKaP5FxmhHGwkasF2aKUcJmhVlfahSkxha40NJuycSQay7InqVk63uLZZfh4azqWb69qNSv8kMU4QiO4RQ8uIQ63EADmiAghGd4g3cHnSfnxXn9iRac/M8h/JHz8Q3s5oqO</latexit><latexit sha1_base64="HYpnw5QucfiLzUc+H8/gJuOYGYw=">AAAB43icbZDLTgJBEEVr8IX4Ql266UhMXJEZNZEl0Y1LNCIkMCE9TQ106Hmku8aEEL5AV0bd+Uf+gH9jg7NQ8K5O172d1K0gVdKQ6345hZXVtfWN4mZpa3tnd6+8f/BgkkwLbIpEJbodcINKxtgkSQrbqUYeBQpbweh65rceURuZxPc0TtGP+CCWoRSc7OjuvNYrV9yqOxdbBi+HCuRq9Mqf3X4isghjEoob0/HclPwJ1ySFwmmpmxlMuRjxAXYsxjxC40/mm07ZSZhoRkNk8/fv7IRHxoyjwGYiTkOz6M2G/3mdjMKaP5FxmhHGwkasF2aKUcJmhVlfahSkxha40NJuycSQay7InqVk63uLZZfh4azqWb69qNSv8kMU4QiO4RQ8uIQ63EADmiAghGd4g3cHnSfnxXn9iRac/M8h/JHz8Q3s5oqO</latexit><latexit sha1_base64="HYpnw5QucfiLzUc+H8/gJuOYGYw=">AAAB43icbZDLTgJBEEVr8IX4Ql266UhMXJEZNZEl0Y1LNCIkMCE9TQ106Hmku8aEEL5AV0bd+Uf+gH9jg7NQ8K5O172d1K0gVdKQ6345hZXVtfWN4mZpa3tnd6+8f/BgkkwLbIpEJbodcINKxtgkSQrbqUYeBQpbweh65rceURuZxPc0TtGP+CCWoRSc7OjuvNYrV9yqOxdbBi+HCuRq9Mqf3X4isghjEoob0/HclPwJ1ySFwmmpmxlMuRjxAXYsxjxC40/mm07ZSZhoRkNk8/fv7IRHxoyjwGYiTkOz6M2G/3mdjMKaP5FxmhHGwkasF2aKUcJmhVlfahSkxha40NJuycSQay7InqVk63uLZZfh4azqWb69qNSv8kMU4QiO4RQ8uIQ63EADmiAghGd4g3cHnSfnxXn9iRac/M8h/JHz8Q3s5oqO</latexit><latexit sha1_base64="HYpnw5QucfiLzUc+H8/gJuOYGYw=">AAAB43icbZDLTgJBEEVr8IX4Ql266UhMXJEZNZEl0Y1LNCIkMCE9TQ106Hmku8aEEL5AV0bd+Uf+gH9jg7NQ8K5O172d1K0gVdKQ6345hZXVtfWN4mZpa3tnd6+8f/BgkkwLbIpEJbodcINKxtgkSQrbqUYeBQpbweh65rceURuZxPc0TtGP+CCWoRSc7OjuvNYrV9yqOxdbBi+HCuRq9Mqf3X4isghjEoob0/HclPwJ1ySFwmmpmxlMuRjxAXYsxjxC40/mm07ZSZhoRkNk8/fv7IRHxoyjwGYiTkOz6M2G/3mdjMKaP5FxmhHGwkasF2aKUcJmhVlfahSkxha40NJuycSQay7InqVk63uLZZfh4azqWb69qNSv8kMU4QiO4RQ8uIQ63EADmiAghGd4g3cHnSfnxXn9iRac/M8h/JHz8Q3s5oqO</latexit> 40

<latexit sha1_base64="UQIKZ4dhd4DQ73fUIQRZxvBBRvU=">AAAB43icbZDLTgJBEEVr8IX4Ql266UhMXJEZQ6JLohuXaOSRwIT0NDXQoeeR7hoTQvgCXRl15x/5A/6NDc5Cwbs6Xfd2UreCVElDrvvlFNbWNza3itulnd29/YPy4VHLJJkW2BSJSnQn4AaVjLFJkhR2Uo08ChS2g/HN3G8/ojYyiR9okqIf8WEsQyk42dF9ze2XK27VXYitgpdDBXI1+uXP3iARWYQxCcWN6XpuSv6Ua5JC4azUywymXIz5ELsWYx6h8aeLTWfsLEw0oxGyxft3dsojYyZRYDMRp5FZ9ubD/7xuRuGVP5VxmhHGwkasF2aKUcLmhdlAahSkJha40NJuycSIay7InqVk63vLZVehdVH1LN/VKvXr/BBFOIFTOAcPLqEOt9CAJggI4Rne4N1B58l5cV5/ogUn/3MMf+R8fAPidYqH</latexit><latexit sha1_base64="UQIKZ4dhd4DQ73fUIQRZxvBBRvU=">AAAB43icbZDLTgJBEEVr8IX4Ql266UhMXJEZQ6JLohuXaOSRwIT0NDXQoeeR7hoTQvgCXRl15x/5A/6NDc5Cwbs6Xfd2UreCVElDrvvlFNbWNza3itulnd29/YPy4VHLJJkW2BSJSnQn4AaVjLFJkhR2Uo08ChS2g/HN3G8/ojYyiR9okqIf8WEsQyk42dF9ze2XK27VXYitgpdDBXI1+uXP3iARWYQxCcWN6XpuSv6Ua5JC4azUywymXIz5ELsWYx6h8aeLTWfsLEw0oxGyxft3dsojYyZRYDMRp5FZ9ubD/7xuRuGVP5VxmhHGwkasF2aKUcLmhdlAahSkJha40NJuycSIay7InqVk63vLZVehdVH1LN/VKvXr/BBFOIFTOAcPLqEOt9CAJggI4Rne4N1B58l5cV5/ogUn/3MMf+R8fAPidYqH</latexit><latexit sha1_base64="UQIKZ4dhd4DQ73fUIQRZxvBBRvU=">AAAB43icbZDLTgJBEEVr8IX4Ql266UhMXJEZQ6JLohuXaOSRwIT0NDXQoeeR7hoTQvgCXRl15x/5A/6NDc5Cwbs6Xfd2UreCVElDrvvlFNbWNza3itulnd29/YPy4VHLJJkW2BSJSnQn4AaVjLFJkhR2Uo08ChS2g/HN3G8/ojYyiR9okqIf8WEsQyk42dF9ze2XK27VXYitgpdDBXI1+uXP3iARWYQxCcWN6XpuSv6Ua5JC4azUywymXIz5ELsWYx6h8aeLTWfsLEw0oxGyxft3dsojYyZRYDMRp5FZ9ubD/7xuRuGVP5VxmhHGwkasF2aKUcLmhdlAahSkJha40NJuycSIay7InqVk63vLZVehdVH1LN/VKvXr/BBFOIFTOAcPLqEOt9CAJggI4Rne4N1B58l5cV5/ogUn/3MMf+R8fAPidYqH</latexit><latexit sha1_base64="UQIKZ4dhd4DQ73fUIQRZxvBBRvU=">AAAB43icbZDLTgJBEEVr8IX4Ql266UhMXJEZQ6JLohuXaOSRwIT0NDXQoeeR7hoTQvgCXRl15x/5A/6NDc5Cwbs6Xfd2UreCVElDrvvlFNbWNza3itulnd29/YPy4VHLJJkW2BSJSnQn4AaVjLFJkhR2Uo08ChS2g/HN3G8/ojYyiR9okqIf8WEsQyk42dF9ze2XK27VXYitgpdDBXI1+uXP3iARWYQxCcWN6XpuSv6Ua5JC4azUywymXIz5ELsWYx6h8aeLTWfsLEw0oxGyxft3dsojYyZRYDMRp5FZ9ubD/7xuRuGVP5VxmhHGwkasF2aKUcLmhdlAahSkJha40NJuycSIay7InqVk63vLZVehdVH1LN/VKvXr/BBFOIFTOAcPLqEOt9CAJggI4Rne4N1B58l5cV5/ogUn/3MMf+R8fAPidYqH</latexit>

42<latexit sha1_base64="D5Pqv3o54G7omIaizYAW7EYHbi4=">AAAB43icbZDLTgJBEEVr8IX4Ql266UhMXJEZQqJLohuXaARJYEJ6mhro0PNId40JIXyBroy684/8Af/GBmeh4F2drns7qVtBqqQh1/1yCmvrG5tbxe3Szu7e/kH58KhtkkwLbIlEJboTcINKxtgiSQo7qUYeBQofgvH13H94RG1kEt/TJEU/4sNYhlJwsqO7eq1frrhVdyG2Cl4OFcjV7Jc/e4NEZBHGJBQ3puu5KflTrkkKhbNSLzOYcjHmQ+xajHmExp8uNp2xszDRjEbIFu/f2SmPjJlEgc1EnEZm2ZsP//O6GYWX/lTGaUYYCxuxXpgpRgmbF2YDqVGQmljgQku7JRMjrrkge5aSre8tl12Fdq3qWb6tVxpX+SGKcAKncA4eXEADbqAJLRAQwjO8wbuDzpPz4rz+RAtO/ucY/sj5+AblcYqJ</latexit><latexit sha1_base64="D5Pqv3o54G7omIaizYAW7EYHbi4=">AAAB43icbZDLTgJBEEVr8IX4Ql266UhMXJEZQqJLohuXaARJYEJ6mhro0PNId40JIXyBroy684/8Af/GBmeh4F2drns7qVtBqqQh1/1yCmvrG5tbxe3Szu7e/kH58KhtkkwLbIlEJboTcINKxtgiSQo7qUYeBQofgvH13H94RG1kEt/TJEU/4sNYhlJwsqO7eq1frrhVdyG2Cl4OFcjV7Jc/e4NEZBHGJBQ3puu5KflTrkkKhbNSLzOYcjHmQ+xajHmExp8uNp2xszDRjEbIFu/f2SmPjJlEgc1EnEZm2ZsP//O6GYWX/lTGaUYYCxuxXpgpRgmbF2YDqVGQmljgQku7JRMjrrkge5aSre8tl12Fdq3qWb6tVxpX+SGKcAKncA4eXEADbqAJLRAQwjO8wbuDzpPz4rz+RAtO/ucY/sj5+AblcYqJ</latexit><latexit sha1_base64="D5Pqv3o54G7omIaizYAW7EYHbi4=">AAAB43icbZDLTgJBEEVr8IX4Ql266UhMXJEZQqJLohuXaARJYEJ6mhro0PNId40JIXyBroy684/8Af/GBmeh4F2drns7qVtBqqQh1/1yCmvrG5tbxe3Szu7e/kH58KhtkkwLbIlEJboTcINKxtgiSQo7qUYeBQofgvH13H94RG1kEt/TJEU/4sNYhlJwsqO7eq1frrhVdyG2Cl4OFcjV7Jc/e4NEZBHGJBQ3puu5KflTrkkKhbNSLzOYcjHmQ+xajHmExp8uNp2xszDRjEbIFu/f2SmPjJlEgc1EnEZm2ZsP//O6GYWX/lTGaUYYCxuxXpgpRgmbF2YDqVGQmljgQku7JRMjrrkge5aSre8tl12Fdq3qWb6tVxpX+SGKcAKncA4eXEADbqAJLRAQwjO8wbuDzpPz4rz+RAtO/ucY/sj5+AblcYqJ</latexit><latexit sha1_base64="D5Pqv3o54G7omIaizYAW7EYHbi4=">AAAB43icbZDLTgJBEEVr8IX4Ql266UhMXJEZQqJLohuXaARJYEJ6mhro0PNId40JIXyBroy684/8Af/GBmeh4F2drns7qVtBqqQh1/1yCmvrG5tbxe3Szu7e/kH58KhtkkwLbIlEJboTcINKxtgiSQo7qUYeBQofgvH13H94RG1kEt/TJEU/4sNYhlJwsqO7eq1frrhVdyG2Cl4OFcjV7Jc/e4NEZBHGJBQ3puu5KflTrkkKhbNSLzOYcjHmQ+xajHmExp8uNp2xszDRjEbIFu/f2SmPjJlEgc1EnEZm2ZsP//O6GYWX/lTGaUYYCxuxXpgpRgmbF2YDqVGQmljgQku7JRMjrrkge5aSre8tl12Fdq3qWb6tVxpX+SGKcAKncA4eXEADbqAJLRAQwjO8wbuDzpPz4rz+RAtO/ucY/sj5+AblcYqJ</latexit>

15.0
<latexit sha1_base64="CB/JsP2uqghF41OL2s4qPEYHan8=">AAAB5XicbZDLSgMxFIZP6q3WW9Wlm2ARXJUZUXRZdOOygr1AO5RMeqYTmrmQZIQy9BF0JerOF/IFfBszdRZa/Vdfzv8Hzn/8VAptHOeTVFZW19Y3qpu1re2d3b36/kFXJ5ni2OGJTFTfZxqliLFjhJHYTxWyyJfY86c3hd97QKVFEt+bWYpexCaxCARnphi5F01nVG84TWch+hfcEhpQqj2qfwzHCc8ijA2XTOuB66TGy5kygkuc14aZxpTxKZvgwGLMItRevth1Tk+CRFETIl28f2ZzFmk9i3ybiZgJ9bJXDP/zBpkJrrxcxGlmMOY2Yr0gk9QktKhMx0IhN3JmgXEl7JaUh0wxbuxhara+u1z2L3TPmq7lu/NG67o8RBWO4BhOwYVLaMEttKEDHEJ4gld4IxPySJ7Jy3e0Qso/h/BL5P0LvH2K+w==</latexit><latexit sha1_base64="CB/JsP2uqghF41OL2s4qPEYHan8=">AAAB5XicbZDLSgMxFIZP6q3WW9Wlm2ARXJUZUXRZdOOygr1AO5RMeqYTmrmQZIQy9BF0JerOF/IFfBszdRZa/Vdfzv8Hzn/8VAptHOeTVFZW19Y3qpu1re2d3b36/kFXJ5ni2OGJTFTfZxqliLFjhJHYTxWyyJfY86c3hd97QKVFEt+bWYpexCaxCARnphi5F01nVG84TWch+hfcEhpQqj2qfwzHCc8ijA2XTOuB66TGy5kygkuc14aZxpTxKZvgwGLMItRevth1Tk+CRFETIl28f2ZzFmk9i3ybiZgJ9bJXDP/zBpkJrrxcxGlmMOY2Yr0gk9QktKhMx0IhN3JmgXEl7JaUh0wxbuxhara+u1z2L3TPmq7lu/NG67o8RBWO4BhOwYVLaMEttKEDHEJ4gld4IxPySJ7Jy3e0Qso/h/BL5P0LvH2K+w==</latexit><latexit sha1_base64="CB/JsP2uqghF41OL2s4qPEYHan8=">AAAB5XicbZDLSgMxFIZP6q3WW9Wlm2ARXJUZUXRZdOOygr1AO5RMeqYTmrmQZIQy9BF0JerOF/IFfBszdRZa/Vdfzv8Hzn/8VAptHOeTVFZW19Y3qpu1re2d3b36/kFXJ5ni2OGJTFTfZxqliLFjhJHYTxWyyJfY86c3hd97QKVFEt+bWYpexCaxCARnphi5F01nVG84TWch+hfcEhpQqj2qfwzHCc8ijA2XTOuB66TGy5kygkuc14aZxpTxKZvgwGLMItRevth1Tk+CRFETIl28f2ZzFmk9i3ybiZgJ9bJXDP/zBpkJrrxcxGlmMOY2Yr0gk9QktKhMx0IhN3JmgXEl7JaUh0wxbuxhara+u1z2L3TPmq7lu/NG67o8RBWO4BhOwYVLaMEttKEDHEJ4gld4IxPySJ7Jy3e0Qso/h/BL5P0LvH2K+w==</latexit><latexit sha1_base64="CB/JsP2uqghF41OL2s4qPEYHan8=">AAAB5XicbZDLSgMxFIZP6q3WW9Wlm2ARXJUZUXRZdOOygr1AO5RMeqYTmrmQZIQy9BF0JerOF/IFfBszdRZa/Vdfzv8Hzn/8VAptHOeTVFZW19Y3qpu1re2d3b36/kFXJ5ni2OGJTFTfZxqliLFjhJHYTxWyyJfY86c3hd97QKVFEt+bWYpexCaxCARnphi5F01nVG84TWch+hfcEhpQqj2qfwzHCc8ijA2XTOuB66TGy5kygkuc14aZxpTxKZvgwGLMItRevth1Tk+CRFETIl28f2ZzFmk9i3ybiZgJ9bJXDP/zBpkJrrxcxGlmMOY2Yr0gk9QktKhMx0IhN3JmgXEl7JaUh0wxbuxhara+u1z2L3TPmq7lu/NG67o8RBWO4BhOwYVLaMEttKEDHEJ4gld4IxPySJ7Jy3e0Qso/h/BL5P0LvH2K+w==</latexit>

15.4
<latexit sha1_base64="0ez+QWnNKfeum1EA+R3wZNm69qg=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJVHRZdOOygr1AG8pketIMnVyYmQgl9BF0JerOF/IFfBsnMQtt/VffnP8fOP/xEsGVtu0vq7K2vrG5Vd2u7ezu7R/UD496Kk4lwy6LRSwHHlUoeIRdzbXAQSKRhp7Avje7zf3+I0rF4+hBzxN0QzqNuM8Z1fnIuWy2xvWG3bQLkVVwSmhAqc64/jmaxCwNMdJMUKWGjp1oN6NScyZwURulChPKZnSKQ4MRDVG5WbHrgpz5sSQ6QFK8f2czGio1Dz2TCakO1LKXD//zhqn2r92MR0mqMWImYjw/FUTHJK9MJlwi02JugDLJzZaEBVRSps1haqa+s1x2FXoXTcfwfavRvikPUYUTOIVzcOAK2nAHHegCgwCe4Q3eran1ZL1Yrz/RilX+OYY/sj6+AcJ1iv8=</latexit><latexit sha1_base64="0ez+QWnNKfeum1EA+R3wZNm69qg=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJVHRZdOOygr1AG8pketIMnVyYmQgl9BF0JerOF/IFfBsnMQtt/VffnP8fOP/xEsGVtu0vq7K2vrG5Vd2u7ezu7R/UD496Kk4lwy6LRSwHHlUoeIRdzbXAQSKRhp7Avje7zf3+I0rF4+hBzxN0QzqNuM8Z1fnIuWy2xvWG3bQLkVVwSmhAqc64/jmaxCwNMdJMUKWGjp1oN6NScyZwURulChPKZnSKQ4MRDVG5WbHrgpz5sSQ6QFK8f2czGio1Dz2TCakO1LKXD//zhqn2r92MR0mqMWImYjw/FUTHJK9MJlwi02JugDLJzZaEBVRSps1haqa+s1x2FXoXTcfwfavRvikPUYUTOIVzcOAK2nAHHegCgwCe4Q3eran1ZL1Yrz/RilX+OYY/sj6+AcJ1iv8=</latexit><latexit sha1_base64="0ez+QWnNKfeum1EA+R3wZNm69qg=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJVHRZdOOygr1AG8pketIMnVyYmQgl9BF0JerOF/IFfBsnMQtt/VffnP8fOP/xEsGVtu0vq7K2vrG5Vd2u7ezu7R/UD496Kk4lwy6LRSwHHlUoeIRdzbXAQSKRhp7Avje7zf3+I0rF4+hBzxN0QzqNuM8Z1fnIuWy2xvWG3bQLkVVwSmhAqc64/jmaxCwNMdJMUKWGjp1oN6NScyZwURulChPKZnSKQ4MRDVG5WbHrgpz5sSQ6QFK8f2czGio1Dz2TCakO1LKXD//zhqn2r92MR0mqMWImYjw/FUTHJK9MJlwi02JugDLJzZaEBVRSps1haqa+s1x2FXoXTcfwfavRvikPUYUTOIVzcOAK2nAHHegCgwCe4Q3eran1ZL1Yrz/RilX+OYY/sj6+AcJ1iv8=</latexit><latexit sha1_base64="0ez+QWnNKfeum1EA+R3wZNm69qg=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJVHRZdOOygr1AG8pketIMnVyYmQgl9BF0JerOF/IFfBsnMQtt/VffnP8fOP/xEsGVtu0vq7K2vrG5Vd2u7ezu7R/UD496Kk4lwy6LRSwHHlUoeIRdzbXAQSKRhp7Avje7zf3+I0rF4+hBzxN0QzqNuM8Z1fnIuWy2xvWG3bQLkVVwSmhAqc64/jmaxCwNMdJMUKWGjp1oN6NScyZwURulChPKZnSKQ4MRDVG5WbHrgpz5sSQ6QFK8f2czGio1Dz2TCakO1LKXD//zhqn2r92MR0mqMWImYjw/FUTHJK9MJlwi02JugDLJzZaEBVRSps1haqa+s1x2FXoXTcfwfavRvikPUYUTOIVzcOAK2nAHHegCgwCe4Q3eran1ZL1Yrz/RilX+OYY/sj6+AcJ1iv8=</latexit> 15.8

<latexit sha1_base64="7O9tEsc7kvcZ8v//dyvvdMwWSeM=">AAAB5XicbZDLSsNAFIZP6q3WW9Slm8EiuCqJKHZZdOOygr1AG8pketIMnVyYmQgl9BF0JerOF/IFfBsnNQtt/VffnP8fOP/xU8GVdpwvq7K2vrG5Vd2u7ezu7R/Yh0ddlWSSYYclIpF9nyoUPMaO5lpgP5VII19gz5/eFn7vEaXiSfygZyl6EZ3EPOCM6mLkXjWaI7vuNJyFyCq4JdShVHtkfw7HCcsijDUTVKmB66Tay6nUnAmc14aZwpSyKZ3gwGBMI1Revth1Ts6CRBIdIlm8f2dzGik1i3yTiagO1bJXDP/zBpkOml7O4zTTGDMTMV6QCaITUlQmYy6RaTEzQJnkZkvCQiop0+YwNVPfXS67Ct2Lhmv4/rLeuikPUYUTOIVzcOEaWnAHbegAgxCe4Q3erYn1ZL1Yrz/RilX+OYY/sj6+AchtiwM=</latexit><latexit sha1_base64="7O9tEsc7kvcZ8v//dyvvdMwWSeM=">AAAB5XicbZDLSsNAFIZP6q3WW9Slm8EiuCqJKHZZdOOygr1AG8pketIMnVyYmQgl9BF0JerOF/IFfBsnNQtt/VffnP8fOP/xU8GVdpwvq7K2vrG5Vd2u7ezu7R/Yh0ddlWSSYYclIpF9nyoUPMaO5lpgP5VII19gz5/eFn7vEaXiSfygZyl6EZ3EPOCM6mLkXjWaI7vuNJyFyCq4JdShVHtkfw7HCcsijDUTVKmB66Tay6nUnAmc14aZwpSyKZ3gwGBMI1Revth1Ts6CRBIdIlm8f2dzGik1i3yTiagO1bJXDP/zBpkOml7O4zTTGDMTMV6QCaITUlQmYy6RaTEzQJnkZkvCQiop0+YwNVPfXS67Ct2Lhmv4/rLeuikPUYUTOIVzcOEaWnAHbegAgxCe4Q3erYn1ZL1Yrz/RilX+OYY/sj6+AchtiwM=</latexit><latexit sha1_base64="7O9tEsc7kvcZ8v//dyvvdMwWSeM=">AAAB5XicbZDLSsNAFIZP6q3WW9Slm8EiuCqJKHZZdOOygr1AG8pketIMnVyYmQgl9BF0JerOF/IFfBsnNQtt/VffnP8fOP/xU8GVdpwvq7K2vrG5Vd2u7ezu7R/Yh0ddlWSSYYclIpF9nyoUPMaO5lpgP5VII19gz5/eFn7vEaXiSfygZyl6EZ3EPOCM6mLkXjWaI7vuNJyFyCq4JdShVHtkfw7HCcsijDUTVKmB66Tay6nUnAmc14aZwpSyKZ3gwGBMI1Revth1Ts6CRBIdIlm8f2dzGik1i3yTiagO1bJXDP/zBpkOml7O4zTTGDMTMV6QCaITUlQmYy6RaTEzQJnkZkvCQiop0+YwNVPfXS67Ct2Lhmv4/rLeuikPUYUTOIVzcOEaWnAHbegAgxCe4Q3erYn1ZL1Yrz/RilX+OYY/sj6+AchtiwM=</latexit><latexit sha1_base64="7O9tEsc7kvcZ8v//dyvvdMwWSeM=">AAAB5XicbZDLSsNAFIZP6q3WW9Slm8EiuCqJKHZZdOOygr1AG8pketIMnVyYmQgl9BF0JerOF/IFfBsnNQtt/VffnP8fOP/xU8GVdpwvq7K2vrG5Vd2u7ezu7R/Yh0ddlWSSYYclIpF9nyoUPMaO5lpgP5VII19gz5/eFn7vEaXiSfygZyl6EZ3EPOCM6mLkXjWaI7vuNJyFyCq4JdShVHtkfw7HCcsijDUTVKmB66Tay6nUnAmc14aZwpSyKZ3gwGBMI1Revth1Ts6CRBIdIlm8f2dzGik1i3yTiagO1bJXDP/zBpkOml7O4zTTGDMTMV6QCaITUlQmYy6RaTEzQJnkZkvCQiop0+YwNVPfXS67Ct2Lhmv4/rLeuikPUYUTOIVzcOEaWnAHbegAgxCe4Q3erYn1ZL1Yrz/RilX+OYY/sj6+AchtiwM=</latexit>

16.2
<latexit sha1_base64="GB0NvC8g29Gw1lCLaE5VBzzkAok=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuCpJEXVZdOOygr1AG8pketIMnVyYmQgl9BF0JerOF/IFfBsnMQtt/VffnP8fOP/xEsGVtu0vq7K2vrG5Vd2u7ezu7R/UD496Kk4lwy6LRSwHHlUoeIRdzbXAQSKRhp7Avje7zf3+I0rF4+hBzxN0QzqNuM8Z1fnIuWy2xvWG3bQLkVVwSmhAqc64/jmaxCwNMdJMUKWGjp1oN6NScyZwURulChPKZnSKQ4MRDVG5WbHrgpz5sSQ6QFK8f2czGio1Dz2TCakO1LKXD//zhqn2r92MR0mqMWImYjw/FUTHJK9MJlwi02JugDLJzZaEBVRSps1haqa+s1x2FXqtpmP4/qLRvikPUYUTOIVzcOAK2nAHHegCgwCe4Q3eran1ZL1Yrz/RilX+OYY/sj6+AcD5iv4=</latexit><latexit sha1_base64="GB0NvC8g29Gw1lCLaE5VBzzkAok=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuCpJEXVZdOOygr1AG8pketIMnVyYmQgl9BF0JerOF/IFfBsnMQtt/VffnP8fOP/xEsGVtu0vq7K2vrG5Vd2u7ezu7R/UD496Kk4lwy6LRSwHHlUoeIRdzbXAQSKRhp7Avje7zf3+I0rF4+hBzxN0QzqNuM8Z1fnIuWy2xvWG3bQLkVVwSmhAqc64/jmaxCwNMdJMUKWGjp1oN6NScyZwURulChPKZnSKQ4MRDVG5WbHrgpz5sSQ6QFK8f2czGio1Dz2TCakO1LKXD//zhqn2r92MR0mqMWImYjw/FUTHJK9MJlwi02JugDLJzZaEBVRSps1haqa+s1x2FXqtpmP4/qLRvikPUYUTOIVzcOAK2nAHHegCgwCe4Q3eran1ZL1Yrz/RilX+OYY/sj6+AcD5iv4=</latexit><latexit sha1_base64="GB0NvC8g29Gw1lCLaE5VBzzkAok=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuCpJEXVZdOOygr1AG8pketIMnVyYmQgl9BF0JerOF/IFfBsnMQtt/VffnP8fOP/xEsGVtu0vq7K2vrG5Vd2u7ezu7R/UD496Kk4lwy6LRSwHHlUoeIRdzbXAQSKRhp7Avje7zf3+I0rF4+hBzxN0QzqNuM8Z1fnIuWy2xvWG3bQLkVVwSmhAqc64/jmaxCwNMdJMUKWGjp1oN6NScyZwURulChPKZnSKQ4MRDVG5WbHrgpz5sSQ6QFK8f2czGio1Dz2TCakO1LKXD//zhqn2r92MR0mqMWImYjw/FUTHJK9MJlwi02JugDLJzZaEBVRSps1haqa+s1x2FXqtpmP4/qLRvikPUYUTOIVzcOAK2nAHHegCgwCe4Q3eran1ZL1Yrz/RilX+OYY/sj6+AcD5iv4=</latexit><latexit sha1_base64="GB0NvC8g29Gw1lCLaE5VBzzkAok=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuCpJEXVZdOOygr1AG8pketIMnVyYmQgl9BF0JerOF/IFfBsnMQtt/VffnP8fOP/xEsGVtu0vq7K2vrG5Vd2u7ezu7R/UD496Kk4lwy6LRSwHHlUoeIRdzbXAQSKRhp7Avje7zf3+I0rF4+hBzxN0QzqNuM8Z1fnIuWy2xvWG3bQLkVVwSmhAqc64/jmaxCwNMdJMUKWGjp1oN6NScyZwURulChPKZnSKQ4MRDVG5WbHrgpz5sSQ6QFK8f2czGio1Dz2TCakO1LKXD//zhqn2r92MR0mqMWImYjw/FUTHJK9MJlwi02JugDLJzZaEBVRSps1haqa+s1x2FXqtpmP4/qLRvikPUYUTOIVzcOAK2nAHHegCgwCe4Q3eran1ZL1Yrz/RilX+OYY/sj6+AcD5iv4=</latexit>

0.821
<latexit sha1_base64="e2Y4m1j6iyK/La0UCR8hoeErWSk=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaYiJLohuXmFgggYZMh1s6YfqTmakJaXgFXRl15wP5Ar6NU+xCwbP65p4zyT3XTwVX2ra/rMrG5tb2TnW3trd/cHhUPz7pqSSTDF2WiEQOfKpQ8BhdzbXAQSqRRr7Avj+7Lfz+I0rFk/hBz1P0IjqNecAZ1Wbk2s12yxnXG3bTXoqsg1NCA0p1x/XP0SRhWYSxZoIqNXTsVHs5lZozgYvaKFOYUjajUxwajGmEysuXyy7IRZBIokMky/fvbE4jpeaRbzIR1aFa9Yrhf94w00Hby3mcZhpjZiLGCzJBdEKKzmTCJTIt5gYok9xsSVhIJWXaXKZm6jurZdeh12o6hu+vGp2b8hBVOINzuAQHrqEDd9AFFxhweIY3eLdC68l6sV5/ohWr/HMKf2R9fAMxR4s6</latexit><latexit sha1_base64="e2Y4m1j6iyK/La0UCR8hoeErWSk=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaYiJLohuXmFgggYZMh1s6YfqTmakJaXgFXRl15wP5Ar6NU+xCwbP65p4zyT3XTwVX2ra/rMrG5tb2TnW3trd/cHhUPz7pqSSTDF2WiEQOfKpQ8BhdzbXAQSqRRr7Avj+7Lfz+I0rFk/hBz1P0IjqNecAZ1Wbk2s12yxnXG3bTXoqsg1NCA0p1x/XP0SRhWYSxZoIqNXTsVHs5lZozgYvaKFOYUjajUxwajGmEysuXyy7IRZBIokMky/fvbE4jpeaRbzIR1aFa9Yrhf94w00Hby3mcZhpjZiLGCzJBdEKKzmTCJTIt5gYok9xsSVhIJWXaXKZm6jurZdeh12o6hu+vGp2b8hBVOINzuAQHrqEDd9AFFxhweIY3eLdC68l6sV5/ohWr/HMKf2R9fAMxR4s6</latexit><latexit sha1_base64="e2Y4m1j6iyK/La0UCR8hoeErWSk=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaYiJLohuXmFgggYZMh1s6YfqTmakJaXgFXRl15wP5Ar6NU+xCwbP65p4zyT3XTwVX2ra/rMrG5tb2TnW3trd/cHhUPz7pqSSTDF2WiEQOfKpQ8BhdzbXAQSqRRr7Avj+7Lfz+I0rFk/hBz1P0IjqNecAZ1Wbk2s12yxnXG3bTXoqsg1NCA0p1x/XP0SRhWYSxZoIqNXTsVHs5lZozgYvaKFOYUjajUxwajGmEysuXyy7IRZBIokMky/fvbE4jpeaRbzIR1aFa9Yrhf94w00Hby3mcZhpjZiLGCzJBdEKKzmTCJTIt5gYok9xsSVhIJWXaXKZm6jurZdeh12o6hu+vGp2b8hBVOINzuAQHrqEDd9AFFxhweIY3eLdC68l6sV5/ohWr/HMKf2R9fAMxR4s6</latexit><latexit sha1_base64="e2Y4m1j6iyK/La0UCR8hoeErWSk=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaYiJLohuXmFgggYZMh1s6YfqTmakJaXgFXRl15wP5Ar6NU+xCwbP65p4zyT3XTwVX2ra/rMrG5tb2TnW3trd/cHhUPz7pqSSTDF2WiEQOfKpQ8BhdzbXAQSqRRr7Avj+7Lfz+I0rFk/hBz1P0IjqNecAZ1Wbk2s12yxnXG3bTXoqsg1NCA0p1x/XP0SRhWYSxZoIqNXTsVHs5lZozgYvaKFOYUjajUxwajGmEysuXyy7IRZBIokMky/fvbE4jpeaRbzIR1aFa9Yrhf94w00Hby3mcZhpjZiLGCzJBdEKKzmTCJTIt5gYok9xsSVhIJWXaXKZm6jurZdeh12o6hu+vGp2b8hBVOINzuAQHrqEDd9AFFxhweIY3eLdC68l6sV5/ohWr/HMKf2R9fAMxR4s6</latexit>

0.822
<latexit sha1_base64="iAzou4st8l6dnmmutX12y+DXx1M=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaYiJLohuXmFgggYZMh1s6YfqTmakJaXgFXRl15wP5Ar6NU+xCwbP65p4zyT3XTwVX2ra/rMrG5tb2TnW3trd/cHhUPz7pqSSTDF2WiEQOfKpQ8BhdzbXAQSqRRr7Avj+7Lfz+I0rFk/hBz1P0IjqNecAZ1Wbk2s12qzWuN+ymvRRZB6eEBpTqjuufo0nCsghjzQRVaujYqfZyKjVnAhe1UaYwpWxGpzg0GNMIlZcvl12QiyCRRIdIlu/f2ZxGSs0j32QiqkO16hXD/7xhpoO2l/M4zTTGzESMF2SC6IQUncmES2RazA1QJrnZkrCQSsq0uUzN1HdWy65Dr9V0DN9fNTo35SGqcAbncAkOXEMH7qALLjDg8Axv8G6F1pP1Yr3+RCtW+ecU/sj6+AYyxYs7</latexit><latexit sha1_base64="iAzou4st8l6dnmmutX12y+DXx1M=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaYiJLohuXmFgggYZMh1s6YfqTmakJaXgFXRl15wP5Ar6NU+xCwbP65p4zyT3XTwVX2ra/rMrG5tb2TnW3trd/cHhUPz7pqSSTDF2WiEQOfKpQ8BhdzbXAQSqRRr7Avj+7Lfz+I0rFk/hBz1P0IjqNecAZ1Wbk2s12qzWuN+ymvRRZB6eEBpTqjuufo0nCsghjzQRVaujYqfZyKjVnAhe1UaYwpWxGpzg0GNMIlZcvl12QiyCRRIdIlu/f2ZxGSs0j32QiqkO16hXD/7xhpoO2l/M4zTTGzESMF2SC6IQUncmES2RazA1QJrnZkrCQSsq0uUzN1HdWy65Dr9V0DN9fNTo35SGqcAbncAkOXEMH7qALLjDg8Axv8G6F1pP1Yr3+RCtW+ecU/sj6+AYyxYs7</latexit><latexit sha1_base64="iAzou4st8l6dnmmutX12y+DXx1M=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaYiJLohuXmFgggYZMh1s6YfqTmakJaXgFXRl15wP5Ar6NU+xCwbP65p4zyT3XTwVX2ra/rMrG5tb2TnW3trd/cHhUPz7pqSSTDF2WiEQOfKpQ8BhdzbXAQSqRRr7Avj+7Lfz+I0rFk/hBz1P0IjqNecAZ1Wbk2s12qzWuN+ymvRRZB6eEBpTqjuufo0nCsghjzQRVaujYqfZyKjVnAhe1UaYwpWxGpzg0GNMIlZcvl12QiyCRRIdIlu/f2ZxGSs0j32QiqkO16hXD/7xhpoO2l/M4zTTGzESMF2SC6IQUncmES2RazA1QJrnZkrCQSsq0uUzN1HdWy65Dr9V0DN9fNTo35SGqcAbncAkOXEMH7qALLjDg8Axv8G6F1pP1Yr3+RCtW+ecU/sj6+AYyxYs7</latexit><latexit sha1_base64="iAzou4st8l6dnmmutX12y+DXx1M=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaYiJLohuXmFgggYZMh1s6YfqTmakJaXgFXRl15wP5Ar6NU+xCwbP65p4zyT3XTwVX2ra/rMrG5tb2TnW3trd/cHhUPz7pqSSTDF2WiEQOfKpQ8BhdzbXAQSqRRr7Avj+7Lfz+I0rFk/hBz1P0IjqNecAZ1Wbk2s12qzWuN+ymvRRZB6eEBpTqjuufo0nCsghjzQRVaujYqfZyKjVnAhe1UaYwpWxGpzg0GNMIlZcvl12QiyCRRIdIlu/f2ZxGSs0j32QiqkO16hXD/7xhpoO2l/M4zTTGzESMF2SC6IQUncmES2RazA1QJrnZkrCQSsq0uUzN1HdWy65Dr9V0DN9fNTo35SGqcAbncAkOXEMH7qALLjDg8Axv8G6F1pP1Yr3+RCtW+ecU/sj6+AYyxYs7</latexit>

0.823
<latexit sha1_base64="3ndnJLThIDwiRTBvQLiOd1sh47g=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaJJEl0Y1LTCyQQEOmwy2dMP3JzNSENLyCroy684F8Ad/GAbtQ8Ky+uedMcs/1U8GVtu0vq7SxubW9U96t7O0fHB5Vj0+6KskkQ5clIpF9nyoUPEZXcy2wn0qkkS+w509vF37vEaXiSfygZyl6EZ3EPOCMajNy7XqrcTWq1uy6vRRZB6eAGhTqjKqfw3HCsghjzQRVauDYqfZyKjVnAueVYaYwpWxKJzgwGNMIlZcvl52TiyCRRIdIlu/f2ZxGSs0i32QiqkO16i2G/3mDTActL+dxmmmMmYkYL8gE0QlZdCZjLpFpMTNAmeRmS8JCKinT5jIVU99ZLbsO3UbdMXzfrLVvikOU4QzO4RIcuIY23EEHXGDA4Rne4N0KrSfrxXr9iZas4s8p/JH18Q00Q4s8</latexit><latexit sha1_base64="3ndnJLThIDwiRTBvQLiOd1sh47g=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaJJEl0Y1LTCyQQEOmwy2dMP3JzNSENLyCroy684F8Ad/GAbtQ8Ky+uedMcs/1U8GVtu0vq7SxubW9U96t7O0fHB5Vj0+6KskkQ5clIpF9nyoUPEZXcy2wn0qkkS+w509vF37vEaXiSfygZyl6EZ3EPOCMajNy7XqrcTWq1uy6vRRZB6eAGhTqjKqfw3HCsghjzQRVauDYqfZyKjVnAueVYaYwpWxKJzgwGNMIlZcvl52TiyCRRIdIlu/f2ZxGSs0i32QiqkO16i2G/3mDTActL+dxmmmMmYkYL8gE0QlZdCZjLpFpMTNAmeRmS8JCKinT5jIVU99ZLbsO3UbdMXzfrLVvikOU4QzO4RIcuIY23EEHXGDA4Rne4N0KrSfrxXr9iZas4s8p/JH18Q00Q4s8</latexit><latexit sha1_base64="3ndnJLThIDwiRTBvQLiOd1sh47g=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaJJEl0Y1LTCyQQEOmwy2dMP3JzNSENLyCroy684F8Ad/GAbtQ8Ky+uedMcs/1U8GVtu0vq7SxubW9U96t7O0fHB5Vj0+6KskkQ5clIpF9nyoUPEZXcy2wn0qkkS+w509vF37vEaXiSfygZyl6EZ3EPOCMajNy7XqrcTWq1uy6vRRZB6eAGhTqjKqfw3HCsghjzQRVauDYqfZyKjVnAueVYaYwpWxKJzgwGNMIlZcvl52TiyCRRIdIlu/f2ZxGSs0i32QiqkO16i2G/3mDTActL+dxmmmMmYkYL8gE0QlZdCZjLpFpMTNAmeRmS8JCKinT5jIVU99ZLbsO3UbdMXzfrLVvikOU4QzO4RIcuIY23EEHXGDA4Rne4N0KrSfrxXr9iZas4s8p/JH18Q00Q4s8</latexit><latexit sha1_base64="3ndnJLThIDwiRTBvQLiOd1sh47g=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaJJEl0Y1LTCyQQEOmwy2dMP3JzNSENLyCroy684F8Ad/GAbtQ8Ky+uedMcs/1U8GVtu0vq7SxubW9U96t7O0fHB5Vj0+6KskkQ5clIpF9nyoUPEZXcy2wn0qkkS+w509vF37vEaXiSfygZyl6EZ3EPOCMajNy7XqrcTWq1uy6vRRZB6eAGhTqjKqfw3HCsghjzQRVauDYqfZyKjVnAueVYaYwpWxKJzgwGNMIlZcvl52TiyCRRIdIlu/f2ZxGSs0i32QiqkO16i2G/3mDTActL+dxmmmMmYkYL8gE0QlZdCZjLpFpMTNAmeRmS8JCKinT5jIVU99ZLbsO3UbdMXzfrLVvikOU4QzO4RIcuIY23EEHXGDA4Rne4N0KrSfrxXr9iZas4s8p/JH18Q00Q4s8</latexit>

0.824
<latexit sha1_base64="36zGu+m44+IsFcV9MmBS9GgWSlU=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaQgJLohuXmFgggYZMh1s6YfqTmakJaXgFXRl15wP5Ar6NA3ah4Fl9c8+Z5J7rp4IrbdtfVmlre2d3r7xfOTg8Oj6pnp71VJJJhi5LRCIHPlUoeIyu5lrgIJVII19g35/dLv3+I0rFk/hBz1P0IjqNecAZ1Wbk2vV2ozmu1uy6vRLZBKeAGhTqjqufo0nCsghjzQRVaujYqfZyKjVnAheVUaYwpWxGpzg0GNMIlZevll2QqyCRRIdIVu/f2ZxGSs0j32QiqkO17i2H/3nDTAdtL+dxmmmMmYkYL8gE0QlZdiYTLpFpMTdAmeRmS8JCKinT5jIVU99ZL7sJvUbdMXzfrHVuikOU4QIu4RocaEEH7qALLjDg8Axv8G6F1pP1Yr3+REtW8ecc/sj6+AY1wYs9</latexit><latexit sha1_base64="36zGu+m44+IsFcV9MmBS9GgWSlU=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaQgJLohuXmFgggYZMh1s6YfqTmakJaXgFXRl15wP5Ar6NA3ah4Fl9c8+Z5J7rp4IrbdtfVmlre2d3r7xfOTg8Oj6pnp71VJJJhi5LRCIHPlUoeIyu5lrgIJVII19g35/dLv3+I0rFk/hBz1P0IjqNecAZ1Wbk2vV2ozmu1uy6vRLZBKeAGhTqjqufo0nCsghjzQRVaujYqfZyKjVnAheVUaYwpWxGpzg0GNMIlZevll2QqyCRRIdIVu/f2ZxGSs0j32QiqkO17i2H/3nDTAdtL+dxmmmMmYkYL8gE0QlZdiYTLpFpMTdAmeRmS8JCKinT5jIVU99ZL7sJvUbdMXzfrHVuikOU4QIu4RocaEEH7qALLjDg8Axv8G6F1pP1Yr3+REtW8ecc/sj6+AY1wYs9</latexit><latexit sha1_base64="36zGu+m44+IsFcV9MmBS9GgWSlU=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaQgJLohuXmFgggYZMh1s6YfqTmakJaXgFXRl15wP5Ar6NA3ah4Fl9c8+Z5J7rp4IrbdtfVmlre2d3r7xfOTg8Oj6pnp71VJJJhi5LRCIHPlUoeIyu5lrgIJVII19g35/dLv3+I0rFk/hBz1P0IjqNecAZ1Wbk2vV2ozmu1uy6vRLZBKeAGhTqjqufo0nCsghjzQRVaujYqfZyKjVnAheVUaYwpWxGpzg0GNMIlZevll2QqyCRRIdIVu/f2ZxGSs0j32QiqkO17i2H/3nDTAdtL+dxmmmMmYkYL8gE0QlZdiYTLpFpMTdAmeRmS8JCKinT5jIVU99ZL7sJvUbdMXzfrHVuikOU4QIu4RocaEEH7qALLjDg8Axv8G6F1pP1Yr3+REtW8ecc/sj6+AY1wYs9</latexit><latexit sha1_base64="36zGu+m44+IsFcV9MmBS9GgWSlU=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaQgJLohuXmFgggYZMh1s6YfqTmakJaXgFXRl15wP5Ar6NA3ah4Fl9c8+Z5J7rp4IrbdtfVmlre2d3r7xfOTg8Oj6pnp71VJJJhi5LRCIHPlUoeIyu5lrgIJVII19g35/dLv3+I0rFk/hBz1P0IjqNecAZ1Wbk2vV2ozmu1uy6vRLZBKeAGhTqjqufo0nCsghjzQRVaujYqfZyKjVnAheVUaYwpWxGpzg0GNMIlZevll2QqyCRRIdIVu/f2ZxGSs0j32QiqkO17i2H/3nDTAdtL+dxmmmMmYkYL8gE0QlZdiYTLpFpMTdAmeRmS8JCKinT5jIVU99ZL7sJvUbdMXzfrHVuikOU4QIu4RocaEEH7qALLjDg8Axv8G6F1pP1Yr3+REtW8ecc/sj6+AY1wYs9</latexit>

(kHz)
<latexit sha1_base64="sbZ6NDw2x9VTBdIdS7xx+ozPpcU=">AAAB6nicbZDNTgIxFIXv+Iv4h7p000hMcENmjIkuiW5YYiI/BiakU+5AQzszaTsmOOEldGXUnY/jC/g2FpyFgmf19Z7T5J4bJIJr47pfzsrq2vrGZmGruL2zu7dfOjhs6ThVDJssFrHqBFSj4BE2DTcCO4lCKgOB7WB8M/PbD6g0j6M7M0nQl3QY8ZAzauzovqckqYzrj2f9UtmtunORZfByKEOuRr/02RvELJUYGSao1l3PTYyfUWU4Ezgt9lKNCWVjOsSuxYhK1H42X3hKTsNYETNCMn//zmZUaj2Rgc1IakZ60ZsN//O6qQmv/IxHSWowYjZivTAVxMRk1psMuEJmxMQCZYrbLQkbUUWZsdcp2vreYtllaJ1XPcu3F+XadX6IAhzDCVTAg0uoQR0a0AQGEp7hDd4d4Tw5L87rT3TFyf8cwR85H9+bg41C</latexit><latexit sha1_base64="sbZ6NDw2x9VTBdIdS7xx+ozPpcU=">AAAB6nicbZDNTgIxFIXv+Iv4h7p000hMcENmjIkuiW5YYiI/BiakU+5AQzszaTsmOOEldGXUnY/jC/g2FpyFgmf19Z7T5J4bJIJr47pfzsrq2vrGZmGruL2zu7dfOjhs6ThVDJssFrHqBFSj4BE2DTcCO4lCKgOB7WB8M/PbD6g0j6M7M0nQl3QY8ZAzauzovqckqYzrj2f9UtmtunORZfByKEOuRr/02RvELJUYGSao1l3PTYyfUWU4Ezgt9lKNCWVjOsSuxYhK1H42X3hKTsNYETNCMn//zmZUaj2Rgc1IakZ60ZsN//O6qQmv/IxHSWowYjZivTAVxMRk1psMuEJmxMQCZYrbLQkbUUWZsdcp2vreYtllaJ1XPcu3F+XadX6IAhzDCVTAg0uoQR0a0AQGEp7hDd4d4Tw5L87rT3TFyf8cwR85H9+bg41C</latexit><latexit sha1_base64="sbZ6NDw2x9VTBdIdS7xx+ozPpcU=">AAAB6nicbZDNTgIxFIXv+Iv4h7p000hMcENmjIkuiW5YYiI/BiakU+5AQzszaTsmOOEldGXUnY/jC/g2FpyFgmf19Z7T5J4bJIJr47pfzsrq2vrGZmGruL2zu7dfOjhs6ThVDJssFrHqBFSj4BE2DTcCO4lCKgOB7WB8M/PbD6g0j6M7M0nQl3QY8ZAzauzovqckqYzrj2f9UtmtunORZfByKEOuRr/02RvELJUYGSao1l3PTYyfUWU4Ezgt9lKNCWVjOsSuxYhK1H42X3hKTsNYETNCMn//zmZUaj2Rgc1IakZ60ZsN//O6qQmv/IxHSWowYjZivTAVxMRk1psMuEJmxMQCZYrbLQkbUUWZsdcp2vreYtllaJ1XPcu3F+XadX6IAhzDCVTAg0uoQR0a0AQGEp7hDd4d4Tw5L87rT3TFyf8cwR85H9+bg41C</latexit><latexit sha1_base64="sbZ6NDw2x9VTBdIdS7xx+ozPpcU=">AAAB6nicbZDNTgIxFIXv+Iv4h7p000hMcENmjIkuiW5YYiI/BiakU+5AQzszaTsmOOEldGXUnY/jC/g2FpyFgmf19Z7T5J4bJIJr47pfzsrq2vrGZmGruL2zu7dfOjhs6ThVDJssFrHqBFSj4BE2DTcCO4lCKgOB7WB8M/PbD6g0j6M7M0nQl3QY8ZAzauzovqckqYzrj2f9UtmtunORZfByKEOuRr/02RvELJUYGSao1l3PTYyfUWU4Ezgt9lKNCWVjOsSuxYhK1H42X3hKTsNYETNCMn//zmZUaj2Rgc1IakZ60ZsN//O6qQmv/IxHSWowYjZivTAVxMRk1psMuEJmxMQCZYrbLQkbUUWZsdcp2vreYtllaJ1XPcu3F+XadX6IAhzDCVTAg0uoQR0a0AQGEp7hDd4d4Tw5L87rT3TFyf8cwR85H9+bg41C</latexit>

(kHz)
<latexit sha1_base64="sbZ6NDw2x9VTBdIdS7xx+ozPpcU=">AAAB6nicbZDNTgIxFIXv+Iv4h7p000hMcENmjIkuiW5YYiI/BiakU+5AQzszaTsmOOEldGXUnY/jC/g2FpyFgmf19Z7T5J4bJIJr47pfzsrq2vrGZmGruL2zu7dfOjhs6ThVDJssFrHqBFSj4BE2DTcCO4lCKgOB7WB8M/PbD6g0j6M7M0nQl3QY8ZAzauzovqckqYzrj2f9UtmtunORZfByKEOuRr/02RvELJUYGSao1l3PTYyfUWU4Ezgt9lKNCWVjOsSuxYhK1H42X3hKTsNYETNCMn//zmZUaj2Rgc1IakZ60ZsN//O6qQmv/IxHSWowYjZivTAVxMRk1psMuEJmxMQCZYrbLQkbUUWZsdcp2vreYtllaJ1XPcu3F+XadX6IAhzDCVTAg0uoQR0a0AQGEp7hDd4d4Tw5L87rT3TFyf8cwR85H9+bg41C</latexit><latexit sha1_base64="sbZ6NDw2x9VTBdIdS7xx+ozPpcU=">AAAB6nicbZDNTgIxFIXv+Iv4h7p000hMcENmjIkuiW5YYiI/BiakU+5AQzszaTsmOOEldGXUnY/jC/g2FpyFgmf19Z7T5J4bJIJr47pfzsrq2vrGZmGruL2zu7dfOjhs6ThVDJssFrHqBFSj4BE2DTcCO4lCKgOB7WB8M/PbD6g0j6M7M0nQl3QY8ZAzauzovqckqYzrj2f9UtmtunORZfByKEOuRr/02RvELJUYGSao1l3PTYyfUWU4Ezgt9lKNCWVjOsSuxYhK1H42X3hKTsNYETNCMn//zmZUaj2Rgc1IakZ60ZsN//O6qQmv/IxHSWowYjZivTAVxMRk1psMuEJmxMQCZYrbLQkbUUWZsdcp2vreYtllaJ1XPcu3F+XadX6IAhzDCVTAg0uoQR0a0AQGEp7hDd4d4Tw5L87rT3TFyf8cwR85H9+bg41C</latexit><latexit sha1_base64="sbZ6NDw2x9VTBdIdS7xx+ozPpcU=">AAAB6nicbZDNTgIxFIXv+Iv4h7p000hMcENmjIkuiW5YYiI/BiakU+5AQzszaTsmOOEldGXUnY/jC/g2FpyFgmf19Z7T5J4bJIJr47pfzsrq2vrGZmGruL2zu7dfOjhs6ThVDJssFrHqBFSj4BE2DTcCO4lCKgOB7WB8M/PbD6g0j6M7M0nQl3QY8ZAzauzovqckqYzrj2f9UtmtunORZfByKEOuRr/02RvELJUYGSao1l3PTYyfUWU4Ezgt9lKNCWVjOsSuxYhK1H42X3hKTsNYETNCMn//zmZUaj2Rgc1IakZ60ZsN//O6qQmv/IxHSWowYjZivTAVxMRk1psMuEJmxMQCZYrbLQkbUUWZsdcp2vreYtllaJ1XPcu3F+XadX6IAhzDCVTAg0uoQR0a0AQGEp7hDd4d4Tw5L87rT3TFyf8cwR85H9+bg41C</latexit><latexit sha1_base64="sbZ6NDw2x9VTBdIdS7xx+ozPpcU=">AAAB6nicbZDNTgIxFIXv+Iv4h7p000hMcENmjIkuiW5YYiI/BiakU+5AQzszaTsmOOEldGXUnY/jC/g2FpyFgmf19Z7T5J4bJIJr47pfzsrq2vrGZmGruL2zu7dfOjhs6ThVDJssFrHqBFSj4BE2DTcCO4lCKgOB7WB8M/PbD6g0j6M7M0nQl3QY8ZAzauzovqckqYzrj2f9UtmtunORZfByKEOuRr/02RvELJUYGSao1l3PTYyfUWU4Ezgt9lKNCWVjOsSuxYhK1H42X3hKTsNYETNCMn//zmZUaj2Rgc1IakZ60ZsN//O6qQmv/IxHSWowYjZivTAVxMRk1psMuEJmxMQCZYrbLQkbUUWZsdcp2vreYtllaJ1XPcu3F+XadX6IAhzDCVTAg0uoQR0a0AQGEp7hDd4d4Tw5L87rT3TFyf8cwR85H9+bg41C</latexit>

(MHz)
<latexit sha1_base64="DM01C5QRE/u7ri04UNb5m1aBQfI=">AAAB6nicbZDNTgIxFIXv4B/iH+rSTSMxwQ2ZMSa6JLphY4KJ/BiYkE65QEM7M2k7JjjhJXRl1J2P4wv4NhachYJn9fWe0+SeG8SCa+O6X05uZXVtfSO/Wdja3tndK+4fNHWUKIYNFolItQOqUfAQG4Ybge1YIZWBwFYwvp75rQdUmkfhnZnE6Es6DPmAM2rs6L6rJCnf1B5Pe8WSW3HnIsvgZVCCTPVe8bPbj1giMTRMUK07nhsbP6XKcCZwWugmGmPKxnSIHYshlaj9dL7wlJwMIkXMCMn8/TubUqn1RAY2I6kZ6UVvNvzP6yRmcOmnPIwTgyGzEesNEkFMRGa9SZ8rZEZMLFCmuN2SsBFVlBl7nYKt7y2WXYbmWcWzfHteql5lh8jDERxDGTy4gCrUoA4NYCDhGd7g3RHOk/PivP5Ec0725xD+yPn4Bm5ljSQ=</latexit><latexit sha1_base64="DM01C5QRE/u7ri04UNb5m1aBQfI=">AAAB6nicbZDNTgIxFIXv4B/iH+rSTSMxwQ2ZMSa6JLphY4KJ/BiYkE65QEM7M2k7JjjhJXRl1J2P4wv4NhachYJn9fWe0+SeG8SCa+O6X05uZXVtfSO/Wdja3tndK+4fNHWUKIYNFolItQOqUfAQG4Ybge1YIZWBwFYwvp75rQdUmkfhnZnE6Es6DPmAM2rs6L6rJCnf1B5Pe8WSW3HnIsvgZVCCTPVe8bPbj1giMTRMUK07nhsbP6XKcCZwWugmGmPKxnSIHYshlaj9dL7wlJwMIkXMCMn8/TubUqn1RAY2I6kZ6UVvNvzP6yRmcOmnPIwTgyGzEesNEkFMRGa9SZ8rZEZMLFCmuN2SsBFVlBl7nYKt7y2WXYbmWcWzfHteql5lh8jDERxDGTy4gCrUoA4NYCDhGd7g3RHOk/PivP5Ec0725xD+yPn4Bm5ljSQ=</latexit><latexit sha1_base64="DM01C5QRE/u7ri04UNb5m1aBQfI=">AAAB6nicbZDNTgIxFIXv4B/iH+rSTSMxwQ2ZMSa6JLphY4KJ/BiYkE65QEM7M2k7JjjhJXRl1J2P4wv4NhachYJn9fWe0+SeG8SCa+O6X05uZXVtfSO/Wdja3tndK+4fNHWUKIYNFolItQOqUfAQG4Ybge1YIZWBwFYwvp75rQdUmkfhnZnE6Es6DPmAM2rs6L6rJCnf1B5Pe8WSW3HnIsvgZVCCTPVe8bPbj1giMTRMUK07nhsbP6XKcCZwWugmGmPKxnSIHYshlaj9dL7wlJwMIkXMCMn8/TubUqn1RAY2I6kZ6UVvNvzP6yRmcOmnPIwTgyGzEesNEkFMRGa9SZ8rZEZMLFCmuN2SsBFVlBl7nYKt7y2WXYbmWcWzfHteql5lh8jDERxDGTy4gCrUoA4NYCDhGd7g3RHOk/PivP5Ec0725xD+yPn4Bm5ljSQ=</latexit><latexit sha1_base64="DM01C5QRE/u7ri04UNb5m1aBQfI=">AAAB6nicbZDNTgIxFIXv4B/iH+rSTSMxwQ2ZMSa6JLphY4KJ/BiYkE65QEM7M2k7JjjhJXRl1J2P4wv4NhachYJn9fWe0+SeG8SCa+O6X05uZXVtfSO/Wdja3tndK+4fNHWUKIYNFolItQOqUfAQG4Ybge1YIZWBwFYwvp75rQdUmkfhnZnE6Es6DPmAM2rs6L6rJCnf1B5Pe8WSW3HnIsvgZVCCTPVe8bPbj1giMTRMUK07nhsbP6XKcCZwWugmGmPKxnSIHYshlaj9dL7wlJwMIkXMCMn8/TubUqn1RAY2I6kZ6UVvNvzP6yRmcOmnPIwTgyGzEesNEkFMRGa9SZ8rZEZMLFCmuN2SsBFVlBl7nYKt7y2WXYbmWcWzfHteql5lh8jDERxDGTy4gCrUoA4NYCDhGd7g3RHOk/PivP5Ec0725xD+yPn4Bm5ljSQ=</latexit>

(kHz)
<latexit sha1_base64="sbZ6NDw2x9VTBdIdS7xx+ozPpcU=">AAAB6nicbZDNTgIxFIXv+Iv4h7p000hMcENmjIkuiW5YYiI/BiakU+5AQzszaTsmOOEldGXUnY/jC/g2FpyFgmf19Z7T5J4bJIJr47pfzsrq2vrGZmGruL2zu7dfOjhs6ThVDJssFrHqBFSj4BE2DTcCO4lCKgOB7WB8M/PbD6g0j6M7M0nQl3QY8ZAzauzovqckqYzrj2f9UtmtunORZfByKEOuRr/02RvELJUYGSao1l3PTYyfUWU4Ezgt9lKNCWVjOsSuxYhK1H42X3hKTsNYETNCMn//zmZUaj2Rgc1IakZ60ZsN//O6qQmv/IxHSWowYjZivTAVxMRk1psMuEJmxMQCZYrbLQkbUUWZsdcp2vreYtllaJ1XPcu3F+XadX6IAhzDCVTAg0uoQR0a0AQGEp7hDd4d4Tw5L87rT3TFyf8cwR85H9+bg41C</latexit><latexit sha1_base64="sbZ6NDw2x9VTBdIdS7xx+ozPpcU=">AAAB6nicbZDNTgIxFIXv+Iv4h7p000hMcENmjIkuiW5YYiI/BiakU+5AQzszaTsmOOEldGXUnY/jC/g2FpyFgmf19Z7T5J4bJIJr47pfzsrq2vrGZmGruL2zu7dfOjhs6ThVDJssFrHqBFSj4BE2DTcCO4lCKgOB7WB8M/PbD6g0j6M7M0nQl3QY8ZAzauzovqckqYzrj2f9UtmtunORZfByKEOuRr/02RvELJUYGSao1l3PTYyfUWU4Ezgt9lKNCWVjOsSuxYhK1H42X3hKTsNYETNCMn//zmZUaj2Rgc1IakZ60ZsN//O6qQmv/IxHSWowYjZivTAVxMRk1psMuEJmxMQCZYrbLQkbUUWZsdcp2vreYtllaJ1XPcu3F+XadX6IAhzDCVTAg0uoQR0a0AQGEp7hDd4d4Tw5L87rT3TFyf8cwR85H9+bg41C</latexit><latexit sha1_base64="sbZ6NDw2x9VTBdIdS7xx+ozPpcU=">AAAB6nicbZDNTgIxFIXv+Iv4h7p000hMcENmjIkuiW5YYiI/BiakU+5AQzszaTsmOOEldGXUnY/jC/g2FpyFgmf19Z7T5J4bJIJr47pfzsrq2vrGZmGruL2zu7dfOjhs6ThVDJssFrHqBFSj4BE2DTcCO4lCKgOB7WB8M/PbD6g0j6M7M0nQl3QY8ZAzauzovqckqYzrj2f9UtmtunORZfByKEOuRr/02RvELJUYGSao1l3PTYyfUWU4Ezgt9lKNCWVjOsSuxYhK1H42X3hKTsNYETNCMn//zmZUaj2Rgc1IakZ60ZsN//O6qQmv/IxHSWowYjZivTAVxMRk1psMuEJmxMQCZYrbLQkbUUWZsdcp2vreYtllaJ1XPcu3F+XadX6IAhzDCVTAg0uoQR0a0AQGEp7hDd4d4Tw5L87rT3TFyf8cwR85H9+bg41C</latexit><latexit sha1_base64="sbZ6NDw2x9VTBdIdS7xx+ozPpcU=">AAAB6nicbZDNTgIxFIXv+Iv4h7p000hMcENmjIkuiW5YYiI/BiakU+5AQzszaTsmOOEldGXUnY/jC/g2FpyFgmf19Z7T5J4bJIJr47pfzsrq2vrGZmGruL2zu7dfOjhs6ThVDJssFrHqBFSj4BE2DTcCO4lCKgOB7WB8M/PbD6g0j6M7M0nQl3QY8ZAzauzovqckqYzrj2f9UtmtunORZfByKEOuRr/02RvELJUYGSao1l3PTYyfUWU4Ezgt9lKNCWVjOsSuxYhK1H42X3hKTsNYETNCMn//zmZUaj2Rgc1IakZ60ZsN//O6qQmv/IxHSWowYjZivTAVxMRk1psMuEJmxMQCZYrbLQkbUUWZsdcp2vreYtllaJ1XPcu3F+XadX6IAhzDCVTAg0uoQR0a0AQGEp7hDd4d4Tw5L87rT3TFyf8cwR85H9+bg41C</latexit>

323.4
<latexit sha1_base64="Eky03n5jFav+HZ9oLbrTy8mVXNs=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaINEl0Y1LTCyQQEOmwy2dMP3JzNSENLyCroy684F8Ad/GAbtQ8Ky+uedMcs/1U8GVtu0vq7SxubW9U96t7O0fHB5Vj0+6KskkQ5clIpF9nyoUPEZXcy2wn0qkkS+w509vF37vEaXiSfygZyl6EZ3EPOCMajNym41mvTWq1uy6vRRZB6eAGhTqjKqfw3HCsghjzQRVauDYqfZyKjVnAueVYaYwpWxKJzgwGNMIlZcvl52TiyCRRIdIlu/f2ZxGSs0i32QiqkO16i2G/3mDTAfXXs7jNNMYMxMxXpAJohOy6EzGXCLTYmaAMsnNloSFVFKmzWUqpr6zWnYduo26Y/i+VWvfFIcowxmcwyU4cAVtuIMOuMCAwzO8wbsVWk/Wi/X6Ey1ZxZ9T+CPr4xsyz4s7</latexit><latexit sha1_base64="Eky03n5jFav+HZ9oLbrTy8mVXNs=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaINEl0Y1LTCyQQEOmwy2dMP3JzNSENLyCroy684F8Ad/GAbtQ8Ky+uedMcs/1U8GVtu0vq7SxubW9U96t7O0fHB5Vj0+6KskkQ5clIpF9nyoUPEZXcy2wn0qkkS+w509vF37vEaXiSfygZyl6EZ3EPOCMajNym41mvTWq1uy6vRRZB6eAGhTqjKqfw3HCsghjzQRVauDYqfZyKjVnAueVYaYwpWxKJzgwGNMIlZcvl52TiyCRRIdIlu/f2ZxGSs0i32QiqkO16i2G/3mDTAfXXs7jNNMYMxMxXpAJohOy6EzGXCLTYmaAMsnNloSFVFKmzWUqpr6zWnYduo26Y/i+VWvfFIcowxmcwyU4cAVtuIMOuMCAwzO8wbsVWk/Wi/X6Ey1ZxZ9T+CPr4xsyz4s7</latexit><latexit sha1_base64="Eky03n5jFav+HZ9oLbrTy8mVXNs=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaINEl0Y1LTCyQQEOmwy2dMP3JzNSENLyCroy684F8Ad/GAbtQ8Ky+uedMcs/1U8GVtu0vq7SxubW9U96t7O0fHB5Vj0+6KskkQ5clIpF9nyoUPEZXcy2wn0qkkS+w509vF37vEaXiSfygZyl6EZ3EPOCMajNym41mvTWq1uy6vRRZB6eAGhTqjKqfw3HCsghjzQRVauDYqfZyKjVnAueVYaYwpWxKJzgwGNMIlZcvl52TiyCRRIdIlu/f2ZxGSs0i32QiqkO16i2G/3mDTAfXXs7jNNMYMxMxXpAJohOy6EzGXCLTYmaAMsnNloSFVFKmzWUqpr6zWnYduo26Y/i+VWvfFIcowxmcwyU4cAVtuIMOuMCAwzO8wbsVWk/Wi/X6Ey1ZxZ9T+CPr4xsyz4s7</latexit><latexit sha1_base64="Eky03n5jFav+HZ9oLbrTy8mVXNs=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaINEl0Y1LTCyQQEOmwy2dMP3JzNSENLyCroy684F8Ad/GAbtQ8Ky+uedMcs/1U8GVtu0vq7SxubW9U96t7O0fHB5Vj0+6KskkQ5clIpF9nyoUPEZXcy2wn0qkkS+w509vF37vEaXiSfygZyl6EZ3EPOCMajNym41mvTWq1uy6vRRZB6eAGhTqjKqfw3HCsghjzQRVauDYqfZyKjVnAueVYaYwpWxKJzgwGNMIlZcvl52TiyCRRIdIlu/f2ZxGSs0i32QiqkO16i2G/3mDTAfXXs7jNNMYMxMxXpAJohOy6EzGXCLTYmaAMsnNloSFVFKmzWUqpr6zWnYduo26Y/i+VWvfFIcowxmcwyU4cAVtuIMOuMCAwzO8wbsVWk/Wi/X6Ey1ZxZ9T+CPr4xsyz4s7</latexit>

323.8
<latexit sha1_base64="26PfPvmINba6FZTIyDhBCmdhVRs=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaMJEl0Y1LTCyQQEOmwy2dMP3JzNSENLyCroy684F8Ad/GAbtQ8Ky+uedMcs/1U8GVtu0vq7SxubW9U96t7O0fHB5Vj0+6KskkQ5clIpF9nyoUPEZXcy2wn0qkkS+w509vF37vEaXiSfygZyl6EZ3EPOCMajNym41mvTWq1uy6vRRZB6eAGhTqjKqfw3HCsghjzQRVauDYqfZyKjVnAueVYaYwpWxKJzgwGNMIlZcvl52TiyCRRIdIlu/f2ZxGSs0i32QiqkO16i2G/3mDTActL+dxmmmMmYkYL8gE0QlZdCZjLpFpMTNAmeRmS8JCKinT5jIVU99ZLbsO3UbdMXx/VWvfFIcowxmcwyU4cA1tuIMOuMCAwzO8wbsVWk/Wi/X6Ey1ZxZ9T+CPr4xs4x4s/</latexit><latexit sha1_base64="26PfPvmINba6FZTIyDhBCmdhVRs=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaMJEl0Y1LTCyQQEOmwy2dMP3JzNSENLyCroy684F8Ad/GAbtQ8Ky+uedMcs/1U8GVtu0vq7SxubW9U96t7O0fHB5Vj0+6KskkQ5clIpF9nyoUPEZXcy2wn0qkkS+w509vF37vEaXiSfygZyl6EZ3EPOCMajNym41mvTWq1uy6vRRZB6eAGhTqjKqfw3HCsghjzQRVauDYqfZyKjVnAueVYaYwpWxKJzgwGNMIlZcvl52TiyCRRIdIlu/f2ZxGSs0i32QiqkO16i2G/3mDTActL+dxmmmMmYkYL8gE0QlZdCZjLpFpMTNAmeRmS8JCKinT5jIVU99ZLbsO3UbdMXx/VWvfFIcowxmcwyU4cA1tuIMOuMCAwzO8wbsVWk/Wi/X6Ey1ZxZ9T+CPr4xs4x4s/</latexit><latexit sha1_base64="26PfPvmINba6FZTIyDhBCmdhVRs=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaMJEl0Y1LTCyQQEOmwy2dMP3JzNSENLyCroy684F8Ad/GAbtQ8Ky+uedMcs/1U8GVtu0vq7SxubW9U96t7O0fHB5Vj0+6KskkQ5clIpF9nyoUPEZXcy2wn0qkkS+w509vF37vEaXiSfygZyl6EZ3EPOCMajNym41mvTWq1uy6vRRZB6eAGhTqjKqfw3HCsghjzQRVauDYqfZyKjVnAueVYaYwpWxKJzgwGNMIlZcvl52TiyCRRIdIlu/f2ZxGSs0i32QiqkO16i2G/3mDTActL+dxmmmMmYkYL8gE0QlZdCZjLpFpMTNAmeRmS8JCKinT5jIVU99ZLbsO3UbdMXx/VWvfFIcowxmcwyU4cA1tuIMOuMCAwzO8wbsVWk/Wi/X6Ey1ZxZ9T+CPr4xs4x4s/</latexit><latexit sha1_base64="26PfPvmINba6FZTIyDhBCmdhVRs=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaMJEl0Y1LTCyQQEOmwy2dMP3JzNSENLyCroy684F8Ad/GAbtQ8Ky+uedMcs/1U8GVtu0vq7SxubW9U96t7O0fHB5Vj0+6KskkQ5clIpF9nyoUPEZXcy2wn0qkkS+w509vF37vEaXiSfygZyl6EZ3EPOCMajNym41mvTWq1uy6vRRZB6eAGhTqjKqfw3HCsghjzQRVauDYqfZyKjVnAueVYaYwpWxKJzgwGNMIlZcvl52TiyCRRIdIlu/f2ZxGSs0i32QiqkO16i2G/3mDTActL+dxmmmMmYkYL8gE0QlZdCZjLpFpMTNAmeRmS8JCKinT5jIVU99ZLbsO3UbdMXx/VWvfFIcowxmcwyU4cA1tuIMOuMCAwzO8wbsVWk/Wi/X6Ey1ZxZ9T+CPr4xs4x4s/</latexit> 324.2

<latexit sha1_base64="jKhDAo0Jtebm4/0MEnR1DpRmMfo=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaJMEl0Y1LTCyQQEOmwy2dMP3JzNSENLyCroy684F8Ad/GAbtQ8Ky+uedMcs/1U8GVtu0vq7SxubW9U96t7O0fHB5Vj0+6KskkQ5clIpF9nyoUPEZXcy2wn0qkkS+w509vF37vEaXiSfygZyl6EZ3EPOCMajNyrxrNemNUrdl1eymyDk4BNSjUGVU/h+OEZRHGmgmq1MCxU+3lVGrOBM4rw0xhStmUTnBgMKYRKi9fLjsnF0EiiQ6RLN+/szmNlJpFvslEVIdq1VsM//MGmQ6uvZzHaaYxZiZivCATRCdk0ZmMuUSmxcwAZZKbLQkLqaRMm8tUTH1ntew6dBt1x/B9s9a+KQ5RhjM4h0twoAVtuIMOuMCAwzO8wbsVWk/Wi/X6Ey1ZxZ9T+CPr4xsxU4s6</latexit><latexit sha1_base64="jKhDAo0Jtebm4/0MEnR1DpRmMfo=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaJMEl0Y1LTCyQQEOmwy2dMP3JzNSENLyCroy684F8Ad/GAbtQ8Ky+uedMcs/1U8GVtu0vq7SxubW9U96t7O0fHB5Vj0+6KskkQ5clIpF9nyoUPEZXcy2wn0qkkS+w509vF37vEaXiSfygZyl6EZ3EPOCMajNyrxrNemNUrdl1eymyDk4BNSjUGVU/h+OEZRHGmgmq1MCxU+3lVGrOBM4rw0xhStmUTnBgMKYRKi9fLjsnF0EiiQ6RLN+/szmNlJpFvslEVIdq1VsM//MGmQ6uvZzHaaYxZiZivCATRCdk0ZmMuUSmxcwAZZKbLQkLqaRMm8tUTH1ntew6dBt1x/B9s9a+KQ5RhjM4h0twoAVtuIMOuMCAwzO8wbsVWk/Wi/X6Ey1ZxZ9T+CPr4xsxU4s6</latexit><latexit sha1_base64="jKhDAo0Jtebm4/0MEnR1DpRmMfo=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaJMEl0Y1LTCyQQEOmwy2dMP3JzNSENLyCroy684F8Ad/GAbtQ8Ky+uedMcs/1U8GVtu0vq7SxubW9U96t7O0fHB5Vj0+6KskkQ5clIpF9nyoUPEZXcy2wn0qkkS+w509vF37vEaXiSfygZyl6EZ3EPOCMajNyrxrNemNUrdl1eymyDk4BNSjUGVU/h+OEZRHGmgmq1MCxU+3lVGrOBM4rw0xhStmUTnBgMKYRKi9fLjsnF0EiiQ6RLN+/szmNlJpFvslEVIdq1VsM//MGmQ6uvZzHaaYxZiZivCATRCdk0ZmMuUSmxcwAZZKbLQkLqaRMm8tUTH1ntew6dBt1x/B9s9a+KQ5RhjM4h0twoAVtuIMOuMCAwzO8wbsVWk/Wi/X6Ey1ZxZ9T+CPr4xsxU4s6</latexit><latexit sha1_base64="jKhDAo0Jtebm4/0MEnR1DpRmMfo=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaJMEl0Y1LTCyQQEOmwy2dMP3JzNSENLyCroy684F8Ad/GAbtQ8Ky+uedMcs/1U8GVtu0vq7SxubW9U96t7O0fHB5Vj0+6KskkQ5clIpF9nyoUPEZXcy2wn0qkkS+w509vF37vEaXiSfygZyl6EZ3EPOCMajNyrxrNemNUrdl1eymyDk4BNSjUGVU/h+OEZRHGmgmq1MCxU+3lVGrOBM4rw0xhStmUTnBgMKYRKi9fLjsnF0EiiQ6RLN+/szmNlJpFvslEVIdq1VsM//MGmQ6uvZzHaaYxZiZivCATRCdk0ZmMuUSmxcwAZZKbLQkLqaRMm8tUTH1ntew6dBt1x/B9s9a+KQ5RhjM4h0twoAVtuIMOuMCAwzO8wbsVWk/Wi/X6Ey1ZxZ9T+CPr4xsxU4s6</latexit>

324.6
<latexit sha1_base64="/ad7hWczt3JwvUKnkCD+iFS7DWI=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaJOqS6MYlJhZIoCHT4ZZOmP5kZmpCGl5BV0bd+UC+gG/jgF0oeFbf3HMmuef6qeBK2/aXVVpb39jcKm9Xdnb39g+qh0cdlWSSocsSkcieTxUKHqOruRbYSyXSyBfY9Se3c7/7iFLxJH7Q0xS9iI5jHnBGtRm5F41m/XJYrdl1eyGyCk4BNSjUHlY/B6OEZRHGmgmqVN+xU+3lVGrOBM4qg0xhStmEjrFvMKYRKi9fLDsjZ0EiiQ6RLN6/szmNlJpGvslEVIdq2ZsP//P6mQ6uvZzHaaYxZiZivCATRCdk3pmMuESmxdQAZZKbLQkLqaRMm8tUTH1nuewqdBp1x/B9s9a6KQ5RhhM4hXNw4ApacAdtcIEBh2d4g3crtJ6sF+v1J1qyij/H8EfWxzc3S4s+</latexit><latexit sha1_base64="/ad7hWczt3JwvUKnkCD+iFS7DWI=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaJOqS6MYlJhZIoCHT4ZZOmP5kZmpCGl5BV0bd+UC+gG/jgF0oeFbf3HMmuef6qeBK2/aXVVpb39jcKm9Xdnb39g+qh0cdlWSSocsSkcieTxUKHqOruRbYSyXSyBfY9Se3c7/7iFLxJH7Q0xS9iI5jHnBGtRm5F41m/XJYrdl1eyGyCk4BNSjUHlY/B6OEZRHGmgmqVN+xU+3lVGrOBM4qg0xhStmEjrFvMKYRKi9fLDsjZ0EiiQ6RLN6/szmNlJpGvslEVIdq2ZsP//P6mQ6uvZzHaaYxZiZivCATRCdk3pmMuESmxdQAZZKbLQkLqaRMm8tUTH1nuewqdBp1x/B9s9a6KQ5RhhM4hXNw4ApacAdtcIEBh2d4g3crtJ6sF+v1J1qyij/H8EfWxzc3S4s+</latexit><latexit sha1_base64="/ad7hWczt3JwvUKnkCD+iFS7DWI=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaJOqS6MYlJhZIoCHT4ZZOmP5kZmpCGl5BV0bd+UC+gG/jgF0oeFbf3HMmuef6qeBK2/aXVVpb39jcKm9Xdnb39g+qh0cdlWSSocsSkcieTxUKHqOruRbYSyXSyBfY9Se3c7/7iFLxJH7Q0xS9iI5jHnBGtRm5F41m/XJYrdl1eyGyCk4BNSjUHlY/B6OEZRHGmgmqVN+xU+3lVGrOBM4qg0xhStmEjrFvMKYRKi9fLDsjZ0EiiQ6RLN6/szmNlJpGvslEVIdq2ZsP//P6mQ6uvZzHaaYxZiZivCATRCdk3pmMuESmxdQAZZKbLQkLqaRMm8tUTH1nuewqdBp1x/B9s9a6KQ5RhhM4hXNw4ApacAdtcIEBh2d4g3crtJ6sF+v1J1qyij/H8EfWxzc3S4s+</latexit><latexit sha1_base64="/ad7hWczt3JwvUKnkCD+iFS7DWI=">AAAB5nicbZDNTsJAFIVv8Q/xD3XpZiIxcUVaJOqS6MYlJhZIoCHT4ZZOmP5kZmpCGl5BV0bd+UC+gG/jgF0oeFbf3HMmuef6qeBK2/aXVVpb39jcKm9Xdnb39g+qh0cdlWSSocsSkcieTxUKHqOruRbYSyXSyBfY9Se3c7/7iFLxJH7Q0xS9iI5jHnBGtRm5F41m/XJYrdl1eyGyCk4BNSjUHlY/B6OEZRHGmgmqVN+xU+3lVGrOBM4qg0xhStmEjrFvMKYRKi9fLDsjZ0EiiQ6RLN6/szmNlJpGvslEVIdq2ZsP//P6mQ6uvZzHaaYxZiZivCATRCdk3pmMuESmxdQAZZKbLQkLqaRMm8tUTH1nuewqdBp1x/B9s9a6KQ5RhhM4hXNw4ApacAdtcIEBh2d4g3crtJ6sF+v1J1qyij/H8EfWxzc3S4s+</latexit>

!M/(2⇡)
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Figure 5.1.: Signal (black-solid) harvested with instantaneous π pulses, Bz = 500 G in (a) (b)
and Bz = 1 T in (c) (d). Circles and triangles are the theoretically expected values
for 〈σx〉. In (a) we select l = 13, 15 and their signals are clearly separated. In (b) we
use l = 33, 35 and observe a spectral overlap (green arrow). In (c) (d) the spectral
overlap is removed owing to a large Bz, while the signal (black-solid) matches the
theoretically expected values. Final sequence time for (a) (c) is ≈ 0.5 ms, and
≈ 1.2 ms for (b) (d).

where Ax,y,zj = | ~Ax,y,zj | with ~Axj = ~Aj − ( ~Aj · ω̂j) ω̂j , ~Ayj = ω̂j × ~Aj , ~Azj = ( ~Aj · ω̂j) ω̂j ,
and Ijx = ~Ij ·x̂j , Ijy = ~Ij · ŷj , Ijz = ~Ij · ẑj with x̂j = ~Axj /A

x
j , ŷj = ~Ayj/A

y
j and ẑj = ~Azj/A

z
j .

Notice that the Cartesian basis vectors have been redefined for each nucleus j.
Now, one selects a harmonic in the expansion of F (t) and the period T , to create a

resonant interaction of the NV with a target nucleus (namely the kth nucleus). To this
end, in Eq. (5.6) we set n = l, and T such that lωM ≈ ωk. After eliminating fast rotating
terms we get

H ≈ flA
x
k

4 σz[I−k e
i(ωk−lωM)t + H.c.]

+
∑
j 6=k

flA
x
j

4 σz[I−j e
i(ωj−lωM)t + H.c.]

+
∑
n6=l

∑
j

fnA
x
j

4 σz[I−j e
i(ωj−nωM)t + H.c.]. (5.7)
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By inspecting the first line of (5.7), one finds that nuclear spin addressing at the lth
harmonic is achieved when

lωM = l
2π
T

= ωk. (5.8)

With this resonance condition, the first line in (5.7) is the resonant term flA
x
k/4σzIxk ,

while detuned contributions (those in second and third lines) would average out by the
RWA. More specifically, with Eq. (5.8) at hand we can remove the second line in Eq. (5.7)
if

|ωj − ωk| � flA
x
j /4. (5.9)

Detuned contributions corresponding to harmonics with n 6= l are in the third line of (5.7).
These can be neglected if

|ωj − n/lωk| ≈ ωL(l − n)/l� fnA
x
j /4 ∀n. (5.10)

To strengthen condition (5.9), one can reduce the value of fl by selecting a large harmonic
(see later), while condition (5.10) applies better for large values of Bz since ωL ∝ Bz.
After neglecting the off resonant terms in Eq. (5.7), the Hamiltonian is

H = flA
x
k

4 σzI
x
k . (5.11)

For the above Hamiltonian the dynamics can be exactly solved, and the evolution of 〈σx〉
(when the initial state is ρ = |+〉〈+| ⊗ 1

2 I, i.e. we consider the nucleus in a thermal state)
reads

〈σx〉 = cos
(
flA

x
k

4 t

)
. (5.12)

This is the ideal signal retrieved by perfect nuclear addressing when ωM = ωk/l, and its
represented by the depth of each panel (circles or triangles) in Fig. 5.1.

Assuming instantaneous π pulses, standard DD sequences with constant Ω [416–418]
lead to |fl| = 4

πl , 0 for l odd, even. Thus, large harmonics (i.e. with large l) reinforce
condition (5.9) as they lead to a smaller value for fl. In Fig. 5.1 we compute the
signal corresponding to the NV observable 〈σx〉 in a sample that contains 150 13C nuclei
(γ13C = (2π) × 10.708 MHz/T). To obtain sufficient spectral resolution we use large
harmonics. Figure 5.1 (a) shows the signal for l = 13, 15 and the theoretically expected
values for 〈σx〉 (triangles for l = 13 and circles for l = 15) that would appear if perfect
single nuclear addressing is considered. We observe that the computed signal does not
match with the theoretically expected values. In addition to a flawed accomplishment of
conditions (5.9, 5.10), this is also a consequence of using large harmonics since, for large l,
the period T = 2πl/ωk and the spacing between π pulses grows, see inset in Fig. 5.1(a),
spoiling the efficient elimination of the σzAzjIzj terms in Eq. (5.6) by the RWA. In the
inset of Fig. 5.1 (a) there is a sketch of the pulse structure we repeatedly apply (20
times in (a) and (b), while in (c) and (d) that structure is used 400 times) to get the
signals in Fig. 5.1, red blocks are instantaneous π pulses, while their associated F (t) is in
blue. Working with even larger harmonics introduces the problem of spectral overlaps.
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5.3 A solution with extended pulses

These appear when the signal associated to a certain harmonic contains resonance peaks
corresponding to other harmonics. In Fig. 5.1 (b) one can see (green arrow) how a peak
of l = 35 (green circle) is mixed with the signal of l = 33 (orange triangle). This is an
additional disadvantage since the interpretation of the spectrum gets challenging.

Condition (5.10) is strengthened using a large Bz. This also implies a larger resonance
frequency (namely ωk) for each nucleus. Addressing large ωk is beneficial since the period
T (note that, in resonance T = 2πl/ωk) and the interpulse spacing get shorter turning
into a better cancellation of σzAzjIzj terms. In Fig. 5.1 (c) (d), we use a large Bz = 1 T
and the spectral overlap is removed, while the computed signal matches the theoretically
expected values (blue triangles).

Unfortunately, to consider π pulses as instantaneous in situations with large Bz is
not correct, since nuclei have time to evolve during π pulse execution leading to signal
drop [288]. Hence, if one cannot deliver enough MW power to the sample, the results in
Fig. 5.1 (c) and (d) are not achievable.

5.3. A solution with extended pulses

In realistic situations π pulses are finite, thus the value of fl = 2/T
∫ T

0 F (s) cos (lωMs)ds
has to be computed by considering the intrapulse contribution. This is (for a generic
mth pulse) 2/T

∫ tm+tπ
tm

F (s) cos (lωMs) ds, with tπ being the π pulse time and tm the
instant we start applying MW radiation, see Fig. 5.3 (a). In addition, the F (t) function
must hold the following conditions: Outside the π pulse region F (t) = ±1, while F (t) is
bounded as −1 ≤ F (t) ≤ 1 ∀t, Fig. 5.3 (a).

Now, we present a design for F (t) that satisfies the above conditions, cancels intrapulse
contributions, and leads to tunable NV-nuclei interactions. In particular, for the mth pulse

F (t) = cos
[
π(t− tm)/tπ

]
+
∑
q

αq(t) sin
[
qlωM(t− tp)

]
. (5.13)

Here, αq(s) are functions to be adjusted (see later) and tp = tm+tπ/2 is the central point
of the mth pulse, Fig. 5.2. We modulate F (s) in the intrapulse region such that (for the
mth pulse)

∫ tm+tπ
tm

F (s) cos (lωMs) ds = 0 and F (t) cancels the intrapulse contribution.
Once we have F (t), we find that the associated Rabi frequency is

Ω(t) = ∂

∂t
arccos[F (t)] = − 1√

1− F (t)2
, (5.14)

if F (t) differentiable. See appendix E.1 for additional details. Now, the value of the fl
coefficient obtained with the modulated F (t) in Eq. (5.13) (from now on denoted fm

l )
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<latexit sha1_base64="XOtbAFU2feYGvPMbP3bgdWp31Tk=">AAAB5HicbZDLSgNBEEVr4ivGV9Slm8YguAozIugy6MZlRPOAZAg9nZqkSc+D7hohDPkDXYm684v8Af/GTpyFRu/qdN3bULeCVElDrvvplFZW19Y3ypuVre2d3b3q/kHbJJkW2BKJSnQ34AaVjLFFkhR2U408ChR2gsn13O88oDYyie9pmqIf8VEsQyk42dEdDaJBtebW3YXYX/AKqEGh5qD60R8mIoswJqG4MT3PTcnPuSYpFM4q/cxgysWEj7BnMeYRGj9frDpjJ2GiGY2RLd4/szmPjJlGgc1EnMZm2ZsP//N6GYWXfi7jNCOMhY1YL8wUo4TNG7Oh1ChITS1woaXdkokx11yQvUvF1veWy/6F9lnds3x7XmtcFYcowxEcwyl4cAENuIEmtEDACJ7gFd6c0Hl0np2X72jJKf4cwi85719Qzott</latexit><latexit sha1_base64="XOtbAFU2feYGvPMbP3bgdWp31Tk=">AAAB5HicbZDLSgNBEEVr4ivGV9Slm8YguAozIugy6MZlRPOAZAg9nZqkSc+D7hohDPkDXYm684v8Af/GTpyFRu/qdN3bULeCVElDrvvplFZW19Y3ypuVre2d3b3q/kHbJJkW2BKJSnQ34AaVjLFFkhR2U408ChR2gsn13O88oDYyie9pmqIf8VEsQyk42dEdDaJBtebW3YXYX/AKqEGh5qD60R8mIoswJqG4MT3PTcnPuSYpFM4q/cxgysWEj7BnMeYRGj9frDpjJ2GiGY2RLd4/szmPjJlGgc1EnMZm2ZsP//N6GYWXfi7jNCOMhY1YL8wUo4TNG7Oh1ChITS1woaXdkokx11yQvUvF1veWy/6F9lnds3x7XmtcFYcowxEcwyl4cAENuIEmtEDACJ7gFd6c0Hl0np2X72jJKf4cwi85719Qzott</latexit><latexit sha1_base64="XOtbAFU2feYGvPMbP3bgdWp31Tk=">AAAB5HicbZDLSgNBEEVr4ivGV9Slm8YguAozIugy6MZlRPOAZAg9nZqkSc+D7hohDPkDXYm684v8Af/GTpyFRu/qdN3bULeCVElDrvvplFZW19Y3ypuVre2d3b3q/kHbJJkW2BKJSnQ34AaVjLFFkhR2U408ChR2gsn13O88oDYyie9pmqIf8VEsQyk42dEdDaJBtebW3YXYX/AKqEGh5qD60R8mIoswJqG4MT3PTcnPuSYpFM4q/cxgysWEj7BnMeYRGj9frDpjJ2GiGY2RLd4/szmPjJlGgc1EnMZm2ZsP//N6GYWXfi7jNCOMhY1YL8wUo4TNG7Oh1ChITS1woaXdkokx11yQvUvF1veWy/6F9lnds3x7XmtcFYcowxEcwyl4cAENuIEmtEDACJ7gFd6c0Hl0np2X72jJKf4cwi85719Qzott</latexit><latexit sha1_base64="XOtbAFU2feYGvPMbP3bgdWp31Tk=">AAAB5HicbZDLSgNBEEVr4ivGV9Slm8YguAozIugy6MZlRPOAZAg9nZqkSc+D7hohDPkDXYm684v8Af/GTpyFRu/qdN3bULeCVElDrvvplFZW19Y3ypuVre2d3b3q/kHbJJkW2BKJSnQ34AaVjLFFkhR2U408ChR2gsn13O88oDYyie9pmqIf8VEsQyk42dEdDaJBtebW3YXYX/AKqEGh5qD60R8mIoswJqG4MT3PTcnPuSYpFM4q/cxgysWEj7BnMeYRGj9frDpjJ2GiGY2RLd4/szmPjJlGgc1EnMZm2ZsP//N6GYWXfi7jNCOMhY1YL8wUo4TNG7Oh1ChITS1woaXdkokx11yQvUvF1veWy/6F9lnds3x7XmtcFYcowxEcwyl4cAENuIEmtEDACJ7gFd6c0Hl0np2X72jJKf4cwi85719Qzott</latexit>

mth pulse
<latexit sha1_base64="RT6F5ksZftL19VYRnBY9xzp4Jdg=">AAAB9HicbZC7TsMwFIZPuJZyS2FksaiQmKoEIcFYwcJYJHqRmqhy3NPWqp1EtlNURX0TmBCw8SS8AG+DWzJAyz99Pv9vnUuUCq6N5305a+sbm1vbpZ3y7t7+waFbOWrpJFMMmywRiepEVKPgMTYNNwI7qUIqI4HtaHw799sTVJon8YOZphhKOoz5gDNqbKnnVmQeKEnMiAQkzYTGWc+tejVvIbIKfgFVKNTouZ9BP2GZxNgwQbXu+l5qwpwqw5nAWTnINKaUjekQuxZjKlGH+WL0GTkbJMp2R7J4/87mVGo9lZHNSGpGetmbF//zupkZXIc5j9PMYMxsxHqDTBCTkPkFSJ8rZEZMLVCmuJ2SsBFVlBl7p7Jd319edhVaFzXf8v1ltX5THKIEJ3AK5+DDFdThDhrQBAaP8Axv8O5MnCfnxXn9ia45xZ9j+CPn4xumAJFL</latexit><latexit sha1_base64="RT6F5ksZftL19VYRnBY9xzp4Jdg=">AAAB9HicbZC7TsMwFIZPuJZyS2FksaiQmKoEIcFYwcJYJHqRmqhy3NPWqp1EtlNURX0TmBCw8SS8AG+DWzJAyz99Pv9vnUuUCq6N5305a+sbm1vbpZ3y7t7+waFbOWrpJFMMmywRiepEVKPgMTYNNwI7qUIqI4HtaHw799sTVJon8YOZphhKOoz5gDNqbKnnVmQeKEnMiAQkzYTGWc+tejVvIbIKfgFVKNTouZ9BP2GZxNgwQbXu+l5qwpwqw5nAWTnINKaUjekQuxZjKlGH+WL0GTkbJMp2R7J4/87mVGo9lZHNSGpGetmbF//zupkZXIc5j9PMYMxsxHqDTBCTkPkFSJ8rZEZMLVCmuJ2SsBFVlBl7p7Jd319edhVaFzXf8v1ltX5THKIEJ3AK5+DDFdThDhrQBAaP8Axv8O5MnCfnxXn9ia45xZ9j+CPn4xumAJFL</latexit><latexit sha1_base64="RT6F5ksZftL19VYRnBY9xzp4Jdg=">AAAB9HicbZC7TsMwFIZPuJZyS2FksaiQmKoEIcFYwcJYJHqRmqhy3NPWqp1EtlNURX0TmBCw8SS8AG+DWzJAyz99Pv9vnUuUCq6N5305a+sbm1vbpZ3y7t7+waFbOWrpJFMMmywRiepEVKPgMTYNNwI7qUIqI4HtaHw799sTVJon8YOZphhKOoz5gDNqbKnnVmQeKEnMiAQkzYTGWc+tejVvIbIKfgFVKNTouZ9BP2GZxNgwQbXu+l5qwpwqw5nAWTnINKaUjekQuxZjKlGH+WL0GTkbJMp2R7J4/87mVGo9lZHNSGpGetmbF//zupkZXIc5j9PMYMxsxHqDTBCTkPkFSJ8rZEZMLVCmuJ2SsBFVlBl7p7Jd319edhVaFzXf8v1ltX5THKIEJ3AK5+DDFdThDhrQBAaP8Axv8O5MnCfnxXn9ia45xZ9j+CPn4xumAJFL</latexit><latexit sha1_base64="RT6F5ksZftL19VYRnBY9xzp4Jdg=">AAAB9HicbZC7TsMwFIZPuJZyS2FksaiQmKoEIcFYwcJYJHqRmqhy3NPWqp1EtlNURX0TmBCw8SS8AG+DWzJAyz99Pv9vnUuUCq6N5305a+sbm1vbpZ3y7t7+waFbOWrpJFMMmywRiepEVKPgMTYNNwI7qUIqI4HtaHw799sTVJon8YOZphhKOoz5gDNqbKnnVmQeKEnMiAQkzYTGWc+tejVvIbIKfgFVKNTouZ9BP2GZxNgwQbXu+l5qwpwqw5nAWTnINKaUjekQuxZjKlGH+WL0GTkbJMp2R7J4/87mVGo9lZHNSGpGetmbF//zupkZXIc5j9PMYMxsxHqDTBCTkPkFSJ8rZEZMLVCmuJ2SsBFVlBl7p7Jd319edhVaFzXf8v1ltX5THKIEJ3AK5+DDFdThDhrQBAaP8Axv8O5MnCfnxXn9ia45xZ9j+CPn4xumAJFL</latexit>

tm+1
<latexit sha1_base64="zuBV9IshKpXE/yWd188ykk+y15I=">AAAB7HicbZDNSgMxFIXv+FvrX9Wlm2ARBKHMiKDLohuXFewPtEPJpJk2NMkMyR2hDH0LXYm682l8Ad/GtM5CW8/qyz0ncM+NUiks+v6Xt7K6tr6xWdoqb+/s7u1XDg5bNskM402WyMR0Imq5FJo3UaDkndRwqiLJ29H4dua3H7mxItEPOEl5qOhQi1gwim7UxX7eM4qo82Dar1T9mj8XWYaggCoUavQrn71BwjLFNTJJre0GfophTg0KJvm03MssTykb0yHvOtRUcRvm85Wn5DRODMERJ/P372xOlbUTFbmMojiyi95s+J/XzTC+DnOh0wy5Zi7ivDiTBBMya04GwnCGcuKAMiPcloSNqKEM3X3Krn6wWHYZWhe1wPH9ZbV+UxyiBMdwAmcQwBXU4Q4a0AQGCTzDG7x72nvyXrzXn+iKV/w5gj/yPr4BjZKObA==</latexit><latexit sha1_base64="zuBV9IshKpXE/yWd188ykk+y15I=">AAAB7HicbZDNSgMxFIXv+FvrX9Wlm2ARBKHMiKDLohuXFewPtEPJpJk2NMkMyR2hDH0LXYm682l8Ad/GtM5CW8/qyz0ncM+NUiks+v6Xt7K6tr6xWdoqb+/s7u1XDg5bNskM402WyMR0Imq5FJo3UaDkndRwqiLJ29H4dua3H7mxItEPOEl5qOhQi1gwim7UxX7eM4qo82Dar1T9mj8XWYaggCoUavQrn71BwjLFNTJJre0GfophTg0KJvm03MssTykb0yHvOtRUcRvm85Wn5DRODMERJ/P372xOlbUTFbmMojiyi95s+J/XzTC+DnOh0wy5Zi7ivDiTBBMya04GwnCGcuKAMiPcloSNqKEM3X3Krn6wWHYZWhe1wPH9ZbV+UxyiBMdwAmcQwBXU4Q4a0AQGCTzDG7x72nvyXrzXn+iKV/w5gj/yPr4BjZKObA==</latexit><latexit sha1_base64="zuBV9IshKpXE/yWd188ykk+y15I=">AAAB7HicbZDNSgMxFIXv+FvrX9Wlm2ARBKHMiKDLohuXFewPtEPJpJk2NMkMyR2hDH0LXYm682l8Ad/GtM5CW8/qyz0ncM+NUiks+v6Xt7K6tr6xWdoqb+/s7u1XDg5bNskM402WyMR0Imq5FJo3UaDkndRwqiLJ29H4dua3H7mxItEPOEl5qOhQi1gwim7UxX7eM4qo82Dar1T9mj8XWYaggCoUavQrn71BwjLFNTJJre0GfophTg0KJvm03MssTykb0yHvOtRUcRvm85Wn5DRODMERJ/P372xOlbUTFbmMojiyi95s+J/XzTC+DnOh0wy5Zi7ivDiTBBMya04GwnCGcuKAMiPcloSNqKEM3X3Krn6wWHYZWhe1wPH9ZbV+UxyiBMdwAmcQwBXU4Q4a0AQGCTzDG7x72nvyXrzXn+iKV/w5gj/yPr4BjZKObA==</latexit><latexit sha1_base64="zuBV9IshKpXE/yWd188ykk+y15I=">AAAB7HicbZDNSgMxFIXv+FvrX9Wlm2ARBKHMiKDLohuXFewPtEPJpJk2NMkMyR2hDH0LXYm682l8Ad/GtM5CW8/qyz0ncM+NUiks+v6Xt7K6tr6xWdoqb+/s7u1XDg5bNskM402WyMR0Imq5FJo3UaDkndRwqiLJ29H4dua3H7mxItEPOEl5qOhQi1gwim7UxX7eM4qo82Dar1T9mj8XWYaggCoUavQrn71BwjLFNTJJre0GfophTg0KJvm03MssTykb0yHvOtRUcRvm85Wn5DRODMERJ/P372xOlbUTFbmMojiyi95s+J/XzTC+DnOh0wy5Zi7ivDiTBBMya04GwnCGcuKAMiPcloSNqKEM3X3Krn6wWHYZWhe1wPH9ZbV+UxyiBMdwAmcQwBXU4Q4a0AQGCTzDG7x72nvyXrzXn+iKV/w5gj/yPr4BjZKObA==</latexit>

(m + 1)th pulse
<latexit sha1_base64="hbfm8USp3bDuWmAo+pxDozsZ31M=">AAAB+HicbZDLSsNAFIZP6q3WW1VcuRksQkUoiQi6LLpxWcHaQhPKZHraDp1JwsxEqKHvoitRdz6HL+DbOK1ZaOu/+ub8/3AuYSK4Nq775RSWlldW14rrpY3Nre2d8u7evY5TxbDJYhGrdkg1Ch5h03AjsJ0opDIU2ApH11O/9YBK8zi6M+MEA0kHEe9zRo0tdcsHVXnqnWS+ksQMiU+SVGicdMsVt+bORBbBy6ECuRrd8qffi1kqMTJMUK07npuYIKPKcCZwUvJTjQllIzrAjsWIStRBNht/Qo77sbLdkczev7MZlVqPZWgzkpqhnvemxf+8Tmr6l0HGoyQ1GDEbsV4/FcTEZHoF0uMKmRFjC5QpbqckbEgVZcbeqmTX9+aXXYT7s5pn+fa8Ur/KD1GEQziCKnhwAXW4gQY0gUEGz/AG786j8+S8OK8/0YKT/9mHP3I+vgFKApIg</latexit><latexit sha1_base64="hbfm8USp3bDuWmAo+pxDozsZ31M=">AAAB+HicbZDLSsNAFIZP6q3WW1VcuRksQkUoiQi6LLpxWcHaQhPKZHraDp1JwsxEqKHvoitRdz6HL+DbOK1ZaOu/+ub8/3AuYSK4Nq775RSWlldW14rrpY3Nre2d8u7evY5TxbDJYhGrdkg1Ch5h03AjsJ0opDIU2ApH11O/9YBK8zi6M+MEA0kHEe9zRo0tdcsHVXnqnWS+ksQMiU+SVGicdMsVt+bORBbBy6ECuRrd8qffi1kqMTJMUK07npuYIKPKcCZwUvJTjQllIzrAjsWIStRBNht/Qo77sbLdkczev7MZlVqPZWgzkpqhnvemxf+8Tmr6l0HGoyQ1GDEbsV4/FcTEZHoF0uMKmRFjC5QpbqckbEgVZcbeqmTX9+aXXYT7s5pn+fa8Ur/KD1GEQziCKnhwAXW4gQY0gUEGz/AG786j8+S8OK8/0YKT/9mHP3I+vgFKApIg</latexit><latexit sha1_base64="hbfm8USp3bDuWmAo+pxDozsZ31M=">AAAB+HicbZDLSsNAFIZP6q3WW1VcuRksQkUoiQi6LLpxWcHaQhPKZHraDp1JwsxEqKHvoitRdz6HL+DbOK1ZaOu/+ub8/3AuYSK4Nq775RSWlldW14rrpY3Nre2d8u7evY5TxbDJYhGrdkg1Ch5h03AjsJ0opDIU2ApH11O/9YBK8zi6M+MEA0kHEe9zRo0tdcsHVXnqnWS+ksQMiU+SVGicdMsVt+bORBbBy6ECuRrd8qffi1kqMTJMUK07npuYIKPKcCZwUvJTjQllIzrAjsWIStRBNht/Qo77sbLdkczev7MZlVqPZWgzkpqhnvemxf+8Tmr6l0HGoyQ1GDEbsV4/FcTEZHoF0uMKmRFjC5QpbqckbEgVZcbeqmTX9+aXXYT7s5pn+fa8Ur/KD1GEQziCKnhwAXW4gQY0gUEGz/AG786j8+S8OK8/0YKT/9mHP3I+vgFKApIg</latexit><latexit sha1_base64="hbfm8USp3bDuWmAo+pxDozsZ31M=">AAAB+HicbZDLSsNAFIZP6q3WW1VcuRksQkUoiQi6LLpxWcHaQhPKZHraDp1JwsxEqKHvoitRdz6HL+DbOK1ZaOu/+ub8/3AuYSK4Nq775RSWlldW14rrpY3Nre2d8u7evY5TxbDJYhGrdkg1Ch5h03AjsJ0opDIU2ApH11O/9YBK8zi6M+MEA0kHEe9zRo0tdcsHVXnqnWS+ksQMiU+SVGicdMsVt+bORBbBy6ECuRrd8qffi1kqMTJMUK07npuYIKPKcCZwUvJTjQllIzrAjsWIStRBNht/Qo77sbLdkczev7MZlVqPZWgzkpqhnvemxf+8Tmr6l0HGoyQ1GDEbsV4/FcTEZHoF0uMKmRFjC5QpbqckbEgVZcbeqmTX9+aXXYT7s5pn+fa8Ur/KD1GEQziCKnhwAXW4gQY0gUEGz/AG786j8+S8OK8/0YKT/9mHP3I+vgFKApIg</latexit>

F (t)
<latexit sha1_base64="k4q8YMIDGIWMiaJciCCGlbq6cyE=">AAAB5XicbZDLSsNAFIZPvNZ6q7p0EyxC3ZREBF0WBXFZwV6gDWUyPWmHTi7MnAgl9BF0JerOF/IFfBsnNQtt/VffnP8fOP/xEyk0Oc6XtbK6tr6xWdoqb+/s7u1XDg7bOk4VxxaPZay6PtMoRYQtEiSxmyhkoS+x409ucr/ziEqLOHqgaYJeyEaRCARnlI9ua3Q2qFSdujOXvQxuAVUo1BxUPvvDmKchRsQl07rnOgl5GVMkuMRZuZ9qTBifsBH2DEYsRO1l811n9mkQK5vGaM/fv7MZC7Wehr7JhIzGetHLh/95vZSCKy8TUZISRtxEjBek0qbYzivbQ6GQk5waYFwJs6XNx0wxTuYwZVPfXSy7DO3zumv4/qLauC4OUYJjOIEauHAJDbiDJrSAwxie4Q3erZH1ZL1Yrz/RFav4cwR/ZH18Aybpi0I=</latexit><latexit sha1_base64="k4q8YMIDGIWMiaJciCCGlbq6cyE=">AAAB5XicbZDLSsNAFIZPvNZ6q7p0EyxC3ZREBF0WBXFZwV6gDWUyPWmHTi7MnAgl9BF0JerOF/IFfBsnNQtt/VffnP8fOP/xEyk0Oc6XtbK6tr6xWdoqb+/s7u1XDg7bOk4VxxaPZay6PtMoRYQtEiSxmyhkoS+x409ucr/ziEqLOHqgaYJeyEaRCARnlI9ua3Q2qFSdujOXvQxuAVUo1BxUPvvDmKchRsQl07rnOgl5GVMkuMRZuZ9qTBifsBH2DEYsRO1l811n9mkQK5vGaM/fv7MZC7Wehr7JhIzGetHLh/95vZSCKy8TUZISRtxEjBek0qbYzivbQ6GQk5waYFwJs6XNx0wxTuYwZVPfXSy7DO3zumv4/qLauC4OUYJjOIEauHAJDbiDJrSAwxie4Q3erZH1ZL1Yrz/RFav4cwR/ZH18Aybpi0I=</latexit><latexit sha1_base64="k4q8YMIDGIWMiaJciCCGlbq6cyE=">AAAB5XicbZDLSsNAFIZPvNZ6q7p0EyxC3ZREBF0WBXFZwV6gDWUyPWmHTi7MnAgl9BF0JerOF/IFfBsnNQtt/VffnP8fOP/xEyk0Oc6XtbK6tr6xWdoqb+/s7u1XDg7bOk4VxxaPZay6PtMoRYQtEiSxmyhkoS+x409ucr/ziEqLOHqgaYJeyEaRCARnlI9ua3Q2qFSdujOXvQxuAVUo1BxUPvvDmKchRsQl07rnOgl5GVMkuMRZuZ9qTBifsBH2DEYsRO1l811n9mkQK5vGaM/fv7MZC7Wehr7JhIzGetHLh/95vZSCKy8TUZISRtxEjBek0qbYzivbQ6GQk5waYFwJs6XNx0wxTuYwZVPfXSy7DO3zumv4/qLauC4OUYJjOIEauHAJDbiDJrSAwxie4Q3erZH1ZL1Yrz/RFav4cwR/ZH18Aybpi0I=</latexit><latexit sha1_base64="k4q8YMIDGIWMiaJciCCGlbq6cyE=">AAAB5XicbZDLSsNAFIZPvNZ6q7p0EyxC3ZREBF0WBXFZwV6gDWUyPWmHTi7MnAgl9BF0JerOF/IFfBsnNQtt/VffnP8fOP/xEyk0Oc6XtbK6tr6xWdoqb+/s7u1XDg7bOk4VxxaPZay6PtMoRYQtEiSxmyhkoS+x409ucr/ziEqLOHqgaYJeyEaRCARnlI9ua3Q2qFSdujOXvQxuAVUo1BxUPvvDmKchRsQl07rnOgl5GVMkuMRZuZ9qTBifsBH2DEYsRO1l811n9mkQK5vGaM/fv7MZC7Wehr7JhIzGetHLh/95vZSCKy8TUZISRtxEjBek0qbYzivbQ6GQk5waYFwJs6XNx0wxTuYwZVPfXSy7DO3zumv4/qLauC4OUYJjOIEauHAJDbiDJrSAwxie4Q3erZH1ZL1Yrz/RFav4cwR/ZH18Aybpi0I=</latexit>

cos (l!Mt)
<latexit sha1_base64="FKusOQySFaMejRSqlON8wO6fauo=">AAAB+3icbZDNSgMxFIUz/tb6V3UjuAkWoW7KjAi6LLpxI1SwP9AZhkx624YmkyHJCGUYX0ZXou58C1/AtzGts9DWu/pyzwncc6KEM21c98tZWl5ZXVsvbZQ3t7Z3dit7+20tU0WhRSWXqhsRDZzF0DLMcOgmCoiIOHSi8fVU7zyA0kzG92aSQCDIMGYDRomxq7By6FOpsxr3pYAhCTNfCXybm9M8rFTdujsbvAheAVVUTDOsfPp9SVMBsaGcaN3z3MQEGVGGUQ552U81JISOyRB6FmMiQAfZLEGOTwZSYTMCPHv/9mZEaD0RkfUIYkZ6Xpsu/9N6qRlcBhmLk9RATK3FaoOUYyPxtAjcZwqo4RMLhCpmr8R0RBShxtZVtvG9+bCL0D6re5bvzquNq6KIEjpCx6iGPHSBGugGNVELUfSIntEbendy58l5cV5/rEtO8ecA/Rnn4xsRHZRe</latexit><latexit sha1_base64="FKusOQySFaMejRSqlON8wO6fauo=">AAAB+3icbZDNSgMxFIUz/tb6V3UjuAkWoW7KjAi6LLpxI1SwP9AZhkx624YmkyHJCGUYX0ZXou58C1/AtzGts9DWu/pyzwncc6KEM21c98tZWl5ZXVsvbZQ3t7Z3dit7+20tU0WhRSWXqhsRDZzF0DLMcOgmCoiIOHSi8fVU7zyA0kzG92aSQCDIMGYDRomxq7By6FOpsxr3pYAhCTNfCXybm9M8rFTdujsbvAheAVVUTDOsfPp9SVMBsaGcaN3z3MQEGVGGUQ552U81JISOyRB6FmMiQAfZLEGOTwZSYTMCPHv/9mZEaD0RkfUIYkZ6Xpsu/9N6qRlcBhmLk9RATK3FaoOUYyPxtAjcZwqo4RMLhCpmr8R0RBShxtZVtvG9+bCL0D6re5bvzquNq6KIEjpCx6iGPHSBGugGNVELUfSIntEbendy58l5cV5/rEtO8ecA/Rnn4xsRHZRe</latexit><latexit sha1_base64="FKusOQySFaMejRSqlON8wO6fauo=">AAAB+3icbZDNSgMxFIUz/tb6V3UjuAkWoW7KjAi6LLpxI1SwP9AZhkx624YmkyHJCGUYX0ZXou58C1/AtzGts9DWu/pyzwncc6KEM21c98tZWl5ZXVsvbZQ3t7Z3dit7+20tU0WhRSWXqhsRDZzF0DLMcOgmCoiIOHSi8fVU7zyA0kzG92aSQCDIMGYDRomxq7By6FOpsxr3pYAhCTNfCXybm9M8rFTdujsbvAheAVVUTDOsfPp9SVMBsaGcaN3z3MQEGVGGUQ552U81JISOyRB6FmMiQAfZLEGOTwZSYTMCPHv/9mZEaD0RkfUIYkZ6Xpsu/9N6qRlcBhmLk9RATK3FaoOUYyPxtAjcZwqo4RMLhCpmr8R0RBShxtZVtvG9+bCL0D6re5bvzquNq6KIEjpCx6iGPHSBGugGNVELUfSIntEbendy58l5cV5/rEtO8ecA/Rnn4xsRHZRe</latexit><latexit sha1_base64="FKusOQySFaMejRSqlON8wO6fauo=">AAAB+3icbZDNSgMxFIUz/tb6V3UjuAkWoW7KjAi6LLpxI1SwP9AZhkx624YmkyHJCGUYX0ZXou58C1/AtzGts9DWu/pyzwncc6KEM21c98tZWl5ZXVsvbZQ3t7Z3dit7+20tU0WhRSWXqhsRDZzF0DLMcOgmCoiIOHSi8fVU7zyA0kzG92aSQCDIMGYDRomxq7By6FOpsxr3pYAhCTNfCXybm9M8rFTdujsbvAheAVVUTDOsfPp9SVMBsaGcaN3z3MQEGVGGUQ552U81JISOyRB6FmMiQAfZLEGOTwZSYTMCPHv/9mZEaD0RkfUIYkZ6Xpsu/9N6qRlcBhmLk9RATK3FaoOUYyPxtAjcZwqo4RMLhCpmr8R0RBShxtZVtvG9+bCL0D6re5bvzquNq6KIEjpCx6iGPHSBGugGNVELUfSIntEbendy58l5cV5/rEtO8ecA/Rnn4xsRHZRe</latexit>
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Figure 5.2.: Upper panel, one period of F (t) (solid-blue) including the intrapulse behavior, and
the cos (lωMt) function. Extended π pulses span during tπ (intrapulse regions
appear marked in red). In this example, l = 13 and tπ ≈ 4.5× (T/l). Solid-black,
behavior of F (t) in case standard top-hat pulses are applied. Bottom panel, train
of modulated Ω(t) leading to F (t).

depends only on the integral out of π pulse regions. This can be calculated leading to

fm
l = 4

πl
cos
(
π
tπ
T/l

)
sin (πl/2), (5.15)

which is our main result. For the derivation, see appendix E.2.1. By modifying the ratio
between tπ (the extended π pulse length) and T/l we can select a value for fm

l and
achieve tunable NV-nuclei interactions. According to Eq. (5.15), fm

l can be taken to any
amount between − 4

lπ and 4
lπ , see solid-black curve in Fig. 5.3(a). In addition, owing to

the periodic character of Eq. (5.15), one can get an arbitrary value (between − 4
lπ and 4

lπ )
for fm

l even with large tπ. This implies highly extended π pulses, thus a low delivered
MW power. On the contrary, for standard π pulses in the form of top-hat functions (i.e.
generated with constant Ω) one finds (see appendix E.2.2 for the calculation)

f th
l = 4 sin (πl/2) cos (πltπ/T )

πl(1− 4l2t2π/T 2) . (5.16)

Unlike fm
l , the expression for f th

l shows a decreasing fashion for growing tπ. Note that
|f th
l | ∝ [tπ/(T/l)]−2. This behaviour can be observed in Fig. 5.3(a), curve over the

yellow area. Hence, standard top-hat pulses cannot operate with a large tπ, as this leads
to a strong decrease of f th

l , thus to signal loss.
To show the performance of our theory, we select, a Gaussian form for α1(t) =

a1e
−(t−tp)2/2c21 and set αq(t) = 0, ∀q > 1. See one example of a modulated F (t) in

Fig. 5.2 (solid-blue) as well as the behavior of F (t) if common top-hat π pulses are used
(solid-black). Once we choose the tπ, l, and c parameters that will define the shape of
F (t), we select the remaining constant a1 such that it cancels the intrapulse contribution,
i.e.

∫ tm+tπ
tm

F (s) cos (lωMs) ds = 0. By inspecting Eq. (5.13) one easily finds that a

75



5.3 A solution with extended pulses
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<latexit sha1_base64="/MruP2qnpa5wd3zI5auBGlgPuiQ=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCroRim5cVrAXaEOZTE+aoZMLMxMhhD6CrkTd+UK+gG/jpGahrf/qm/P/A+c/XiK40rb9ZVVWVtfWN6qbta3tnd29+v5BV8WpZNhhsYhl36MKBY+wo7kW2E8k0tAT2POmt4Xfe0SpeBw96CxBN6STiPucUV2MxLVzPqo37KY9F1kGp4QGlGqP6p/DcczSECPNBFVq4NiJdnMqNWcCZ7VhqjChbEonODAY0RCVm893nZETP5ZEB0jm79/ZnIZKZaFnMiHVgVr0iuF/3iDV/pWb8yhJNUbMRIznp4LomBSVyZhLZFpkBiiT3GxJWEAlZdocpmbqO4tll6F71nQM3180WjflIapwBMdwCg5cQgvuoA0dYBDAM7zBuzWxnqwX6/UnWrHKP4fwR9bHNyo+i0Q=</latexit><latexit sha1_base64="/MruP2qnpa5wd3zI5auBGlgPuiQ=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCroRim5cVrAXaEOZTE+aoZMLMxMhhD6CrkTd+UK+gG/jpGahrf/qm/P/A+c/XiK40rb9ZVVWVtfWN6qbta3tnd29+v5BV8WpZNhhsYhl36MKBY+wo7kW2E8k0tAT2POmt4Xfe0SpeBw96CxBN6STiPucUV2MxLVzPqo37KY9F1kGp4QGlGqP6p/DcczSECPNBFVq4NiJdnMqNWcCZ7VhqjChbEonODAY0RCVm893nZETP5ZEB0jm79/ZnIZKZaFnMiHVgVr0iuF/3iDV/pWb8yhJNUbMRIznp4LomBSVyZhLZFpkBiiT3GxJWEAlZdocpmbqO4tll6F71nQM3180WjflIapwBMdwCg5cQgvuoA0dYBDAM7zBuzWxnqwX6/UnWrHKP4fwR9bHNyo+i0Q=</latexit><latexit sha1_base64="/MruP2qnpa5wd3zI5auBGlgPuiQ=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCroRim5cVrAXaEOZTE+aoZMLMxMhhD6CrkTd+UK+gG/jpGahrf/qm/P/A+c/XiK40rb9ZVVWVtfWN6qbta3tnd29+v5BV8WpZNhhsYhl36MKBY+wo7kW2E8k0tAT2POmt4Xfe0SpeBw96CxBN6STiPucUV2MxLVzPqo37KY9F1kGp4QGlGqP6p/DcczSECPNBFVq4NiJdnMqNWcCZ7VhqjChbEonODAY0RCVm893nZETP5ZEB0jm79/ZnIZKZaFnMiHVgVr0iuF/3iDV/pWb8yhJNUbMRIznp4LomBSVyZhLZFpkBiiT3GxJWEAlZdocpmbqO4tll6F71nQM3180WjflIapwBMdwCg5cQgvuoA0dYBDAM7zBuzWxnqwX6/UnWrHKP4fwR9bHNyo+i0Q=</latexit><latexit sha1_base64="/MruP2qnpa5wd3zI5auBGlgPuiQ=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCroRim5cVrAXaEOZTE+aoZMLMxMhhD6CrkTd+UK+gG/jpGahrf/qm/P/A+c/XiK40rb9ZVVWVtfWN6qbta3tnd29+v5BV8WpZNhhsYhl36MKBY+wo7kW2E8k0tAT2POmt4Xfe0SpeBw96CxBN6STiPucUV2MxLVzPqo37KY9F1kGp4QGlGqP6p/DcczSECPNBFVq4NiJdnMqNWcCZ7VhqjChbEonODAY0RCVm893nZETP5ZEB0jm79/ZnIZKZaFnMiHVgVr0iuF/3iDV/pWb8yhJNUbMRIznp4LomBSVyZhLZFpkBiiT3GxJWEAlZdocpmbqO4tll6F71nQM3180WjflIapwBMdwCg5cQgvuoA0dYBDAM7zBuzWxnqwX6/UnWrHKP4fwR9bHNyo+i0Q=</latexit>

1<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

0.95
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

0.80
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

0.90
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

0.85
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

0.75
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

(MHz)
<latexit sha1_base64="DM01C5QRE/u7ri04UNb5m1aBQfI=">AAAB6nicbZDNTgIxFIXv4B/iH+rSTSMxwQ2ZMSa6JLphY4KJ/BiYkE65QEM7M2k7JjjhJXRl1J2P4wv4NhachYJn9fWe0+SeG8SCa+O6X05uZXVtfSO/Wdja3tndK+4fNHWUKIYNFolItQOqUfAQG4Ybge1YIZWBwFYwvp75rQdUmkfhnZnE6Es6DPmAM2rs6L6rJCnf1B5Pe8WSW3HnIsvgZVCCTPVe8bPbj1giMTRMUK07nhsbP6XKcCZwWugmGmPKxnSIHYshlaj9dL7wlJwMIkXMCMn8/TubUqn1RAY2I6kZ6UVvNvzP6yRmcOmnPIwTgyGzEesNEkFMRGa9SZ8rZEZMLFCmuN2SsBFVlBl7nYKt7y2WXYbmWcWzfHteql5lh8jDERxDGTy4gCrUoA4NYCDhGd7g3RHOk/PivP5Ec0725xD+yPn4Bm5ljSQ=</latexit><latexit sha1_base64="DM01C5QRE/u7ri04UNb5m1aBQfI=">AAAB6nicbZDNTgIxFIXv4B/iH+rSTSMxwQ2ZMSa6JLphY4KJ/BiYkE65QEM7M2k7JjjhJXRl1J2P4wv4NhachYJn9fWe0+SeG8SCa+O6X05uZXVtfSO/Wdja3tndK+4fNHWUKIYNFolItQOqUfAQG4Ybge1YIZWBwFYwvp75rQdUmkfhnZnE6Es6DPmAM2rs6L6rJCnf1B5Pe8WSW3HnIsvgZVCCTPVe8bPbj1giMTRMUK07nhsbP6XKcCZwWugmGmPKxnSIHYshlaj9dL7wlJwMIkXMCMn8/TubUqn1RAY2I6kZ6UVvNvzP6yRmcOmnPIwTgyGzEesNEkFMRGa9SZ8rZEZMLFCmuN2SsBFVlBl7nYKt7y2WXYbmWcWzfHteql5lh8jDERxDGTy4gCrUoA4NYCDhGd7g3RHOk/PivP5Ec0725xD+yPn4Bm5ljSQ=</latexit><latexit sha1_base64="DM01C5QRE/u7ri04UNb5m1aBQfI=">AAAB6nicbZDNTgIxFIXv4B/iH+rSTSMxwQ2ZMSa6JLphY4KJ/BiYkE65QEM7M2k7JjjhJXRl1J2P4wv4NhachYJn9fWe0+SeG8SCa+O6X05uZXVtfSO/Wdja3tndK+4fNHWUKIYNFolItQOqUfAQG4Ybge1YIZWBwFYwvp75rQdUmkfhnZnE6Es6DPmAM2rs6L6rJCnf1B5Pe8WSW3HnIsvgZVCCTPVe8bPbj1giMTRMUK07nhsbP6XKcCZwWugmGmPKxnSIHYshlaj9dL7wlJwMIkXMCMn8/TubUqn1RAY2I6kZ6UVvNvzP6yRmcOmnPIwTgyGzEesNEkFMRGa9SZ8rZEZMLFCmuN2SsBFVlBl7nYKt7y2WXYbmWcWzfHteql5lh8jDERxDGTy4gCrUoA4NYCDhGd7g3RHOk/PivP5Ec0725xD+yPn4Bm5ljSQ=</latexit><latexit sha1_base64="DM01C5QRE/u7ri04UNb5m1aBQfI=">AAAB6nicbZDNTgIxFIXv4B/iH+rSTSMxwQ2ZMSa6JLphY4KJ/BiYkE65QEM7M2k7JjjhJXRl1J2P4wv4NhachYJn9fWe0+SeG8SCa+O6X05uZXVtfSO/Wdja3tndK+4fNHWUKIYNFolItQOqUfAQG4Ybge1YIZWBwFYwvp75rQdUmkfhnZnE6Es6DPmAM2rs6L6rJCnf1B5Pe8WSW3HnIsvgZVCCTPVe8bPbj1giMTRMUK07nhsbP6XKcCZwWugmGmPKxnSIHYshlaj9dL7wlJwMIkXMCMn8/TubUqn1RAY2I6kZ6UVvNvzP6yRmcOmnPIwTgyGzEesNEkFMRGa9SZ8rZEZMLFCmuN2SsBFVlBl7nYKt7y2WXYbmWcWzfHteql5lh8jDERxDGTy4gCrUoA4NYCDhGd7g3RHOk/PivP5Ec0725xD+yPn4Bm5ljSQ=</latexit>

!M/(2⇡)
<latexit sha1_base64="n3VgHy40fBI1rYa6auso9kupfBo=">AAAB+HicbZDNSsNAFIUn9a/Wv6i4cjNYhLqpSRF0WXTjRqhgf6AJYTK9aQdnkjAzEWrou+hK1J3P4Qv4Nk5rFtp6Vt/ccwbuPWHKmdKO82WVlpZXVtfK65WNza3tHXt3r6OSTFJo04QnshcSBZzF0NZMc+ilEogIOXTD+6up330AqVgS3+lxCr4gw5hFjBJtRoF94CUChiTIPSnwzeS01vBSdhLYVafuzIQXwS2gigq1AvvTGyQ0ExBryolSfddJtZ8TqRnlMKl4mYKU0HsyhL7BmAhQfj5bf4KPo0RiPQI8e//O5kQoNRahyQiiR2remw7/8/qZji78nMVppiGmJmK8KONYJ3jaAh4wCVTzsQFCJTNbYjoiklBtuqqY8935Yxeh06i7hm/Pqs3LoogyOkRHqIZcdI6a6Bq1UBtRlKNn9IberUfryXqxXn+iJav4s4/+yPr4BrQ+kl0=</latexit><latexit sha1_base64="n3VgHy40fBI1rYa6auso9kupfBo=">AAAB+HicbZDNSsNAFIUn9a/Wv6i4cjNYhLqpSRF0WXTjRqhgf6AJYTK9aQdnkjAzEWrou+hK1J3P4Qv4Nk5rFtp6Vt/ccwbuPWHKmdKO82WVlpZXVtfK65WNza3tHXt3r6OSTFJo04QnshcSBZzF0NZMc+ilEogIOXTD+6up330AqVgS3+lxCr4gw5hFjBJtRoF94CUChiTIPSnwzeS01vBSdhLYVafuzIQXwS2gigq1AvvTGyQ0ExBryolSfddJtZ8TqRnlMKl4mYKU0HsyhL7BmAhQfj5bf4KPo0RiPQI8e//O5kQoNRahyQiiR2remw7/8/qZji78nMVppiGmJmK8KONYJ3jaAh4wCVTzsQFCJTNbYjoiklBtuqqY8935Yxeh06i7hm/Pqs3LoogyOkRHqIZcdI6a6Bq1UBtRlKNn9IberUfryXqxXn+iJav4s4/+yPr4BrQ+kl0=</latexit><latexit sha1_base64="n3VgHy40fBI1rYa6auso9kupfBo=">AAAB+HicbZDNSsNAFIUn9a/Wv6i4cjNYhLqpSRF0WXTjRqhgf6AJYTK9aQdnkjAzEWrou+hK1J3P4Qv4Nk5rFtp6Vt/ccwbuPWHKmdKO82WVlpZXVtfK65WNza3tHXt3r6OSTFJo04QnshcSBZzF0NZMc+ilEogIOXTD+6up330AqVgS3+lxCr4gw5hFjBJtRoF94CUChiTIPSnwzeS01vBSdhLYVafuzIQXwS2gigq1AvvTGyQ0ExBryolSfddJtZ8TqRnlMKl4mYKU0HsyhL7BmAhQfj5bf4KPo0RiPQI8e//O5kQoNRahyQiiR2remw7/8/qZji78nMVppiGmJmK8KONYJ3jaAh4wCVTzsQFCJTNbYjoiklBtuqqY8935Yxeh06i7hm/Pqs3LoogyOkRHqIZcdI6a6Bq1UBtRlKNn9IberUfryXqxXn+iJav4s4/+yPr4BrQ+kl0=</latexit><latexit sha1_base64="n3VgHy40fBI1rYa6auso9kupfBo=">AAAB+HicbZDNSsNAFIUn9a/Wv6i4cjNYhLqpSRF0WXTjRqhgf6AJYTK9aQdnkjAzEWrou+hK1J3P4Qv4Nk5rFtp6Vt/ccwbuPWHKmdKO82WVlpZXVtfK65WNza3tHXt3r6OSTFJo04QnshcSBZzF0NZMc+ilEogIOXTD+6up330AqVgS3+lxCr4gw5hFjBJtRoF94CUChiTIPSnwzeS01vBSdhLYVafuzIQXwS2gigq1AvvTGyQ0ExBryolSfddJtZ8TqRnlMKl4mYKU0HsyhL7BmAhQfj5bf4KPo0RiPQI8e//O5kQoNRahyQiiR2remw7/8/qZji78nMVppiGmJmK8KONYJ3jaAh4wCVTzsQFCJTNbYjoiklBtuqqY8935Yxeh06i7hm/Pqs3LoogyOkRHqIZcdI6a6Bq1UBtRlKNn9IberUfryXqxXn+iJav4s4/+yPr4BrQ+kl0=</latexit>

3.2746
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit> 3.2750

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit> 3.2754
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

3.2758
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

�106
3.2744 3.2746 3.2748 3.275 3.2752 3.2754 3.2756 3.2758

0.98

0.982

0.984

0.986

0.988

0.99

0.992

0.994

0.996

0.998

1

h�xi
<latexit sha1_base64="IHdyzHimMeq0xuiIxwnM8rXq+h8=">AAAB+XicbZDLSsNAFIYnXmu9RQU3bgaL4KokIuiy6MZlBXuBJoTJ9CQdOpOEmYlYYh9GV6LufA1fwLdxGrPQ1rP6zvn/A+f8YcaZ0o7zZS0tr6yurdc26ptb2zu79t5+V6W5pNChKU9lPyQKOEugo5nm0M8kEBFy6IXj65neuwepWJrc6UkGviBxwiJGiTajwD70OEliDp5isSDBgyfLNrAbTtMpCy+CW0EDVdUO7E9vmNJcQKIpJ0oNXCfTfkGkZpTDtO7lCjJCxySGgcGECFB+Ud4/xSdRKrEeAS77396CCKUmIjQeQfRIzWuz4X/aINfRpV+wJMs1JNRYjBblHOsUz2LAQyaBaj4xQKhk5kpMR0QSqk1YdfO+O//sInTPmq7h2/NG66oKooaO0DE6RS66QC10g9qogyh6RM/oDb1bhfVkvVivP9Ylq9o5QH/K+vgGUAKUBA==</latexit><latexit sha1_base64="IHdyzHimMeq0xuiIxwnM8rXq+h8=">AAAB+XicbZDLSsNAFIYnXmu9RQU3bgaL4KokIuiy6MZlBXuBJoTJ9CQdOpOEmYlYYh9GV6LufA1fwLdxGrPQ1rP6zvn/A+f8YcaZ0o7zZS0tr6yurdc26ptb2zu79t5+V6W5pNChKU9lPyQKOEugo5nm0M8kEBFy6IXj65neuwepWJrc6UkGviBxwiJGiTajwD70OEliDp5isSDBgyfLNrAbTtMpCy+CW0EDVdUO7E9vmNJcQKIpJ0oNXCfTfkGkZpTDtO7lCjJCxySGgcGECFB+Ud4/xSdRKrEeAS77396CCKUmIjQeQfRIzWuz4X/aINfRpV+wJMs1JNRYjBblHOsUz2LAQyaBaj4xQKhk5kpMR0QSqk1YdfO+O//sInTPmq7h2/NG66oKooaO0DE6RS66QC10g9qogyh6RM/oDb1bhfVkvVivP9Ylq9o5QH/K+vgGUAKUBA==</latexit><latexit sha1_base64="IHdyzHimMeq0xuiIxwnM8rXq+h8=">AAAB+XicbZDLSsNAFIYnXmu9RQU3bgaL4KokIuiy6MZlBXuBJoTJ9CQdOpOEmYlYYh9GV6LufA1fwLdxGrPQ1rP6zvn/A+f8YcaZ0o7zZS0tr6yurdc26ptb2zu79t5+V6W5pNChKU9lPyQKOEugo5nm0M8kEBFy6IXj65neuwepWJrc6UkGviBxwiJGiTajwD70OEliDp5isSDBgyfLNrAbTtMpCy+CW0EDVdUO7E9vmNJcQKIpJ0oNXCfTfkGkZpTDtO7lCjJCxySGgcGECFB+Ud4/xSdRKrEeAS77396CCKUmIjQeQfRIzWuz4X/aINfRpV+wJMs1JNRYjBblHOsUz2LAQyaBaj4xQKhk5kpMR0QSqk1YdfO+O//sInTPmq7h2/NG66oKooaO0DE6RS66QC10g9qogyh6RM/oDb1bhfVkvVivP9Ylq9o5QH/K+vgGUAKUBA==</latexit><latexit sha1_base64="IHdyzHimMeq0xuiIxwnM8rXq+h8=">AAAB+XicbZDLSsNAFIYnXmu9RQU3bgaL4KokIuiy6MZlBXuBJoTJ9CQdOpOEmYlYYh9GV6LufA1fwLdxGrPQ1rP6zvn/A+f8YcaZ0o7zZS0tr6yurdc26ptb2zu79t5+V6W5pNChKU9lPyQKOEugo5nm0M8kEBFy6IXj65neuwepWJrc6UkGviBxwiJGiTajwD70OEliDp5isSDBgyfLNrAbTtMpCy+CW0EDVdUO7E9vmNJcQKIpJ0oNXCfTfkGkZpTDtO7lCjJCxySGgcGECFB+Ud4/xSdRKrEeAS77396CCKUmIjQeQfRIzWuz4X/aINfRpV+wJMs1JNRYjBblHOsUz2LAQyaBaj4xQKhk5kpMR0QSqk1YdfO+O//sInTPmq7h2/NG66oKooaO0DE6RS66QC10g9qogyh6RM/oDb1bhfVkvVivP9Ylq9o5QH/K+vgGUAKUBA==</latexit>

l = 13
<latexit sha1_base64="/MruP2qnpa5wd3zI5auBGlgPuiQ=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCroRim5cVrAXaEOZTE+aoZMLMxMhhD6CrkTd+UK+gG/jpGahrf/qm/P/A+c/XiK40rb9ZVVWVtfWN6qbta3tnd29+v5BV8WpZNhhsYhl36MKBY+wo7kW2E8k0tAT2POmt4Xfe0SpeBw96CxBN6STiPucUV2MxLVzPqo37KY9F1kGp4QGlGqP6p/DcczSECPNBFVq4NiJdnMqNWcCZ7VhqjChbEonODAY0RCVm893nZETP5ZEB0jm79/ZnIZKZaFnMiHVgVr0iuF/3iDV/pWb8yhJNUbMRIznp4LomBSVyZhLZFpkBiiT3GxJWEAlZdocpmbqO4tll6F71nQM3180WjflIapwBMdwCg5cQgvuoA0dYBDAM7zBuzWxnqwX6/UnWrHKP4fwR9bHNyo+i0Q=</latexit><latexit sha1_base64="/MruP2qnpa5wd3zI5auBGlgPuiQ=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCroRim5cVrAXaEOZTE+aoZMLMxMhhD6CrkTd+UK+gG/jpGahrf/qm/P/A+c/XiK40rb9ZVVWVtfWN6qbta3tnd29+v5BV8WpZNhhsYhl36MKBY+wo7kW2E8k0tAT2POmt4Xfe0SpeBw96CxBN6STiPucUV2MxLVzPqo37KY9F1kGp4QGlGqP6p/DcczSECPNBFVq4NiJdnMqNWcCZ7VhqjChbEonODAY0RCVm893nZETP5ZEB0jm79/ZnIZKZaFnMiHVgVr0iuF/3iDV/pWb8yhJNUbMRIznp4LomBSVyZhLZFpkBiiT3GxJWEAlZdocpmbqO4tll6F71nQM3180WjflIapwBMdwCg5cQgvuoA0dYBDAM7zBuzWxnqwX6/UnWrHKP4fwR9bHNyo+i0Q=</latexit><latexit sha1_base64="/MruP2qnpa5wd3zI5auBGlgPuiQ=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCroRim5cVrAXaEOZTE+aoZMLMxMhhD6CrkTd+UK+gG/jpGahrf/qm/P/A+c/XiK40rb9ZVVWVtfWN6qbta3tnd29+v5BV8WpZNhhsYhl36MKBY+wo7kW2E8k0tAT2POmt4Xfe0SpeBw96CxBN6STiPucUV2MxLVzPqo37KY9F1kGp4QGlGqP6p/DcczSECPNBFVq4NiJdnMqNWcCZ7VhqjChbEonODAY0RCVm893nZETP5ZEB0jm79/ZnIZKZaFnMiHVgVr0iuF/3iDV/pWb8yhJNUbMRIznp4LomBSVyZhLZFpkBiiT3GxJWEAlZdocpmbqO4tll6F71nQM3180WjflIapwBMdwCg5cQgvuoA0dYBDAM7zBuzWxnqwX6/UnWrHKP4fwR9bHNyo+i0Q=</latexit><latexit sha1_base64="/MruP2qnpa5wd3zI5auBGlgPuiQ=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCroRim5cVrAXaEOZTE+aoZMLMxMhhD6CrkTd+UK+gG/jpGahrf/qm/P/A+c/XiK40rb9ZVVWVtfWN6qbta3tnd29+v5BV8WpZNhhsYhl36MKBY+wo7kW2E8k0tAT2POmt4Xfe0SpeBw96CxBN6STiPucUV2MxLVzPqo37KY9F1kGp4QGlGqP6p/DcczSECPNBFVq4NiJdnMqNWcCZ7VhqjChbEonODAY0RCVm893nZETP5ZEB0jm79/ZnIZKZaFnMiHVgVr0iuF/3iDV/pWb8yhJNUbMRIznp4LomBSVyZhLZFpkBiiT3GxJWEAlZdocpmbqO4tll6F71nQM3180WjflIapwBMdwCg5cQgvuoA0dYBDAM7zBuzWxnqwX6/UnWrHKP4fwR9bHNyo+i0Q=</latexit>

3.2746
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

3.2754
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

0.98
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

1<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

0.99
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

(MHz)
<latexit sha1_base64="DM01C5QRE/u7ri04UNb5m1aBQfI=">AAAB6nicbZDNTgIxFIXv4B/iH+rSTSMxwQ2ZMSa6JLphY4KJ/BiYkE65QEM7M2k7JjjhJXRl1J2P4wv4NhachYJn9fWe0+SeG8SCa+O6X05uZXVtfSO/Wdja3tndK+4fNHWUKIYNFolItQOqUfAQG4Ybge1YIZWBwFYwvp75rQdUmkfhnZnE6Es6DPmAM2rs6L6rJCnf1B5Pe8WSW3HnIsvgZVCCTPVe8bPbj1giMTRMUK07nhsbP6XKcCZwWugmGmPKxnSIHYshlaj9dL7wlJwMIkXMCMn8/TubUqn1RAY2I6kZ6UVvNvzP6yRmcOmnPIwTgyGzEesNEkFMRGa9SZ8rZEZMLFCmuN2SsBFVlBl7nYKt7y2WXYbmWcWzfHteql5lh8jDERxDGTy4gCrUoA4NYCDhGd7g3RHOk/PivP5Ec0725xD+yPn4Bm5ljSQ=</latexit><latexit sha1_base64="DM01C5QRE/u7ri04UNb5m1aBQfI=">AAAB6nicbZDNTgIxFIXv4B/iH+rSTSMxwQ2ZMSa6JLphY4KJ/BiYkE65QEM7M2k7JjjhJXRl1J2P4wv4NhachYJn9fWe0+SeG8SCa+O6X05uZXVtfSO/Wdja3tndK+4fNHWUKIYNFolItQOqUfAQG4Ybge1YIZWBwFYwvp75rQdUmkfhnZnE6Es6DPmAM2rs6L6rJCnf1B5Pe8WSW3HnIsvgZVCCTPVe8bPbj1giMTRMUK07nhsbP6XKcCZwWugmGmPKxnSIHYshlaj9dL7wlJwMIkXMCMn8/TubUqn1RAY2I6kZ6UVvNvzP6yRmcOmnPIwTgyGzEesNEkFMRGa9SZ8rZEZMLFCmuN2SsBFVlBl7nYKt7y2WXYbmWcWzfHteql5lh8jDERxDGTy4gCrUoA4NYCDhGd7g3RHOk/PivP5Ec0725xD+yPn4Bm5ljSQ=</latexit><latexit sha1_base64="DM01C5QRE/u7ri04UNb5m1aBQfI=">AAAB6nicbZDNTgIxFIXv4B/iH+rSTSMxwQ2ZMSa6JLphY4KJ/BiYkE65QEM7M2k7JjjhJXRl1J2P4wv4NhachYJn9fWe0+SeG8SCa+O6X05uZXVtfSO/Wdja3tndK+4fNHWUKIYNFolItQOqUfAQG4Ybge1YIZWBwFYwvp75rQdUmkfhnZnE6Es6DPmAM2rs6L6rJCnf1B5Pe8WSW3HnIsvgZVCCTPVe8bPbj1giMTRMUK07nhsbP6XKcCZwWugmGmPKxnSIHYshlaj9dL7wlJwMIkXMCMn8/TubUqn1RAY2I6kZ6UVvNvzP6yRmcOmnPIwTgyGzEesNEkFMRGa9SZ8rZEZMLFCmuN2SsBFVlBl7nYKt7y2WXYbmWcWzfHteql5lh8jDERxDGTy4gCrUoA4NYCDhGd7g3RHOk/PivP5Ec0725xD+yPn4Bm5ljSQ=</latexit><latexit sha1_base64="DM01C5QRE/u7ri04UNb5m1aBQfI=">AAAB6nicbZDNTgIxFIXv4B/iH+rSTSMxwQ2ZMSa6JLphY4KJ/BiYkE65QEM7M2k7JjjhJXRl1J2P4wv4NhachYJn9fWe0+SeG8SCa+O6X05uZXVtfSO/Wdja3tndK+4fNHWUKIYNFolItQOqUfAQG4Ybge1YIZWBwFYwvp75rQdUmkfhnZnE6Es6DPmAM2rs6L6rJCnf1B5Pe8WSW3HnIsvgZVCCTPVe8bPbj1giMTRMUK07nhsbP6XKcCZwWugmGmPKxnSIHYshlaj9dL7wlJwMIkXMCMn8/TubUqn1RAY2I6kZ6UVvNvzP6yRmcOmnPIwTgyGzEesNEkFMRGa9SZ8rZEZMLFCmuN2SsBFVlBl7nYKt7y2WXYbmWcWzfHteql5lh8jDERxDGTy4gCrUoA4NYCDhGd7g3RHOk/PivP5Ec0725xD+yPn4Bm5ljSQ=</latexit>
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l = 13
<latexit sha1_base64="/MruP2qnpa5wd3zI5auBGlgPuiQ=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCroRim5cVrAXaEOZTE+aoZMLMxMhhD6CrkTd+UK+gG/jpGahrf/qm/P/A+c/XiK40rb9ZVVWVtfWN6qbta3tnd29+v5BV8WpZNhhsYhl36MKBY+wo7kW2E8k0tAT2POmt4Xfe0SpeBw96CxBN6STiPucUV2MxLVzPqo37KY9F1kGp4QGlGqP6p/DcczSECPNBFVq4NiJdnMqNWcCZ7VhqjChbEonODAY0RCVm893nZETP5ZEB0jm79/ZnIZKZaFnMiHVgVr0iuF/3iDV/pWb8yhJNUbMRIznp4LomBSVyZhLZFpkBiiT3GxJWEAlZdocpmbqO4tll6F71nQM3180WjflIapwBMdwCg5cQgvuoA0dYBDAM7zBuzWxnqwX6/UnWrHKP4fwR9bHNyo+i0Q=</latexit><latexit sha1_base64="/MruP2qnpa5wd3zI5auBGlgPuiQ=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCroRim5cVrAXaEOZTE+aoZMLMxMhhD6CrkTd+UK+gG/jpGahrf/qm/P/A+c/XiK40rb9ZVVWVtfWN6qbta3tnd29+v5BV8WpZNhhsYhl36MKBY+wo7kW2E8k0tAT2POmt4Xfe0SpeBw96CxBN6STiPucUV2MxLVzPqo37KY9F1kGp4QGlGqP6p/DcczSECPNBFVq4NiJdnMqNWcCZ7VhqjChbEonODAY0RCVm893nZETP5ZEB0jm79/ZnIZKZaFnMiHVgVr0iuF/3iDV/pWb8yhJNUbMRIznp4LomBSVyZhLZFpkBiiT3GxJWEAlZdocpmbqO4tll6F71nQM3180WjflIapwBMdwCg5cQgvuoA0dYBDAM7zBuzWxnqwX6/UnWrHKP4fwR9bHNyo+i0Q=</latexit><latexit sha1_base64="/MruP2qnpa5wd3zI5auBGlgPuiQ=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCroRim5cVrAXaEOZTE+aoZMLMxMhhD6CrkTd+UK+gG/jpGahrf/qm/P/A+c/XiK40rb9ZVVWVtfWN6qbta3tnd29+v5BV8WpZNhhsYhl36MKBY+wo7kW2E8k0tAT2POmt4Xfe0SpeBw96CxBN6STiPucUV2MxLVzPqo37KY9F1kGp4QGlGqP6p/DcczSECPNBFVq4NiJdnMqNWcCZ7VhqjChbEonODAY0RCVm893nZETP5ZEB0jm79/ZnIZKZaFnMiHVgVr0iuF/3iDV/pWb8yhJNUbMRIznp4LomBSVyZhLZFpkBiiT3GxJWEAlZdocpmbqO4tll6F71nQM3180WjflIapwBMdwCg5cQgvuoA0dYBDAM7zBuzWxnqwX6/UnWrHKP4fwR9bHNyo+i0Q=</latexit><latexit sha1_base64="/MruP2qnpa5wd3zI5auBGlgPuiQ=">AAAB5XicbZDLSsNAFIZP6q3WW9Wlm8EiuCqJCroRim5cVrAXaEOZTE+aoZMLMxMhhD6CrkTd+UK+gG/jpGahrf/qm/P/A+c/XiK40rb9ZVVWVtfWN6qbta3tnd29+v5BV8WpZNhhsYhl36MKBY+wo7kW2E8k0tAT2POmt4Xfe0SpeBw96CxBN6STiPucUV2MxLVzPqo37KY9F1kGp4QGlGqP6p/DcczSECPNBFVq4NiJdnMqNWcCZ7VhqjChbEonODAY0RCVm893nZETP5ZEB0jm79/ZnIZKZaFnMiHVgVr0iuF/3iDV/pWb8yhJNUbMRIznp4LomBSVyZhLZFpkBiiT3GxJWEAlZdocpmbqO4tll6F71nQM3180WjflIapwBMdwCg5cQgvuoA0dYBDAM7zBuzWxnqwX6/UnWrHKP4fwR9bHNyo+i0Q=</latexit>

0
<latexit sha1_base64="Ff3F2BD2T9HC3mOYsPGdMkgQiiw=">AAAB4nicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXkAiSwIT0NDXQoeeR7hoTMuEHdGXUnZ/kD/g3NjgLBe/qdN3bSd0KUiUNue6XU1pb39jcKm9Xdnb39g+qh0cdk2RaYFskKtHdgBtUMsY2SVLYTTXyKFD4EExu5/7DI2ojk/iepin6ER/FMpSCkx213EG15tbdhdgqeAXUoFBzUP3sDxORRRiTUNyYnuem5OdckxQKZ5V+ZjDlYsJH2LMY8wiNny8WnbGzMNGMxsgW79/ZnEfGTKPAZiJOY7PszYf/eb2Mwms/l3GaEcbCRqwXZopRwuZ92VBqFKSmFrjQ0m7JxJhrLshepWLre8tlV6FzUfcsty5rjZviEGU4gVM4Bw+uoAF30IQ2CEB4hjd4d4bOk/PivP5ES07x5xj+yPn4Bm/Likk=</latexit><latexit sha1_base64="Ff3F2BD2T9HC3mOYsPGdMkgQiiw=">AAAB4nicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXkAiSwIT0NDXQoeeR7hoTMuEHdGXUnZ/kD/g3NjgLBe/qdN3bSd0KUiUNue6XU1pb39jcKm9Xdnb39g+qh0cdk2RaYFskKtHdgBtUMsY2SVLYTTXyKFD4EExu5/7DI2ojk/iepin6ER/FMpSCkx213EG15tbdhdgqeAXUoFBzUP3sDxORRRiTUNyYnuem5OdckxQKZ5V+ZjDlYsJH2LMY8wiNny8WnbGzMNGMxsgW79/ZnEfGTKPAZiJOY7PszYf/eb2Mwms/l3GaEcbCRqwXZopRwuZ92VBqFKSmFrjQ0m7JxJhrLshepWLre8tlV6FzUfcsty5rjZviEGU4gVM4Bw+uoAF30IQ2CEB4hjd4d4bOk/PivP5ES07x5xj+yPn4Bm/Likk=</latexit><latexit sha1_base64="Ff3F2BD2T9HC3mOYsPGdMkgQiiw=">AAAB4nicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXkAiSwIT0NDXQoeeR7hoTMuEHdGXUnZ/kD/g3NjgLBe/qdN3bSd0KUiUNue6XU1pb39jcKm9Xdnb39g+qh0cdk2RaYFskKtHdgBtUMsY2SVLYTTXyKFD4EExu5/7DI2ojk/iepin6ER/FMpSCkx213EG15tbdhdgqeAXUoFBzUP3sDxORRRiTUNyYnuem5OdckxQKZ5V+ZjDlYsJH2LMY8wiNny8WnbGzMNGMxsgW79/ZnEfGTKPAZiJOY7PszYf/eb2Mwms/l3GaEcbCRqwXZopRwuZ92VBqFKSmFrjQ0m7JxJhrLshepWLre8tlV6FzUfcsty5rjZviEGU4gVM4Bw+uoAF30IQ2CEB4hjd4d4bOk/PivP5ES07x5xj+yPn4Bm/Likk=</latexit><latexit sha1_base64="Ff3F2BD2T9HC3mOYsPGdMkgQiiw=">AAAB4nicbZDLTgJBEEVr8IX4Ql266UhMXJEZY6JLohuXkAiSwIT0NDXQoeeR7hoTMuEHdGXUnZ/kD/g3NjgLBe/qdN3bSd0KUiUNue6XU1pb39jcKm9Xdnb39g+qh0cdk2RaYFskKtHdgBtUMsY2SVLYTTXyKFD4EExu5/7DI2ojk/iepin6ER/FMpSCkx213EG15tbdhdgqeAXUoFBzUP3sDxORRRiTUNyYnuem5OdckxQKZ5V+ZjDlYsJH2LMY8wiNny8WnbGzMNGMxsgW79/ZnEfGTKPAZiJOY7PszYf/eb2Mwms/l3GaEcbCRqwXZopRwuZ92VBqFKSmFrjQ0m7JxJhrLshepWLre8tlV6FzUfcsty5rjZviEGU4gVM4Bw+uoAF30IQ2CEB4hjd4d4bOk/PivP5ES07x5xj+yPn4Bm/Likk=</latexit>

fm
13

<latexit sha1_base64="mOmlGH+X8rc27aOWkYeoISBWOhY=">AAAB73icbZDNTgIxFIXv4B/iH+rSTSMxcUVm1ESXRDcuMZGfBAbSKXegoZ0Z244JmfAcujLqznfxBXwbC85CwbP6es9pcs8NEsG1cd0vp7Cyura+UdwsbW3v7O6V9w+aOk4VwwaLRazaAdUoeIQNw43AdqKQykBgKxjfzPzWIyrN4+jeTBL0JR1GPOSMGjvqhf3MO5/2sq6SRE775Ypbdeciy+DlUIFc9X75szuIWSoxMkxQrTuemxg/o8pwJnBa6qYaE8rGdIgdixGVqP1svvWUnISxImaEZP7+nc2o1HoiA5uR1Iz0ojcb/ud1UhNe+RmPktRgxGzEemEqiInJrDwZcIXMiIkFyhS3WxI2oooyY09UsvW9xbLL0DyrepbvLiq16/wQRTiCYzgFDy6hBrdQhwYwUPAMb/DuPDhPzovz+hMtOPmfQ/gj5+Mb/hqP2g==</latexit><latexit sha1_base64="mOmlGH+X8rc27aOWkYeoISBWOhY=">AAAB73icbZDNTgIxFIXv4B/iH+rSTSMxcUVm1ESXRDcuMZGfBAbSKXegoZ0Z244JmfAcujLqznfxBXwbC85CwbP6es9pcs8NEsG1cd0vp7Cyura+UdwsbW3v7O6V9w+aOk4VwwaLRazaAdUoeIQNw43AdqKQykBgKxjfzPzWIyrN4+jeTBL0JR1GPOSMGjvqhf3MO5/2sq6SRE775Ypbdeciy+DlUIFc9X75szuIWSoxMkxQrTuemxg/o8pwJnBa6qYaE8rGdIgdixGVqP1svvWUnISxImaEZP7+nc2o1HoiA5uR1Iz0ojcb/ud1UhNe+RmPktRgxGzEemEqiInJrDwZcIXMiIkFyhS3WxI2oooyY09UsvW9xbLL0DyrepbvLiq16/wQRTiCYzgFDy6hBrdQhwYwUPAMb/DuPDhPzovz+hMtOPmfQ/gj5+Mb/hqP2g==</latexit><latexit sha1_base64="mOmlGH+X8rc27aOWkYeoISBWOhY=">AAAB73icbZDNTgIxFIXv4B/iH+rSTSMxcUVm1ESXRDcuMZGfBAbSKXegoZ0Z244JmfAcujLqznfxBXwbC85CwbP6es9pcs8NEsG1cd0vp7Cyura+UdwsbW3v7O6V9w+aOk4VwwaLRazaAdUoeIQNw43AdqKQykBgKxjfzPzWIyrN4+jeTBL0JR1GPOSMGjvqhf3MO5/2sq6SRE775Ypbdeciy+DlUIFc9X75szuIWSoxMkxQrTuemxg/o8pwJnBa6qYaE8rGdIgdixGVqP1svvWUnISxImaEZP7+nc2o1HoiA5uR1Iz0ojcb/ud1UhNe+RmPktRgxGzEemEqiInJrDwZcIXMiIkFyhS3WxI2oooyY09UsvW9xbLL0DyrepbvLiq16/wQRTiCYzgFDy6hBrdQhwYwUPAMb/DuPDhPzovz+hMtOPmfQ/gj5+Mb/hqP2g==</latexit><latexit sha1_base64="mOmlGH+X8rc27aOWkYeoISBWOhY=">AAAB73icbZDNTgIxFIXv4B/iH+rSTSMxcUVm1ESXRDcuMZGfBAbSKXegoZ0Z244JmfAcujLqznfxBXwbC85CwbP6es9pcs8NEsG1cd0vp7Cyura+UdwsbW3v7O6V9w+aOk4VwwaLRazaAdUoeIQNw43AdqKQykBgKxjfzPzWIyrN4+jeTBL0JR1GPOSMGjvqhf3MO5/2sq6SRE775Ypbdeciy+DlUIFc9X75szuIWSoxMkxQrTuemxg/o8pwJnBa6qYaE8rGdIgdixGVqP1svvWUnISxImaEZP7+nc2o1HoiA5uR1Iz0ojcb/ud1UhNe+RmPktRgxGzEemEqiInJrDwZcIXMiIkFyhS3WxI2oooyY09UsvW9xbLL0DyrepbvLiq16/wQRTiCYzgFDy6hBrdQhwYwUPAMb/DuPDhPzovz+hMtOPmfQ/gj5+Mb/hqP2g==</latexit>

f th
13

<latexit sha1_base64="XzkZ+bvocTEgH3ddq4kYCxDSzJA=">AAAB8nicbZDLTsMwEEUnPEt5NMCSTUSFxKpKAAmWFWxYFok+pDZEjjtprdpJZDtIVZQfgRUCdnwKP8Df4JYsoGVWx3OvNXMnTDlT2nW/rJXVtfWNzcpWdXtnd69m7x90VJJJim2a8ET2QqKQsxjbmmmOvVQiESHHbji5mendR5SKJfG9nqboCzKKWcQo0aYV2LUoyL3z4iEfSOHocRHYdbfhzstZBq+EOpTVCuzPwTChmcBYU06U6ntuqv2cSM0ox6I6yBSmhE7ICPsGYyJQ+fl88cI5iRJppqIzf//25kQoNRWh8Qiix2pRmzX/0/qZjq78nMVppjGmxmK0KOOOTpxZfmfIJFLNpwYIlcxs6dAxkYRqc6Wqie8thl2GzlnDM3x3UW9el4eowBEcwyl4cAlNuIUWtIFCBs/wBu+Wtp6sF+v1x7pilX8O4U9ZH99FBZCE</latexit><latexit sha1_base64="XzkZ+bvocTEgH3ddq4kYCxDSzJA=">AAAB8nicbZDLTsMwEEUnPEt5NMCSTUSFxKpKAAmWFWxYFok+pDZEjjtprdpJZDtIVZQfgRUCdnwKP8Df4JYsoGVWx3OvNXMnTDlT2nW/rJXVtfWNzcpWdXtnd69m7x90VJJJim2a8ET2QqKQsxjbmmmOvVQiESHHbji5mendR5SKJfG9nqboCzKKWcQo0aYV2LUoyL3z4iEfSOHocRHYdbfhzstZBq+EOpTVCuzPwTChmcBYU06U6ntuqv2cSM0ox6I6yBSmhE7ICPsGYyJQ+fl88cI5iRJppqIzf//25kQoNRWh8Qiix2pRmzX/0/qZjq78nMVppjGmxmK0KOOOTpxZfmfIJFLNpwYIlcxs6dAxkYRqc6Wqie8thl2GzlnDM3x3UW9el4eowBEcwyl4cAlNuIUWtIFCBs/wBu+Wtp6sF+v1x7pilX8O4U9ZH99FBZCE</latexit><latexit sha1_base64="XzkZ+bvocTEgH3ddq4kYCxDSzJA=">AAAB8nicbZDLTsMwEEUnPEt5NMCSTUSFxKpKAAmWFWxYFok+pDZEjjtprdpJZDtIVZQfgRUCdnwKP8Df4JYsoGVWx3OvNXMnTDlT2nW/rJXVtfWNzcpWdXtnd69m7x90VJJJim2a8ET2QqKQsxjbmmmOvVQiESHHbji5mendR5SKJfG9nqboCzKKWcQo0aYV2LUoyL3z4iEfSOHocRHYdbfhzstZBq+EOpTVCuzPwTChmcBYU06U6ntuqv2cSM0ox6I6yBSmhE7ICPsGYyJQ+fl88cI5iRJppqIzf//25kQoNRWh8Qiix2pRmzX/0/qZjq78nMVppjGmxmK0KOOOTpxZfmfIJFLNpwYIlcxs6dAxkYRqc6Wqie8thl2GzlnDM3x3UW9el4eowBEcwyl4cAlNuIUWtIFCBs/wBu+Wtp6sF+v1x7pilX8O4U9ZH99FBZCE</latexit><latexit sha1_base64="XzkZ+bvocTEgH3ddq4kYCxDSzJA=">AAAB8nicbZDLTsMwEEUnPEt5NMCSTUSFxKpKAAmWFWxYFok+pDZEjjtprdpJZDtIVZQfgRUCdnwKP8Df4JYsoGVWx3OvNXMnTDlT2nW/rJXVtfWNzcpWdXtnd69m7x90VJJJim2a8ET2QqKQsxjbmmmOvVQiESHHbji5mendR5SKJfG9nqboCzKKWcQo0aYV2LUoyL3z4iEfSOHocRHYdbfhzstZBq+EOpTVCuzPwTChmcBYU06U6ntuqv2cSM0ox6I6yBSmhE7ICPsGYyJQ+fl88cI5iRJppqIzf//25kQoNRWh8Qiix2pRmzX/0/qZjq78nMVppjGmxmK0KOOOTpxZfmfIJFLNpwYIlcxs6dAxkYRqc6Wqie8thl2GzlnDM3x3UW9el4eowBEcwyl4cAlNuIUWtIFCBs/wBu+Wtp6sF+v1x7pilX8O4U9ZH99FBZCE</latexit>

t⇡/(T/l)
<latexit sha1_base64="twyxRL2L5gnNxMzRDeCUMritvQM=">AAAB7nicbZDNTgIxFIU7+If4h7p000hMcAMzxkSXRDcuMeEvgQnplAs0dGZqe8eETHgNXRl158P4Ar6NBWeh4Fl9vec0uecGSgqDrvvl5NbWNza38tuFnd29/YPi4VHLxInm0OSxjHUnYAakiKCJAiV0lAYWBhLaweR27rcfQRsRRw2cKvBDNorEUHCGduRjP+0pMauWG1V53i+W3Iq7EF0FL4MSyVTvFz97g5gnIUTIJTOm67kK/ZRpFFzCrNBLDCjGJ2wEXYsRC8H46WLpGT0bxpriGOji/TubstCYaRjYTMhwbJa9+fA/r5vg8NpPRaQShIjbiPWGiaQY03l3OhAaOMqpBca1sFtSPmaacbQXKtj63nLZVWhdVDzL95el2k12iDw5IaekTDxyRWrkjtRJk3DyQJ7JG3l3lPPkvDivP9Gck/05Jn/kfHwDn16PAA==</latexit><latexit sha1_base64="twyxRL2L5gnNxMzRDeCUMritvQM=">AAAB7nicbZDNTgIxFIU7+If4h7p000hMcAMzxkSXRDcuMeEvgQnplAs0dGZqe8eETHgNXRl158P4Ar6NBWeh4Fl9vec0uecGSgqDrvvl5NbWNza38tuFnd29/YPi4VHLxInm0OSxjHUnYAakiKCJAiV0lAYWBhLaweR27rcfQRsRRw2cKvBDNorEUHCGduRjP+0pMauWG1V53i+W3Iq7EF0FL4MSyVTvFz97g5gnIUTIJTOm67kK/ZRpFFzCrNBLDCjGJ2wEXYsRC8H46WLpGT0bxpriGOji/TubstCYaRjYTMhwbJa9+fA/r5vg8NpPRaQShIjbiPWGiaQY03l3OhAaOMqpBca1sFtSPmaacbQXKtj63nLZVWhdVDzL95el2k12iDw5IaekTDxyRWrkjtRJk3DyQJ7JG3l3lPPkvDivP9Gck/05Jn/kfHwDn16PAA==</latexit><latexit sha1_base64="twyxRL2L5gnNxMzRDeCUMritvQM=">AAAB7nicbZDNTgIxFIU7+If4h7p000hMcAMzxkSXRDcuMeEvgQnplAs0dGZqe8eETHgNXRl158P4Ar6NBWeh4Fl9vec0uecGSgqDrvvl5NbWNza38tuFnd29/YPi4VHLxInm0OSxjHUnYAakiKCJAiV0lAYWBhLaweR27rcfQRsRRw2cKvBDNorEUHCGduRjP+0pMauWG1V53i+W3Iq7EF0FL4MSyVTvFz97g5gnIUTIJTOm67kK/ZRpFFzCrNBLDCjGJ2wEXYsRC8H46WLpGT0bxpriGOji/TubstCYaRjYTMhwbJa9+fA/r5vg8NpPRaQShIjbiPWGiaQY03l3OhAaOMqpBca1sFtSPmaacbQXKtj63nLZVWhdVDzL95el2k12iDw5IaekTDxyRWrkjtRJk3DyQJ7JG3l3lPPkvDivP9Gck/05Jn/kfHwDn16PAA==</latexit><latexit sha1_base64="twyxRL2L5gnNxMzRDeCUMritvQM=">AAAB7nicbZDNTgIxFIU7+If4h7p000hMcAMzxkSXRDcuMeEvgQnplAs0dGZqe8eETHgNXRl158P4Ar6NBWeh4Fl9vec0uecGSgqDrvvl5NbWNza38tuFnd29/YPi4VHLxInm0OSxjHUnYAakiKCJAiV0lAYWBhLaweR27rcfQRsRRw2cKvBDNorEUHCGduRjP+0pMauWG1V53i+W3Iq7EF0FL4MSyVTvFz97g5gnIUTIJTOm67kK/ZRpFFzCrNBLDCjGJ2wEXYsRC8H46WLpGT0bxpriGOji/TubstCYaRjYTMhwbJa9+fA/r5vg8NpPRaQShIjbiPWGiaQY03l3OhAaOMqpBca1sFtSPmaacbQXKtj63nLZVWhdVDzL95el2k12iDw5IaekTDxyRWrkjtRJk3DyQJ7JG3l3lPPkvDivP9Gck/05Jn/kfHwDn16PAA==</latexit>

1<latexit sha1_base64="BeUhpJENBQgpYvLZNXKn41U1fjM=">AAAB43icbZDLSgNBEEVr4ivGV9Slm8YguAozIugy6MZlFPOAZAg9nZqkSc+D7hohDPkCXYm684/8Af/GTpyFRu/qdN3bULeCVElDrvvplFZW19Y3ypuVre2d3b3q/kHbJJkW2BKJSnQ34AaVjLFFkhR2U408ChR2gsn13O88oDYyie9pmqIf8VEsQyk42dGdxwbVmlt3F2J/wSugBoWag+pHf5iILMKYhOLG9Dw3JT/nmqRQOKv0M4MpFxM+wp7FmEdo/Hyx6YydhIlmNEa2eP/M5jwyZhoFNhNxGptlbz78z+tlFF76uYzTjDAWNmK9MFOMEjYvzIZSoyA1tcCFlnZLJsZcc0H2LBVb31su+xfaZ3XP8u15rXFVHKIMR3AMp+DBBTTgBprQAgEhPMErvDnoPDrPzst3tOQUfw7hl5z3L8YYinQ=</latexit><latexit sha1_base64="BeUhpJENBQgpYvLZNXKn41U1fjM=">AAAB43icbZDLSgNBEEVr4ivGV9Slm8YguAozIugy6MZlFPOAZAg9nZqkSc+D7hohDPkCXYm684/8Af/GTpyFRu/qdN3bULeCVElDrvvplFZW19Y3ypuVre2d3b3q/kHbJJkW2BKJSnQ34AaVjLFFkhR2U408ChR2gsn13O88oDYyie9pmqIf8VEsQyk42dGdxwbVmlt3F2J/wSugBoWag+pHf5iILMKYhOLG9Dw3JT/nmqRQOKv0M4MpFxM+wp7FmEdo/Hyx6YydhIlmNEa2eP/M5jwyZhoFNhNxGptlbz78z+tlFF76uYzTjDAWNmK9MFOMEjYvzIZSoyA1tcCFlnZLJsZcc0H2LBVb31su+xfaZ3XP8u15rXFVHKIMR3AMp+DBBTTgBprQAgEhPMErvDnoPDrPzst3tOQUfw7hl5z3L8YYinQ=</latexit><latexit sha1_base64="BeUhpJENBQgpYvLZNXKn41U1fjM=">AAAB43icbZDLSgNBEEVr4ivGV9Slm8YguAozIugy6MZlFPOAZAg9nZqkSc+D7hohDPkCXYm684/8Af/GTpyFRu/qdN3bULeCVElDrvvplFZW19Y3ypuVre2d3b3q/kHbJJkW2BKJSnQ34AaVjLFFkhR2U408ChR2gsn13O88oDYyie9pmqIf8VEsQyk42dGdxwbVmlt3F2J/wSugBoWag+pHf5iILMKYhOLG9Dw3JT/nmqRQOKv0M4MpFxM+wp7FmEdo/Hyx6YydhIlmNEa2eP/M5jwyZhoFNhNxGptlbz78z+tlFF76uYzTjDAWNmK9MFOMEjYvzIZSoyA1tcCFlnZLJsZcc0H2LBVb31su+xfaZ3XP8u15rXFVHKIMR3AMp+DBBTTgBprQAgEhPMErvDnoPDrPzst3tOQUfw7hl5z3L8YYinQ=</latexit><latexit sha1_base64="BeUhpJENBQgpYvLZNXKn41U1fjM=">AAAB43icbZDLSgNBEEVr4ivGV9Slm8YguAozIugy6MZlFPOAZAg9nZqkSc+D7hohDPkCXYm684/8Af/GTpyFRu/qdN3bULeCVElDrvvplFZW19Y3ypuVre2d3b3q/kHbJJkW2BKJSnQ34AaVjLFFkhR2U408ChR2gsn13O88oDYyie9pmqIf8VEsQyk42dGdxwbVmlt3F2J/wSugBoWag+pHf5iILMKYhOLG9Dw3JT/nmqRQOKv0M4MpFxM+wp7FmEdo/Hyx6YydhIlmNEa2eP/M5jwyZhoFNhNxGptlbz78z+tlFF76uYzTjDAWNmK9MFOMEjYvzIZSoyA1tcCFlnZLJsZcc0H2LBVb31su+xfaZ3XP8u15rXFVHKIMR3AMp+DBBTTgBprQAgEhPMErvDnoPDrPzst3tOQUfw7hl5z3L8YYinQ=</latexit> 2<latexit sha1_base64="ctOMDuvBYfmFacgqQD0Iklr5FgI=">AAAB4nicbZDLTgJBEEVr8IX4Ql266UhMXJEZYqJLohuXkMgjgQnpaWqgQ88j3TUmhPADujLqzk/yB/wbG5yFgnd1uu7tpG4FqZKGXPfLKWxsbm3vFHdLe/sHh0fl45O2STItsCUSlehuwA0qGWOLJCnsphp5FCjsBJO7hd95RG1kEj/QNEU/4qNYhlJwsqNmbVCuuFV3KbYOXg4VyNUYlD/7w0RkEcYkFDem57kp+TOuSQqF81I/M5hyMeEj7FmMeYTGny0XnbOLMNGMxsiW79/ZGY+MmUaBzUScxmbVWwz/83oZhTf+TMZpRhgLG7FemClGCVv0ZUOpUZCaWuBCS7slE2OuuSB7lZKt762WXYd2repZbl5V6rf5IYpwBudwCR5cQx3uoQEtEIDwDG/w7gydJ+fFef2JFpz8zyn8kfPxDXLHiks=</latexit><latexit sha1_base64="ctOMDuvBYfmFacgqQD0Iklr5FgI=">AAAB4nicbZDLTgJBEEVr8IX4Ql266UhMXJEZYqJLohuXkMgjgQnpaWqgQ88j3TUmhPADujLqzk/yB/wbG5yFgnd1uu7tpG4FqZKGXPfLKWxsbm3vFHdLe/sHh0fl45O2STItsCUSlehuwA0qGWOLJCnsphp5FCjsBJO7hd95RG1kEj/QNEU/4qNYhlJwsqNmbVCuuFV3KbYOXg4VyNUYlD/7w0RkEcYkFDem57kp+TOuSQqF81I/M5hyMeEj7FmMeYTGny0XnbOLMNGMxsiW79/ZGY+MmUaBzUScxmbVWwz/83oZhTf+TMZpRhgLG7FemClGCVv0ZUOpUZCaWuBCS7slE2OuuSB7lZKt762WXYd2repZbl5V6rf5IYpwBudwCR5cQx3uoQEtEIDwDG/w7gydJ+fFef2JFpz8zyn8kfPxDXLHiks=</latexit><latexit sha1_base64="ctOMDuvBYfmFacgqQD0Iklr5FgI=">AAAB4nicbZDLTgJBEEVr8IX4Ql266UhMXJEZYqJLohuXkMgjgQnpaWqgQ88j3TUmhPADujLqzk/yB/wbG5yFgnd1uu7tpG4FqZKGXPfLKWxsbm3vFHdLe/sHh0fl45O2STItsCUSlehuwA0qGWOLJCnsphp5FCjsBJO7hd95RG1kEj/QNEU/4qNYhlJwsqNmbVCuuFV3KbYOXg4VyNUYlD/7w0RkEcYkFDem57kp+TOuSQqF81I/M5hyMeEj7FmMeYTGny0XnbOLMNGMxsiW79/ZGY+MmUaBzUScxmbVWwz/83oZhTf+TMZpRhgLG7FemClGCVv0ZUOpUZCaWuBCS7slE2OuuSB7lZKt762WXYd2repZbl5V6rf5IYpwBudwCR5cQx3uoQEtEIDwDG/w7gydJ+fFef2JFpz8zyn8kfPxDXLHiks=</latexit><latexit sha1_base64="ctOMDuvBYfmFacgqQD0Iklr5FgI=">AAAB4nicbZDLTgJBEEVr8IX4Ql266UhMXJEZYqJLohuXkMgjgQnpaWqgQ88j3TUmhPADujLqzk/yB/wbG5yFgnd1uu7tpG4FqZKGXPfLKWxsbm3vFHdLe/sHh0fl45O2STItsCUSlehuwA0qGWOLJCnsphp5FCjsBJO7hd95RG1kEj/QNEU/4qNYhlJwsqNmbVCuuFV3KbYOXg4VyNUYlD/7w0RkEcYkFDem57kp+TOuSQqF81I/M5hyMeEj7FmMeYTGny0XnbOLMNGMxsiW79/ZGY+MmUaBzUScxmbVWwz/83oZhTf+TMZpRhgLG7FemClGCVv0ZUOpUZCaWuBCS7slE2OuuSB7lZKt762WXYd2repZbl5V6rf5IYpwBudwCR5cQx3uoQEtEIDwDG/w7gydJ+fFef2JFpz8zyn8kfPxDXLHiks=</latexit>

3
<latexit sha1_base64="jvtqIQ/D711GMv318BaQJjLK3c0=">AAAB4nicbZDLTgJBEEVr8IX4Ql266UhMXJEZNdEl0Y1LSOSRwIT0NDXQoeeR7hoTQvgBXRl15yf5A/6NDc5Cwbs6Xfd2UreCVElDrvvlFNbWNza3itulnd29/YPy4VHLJJkW2BSJSnQn4AaVjLFJkhR2Uo08ChS2g/Hd3G8/ojYyiR9okqIf8WEsQyk42VHjsl+uuFV3IbYKXg4VyFXvlz97g0RkEcYkFDem67kp+VOuSQqFs1IvM5hyMeZD7FqMeYTGny4WnbGzMNGMRsgW79/ZKY+MmUSBzUScRmbZmw//87oZhTf+VMZpRhgLG7FemClGCZv3ZQOpUZCaWOBCS7slEyOuuSB7lZKt7y2XXYXWRdWz3Liq1G7zQxThBE7hHDy4hhrcQx2aIADhGd7g3Rk4T86L8/oTLTj5n2P4I+fjG3RFikw=</latexit><latexit sha1_base64="jvtqIQ/D711GMv318BaQJjLK3c0=">AAAB4nicbZDLTgJBEEVr8IX4Ql266UhMXJEZNdEl0Y1LSOSRwIT0NDXQoeeR7hoTQvgBXRl15yf5A/6NDc5Cwbs6Xfd2UreCVElDrvvlFNbWNza3itulnd29/YPy4VHLJJkW2BSJSnQn4AaVjLFJkhR2Uo08ChS2g/Hd3G8/ojYyiR9okqIf8WEsQyk42VHjsl+uuFV3IbYKXg4VyFXvlz97g0RkEcYkFDem67kp+VOuSQqFs1IvM5hyMeZD7FqMeYTGny4WnbGzMNGMRsgW79/ZKY+MmUSBzUScRmbZmw//87oZhTf+VMZpRhgLG7FemClGCZv3ZQOpUZCaWOBCS7slEyOuuSB7lZKt7y2XXYXWRdWz3Liq1G7zQxThBE7hHDy4hhrcQx2aIADhGd7g3Rk4T86L8/oTLTj5n2P4I+fjG3RFikw=</latexit><latexit sha1_base64="jvtqIQ/D711GMv318BaQJjLK3c0=">AAAB4nicbZDLTgJBEEVr8IX4Ql266UhMXJEZNdEl0Y1LSOSRwIT0NDXQoeeR7hoTQvgBXRl15yf5A/6NDc5Cwbs6Xfd2UreCVElDrvvlFNbWNza3itulnd29/YPy4VHLJJkW2BSJSnQn4AaVjLFJkhR2Uo08ChS2g/Hd3G8/ojYyiR9okqIf8WEsQyk42VHjsl+uuFV3IbYKXg4VyFXvlz97g0RkEcYkFDem67kp+VOuSQqFs1IvM5hyMeZD7FqMeYTGny4WnbGzMNGMRsgW79/ZKY+MmUSBzUScRmbZmw//87oZhTf+VMZpRhgLG7FemClGCZv3ZQOpUZCaWOBCS7slEyOuuSB7lZKt7y2XXYXWRdWz3Liq1G7zQxThBE7hHDy4hhrcQx2aIADhGd7g3Rk4T86L8/oTLTj5n2P4I+fjG3RFikw=</latexit><latexit sha1_base64="jvtqIQ/D711GMv318BaQJjLK3c0=">AAAB4nicbZDLTgJBEEVr8IX4Ql266UhMXJEZNdEl0Y1LSOSRwIT0NDXQoeeR7hoTQvgBXRl15yf5A/6NDc5Cwbs6Xfd2UreCVElDrvvlFNbWNza3itulnd29/YPy4VHLJJkW2BSJSnQn4AaVjLFJkhR2Uo08ChS2g/Hd3G8/ojYyiR9okqIf8WEsQyk42VHjsl+uuFV3IbYKXg4VyFXvlz97g0RkEcYkFDem67kp+VOuSQqFs1IvM5hyMeZD7FqMeYTGny4WnbGzMNGMRsgW79/ZKY+MmUSBzUScRmbZmw//87oZhTf+VMZpRhgLG7FemClGCZv3ZQOpUZCaWOBCS7slEyOuuSB7lZKt7y2XXYXWRdWz3Liq1G7zQxThBE7hHDy4hhrcQx2aIADhGd7g3Rk4T86L8/oTLTj5n2P4I+fjG3RFikw=</latexit>
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13⇡
<latexit sha1_base64="DWgAmd00cYnT+sChKvJRNFoUBf4=">AAAB8nicbZDLSsNAFIZP6q3WS6Mu3QwWwVVJtKDLohuXFewFmlAm00k7dHJh5kQoIS+iK1F3Poov4Ns4rVlo9ay+Of8/cP4/SKXQ6DifVmVtfWNzq7pd29nd26/bB4c9nWSK8S5LZKIGAdVciph3UaDkg1RxGgWS94PZzULvP3ClRRLf4zzlfkQnsQgFo2hWI7vuhYqyvFXk7oWXimJkN5ymsxzyF9wSGlBOZ2R/eOOEZRGPkUmq9dB1UvRzqlAwyYual2meUjajEz40GNOIaz9fHl6Q0zBRBKecLN8/vTmNtJ5HgfFEFKd6VVss/9OGGYZXfi7iNEMeM2MxWphJgglZ5CdjoThDOTdAmRLmSsKm1HSApqWaie+uhv0LvfOma/iu1Whfl0VU4RhO4AxcuIQ23EIHusAggyd4hTcLrUfr2Xr5tlas8s8R/Brr/QtQsJCL</latexit><latexit sha1_base64="DWgAmd00cYnT+sChKvJRNFoUBf4=">AAAB8nicbZDLSsNAFIZP6q3WS6Mu3QwWwVVJtKDLohuXFewFmlAm00k7dHJh5kQoIS+iK1F3Poov4Ns4rVlo9ay+Of8/cP4/SKXQ6DifVmVtfWNzq7pd29nd26/bB4c9nWSK8S5LZKIGAdVciph3UaDkg1RxGgWS94PZzULvP3ClRRLf4zzlfkQnsQgFo2hWI7vuhYqyvFXk7oWXimJkN5ymsxzyF9wSGlBOZ2R/eOOEZRGPkUmq9dB1UvRzqlAwyYual2meUjajEz40GNOIaz9fHl6Q0zBRBKecLN8/vTmNtJ5HgfFEFKd6VVss/9OGGYZXfi7iNEMeM2MxWphJgglZ5CdjoThDOTdAmRLmSsKm1HSApqWaie+uhv0LvfOma/iu1Whfl0VU4RhO4AxcuIQ23EIHusAggyd4hTcLrUfr2Xr5tlas8s8R/Brr/QtQsJCL</latexit><latexit sha1_base64="DWgAmd00cYnT+sChKvJRNFoUBf4=">AAAB8nicbZDLSsNAFIZP6q3WS6Mu3QwWwVVJtKDLohuXFewFmlAm00k7dHJh5kQoIS+iK1F3Poov4Ns4rVlo9ay+Of8/cP4/SKXQ6DifVmVtfWNzq7pd29nd26/bB4c9nWSK8S5LZKIGAdVciph3UaDkg1RxGgWS94PZzULvP3ClRRLf4zzlfkQnsQgFo2hWI7vuhYqyvFXk7oWXimJkN5ymsxzyF9wSGlBOZ2R/eOOEZRGPkUmq9dB1UvRzqlAwyYual2meUjajEz40GNOIaz9fHl6Q0zBRBKecLN8/vTmNtJ5HgfFEFKd6VVss/9OGGYZXfi7iNEMeM2MxWphJgglZ5CdjoThDOTdAmRLmSsKm1HSApqWaie+uhv0LvfOma/iu1Whfl0VU4RhO4AxcuIQ23EIHusAggyd4hTcLrUfr2Xr5tlas8s8R/Brr/QtQsJCL</latexit><latexit sha1_base64="DWgAmd00cYnT+sChKvJRNFoUBf4=">AAAB8nicbZDLSsNAFIZP6q3WS6Mu3QwWwVVJtKDLohuXFewFmlAm00k7dHJh5kQoIS+iK1F3Poov4Ns4rVlo9ay+Of8/cP4/SKXQ6DifVmVtfWNzq7pd29nd26/bB4c9nWSK8S5LZKIGAdVciph3UaDkg1RxGgWS94PZzULvP3ClRRLf4zzlfkQnsQgFo2hWI7vuhYqyvFXk7oWXimJkN5ymsxzyF9wSGlBOZ2R/eOOEZRGPkUmq9dB1UvRzqlAwyYual2meUjajEz40GNOIaz9fHl6Q0zBRBKecLN8/vTmNtJ5HgfFEFKd6VVss/9OGGYZXfi7iNEMeM2MxWphJgglZ5CdjoThDOTdAmRLmSsKm1HSApqWaie+uhv0LvfOma/iu1Whfl0VU4RhO4AxcuIQ23EIHusAggyd4hTcLrUfr2Xr5tlas8s8R/Brr/QtQsJCL</latexit>

4

�13⇡
<latexit sha1_base64="9KMxjES+cz90Jis/jevRoNeI1mQ=">AAAB83icbZDLSsNAFIZP6q3WW9Slm8EiuLEkWtBl0Y3LCvYCTSmT6Uk7dHJhZlIoIU+iK1F3vokv4Ns4rVlo67/65vz/wDm/nwiutON8WaW19Y3NrfJ2ZWd3b//APjxqqziVDFssFrHs+lSh4BG2NNcCu4lEGvoCO/7kbu53pigVj6NHPUuwH9JRxAPOqDajgW17gaQsq+fZhXvlJTwf2FWn5ixEVsEtoAqFmgP70xvGLA0x0kxQpXquk+h+RqXmTGBe8VKFCWUTOsKewYiGqPrZYvOcnAWxJHqMZPH+nc1oqNQs9E0mpHqslr358D+vl+rgpp/xKEk1RsxEjBekguiYzAsgQy6RaTEzQJnkZkvCxtSUoE1NFXO+u3zsKrQva67hh3q1cVsUUYYTOIVzcOEaGnAPTWgBgyk8wxu8W6n1ZL1Yrz/RklX8OYY/sj6+Ab2ckMI=</latexit><latexit sha1_base64="9KMxjES+cz90Jis/jevRoNeI1mQ=">AAAB83icbZDLSsNAFIZP6q3WW9Slm8EiuLEkWtBl0Y3LCvYCTSmT6Uk7dHJhZlIoIU+iK1F3vokv4Ns4rVlo67/65vz/wDm/nwiutON8WaW19Y3NrfJ2ZWd3b//APjxqqziVDFssFrHs+lSh4BG2NNcCu4lEGvoCO/7kbu53pigVj6NHPUuwH9JRxAPOqDajgW17gaQsq+fZhXvlJTwf2FWn5ixEVsEtoAqFmgP70xvGLA0x0kxQpXquk+h+RqXmTGBe8VKFCWUTOsKewYiGqPrZYvOcnAWxJHqMZPH+nc1oqNQs9E0mpHqslr358D+vl+rgpp/xKEk1RsxEjBekguiYzAsgQy6RaTEzQJnkZkvCxtSUoE1NFXO+u3zsKrQva67hh3q1cVsUUYYTOIVzcOEaGnAPTWgBgyk8wxu8W6n1ZL1Yrz/RklX8OYY/sj6+Ab2ckMI=</latexit><latexit sha1_base64="9KMxjES+cz90Jis/jevRoNeI1mQ=">AAAB83icbZDLSsNAFIZP6q3WW9Slm8EiuLEkWtBl0Y3LCvYCTSmT6Uk7dHJhZlIoIU+iK1F3vokv4Ns4rVlo67/65vz/wDm/nwiutON8WaW19Y3NrfJ2ZWd3b//APjxqqziVDFssFrHs+lSh4BG2NNcCu4lEGvoCO/7kbu53pigVj6NHPUuwH9JRxAPOqDajgW17gaQsq+fZhXvlJTwf2FWn5ixEVsEtoAqFmgP70xvGLA0x0kxQpXquk+h+RqXmTGBe8VKFCWUTOsKewYiGqPrZYvOcnAWxJHqMZPH+nc1oqNQs9E0mpHqslr358D+vl+rgpp/xKEk1RsxEjBekguiYzAsgQy6RaTEzQJnkZkvCxtSUoE1NFXO+u3zsKrQva67hh3q1cVsUUYYTOIVzcOEaGnAPTWgBgyk8wxu8W6n1ZL1Yrz/RklX8OYY/sj6+Ab2ckMI=</latexit><latexit sha1_base64="9KMxjES+cz90Jis/jevRoNeI1mQ=">AAAB83icbZDLSsNAFIZP6q3WW9Slm8EiuLEkWtBl0Y3LCvYCTSmT6Uk7dHJhZlIoIU+iK1F3vokv4Ns4rVlo67/65vz/wDm/nwiutON8WaW19Y3NrfJ2ZWd3b//APjxqqziVDFssFrHs+lSh4BG2NNcCu4lEGvoCO/7kbu53pigVj6NHPUuwH9JRxAPOqDajgW17gaQsq+fZhXvlJTwf2FWn5ixEVsEtoAqFmgP70xvGLA0x0kxQpXquk+h+RqXmTGBe8VKFCWUTOsKewYiGqPrZYvOcnAWxJHqMZPH+nc1oqNQs9E0mpHqslr358D+vl+rgpp/xKEk1RsxEjBekguiYzAsgQy6RaTEzQJnkZkvCxtSUoE1NFXO+u3zsKrQva67hh3q1cVsUUYYTOIVzcOEaGnAPTWgBgyk8wxu8W6n1ZL1Yrz/RklX8OYY/sj6+Ab2ckMI=</latexit>

a) b)

Figure 5.3.: (a) fm
l (black-solid) and f th

l (curve on the yellow area) as a function of the ratio
tπ/(T/l) for l = 13. (b) 〈σx〉 (curves over dark and clear areas) for the conditions
discussed in the main text. Inset, 〈σx〉 computed with top-hat pulses. For all
numerical simulations in (b) we assume a 1% of error in Ω(t) [423].

natural fashion for a1 is given by

a1 = −
∫ tm+tπ
tm

cos
[
π(s− tm)/tπ

]
cos (lωMs) ds∫ tm+tπ

tm
e−

(s−tp)2

2c2 sin
[
lωM(s− tp)

]
cos (lωMs) ds

. (5.17)

In Fig. 5.3(b) we simulated a sample containing 5 protons3 at an average distance
from the NV of ≈ 2.46 nm. Numerical simulations have been performed starting from
Eq. (5.4) without doing further assumptions. The 5-H target cluster has the hyperfine
vectors (note γH = (2π)× 42.577 MHz/T) ~A1 = (2π)× [−1.84,−3.19,−11.02], ~A2 =
(2π)× [2.38, 5.04,−8.78], ~A3 = (2π)× [8.09, 2.66,−1.02], ~A4 = (2π)× [4.26, 2.46, 3.48],
and ~A5 = (2π)× [4.07, 1.00,−7.09] kHz. We simulate two different sequences, leading to
two signals, using our extended π pulses under a large magnetic field Bz = 1 T. Vertical
panels with yellow squares mark the theoretically expected resonance positions and signal
contrast. For the first computed signal, curve over dark area in Fig. 5.3(b), we display a
XY8 sequence where the phase of each X (Y) extended pulse is φ = 0 (φ = π/2). The
modulated Rabi frequency Ω(t) is selected such that it leads to fm

13 = 4π/13 = 0.0979
for l = 13 (note this corresponds to the maximum value for fm

13) with a pulse length
tπ = 6 × (T/l). In addition, we take the width of the Gaussian function α1(t) as
c1 = 0.07tπ. The scanning frequency ωM spans around γHBz/l for l = 13, see horizontal
axis in Fig. 5.3(b). After repeating the XY8 sequence 400 times, i.e. 3200 extended π
pulses have been applied leading to a final sequence time of tf ≈ 0.488 ms, we get the
signal over the dark area. As we observe in Fig. 5.3(b), this sequence does not resolve all
nuclear resonances of the 5-H cluster.

3Note that the presence of extended pulses disables the use of numerical techniques, as those in [230],
to simulate large nuclear samples. Hence, because of machine restrictions, here we focus in a sample
that includes five nuclei and the NV
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Chapter 5. Quantum Sensing with NV Centers

To overcome this situation, we make use of the tunability of our method, and simulate
a second sequence with extended π pulses leading to the signal over the clear area in
Fig. 5.3 (b). This has been computed with a smaller value for fm

13 = 0.0979/3 = 0.0326
which is achieved with tπ ≈ 6.4× (T/l), i.e. a slightly longer π pulse than those in the
preceding situation, and c1 = 0.07tπ. As the fm

13 coefficient is now smaller, we have
repeated the XY8 sequence 400 × 3 times (i.e. 9600 pulses) to get the same contrast
than in the previous case. The final time of the sequence is tf ≈ 1.5 ms. As we observe
in Fig. 5.3(b), our method faithfully resolves all resonances in the 5-H cluster, and
reproduces the theoretically expected signal contrast. It is noteworthy to comment that
the tunability offered by our method will be of help for different quantum algorithms with
NV centers [284, 286, 424, 425].

5.4. MW power and nuclear signal comparison

In the inset of Fig. 5.3(b) we plot the signals one would get using standard top-hat pulses
with the same average power than our extended pulses in Fig. 5.3 (b). We use that the
energy of each top-hat and extended π pulse, Eth(tπ) and Eext(tπ), is ∝

∫
Ω2(s)ds

where the integral extends during the π pulse duration (top-hat or extended). For an
explicit derivation of the energy relations see appendix E.3. The solid-orange signal in the
inset has been computed with a XY8 sequence containing 3200 top-hat π pulses with a
constant Ω ≈ (2π)× 18.2 MHz. For this value of Ω, a top-hat π pulse contains the same
average power than each extended π pulse used to compute the signal over dark area
in Fig. 5.3(b), i.e. Eth(tπ) = Eext(tπ). Unlike our method, the sequence with standard
top-hat π pulses produces a signal with almost no-contrast. Note that the vertical axis
of inset in Fig. 5.3(b) has a maximum depth value of 0.98, and the highest contrast
achieved with top-hat pulses falls below 0.99. The dashed signal in the inset has been
obtained with top-hat π pulses with Ω ≈ (2π)× 4.68 MHz. Again, this is done to assure
we use the same average power than the sequence leading to the curve over the clear
area in Fig. 5.3(b). In this last case, we observe that the signal harvested with standard
top-hat π pulses does not show any appreciable contrast. These results indicate that our
method using pulses with modulated amplitude is able to achieve tunable electron nuclear
interactions, while regular top-hat pulses with equivalent MW power fail to resolve these
interactions.

In summary, in this chapter we presented a general method to design extended π pulses
which are energetically efficient, and incorporable to stroboscopic DD techniques such as
the widely used XY8 sequence. Our method leads to tunable interactions, hence selective,
among an NV quantum sensor and nuclear spins at large static magnetic fields which
represents optimal conditions for nanoscale NMR.
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6 Conclusions

In this Thesis we have designed protocols that tailor light-matter interactions for specific
applications in quantum platforms such as trapped ions, ultracold atoms in optical lattices,
and NV centers. In short, we have used DD techniques to design quantum operations
that are robust against errors in environmental and control fields, achieving high-fidelity
quantum logic in trapped ions and energy-efficient NMR at the nanoscale with NV centers
in diamond. We have also studied generalised models of light-matter interaction, leading
to the discovery of selective k-photon interactions in the Rabi-Stark model and a proposal
for preparing non-classical quantum states using the NQRM. Moreover, we have shown
how the appropriate tailoring of interactions among ultracold atoms in optical lattices
could lead to solve the boson sampling problem faster than the best supercomputers, thus
demonstrating quantum supremacy. More specifically:

In chapter 2, we proposed two different methods to generate robust high-fidelity two-
qubit gates with MW-driven trapped ions. On the one hand, we have demonstrated that
pulsed DD schemes are efficient generators of fast and robust two-qubit gates. Particularly,
our MW sequence induces all motional modes to cooperate, which results in a faster gate.
In addition, our sequence is specifically designed to be robust against fluctuations in the
magnetic and MW fields. Then, it achieves fidelities larger than 99.9% including these
realistic sources of decoherence. On the other hand, we proposed a different method that
uses phase-modulated continuous DD combined with phase flips and refocusing π pulses,
to produce entangling gates with high fidelity. Contrary to the previous case, here we
considered low-power MW radiation which matches current experimental scenarios. In
particular, we demonstrated that fidelities on the preparation of maximally entangled Bell
states exceeding 99% are possible within current experimental limitations. Moreover, we
also showed that fidelities larger than 99.9% are reachable with minimal experimental
improvements. Summarising, with the help of DD methods, we have developed two gate
schemes that can arguably improve the fidelities of current entangling operations up to
the threshold required for the application of quantum error correction techniques. Finally,
in the same direction, one could study whether amplitude modulated pulses, like the ones
used in chapter 5, can bring extra robustness to our gates.
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In chapter 3, we have studied two different models of light-matter interaction and
propose means for their quantum simulation with a laser-driven trapped ion. First, we
have considered the Rabi-Stark model, both in the SC and USC regimes. Here, we
discovered k-photon interactions whose resonance frequency depends on the state of the
bosonic mode. We have identified that this selective behaviour is caused by the Stark
term, and developed an analytical framework to characterise these selective interactions.
Second, we propose the NQRM, as a natural extension of the QRM in trapped-ion systems.
The nonlinear term f1(n̂), which appears when moving outside the LD regime, causes
the blockade of motional-state propagation at |n〉, whenever f1(n̂)|n〉 = 0. In the SC
regime, we compared the linear and nonlinear Jaynes-Cummings models, and observe
that collapses and revivals of coherent states disappear. As an application of the model,
we proposed a method to generate large-n Fock states in a dissipative manner, making
use of the nonlinear anti-JC model, and the spontaneous decay of the two-level system.
Regarding this, we find interesting to study how the time needed to prepare the Fock
state scales with the number n1. Finally, we showed how the Rabi-Stark and the NQRM
can be implemented using a single trapped ion. Natural follow-ups of these works could
involve proposals to realise these models in cavity or circuit QED systems or the extension
to more qubits.

In chapter 4, we have introduced a method to realise boson sampling with ultracold
atoms in optical lattices. The group of Prof. Dieter Meschede and Dr. Andrea Alberti
had previously demonstrated discrete-time random walks [395] and two-particle quantum
interference [221] using MW pulses combined with spin-dependent optical potentials.
Boson sampling, equivalent to a multiparticle quantum walk, is hard to simulate classically,
as proved by Aaronson and Arkhipov [87]. On the one hand, we have studied the effect
of particle loss in the boson sampling problem. In particular, we studied how correlated
two-body losses hinders the rate in which valid experimental samples can be generated.
With low particle loss, we proved that the samples are close enough to the boson sampling
probability distribution (BSPD). Interestingly, we also observed that sampling faster than
a classical supercomputer is possible for strong particle losses, however, the probability
distribution we are sampling from does not resemble the BSPD. It is still an open question
whether it is hard to sample from the probability distribution generated by a boson sampler
with strong two-body losses. We also estimated how small other experimental errors
have to be when increasing the number of bosons, in order to keep sampling from the
BSPD. These experimental errors include fluctuations of the magnetic field or imperfect
ground-state cooling. We note that, in principle, DD techniques could be used to relax
the constrains on the fluctuating errors. As a final remark, we notice that one of the
advantages of using atoms for boson sampling may come from the point of view of
verification. This is, to verify that the results delivered by the boson sampler are correct,
even in regimes where the results cannot be retrieved with classical supercomputers. In
this regard, instead of bosonic atoms, a fermionic species could in principle be loaded in
the optical lattice. Doing the same operations to the fermionic atoms would also result
in a sampling problem (fermion sampling). However, in this case, the final probability

1We thank Prof. Jonathan P. Home for bringing up this suggestion.
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Chapter 6. Conclusions

distribution can be calculated in a time that scales polynomially with the number of
particles. One could then verify that the machine samples correctly from the fermionic
probability distribution, and expect that the same will happen for the bosonic case.

In chapter 5, we presented a general method to design extended MW pulses that achieve
tuneable interactions, hence selective, among an NV quantum sensor and nuclear spins at
large static magnetic fields. The latter represent optimal conditions for nanoscale NMR,
enhancing the precision with which signals from magnetic field emitters can be retrieved by
the NV center. At large magnetic fields, the values of the Larmor frequencies increase and
these may surpass the value of the Rabi frequency associated to the applied MW radiation.
This induces a reduction in the contrast of the NMR spectra, something that is solved by
our amplitude-modulated extended π pulses. Our method avoids having to increase the
value of the Rabi frequency to that of the Larmor frequencies, leading to an energetically
efficient method. Furthermore, the method is general and can be incorporated to all
stroboscopic DD techniques such as the widely used XY8 sequence. During the course
of this thesis, we have also proposed the use of amplitude-modulated pulses for double
quantum magnetometry2. In that case, a more complex two-tone stroboscopic driving is
required, achieving a larger spectral signal.

All in all, this thesis explores new avenues in the control of quantum systems through
light-matter interactions shaped by specifically designed radiation patterns. We expect
that the results presented here will boost the experimental generation of MW-driven
two-qubit operations with fidelities well above the required threshold to apply quantum
error correction techniques, better quantum sensors performing NMR at the nanoscale, and
the first quantum supremacy experiment using trapped atoms. Moreover, our results will
help in the development of quantum technologies which, besides leading to technological
progress, will certainly be key assets to unveil the unsolved questions of nature.

2Check article 14 from the list of publications
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A Further Considerations on the Pulsed
DD Two-Qubit Gate

A.1. Initial approximations

Two-Level Approximation

In this section we numerically argue that the presence of the additional hyperfine levels
of the 171Yb+ ion, the fluctuations of the magnetic field, and the effect of fast rotating
terms does not threaten the gate fidelities claimed in section 2.1. For numerical simplicity
we have considered a single four level system and looked for the fidelity of the propagator
after a sequence of 20 π-pulses is applied. We find that the error (infidelity) is on the order
of 10−5, hence being one order of magnitude below the gate errors reported in Table 2.1.
Therefore, we conclude that the presence of the additional levels, counter-rotating terms,
and the fluctuations of the magnetic field have a negligible effect on the final fidelity
of the gate to the order claimed in section 2.1.3. We detail now the parameters and
conditions in our numerical simulations.

In the hyperfine ground state of the 171Yb+ ion, transitions can be selected with the
appropriate polarisation of the control fields. However, experimental imperfections might
generate unwanted leakage of population from the qubit-states to other states. On the
other hand, the presence of fluctuations of the magnetic field may also result in imperfect
π-pulses which may also damage the performance of the gate. To account for these
experimental imperfections we simulate the following 4-level Hamiltonian

H4l = E0|0〉〈0|+ E1|1〉〈1|+ E2|2〉〈2|+ E3|3〉〈3|+X(t)|1〉〈1| −X(t)|3〉〈3|
+ Ω(t)(|0〉〈1|+ ε⊥|0〉〈2|+ ε⊥|0〉〈3|+ H.c.) cos [ωt+ φ(t)], (A.1)

where the energies of the hyperfine levels, Ei, are those corresponding to a 171Yb+ ion in
a magnetic field of 100 G, and the qubit is codified in levels {|0〉, |1〉}. Function X(t)
represents a fluctuating magnetic field, which shifts the magnetically sensitive levels |1〉
and |3〉 in opposite directions. Numerically we have constructed this function as an OU
process [293], where the parameters have been chosen such that the qubit-levels, in the
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Figure A.1.: a) State infidelity after a AXY-4 sequence, consisting of 20 π-pulses and a total time
of 80µs, vs the strength of the leakage of population to other spectator levels. Each
point is the average of the infidelities of 100 runs of the sequence in the presence of
stochastic fluctuations of the magnetic field. b) State infidelity as a consequence of
coupling to a radial mode of the kind in Eq. (A.3). We observe a growing infidelity
for larger values of β with β = ∆r/η1ν1. The case of gB = 150T/m for two qubit
gate phases ϕ = π/4 squares, and ϕ = π/8 circles. In c) we use gB = 300T/m
and, again, we use squares for ϕ = π/4, and circles for ϕ = π/8. For both plots
we used ψ4 = |e〉⊗ (|g〉− i|e〉) + |g〉⊗ |g〉 (up to normalisation) as the initial state.

absence of any pulses, show a coherence decaying exponentially with a T2 coherence-
time of 3ms, as experimentally observed [196]. Particularly, this corresponds to values
τB = 50µs for the correlation time, and cd = 2/(τB ∗T2) for the diffusion constant of the
OU process. Ω(t) is a step function taking exclusively values Ω and 0, and ε⊥ is a small
number representing the leaking of the qubit population through unwanted transitions.
For the numerical analysis we have used unfavourable values for this set of parameters.
More specifically, the Rabi frequency was assigned a value of Ω = (2π)× 20MHz, which is
already twice the maximum value used in all the other simulations throughout the analysis,
having therefore a larger probability of exciting other, undesired, hyperfine transitions.
Moreover, the simulations were performed for the longest sequence discussed in section
2.1.3, which lasts 80µs.

We compare the propagator resulting from our simulations to the identity, which is
what one would expect after an even number of π-pulses, 20 in our case, and we compute
a value for the fidelity according to the definition

FA,B = |Tr(AB†)|√
Tr(AA†)Tr(BB†)

, (A.2)

where FA,B is the fidelity between operators A and B. To account for the stochastic
effects of the OU process that models the fluctuations of the magnetic field, we have
averaged the resulting fidelities over 100 runs of our numerical simulator. In Fig. A.1 we
show the value of the infidelity, 1− F , for a number of values of ε. We can see that the
error grows non-linearly with the strength of the leakage ε due to polarisation errors in
the control fields. However, for alignment errors below 20% (ε⊥ = 0.2) we obtain that
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Appendix A. Further Considerations on the Pulsed DD Two-Qubit Gate

the infidelity is smaller than 10−4. Hence, for polarisation errors below 20%, the effect of
additional hyperfine levels, magnetic field fluctuations, and fast counter rotating terms
should only be detectable in the fifth significant order of the gate fidelity, and not alter
the 99.9% fidelity claimed in section 2.1.3.

Coupling with radial modes

In this section we study the influence of the motional radial modes of the ion in our
proposal. To account for the effect of a given radial mode d, Hamiltonian (2.1) needs to
be complemented with a term of the form

νrd
†d+ ∆r(d+ d†)[σz1 + σz2 ]. (A.3)

Because of computational restrictions, in this analysis we will only consider one radial
mode, and assume no motional decoherence. Term (A.3) is justified because of the
unavoidable presence of some remanent magnetic field gradient in the radial direction,
which leads to the coupling ∆r that we model as a fraction of the coupling η1ν1 in
Hamiltonian (2.1) of the main text, i.e. ∆r = βη1ν1. We have compared the states
evolved under Hamiltonian (2.1) in the main text including and not the coupling term in
Eq. (A.3), and computed the infidelity between them. In Fig. A.1 we show the results for
different values of β. The value of νr = (2π)× 2.5 MHz was used in the simulations, and
the initial state for the qubits was chosen to be ψ4 in Table 2.1, while a thermal state
with 2 phonons was used as the initial state of the radial mode. We observe that even for
large values of β, the impact of the radial mode is negligible, on the order of 10−5 for
values of β up to 0.4, which are experimentally unexpected.

A.2. Two hyperfine ions under a magnetic field
gradient

The Hamiltonian of the relevant hyperfine levels of the two-qubit system (composed, in
our case, of two 171Yb+ ions) under a z dependent magnetic field can be expressed as

H = ν1a
†a+ ν2c

†c + [ωe + γeB(z1)/2]|e〉〈e|1 + ωg|g〉〈g|1
+ [ωe + γeB(z2)/2]|e〉〈e|2 + ωg|g〉〈g|2. (A.4)

If we assume that the ions, which interact through direct Coulomb force, perform only small
oscillations around their equilibrium positions, zj = z0

j + qj , and we expand B(zj) to the
first order in qj , then B(zj) = Bj + gB qj , where Bj ≡ B(z0

j ) and gB ≡ ∂B/∂zj
∣∣
zj=z0

j

.
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A.3 The interaction Hamiltonian

With this, and up to an energy displacement, the Hamiltonian (A.4) reads

H = 1
2[ωe + γeB1/2− ωg] σz1 + 1

2[ωe + γeB2/2− ωg] σz2 (A.5)

+ ν1a
†a+ ν2c

†c+ γegB
4 (q1 + q2) + γegB

4 (q1σ
z
1 + q2σ

z
2),

where we have used the relations |e〉〈e|j = 1
2 (1+ σzj ) and |g〉〈g|j = 1

2 (1− σzj ). At this
moment, it may be useful to recall that the displacement of the ions from their equilibrium
positions, q1 and q2 can be expressed in terms of the collective normal modes, Q1 and
Q2, as

q1 = Q1 −Q2√
2

=
√

~
4Mν1

(
a+ a†

)
−
√

~
4Mν2

(
c+ c†

)
,

q2 = Q1 +Q2√
2

=
√

~
4Mν1

(
a+ a†

)
+
√

~
4Mν2

(
c+ c†

)
, (A.6)

M being the mass of each ion. Using these relations, which follow the prescription in [280],
Eq. (A.5) can be rewritten as

H = 1
2[ωe + γeB1/2− ωg]σz1 + η1ν1(a+ a†)σz1 − η2ν2(c+ c†)σz1

+ 1
2[ωe + γeB2/2− ωg]σz2 + η1ν1(a+ a†)σz2 + η2ν2(c+ c†)σz2

+ ν1a
†a+ ν2c

†c+ γegB
4

√
~

Mν1
(a+ a†), (A.7)

where we have defined η1,2 ≡ γegB
8ν1,2

√
~

Mν1,2
as the coupling strength between the qubits

and the normal modes. The last term in Eq. (A.7) can be absorbed by a redefined bosonic
operator b = a+ 2η1, which results in Hamiltonian

H = ν1b
†b+ ν2c

†c + ω1

2 σz1 + η1ν1(b+ b†)σz1 − η2ν2(c+ c†)σz1

+ ω2

2 σz2 + η1ν1(b+ b†)σz2 + η2ν2(c+ c†)σz2 (A.8)

where ω1,2 ≡ ωe − ωg − 4η2
1ν1 + γeB1,2/2. Furthermore, we can easily compute the

quantity ω2 − ω1 = γe(B2 −B1)/2 = γegB(z0
2 − z0

1)/2 = γegB∆z/2.

A.3. The interaction Hamiltonian

A bichromatic MW field of frequencies ωj and phase φ will be applied to the system
described by Eq. (A.8). The action of such MW field on the ions is described by the
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following Hamiltonian

Hc(t) =
2∑
j=1

Ωj(t)(σx1 + σx2 ) cos(ωjt− φ) (A.9)

where Ωj is the Rabi frequency associated to the intensity of the MW field with frequency
ωj . If we add this term to the Hamiltonian (A.8), and we move to an interaction picture
with respect to H0 = ω1

2 σ
z
1 + ω2

2 σ
z
2 + ν1b

†b + ν2c
†c, the complete Hamiltonian in the

interaction picture will be given by

HI(t) = η1ν1be
−iν1tσz1 − η2ν2ce

−iν2tσz1 + η1ν1be
−iν1tσz2 + η2ν2ce

−iν2tσz2

+
[ 2∑
j=1

Ωj(t) cos(ωjt− φ)
]
(σ+

1 e
iω1t + σ+

2 e
iω2t) + H.c. (A.10)

where we have use the relations eiθa†aae−iθa†a = ae−iθ and eiθσ
z

σ+e−iθσ
z = σ+ei2θ.

Rewriting the last term leads to

HI(t) = η1ν1be
−iν1tσz1 − η2ν2ce

−iν2tσz1 + η1ν1be
−iν1tσz2 + η2ν2ce

−iν2tσz2

+ Ω1(t)
2

[
σ+

1 e
iφ(ei2(ω1t−φ) + 1) + σ+

2 (ei(ω1+ω2)te−iφ + e−i(ω1−ω2)teiφ)
]

+ Ω2(t)
2

[
σ+

1 (ei(ω2+ω1)te−iφ + e−i(ω2−ω1)teiφ) + σ+
2 e

iφ(ei2(ω2t−φ) + 1)
]

+ H.c. (A.11)

At this point we can safely neglect the terms that rotate with frequencies ±|2ω1|,±|2ω2|
and ±|ω1 +ω2| by invoking the RWA. Because |ω1|, |ω2| � Ω1,Ω2, these terms will have
a negligible effect on the evolution of the system. On the other hand, terms that rotate
with frequencies ±|ω2−ω1| would have a significant effect on the evolution of the system.
However this will be suppressed at the end of the two-qubit gate, because of the design of
the pulse sequence. How this elimination occurs is covered in section 2.1.3 and appendix
A.6. Hence, we can assume that these terms do not have any effect on the system and
we can neglect them, thus the Hamiltonian is

HI(t) = η1ν1(be−iν1t + b†eiν1t)σz1 − η2ν2(ce−iν2t + c†eiν2t)σz1 (A.12)
+ η1ν1(be−iν1t + b†eiν1t)σz2 + η2ν2(ce−iν2t + c†eiν2t)σz2

+ Ω1(t)
2 (σ+

1 e
iφ + σ−1 e

−iφ) + Ω2(t)
2 (σ+

2 e
iφ + σ−2 e

−iφ),

which corresponds to Eq. (2.4) in the main text.
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A.4 The time-evolution operator

A.4. The time-evolution operator

An analytical expression for the time evolution operator exits for any Hamiltonian of the
form

HII(t) =
N∑
j=1

M∑
m=1

fj(t)ηjmνm(ame−iνmt + a†me
iνmt)σzj . (A.13)

The Hamiltonian for our ion system, undergoing a sequence of instantaneous π-pulses, is
given by

HII(t) = f1(t)η1ν1(be−iν1t + b†eiν1t) σz1
− f1(t)η2ν2(ce−iν2t + c†eiν2t) σz1
+ f2(t)η1ν1(be−iν1t + b†eiν1t) σz2
+ f2(t)η2ν2(ce−iν2t + c†eiν2t) σz2 , (A.14)

and therefore belongs to this category with a1 = b, a2 = c and η11 = η21 = η1,
η12 = −η22 = −η2.

The time evolution operator of a time dependent Hamiltonian is given by the Dyson
series or equivalently by the Magnus expansion:

U(t) = exp
{

ΩM
1 (t) + ΩM

2 (t) + ΩM
3 (t) + ...

}
, (A.15)

where (in general for t0 6= 0)

ΩM
1 (t, t0) = −i

∫ t

t0

dt1H(t1)

ΩM
2 (t, t0) = −1

2

∫ t

t0

dt1

∫ t1

t0

dt2[H(t1), H(t2)] (A.16)

ΩM
3 (t, t0) = i

6

∫ t

t0

dt1

∫ t1

t0

dt2

∫ t2

t0

dt3

(
[H(t1), [H(t2), H(t3)]]

+ [H(t3), [H(t2), H(t1)]]
)
,

and so on. In our case, ΩM
k terms for k > 2 are zero because [H(s), [H(s′), H(s′′)]] = 0.

The first term ΩM
1 can be written as

ΩM
1 (t, t0) = −i

∑
j,m

ηjm
[
amGjm(t, t0) + a†mG

∗
jm(t, t0)

]
σzj (A.17)
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where

Gjm(t, t0) = νm

∫ t

t0

dt′fj(t′)e−iνmt
′
. (A.18)

The second term can be calculated to be

ΩM
2 (t, t0) = −1

2

∫ t

t0

dt1

∫ t1

t0

dt2[H(t1), H(t2)] = − i2

∫ t

t0

dt1
[
H(t1),ΩM

1 (t1, t0)]

= − i2

∫ t

t0

dt1
∑
jm

∑
j′m′

(−i)ηjmηj′m′νm

× [fj(ame−iνmt1 + a†me
iνmt1)σzj , (am′Gj′m′ + a†m′G

∗
j′m′)σzj′ ]

= − i2

∫ t

t0

dt1
∑
jj′

∑
m

(−i)ηjmηj′mνm

×
(
fjG

∗
j′me

−iνmt1 [am, a†m] + fjGj′me
iνmt1 [a†m, am]

)
σzjσ

z
j′ , (A.19)

which, using [am, a†m′ ] = δm,m′ and (σzj )2 = 1 becomes

ΩM
2 (t, t0) = iϕ(t, t0)σz1σz2 +K(t, t0)1, (A.20)

where the phase ϕ is a time dependent function given by

ϕ(t, t0) =
∑
m

=
∫ t

t0

dt′η1mη2mνm
{
f1(t′)G2m(t′, t0) + f2(t′)G1m(t′, t0)

}
eiνmt

′
. (A.21)

where = indicates the imaginary part. We have ignored the term K(t), as it will only
contribute with a global phase. Finally, we can easily check that the time evolution
operator can be written as

U(t, t0) = Us(t, t0)Uc(t, t0) (A.22)

where

Us(t, t0) = exp
{
−i
∑
j,m

ηjm
[
amGjm(t, t0) + a†mG

∗
jm(t, t0)

]
σzj

}
, (A.23)

and
Uc(t, t0) = exp [iϕ(t, t0)σz1σz2 ] . (A.24)
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A.5 Properties of the Gjm(t) and ϕ(t) functions

+1

�1

⌧̃a
⌧̃b

⌧̃a ⌧̃a ⌧̃a
⌧̃b ⌧̃b ⌧̃b

f(x)

x

1/2 1 3/2 20
…

Figure A.2.: Modulation function f(x) function that corresponds to the first two blocks of the
AXY-4 pulse sequence. Time has been normalised by the characteristic time of the
sequence τ (x = t/τ), as well as τ̃a = τa/τ and τ̃ = τb/τ .

A.5. Properties of the Gjm(t) and ϕ(t) functions

Searching for all different sequences that fulfil the conditions Gjm(TG) = 0 and ϕ(TG) 6= 0
gets easy if we identify which are the indispensable variables that define the problem.
The sequence function f1(t) = f2(t) = f(t) is completely defined by the four parameters
τa, τb, τ , and nB, for the case of an AXY-nB sequence. The duration of the sequence is
of course only determined by two of them: τ and nB (TG = nBτ). It is useful to rescale
the domain on the f function using τ , the characteristic time of the sequence, as t = xτ .
Then, the property f(t+ τ) = −f(t) becomes f(x+ 1) = −f(x), and also τa, τb may be
redefined as τ̃a = τa/τ and τ̃b = τb/τ . The AXY-4 sequence with this time rescaling is
shown in Fig. A.2. With this change of variable, the Gjm functions at a time TG read

Gjm(TG) = νm

∫ TG

0
dt f(t) e−iνmt = νmτ

∫ M

0
dx f(x) e−iνmτx. (A.25)

Now, if we relate τ and ν as

ντ = 2πr with r ∈ N, (A.26)

these functions become independent of the frequency ν,

Gj1(TG) = ν1τ

∫ M

0
dx f(x) e−i2πrx = 2πr

∫ M

0
dx f(x) e−i2πrx (A.27)

Gj2(TG) = ν2τ

∫ M

0
dx f(x) e−i2π

√
3rx = 2π

√
3r
∫ M

0
dx f(x) e−i2π

√
3rx. (A.28)

This simplification works also for the ϕ(t) function, that can be redefined in terms of
ϕ̃1(t) and ϕ̃1(t) as

ϕ(t) = η2
1ϕ̃1(t)− η2

2ϕ̃2(t) = η2
1(ϕ̃1(t)− 1

3
√

3
ϕ̃2(t)) = η2

1ϕ̃(t), (A.29)
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where

ϕ̃1(TG) = (2πr)2 =
∫ M

0
dx

∫ x

0
dy [f1(x)f2(y) + f2(x)f1(y)] ei2πr(x−y) (A.30)

ϕ̃2(TG) = (2π
√

3r)2 =
∫ M

0
dx

∫ x

0
dy [f1(x)f2(y) + f2(x)f1(y)] ei2π

√
3r(x−y), (A.31)

or

ϕ̃(TG) = (2πr)2 =
∫ M

0
dx

∫ x

0
dy[f1(x)f2(y) + f2(x)f1(y)] (A.32)

×(ei2πr(x−y) − 1√
3
ei2π

√
3r(x−y)). (A.33)

Now, it is clear that the functions G̃j1(TG), G̃j2(TG), and ϕ̃(TG), only depend on
τ̃a, τ̃b, nB and r. Therefore, the functions plotted in Fig. (2.3) (corresponding to cases
nB = 4, r = 1, 2, 3), do not depend on the frequencies νm, but only on τ̃a and τ̃b.

A.6. Pulse propagator

Our strategy to produce fast π-pulses on a certain ion qubit and, at the same time,
eliminate undesired effects on the off-resonant qubit consists in appropriately choosing
the Rabi frequency of the driving. When a π-pulse is applied, say on the first qubit, we
have the following Hamiltonian

H = ω1

2 σz1 + ω2

2 σz2 + Ω1 cos(ω1t− φ)(σx1 + σx2 ). (A.34)

In a rotating frame with respect to ω1
2 σ

z
1 + ω2

2 σ
z
2 and after eliminating fast rotating terms,

the above Hamiltonian reads

H = Ω1

2 σφ1 + Ω1

2 [σ+
2 e

iφeiδ2t + H.c.], (A.35)

where σφ1 = σ+
1 e

iφ + σ−1 e
−iφ and δ2 = ω2 − ω1. At this level one can argue that, only

when the Rabi frequency is small, the second term on the right-hand side of the above
equation is negligible. This unavoidably limits the value of Ω1 and, consequently, how fast
our decoupling pulses can be. In this respect, note that for a value of ω2−ω1 ≈ (2π)×45
MHz, which is even larger than the ones used in section 2.1, we find that Ω1 should be
significantly smaller than (2π)× 1 MHz if we want to eliminate the crosstalk between
ions during 20 π-pulses, see Fig. A.3.
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A.6 Pulse propagator
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Figure A.3.: Fidelity after 20 π-pulses between the propagators associated to the Hamiltonians
H = Ω1

2 σ
φ
1 + Ω1

2 [σ+
2 e

iφeiδ2t + H.c.] and H = Ω1
2 σ

φ
1 as a function of the Rabi

frequency Ω. We can observe how the fidelity decays because of the fail of the
RWA. For this plot we have taken δ2 ≈ (2π)× 45 MHz, a value that is even larger
than the ones we use in section 2.1.3.

To eliminate this restriction, we can use the following expression

U[t:t0] ≡ T̂ e
−i
∫ t
t0
H(s)ds = U0Ũ[t:t0] (A.36)

≡ e−iHδ(t−t0)T̂ e
−i
∫ t
t0
U†0 (H(s)−Hδ)U0ds

,

where T̂ is the time ordering operator, Hδ = −(δ2/2)σz2 , and find the time evolution
operator for Eq. (A.35) in a generic time interval (t, t0). This is

U[t:t0] = e−i
Ω1
2 σφ1 (t−t0)ei

δ2
2 σ

z
2 (t−t0)e−iγ(t−t0)n̂0·~σ2 , (A.37)

where γ = 1
2

√
Ω2

1 + δ2
2 and

n̂0 = 1
2γ

[
Ω cos (φ− ϕ0),−Ω sin (φ+ ϕ0), δ

]
, (A.38)

with ϕ0 = δt0/2.
Note that the first and the second terms in Eq. (A.35) commute, which allows to apply

the relation (A.36) only to the part Ω1
2 [σ+

2 e
iφeiδ2t+H.c.]. Finally, for the sake of realising

a π-pulse we will set (t− t0) = t
(1)
π ≡ π

Ω1
which gives rise to

U
(1)
tπ = e−i(Ω1/2)σφ1 tπei(δ2/2)σz2 tπe−iγtπ(n̂0·~σ2). (A.39)
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In the same manner, for a π-pulse (with t(2)
π ≡ π

Ω2
) in resonance with the second ion

we would have

U
(2)
tπ = e−i(Ω2/2)σφ2 tπei(δ1/2)σz1 tπe−iγtπ(n̂0·~σ1). (A.40)

Equations (A.39) and (A.40) contain the terms corresponding to the π-pulses in which
we are interested (exp [−iΩ1

2 σ
φ
1 tπ] and exp [−iΩ2

2 σ
φ
2 tπ]) plus the crosstalk contributions

we want to get rid off. To eliminate terms exp [−iγtπ(n̂0 · ~σ2)] and exp [−iγtπ(n̂0 · ~σ1)],
we will adjust the Rabi frequencies Ω1,2 such that

γtπ = 1
2

√
(Ω1,2)2 + (δ2,1)2 π

Ω1,2
= π × k,with k ∈ Z. (A.41)

In this case we have that exp [−iγtπ(n̂0 · ~σ2)] = exp [−iγtπ(n̂0 · ~σ1)]] = ±1, i.e. the
unwanted terms contribute as a global phase. Hence, only pure dephasing terms remain
in both pulses, exp [i δ22 σ

z
2tπ] and exp [i δ12 σ

z
1tπ], which will be cancelled by our tailored

MW sequences as explained in section 2.1.3.

A.7. Heating rates estimation

To estimate the Γb,c parameters, we will rely on the data provided in [276], as well
as on the scaling relations one can extract from [287]. More specifically we take as
reference values (for the center-of-mass mode) ṅref

com = 41 phonons/second for a frequency
νref

1 /(2π) = 427 kHz, and (for the breathing mode) ṅref
bre = 7 phonons/second for a

frequency νref
2 /(2π) = 459 kHz, [276]. The latter values correspond to a configuration at

room temperature (T ref = 300 K) with an ion-electrode distance of dref
i−e ≈ 310 µm, that

would give rise to a magnetic field gradient gB = 23.6T/m.
Our operating conditions require, for the first studied case, an ion-electrode distance of

di−e ≈ 150 µm, to generate a magnetic field gradient of gB = 150T/m where ν1 = ν and
ν2 =

√
3ν with ν/(2π) = 150 kHz, while we will consider low temperatures of T = 50 K.

In this situation one can derive new values for ṅcom and ṅbre using scaling relations [287]
which in our case are

ṅcom ≈ ṅref
com

(
νref

1
ν1

)2(dref
i−e
di−e

)4(
T ref

T

)−2.13
, (A.42)

and

ṅbre ≈ ṅref
bre

(
νref

2
ν2

)2(dref
i−e
di−e

)4(
T ref

T

)−2.13
. (A.43)

Then, one can use that, when close to the motional ground state, we have [287]

ṅcom,bre = Γb,c N̄b,c, (A.44)
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that together with the definition of N̄b,c ≡ N thermal
b,c = 1/(e~ν1,2/kBT − 1), allows us to

obtain the values for Γb,c.
In the second studied case, a magnetic field gradient of gB = 300 T

m would require to
locate the ions closer to the electrodes, which would induce more heating. We estimate
a distance according to the relation di−e =

√
150
300 150 µm ≈ 106 µm that assumes a

dependence gB ∼ 1
d2

i−e
. This new distance can be used in Eqs. (A.42) and (A.43) to

derive new values for the heating rates Γb,c.
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B Further Considerations on the Hybrid
Two-Qubit Gate

B.1. Interaction pictures and MW sequence

In section 2.2, our reference frame is established by H0 = ω1
2 σ

z
1 + ω2

2 σ
z
2 +νa†a, named the

ion frame. This means that the Bell state produced by the protocol will be actually rotating
according to this frame. Throughout the section, we make use of various interaction
pictures to acquire a better understanding of all interactions. The first one is the so-called
bichromatic interaction picture [264, 291, 292], and it is defined by HB(t) = Ω cos (δt)Sx.
As the gate Hamiltonian in Eq. (2.23) is written in this picture, the state produced at
time tn will match the one in the ion frame if U1(tn) = exp [iΩsinc(δtn)Sx] = 11. For
that, we impose the following relation between the detunings ξ = δ/N = ν/(N − 1), thus
assuring that δtn = 2πN , where N ∈ N. The latter is not strictly necessary, as the same
effect can be obtained using pulse shaping [264, 291].

The addition of the carrier driving introduces the term Ω̃DD
2 Sy in Eq. (2.30), that,

while commuting with the gate Hamiltonian, it produces qubit rotations that have to be
synchronised with the time tn. For that, it is necessary to choose Ω̃DD in such a way
that Ω̃DDtn = 2πm where m ∈ N. Moreover, the number of phase flips also limits the
possible values of ΩDD as the time interval between phase flips needs to be a multiple of
2π/Ω̃DD. The latter is crucial for a correct elimination of magnetic field field fluctuations.
At the same time, this also sets a lower bound for the minimum non-zero value of ΩDD,
which increases with the number of phase flips. Finally, in the phase modulated case, the
time interval between two phase flips should also be multiple of π/δ.

1The sinc function is defined as sinc(x) = sin (x)/x.
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B.2 Hamiltonian with crosstalk terms and two vibrational modes

B.2. Hamiltonian with crosstalk terms and two
vibrational modes

The Hamiltonian describing two trapped ions under a static magnetic field gradient
∂B/∂z = gB , in an interaction picture with respect to the free energy term of the qubits
and the modes ω1

2 σ
z
1 + ω2

2 σ
z
2 + νb†b+

√
3νc†c is

Hsys = ην(be−iνt + b†eiνt)(σz1 + σz2)

+ 3−1/4ην(ce−i
√

3νt + c†ei
√

3νt)(−σz1 + σz2) (B.1)

where b†(b) and c† (c) are the creation (annihilation) operators associated to the longi-
tudinal center-of-mass and breathing modes of the two-ion crystal. The former is used
as the quantum bus of the qubits, while the latter stays off-resonant. For the numerical
simulations in the main text we will truncate the Hilbert space of these at Ncom = 15
and Nbr = 5 respectively.

The Hamiltonian of a MW driving with frequency ω̃1 and phase φ acting on the first
qubit reads

Hq1 = Ω1

2 (σ+
1 e

iω1t + σ+
2 e

iω2t)(eiω̃1te−iφ + e−iω̃1teiφ) + H.c., (B.2)

where |ω1 − ω̃1| � ω2 − ω1 � ω1 + ω2. If we neglect terms rotating with ±(ω1 + ω̃1)
and ±(ω2 + ω̃1) by applying the RWA and consider ω̃1 = ω1, the Hamiltonian reads

Hq1 = Ω1

2 (σ+
1 + σ+

2 e
i∆ωt)eiφ + H.c., (B.3)

where ∆ω = ω2 − ω1 = γegB
2

(
2e2

4πε0Mν2

)1/3
. In our protocol, each qubit is driven by two

phase-modulated MW fields, and the total Hamiltonian reads

H = Hsys +
2∑
j=1

{
2Ω(t) cos [ωjt− φ]− ΩDD sin [ωjt− φ]

}
×(σ+

1 e
iω1t + σ+

2 e
iω2t + H.c.). (B.4)

where Ω(t) = Ω cos (δt) and φ ≡ φ(t). After neglecting all the terms rotating with
frequencies on the order of ωj the Hamiltonian is reduced to

H = Hsys + [Ω(t)− if(t)ΩDD

2 ]eif(t)φ(t)

× [σ+
1 (1 + e−i∆ωt) + σ+

2 (1 + ei∆ωt)] + H.c., (B.5)

where f(t) changes from +1 to −1 depending on the number of phase flips applied,
and φ(t) can be found in the main text. This is the Hamiltonian used in our numerical
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simulations, which include the crosstalk terms that rotate with ±∆ω as they have a
non-negligible effect. However, these will be averaged out by the introduction of the
carrier field. For clarity, in section 2.2.1 we disregard these crosstalk terms and the
off-resonant motional mode, which reduces the Hamiltonian (B.5) to

H = ην(be−iνt + b†eiνt)Sz + [Ω cos (δt)− if(t)ΩDD

2 ]eif(t)φ(t)S+ + H.c., (B.6)

which corresponds to Eq. (2.28) except for the f(t) function, which is not included in the
main text for simplicity.

B.3. Second-order Hamiltonian derivation in the
phase-modulated case

In this section we derive Eq. (2.31) calculating the second-order Hamiltonian corresponding
to Eq. (2.30). This reads

H̃ = ηνJ0

(2Ω
δ

)
(be−iνt + b†eiνt)Sz + 2ηνJ1

(2Ω
δ

)
(be−iνt + b†eiνt) sin (δt)Sy

+Ω̃DD

2 Sy − Ω̃DD
J2

1 (2Ω/δ)
J0(2Ω/δ) cos (2δt)Sy. (B.7)

Moving to an interaction with respect to Ω̃DDSy/2, H̃ transforms into

H̃ = ηνJ0(S̃+be
−i(ν−Ω̃)t + S̃−be

−i(ν+Ω̃)t + H.c.)

+ 2ηνJ1(be−iνt + b†eiνt) sin (δt)Sy − Ω̃DD
J2

1
J0

cos (2δt)Sy, (B.8)

where Ω̃ ≡ Ω̃DD and S̃± = 1
2 (Sz ± iSx).

It is convenient to calculate the second-order Hamiltonian that corresponds to the first
term in Eq. (B.8) in the regime where Ω̃DD < ν, as its coupling strength is larger than
the one of the gate. The second-order Hamiltonian can be extracted by using the Magnus
expansion, and it is given by

H̃(2)(t) = −iη
2ν2J2

0
2

∫ t

0
dt′[S̃+be

−i(ν−Ω̃)t + S̃−be
−i(ν+Ω̃)t + H.c.

, S̃+be
−i(ν−Ω̃)t′ + S̃−be

−i(ν+Ω̃)t′ + H.c.]. (B.9)

First, we can calculate the part that will lead to the time independent, accumulative part.
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B.3 Second-order Hamiltonian derivation in the phase-modulated case

These terms are∫ t

0
dt′[bS̃+, b

†S̃−] ... = [bS̃+, b
†S̃−] −2i

ν − Ω̃
(1− cos [(ν − Ω̃)t]) (B.10)∫ t

0
dt′[bS̃−, b†S̃+] ... = [bS̃−, b†S̃+] −2i

ν + Ω̃
(1− cos [(ν + Ω̃)t]). (B.11)

The commutators can be calculated using the following relation, [AB,A†B†] = [A,A†]BB†+
A†A[B,B†], valid if [A,B] = 0. Using this, we have that

[bS̃+, b
†S̃−] = 1

4(S2
x + S2

z ) + (b†b+ 1
2)Sy (B.12)

[bS̃−, b†S̃+] = 1
4(S2

x + S2
z )− (b†b+ 1

2)Sy, (B.13)

and the time-independent part of the second order Hamiltonian reads

H̃
(2)
eff = − η2ν2J2

0
4

{ 1
ν − Ω̃

+ 1
ν + Ω̃

}
(S2
x + S2

z )

− η2ν2J2
0

2

{ 1
ν − Ω̃

− 1
ν + Ω̃

}
(2b†b+ 1)Sy, (B.14)

which can be rewritten as

H̃
(2)
eff = −gν2 (S2

x + S2
z )− gΩ̃(2b†b+ 1)Sy, (B.15)

where gν = νη2J2
0

1−Ω̃2/ν2 and gΩ̃ = Ω̃η2J2
0

1−Ω̃2/ν2 .
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C Further Considerations on the
Selective Interactions of the QRM

C.1. Dyson series of the Rabi-Stark Hamiltonian

The Rabi-Stark Hamiltonian as written in Eq. (3.1) is

H = ω0

2 σz + ωa†a+ γa†aσz + g(σ+ + σ−)(a+ a†) (C.1)

where σz, σ+, σ− are operators of the two-level system and a† and a are infinite dimensional
creation and annihilation operators of the bosonic field. Using the ket-bra notation, the
two-level matrices are σ+ = |e〉〈g|, σ− = |g〉〈e| and σz = |e〉〈e| − |g〉〈g| where |e〉 and
|g〉 the excited and ground states of the two level system, respectively. On the other hand,
the bosonic operators can be written as

a† =
∞∑
n=0

√
n+ 1|n+ 1〉〈n| (C.2)

a =
∞∑
n=0

√
n+ 1|n〉〈n+ 1| (C.3)

where |n〉 is the n-th Fock state. With this notation, the Hamiltonian in Eq. (C.1) can
be rewritten as

H =
∞∑
n=0

ωen|e〉〈e| ⊗ |n〉〈n|+ ωgn|g〉〈g| ⊗ |n〉〈n|

+Ωn(|e〉〈g|+ H.c.)⊗ (|n+ 1〉〈n|+ H.c.) (C.4)

where ωen = (ω+ γ)n+ω0/2, ωgn = (ω− γ)n−ω0/2 and Ωn = g
√
n+ 1. We can move

to an interaction picture with respect the diagonal part of Eq. (C.4), and the non-diagonal
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C.1 Dyson series of the Rabi-Stark Hamiltonian

elements will rotate as

|e〉〈g| ⊗ |n+ 1〉〈n| → |e〉〈g| ⊗ |n+ 1〉〈n|ei(ω
e
n+1−ω

g
n)t (C.5)

|g〉〈e| ⊗ |n+ 1〉〈n| → |g〉〈e| ⊗ |n+ 1〉〈n|e−i(ω
e
n−ω

g
n+1)t (C.6)

|e〉〈g| ⊗ |n〉〈n+ 1| → |e〉〈g| ⊗ |n〉〈n+ 1|ei(ω
e
n−ω

g
n+1)t (C.7)

|g〉〈e| ⊗ |n〉〈n+ 1| → |g〉〈e| ⊗ |n〉〈n+ 1|e−i(ω
e
n+1−ω

g
n)t (C.8)

where δ+
n = ωen+1−ωgn = ω+[ω0 +γ(2n+1)] and δ−n = ωgn+1−ωen = ω−[ω0 +γ(2n+1)].

The Hamiltonian in the interaction picture can be then rewritten as

HI(t) =
∞∑
n=0

Ωn(σ+e
iδ+
n t + σ−e

iδ−n t)⊗ |n+ 1〉〈n|+ H.c. (C.9)

which corresponds to Eq. (3.2).

C.1.1. Second-order Hamiltonian

The second order Hamiltonian that corresponds to Eq. (C.9) is given by [153]

H(2)(t) = −i
∫ t

0
dt′HI(t)HI(t′). (C.10)

We can write HI(t) as

HI(t) =
∞∑
n=0

Ωn
(
Sn(t)|n+ 1〉〈n|+ S†n(t)|n〉〈n+ 1|

)
, (C.11)

and, then,

H(2)(t) = −i
∑
n,n′

ΩnΩn′
(
Sn(t)|n+ 1〉〈n|+ S†n(t)|n〉〈n+ 1|

)
×
∫ t

0
dt′
(
Sn′(t′)|n′ + 1〉〈n′|+ S†n′(t

′)|n′〉〈n′ + 1|
)
, (C.12)

which gives H(2) = H
(2)
A +H

(2)
B , where

H
(2)
A (t) = −i

∑
n

Ω2
n

(
Sn(t)

∫ t

0
dt′S†n(t′)

)
|n+ 1〉〈n+ 1|

+Ω2
n

(
S†n(t)

∫ t

0
dt′Sn(t′)

)
|n〉〈n| (C.13)
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gives diagonal elements and

H
(2)
B (t) = −i

∑
n

ΩnΩn+1

(
Sn+1(t)

∫ t

0
dt′Sn(t′)

)
|n+ 2〉〈n|

+ΩnΩn+1

(
S†n(t)

∫ t

0
dt′S†n+1(t′)

)
|n〉〈n+ 2| (C.14)

is related with two-photon processes. Calculating the two-level operators we obtain

Sn(t)
∫ t

0
dt′S†n(t′) = i

δ+
n
σ+σ− + i

δ−n
σ−σ+

− i

δ+
n
σ+σ−e

iδ+
n t − i

δ−n
σ−σ+e

iδ−n t (C.15)

S†n(t)
∫ t

0
dt′Sn(t′) = − i

δ+
n
σ−σ+ −

i

δ−n
σ+σ−

+ i

δ+
n
σ−σ+e

−iδ+
n t + i

δ−n
σ+σ−e

−iδ−n t (C.16)

Sn+1(t)
∫ t

0
dt′Sn(t′) = − i

δ−n
σ+σ−(ei(δ

+
n+1+δ−n )t − eiδ

+
n+1t)

− i

δ+
n
σ−σ+(ei(δ

−
n+1+δ+

n )t − eiδ
−
n+1t) (C.17)

S†n(t)
∫ t

0
dt′S†n+1(t′) = i

δ−n+1
σ−σ+(e−i(δ

+
n+δ−n+1)t − e−iδ

+
n t)

+ i

δ+
n+1

σ+σ−(e−i(δ
−
n +δ+

n+1)t − eiδ
−
n t). (C.18)

We can ignore the terms oscillating with ±δ±n , as these frequencies correspond to reso-
nances of the first-order Hamiltonian and one-photon processes. Keeping the other terms
we have that

H
(2)
A ≈

∑
n

Ω2
n

(σ+σ−

δ+
n

+ σ−σ+

δ−n

)
|n+ 1〉〈n+ 1| − Ω2

n

(σ−σ+

δ+
n

+ σ+σ−

δ−n

)
|n〉〈n| (C.19)

and

H
(2)
B (t) ≈

∑
n

−ΩnΩn+1

(σ+σ−

δ−n
ei(δ

+
n+1+δ−n )t + σ−σ+

δ+
n

ei(δ
−
n+1+δ+

n )t
)
|n+ 2〉〈n|

+ΩnΩn+1

(σ−σ+

δ−n+1
e−i(δ

+
n+δ−n+1)t + σ+σ−

δ+
n+1

e−i(δ
−
n +δ+

n+1)t
)
|n〉〈n+ 2|. (C.20)

The two-photon transition terms in Eq. (C.20) oscillate with frequencies δ+
n + δ−n+1 =

2ω − 2γ and δ+
n+1 + δ−n = 2ω + 2γ, which are zero only in the points of the spectral

collapse. Thus, we do not expect to see two-photon transitions in the regime where the
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C.1 Dyson series of the Rabi-Stark Hamiltonian

Hamiltonian is bounded from below. The terms in Eq. (C.19) will induce an additional
Stark shift that can induce a shift in the resonance conditions of the higher order processes,
as we will see later. The Hamiltonian can be simplified to

H
(2)
A ≈

∑
n

{(Ω2
n−1

δ+
n−1

− Ω2
n

δ−n

)
σ+σ− +

(Ω2
n−1

δ−n−1
− Ω2

n

δ+
n

)
σ−σ+

}
|n〉〈n|. (C.21)

C.1.2. Third-order Hamiltonian

The third order Hamiltonian is calculated by

H(3)(t) = (−i)2
∫ t

0
dt′
∫ t′

0
dt′′HI(t)HI(t′)H(t′′). (C.22)

Following the same notation of the previous section, the third order Hamiltonian is

H(3)(t) = −
∑

n,n′,n′′

ΩnΩn′Ωn′′
(
Sn(t)|n+ 1〉〈n|+ H.c.

)
×
∫ t

0
dt′
(
Sn′(t′)|n′ + 1〉〈n′|+ H.c.

)∫ t′

0
dt′′
(
Sn′′(t′′)|n′′ + 1〉〈n′′|+ H.c.

)
. (C.23)

If we focus on the three-photon resonances, the following Hamiltonian contains them

H
(3)
A (t) = −

∑
n

ΩnΩn+1Ωn+2Sn+2(t)

×
∫ t

0
dt′Sn+1(t′)

(∫ t′

0
dt′′Sn(t′′)

)
|n+ 3〉〈n|+ H.c. (C.24)

The contribution of the two-level operators can be easily calculated by noticing that from

Sn+2(t)Sn+1(t′)Sn(t′′) = (σ+e
iδ+
n+2t + σ−e

iδ−n+2t) (C.25)
× (σ+e

iδ+
n+1t

′
+ σ−e

iδ−n+1t
′
)(σ+e

iδ+
n t
′′

+ σ−e
iδ−n t

′′
),

only the following two terms are not zero (notice that σ2
± = 0)

Sn+2(t)Sn+1(t′)Sn(t′′) = σ+e
iδ+
n+2teiδ

−
n+1t

′
eiδ

+
n t
′′

+ σ−e
iδ−n+2teiδ

+
n+1t

′
eiδ
−
n t
′′
. (C.26)

102



Appendix C. Further Considerations on the Selective Interactions of the QRM

After calculating the integral we obtain that the Hamiltonian is

H
(3)
A (t) =

∞∑
n=0

ΩnΩn+1Ωn+2

{
1

δ+
n (δ−n+1 + δ+

n )

(
eiδ

(3)
+nt − eiδ

+
n+2t

)
+ 1
δ+
n δ
−
n

(
ei2(ω+γ)t − eiδ

+
n+2t

)}
σ+|n+ 3〉〈n|+ H.c

+ΩnΩn+1Ωn+2

{
1

δ−n (δ+
n+1 + δ−n )

(
eiδ

(3)
−nt − eiδ

−
n+2t

)
+ 1
δ−n δ

+
n

(
ei2(ω−γ)t − eiδ

−
n+2t

)}
σ−|n〉〈n+ 3|+ H.c (C.27)

where δ(3)
+n = δ+

n+2 + δ−n+1 + δ+
n = 2ω+ δ+

n+1 and δ(3)
−n = δ−n+2 + δ+

n+1 + δ−n = 2ω+ δ−n+1.
Ignoring the resonances δ+

n+2 or δ−n+2 that correspond to the first-order processes, and
2(ω ± γ) which is only zero at the point of the spectral collapse we are leaved with

H
(3)
A (t) =

∞∑
n=0

ΩnΩn+1Ωn+2

{
1

2δ+
n (ω − γ)

σ+e
iδ

(3)
n+t

+ 1
2δ−n (ω + γ)

σ−e
iδ

(3)
n−t

}
|n+ 3〉〈n|+ H.c, (C.28)

where the 3-photon JC and anti-JC resonances are easily identified as δ(3)
n+ = 0 and

δ
(3)
n− = 0 respectively. In a simplified way, Eq. (C.28) is rewritten as

H
(3)
A (t) =

∞∑
n=0

(Ω(3)
n+σ+e

iδ
(3)
n+t + Ω(3)

n−σ−e
iδ

(3)
n−t)|n+ 3〉〈n|+ H.c, (C.29)

where Ω(3)
n+ = g3

√
(n+ 3)!/n!/2δ+

n (ω − γ) and Ω(3)
n− = g3

√
(n+ 3)!/n!/2δ−n (ω + γ), as

shown in section 3.1.2.

C.2. Derivation of the Rabi-Stark Hamiltonian in
trapped ions

In this section we will explain in detail how to go from Eq. (3.9) to Eq. (3.10) in the main
text. Equation (3.9) reads

HA(t) = −iηΩr
2 aσ+e

−iδrt − iηΩb
2 a†σ+e

−iδbt + eiφS ĝSσ+ + H.c. (C.30)
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At this point the vibrational RWA has been applied, however for a precise understanding
of the effective dynamics we need to consider the following additional terms that have
been neglected, so that the total Hamiltonian is H = HA +HB , where

HB(t) = −Ωr
2 σ+e

−i(−ν+δr)t − Ωb
2 σ+e

−i(ν+δb)t

+ iηeiφS
ΩS

2 σ+(ae−iνt + a†eiνt) + H.c. (C.31)

The first two terms are the off-resonant carrier interactions of the red and blue drivings
which are usually neglected given that Ωr,b � ν. The last term represents the coupling to
the motional mode of the carrier driving. The latter does not commute with the first and
second terms, and moreover, they both oscillate at similar frequencies (as δr, δb � ν).
The consequence is that, at second order, these terms produce interactions that cannot
be neglected as we will see in the following. The second order effective Hamiltonian is

H(2)(t) = −i
∫ t

0
H(t)H(t′)dt′

= −i
∫ t

0

(
HA(t) +HB(t)

)(
HA(t′) +HB(t′)

)
dt′. (C.32)

We are only interested in terms arising from
∫ t

0 HB(t)HB(t′)dt′ whose oscillating frequency
is δr or δb. These are

Ωr
2 σ+e

−i(−ν+δr)t
∫ t

0
dt′iη

ΩS

2 e−iφSσ−ae
−iνt′ = −ηΩSΩr

4ν σ+σ−e
−iφSe−iδrta(C.33)

Ωb
2 σ+e

−i(ν+δb)t
∫ t

0
dt′iη

ΩS

2 e−iφSσ−a
†eiνt

′
= η

ΩSΩb
4ν σ+σ−e

−iφSe−iδbta†(C.34)

−iηΩS

2 eiφSσ+a
†eiνt

∫ t

0
dt′

Ωr
2 σ−e

i(−ν+δr)t′ = η
ΩSΩr

4(ν − δr)
σ+σ−e

iφSeiδrta†(C.35)

−iηΩS

2 eiφSσ+ae
−iνt

∫ t

0
dt′

Ωb
2 σ−e

i(ν+δb)t′ = −η ΩSΩb
4(ν + δb)

σ+σ−e
iφSeiδbta(C.36)

−Ωr
2 σ−e

i(−ν+δr)t
∫ t

0
dt′iη

ΩS

2 eiφSσ+a
†eiνt

′
= −ηΩSΩr

4ν σ−σ+e
iφSeiδrta†(C.37)

−Ωb
2 σ−e

i(ν+δb)t
∫ t

0
dt′iη

ΩS

2 eiφSσ+ae
−iνt′ = η

ΩSΩb
4ν σ−σ+e

iφSeiδbta(C.38)

iη
ΩS

2 e−iφSσ−ae
−iνt

∫ t

0
dt′

Ωr
2 σ+e

−i(−ν+δr)t′ = η
ΩSΩr

4(ν − δr)
σ−σ+e

−iφSe−iδrta(C.39)

iη
ΩS

2 e−iφSσ−a
†eiνt

∫ t

0
dt′

Ωb
2 σ+e

−i(ν+δb)t′ = −η ΩSΩb
4(ν + δb)

σ−σ+e
−iφSe−iδbta†.(C.40)
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If we assume that 1/(ν ± δj) ∼ 1/ν and reorganise all the terms we get that the
second-order effective Hamiltonian is

H
(2)
B (t) ≈ ηΩSΩr

4ν (ie−iφSe−iδrta+ H.c.)σz − η
ΩSΩb

4ν (ie−iφSe−iδbta†+ H.c.)σz (C.41)

which can be incorporated to the first-order Hamiltonian in Eq. (C.30) giving

Heff(t) = −i(2g(1)
r σ+ − g(2)

r e−iφSσz)ae−iδrt − i(2g(1)
b σ+ + g

(2)
b e−iφSσz)a†e−iδbt

+ Ω0

2 σ+e
iφS − η2 ΩS

2 a†aσ+e
iφS + H.c., (C.42)

where g(1)
r,b = ηΩr,b/4 and g(2)

r,b = ηΩSΩr,b/4ν and Ω0 = ΩS(1−η2/2). Now, if we assume
φS = 0 or π and move to a frame with respect ΩDD

2 σx, we obtain (below Ω ≡ ΩDD for
clarity)

HI
eff = ωR0

2 σ+ ∓ η2 ΩS

2 a†aσ+ − i
(
g(1)
r (σx + iσye

−iΩtσx)∓ g(2)
r σze

−iΩtσx
)
ae−iδrt

− i
(
g

(1)
b (σx + iσye

−iΩtσx)± g(2)
b σze

−iΩtσx
)
a†e−iδbt + H.c., (C.43)

where ΩDD = ±Ω0 − ωR
0 for φS = 0 and φS = π respectively. Using that

σye
−iΩtσx = cos (ΩDDt)σy − sin (ΩDDt)σz = σ̃+e

iΩDDt + σ̃−e
−iΩDDt (C.44)

σze
−iΩtσx = cos (ΩDDt)σz + sin (ΩDDt)σy = −i(σ̃+e

iΩDDt − σ̃−e−iΩDDt), (C.45)

where σ̃± = (σy ± iσz)/2, and that the detunings are chosen to be δr = ΩDD + ωR and
δb = ΩDD − ωR, Eq. (C.42) is rewritten as

HI
eff = ωR

0
2 σ+ ∓ η2 ΩS

2 a†aσ+

+
(
g(1)
r (−iσx + [σ̃+e

iΩDDt + H.c.])± g(2)
r (σ̃+e

iΩDDt −H.c.
)
ae−iΩDDte−iω

Rt

+
(
g

(1)
b (−iσx + [σ̃+e

iΩDDt + H.c.])∓ g(2)
b (σ̃+e

iΩDDt −H.c.
)
a†e−iΩDDteiω

Rt

+ H.c. (C.46)

where all terms rotating with ±ΩDD or higher can be neglected by the RWA. After the
approximation we have

HI
eff = ωR

0
2 σx ∓ η2 ΩS

2 a†aσ+ + (g(1)
r ± g(2)

r )σ̃+ae
−iωRt

+ (g(1)
b ∓ g

(2)
b )σ̃+a

†eiω
Rt + H.c. (C.47)
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which in a rotating frame with respect −ωRa†a is

HII
eff = ωR

0
2 σx +ωRa†a+ gJC(σ̃+a+ σ̃−a

†) + gaJC(σ̃+a
†+ σ̃−a)∓ η2 ΩS

2 a†aσx (C.48)

where gJC = ηΩr(1± ΩS/ν)/4 and gaJC = ηΩb(1∓ ΩS/ν)/4, depending on the choice
of the phase φS = 0 or φS = π.
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Sampling with Ultracold Atoms

D.1. Pair distribution in the optical lattice

To estimate the rate of two-body collisions in section 4.2, we need to know the probability
of finding k pairs of atoms occupying the same lattice sites, regardless of their spin states.
To calculate this probability, we assume that the quantum circuit realises a Haar-random
unitary matrix U and, importantly, that the system is in a linear superposition of all
possible states, where the probabilities of all states are the same. This second assumption,
namely the uniform distribution (on average) over all possible bosonic configurations, has
been proven for the output modes of the quantum circuit [399] and, for convenience, it is
assumed valid in this work for the intermediate stages of the quantum circuit too. This
will be justified by exact numerical simulations in section 4.2.2.

We can calculate the probability of finding exactly k2 pairs by simply counting the
number of configurations with k2 pairs of atoms in the same site, and dividing it by the
overall number of possible bosonic configurations. This latter is given by the multiset
coefficient

((
M
N

))
. To determine the number of configurations containing k2 pairs, we

should first consider that there are
(
M/2
k2

)
different ways in which k2 pairs of atoms can

be arranged in M/2 sites. Since for each site doubly occupied, there are three possible
spin configurations, |2〉↓|0〉↑, |1〉↓|1〉↑, and |0〉↓|2〉↑, the previous number of combinations
should be multiplied by 3k2 to obtain the total number of configurations. Secondly, we
should consider that there are

(
M/2−k2
N−2k2

)
combinations in which the remaining N − 2k2

atoms could be arranged in the remaining M/2 − k2 sites. Since for each site singly
occupied, there are only two possible spin configurations, |1〉↓|0〉↑ and |0〉↓|1〉↑, the
previous number of combinations should be multiplied by 2N−2k2 to obtain the total
number of configurations in which the N − 2k2 single atoms could be arranged. Thus,
the probability of finding k2 pairs of atoms in distinct sites is:

Ppair(N,M ; k2) =
3k2
(
M/2
k2

)
2N−2k2

(
M/2−k2
N−2k2

)((
M
N

)) (D.1)
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D.1 Pair distribution in the optical lattice

Equation (D.1) only takes into account particle pairs, forgetting about states that have
more than two particles in a site. Those can be taken into account defining a more general
expression P (k2, k3, k4, ...), corresponding to the probability of having k2 pairs, k3 trios,
k4 quartets and so on. For simplicity, we will consider the case for only pairs and trios.
The number of configurations in which k3 trios can be placed in M/2 sites is given by(
M/2
k3

)
. This number has to be multiplied by 4k3 , as 4 different states can represent a trio

in a site: |3〉↓|0〉↑, |2〉↓|1〉↑, |1〉↓|2〉↑ and |0〉↓|3〉↑. Then, the number of configurations
in which k2 pairs can be placed in the remaining M/2− k3 sites is given by

(
M/2−k3

k2

)
.

Finally, the number of configurations in which the remaining N − 2k2 − 3k3 particles can
be placed in N − 2k2 − 3k3 sites is given by

(
M/2−k2−k3
N−2k2−3k3

)
. The probability of having k2

pairs and k3 trios is then given by

P (k2, k3) = 4k3

(
M/2
k3

)
3k2

(
M/2− k3

k2

)
2N−2k2−3k3

(
M/2− k2 − k3

N − 2k2 − 3k3

)/((M
N

))
.

(D.2)
In the limit of large N , both Eqs. (D.1) and (D.2) converge to a Poissonian distribution

lim
N→∞

Ppair(N,M ; k) = λk

eλk! , (D.3)

with average value λ = 3/2c. Here, the constant factor c denotes the ratio c = M/N2,
which in the main text has been simply assumed equal to 1. As an example, the probability
associated to the collision-free subspace (the subspace of states where all atoms are at
different sites), i.e. Ppair(N,M ; 0), tends to 1/ exp(3/2c) for large N .

To prove how Eq. (D.2) tends to Eq. (D.3) for large N , it is useful to recall that((
M

N

))
= MN

N !

N−1∏
a=0

(1 + a/M) ≈ exp (
N−1∑
a=0

a/M) ≈ exp (N2/2M), (D.4)

and (
M

N

)
= MN

N !

N−1∏
a=0

(1− a/M) ≈ exp (−
N−1∑
a=0

a/M) ≈ exp (−N2/2M), (D.5)

for M � N . Using these relations, Eq. (D.2) can be rewritten as

P (k2, k3) ≈ 1
k2!k3!

(
N3

2M2

)k3(3N2

2M

)k2

e−3N2/2M . (D.6)

For a M = cN2 scaling, N3/2M2 tends to zero, which means that the probability of
having trios tends to zero for large N . Of course, the same will happen with the probability
of having four or more particles in a site. For k3 = 0, the probability of having k2 pairs
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can be written as

Ppair(k2) = P (k2, 0) ≈ 1
k2!

(
3
2c

)k2

e−3/2c, (D.7)

which equals Eq. (D.3).

D.2. Derivation of average values of V and V 2

In the following we present a derivation of the average value of V and V 2 evaluated in a
uniform state, |ψ〉u = D−1/2∑D

d=1 |d〉, where D =
((
M
N

))
. It may be useful to recall the

form of V ,

V = Γtb

4

M∑
m=1

n̂m(n̂m − 1) + Γtb

2

M/2∑
s=1

n̂2s−1n̂2s. (D.8)

Then, 〈V 〉u is

〈V 〉u = Γtb

4 M〈n̂m(n̂m − 1)〉u + Γtb

2
M

2 〈n̂2s−1n̂2s〉u, (D.9)

where we used that, because of the symmetry of the uniform state, 〈
∑M
m=1 Âm〉u =

M〈Âm〉u. To evaluate 〈n̂m〉u, we can think on the number of states that can have k
bosons in mode m. This is just equivalent to the number of configurations in which you
can put N − k particles in M − 1 modes, which is given by

((
M−1
N−k

))
. 〈n̂m〉u is then given

by
∑N
k=0 kpk, where pk =

((
M−1
N−k

))
/
((
M
N

))
. In the same way, 〈n̂2

m〉u is given by
∑N
k=0 k

2pk.
We call pk, the probability of having k particles in mode m. To evaluate 〈n̂mn̂m′〉u, one
needs to take into account the probability of having k particles in mode m while having
k′ particles in mode m′, which is given by pk,k′ =

((
M−2

N−k−k′
))
/
((
M
N

))
. 〈n̂mn̂m′〉u is then

given by
∑N
k=0

∑N−k
k′=0 kk

′pk,k′ . Using all this,

〈V 〉u = Γtb

4 M

N∑
k=0

pkk(k − 1) + Γtb

2
M

2

N∑
k=0

N−k∑
k′=0

pk,k′kk
′. (D.10)

To make the calculation of the summations in Eq. (D.10) easier, we can make use of((
M

N − k

))
/

((
M

N

))
∼ Nk

(M +N)k (D.11)

when k � N,M [399]. Then, pk ≈ a1λ
k
1 and pk,k′ ≈ a2λ

(k+k′)
2 , where aj =∏j

i=1
M−i

M+N−i and λj = N
M+N−j . The summations can be then reduced to geomet-
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ric series, for example,

N∑
k=0

k(k − 1)pk = a1λ
2
1
∂2

∂k2

N∑
k=0

λk1 ≈ a1λ
2
1
∂2

∂k2
1

1− λ1
= 2a1λ

2
1

(1− λ1)3 . (D.12)

Now, assuming that M = cN2, one can calculate the limit at large N of M2a1λ
2
1/(1−λ1)3,

which gives 2/c. The rest of the summations are done using Wolfram Mathematica,
obtaining 〈V 〉u = 3Γtb/4c.

To calculate 〈V 2〉u, the same approach is followed. First, we write V 2,

V 2 = Γ2
tb

16

M∑
m=1

M∑
m′=1

n̂m(n̂m − 1)n̂m′(n̂m′ − 1)

+ Γ2
tb
4

M/2∑
s=1

M/2∑
s′=1

n̂2s−1n̂2sn̂2s′−1n̂2s′ (D.13)

+ Γ2
tb
4

M∑
m=1

M/2∑
s=1

n̂m(n̂m − 1)n̂2s−1n̂2s.

The first term can be written as

〈
M∑
m=1

M∑
m′=1

n̂m(n̂m − 1)n̂m′(n̂m′ − 1)〉u

= M〈n̂2
m(n̂m − 1)2〉u +M(M − 1)〈n̂m(n̂m − 1)n̂m′(n̂m′ − 1)〉u (D.14)

= M

N∑
k=0

pkk
2(k − 1)2 +M(M − 1)

N∑
k=0

N−k∑
k=0

pk,k′k(k − 1)k′(k′ − 1).

Similar with the second term

〈
M/2∑
s=1

M/2∑
s′=1

n̂2s−1n̂2sn̂2s′−1n̂2s′〉u

= M

2 〈n̂
2
2s−1n̂

2
2s〉u + M

2 (M2 − 1)〈n̂2s−1n̂2sn̂2s′−1n̂2s′〉u (D.15)

= M

2

N∑
k=0

N−k∑
k′=0

pk,k′k
2k′2 + M

2 (M2 − 1)
N∑
k=0

N ′∑
k′=0

N ′′∑
k′′=0

N ′′′∑
k′′′=0

pk,k′,k′′,k′′′kk
′k′′k′′′,

where N ′ = N − k, N ′′ = N − k − k′, N ′′′ = N − k − k′ − k′′, and pk,k′,k′′,k′′′ =((
M−4

N−k−k′−k′′−k′′′
))
/
((
M
N

))
, which can be approximated to pk,k′,k′′,k′′′ ≈ a4λ

(k+k′+k′′+k′′′)
4 .
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The third term is:

〈
M∑
m=1

M/2∑
s=1

n̂m(n̂m − 1)n̂2s−1n̂2s〉u

= M〈n̂2
m(n̂m − 1)n̂m′〉u + M

2 (M − 1)〈n̂m(n̂m − 1)n̂m′ n̂m′′〉u (D.16)

= M

N∑
k=0

N ′∑
k′=0

pk,k′k
2(k − 1)k′ + M

2 (M − 1)
N∑
k=0

N ′∑
k′=0

N ′′∑
k′′=0

pk,k′,k′′k(k − 1)k′k′′,

where pk,k′,k′′ =
((

M−3
N−k−k′−k′′

))
/
((
M
N

))
, which can be approximated to pk,k′,k′′ ≈ a3λ

(k+k′+k′′)
3 .

Carrying out these summations using Wolfram Mathematica, assuming M = cN2, and
calculating the limit at large N yields to 〈V 2〉u = (3/2c+ 9/4c2)Γ2

tb/4.
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Figure D.1.: Wolfram Mathematica code to calculate the summatories.
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E Further Considerations on Quantum
Sensing with NV Centers

E.1. Finding Ω(t) from F (t)

The term representing the MW driving in Eq. (5.4) is Ω(t)
2 (|1〉〈0|eiφ + H.c.), and the

associated propagator for, e.g., the mth π-pulse is

Ut = exp [−i
∫ tm+tπ

tm

Ω(s)
2 (|1〉〈0|eiφ + H.c.) ds]. (E.1)

During the mth π-pulse, i.e. in a certain time between tm and tm + tπ, Ut has the
following effect on the electron spin σz operator (in the following, σφ = |1〉〈0|eiφ + H.c.)

e
i
∫ tm+t

tm

Ω(s)
2 σφ ds

σze
−i
∫ tm+t

tm

Ω(s)
2 σφ ds = e

(
i
∫ tm+t

tm
Ω(s) ds

)
σφ
σz

= cos
(∫ tm+t

tm

Ω(s) ds
)
σz + i sin

(∫ tm+t

tm

Ω(s) ds
)
σφσz. (E.2)

In this manner, it is cleat that F (t) = cos
( ∫ tm+t

tm
Ω(s) ds

)
. The other spin component,

i.e. the one going with sin
( ∫ tm+t

tm
Ω(s) ds

)
, does not participate in the joint NV-nucleus

dynamics for sequences with alternating pulses [422] such as the XY8 ≡ XYXYYXYX
pulse sequence we are using in chapter 5. A valid argument to neglect this term is that
its period is twice the period of the pulse sequence, i.e. 2T , and, thus, it is kept off
resonance. Now, assuming that F (t) and Ω(t) are differentiable, one can invert the
expression F (t) = cos

( ∫ tm+t
tm

Ω(s) ds
)

and find

Ω(t) = ∂

∂t
arccos[F (t)] = − 1√

1− F (t)2
. (E.3)

The latter corresponds to Eq. (5.14).
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E.2. Calculation of fl coefficients

E.2.1. Coefficients for extended pulses

The analytical expression for the coefficients fl is given by

fl = 2
T

∫ T

0
F (s) cos

(2πls
T

)
ds, (E.4)

where T = 2π/ωM. With a rescaling of the integrating variable given by s = xT/2, this
is rewritten as

fl =
∫ 2

0
F (x) cos (πlx) dx. (E.5)

The function inside the integral is symmetric or antisymmetric with respect to x = 1,
depending on l been odd or even. This can be easily demonstrated by using F (x+ 1) =
−F (x) and cos [πl(x+ 1)] = cos(πl) cosπlx. Thus, if l is even and the function is
symmetric with respect to x = 1, the value of the integral will be zero. Anyway, one can
work a general expression for Eq. (E.5). First, we can divide the integral in two parts,

fl =
∫ 1

0
F (x) cos (πlx) dx+

∫ 2

1
F (x) cos (πlx) dx, (E.6)

and substitute x for x+ 1 in the second integral. Using the symmetry properties specified
above, the equation reduces to

fl = (1− cos (πl))
∫ 1

0
F (x) cos (πlx) dx. (E.7)

Now, from x = 0 to 1, F (x) can be divided in three parts defined by τm ≡ 2tm/T and
1− τm, the times corresponding to the beginning and the end of the pulse,∫ τm

0
F (x) cos (πlx) dx+

∫ 1−τm

τm

F (x) cos (πlx) dx+
∫ 1

1−τm
F (x) cos (πlx) dx, (E.8)

and the integral in the middle is zero for the extended pulses. This leaves us with the
first and third integrals for which F (x) is 1 and −1 respectively, obtaining

fm
l = (1− cos (πl))

{∫ τm

0
cos (πlx) dx−

∫ 1

1−τm
cos (πlx) dx

}
, (E.9)

that leads to

fm
l = 1

πl
(1− cos (πl))

{
sin (πlτm) + sin (πl(1− τm))

}
. (E.10)
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Figure E.1.: Plot of F (x) and cos (πlx) (where l = 13) functions between x = 0 and x = 2,
corresponding to t = 0 and t = T respectively.

Using sin [πl(1− τm)] = − sin (πlτm) cos(πl) and sin2 θ = (1− cos (2θ))/2, the expres-
sion for fm

l reduces to
fm
l = 4

πl
sin4 (πl/2) sin (πlτm). (E.11)

Now, by using the relation T = 4tm + 2tπ, fm
l becomes

fm
l = 4

πl
sin4 (πl/2) sin

(
πl
(1

2 + tπ
T

))
, (E.12)

where tπ is the duration of a π-pulse. Eq. (E.12) is equivalent to Eq. (5.15) in the
main text. To prove that, one may use the trigonometric identity sin(θ + πl/2) =
sin (θ) cos (πl/2) + cos (θ) sin (πl/2) which leads us to

fm
l = 4

πl
cos
(
π
tπ
T/l

)
sin (πl/2), (E.13)

as sin4 (πl/2) cos (πl/2) = 0 and sin5 (πl/2) = sin (πl/2).

E.2.2. Coefficients for top-hat pulses

For calculating the value of fl coefficients in the case of top-hat pulses, we just need to sum
the contribution of the second integral on Eq. (E.8), which is not zero for top-hat pulses.
The value of F (s) during the pulse is F (s) = cos [π(s− tm)/tπ], where tp = tm + tπ/2.
With the rescaling of the integrating variable introduced in the previous section this is
rewritten as

F (s) = cos [π(x− τm)/τπ], (E.14)

where τπ = 2tπ/T . So, we need to solve the following integral∫ 1−τm

τm

F (x) cos (πlx) dx =
∫ 1−τm

τm

cos [π(x− τm)/τπ] cos (πlx) dx (E.15)
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which is not zero. To solve the integral, we can displace the reference frame by a factor
of τp = 1/2, by the change of variable x = y + τm + τπ/2 = y + 1/2. Now, the integral
will be centered at zero and will look like∫ τπ/2

−τπ/2
cos [πy/τπ + π/2] cos [πl(y + 1/2)] dy

= −
∫ τπ/2

−τπ/2
sin (πy/τπ) cos [πl(y + 1/2)] dy, (E.16)

which using cos[πl(y + 1/2)] = cos (πly) cos (πl/2)− sin (πly) sin (πl/2) becomes

sin (πl/2)
∫ τπ/2

−τπ/2
sin (πy/τπ) sin (πly) dy

− cos (πl/2)
∫ τπ/2

−τπ/2
sin (πy/τπ) cos (πly) dy. (E.17)

The second integral is zero owing to symmetry reasons, i. e.
∫ a
−a F (x)dx = 0 if

F (−x) = −F (x). Again, because of symmetry arguments, the first integral is

2 sin (πl/2)
∫ τπ/2

0
sin (πy/τπ) sin (πly) dy, (E.18)

which using trigonometric identities reads

sin (πl/2)
{∫ τπ/2

0
cos (πy(l − 1/τπ) dy −

∫ τπ/2

0
cos (πy(l + 1/τπ) dy.

}
(E.19)

Solving the integrals one gets

−1
π

sin (πl/2) cos (πlτπ/2)
{ 1
l − 1/τπ

+ 1
l + 1/τπ

}
, (E.20)

which is simplified to
2lτ2

π

π(1− l2τ2
π) sin (πl/2) cos (πlτπ/2). (E.21)

It is straightforward to prove that the sum of the three integrals in Eq. (E.8) gives

f th
l = 4 sin (πl/2) cos (πltπ/T )

πl(1− 4l2t2π/T 2) , (E.22)

which correspond to the expression written in the main text.
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E.3. Energy delivery

The Poynting vector, that describes the energy flux for an electromagnetic wave, is given
by

~P = 1
µ0

~E × ~B, (E.23)

where µ0 is the vacuum permeability, and ~E and ~B are the electric field and magnetic
field vectors at the region of interest, i.e. the NV center. The latter, in the nanoscale, is
sufficiently small compared with the wavelength of the MW radiation to assume a plane
wave description of the radiation, so the magnetic field can be written as

~B = ~B0(t) cos (~k · ~x− ωt+ φ), (E.24)

where ~k is the wavevector and ω the frequency of the microwave field. We will also assume
an extra time dependence B0(t) whose time scales will be several orders of magnitude
larger than the period 2π/ω. From Maxwell equations in vacuum it is derived that,
for such a magnetic field, ~k · ~B = 0, ~k · ~E = 0, and ~E · ~B = 0. From the equation
~∇× ~B = 1

c2 ∂
~E/∂t, it follows that

~E = c2
∫
dt (~∇× ~B) = −c2

∫
dt (~k × ~B0(t)) sin (~k · ~x− ωt+ φ). (E.25)

We choose ~B to be perpendicular to the NV axis (z axis), specifically, on the x axis. The
control Hamiltonian, is then

Hc(t) = −γe ~B · ~S = γeBx(t)Sx cos (ωt− φ), (E.26)

where ~S corresponds to the spin of the NV center, γe is the gyromagnetic ratio of the
electron and ~x = 0 the position of the NV. To recover Eq. (5.3) of the main text, we
require that

√
2Ω(t) = γeBx(t). The magnetic field vector at ~x = 0 is then

~B(t) =
√

2Ω(t)
γe

cos (ωt− φ)x̂ (E.27)

and the electric field is, from Eq. (E.25),

~E(t) =
√

2ωc
γe

∫
dtΩ(t) sin (ωt− φ) k̂ × x̂, (E.28)

which, using the wave equation ∂2 ~E/∂2t = c2∇2 ~E = ω2 ~E, converts into

~E(t) =
√

2
kγe

∂

∂t

[
Ω(t) sin (ωt− φ)

]
x̂× k̂. (E.29)
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E.3.1. The case of top-hat π pulses

For top-hat pulses we have that ∂Ω(t)/∂t = 0 during the pulse, thus, the energy delivery
per unit of area we obtain for top-hat pulses is

Eth(tπ) =
∫ tπ

0
dt|~P (t)| = c

µ0

2
γ2
e

∫ tπ

0
dt Ω2 cos2(ωt− φ) (E.30)

which gives

Eth(tπ) = c

µ0

Ω2

γ2
e

{
tπ + 1

2ω sin (2ωtπ − 2φ)
}
. (E.31)

The second part of the formula is upper bounded by (2ω)−1, which , on the other hand,
is several orders of magnitude smaller than tπ, thus negligible. As tπ = π/Ω, Eq. (E.31)
can be rewritten as

Eth(tπ) ≈ πc

µ0

Ω
γ2
e

, (E.32)

meaning that the energy increases linearly with the Rabi frequency.

E.3.2. The case of extended π pulses

To study the case of an extended π pulse, we need to calculate both terms on Eq. (E.29),
which are non zero in general. The complete expression is given by

Eext(tπ) = c

µ0

2
γ2
e

∫ tπ

0
dt

[
Ω2(t) cos2 (ωt− φ)+ 1

ω
Ω(t)∂Ω(t)

∂t
cos (ωt− φ) sin (ωt− φ)

]
.

(E.33)
As a final comment, for all cases simulated in the main text we find that the second term
at the right hand side of Eq. (E.33) is negligible, thus it can be written

Eext(tπ) ≈ c

µ0

2
γ2
e

∫ tπ

0
dt

[
Ω2(t) cos2 (ωt− φ)

]
. (E.34)

E.3.3. Equivalent top-hat Rabi frequency

To calculate the constant Rabi frequency leading to top-hat pulses with the same energy
than extended pulses, one has to equal Etop−hat(tπ) = Eext(tπ) and extract the value of
the constant Ω. With Eqs. (E.32, E.33) one can easily find that

Ω = µ0γ
2
e

πc
Eext(tπ). (E.35)
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[205] T. Graß, B. Juliá-D́ıaz, M. Kuś, and M. Lewenstein, “Quantum Chaos in SU(3)
Models with Trapped Ions”, Physical Review Letters 111, 090404 (2013).

[206] L. M. Sieberer, T. Olsacher, A. Elben, M. Heyl, P. Hauke, F. Haake, and P. Zoller,
“Digital quantum simulation, Trotter errors, and quantum chaos of the kicked top”,
npj Quantum Information 5, 78 (2019).

[207] L. Lamata, J. León, T. Schätz, and E. Solano, “Dirac Equation and Quantum
Relativistic Effects in a Single Trapped Ion”, Physical Review Letters 98, 253005
(2007).

[208] R. Gerritsma, G. Kirchmair, F. Zähringer, E. Solano, R. Blatt, and C. F. Roos,
“Quantum simulation of the Dirac equation”, Nature 463, 68–71 (2010).

[209] M. Wittemer, F. Hakelberg, P. Kiefer, J.-P. Schröder, C. Fey, R. Schützhold,
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