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Resumen

El ser humano es un ser social: las elecciones de las personas y su bienestar dependen en buena medida de
las acciones de sus contactos. Las redes sociales son una importante fuente de recursos para sus integrantes: a
través de amigos, familiares y conocidos, los individuos obtienen informacién, ayuda y otro tipo de recursos.
La gran incidencia que las redes sociales tienen en numerosos ambitos de la vida hace necesario comprender:
(i) como la estructura de las redes sociales de las personas afecta a los resultados que éstas obtienen (en
términos laborales, de salud, de influencia, etc.) y (ii) como el comportamiento de las mismas se ve afectado
por la estructura que presenta la red de la que forman parte.

Esta tesis contribuye al conocimiento de estas cuestiones. El primer capitulo muestra como los resultados
laborales de las personas pueden explicarse parcialmente por las caracteristicas de las red en la que estéan
inmersos, en la medida en que éstas obtienen informacion laboral de sus redes sociales. En este sentido,
analizamos el papel que las redes juegan como difusoras de informacion laboral y sus consecuencias en el
empleo. El segundo y tercer capitulo, en cambio, analizan la influencia que las redes sociales tienen en el
comportamiento de las personas en contextos en los que los resultados que los individuos obtienen dependen
no soélo de sus propias acciones sino de las acciones de sus contactos. Dada la naturaleza estratégica de este
tipo de situaciones, estos dos capitulos se analizan desde el enfoque de la Teoria de Juegos.

Capitulo 1. Are close-knit networks good for employment?

Uno de los ambitos en los que las redes sociales han mostrado tener una mayor relevancia es el del
mercado de trabajo (Goyal, 2007, Jackson y Rogers, 2007, Vega-Redondo, 2007, Jackson, 2010). Uno de los
primeros estudios en documentar la importancia de las redes sociales en el mercado laboral fue el trabajo
de Myers y Schutz (1951), que constaté que el 62% de todos los trabajadores entrevistados en el sector
textil en Nueva Inglaterra habian encontrado su empleo a través de algiun contacto, frente a un 23 % de
trabajadores que habia solicitado directamente el empleo. El 15 % restante obtuvo su puesto de trabajo a
través de medios disenados exclusivamente para tal fin: agencias de empleo, anuncios de ofertas laborales, etc.
Ese descubrimiento fue seguido de méas investigaciones con resultados similares (véase Rees, 1966; Sheppard
y Beliitsky, 1966; Granovetter; 1974; Staiger, 1990; Montgomery; 1991; Corcoran et al. 1980, Campbell y
Marsden, 1990, entre otros muchos). El estudio de Rees y Schutz (1970), por ejemplo, mostro la relevancia de
las redes de contactos a la hora de obtener un empleo independientemente del &mbito profesional considerado.
Sorprendentemente —y a pesar de la gran diversidad de medios que han surgido a lo largo de los anos para
la basqueda de empleo— el uso de las redes de contactos para la obtencién de trabajo se ha incrementado en
las ultimas décadas (Ioannides y Loury, 2004).

A la vista de estos resultados han surgido ciertos interrogantes. Por ejemplo, ;como afecta la estructura de
la red al flujo de informacién laboral entre individuos? ;Qué caracteristicas especificas de la red afectan a la
probabilidad de recibir empleo a través de contactos y como? ;Puede una distinta posicion en la red explicar
los patrones de desigualdad que se observan entre individuos en el mercado laboral? La literatura econémica
ha tratado de dar respuestas a estas cuestiones a lo largo de los anos. En este sentido, se ha identificado como
el namero de contactos que los individuos tienen (su degree) tiene una influencia positiva en sus resultados
laborales: un nimero mayor de contactos se traduce en una mayor probabilidad de obtener empleo (Calvo-
Armengol, 2004) y en un salario esperado maés elevado (Cappellari y Tatsiramos, 2015). Ademas, existen
correlaciones a lo largo del tiempo en el estado laboral de individuos conectados entre si, lo cual puede explicar
parcialmente los patrones de segregacién observados en el mercado laboral —ya sea por grupo étnico, género
o situacion geografica— o las decisiones de los individuos de permanecer o abandonar dicho mercado (Calvo-
Armengol y Jackson, 2004, 2007). Por otro lado, la probabilidad de que una persona obtenga informacion
laboral de un contacto varia dependiendo de la fuerza del vinculo que le une a dicho contacto: si el vinculo es
débil —el contacto es un mero conocido— la probabilidad de obtener informacion laboral del mismo es mayor
que si el vinculo es fuerte —es un amigo intimo o un familiar. En efecto, Granovetter (1973) constato que,
mientras que un 16.7% de los individuos entrevistados reportaron haber encontrado su empleo a través de
un enlace fuerte —alguien a quien veian regularmente— un 83.4 % de los individuos encontraron su trabajo
a través de un enlace débil —alguien a que apenas frecuentaban—. Su explicaciéon a tal descubrimiento fue
que los lazos débiles tienden a proporcionar a las personas informaciéon diferente de la que obtienen de



otros contactos, pues estos individuos actiian como «puentes» entre grupos de personas que de otra forma
estarian aislados. Los vinculos fuertes, por el contrario, tienden a proporcionar informacion redundante y
poco novedosa.

Existen, sin embargo, otras cuestiones abiertas en relaciéon al impacto que ciertas propiedades de las
redes de las personas tienen en sus resultados laborales. Una de las caracteristicas mas prominentes de las
redes sociales reales es su alto grado de agrupacion: los amigos de un individuo son a menudo amigos entre
si 0 tienen amigos en comun, sus respectivos amigos en muchas ocasiones se conocen, y asi sucesivamente
(Jackson y Rogers, 2007). En terminologia de redes, las redes agrupadas se caracterizan por un gran ntmero
de relaciones transitivas, lo cual se traduce en un considerable niimero de tridngulos, cuadrados y otros ciclos
de enlaces en la red (Holland y Leinhardt, 1971; Watts y Strogatz, 1998, Vega-Redondo, 2007; Jackson, 2010).
Aunque la importancia de la agrupacion de la red ha sido ampliamente discutida en la literatura sociologica,
no existe un acuerdo respecto a si las redes altamente agrupadas son beneficiosas o perjudiciales y por qué
(Burt, 2001, 2009; Jackson et al. 2017). Las relaciones en las redes agrupadas son normalmente més fuertes, lo
cual favorece la confianza y la cooperacion entre individuos (Granovetter, 1973; Burt, 1992; Coleman, 1988a,
1988b; Bloch et al. 2008; Lippert y Spagnolo, 2011; Jackson et al. 2012). Sin embargo, las redes agrupadas
pueden inhibir el flujo de informacion novedosa, ya que el contenido de la informacién recibida en este tipo
de redes puede ser redundante (Burt, 2001, Blau, 2017). Este altimo punto es el argumento de Granovetter
(1973) en La fuerza de los lazos débiles. En relacion con esta teoria surge una pregunta adicional: jreside la
ventaja de los vinculos débiles exclusivamente en el contenido de la informacién que estos vinculos aportan
o en otro tipo de propiedades de red asociados a ellos, tales como su menor presencia en ciclos de enlaces?

El presente capitulo trata de esclarecer estas cuestiones. Analizamos como la agrupacion de la red
—reflejada en la presencia de ciclos de enlaces— influye en los resultados laborales de las personas: su pro-
babilidad de empleo y su salario esperado. De manera similar a Calvo-Armengol (2004) y Calvo-Armengol
y Jackson (2004; 2007) consideramos un modelo en el que los agentes estan conectados a través de una red
social y los individuos empleados con informacién laboral transmiten esta informaciéon a sus amigos directos
en situacion de desempleo. Calvo-Armengol (2004) analiza como el namero de contactos directos e indirectos
afecta a la probabilidad de empleo e identifica un efecto positivo del nimero de contactos directos en dicha
probabilidad (esto es, un efecto positivo del degree), asi como un efecto negativo del namero de vecinos indi-
rectos (un efecto negativo del second-order degree). Por otro lado, muestra como un cambio en la distribucion
del degree en redes regulares y sin ciclos tiene efectos no-monétonos en el empleo.! Finalmente, propone un
modelo de formacion de redes en el cual la decision de los individuos de abandonar el mercado laboral es
endogena: depende de los recursos que esperan obtener de la red. Calvo-Armengol y Jackson (2004; 2007)
analizan el papel de los salarios en un modelo similar: estudian los patrones de correlaciéon desde una perspec-
tiva dinamica. Este enfoque permite explicar la desigualdad en los salarios de los agentes y en sus decisiones
de abandono del mercado laboral en funcién de su estado inicial.?

El objetivo de este capitulo es estudiar el papel que el agrupamiento de la red, reflejado en la presencia de
ciclos de enlaces, tiene en los resultados laborales de sus integrantes. En nuestro analisis, aislamos el impacto
de los ciclos de aquel que podria venir inducido por otras propiedades de la red, como la distribucion del
degree y del second-order degree. Probamos cémo la probabilidad de empleo de los individuos es diferente
dependiendo de los ciclos cortos (tridngulos y cuadrados) que forman con sus vecinos, aun cuando so6lo se
tiene en consideracion un periodo. Esto es, mostramos como los flujos de informacién hacia un individuo
no so6lo se ven afectados por su degree y su second-order degree, sino también por la geometria que crean
sus enlaces y los enlaces de sus respectivos vecinos. Dejando constante el degree y el second-order degree de
un individuo, la presencia de tridngulos y cuadrados en su vecindario reduce su probabilidad de empleo. De
este modo, el desempleo en una red g puede ser mayor que en otra ¢’ si el grado de agrupamiento en g es
mayor que en ¢, incluso si la distribucién conjunta del degree y el second-order degree es la misma en ambas

1Dado que el ntimero de contactos directos e indirectos determina la probabilidad de empleo de los agentes, la tasa de
desempleo en dos redes con el mismo ntumero de enlaces puede ser diferente si la geometria de estas redes es distinta, sencillamente
por el hecho de que el degree y el second-order degree de sus respectivos integrantes puede no ser el mismo. Calvo-Armengol
(2004) ilustra este punto con un ejemplo.

2Los individuos desempleados obtienen més (menos) informacién cuando sus contactos estan empleados (desempleados),
dando lugar a formas robustas de correlaciéon en los salarios y en el estado laboral de agentes conectados entre si. Calvo-
Armengol y Jackson (2004) muestran con un ejemplo como dos agentes con el mismo nimero de vecinos pero un distinto average
path length pueden presentar una diferente probabilidad de empleo en el largo plazo, lo cual sugiere un efecto negativo de la
agrupaciéon de la red en el empleo. Sin embargo, su anélsis no explora la incidencia especifica que los ciclos de enlaces tienen en
los flujos de informacioén, ceteris paribus.



redes. Este efecto viene causado por el hecho de que estos ciclos generan afiliaciéon estocéastica en los flujos de
informacion procedente de distintos contactos. A diferencia de lo que ocurre en una red sin ciclos —donde los
flujos de informacién entre contactos ocurren de manera independiente— la probabilidad de que un individuo
A reciba informaciéon de un vecino B depende positivamente de la probabilidad de que A reciba informacion
de otro vecino C si ambos vecinos estan unidos (es decir, si A, By C forman un triangulo) o si B y C tienen
un amigo en comun D (en cuyo caso A,B, C, y D forman un cuadrado). Esta falta de independencia en los
flujos de informacion en redes con ciclos hace que sus integrantes sean més propensos a recibir varias ofertas
de empleo de diferentes contactos de forma simultédnea, pero también méas propensos a no recibir ninguna
oferta de éstos. Dado que recibir varias ofertas de empleo no supone ninguna ventaja cuando se analiza la
probabilidad de empleo (los individuos solo pueden aceptar un trabajo a la vez), el efecto resultante de los
ciclos en la probabilidad de empleo es negativo.

El agrupamiento perjudica a la probabilidad de empleo, pero también al salario esperado. Mostramos
como los ciclos cortos tienen una incidencia negativa en el salario esperado, dado que la probabilidad de
estar desempleado es mayor cuando los individuos estdn inmersos en ciclos y los agentes desempleados tienen
un salario esperado igual a cero. Condicionado a estar empleado, por el contrario, el salario esperado de los
individuos es mayor cuando éstos forman ciclos con sus contactos. Este resultado se explica por el hecho de
que los individuos inmersos en ciclos son méas propensos a recibir varias ofertas laborales a la vez y por tanto
pueden escoger entre distintas opciones. El hecho de recibir distintas ofertas simultaneamente no presenta
ninguna ventaja cuando se analiza la probabilidad de empleo, ya que los individuos s6lo pueden aceptar un
empleo. Sin embargo, recibir varias ofertas laborales a la vez constituye una ventaja cuando se analiza el
salario esperado ya que los individuos pueden escoger entre trabajos con salarios distintos.

Una vez identificados los efectos estdticos de los ciclos sobre el empleo, analizamos sus efectos dindmicos
(esto es, en el largo plazo). Consideramos distintas redes que difieren en el ntimero de ciclos que los individuos
forman con sus vecinos, y analizamos el estado estacionario de la cadena de Markov inducida por nuestro
modelo. Mostramos como los ciclos de enlaces organizan la probabilidad de empleo en el estado estacionario
en el sentido de la dominancia estocastica de primer orden. Las personas en vecindarios altamente agrupados
presentan una menor probabilidad de empleo a largo plazo que aquellas en vecindarios menos agrupados. Este
resultado pone de manifiesto el efecto de los ciclos cortos de enlaces en los patrones de desigualdad observados
dentro de una red, asi como entre redes distintas. La ciclos de longitud mayor (pentagonos, hexagonos, etc.)
—que son irrelevantes en el modelo estatico— tienen una relevancia marginal en el modelo dinamico.

En la misma linea, mostramos céomo los ciclos cortos refuerzan los patrones de correlacion en el empleo a
largo plazo identificados en Calvo-Armengol y Jackson, (2004). De acuerdo con estos patrones, los individuos
con amigos empleados (desempleados) presentan mayor (menor) tendencia a estar empleados porque su
entorno (no) les proporciona informacion laboral. Esto se traduce en patrones de desigualdad y segregacion
laboral a lo largo del tiempo. La afiliaciéon estocéstica en los flujos de informacién inducida por los ciclos
cortos refuerza estos patrones: dado que la transicion del desempleo al empleo es mas dificil cuando los
individuos forman parte de ciclos, los individuos en vecindarios agrupados tienen una menor tendencia a
estar empleados. Si a esto anadimos la correlacion en el estado laboral que existe entre vecinos en la red,
el resultado son fluctuaciones laborales més prolongadas y persistentes en redes con un mayor grado de
agrupamiento.

En resumen, la contribuciones de este capitulo primero son varias:

= Sacamos a la luz un mecanismo detras de La fuerza de los lazos débiles (Granovetter, 1973). Tal y
como argumenta Granovetter (1973), existen distintas formas de medir la fuerza de un lazo social. Una
manera se basa en el nimero de contactos que dos personas tienen en comun, esto es, en los ciclos que
ambas forman, «cuanto mds fuerte sea la union entre A y B, mayor serd el nimero de individuos del
grupo S con los que ambos estardn relacionados mediante lazos fuertes o débilesy. Si de acuerdo con esta
concepcién consideramos «débiles» a aquellos enlaces que no cierran ciclos de red cortos (tridngulos o
cuadrados) y «fuertesy a aquellos que cierran algin ciclo corto, nuestro analisis muestra como los lazos
débiles son efectivamente mas propensos a proporcionar informacion laboral que los lazos fuertes. Sin
embargo, la ventaja de los lazos débiles no reside en el contenido de la informacién proporcionada por
estos, sino en el hecho de que el flujo de informacién a través de ellos es independiente de los flujos de
informacién entre otros agentes en la red.

= Contribuimos al debate clasico en sociologia respecto a si el agrupamiento en las redes sociales es
una ventaja o una desventaja para los individuos inmersos en ellas. En nuestro contexto, los ciclos



constituyen una desventaja a la hora de obtener empleo, ya que los individuos son menos propensos a
recibir al menos una oferta laboral si forman ciclos con sus contactos. Sin embargo, en otros contextos
en los que el proceso de difusion en la red es semejante al que tiene lugar en nuestro modelo, la afiliacion
estocastica inducida por los ciclos podria beneficiar a los individuos inmersos en ellos.?

= Tal y como argumentan Jackson et al. (2017), «las medidas estadisticas que han sido diseriadas para
capturar el agrupamiento han tendido a focalizarse exclusivamente en trios —grupos de exactamente tres
nodos—. Aunque esto es 1til, parece razonable conjeturar que las propiedades asociadas a la agrupacion
de un grafo no pueden ser capturadas imponiendo las limitaciones implicadas por estas medidasy. El
capitulo ilustra cémo la agrupacion de la red y sus efectos van mas alla de lo capturado por el coeficiente
de agrupamiento clasico (que solo tiene en cuenta la presencia de tridngulos en la red). Mostramos
como los cuadrados son igualmente relevantes para la difusion incluso en el modelo estético y como el
coeficiente de agrupamiento clasico puede dar una medida poco precisa del grado de agrupamiento de
la red, al no tener en cuenta la presencia de este tipo de ciclos (cuadrados).

= Por ultimo, la literatura econémica ha mostrado cémo las fricciones en la busqueda de trabajo conducen
a una lenta dinamica de empleo (Pissarides, 1985; Bentolilla y Bertola, 1999; Mortensen y Pissarides,
1999; Burgess et al., 2001). Ademés, las tasas de entrada y salida del desempleo se ven afectadas
por las caracterfsticas personales de los individuos, como su nivel de educacion (Maarten y Wolbers,
2000), o su namero de contactos directos e indirectos (Calvo-Armengol, 2004). El presente capitulo
identifica otro factor que incide en estos procesos: la geometria creada por los enlaces de la red. Dado
que las fluctuaciones en el empleo son un determinante importante de la economia, nuestros resultados
pueden contribuir a la comprensiéon de algunos hechos estilizados de tipo macroeconémico, como son
los patrones de desigualdad que se observan en las sociedades interconectadas.

Capitulo 2. Clustering in Network Games

En las sociedades actuales, el comportamiento y bienestar de los individuos no puede entenderse sin
considerar la estructura social en la que estan inmersos. Por su condicién gregaria, el ser humano rara vez
toma decisiones sin considerar a los demaés, pues el rendimiento esperado de su comportamiento a menudo
se ve afectado por las decisiones de otras personas. En tiempos de coronavirus, por ejemplo, una persona
puede decidir acudir a un determinado lugar sélo si espera que otros individuos no van a hacerlo. En otros
contextos, la misma persona puede querer llevar a cabo una acciéon (como acudir a una huelga o reciclar su
basura) tnicamente si anticipa que otras personas van a actuar del mismo modo. El elevado impacto que
el entorno social ejerce en el comportamiento de los individuos ha generado una inmensa literatura sobre
juegos en redes que ha permitido entender mejor fendémenos de distinta naturaleza (véase Calvo-Armengol
y Jackson, 2004, 2007; Calvo-Armengol et al. 2009; Calvo-Armengol y Zenou, 2004; Ballester et al. 2010;
Bramoullé y Kranton, 2007; Jackson et al. 2012, entre otros).

Existe una variedad de aspectos de la estructura social que pueden tener una incidencia en el comporta-
miento humano. Una caracteristica intrinseca de las redes sociales reales es su elevado grado de agrupamien-
to, manifestado en una amplia presencia de relaciones transitivas y de ciclos de enlaces en la red (Holland
y Leinhardt, 1971; Watts y Strogatz, 1998, Vega-Redondo, 2007; Jackson, 2010). La literatura sociologica
ha analizado ampliamente como el comportamiento de las personas puede verse afectado por el grado de
agrupamiento de la red que integran senialando distintos mecanismos de incidencia. Uno de ellos se basa
en la informacién: en una red agrupada y densa es méas probable que una mala conducta sea detectada y
divulgada, pues la existencia de un elevado niimero de relaciones transitivas hace que cualquier comporta-
miento inapropiado se detecte méas rapidamente en este tipo de redes (Coleman, 1990; Greif, 1993). Como

3El proceso de difusién considerado en este capitulo presenta dos importantes rasgos: (i) la capacidad de cada agente para
poder ser transmisor o receptor de la informacién transmitida depende de su estado (empleado o desempleado) y (ii) el bien
transmitido es rival. Es razonable pensar que los ciclos de red pueden generar afiliacién estocéastica en otros procesos de difusién
que presenten estos rasgos, como podria ser la transmisién de una enfermedad. En este caso (i) se cumple, ya la capacidad para
transmitir la enfermedad o contagiarse depende del estado de cada agente (depende de si tiene la enfermedad o no). Por otro
lado, si los individuos tienen un tiempo limitado y sélo pueden interactuar con un cierto ntimero de personas, la enfermedad
podria considerarse como un «bien» rival. En este caso formar parte de ciclos podria ser beneficioso para un individuo, pues
podria presentar una menor probabilidad de contagiarse como consecuencia de la afiliacién generada por los ciclos en el proceso
de difusién.



consecuencia, los incentivos de los individuos a comportarse de acuerdo a las reglas establecidas son mas
grandes cuando la red presenta un grado de agrupamiento mayor. Otro mecanismo relacionado vendria dado
por la capacidad que tiene un grupo social para imponer sanciones colectivas en funcion de su grado de
agrupamiento: los individuos pueden coordinarse més facilmente para imponer sanciones colectivas cuando
integran un grupo altamente cohesionado (Coleman, 1988a). Con base a ambos argumentos, las redes sociales
agrupadas fomentarian la confianza entre agentes e inhibirfan la aparicion de polizones (free riders).

Desde el punto de vista de la Teoria de Juegos, algunos estudios han mostrado cémo los individuos pueden
tener distintos incentivos a ayudar a sus contactos dependiendo del grado de agrupamiento de la red (Jackson
et al. 2012): la existencia de amistades comunes entre individuos les induce a prestar ayuda a sus contactos
ante la posibilidad de perder las amistades que tienen en comiun si la ayuda no es prestada. Sin embargo, son
pocos los estudios que analicen el impacto que el agrupamiento de la red tiene en el comportamiento de los
individuos desde una perspectiva de juegos, lo cual deja abiertas varias cuestiones. Por ejemplo, ;cémo afecta
el agrupamiento de la red al comportamiento de los individuos en otro tipo de contextos? ;es la amenaza de
sanciones colectivas el Gnico mecanismo por el cual el agrupamiento puede afectar al comportamiento de las
personas? jcoémo depende la respuesta del tipo de juego en cuestion?

El proposito de este segundo capitulo es estudiar como el comportamiento de los individuos se ve afectado
por el grado de agrupamiento de las redes sociales que éstos integran. Concentramos nuestra atenciéon en
dos formas de interaccién estratégica: juegos de sustitutivos estratégicos y de complementarios estratégicos.
En juegos de complementarios estratégicos el rendimiento que los individuos obtienen de sus acciones son
mayores cuanto mayor es el nimero de individuos en su vecindario (directo o indirecto) que juegan la misma
accion. Este tipo de interaccion estratégica refleja decisiones como la adopcién de una nueva tecnologia:
por cuestiones de compatibilidad, por ejemplo, los individuos obtienen méas (menos) beneficios al adoptar la
tecnologia si sus contactos (no) lo hacen. Los juegos de sustitutivos estratégicos reflejan situaciones donde
el rendimiento que los individuos obtienen de llevar a cabo una determinada accion son méas altos (bajos)
cuanto mayor (menor) es el nimero de vecinos que escoge la accion contraria. Este tipo de juegos se aplica,
por ejemplo, a la decisién de proveer un bien publico: el beneficio que un individuo obtiene al no contribuir a
la financiacion de un bien publico es mayor si algin otro vecino contribuye al mismo, pues en este caso puede
disfrutar del bien de forma gratuita actuando como polizon.

Cuando se analizan las interacciones estratégicas que tienen lugar en redes surgen dos problemas fun-
damentales. En primer lugar, dada la interdependencia existente entre distintas propiedades de la red es
problematico —y en ocasiones imposible— aislar el impacto que cada caracteristica de la red tiene en el
comportamiento de los jugadores. La razon estriba en que el cambio de una propiedad de la red modifica
simultdneamente otras caracteristicas de la misma y, por tanto, es aventurado atribuir los efectos del cambio
a una propiedad de la red en concreto. En segundo lugar, aun cuando se tienen en cuenta las interacciones
estratégicas que tienen lugar en una red especifica, los individuos a menudo pueden condicionar su compor-
tamiento a la observacion de una gran variedad de aspectos de la red y coordinarse alcanzando un equilibrio
(véase, por ejemplo, Bramoullé y Kranton, 2007). Para solventar estos problemas, este capitulo asume que
los individuos tienen informacién incompleta sobre la red en la que estan inmersos, lo cual permite realizar
predicciones mas concretas sobre la incidencia que ciertas propiedades de la red tienen en su comportamiento
y en su bienestar. Este enfoque es ademaés realista, puesto que en la vida real las personas rara vez tienen
informacion completa sobre la red social que integran e, incluso cuando la tienen, su capacidad para procesar
toda esta informacion es limitada (Jannick y Larrick, 2005; Dessi et al. 2014).

El marco teorico del presente capitulo es semejante al de Galeotti et al. (2010). Estos autores consideran
un escenario en el que los jugadores s6lo conocen su tendencia a interactuar con otros —su degree— y la
distribucion del degree de la poblacion. Los jugadores no conocen ningtin otro aspecto de la red (ni siquiera
la identidad de sus contactos). El degree de cada agente se interpreta como su tipo; los jugadores conocen su
tipo pero no el tipo de otros jugadores. Bajo este marco de informacién, los individuos tienen que decidir qué
accion jugar (por ejemplo, contribuir o no contribuir a la provisién de un bien publico) teniendo en cuenta
que el beneficio que obtendran de la misma dependera de lo que los otros jugadores escojan (por ejemplo,
si un jugador decide no contribuir y nadie contribuye no podra disfrutar del bien mientras que si decide no
contribuir y alguien lo hace podra usar el bien de forma gratuita). La principal aportacion de Galeotti et
al. (2010) es mostrar que las acciones de los jugadores son no crecientes (no decrecientes) en su degree en el
equilibrio Bayesiano bajo sustitutivos estratégicos (complementarios estratégicos). Este resultado indica que
las relaciones sociales crean ventajas personales para los jugadores, ya que los pagos esperados de los agentes
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con mayor degree son mayores que las de aquellos con menor degree en el equilibrio Bayesiano de ambos
juegos.

Nuestro marco tedrico se construye a partir del modelo de Galeotti et al. (2010), pero lo extiende al
dotar a los jugadores de cierta informacion sobre el grado de agrupamiento de la red. Asumimos que cada
jugador conoce su degree (que define su tipo), la distribucion del degree y maximo numero de enlaces que
pueden existir entre sus vecinos, informaciéon a la que denominamos agrupamiento percibido. Este escenario
de informacion se da en ciertas situaciones de la vida real en las que las personas conocen su tendencia a
interactuar con otros y pueden anticipar el grado en el que sus futuros contactos pueden conocerse entre ellos.
Por ejemplo, una persona que es presentada en un nuevo circulo de amigos puede anticipar que la mayoria
de los individuos con los que interactuara se conoceran entre si. Por el contrario, un estudiante de primer
ano puede esperar que la mayor parte de los individuos con los que ird a clase no habran tenido contacto
previo. En la mayor parte de las situaciones de la vida real, las expectativas de los individuos en relacion al
agrupamiento en sus vecindarios se sitia entre estos dos extremos.

Las contribuciones de este capitulo son la siguientes:

= Mostramos que el comportamiento de los individuos puede ser diferente dependiendo de la informa-
cion que éstos tienen del grado de agrupamiento de sus vecindarios, ceteris paribus. Bajo sustitutivos
estratégicos (complementarios estratégicos), las acciones de los jugadores en el equilibrio Bayesiano no
decrecen (no crecen) cuando el agrupamiento percibido aumenta. Si tomamos la provision de un bien
publico como ejemplo de juego de sustitutivos estratégicos y la adopcién de una tecnologia como ejem-
plo de complementarios estratégicos, nuestros resultados indican que un mayor agrupamiento percibido
no reduce la contribucién de los individuos al bien publico y no incrementa la adopciéon de la nueva
tecnologia. La explicacion de este resultado es la siguiente: al igual que en Galeotti et al. (2010), la
popularidad de cada jugador (su degree) determina su comportamiento y, por tanto, las expectativas de
los jugadores sobre las acciones de sus vecinos corresponden a sus expectativas sobre los degrees de sus
vecinos. La diversidad de tipos de vecinos que un individuo espera tener (en términos de popularidad)
disminuye a medida que su agrupamiento percibido es mayor, pues los enlaces entre los vecinos de un
individuo generan correlaciones en los degrees de dichos vecinos. Es decir, un jugador espera tener una
mayor diversidad de vecinos cuando sabe que puede formar un ntmero bajo de tridngulos con ellos
y una menor diversidad de vecinos cuando sabe que puede formar un ntmero alto de tridngulos con
éstos. Como consecuencia, bajo sustitutivos estratégicos (complementarios estratégicos) los jugadores
esperan tener al menos un tipo de vecino que contribuya al bien (adopte la tecnologia) con mayor
probabilidad cuando el agrupamiento percibido es bajo y por consiguiente sus acciones no decrecen (no
crecen) cuando el agrupamiento percibido aumenta.*

= Ponemos de manifiesto un mecanismo alternativo por el cual el agrupamiento percibido de la red
podria modificar el comportamiento de los individuos. Nuestros resultados se encuentran en linea con
los argumentos de Coleman (1988a, 1988b), en el sentido de que un mayor agrupamiento percibido
desincentiva a los individuos a actuar como polizones y les induce a contribuir al bien comin. Sin
embargo, este resultado no se debe a la amenaza de sanciones colectivas por parte de otros agentes, sino
meramente a las creencias que los individuos tienen sobre la diversidad de sus contactos en términos
de popularidad. Los individuos esperan tener amigos més diversos en términos de popularidad cuando
su agrupamiento percibido es bajo, y estas expectativas son las que les inducen a adoptar la accién
«mas arriesgada»: no contribuir al bien publico bajo sustitutivos estratégicos (a riesgo de quedarse sin
el mismo si ningin agente lo provee) y adoptar la tecnologfa bajo complementarios estratégicos (atn a
riesgo de no poder disfrutar de la misma si ninguno de sus contactos la adopta).

Capitulo 3. Network Perception in Network Games

En las interacciones estratégicas que tienen lugar entre agentes conectados a través de una red social, las
acciones de los individuos dependen de las acciones de sus vecinos, que a su vez dependen de las de sus vecinos

4En los juegos considerados en este capitulo, los individuos tienen que escoger entre dos acciones: jugar 1 —contribuir al bien
publico en el caso de sustitutivos estratégicos y adoptar la tecnologia en el caso de complementarios estratégicos— o jugar 0.
Bajo sustitutivos estratégicos (complementarios estratégicos), los agentes juegan 0(1) en equilibrio si esperan que al menos un
vecino jugaré 1.
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y asi sucesivamente. Por tanto, la informacion que los jugadores tienen sobre la red en la que estan inmersos
tiene una influencia fundamental en su comportamiento y en su bienestar, que pueden verse afectados si dicha
informacién cambia.

La literatura econémica ha analizado tradicionalmente los juegos en redes sociales bajo dos enfoques. El
primero asume que los individuos tienen informacion completa sobre la red de la que forman parte. Este
supuesto —considerado por ejemplo en Bramoullé y Kranton (2007), Goyal y Moraga-Gonzéalez (2001) o
Ballester et al. (2006) entre otros— presenta un inconveniente: cuando los jugadores tienen un conocimiento
completo de la estructura social subyacente puede existir una desconcertante variedad de equilibrios, lo que
impide sacar conclusiones sobre la incidencia especifica que distintas caracteristicas de la red tienen en el
comportamiento de las personas. Un segundo bloque de trabajos —entre los que se encuentra, por ejemplo,
Jackson y Yariv (2005; 2007) o Sundararajan (2008)— asume que la informacién que los individuos tienen sobre
su red se limita a algunas caracteristicas concretas de la misma. Galeotti et al. (2010), por ejemplo, consideran
un escenario en el que los jugadores conocen su degree (que se interpreta como su tipo) y la distribucion del
degree de la red, pero ningun otro aspecto de ésta. Estos supuestos permiten realizar predicciones mas
concretas sobre el comportamiento de equilibrio. En particular, Galeotti et al. (2010) muestran cémo, bajo
estas condiciones, las acciones de equilibrio de los jugadores son no crecientes (no decrecientes) en su degree
en juegos de sustitutivos estratégicos (complementarios estratégicos), lo que se traduce en mayores pagos
esperados para los individuos mas populares.

Asumir que los agentes tienen tal nivel de desconocimiento de la red es realista en ciertos contextos.
Un individuo puede decidir acudir a un congreso, preparar una oposicién, votar a un partido politico, etc.
basandose exclusivamente en el nimero de personas que espera que hagan lo mismo y puede tener informacion
a este respecto (puede conocer el niamero de personas que acudié a una ediciéon anterior del congreso, tener
acceso a encuestas de intencion de voto, etc.). Sin embargo, este agente puede no ser capaz de deducir otros
aspectos de la red en cuestion a partir de esta informaciéon, como, por ejemplo, si las personas que van a
acudir al congreso se conocen previamente, si tienen amigos en comin, la distancia en términos de enlaces que
separa a cada una de ellas, etc. En este tipo de situaciones —en las que el conocimiento que los agentes tienen
de la estructura social se reduce a algunos aspectos concretos de la misma— el marco tedrico de Galeotti
et al. (2010) es razonable, pues la percepcion que los agentes tienen de la red se limita exclusivamente a la
informacién que poseen sobre la misma.

En muchos contextos de la vida real, la informacion que los individuos tienen sobre la red en la que estan
inmersos no es completa. Sin embargo, suelen conocer la identidad de las personas con las que interacttan y
algunos aspectos de la posiciéon que éstas ocupan en la red. Por ejemplo, pueden saber el grado de popularidad
de sus contactos, si sus respectivos amigos pertenecen a circulos distintos o se conocen entre si, etc. A partir de
esta informacion — e incluso cuando es mas reducida— los individuos pueden deducir otros aspectos de la red
social que integran y formarse una representacion mental de la misma. Pensemos, por ejemplo, en una persona
que se incorpora a una organizacion. Esta persona puede tener cierta informacion sobre la red integrada por
los miembros de la organizaciéon a la que se incorpora: puede conocer el tamano de la misma, el nimero
de trabajadores en cada departamento, su perfil, etc. A medida que interacttia con los individuos, puede
obtener més informacién sobre la estructura de la red: puede ver quién interactia con quién, qué personas
coinciden en el mismo horario, quiénes tienen contactos en comin, etc. A partir de esta informacion, este
individuo puede formarse una idea méas precisa del entorno social en el que esta integrada. En efecto, la
investigacion en psicologia social muestra como esto verdaderamente ocurre: las personas tienden a formarse
una un sociograma mental que captura las relaciones existentes entre los distintos individuos con los que
tratan (Hecker, 1993; Kilduff and Tsai, 2003). En este tipo de situaciones —en las que los individuos pueden
deducir més aspectos de su red a partir de la informacion que tienen— el modelo de Galeotti et al. (2010) no
parece un reflejo ajustado del conocimiento que los agentes tienen sobre su red social. Surgen entonces las
siguientes cuestiones:

= ; Como podemos modelar la percepcion que los agentes tienen de su red social en este tipo de situaciones?
; Qué caracteristicas de la red afectan a la percepcion que los individuos tienen de ésta? ;Qué aspectos
de la red pueden deducir a partir del conocimiento de otros elementos de la misma?
p p

= ;Son las predicciones de Galeotti et al. (2010) robustas a cambios sutiles en sus supuestos de informa-
cion? jexiste un efecto monotono de incrementar la informacién que los jugadores tienen de la red en
el namero y/o estructura de los equilibrios que se pueden alcanzar?
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El presente capitulo trata de dar respuesta a estas cuestiones. Esté organizado en dos bloques:

1. Percepcion de la red. Analizamos cémo los individuos perciben la red social de la que forman parte
cuando la informaciéon que poseen de la misma es limitada. Con tal propdésito, consideramos distintos
escenarios de informacion y exploramos qué aspectos de la estructura social subyacente pueden deducir
a partir de la informacién que tienen de la red en cada uno de estos escenarios. Comenzamos por un
escenario en el que los jugadores tienen informacién muy limitada sobre la red que integran —conocen
exclusivamente su degree y la distribucion del degree de la red— y a partir de ahi vamos incrementando
la cantidad de informacién que los agentes poseen. Mostramos como distintas redes pueden ser factibles
para los agentes dada la informacion que poseen en todos estos escenarios y analizamos la distribucion de
probabilidad de las mismas. De la misma manera, ilustramos como los agentes calculan la probabilidad
de ocupar una determinada posicion en la red teniendo en consideracion todas las redes que consideran
factibles y su distribucion de probabilidad.

Descubrimos una relaciéon entre ciertas nociones de simetria entre nodos, tales como la equivalencia
automdrfica (Hanneman y Riddle, 2005) y la equivalencia estructural (Lorrain y White, 1971), y la
percepcion de los agentes de su entorno social. Tal relaciéon implica que, bajo todos los escenarios
de informacion considerados, las personas presentan un sesgo cognitivo hacia estructuras sociales méas
asimétricas. Esto es, cuando varias geometrias de red son factibles dada la informacién de los individuos,
éstos asignan un peso probabilistico mayor a aquellas con un grupo automdrfico de menor orden. Este
resultado tiene un efecto en el comportamiento y bienestar de los agentes, como mostramos en la
segunda parte del capitulo.

2. Juegos en redes. Estudiamos las interacciones estratégicas que tienen lugar en la red considerando
el marco tedrico desarrollado en la primera parte. Comenzamos por mostrar como las predicciones de
Galeotti et al. (2010) se rompen cuando relajamos sutilmente sus supuestos. Cuando los agentes tienen
informacion sobre su degree y la distribucion del degree de la red —y a partir de esta informacion deducen
la probabilidad de que sus amigos tengan degrees particulares— los equilibrios simétricos pueden ser
multiples y exhibir diversos patrones. Bajo este escenario de informacion, los equilibrios simétricos
son iguales en todas las redes con el mismo tamano y distribucion del degree. Sin embargo, dado que
el bienestar alcanzado en estos equilibrios varia dependiendo de la geometria de la red, establecemos
un condicion suficiente para que una determinada estructura de red sea eficiente (el bienestar de sus
integrantes sea maximo). Finalmente, ilustramos cémo el hecho de incrementar la informaciéon de la
que disponen los jugadores tiene efectos no monétonos en el ntmero y la estructura de los equilibrios.

Las aportaciones de este capitulo son varias:

= Caracterizamos formalmente los mapas cognitivos de los individuos sobre la red social en la que estan
inmersos a partir de la informacién que poseen. Nuestro marco contribuye a la literatura existente en
psicologia social, sociologia (Krackhardt; 1987, Carley; 1986; Michaelson y Contractor, 1992; Freeman,
1992; Kumbasar et al. 1994; Casciaro, 1998; Johnson y Orbach; 2002; Janicik y Larrick, 2005) y economia
(Dessi et al. 2016) en relacion a la percepcion que los individuos tienen de su entorno social. En
particular, mostramos que algunas nociones clésicas de equivalencia entre nodos son relevantes a la
hora de explicar la percepcién que los individuos tienen de sus redes sociales. Probamos que todos los
jugadores tienen creencias simétricas sobre la estructura de la red que componen cuando sélo tienen
informacién sobre su degree y a la distribucion del degree de la red. Sin embargo, esta simetria en la
percepcion de la red desaparece a medida que el radio de informacién de los individuos se incrementa
ligeramente.

= El marco teérico propuesto permite analizar las interacciones estratégicas entre jugadores cuando éstos
tienen creencias racionales sobre la posiciéon que sus contrincantes ocupan en la red. En nuestro modelo,
los jugadores creen que sus vecinos presentan atributos particulares (por ejemplo, tienen un cierto de-
gree) con probabilidades que calculan teniendo en cuenta el conjunto de redes factibles y su distribucion
de probabilidad. Ilustramos como esta diferencia entre nuestro modelo y el de Galeotti et al. (2010)
hace que el equilibrio alcanzado no sea tinico ni necesariamente mondtono no creciente (no decreciente)
en el degree de los jugadores bajo sustitutivos estratégicos (complementarios estratégicos).’

5QGaleotti et al. (2010) realizan algunos supuestos respecto a las creencias que los jugadores tienen sobre el degree de otros
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= Ponemos de manifiesto los efectos que tiene manipular la informacion sobre la red de la que disponen los
jugadores en las interacciones estratégicas que tienen lugar en la misma. La introduccién de informacion
incompleta como solucién al problema de multiplicidad de equilibrios se ha encontrado con una critica
fundamental: el resultado alcanzado por los jugadores depende en gran medida de cémo se introduce
esta falta de informacion —qué aspectos de la red se asume que conocen y cuéles desconocen (Weinstein
y Yildiz, 2007)—. Si bien esta critica podria aplicarse a cualquier juego Bayesiano, el presente capitulo
muestra que es particularmente relevante en los juegos que tienen lugar en redes: dada la interdepen-
dencia que existe entre las distintas medidas de la red, un ligerisimo cambio en la informaciéon que
los agentes tienen sobre algin elemento de la misma puede cambiar sustancialmente la percepcion que
tienen sobre ésta y por ende, en los equilibrios y el bienestar alcanzados.

= Por ultimo, senalamos el papel que el tamano del grupo automorfico de la red —medida de su grado de
simetria— tiene a la hora de analizar el comportamiento y el bienestar de los individuos cuando estos
interacttian en la misma. Si bien esta propiedad de la red ha tendido a ser ignorada en la literatura de
juegos, este capitulo pone de manifiesto su relevancia a la hora de explicar la percepcion que los indi-
viduos tienen de su entorno social, asi como las decisiones que estos toman en contextos de interacciéon
estratégica.

agentes. En particular, prueban que bajo sustitutivos estratégicos (complementarios estratégicos) el equilibrio es monétono no
creciente (no decreciente) cuando todos los jugadores creen que la probabilidad de tener un vecino con un degree alto depende
negativamente (positivamente) de su propio degree, o es independiente del mismo. En este capitulo, analizamos los juegos
relajando estos supuestos.
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Capitulo 1

Are close-knit networks good for
employment?

1.1. Introduction

The key role of social networks in shaping socio-economic phenomena is well documented across a variety
of contexts.! The importance of social contacts and the architecture of relationships has been particularly
recognized in labor economics as a key source of employment information (Tonamides and Datcher, 2005;
Beaman, 2016). Granovetter (2018) concludes that people rely primarily on contacts when finding a job,
independently of the occupation, skill, location, or socio-economic background.? Cappellari and Tatsiramos
(2015) estimate that an additional employed friend increases the probability of finding a job by 3.7 %.
Topa (2001) and Conley and Topa (2002) document geographic, ethnic, and race correlations in employment,
suggesting a network-based flow of information about jobs. Other stream of literature analyzes referral systems
in hiring, reporting a better performance of referred employees (Burks et al., 2015), a higher probability of
being hired (Brown et al., 2016; Pallais and Sands, 2016), and a longer tenure in the firm (Dustmann et al.,
2016). Thus, employers may benefit from the employees network to increase the search efficiency in the hiring
process (Barr et al., 2019).4

Most of the above mentioned literature has focused on the effects of network size, whereas finer details
of network architecture have received less attention. Granovetter (1973) documents that, while 16.7% of
interviewed individuals report having found their jobs through a strong tie (i.e. someone they saw regularly),
83.4 % found their job through a weak tie (a contact they meet «occasionally»).® He argues that the strength
of the tie between two individuals is intimately related to the «overlap in their friendship circles», in such a
way that individuals linked through strong ties are expected to have a higher proportion of common contacts,
integrating densely-connected groups deprived of information from other parts of the social system. In the
terminology of this chapter, they are more likely to belong to short network cycles. Weak ties, on the contrary,
may act as bridges between such densely connected neighborhoods, enjoying an advantage for getting novel
information with respect to strong ties. Many studies have tested Granovetter’s argument (see e.g. Killworth
and Bernard, 1974; Friedkin, 1980; Montgomery, 1992) or applied his idea to different frameworks, ranging
from the diffusion of knowledge among organizations (e.g. Hansen, 1999) to innovation or creativity (e.g.
Ruef, 2002 and Baer, 2010). Recently, Gee et al. (2017) have analyzed the role of weak and strong ties in

1See Goyal (2007), Vega-Redondo (2007), Jackson (2010), and Jackson et al. (2017).

2The weight given to the network-driven information differs across these dimensions though. See also Myers and Schultz,
1951; Corcoran, et al. 1980; Marsden and Campbell, 1990; Montgomery, 1991; Marmaros and Sacerdote, 2002; Munshi, 2003;
Franzen and Hangarther, 2006; Pellizari, 2010; and Bentolila et al., 2010, among many others.

3Some studies directly explore the variation of employment status of some network members on other network integrants
(see e.g. Topa, 2001; Bayer et al., 2008; Beaman, 2011; Beaman and Magruder, 2012).

4Beaman et al. (2018) identify a potential cause of the different labor outcomes of males and females by documenting a
significant tendency of men to refer few women, compared to men.

5Granovetter (1973) defines the strength of a tie as the «amount of time, the emotional intensity, the intimacy (mutual
confiding), and the reciprocal services which characterize the tie».
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job search. Using data on six million Facebook users and creating a proxy for job help by identifying people
who eventually worked for the same employer as a pre-existing friend, they report that people are more likely
to find a job through a weak tie because of their relatively large number, but strong ties are individually
more beneficial at the margin. Note that they measure tie strength between two agents as the number of
friends they have in common, or—alternatively—the number of triangles, in which both participate.® This
evidence notwithstanding, little is known about what drives this strength of weak ties phenomenon. Is this
effect driven solely by the differences in the content of the information, or is it partly due to the different
network embeddedness of weak vs. strong ties?

This chapter analyzes theoretically whether close-knittedness influences employment prospects and wages
of individuals and groups. Close-knit neighborhoods, one of the most prevalent features of real-world social
networks (Jackson and Rogers, 2007; Jackson, 2010), are characterized by high transitivity of relationship:
friends of friends are typically friends; and so are friends of friends of friends, and so on. In network ter-
minology, highly clustered networks contain a large number of triangles, squares, and other short network
cycles.

To study the role of short cycles in the flow of job market information, we build on a model develo-
ped by Calvo-Armengol (2004) and Calvé-Armengol and Jackson (2004, 2007).7 People are distributed on a
network and employed individuals who hear about vacancies pass the information on to their unemployed
network neighbors.® Calvo-Armengol (2004) shows that higher degree and lower second-order degree increase
the individual probability of employment and detects a non-monotonic effect of shifts of the degree distri-
bution on employment in cycle-free regular networks. Calvo-Armengol and Jackson (2004) study patterns
of correlations from a dynamic perspective. They show that such a network model generates unemployment
correlations across time and path-connected individuals, exhibits duration dependence and persistence, and
allows to understand inequalities and drop-out decisions.? Calvé-Armengol and Jackson (2004) provide seve-
ral examples suggesting that other network features might play a role, but they do not isolate their effects
formally. Last, Calvo-Armengol and Jackson (2007) analyze wages in a similar model. Our contribution to
this literature is to model explicitly the role of local network density of links, measured by the presence of
short cycles, isolating their effect from that of the first- and second-order degree.

We report two sets of results. The first result has implications that go beyond the labor-market application
of this study: we show that short network cycles generate stochastic affiliation in diffusion processes.'® More
precisely, if two friends of individual ¢ are friends or have another common friend, the information flows
from these two friends to 4 are schochastically affiliated even in a one-period model, whereas these flows are
independent if they are connected neither directly nor indirectly in any other way.!! This implies that the
diffusion does not only depend on the number of first- and second-order connections but also on the geometry
created by these links. Thus, two neighborhoods or two networks where the players have the same number
of first- and second-order neighbors (i.e. the same joint distribution of degree and second-order degree) but
differing clustering patterns induce different diffusion dynamics and thus different employment and wage
distributions. Since this result is fairly general and does not rely on many of the model assumptions, our
work provides a microfoundation for why short networks cycles, namely triangles and squares, shape diffusion
on networks.

Our second set of results concerns the micro- and macroeconomic implications of short network cycles.
We prove that, ceteris paribus, people involved in three- or four-cycles have worse employment prospects. The
intuition stems from information affiliation: stochastic affiliation increases the probability of mismatch bet-
ween vacancies and job candidates, leading to diffusion inefficiencies. That is, network cycles are a source of
labor-market frictions when employers rely on referrals. Our numerical simulations show that this result per-
sists in the steady state of a dynamic Markov chain. In the long run, network cycles organize the employment

6Bian et al. (2015) show empirically that weak ties are better able to provide job information than strong ones, but strong
ties are better at mobilizing diverse forms of favoritism that is particularly relevant for high-earning positions.

7Calvé-Armengol (2004) and Calvo-Armengol and Jackson (2004, 2007) have in turn been partially inspired by the early
contributions of Boorman (1975) and Diamond (1981).}

8See also Montgomery (1991). Galeotti and Merlino (2014) model endogenous formation of networks.

9Unemployed agents obtain more (less) information when their contacts are employed (unemployed), giving rise to robust
forms of correlations in wages and employment status of path connected agents.

10Stochastic affiliation is a strong form of correlation; see Section 1.3.1 for a formal definition.

1Some results in Calvo-Armengol (2004) and Calvo-Armengol and Jackson (2004, 2007) rely on the assumption that the
inflow of information from two neighbors of ¢ to 4 is independent. Our contribution is to show that this assumption fails even in
the static model if the two neighbors are connected or if they share a friend j# i. We further explore the consequences.
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probabilities in the sense of the first-order stochastic dominance. People in densely-knit neighborhoods have
lower employment prospects than individuals in comparable positions and close-knit networks exhibit higher
unemployment rates than more loosely-knit societies with the same joint distributions of first- and second-
order degrees. Hence, short network cycles have important short- and long-run consequences for inequality
within and across networks. We further show that economically relevant and statistically strong effects are
exclusively limited to short cycles in our model. Importantly, none of these results relies on spatial segregation
of low- and high-clustering people. Although spatial correlations in the employment of path-connected people,
characterized in Calvo-Armengol and Jackson (2004, 2007), weaken the negative impact of short cycles in
integrated societies, we show that their detrimental role can persistent in the steady state. Hence, policies
aiming at the integration of dense and loosely-knit agents may have a limited effect.

These findings extend for wages. Leaving constant other network features, three- and four- cycles reduce
the expected wage of agents involved in these cycles. However, this negative effect is driven by the unemploy-
ment probability. Conditional on having a job, the expected wages of individuals involved is short cycles are
actually higher. The affiliation of information flows increases the probability of multiple job offers in dense
neighborhoods but such multiplicity is not longer redundant if we analyze wages: multiple job offers allow
agents to select among offers with different wages if unemployed or accept better-paid jobs if employed. Hence,
the direction of the effect of short network cycles may vary in function of one’s socio-economic environment.

Short network cycles further affect other features of the employment dynamics. Most importantly, they
increase serial correlations of employment. This has two implications. Firstly, since the variability of the
steady-state employment is virtually unaffected by network cycles but serial correlation increases conside-
rably, the fluctuations of employment within denser neighborhoods or in closely-knit societies exhibit larger
amplitude. This effect is generated by a combination of factors. First, network diffusion generates employment
time correlations, as well as correlations between connected nodes. Employed friends maintain their contacts
employed due to the diffusion channel, while unemployed agents make their contacts more vulnerable (Calvo-
Armengol and Jackson, 2004). However, the affiliation in job-market information flows caused by network
short cycles reinforces these effects and extends them to network neighborhoods. On the one hand, it slows
down the transition between different employment states: it maintains employment within cycled groups of
employed individuals while it also perpetuates unemployment in unemployed cycled neighborhoods. On the
other hand, the spatial correlation makes the transition from employment to unemployment in a neighbor-
hood more difficult. However, if several members of an employed neighborhood lose their job, they make their
circles more vulnerable and drag the whole neighborhood towards unemployment; in contrast, if a positive
shock hits an unemployed neighborhood the network externality spills over more easily in cycled neighbor-
hoods. The combination of these factors results in longer, more persistent employment fluctuations, with
more pronounced booms and troughs in closely-knit neighborhoods and networks. Secondly, the combination
of higher time persistence of employment and labor market transitions with lower unemployment causes that,
even though the probability of maintaining a job is unaffected, the likelihood of remaining unemployed across
periods is enhanced by close-knittedness.

The findings of this chapter have important implications for two fields, labor economics and network
theory. As for the former, we deepen our understanding of the micro- and macroeconomic effects of social
networks in labor markets and the economy as a whole. First, we uncover one possible mechanism behind
the strength of weak ties (Granovetter, 1973): since weak connections are less likely to be embedded in short
cycles,'? the strength of weak ties lies not only on the informational content but also on the lack of correlation
in the information they provide.'3 Granovetter’s (1973) argues that the benefits of weak ties derive from their
ability to transmit information to larger audiences and to provide novel information. We show that individuals
immersed in loose-knit communities may enjoy information advantages even when they are in contact with
the same number of people and when the kind of information they receive is of the same nature as in highly
cohesive neighborhoods. Thus, weak ties might be relevant not solely because of their bridging role, but due
to their capacity to provide independent information.

12Granovetter (1973) argues that «transitivity, (...), is claimed to be a function of the strength of ties, rather than a general
feature of social structure». According to Marsden and Campbell (1984), the overlap of social circles is a particularly good
measure of the strength of a tie. Louch (2002) indeed observes that when two contacts of an individual speak to each other
frequently or know each other for a long time, i.e. they can be thought of as strong ties according to Granovetter (1973) definition,
the probability that they are mutually linked increases by 178 % and 278 %, respectively.

13 Conversely, this mechanism provides a rationale behind the structural holes argument of Burt (2005): one of the advantages
of bridging holes is the diversification of information flows from otherwise disconnected parts of the network.
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Second, taking into account that the empirical evidence consistently corroborates that real-life labor
markets heavily rely on employee referrals, we show that short network cycles—and consequently, the clus-
tering coeflicient, social cohesion, and network close-knittedness—are important determinants of individual
and aggregate labor-market performance. Short cycles affect inequality and they may be a relevant source of
labor-market frictions. They reinforce the propagation of idiosyncratic shocks, shaping labor fluctuations over
time and space in our model. The detected impact is particularly in line with the literature that shows that
search frictions lead to sluggish aggregate employment dynamics and labor market churning (e.g. Pissarides,
1985; Bentolilla and Bertola, 1999; Mortensen and Pissarides, 1999; Burgess et al., 2001). There is a literature
on how unemployment entry and exit rates are affected by personal characteristics, such as education (Maar-
ten and Wolbers, 2000); Calvo-Armengol and Jackson (2004) position networks among the determinants. We
identify another source of sluggishness: the geometry of one’s social environment. This channel deserves a
deeper empirical investigation. More generally, since employment fluctuations and employment transitions are
strongly correlated with business cycles and aggregate macroeconomic volatility cannot be explained without
consideration of labor-market fluctuations (Kydland, 1995; Mortensen and Pissardies, 1999), our results may
contribute to the understanding of key stylized facts of macroeconomic dynamics.

Last, we add a new potentially negative aspect to the list of economic consequences of recruitment process
that rely on employee referrals. Calvo-Armengol (2004) shows that popular friends and too much connectivity
in a network may be detrimental and Calvo-Armengol and Jackson (2004, 2007) implies that, under employee
referral programs, initially disadvantaged groups are persistently worse off. Munshi and Rosenzweig (2006)
report that networks may prevent people from exploiting new opportunities. We show that, apart from
connectivity, network cohesion contributes to inequality and lead to labor-market search inefficiencies.

As for network theory, we provide three novel insights. First, we show that network close-knittedness
goes beyond the clustering coefficient as both the number and the organization of cycles of different lengths
determine to what extent one benefits from the social capital embedded in social structures. Triadic closure
and clustering (i.e. cycles of length three) have received a great deal of attention in the literature across
fields. Our focus on cycles links naturally two concepts based on triangles, the clustering coeflicient and the
concept of network support proposed recently by Jackson et al. (2012). However, both concepts ignore the
role of longer cycles in shaping socio-economic phenomena. We show formally that cycles of length larger
than three also play a role and why.

Second, numerous studies across fields suggest that local clustering may affect diffusion on networks (e.g.
Calvo-Armengol and Jackson, 2004; Centola, 2010; Acemoglu et al., 2011; Campbell, 2013). However, it is
difficult to disentangle the effect of clustering from that of other network features, which is a stumbling block
for any causal claims regarding the effect of short cycles and for a microfoundation of their role in network
processes. Since the transmission of information in this chapter resembles the network diffusion of many
other phenomena, our results may have implications beyond the labor market literature. We show formally
that clustering matters keeping constant the first- and second-order degree distributions—the two features
typically considered in the diffusion literature—and that short network cycles induce correlation in diffusion.
Since cycles already impact diffusion in our static, one-period model, they will likely play a relevant role
in the dynamics of other network phenomena and abstracting from them may thus provide an incomplete
picture of the mechanisms behind network diffusion.

Last, we contribute to the long-standing debate in economic sociology regarding whether dense neighbor-
hoods are beneficial or detrimental (Burt, 2001, 2009; Jackson et al. 2017).'* We report that, even in the
same context, the answer depends on the particular question: close-knittedness may be both beneficial and
detrimental and both directions coexist even in the same network and application. More precisely, network
cohesion may be beneficial in well-off neighborhoods that are successful maintaining high employment and
in times of high employment whereas it may hurt the same people in times of economic unease.

The chapter is organized as follows. Section 1.2 presents the model. Section 1.3 analyzes the static version
of the model while the dynamic analysis can be found in Section 1.4. Section 1.5 introduces wages into the
model. Finally, Section 1.6 concludes.

14Relationships in close-knit networks are typically stronger, enabling trust and cooperation (Granovetter, 1973; Burt, 1992;
Coleman, 1988a, 1988b; Bloch et al., 2008; Lippert and Spagnolo, 2011; Jackson et al., 2012). However, close-knit networks
inhibit the flow of novel information and individuals in tight neighborhoods may receive redundant information (Granovetter,
1973, 2005; Burt, 2001, Blau, 2017).
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1.2. Model

To study the role of short cycles in labor markets, we build on the model of Calvo-Armengol (2004) and
Calvo-Armengol and Jackson (2004, 2007). First, we present and analyze the static, one-period version of
the model where we introduce and consider the impact of short cycles. See Section 1.4 for the analysis of the
dynamics and long-run consequences.

1.2.1. The network

People are distributed on an undirected fixed network that is used to disseminate information about job
openings. The network g = (N, E) is characterized by a set of nodes N = {1,..,n} and a set of edges or links
E between them. We write g;; = 1 if individuals ¢ and j are directly linked in g and g;; = 0 otherwise. Let
A = (gij)i,jen be the n x n symmetric adjacency matrix of the network, with g;; = 0. To simplify notation,
we sometimes denote a link between i and j by ij. G is the set of all feasible networks.

The set of 4’s direct contacts in g is defined as N;(g) = {j € N : g;; = 1}; let n;(g) = |Ni(g)| be the (first-
order) degree of individual i. Analogously, denote the set of i’s second-order or indirect neighbors (neighbors of
i’s neighbors) as N7 (g) = {k € N : gijg;i = 1 for some j € N, i # k} and n?(g) = |[N2(g)|. Observe from the
previous definitions that N;(g) and N2(g) may have a non-empty intersection; that is, some contacts of i may
simultaneously be 4’s indirect contacts. For a pair of nodes i and j, define N;;(g) = {k € N : k € N;(g)NN;(g)}
as the set of common contacts of both i and j, with n;;(g) = |N;;(g)|. The set of contacts of 7 that are not
shared with j is N;—;(g) = Ni(9)\Ni;(g), with n;_;(g) = |Ni—j(g)|. Distance between nodes i and j in
network g is the length of the shortest path between them, denoted as d;;(g). Naturally, d;;(g) =1 if ij € E,
d;j(g) = 2 if there is k € N such that ik, kj € E but ij ¢ E, and so on.

This work focuses on the effect of cycles on the probability of receiving information about job vacancies
through network contacts.

Definition 1 (Cycle). A K—cycle Zk(g) is a sequence of distinct nodes i1, 2, ..., ik 1,1k, such that K > 2,
Gininy, = 1 foreach k € (1,..., K — 1), and g; 4, = 1.

In words, a K —cycle in a network g is a sequence of K linked nodes starting and ending in the same node. A
cycle may be equivalently defined as the set of edges. For example, a three-cycle or a triangle is a path passing
through three edges: ij, jk, ki. Equivalently, we may refer to a triangle as the sequence {i, j, k}.15 Analogously,
a four-cycle or a square is a path through four edges 4j,jk,klli or a sequence {i,j, k,1}. We denote Ss(g) the
set of all three- and four-cycles and Sr(g) the set of all K-cycles for K > 4 in g; S(g) = Ss(g) U Sr.(g) thus
corresponds to the set of all K-cycles in g. Last, Si(g), S%(g), and S%(g) are the sets of the corresponding
cycles, in which ¢ is involved.

The clustering coefficient of individual ¢ is the fraction ofi’s direct contacts who are neighbors themselves.
In the above terminology, the coefficient measures the number of triangles in i’s neighborhood divided by the
number of all possible triangles among all i’s contacts. Formally,'6

C'Z(g) _ Zj#i;k#j;k;ﬁi 9919k
Zj;éi;kyéj;k#i 9ir.9:;
Clustering coeflicient reflects the density or closeknittedness within a node’s neighborhood; when the coeffi-
cient is high, the neighborhood is densely interconnected because most of i’s contacts are linked. The average
clustering coefficient of network g is simply C(g) = 13", Ci(g) and measures the overall level of local
density within the network.

Note that the clustering coefficient counts the triangles but abstracts from longer cycles. Lind et al. (2005)
propose a coefficient that keeps track of the fraction of four-cycles as follows:

Ci(g) = 2= Jia9imImiGin
> 9ij9ikGim

15In graph theory, the term n-cycle is sometimes used as a description of a circle network of n nodes. In Figure 1.2, g, and ge
would be examples of three- and four-cycles, respectively, under that terminology. In this chapter, cycles may also represent a
part of more complex architectures, rather than the whole network.

16The coefficient is not defined for n;(g) < 2. In such a case, some authors consider clustering to be equal to zero (e.g.
Vega-Redondo, 2007), while others leave it undefined.
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where i, j, k and m are nodes of the network. For node i, the number of squares is given by the number of
common neighbors among i’s contacts (i.e. that is sequences {1, j, k, m} such that g;;gjmgmrgir = 1). Again,
CHg) = 5 Xizi CHg)-

A distinct but related concept is support, proposed by Jackson et al. (2012): A link jk is supported if
i€ N :i€ Nji(g); the link is unsupported if N;,(g9) = @. A link jk is supported by i if i € Njx(g); the
link is unsupported by ¢ if ¢ ¢ N;x(g). The more links are supported by 4, the higher is i’s embeddedness.
Hence, network support is another measure of close-knittedness, but it differs from the clustering coefficient
(see Jackson et al., 2012).

Certain network architectures play a particular role in our analysis. First, a tree is a network with no
cycles of any length; that is, S(g) = 0 and C;(g) = C#(g) = 0 for each i € N. A cycle network is the only
graph of n nodes and n links containing one n-cycle. In Figure 1.2, networks g, — g4 depict a triangle, square,
and pentagon, respectively; network g, represents a hexagon. A reqular network is a network in which |n;(g)|
is equal for all ¢ € N; a regular network is symmetric in the number of direct and indirect contacts of each
individual but not necessarily in other network features.!” A special case of regular network is a verter-
transitive network, where no node can be distinguished from any other based on its neighborhood since they
all have a structurally identical neighborhood, second-order neighborhood, and so on. There are several formal
definitions of these networks (see e.g. Weisstein, 2016), but an important property of these graphs is that
each node occupies a structurally equivalent position in the network.'® Hence, every vertex-transitive graph
is regular, and each node has the same degree, second-order degree, and the clustering coefficient. However,
the converse is not true; not all regular networks are vertex-transitive, and not all networks in which all nodes
have the same clustering coeflicient are vertex-transitive. For instance, every node in a network may have
the same number of links but they can still differ in other characteristics, such as the clustering coefficient
or global centrality. Examples of vertex-transitive networks include empty and complete networks, circles,
cubes, many lattice networks, and Caley graphs. Figure 1.1 displays examples of vertex-transitive networks;
all nodes in the five networks occupy an identical position. In case of the first three networks, all vertices
have four connections and twelve second-order neighbors, but the number of triangles involving a given node
increases from zero in case of the leftmost network to two in case of the middle network. The fourth and fifth
networks are also vertex-transitive with n;(g) = 4 for all 4, but each node is involved in several three- and
four-cycles. To see the difference between clustering and support, note that the clustering coeflicient of each
node increases from zero to one as we move from the left to the right. Nevertheless, the support is already
maximal in the third and fourth networks where every single edge is supported, while the clustering is lower
than one in these networks because each node has contacts who are not connected.

Figure 1.1 Vertex-transitive networks with degree four but increasing clustering from the left to the right.
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1.2.2. Information flows

In our model, initially each worker is employed.'® Then, every agent looses her job with probability
b € (0,1). Afterwards, each node may hear about a vacancy with probability a € (0, 1), regardless of her

17Some authors call regular networks symmetric (e.g. Calvo-Armengol, 2004). However, the term symmetric network exists in
graph theory and it is more restrictive than regularity.

181n fact, vertex-transitive graphs are also called node-symmetric (Chiang and Chen, 1995), a name that reflects better the
main feature of these networks.

19This assumption is inconsequential. All the results hold if all people start with the same probability of being employed.
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employment status. We assume that all jobs are identical.?’ Loosing the job and hearing about a vacancy
are independently distributed and independent across individuals.

At this point, each worker can be in one out of four possible situations or status:

1. Status 1. Each person is employed and has heard about a new job with probability o = a(1 — b).
2. Status 2. She is unemployed and has not heard about any offer with probability 5 = b(1 — a).

3. Status 3. She is unemployed but has heard about an offer with probability é = ab

4. Status 4. She is employed with no offer to pass to contacts with probability v = (1 — a)(1 — b).

We label these different status as 1 to 4 respectively, and define the random variables X?(g), X4(g), Xi(g), Xi(g)
as the number of i’s contacts who are in each status. Particular realizations of these variables are denoted as
xi (9) 75(9), 25 (g) and x%(g), with 2% (g) + 25 (g) + 25(g9) + 2% (g9) = n;(g). Similarly, the variables X7*(g) and
X7.%(g) measure respectively the number of agents in N (g) and N;_(g) who are in status m € {1,2,3,4};
2% (g) and J7%(g) denote again their realizations. Define Y;*(g) a random variable, such that y$(g) = 1 if i
is in state s = {1, 2, 3,4}; y;(g) = 0 otherwise. Unemployed individuals who hear about a job (those in status
3) immediately accept the offer. Workers who are employed and have heard about a vacancy (in status 1)
pass the offer to one of their unemployed neighbors (in status 2) uniformly at random. As a result, status 1

and 2 play a key role in our analysis.

The model assumes that all agents at any point in time have perfect information about the labor status
of their direct contacts.?! Observe that only individuals in state 1 can pass an offer to one of their direct
contacts in status 2 (i.e. those who lost their job but have not heard about any offer) who immediately accepts
the offer. Therefore, an individual’s contacts who are in status 1 will be called potential providers and her
second-order contacts (the contacts of her contacts) who happen to be in status 2 will be named competitors.
By construction, it is possible that an individual in status 2 simultaneously receives several offers from her
different contacts. In such a case, she accepts one of them at random and the others remain unfilled. These
redundant offers may generate search frictions in the labor market.

Assume that node i is unemployed. We represent the information flow from j € N;(g) to i through a
random variable I ]Z (g9) taking value 1 when i receives information from j and 0 otherwise. I; (g) is a function
of the state of j and j’s network position. First, it depends on whether j is in state 1 (a provider), an event
with probability «. If so, she passes an offer to one of her unemployed neighbors with equal probability. Thus,

i receives an offer from j with probability , where Xg\i(g) denotes the number of j’s contacts other

1
X3V (g)+1
than ¢ who are in state 2. Then,

‘ 1 with probability J\a>
Ii(g) = oo (1.2.1)

1.2.3. The probability of receiving an offer through the network and the unem-
ployment rate

Denote P(g) the probability that node i receives a job offer from at least one neighbor in network g when
she is is status 2 (i.e. unemployed). With this notation, we can write the employment probability of node
i as Fi(g) = (1 —b) + ba + b(1 — a)P¥(g), which can be interpreted as the individual employment prospect
in network g. The employment rate of the network is E(g) = % > ien Pi(g); the unemployment rate is thus
U(g) =1- E(9g).

20In Section 1.5, we relax this assumption and allow for wages to differ across jobs.

211n Calvo-Armengol (2004), employed individuals with a job offer pass the vacancy to one of their contacts who lost their job.
Unemployed individuals may have later received an offer but this is not observed by other agents. Though this is not explicitly
stated, it can be seen in the proof of his Proposition 1, where the decision to pass information depends on b instead of 3. We
change slightly this assumption and assume that the decision depends on §. If we maintained the assumption of Calvo-Armengol
(2004), our results would in fact be reinforced.
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Since a and b are exogenously given and the same for all individuals, the only difference in (un)employment
rates across nodes and networks arises from P?(g) so we analyze how this probability depends on network
cycles.

Pi(g) depends on the employment status of i’s direct and indirect (second-order) contacts. The status of
i’s direct neighbors determines the number of i’s potential providers, X?(g), while the status of the contacts
of the potential providers determines the number of competitors (Xé\l(g)) and thus the probability with
which any potential provider j passes an offer to i (see (1)). As we show below, both three- and four-cycles
affect the probability with which 7 receives at least one offer through her contacts.

Assume that y7(g) = 1 and y;(g) = 1, j € Ni(g). Since each node k € Nj(g) \ i may be unemployed (that
is, in status 2) with probability 3, the probability that i does not receive any offer from j is??

nj(g)—1 N
g(ni(9) = Y (nj(g,z 1>Bh(1ﬂ)”j(g“hhil (1.2.2)
h=0

In a similar vein, the probability that ¢ does not receive any offer from j, conditionall on knowing the
status of k € N;(g) \ ¢, is

nj(g)=2 ,
q;(nj(9) | yi(g) = 2) = };} <n](g}z 2)6"(15)’”(9)"” % (1.2.3)

Expressions (1.2.2) and (1.2.3) directly lead to the following claim:

Claim 1. (Individual Probability). Assume that y2(g) = 1 (unemployed) and let yjl(g) = 1 for a node
J € Ni(g) (potential provider of i). Then, q;(n;(g)) is increasing in n;(g) and independent of network cycles,
and q;(n;(9) | yi(9) = 1) > ¢;(n;(9) | yi(9) = 0) = ¢;(n;(9) — 1).

Claim 1 illustrates first that the probability with which ¢ does not receive any offer from a particular
provider j (or, conversely, the probability that she does, i.e. 1 — ¢;(n;(g)) only depends on the number
of (potential) competitors in j’s neighborhood and this probability is not affected by the presence of cycles
within ¢’s or j’s neighborhoods. Hence, network cycles do not affect the individual decision to pass information
about jobs. However, Example 1 below illustrates that cycles do affect the probability of getting an offer from
at least one contact, altering one’s employment prospects. Second, Claim 1 shows how knowing the status of
a neighbor of a neighbor affects this probability and that knowing that one neighbor does not need a job is
equivalent to having one competitor less. These latter results play a key role if a neighbor of a neighbor can
simultaneously be a direct neighbor.

Example 1 (Effect of short cycles). Consider networks g, gc, ge, and gy in Figure 1.2 and assume that
yZ(g) = 1 in each network. The probability that node 1 receives a job offer from at least one neighbor in
network g, P!(g), satisfies the following:??

P'(ge) > P'(gc) > P'(gn) (1.2.4)

Note that node 1’s degree is the same in the three networks, while her second-order degree is the same in
networks g, and g, but lower in g.. However, individual 1 is more likely to be employed in the tree network
ge, followed by the square network g., as compared to the triangle network ¢, even though the number of
competitors is the same in the first two networks and even though node 1 has one competitor less in g. than
in g.. Similarly, P'(g) may be larger or lower than P'(g;), depending on the parameters. If, say, « = 0.9 and
B =0.01, P(gr) = 0.9886 > P'(g,) = 0.9810, despite the fact that the number of 1’s potential competitors
is greater in gy than in g,. W

Claim 1 and Example 1 jointly deliver several messages. First, the geometry of network neighborhoods
affects the probability of receiving a job offer, beyond the number of first- and second-order neighbors. We

228ince ¢;(n;(g)) is identical for any k € N;(g) including i, we do not index this probability by i throughout the chapter to
simplify the notation.
23Detailed calculations can be found in Appendix.
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particularly point to the role of short cycles. Since Claim 1 shows that their presence does not affect the
probability of receiving an offer from one particular individual, their role in Example 1 stems from the lack
of independence of information flows coming from different contacts j and k if they belong to a cycle with
i (operationalized by a multivariate random variable (IJ’ (9),13(g))- The example particularly suggests that
network cycles affect individuals negatively and their length may matter. Last but not least, the impact of
cycles is economically relevant: their effect in Example 1 rivals with that of two-link-away connections. We
formalize these observations in the next section.

1.3. Results

1.3.1. Cycles and affiliation of information flows

In cycle-free networks (e.g. trees), N;(g) N N?(g) = 0 and N,i(g) = {i} if j,k € N;(g), implying that
information flows from neighbors j and k to i are independent. The probability that neighbor j passes an
offer to i depends on j’s status and on Xg\z, but it depends neither on the status of any other k£ € N;(g) nor
on the status of any second-order contact s € Ni(g) \ ¢, k # j.

In contrast, if j,k € N;(g) and jk € E (i.e. j and k form a three-cycle with 4), the information flow
from j to ¢ depends on both j’s and k’s status and, similarly, that from k& depends on k’s and j’s status.
More precisely, the probability that j transmits information about a job opening to ¢ depends on whether j
is employed and possesses such information and on whether k£ also needs a job. If k does, k£ will provide no
information to ¢ and this is independent of cycles. However, since j and k are friends, £ now competes with 4
for information from j, decreasing i’s probability of receiving information from j. Such indirect effect of the
status of k on Pj(g)—and thus on Pi(g)—is a direct consequence of the cycle {7, 7, k}. This indirect effect is
missing when j and k& do not belong to any short cycle with .

Similar dependence appears when j and k belong to a four-cycle together with i. If a four-cycle {i, j, s, k}
is present, the lack of independence in information flows from j and k to ¢ comes from the fact that the
probabilities of receiving a job offer from each of them depend on a common variable, the status of individual
s.

We formalize these statements using the concept of stochastic affiliation:242?

Proposition 1 (Affiliation). Assume y?(g) = 1 and consider j,k € N;(g).

(a) I}(g) and I}(g) are strictly affiliated if either S%(g) = {i,j,k} or S5(g) = {i, ], s, k} for one s # i, j, k.
(b) Conditional on the status of j’s and k’s neighbors who form three or four-cycles with i, I't(g) and Ii(g)
are conditionally independent.

Strict affiliation in information flows from node i’s potential providers implies that, conditional on receiving
an offer from a provider j with high probability, the probability that i receives another offer from a provider
k increases if the two providers are connected directly or through another node s # 1.

We illustrate the intuition behind the proof using an example. Consider a triangle network g, in Figure
1.2 composed of individuals 4, j, and k and assume that node i is unemployed. Denote f(I}(gs).1}.(g)) the
joint density function of I3(gp) and I} (gp). First, consider that j € N;(g) is employed and hears about an open
position; this happens with probability «. Only j will pass information to 4, but not k, when k is employed
but does not have information about other jobs, an event that has probability 1 — a — 5. Node j transmits a
job offer to ¢ with probability 1 in such a case. In contrast, 7 only receives a job offer from j with probability
% if k needs a job and thus competes with ¢ for j’s information, an event that has probability 8. As a result
and due to the network symmetry,

£(1,0) = f(0,1) = aﬁ% +a(l—a—p).

24This concept was introduced to economics by Milgrom and Weber (1982). Two random variables are affiliated if, conditional
on observing a low (high) value of one variable, the probability of observing a low (high) value of the other variable increases.
Formally, two random variables X and Y are affiliated if for all z < 2’ and for all y < ¢ :

[ y)* fley') < f',y') * fz,y)
where f(z,y) is the joint density function of variables X and Y. Since two independent random variables are affiliated according

to the above expression, we say that two variables are strictly affiliated if the condition holds with strict inequality.
25 All proofs are relegated to Appendix.
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Second, i receives no offer from any of her neighbors if either none of them has any information to pass or
one of them does but passes it along to a competitor, leading to

£(0,0) = (1 - 0)? + 2058

Last, a node does not lose the job and hears about a vacancy with probability a. Therefore, ¢ might receive
two offers from both j and k with probability f(1,1) = o>
Note that

P 7(0,0) = 02 (1= a) +aB) > 0*((1—a—§)+53) = £(0,1) = £(1,0)
(1= a)+fa> (1-a) - (1 -a- ;6.

which implies that I}(gy) and I} (gy) are strictly affiliated.

To illustrate the case of a four-cycle, consider the four-node network g. in Figure 1.2 and take the
perspective of a node i with N;(g.) = {j,k} and N?(g.) = {s}. In this example, it cannot happen that i
receives an offer with probability 1 from j and with probability % from k, or viceversa. If y2(g.) = 0 (i.e.
s does not need a job), both potential providers j and k can only pass a job along to ¢ with probability 1.
Conversely, if y2(g.) = 1, both potential providers j and k will pass information to i with a lower probability
%. Hence, the probabilities that each of the two neighbors of i pass information to her are not independent.

Figure 1.2 Networks with different local connectivity and clustering patterns

g, 9 g, 9y g, g 9,

Part (b) of Proposition 1 shows that the affiliation in the information flows is the only reason for such
dependence. Once we condition on the status in the corresponding neighborhoods, the information flows
become independent.

1.3.2. Effects of cycles on employment

Proposition 1 shows that network cycles generate affiliation in information flows but provides no predic-
tion concerning the direction of the effect. Calvo-Armengol (2004) shows that, within cycle-free networks,
direct contacts are beneficial whereas second-order contacts are detrimental for the individual probability of
employment. However, example 1 indicates that this does not necessarily hold in networks that contain short

cycles. Let us denote (m(g), {n; (g)}VjGN'(g)> as the joint degree distribution of i. The following proposition

characterizes the effects of short cycles, keeping constant the joint degree distribution (i.e. the number of
direct contacts and the number of contacts of her contacts for each 7):

Proposition 2. (Effects of cycles). Let ¢ = (N, E) and ¢* = (N*, E*), x € {t,s}, be three networks,
such that N C N¥*, (ni(g);{nj(g)}wem(g)) = (ni(gm);{nj(gm)}weNi(gm)) for Vi € N and z € {t,s},
SS(gt) = SS(g) U {27]7k} and Ss(gs) = Ss(g) U {i,j,Z,k} for some i, 7, k,z € N. Then,
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(i) P"(g) > P"(g*) for h € {i,j, k} and P'(g) = ( )fora]lfGN\{z’,j,k}.
(i) P"(g )>Ph( )forhe{z,],hz} and P’ (g) = ( ) for all f € N\{i,j,k,z}.
(iii) P"(g®) > P"(g?) for h € {i,j,k} and P"(g*) = P"(gt) for f € N\ {i,j, k, z}.

Figure 1.3 provides an example of the networks in Proposition 1. Networks g, g* and ¢° have the same
joint distribution of degree and second-order degree and the set of cycles is the same with one exception: g*
(g°) has one additional triangle (square) compared to g.2%

Part (i) indicates that if an individual has the same degree and her neighbors also have the same degrees
in both networks but she is involved in one triangle more in g* than in g (e.g. the case of nodes 1, 2, and 3 in
Figure 1.3), she is less likely to get a job offer through her network contacts in g*. In contrast, the remaining
nodes (i.e. nodes 4 — 7 in Figure 1.3) are unaffected by the difference between g and g'. Part (ii) shows that
the same holds for a square but, as Part (iii) indicates, the impact of a triangle is larger that that of a square.

Figure 1.3 Example of g, g* and ¢° from Proposition 2.

g g g°

A direct consequence of Proposition 2 for labor-market outcomes is that under the conditions of the
proposition, the rate of employment of i is lower if i belongs to a triangle or square in g* or ¢°, respectively:
E;i(g) > Ei(¢9°) > F;(g"). That is, 7 is more likely to be unemployed in g%,z € {s,t} than in g and more so if
the additional cycle is a triangle rather than a square, while F;(g) = E;(¢9°) = E;(g") for the nodes that are
not involved in any of the additional cycles.

To illustrate the intuition behind the proposition, let us compare a tree network g, in which Sg(g) = 0,
with a network g* such that Ss(g*) = {i, 4, k}. Let N;(g) = N;(¢*) = {j, k,v,...,z}. Assume ik,ij € EN E*,
and jk € E' but jk ¢ E.If i € N is in status 2 (i.e. 7 needs a job), the probability that she does not receive
any offer from j € N;(g) is R}(g) = agj(n;) + (1 — a). In the following illustration, to simplify notation we
omit the superscript ¢ and the dependence on g to write R;.

Since Ss(g) = 0, the probability that i does not receive any offer from any neighbor in g is simply the
product of the individual probabilities over all i’s neighbors. Therefore, the probability that i receives at least
one offer from her contacts is (see Proposition 1 in Calvo-Armengol, 2004):

Pi(g)=1—R;RyR,..R, =1 — H Ry, (1.3.1)
heN;(g)

Since the only difference between g and ¢* relevant for i is that jk € E, Proposition 2 shows I;(gt) and

Ii(g") are affiliated. As a result, Rj; # R; Rk, where R;j is the probability that i does not receive any offer
neither from j nor from k. Consequently,

Pi(g")=1-RjRy..Rn=1-Rj, [ Ba (1.3.2)
heN;(g)\{4,k}

Note from (1.3.1) and (1.3.2) that Pi(g) > P'(g") if Rjx > R;Ry.

26Note that keeping the second order degree constant implies that the number of neighbors of i’s contacts is constant; thus,
whenever the distribution of degree and second order degree is the same in the different networks, the conditions of Proposition
2 hold.}



CAPITULO 1. ARE CLOSE-KNIT NETWORKS GOOD FOR EMPLOYMENT? 28

Table 1.1 presents the probabilities R;j, conditional on the status of j and k for networks g and ¢* under
the conditions of Proposition 1.27 The first column of the table lists the four possible combinations of the
status of j and k: both j and k are in status 1 and thus they are potential providers of ¢ (row 1), two cases in
which one of them is a provider while the other one is not (rows 2 and 3), and the fourth situation where none
of them is a provider of 4 (row 4). The second and third columns, denoted respectively as g and g*, contain
the probabilities that ¢ does not receive any offer neither from j nor k under each scenario in any of the two
networks. The probabilities R;; are obtained by simply adding up the four expressions in the corresponding
columns.?®

Table 1.1 Probability that i does not receive any offer from j, k € N;(g) in g* and g.

’ R, /status \ gt \ g \ gt —g
J» k providers a®qj(nj — Dar(ne — 1) | o®q(nj)ax(ne) | o®|g;(n; — Dax(nk — 1) — ¢;(n;)qr ()
j is provider, k not | ag;j(n;) —a?qj(n; —1) | a(l —a)q;(n;) a?|q;j(nj) —q;(nj — 1)
k is provider, j not | agx(ny) — o®qx(nk — 1) | a(l — a)gx(ny) o | qi(ng) — qr(n, — 1)
J, k not providers (1—a)? (1—a)? 0

The last column (labeled g* — g) in Table 1.1 is the difference between these probabilities across the two
networks. If we add up the four rows of this last column, we obtain

Ry — Ry Ry = 02| (45(n) = 45 = 1) (1= ail = 1)) + (an) = e = 1)) (1 = a5 (n) ) | > 0. (1.3.3)

by Claim 1. Therefore, P(g) > P*(g").

Table 1.1 further illustrates how the affiliation affects the information flows from j and & to i. In g%, the
affiliation increases the likelihood that i receives two offers from both j and %k or none, while decreasing the
probability of receiving just one offer. When j and k are providers (row 1 in Table 1.1), R;z — R;jRi < 0
by Claim 1. In contrast, two events in Table 1.1 (one neighbor can pass information to ¢ while the other
cannot, corresponding to cases in rows 2 and 3) yield a lower probability of not getting at least one offer in
g' than in g, Rj, — R;jR), > 0. Expression (1.3.3) shows that the opposing effects are non-neutral and the
aggregate effect on i is negative (higher probability of not getting at least one offer). In g%, i receives two offers
simultaneously from j and k£ more often but she can accept only one of the jobs while the other one remains
unfilled. Therefore, short network cycles, by inducing affiliation, increase the likelihood of mismatch between
candidates and jobs; affiliation decreases the employment prospects of people in closely-knit neighborhoods.
In economic terms, transitivity in relationships and overlapping in the neighborhoods of different individuals,
through the effect of affiliation of information flows, prevent an efficient diffusion and generate labor market
frictions.??

The above argument extends naturally when the starting network ¢ is not a tree, and to cycles of length
four. Regarding the former, Pi(g) and P%(g') would be more complex than a product of Ry’s if S(g) # 0,
but the comparison between the corresponding expressions (1.3.1) and (1.3.2) would again reduce to the
comparison of the probabilities R,;x(g) and R;(g)R(g). As for four-cycles, the argument is the same, except
that the affiliation, and the fact that R;x(¢g°) # R,;(9°)Rx(g®), stems from the status of contacts of neighbors
such as s € N;,(¢°). If s is employed, her status makes it more likely that both j and k share a job information
with ¢ and when s is unemployed it is more likely that ¢ does not receive any offer from any of them.

Proposition 2 has several implications and raises a few issues that are worth stressing here. First, note
that the above comparison holds both within and across networks. That is, it does not matter whether we
compare two individuals across two networks as in Proposition 2 or two individuals within the same network.

27 Appendix A.2. contains the detailed computation of the probabilities in Table 1.1

28Note that R;x(g9) = R;(g)Rk(g) but R;jx(gt) # R;(g%)Ri(g?).

29Note that this effect is stronger that a simple diversification argument. A higher probability of receiving two offers or none,
and a lower probability of having just one offer could be equivalent if the individual could benefit more from receiving two offers
than from receiving just one. However, two offers are equivalent to just one offer because the individual can only have one job.
Thus, the negative effect is stronger, because people cannot fully enjoy the advantage of receiving multiple job offers. In other
words, even a slightly risk loving individual would, ceteris paribus, prefer not to be involved in cycles.
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The reason is that, in the static, one-period version of the model, only the local neighborhood matters. More
precisely, the employment probability of an individual is determined only by the status of agents in her first-
and second-order neighborhood and by the geometry of these local neighborhoods. Therefore, any two nodes
with the same degree, second-order degree, and, say, the same numbers of squares but different number of
triangles could also be compared. The following two remarks clarify this point:

Remark 1. In the one-period model, m-cycles do not affect employment prospects for any m > 4.
Remark 2. In the one-period model, I;(g) is unaffected by cycles that do not contain i.

It is important to note that none of the above two remarks would hold in a dynamic model (see Section
1.4, where we analyze the dynamics).

Second, what can we say about the unemployment at the network level? Proposition 2 can be interpreted
as an individual as well as a network-level result. Since the employment prospects of agents only differ in the
probability P*(g), the next statement directly follows from Proposition 2:

Corolary 1 (Network level). Consider networks g, g, and g* from Proposition 2 with N = Nt = N,
Then, the unemployment rate in each network is such that:

U(g") > Ul(g®) > Ulg) (1.3.4)

In words, our results allow us to compare two networked societies in terms of unemployment as long as
the assumptions in Proposition 2 hold: when two networks have the same joint degree distribution and they
only differ in one short cycle, the network that contain the cycle has higher unemployment rate and the effect
is stronger for a triangle than for a square.

The above discussion raises a natural question: can we compare two societies if we relax some of the
assumptions of Proposition 27 The answer is no. The following example shows that having the same joint

degree distribution, (ni(g);{nj (g)}vjeN(g)) in both networks is a necessary condition. If we relax this

assumption, for example by only maintaining constant the degree distribution, Proposition 2 may fail to
hold.

Figure 1.4. Networks in Example 2
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Example 2 (Equal joint degree distribution as a necessary condition). Consider networks g and ¢’
in Figure 1.4. Both networks have the same degree distribution, but the joint distribution differs across them.
At the individual level, being involved in more cycles does not necessarily translate in lower unemployment
if the number of direct and indirect contacts is not held constant. For instance, node 1 belongs to the cycle
{1,2,3} in network g’ while she is not involved in any cycle in network g. Nevertheless, P*(g’) = 0.1334 >
Pl(g) = 0.1285 for a = 0.1 and b = 0.2.3° The reason is that node 1 competes with a smaller number

30See Section A.2 for the derivation of all the probabilities.
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of agents in ¢’ than in g for information and this benefits her more than the harm that comes from the
affiliation induced by the triangle. From the perspective of the entire network, although S(¢') \ S(g) =
{1,2,3}, E(¢') = 0.84013 > E(g) = 0.84012 for ¢ = 0.1 and b = 0.2. Hence, having less cycles does not
guarantee lower unemployment if the joint distribution of the direct and two-links-away friends is not held
fixed. &

Example 2 illustrates that, if two networks have the same distributions of degrees and neighbors’ degrees but a
distinct joint distribution of both variables, the (un)employment rates cannot be generally ranked according
to Corollary 1. This is an important observation: Example 2 shows that Proposition 1 and Corollary 1
cannot be generalized by relaxing the assumption of holding fixed the joint distribution of connectivity and
second-order connectivity.

Next we compare specific networks with different clustering coefficient.

Corolary 2 (Vertex-transitive network). Consider two vertex-transitive networks g and g', with

(n:(9)s 105D o)) = (169 003 (9 hjenor)) Jor Vi € N.If Cilg') = Cilg), CHg') = Cl(g) for al
i, and at least one of them is satisfied with strict inequality, then U(g") > U(g).

The corollary is a direct consequence of Proposition 2 and the definition of vertex-transitive networks (see
Section 1.2). Remember that a network is vertex-transitive if all the nodes occupy identical positions. Hence,
they have the same degree, second-order degree, clustering coefficient, global centrality etc. As a consequence,
if we compare two such networks that have the same number of neighbors and number of neighbors’ contacts,
we can compare their unemployment rates in line with both Proposition 2 and Corollary 1. To provide an
illustration, Corollary 2 predicts that unemployment increases as we move from the first to the third network
in Figure 1.1

According to Proposition 2 what matters for labor prospects is the number of short cycles, while we refer
to the clustering coefficients in Corollary 2. Due to the popularity of the clustering coefficient, one may ask
why we do not link unemployment directly to the coefficient in Proposition 2. The main reason is that the
relationship between the number of cycles and the clustering coefficients is not one-to-one. As an illustration,
consider node i in networks g, - g. in Figure 1.5. Although C;(g.) = Ci(gs) = %, P'(ga) # P*(gs) because
the two triangles in g, additionally form a four-cycle that affects i’s the information flows and thus the
employment prospects of those involved in the four-cycle. Similarly, C?(gy) = C(g.) but Pi(g,) # P(ge.).
In vertex-transitive networks to which we refer in Corollary 2, differences in the number of cycles in which
agents are involved are controlled for, since all agents occupy identical positions. The short cycles in their
neighborhoods are then distributed equally. However, more complex architectures contain more complex
interactions between the two clustering coefficients and cycles of different lengths, depending on who is
involved in which cycle. Therefore, we express our main results in terms of additional network cycles to
illustrate their ceteris paribus effect. A result a la Proposition 2 that would link employment to the clustering
coefficient should account for both the number of cycles and their distribution across agents.

Figure 1.5. Relation between short cycles and the clustering coefficients
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1.4. Dynamic analysis

In this section, we examine the long-run consequences of network cycles in labor markets. Calvo-Armengol
and Jackson (2004) showed in a similar model that the unemployment rate is positively correlated across time
periods and path-connected agents, and that there is duration dependence. They further provide numerous
examples illustrating that the network topology shapes the long-run labor-market performance. In this section,
we separate the impact of short cycles on long-run employment and inequality patterns from that of other
network features.

In the proposed setup, time evolves in discrete steps, denoted by t. At the beginning of each period ¢,
each worker may be employed or unemployed, depending on her employment status in period ¢ — 1. If she
starts employed, she has a probability b € (0,1) of losing the job. Afterwards, all workers (employed and
unemployed) hear about a vacancy with probability a € (0,1). As in the static model, losing a job and hearing
about a vacancy are independently distributed and independent across individuals and periods. Afterwards,
unemployed individuals who have heard about a job accept it immediately, while those employed pass it
along to one of their unemployed connections at random.

We again assume that, at t = 1, all nodes start being employed.?! The only difference between the first and
the subsequent periods is the initial employment status; in subsequent periods, not necessarily all individuals
are employed at the beginning of the period, but they may bring unemployment from the previous period.

Let the state at the beginning of period ¢t be the vector s; = (Euy, ..., Fnt), where Ey = 0 if node i is
unemployed when period t starts and F;; = 1 if she is employed. Each state s; has an associated employment
rate By = Zf“ and unemployment rate U; = 1 — % From ¢ = 2 on, the state s; will be determined by
the parameters a and b, the network architecture g that channels the flow of information about job openings
and the employment state of the previous period s;_1; the rest of the history is irrelevant. This constitutes
a Markov chain.

Since the state space is finite, we can represent the transition distribution probability through the transi-
tion matrix P with element (¢, j) given by p;; = Pr(Siy1 = j | St = ¢). Each row of P contains the probabilities
of each possible state s441, i.e. all possible combinations of employment and unemployment for all nodes given
that they started the period in state sq.

In our setup, the Markov chain is time-homogeneous, so that the transition matrix P is the same in
each period, and the t—period transition probability can be computed as the {—th power of the transition
matrix,Pt. As a result, the dynamics can be modeled as a finite-state irreducible and aperiodic Markov
chain and the process converges to a unique limit distribution (Young, 1993). Note that the initial state
becomes irrelevant after a certain number of periods and the limit probabilities over states only depend
on the parameters of the model, a and b, as well as on the network architecture g. We are interested in
the steady-state probability distribution over all possible employment states: lim;_o. P! = II, where II is a
matrix in which each row is the limit distribution of the process and yields the probability of each possible
state s. From this limit probability distribution over states, we first ask whether the effects of short cycles
identified in Section 1.3 persist in the long run. In addition, we study other moments of the distribution,
the space correlations and the persistence of employment, and we particularly focus how they change as we
systematically manipulate the close-knittedness of network neighborhoods.

Methodologically speaking, we proceed as follows. In Section 1.4.1, we first compute the exact limit dis-
tribution of the proposed Markov chain for a few simple networks and all values of a,b € (0,1). However,
certain statistics do not have a general closed-form solutions even in case of very simple networks and com-
puting the limit distributions for larger and more complex network structures is infeasible. As a consequence,
the remaining analysis relies on Monte Carlo methods studying how network cycles shape (un)employment
patterns in a set of carefully selected networks after convergence to the steady state, given the values of a and
b. In this chapter, we present the results of the simulations for ¢ = b = 0.1. The conclusions are qualitatively
robust to alternative parameter constellations.?? To facilitate the comparison of the long-run dynamics across
networks, we simulate a large number of identical networked economies for each network architecture. Each
economy is composed of multiple identical networks, while the number of people in each economy is held
constant. This way, we might have different number of networks within each economy but the same number of

31The model converges to a unique steady-state distribution, independently of the initial state of the system. The initial
employment state is thus irrelevant after convergence.
32The analysis for different values is available from the authors upon request.
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random events across compared scenarios. This enables us to compare not only the averages of the variables
of interest but also their variability across economies.??

In the numerical experiments, we simulate 100 economies for 10,000 periods for each parameter constella-
tion and report the unemployment patterns in the last 1, 000 periods to analyze the steady state distribution.?*

We present three subsections. Section 1.4.1 analyzes the extent to which the length of network cycles
matters in the long-run employment. Section 1.4.2 studies how network cycles shape long-run inequality
within networks, and Section 1.4.3 compares across homogeneous networks.

1.4.1. Long-run unemployment in cycle networks

In this section, we characterize the steady state distributions of the Markov chain for a few cycle networks
(see Section 1.2 for a defintion). Consider the networks g, through g4 in Figure 1.2 (an empty network with
n = 3, a triangle, a square, and a pentagon, respectively). The one-period analysis shows that three- and
four-cycles matter and the former have a larger impact on employment than the latter. Here, we use the cycle
networks to show that this result persists in the long run. The dynamic model further allows to test whether
the effect of cycles extends to cycles of longer lengths and, since the effect seems to diminish with the cycle
length, whether the affect vanishes as we increase the cycle length.

Since the networks g, - g4 are simple and the positions of all nodes symmetric in each of them, we computed
the transition matrices, the limit state distributions in function of a and b, and the associated average steady-
state employment rates for each node and network.?> Figure 1.6 plots the differences in employment rates
between a few pairs of networks in a function of the parameters (a, b). The figure reveals that the steady-state
employment rate in networks g, to g4 can be ranked as Flg,] < E[g] < E[g.] < Elgq] for any a,b € (0,1).
That is, as long as the values of a and b differ from zero and one, the steady state employment rates scale
up with the length of the cycle (from three to five) in each network. This is the first evidence corroborating
that persistence of the negative role of short network cycles, characterized in the one-period model, in the
long run. Below, we corroborate this using alternative manipulations of network close-knittedness. Moreover,
the above ranking shows that the impact extends for five-cycles and scales down with the cycle length.

Figure 1.6. Differences in steady-state employment rates in networks g, gs, gc, and gq
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Although we are able to obtain explicitly the limit distributions as a function of @ and b for the above
networks, certain statistics cannot be computed explicitly and the complexity of the limit distributions
increases dramatically with the network size. In the following, we thus provide numerical experiments for
a = b = 0,1 in cycle networks. To that aim, we complement the networks g, - g4, analyzed above, with
the hexagon network g, in Figure 1.2. Table 1.2 reports the long-run labor-market information from the
simulation exercise. Each cell reports the average steady-state statistic listed in the first column for the

33The higher the number of nodes the lower the variation of the employment rate around the mean, but a decrease in variation
due to the number of nodes is not what we try to capture.

34We performed robustness checks to see how fast the model converges and it actually converges to the steady state relatively
fast. We are thus confident that running the model for 10,000 periods and selecting the last 1,000 provides a good approximation
of the steady-state distributions.

35We include the empty network for comparison.
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network specified on top of the corresponding column in the last 1,000 periods (out of the simulated 10,000)
from 100 economies composed of 60 individuals, each economy containing a certain number of independent
networks (see the row labeled as Number of networks).

We report four types of information in Table 1.2 (as well as Tables 1.3, A1.10, and A1.11):
A. Labor-market statistics report the size of each economy, the number of economies, the total number of

the corresponding networks,36 the average employment rate, and its standard deviation and coefficient of
variation.

B. Time and spatial correlations report the serial correlations in average employment and the simple-matching
coefficients in employment of connected and two-links-away individuals.?”

C. Transition rates provide information about the changes and persistence of the labor-market status of
38
agents.

D. Kolmogorov-Smirnov, Wilcozon, and Fligner-Killeen tests report the statistics (and p-values) of non-
parametric tests of equality of distributions, means, and variances of employment, respectively, across all
pairs of networks after convergence.

Table 1.2. Long-run labor market statistics in cycle networks

Networks
Empty (n=3) Triangle Square Pentagon Hexagon
A. Employment statistics
Population size: 60 60 60 60 60
Number of economies: 100 100 100 100 100
Number of networks: 2000 2000 1500 1200 1000
Employment rate (E): 0.5275008 0.681182 0.6891573 0.6922612 0.6917226
St.Dev. of E: 0.06481294 0.06961622 0.06978304 0.0694386 0.06949965
Coef.variation. of E: 0.1228679 0.1021991 0.1012585 0.1003069 0.1004733
B. Time and spatial correlations
Correlation(Ey 1, Ey): 0.8118573 0.8038626 0.8043265 0.799333 0.8001368
Correlation(Ey 2, Ey): 0.6596495 0.6496083 0.6493387 0.6424061 0.6433073
Average SM (1st neighbors): NA 0.6379833 0.6263433 0.6232033 0.62293
Average SM (2nd neighbors): NA NA 0.61296 0.5965467 0.5964967
C. Transition rates
Fraction keeping employed: 0.4801037 0.6267303 0.633977 0.6367135 0.6361628
Fraction keeping unemployed: 0.4251008 0.2643752 0.2556523 0.2521913 0.2527253
Fraction lost job: 0.0474005 0.05444417 0.05518517 0.0556535 0.05555967
Fraction found job: 0.047395 0.05445033 0.05518517 0.05554167  0.05555217
Conditional: EE/(EU+EE) 0.9101419 0.9200731 0.9199243 0.9197513 0.9196792
Conditional: UU/(UE+UU) 0.8996922 0.8292159 0.8224629 0.8195134 0.8197982
D. Kolmogorov-Smirnov, Wilcoxon, and Fligner-Killeen tests
D (p) W (p) x* (p)
Empty vs. triangle 0.74598 (0) 549147871 (0) 52.86039 (0.043962)
Empty vs. square 0.76736 (0) 467889490 (0) 37.82041 (0.341365)
Empty vs. pentagon 0.77816 (0) 432566331 (0) 33.90109 (0.472507)
Empty vs. hexagon 0.77788 (0) 440002393 (0) 38.55862 (0.311763)
Triangle vs. square 0.0477 (0) 4676213322 (0) 47.92431 (0.071471)
Triangle vs. pentagon 0.06376 (0) 4553235062 (0) 43.51337 (0.127136)
Triangle vs. hexagon 0.05963 (0) 4570659747 (0) 42.71902 (0.173410)
Square vs. pentagon 0.01658 (0) 4877763199 (0) 33.32336 (0.500604)
Square vs. hexagon 0.01586 (0) 4895893172 (0) 54.78864 (0.017759)
Pentagon vs. hexagon 0.00422 (0.3354) 5018302682 (0.1552) 32.32549 (0.597889)

36Remember that a network does not necessarily corresponds to an economy as an economy can contain one or more networks;
see above.

37Simple-matching coefficient reports the fraction of network links, in which both nodes at the end of the link share the
employment status. For instance, the value of 0.6 means that 60 % of connected members of all networks in all simulated
economies in the last 1,000 periods were either both employed or both unemployed.

38We label EE the fraction of people who preserved a job from one period to the next one, UU is the corresponding fraction of
those who remained unemployed, EU is the fraction of the population that ended employed in one period but finished unemployed
in the next, while UE is the reverse case. For example, a row labeled as EE reporting 0.80 refers to that 80 % of people across all
the simulated network and economies in the last 1,000 periods preserved their jobs. The other cases are interpreted accordingly.
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Table 1.2 corroborates that E[g,] < Elg] < Elgc] < E[ga). Both the mean and the whole distributions
are all statistically different from each other (p < 0,00001; Kolmogorov-Smirnov and Wilcoxon rank-sum
tests); the variances of the average employment do not differ systematically though.?® The differences are
relatively small between the triangle, square, and pentagon economies, and the marginal increases in the
employment rates across these three networks decrease with the length of the shortest cycle. The increase is
over 15% from the empty network to the triangle, 0,79 % from the triangle to the square, and 0,31 % from
the square to the pentagon. Quantitatively speaking, in an economy composed of 1,000,000 workers, there
would be roughly 7,975 and 11, 079 unemployed individuals more in the triangle economy in the long-run, as
compared to the square and pentagon economies, respectively. Figure 1.7 reveals that the different economies
can be ranked in the sense of the first-order stochastic dominance: the limit distribution of employment in the
pentagon economy first-order stochastically dominates (FOSD, hereafter) the square economy, which FOSD
the triangle.*?

This notwithstanding, although the long-run employment distributions of the pentagon and hexagon
economies FOSD all the remaining ones, these two economies generate very similar employment distributions.
In fact, we can reject the equality of neither the distributions nor their moments (p > 0,15 in all cases). This
suggests that economically relevant and statistically strong long-run impact of network cycles is limited to
relatively short network cycles.

Figure 1.7. Cumulative density function of the employment rate in cycle networks
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The simulated data enable to analyze other long-run effects of network cycles that go beyond the em-
ployment rates. For instance, one important macroeconomic question concerns the employment fluctuations.
We thus ask how network cycles affect the volatility and structure of employment. As mentioned above, we
find no systematic effects of network cycles on employment volatility across our comparison networks. Even
though we confirm the time and network correlations in employment and that the correlations diminish with
time and network distance, we detect virtually no systematic impact of network-cycle length on the values
of all these correlations in this exercise.

In sum, our first numerical experiment complements our theoretical results in that network cycles de-
crease employment prospects even in the long run and their impact diminishes with the length of the cycle.
Furthermore, although relatively longer cycles should theoretically induce associations in information flows
once the model is repeated, statistically strong and economically relevant long-run effects of network cycles
are limited to short cycles, such as triangles and squares and to a lesser extent five-cycles. The effects do not

39The non-parametric Fligner-Killeen tests of equality of variances only allow to reject the equality in two cases at 5% and
one at 10 %, but the ranking is not systematic.

40Ts focus on cycles, the empty network is omitted in Figure 1.7 but the ranking in the sense of the first-order stochastic
dominance extends for the empty network.
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seem to go beyond five-cycles after convergence.! In the following sections, we limit our attention to the role
triangles.*?

1.4.2. Network cycles and long run inequality

In the previous subsection, all nodes occupy symmetric positions, which precludes within-network com-
parisons. However, an important question is whether network cycles can be a source of long-run inequality.
In this section, we provide two experiments. First, we investigate whether triangles affect the inequality per-
sistently even if the nodes with low and high clustering are not segregated in the network. Then, we analyze
the impact of the clustering coefficient in an economy simulated on a real-life friendship network.

Different clustering in an integrated network. We explore a carefully designed network, in which some
individuals have higher clustering than others. Specifically, we analyze the long-run effects of short cycles
in the network depicted in Figure 1.8. The network is composed of 28 individuals with equally sized first-
and second-order neighborhoods (n;(g) = 3 and n?(g) = 6 for each i) but differing clustering patterns. In
particular, 7 nodes have clustering equal to zero, whereas 21 agents belong to one three-cycle (i.e. have
clustering equal to 1/3).

More importantly for our purpose, the low- and high-clustering individuals are not segregated in the
network: each low-clustering individual is only connected with high-clustering individuals and each high-
clustering node is connected to one low-clustering and two high-clustering agents. Hence, this network enables
us to study whether short network cycles have any implications on long-run inequality even if people are not
segregated by the density of their neighborhoods. Such «no-segregation» condition is important because of the
steady-state spatial correlations in employment status across directly and indirectly connected individuals,
shown in Calvo-Armengol and Jackson (2004). Such long-run employment correlations across network paths
reduce the inequality across nodes in the same component and may thus may potentially eliminate the
negative effect of short cycles if high- and low-clustering individuals are close to each other in an network.
We therefore test whether differing clustering patterns can still generate inequality in the presence of such a
tradeoff.

Figure 1.8. Regular network with two types of nodes: high and low-clustering agents

Table 1.3 summarizes the long-run labor-market outcomes for the whole network (denoted All) as well as
disaggregated for the low- and high-clustering individuals. The structure of the table is the same as in Table
1.2. To ensure the comparability of all delivered statistics across the two node types, we deliver the statistics
of 100 independent realizations for each type. Due to the differing number of the two types in the network, we

41 This conclusion only holds generally in qualitative terms. For other values of a and b, the exact cycles lengths for which we
(do not) observe differences may change.

42The effects of squares and pentagons in the reported simulation exercises are again qualitatively similar but quantitatively
weaker than those of triangles.
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simulated 300 economies/networks and report the results of 100 economies for the high-clustering individuals
and all the 300 economies for the low-clustering agents. This way, we compare a total of 2,100 low- vs. 2,100
high-clustering individuals in the last 1,000 periods of the simulated Markov chain.

Table 1.3. Steady-state labor-market statistics in the network from Figure 1.8 (last 1000 periods)

Type of node

All Low clust. High clust.
A. Employment Statistics
Num. nodes: 28 7 21
Num. economies/networks: 300 300 100
Employment rate (F): 0.7313888 0.7340754 0.7314381
St. deviation of E: 0.1023162 0.09790657 0.1119343
Coel. variation of E: 0.139893 0.133374 0.1530332
B. Time and spatial correlations
Cor(Fy_1, Ft): 0.7951071 (p=0) 0.7180069 0.7762561
95% confidence intervals of Cor(E; 1, Et): [0.7149923; 0.7209948] [0.7737822; 0.7787063]
Cor(Ey—a, Ey): 0.634352 0.5197073 0.6058818
Simple-Matching Coef. (1st neighb.): 0.6446468
Simple-Matching Coef. (2nd neighb.): 0.6205101
C. Transition rates
EE: 0.6750431 0.6772819 0.6742868
Uu: 0.2122656 0.2091224 0.2133133
EU: 0.0563369 0.05679 0.05618587
UE: 0.0563544 0.05680571 0.05620397
Conditional: EE/(EU+EE) 0.9229718 0.9226369 0.9230839
Conditional: UU/{UU4+UE) 0.0563544 0.786387 0.791464

D. Kolmogorov-Smirnov, Wilcoxon, and Fligner-Killeen tests )
D (p) W (p) x* (p)

Low vs. high clustering 0.03461 (0) 5020228825 (0.1137) 20.309 (0.2587)

From Table 1.3, we observe that the two types of agents exhibit important differences in their long-run
employment prospects. First, low-clustering individuals are somehow more likely to be employed and enjoy
smaller employment volatility; these differences are small and statistically weak though (p = 0,1137 and
0,2587 for the mean and the variance, respectively). The difference corresponds to roughly 2,637 unemployed
individuals out of 1,000,000. However, we reject the equality of the two distributions at any reasonable
significance level, using the Kolmogorov-Smirnov test of equality of the distributions (p < 0,00001). This
suggest that the combined effect of the average employment and its variability are statistically strong. Figure
1.9(a) visualizes the comparison. We observe that the steady-state employment distribution of the low-
clustering individuals second-order stochasticlly dominates the employment distribution of the non-zero-
clustering nodes.

The two types of nodes further differ in the persistence of the employment status. Note that short cycles
simultaneously increase the employment variance—despite slightly—as well as the serial correlations of em-
ployment (see the reported 95 % confidence intervals of Cor(Ey, E;—1)). That is, although the correlation of
employment between two consecutive periods is considerable higher if one is embedded in more correlated
neighborhoods, the standard deviation of employment is higher for the nodes with higher clustering. As a
result, the employment cycles exhibit a different structure in case of each type. Figure 1.9(b) provides an
example of employment cycles of both types in one simulated economy. It illustrates that high clustering
maintains the employment state more stable across consecutive periods but, once we escape a state, the
troughs and peaks of employment cycles are lower and higher in close-knit network environments. This is an
effect that a simple variance of the distribution cannot capture. These features result from a combination
of different network effects. Since short network cycles increase spatial correlation, connected individuals are
more likely to be in the same state across periods and netowrk links, and the effect «drags» the employ-
ment of most members of a clustered community up or down, toward a new common employment status.
The higher unemployment and higher employment persistence among high-clustering individuals also affects

labor-market transitions. While high-clustering individuals are less likely to preserve their employment, they
are slightly more likely to remain unemployed across periods.
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Figure 1.9. Cumulative density function of employment and employment fluctuations with two types of
nodes (Figure 1.8)
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Summarizing, network integration of low and high clustering nodes quantitatively and qualitatively at-
tenuates but does not eliminates the detrimental impact of short cycles. As a consequence, a policy aiming
at the integration of communities with differing clustering patterns does not necessarily eliminates labor-
market disadvantages generated by network close-knittedness. Furthermore, such integration do not seem to
eliminate the effect of short cycles on the volatility and the time and spatial correlations of employment.

Clustering in a real-world network. In contrast to the network in Figure 1.8, typical social networks
exert certain degree of segregation of clustering patterns and certain correlations between clustering and
connectivity. Therefore, the following exercise simulates our model on a real-life friendship network elicited
in Brafias et al. (2010). We use this particular network because it is not too large—and thus computationally
not too demanding—and exhibits typical features of real-life social networks, including a large variability in
the joint distribution of degrees, second-order degrees and the clustering, positive assortativity, and negative
clustering-degree correlation (see Brafias et al. (2010) for details). We use the giant component of their
network with n = 76, depicted in Figure A1.1 in Appendix A.3, and again simulate 100 independent networked
economies over 10,000 periods. The average steady-state employment rate is 72,37 % (E = 0,7237; sd(E) =
0,06) and the employment again exhibits large serial and spatial correlations.

Our main interest is to determine how these patterns at the individual level correlate with network positioning.
Table 1.4 reports three regressions, differing in the dependent variable and whether they control for the average
individual employment in the steady state. More precisely, we regress the steady-state average employment
rate (E;; column (1)), standard deviation of employment (sd(E;); column (2)), and the autocorrelation
(Cor(Eit, Eit—1); column (3)) of each network member in the last 1,000 periods on her first- and second-
order degree, clustering coefficient and a constant. In columns (2) and (3), we further control for the average
employment of each node. To provide a clean effect of the clustering coefficient, the regressions only include
individuals with n;(g) > 2 so that they have a well defined clustering. Standard errors are clustered at the
network level (the smallest independent unit in the simulated data).

The results corroborate the theoretical hypotheses. The average employment, its volatility, and the serial co-
rrelations all change systematically with individual degree, second-order degree, and the clustering coefficient.
The estimates are statistically strong (p < 0,00001). Most importantly, holding the first- and second-order
degree constant, the clustering coefficient decreases individual employment and increases simultaneously its
volatility and autocorrelation.*3

43Tables A1.7 - A1.9 in Appendix A.3 illustrate the importance of our ceteris paribus condition. The estimated effects of the
regressors frequently switch signs depending on their combination in the model. Moreover, the tables show that the results are
robust to controlling for global centrality of each node.
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Table 1.4. Real-world network: OLS. People with n;(g) > 2 who have well defined clustering coefficient.

Dependent variable:

E; sd(E;) Cor(E;;, Eip—1)
@ @) 3)
Degree 0.029**~ —0.001** —0.011***
(0.0003) (0.0001) (0.0004)
Second-order degree —0.008*** 0.001*** 0.004***
(0.0004) (0.0001) (0.0004)
Clustering coef. —0.006%** 0.001*** 0.012***
(0.001) (0.0003) (0.001)
Average E;; —0.535*=* —0.383***
(0.002) (0.010)
Constant 0.662*** 0.830™** 1.005%*
(0.002) (0.002) (0.007)
Observations 6,300 6,300 6,300
R? 0.648 0.964 0.653
Adjusted R? 0.648 0.964 0.653
Residual Std. Error 0.035 (df = 6296) 0.006 (df = 6295) 0.028 (df — 6295)
F Statistic 3,866.398*** (df — 3; 6206) 41,584.200*** (df = 4; 6295)  2,962.656*** (df — 4; 6295)

Note: robust st. errors clustered at network level in parentheses. “p<0.1; **p<0.05; ***p<0.01

1.4.3. Vertex-transitive networks

In this section, we propose an exercise that resembles a first-order stochastic dominance shift of the
distribution of the clustering coefficient. To that aim, we design a series of vertex-transitive networks a la
Figure 1.1, in which all nodes occupy identical positions. More precisely, we hold the first- and second-order
degree distributions constant across the networks to the extent possible but vary systematically the number
of triangles each node is embedded in. We perform this exercise for degree-three and degree-four networks.
Figures A1.2 and A1.3 in Appendix A.3 illustrate the networks under our comparisons; Tables A1.10 and
A1.11 deliver the steady-state labor-market statistics.

Figure 1.10 summarizes the main findings of this subsection. Independently of whether we focus on
n;(g) = 3 or 4 for each node, the steady-state probability distributions of employment dominate each other
as we decrease the number of triangles, in which each individual is involved. In all cases, the distributions
and the means are significantly different (p < 0,00001), while the variances do not differ systematically. In
quantitative terms, the steady-state employment rate decreases from 73,62 % to 72,95 % under n;(g) = 3
as we mode from a cycle-free network to the case when each node is involved in exactly one triangle. This
would correspond to over 6,660 unemployed in a one-million-people economy. The figure further decreases
to 71,57 % in a network with C'(g) = 1, corresponding to 20,525 more unemployed with respect to the zero-
clustering network. The average employment is naturally higher in networks where n;(g) = 4 for each node,
but the ranking with respect to triangles is preserved: the employment rates are 76,5 %, 75,88 %, 75,36 %,
and 73,8 % as we move from the zero-clustering network to a fully clustered architecture in our four networks
under study. We thus conclude that, ceteris paribus, first-order stochastic dominance shifts of the distribution
of the clustering coefficient organize the distribution of employment in the sense of the first-order stochastic
dominance.

In line with the previous sections, short network cycles again induce larger serial correlations in the
steady-state employment status in the networks analyzed here. As a consequence, since the variance is similar
across the networks but the time correlations increase steadily with the number of triangles, the peaks and
troughs of the employment cycles are somehow higher and lower as we increase the clustering of the networks
under study. This—jointly with the lower employment prospects in more close-knit networks—again affects
labor-market transitions: the likelihood of maintaining a job is virtually unaffected across the networks as we
increase their close-knittedness. In contrast, the probability of remaining unemployed between two consecutive
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periods increases steadily. Correlations in employment of linked people increase in the limit distributions but
they decrease between two-links-away individuals. All these observations corroborate the conclusions from
the previous subsections.

Figure 1.10. Cumulative distributions of employment in vertex-transitive networks.
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1.5. Wages

In this section, we briefly analyze the impact of three-cycles on wages. To that purpose, we analyze an
extension of the static model in Section 1.2, in which each job offer comes with a wage.

1.5.1. Information transmission with wages

Let W;(g) be a random variable denoting the wage of the position occupied by individual ¢ in network
g. For simplicity, we assume that there are two wage levels in the economy: low-paying positions with wage
wo and high-paying positions with wage w; > wo. Initially, all people are employed in a high-paying job.4*
Again, each worker may lose her job with probability b € (0,1). Then, each individual hears about a low- or
a high-paying job with probabilities ag and aq, respectively, with ag + a1 = a € (0,1). At this stage, each
worker can find herself in one out of six situations (status):

Status 1: with probability ag = ap(1 — b), she is employed in a high-paying job and possesses information
about a low-paying job,

Status 2: with probability oy = a;(1 — b), she is employed in a high-paying job and possesses information
about a high-paying job,

Status 3: with probability 8 = b(1 — ag — a1 ), she is unemployed and has no information about any vacancy,
Status 4: with probability dg = agb, she is unemployed but has heard about a low-paying job,

Status 5: with probability d; = a1b, she is unemployed but has heard about a high-paying job,

Status 6: with probability v = (1 — b)(1 — ap — a1), she is employed with no offer to pass to her contacts.

where a=ag+a;. Let us write §{(g) = 1 if agent 4 is in status s.45 At this stage, unemployed workers
who learn about a vacancy (agents in status 4 or 5) immediately accept the offer, regardless of whether the
job is high- or low-paying. Employed workers who learn about a low-paying job (status 1) or a high-paying

440nce again, this assumption is inconsequential. All the results are qualitatively robust as long as all people occupy a
high-paying job with the same probability.

45Bear in mind that there are four status in Sections 1.2 - 1.4, while there are six of them in this extended version of the
model.
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job (status 2) pass the offer uniformly at random onto one of their unemployed contacts (in status 3) who
accepts the offer.

Individuals in status 1 and 2 are potential providers; we call them low providers and high providers,
respectively. Second-order neighbors in status 3 will be called competitors. As in Section 1.2, it is possible
that an unemployed individual receives multiple offers simultaneously. In such a case, she accepts the job
with the highest wage, while the other positions remain unfilled.

1.5.2. The incidence of triangles on wages

We first show that adding a triangle to a network a la Proposition 2 reduces the expected wage of the
nodes involved in the triangle:

Proposition 3. Consider networks g and g* defined in Proposition 2. Then, E[Wy(g)] > E[Whn(g")] for
he {i.j,k} and E[W.(g)] = BW.(g")] for all = £ i, j,k.

Proposition 3 complements Proposition 2 by showing that lower employment prospects of clustered individuals
and networks translate into lower expected wages. However, this result raises a question: Is this finding
driven by the unemployment channel or does higher clustering affect wages through additional mechanisms?
To answer this question, the following proposition focuses on the expected wage conditional on ending up
employed and asks whether close-knit neighborhoods benefit or hurt employed individuals:

Proposition 4. Consider networks g and g* defined in Proposition 2. Then, E[Wy(¢") | En(¢') = 1] >
EWhi(g) | En(g) = 1] for h € {i, j,k} and EIW.(g") | En(g") = 1] = E[W.(9) | En(g) = 1] for all z ¢{i,j. k}.

We know from Propostion 2 that forming part of short network cycles decreases one’s employment pro-
bability. Therefore, it is not surprising that in turn decreases one’s expected wage. Nevertheless, Proposition
4 shows that the negative effect is driven by the unemployment channel. If we compare the wages of two
employed individuals whose local positioning only differs in the cohesion of their networks, the presence of
triangles actually benefits people. The intuition behind this findings is closely related to intuition behind
Proposition 2. The lack of independence of information flows from different neighbors persists, leading to hig-
her probability of receiving multiple offers. However, while multiple offers do not increase one’s employment
likelihood because each agent can only accept one job, they do increase the probability of hearing about at
least one high-paying job. As a result, receiving multiple offers is not redundant any longer and the expected
wage conditional on being employed is higher in clustered neighborhoods.

This result provides an additional channel for how network cycles contribute to the persistence and
widening of income inequalities across communities and over time periods. Well-off communities or economic
crises with high employment rates are benefited by close-knittedness, while bad neighborhoods and periods
of economic unease that suffer from high unemployment rates are actually hurt by the same network feature.

1.6. Conclusions

This chapter analyzes systematically the role of short network cycles in labor market outcomes. We show
formally that densely-knit neighborhoods lead to the affiliation in information diffusion with important micro-
and macro-economic consequences on expected unemployment rates, wages, inequality, and employment
fluctuations. In particular, network cycles lead to lower expected employment rates both at the individual
and the population level and both in the short and long run. Moreover, clustering leads to employment
fluctuations with higher volatility and more persistence (higher time correlation). Clustering results also in
lower expected wages. This effect is, however, driven by the lower probability of employment; for employed
workers, expected wages are higher if they belong to short cycles. The reason is that detected affiliation can
benefit workers because they may benefit from receiving multiple offers by selecting better-paying jobs. The
main direction for future research stemming from our work is the empirical test of the theoretical results.
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1.7. Appendix

A.1. Proofs
A.1.1 Proof of Proposition 1

Part (a). Three cycle. Consider a node i € N such that y?(g) = 1. Assume that S4(g) = {i, j, k}. Then,
there is no s # i, j, k such that {i,5,s,k} € Sg(g) . The probabilities of i receiving different combination of

job offers from j and k, f(I;(g), Ix(g)), thus are:

f(L0)=a(l —a=B)[1—gi(n; = 1]0)] + B[l —g;(n; = 1[1)] +a?[1 = g;j(n; — 1| 0)]gr(nx —1]0)
f0,1) =a(l—a—pB)[1—q(n, —1]0)] +aB[l — qe(ni, — 1| 1)] +a*[1 — gi(nk — 1| 0)]gj(n; —1]0)
F0,0) = (1 —a®) +a(l —a—B)gj(n; —1]0) +a(l —a—Bgu(nk —1]0) +afg;(n; —1]1)
+aBqr(ng — 1| 1) + a?qj(n; — 1] 0)gr(n, — 11 0)

f(1,1) = a?*[1 - q;(n; — 1] 0)][1 — ge(nx — 1] 0)]

Then,
[f(l,O) * f(07 1)] - [f(la 1) * f(0,0)] =

a?ﬁl(qj(nj —1]0) - g;(n; — 1| 1)) [(1—qk(nk— 1] 0)) —ﬁ(qk(nk —1]1) —q(nk — 1| 0))}
+<Qk(nk —1]0) = gx(ng — 1| 1)) [(1 —qj(n; — 1] 0)> _5(%("]' —1[1) —gj(n; — 1| 0))}1 <0,

since by assumption «, 8 > 0, and by Claim 1 ¢, (1, —11]0) — g (nm — 1| 1)) < 0 and
(1= annm = 110)) = B(gm (i = 111) = g = 110)) | > 0 for m € {j k}

Therefore, I}(g) and I}(g) are strictly affiliated.

Four cycle. If rather S§(g) = {4,7,2, k}, Xg (9) and X% (g) both depend on the status of z and I;(g) and I} (g)
are not independent. More precisely, f (I]Z:(g)7 Ii(g)) are as follows:

F1.0) = a(l — a) [ﬂ(l gy~ 1)+ (1 B gyn; 1] o>>}

+a? {5(1 —qi(n; =11 1)gr(ng — 1| 1) + (1 = B)(1 —gqj(n; —1]0))gr(ng — 1| 0)}

£(0.1) = a(1 - a) [ﬂ(l e -1 D)+ (1 - B — qulne— 1 0>>}

a? [ﬂ(l =gl — 1 D))gy(ny — 1 1)+ (1= B)(1 — gu(n — 1] 0))agy(ny — 1 oﬂ

£(0.0) = (1—a) +a(l - a) [qu S 1)+ (1= B)gelme—1] o>]
ol - a) [/ﬁqjmj L) (- By 1] o>]

ta? [ﬂqm 1 Dy — 1] 1)+ (1= By (ny — 1| O)gu(n — 1] oﬂ
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£1,1) = o [5(1 — (=11 1) (1= g(n5 = 11 1) + (1= 8)(1 = aulmx = 110) (1= gs(n; — 1 0))}
Then,
[F(1,0) 70, 1] = [£(1,1) * /(0,0)] =
@28 (= 110) = o = 11 (4005 = 111) = g5 = 110)) 1= ) <0

by Claim 1. As a result, I;(g) and I(g) are strictly affiliated.
Part (b). Let X%;k\k‘ be the random variable of the agents in N;_x(g) \ {k} who are in state 2. If jk € E,

«

Ii(g) =1 3" L YE = — -
plIi(g9) = 1] 23" (9), yi(9)] X L o (g) 1 o) (1.7.1)
and p[Ii(g) = 0| 23" (), y2(9)] = 1 — plIi(g) = 1| 23" (9), ¥} (9)]. If rather jk ¢ B,
plIig) = 1| 23 (9)] = - (1.7.2)

XV + a5 g) XTTM9) + 2l ()

Note from (1.7.1) and (1.7.2) that, when conditioned on the status of neighbors of j and k who belong to
three- or four-cycles with 1, IJZ: (9) and by symmetry If(g) depend on Xg_k\k and Xf_j\J, two events that are

independent of each other. As a result, I J’ (g9) and I,i (g) are independent conditional on the status of agents
who form three- and/or four-cycles with 7. B

A.1.2 Proof of Proposition 2

The proof of Proposition 2 relies on Lemmas 1 and 2.

Lemma 1. Let g = (N, E) and g' = (N*, E') be two networks such that i € N NN, j,k € Ni(g) N Ni(g"),
and np,(g) = na(g*) for h € {j,k}. If S§(g") = Ss(9) U {i, 4, k}, then Pjy(g) > Pii(g").

Case (a) With probability a?, yjl.(g) =y (9) = 1 and, in such a case, the probability with which i receives
an offer neither from j nor from % in g is

n

i n —
(o) = Loble) =) = 3 ()80 Byt~ Wt 0 [0 (173)
h=0
where
n;—n ]k
jky _ ”j‘ﬁ) h nj—n—n [ DTy —1
i(nj—n|xy") = g1 —p)min R
QJ(J 7)|2) ;(h ( ) <h+m%k
is the probability that j does not transmit any offer to ¢, conditional on ng = x%k, and analogously for

ar(nk —n | 23").
For ¢,

(Tl (0 = Lu(gh) =1) =) (Z)ﬁh(l -8 [qg'(nj —n—1]h) gl —n—1| h)} (1.7.4)

h=0

Subtracting expressions (1.7.4) and (1.7.3) and multiplying by their corresponding probabilities we get
a? { 0k (9195 (9") = Lyi(g") =1) — Riy(9ly; (9) = Lyilg) = 1)] -

=a®y gra-p) " [qj‘(”j —n—=1[h)ge(nk —n—1|h) —q;(n; —n|h) gl —n h)}
h=0
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Case (b). If yj1 (9) = 1 but yi(g) = 0, the probability that k does not transmit any offer to i is equal to
1 while the probability with which j does not transmit information to ¢ in g, conditional on k not being a
provider, is

n

5ol ) = L0bla) = 0) = a5(m) = 3 ()31 = 5 asoy — | 1) (178

h=0

Observe that it does not matter in g whether k£ needs a job or not. Then, the probability that ¢ does not
receive information neither from j nor from k is

a(l - ) Riy (gl (9) = Lyk(g) = 0) = a1l — a)g;(ny) = a(l - a) Z()ﬁh By gy — | )
h=0

:a;<2)ﬂh(l B)1~ h[qj j—nlh)—agi(nj—n|h)

(1.7.7)

In network ¢, on the contrary, it matters whether y?(g') = 0 or y7(g") = 1 because k € N;(g") and k can
thus compete with 4 for job information from j. Then,

a(l—a)Rj,(¢'yj (¢") = L, yi(g") = 0)
= afR(g'ly; (¢") = Lyk(g") = 0,47(9") =1) + a(1 —a = B) R (4'lyj (¢") = Lur(9") = 0,43 (g") = 0)
= afqi(n; —114(¢") = 1) + (1 —a = p)gj(n; — 1| yi(g") =0

1.7.8)

being the first term the probability that j does not transmit information to i when y2(g*) = 1 (k competes
with 7) whereas the second term corresponds to the probability that provider j does not transmit information

to i when either y3(g°) = 1 or y¢(g") = 1. Since g;(n;) = Bq;(n;—1 | yi(g") = 1)+(1-B)q;(n;—1 | yi(g') = 0),
(8) is equal to:

aBqi(n; =11 yi(g") =1) +a(l —a— B)gj(n; — 1| yi(g") = 0) =
afqi(n; — 1| ya(g") = 1)+ (1—B)qj(nj—1lyk( ) =0) —a?qi(n; — 1| yi(g") = 0) =

ady 1) = 02451, — 1) = aZ (n)ra syt fuoy —n 1 —agm —a-1iw] - a9)
The difference between expressions (1.7.9) and (1.7.7) leads to:

a(l - a)[ e (9Myj (9" = Lur(g") = 0) — Rl (gly; (9) = Lui(g) = 0)]

—cﬂi( )= 8 astns =0 1) = a5~ =11 )| (1.7.10)

Case (c). If yj(g) = 0 but y;(g9) = 1, the equivalent of (1.7.10) has by symmetry the following form:

a(l - 04)[ (MY (9") = 0,43(g") = 1) — Riy (gly; (9) = 0,4 (g) = 1)]

o’ ’Z:% (Z) g1 —pyr" [qk(nk —n | h) =gl —n—1]| h)] (1.7.11)

Case (d). If yj(9) = yi(9) = 0, R (g"[y} (") = 0,yi(g") = 0) — R}, (gly] (9) = 0,y}(g) = 0) = 0.
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The sum of expressions (1.7.5), (1.7.10), and (1.7.11) reflects the difference in the probabilities, with which
i does not receive any offer from either j or k in networks ¢* and g. Formally,

Rin(g') — Ronlg) = 023 (Z)ﬁ”’(l - By [(qj<nj —nlh) = ag(n;=n—110)(1=alm—n—1]h)
h=0
(1.7.12)

+<qk(nk_77|h)_Qk(nk_77_l|h))(1_Qj(nj_ﬂ|h))] >0

by Claim 1. Consequently, P]?k (9) > P;k (gt). |

Lemma 2. Let g = (N, E) and g° = (N°, E®) be two networks such that i € NN\ N®, j, k € Ni(g) N Ni(g°),
and np(g) = na(g®) for h € {j,k}. If Ss(g9”) = Ss(g) U {i, j, 2, k}, Pj(9) > Pj(g°).

Proof of Lemma 2. Let y?(g9) = y?(¢9°) = 1. The probability with which i receives no offer from j or k if
j(k) is a provider but k(j) is not is independent of the four-cycles that ¢ shares with j and k. As a result,
R (glyj (9) # wi(9)) = Rin(9®ly;(9°) # ya(g®)). Similarly, R}, (glyj(9) = yi(9) = 0) = R}(¢°lyj(9°) =
y1(9°) = 0) = 1. Hence, the only difference between g and g* arises when yjl (9) =vyi(9) = yjl (g°) =y} (%) = 1.
We focus on this case below.

In network ¢°, node i forms n;;(g°) = n four-cycles with j and k. Denote z the node such that {z} €
N;r(9°) \ Njx(g). Define ng\z(gs) as the random variable of the agents in N;;(¢g°) \ {z} who are in state

2, and J;gk\z(gs) as a realization of this variable. The expected probability that ¢ does not receive any offer
from providers j and k can be expressed considering whether z € N;(g¢°) is in status 2 (with probability 3)
or not:

(56" = shle") = 1) =

n—1

> (Uh 1)5h(1 — gyt lﬂ%‘(”j =n—=11h+Dag(ng —n—1[h+1)+ (1= B)gj(n; —n—1[h)gx(nx —n—1] h)]
h=0
(1.7.13)

where

n;—n—1 Jk\z [ s 2(,.8
JE\z (s 20 s\ _ njfnf]' h nj—n—1—h h+$2 (g)‘i’yz(g)*]-
g (nj—n—112"(g°) +42(") = < )5 (1—p)" < -
’ Py h h+ 2 (g%) + y2(g°)

is the probability that 7 does not transmit any offer to 4, conditional on mgk(gs):a?ék\z(gs)+y§(gs), and

analogously for i (ng, —n —1 | x%k\z(gs) +32(g%)). Note that (1.7.13) depends on the number of agents in
N;ir(g°) \ {2} in status 2 (captured by the terms multiplying the expression in brackets) as well as on the
status of z.

In network g, node 4 forms 1 — 1 four-cycles with j and k. Since Sg(g°) = Ss(g) U{i, 4, k, 2z} and n,,,(¢°) =
nm(g) for all m € N N N¥, there exist two nodes that we label s,1 such that N;(g) \ N;(¢°) = {l} and
Ni(9) \ Ni(g®) = {s}, | # 5.16 Then, the probability that i does not receive any offer from providers j and
k in g can be expressed in function of whether y2(g) =1 and y?(g) = 1 as follows:

n—1

(gl (9) = k() =1) = > (n N 1) ph(1—pynth

h=0

= |Bqj(n; —n—1|h+Dage(ng —n—1|h+1)+B(1—=B)gj(nj —n—1|h+1)qe(ng —n—1]|h)

+8(1 = B)gi(nj —n—1|h)ge(nk —n—1 | h+1)+ (1 = B)?qi(n; —n— 1| h)qr(ng —n—1| h)]
(177.14)

46Note that it is possible that s = z or | = z.
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The difference between expressions (1.7.14) and (1.7.13) is

Rk (glyj(9) = yi(9) = 1) — R (9°ly; (9°) = wi(g°) = 1)
_n_l n—1\ _ A\yn—1-h
=X (", )ra-n)

B(1—B) = Qk(nk_n_l|h+1>_Qk(nk_77_1|h)] *l]( —n—=1|h)—q;(n, n—1|h+1)] <0

(1.7.15)
Thereby, Rji(9°ly; (9°) = yi(9°) = 1) > Rj(gly;(9) = yi(9) = 1). Since Ply;(g°) = yj(9°) = 1] > 0 by
model assumptions, P w(g) > Pl L(g°). 1

Proof of Proposition 2. Since the only difference across networks g, g*, and g° arises from network trans-
mission toward the agents involved in the additional triangle in g* and square in g we can focus on the
probabilties of receving information from neighbors, P%(g), when y2(g) = y2(g%) = y2(¢°) = 1.

Part (i). By Lemma 1, P}, (g9) > Pj,.(¢") and P}, (g9) = P;,(g") for any m ¢ {j, k}. As aresult, P*(g) > P'(g").
Analogously, P’(g) > P(g') and P*(g) > P*(g"). Since the remaining nodes have the same positioning in
terms of degree, second-order degree, and short cycles in g and g*, P*(g) = P%(g') for any s # 4,5, k

Part (ii). By Lemma 2, P}, (9) > P}, (¢°) and P}, (g9) = P;,(¢*) for any m ¢ {j, k}, implying that Pl(g) >
Pl(g®) for I € {i,7,k, 2}, while Pt(g) = P*(g°) for t # 1,3, k, z.

Part (iii). Denote n = nx(g9) = n;x(g") the number of four-cycles, in which 4, j and & are involved in both
g and g. Since Ss(g®) = Ss(g9) U {i,4,k,2}, o’ = n+ 1 is the number of four-cycles that 4, j and k form in
g°. In what follows, we relate the probabilities of (not) receiving information in g and g* conditional on the

status of j and k case by case:
1

Case (a). If yjl (¢%) = y]1 (¢°) = 1 and yi(g") = y}.(¢9°) = 1, the probability that i does not receive any offer
from j and k in ¢° is
7]/ 77/
PRj(o°ly}(9°) = Lyk(g") = 1) =a > ( h)ﬁh( = 3" g5 (ny = [ B au(n =’ | )], (1.7.16)
h=0
where

ik njin/ n; — 77/ h '_h h + x%k - 1
/ J _ J nj—mn —
gj(nj —n' | }") =) ( L )B (1—pymn Thet (1.7.17)

reflects the probability that j does not transmit any offer to 4, conditional on X%k = x2 > 1, and analogously
for qr(ng —n | 3F). Since ' = 5 + 1, (1.7.16) can be rewritten as

n+1

o’ Ry (9°lyj (9°) = Lup(g®) = o? Z (n N 1>ﬂh ﬁ)”“’h[qj(nj —n—1|h) qe(nk —n—1] h)}

—aQZ() = B)""[Ba(n; = =1 | h+ Daulmn —n =1 | h+ 1)+ (1= Bayln; —n— 1| Walme —n— 1] h)]

(1.7.18)

In ¢*, jk € E'. Hence, y;(g") = y4(g") = 1 implies that one neighbor of j (i.e. agent k) does not compete

with ¢ for information and viceversa for k. Therefore, the probability that i receives an offer from neither j
nor k in g¢' is

O Rug'lu(a") = Ly(e") = —ofz() =8 as(my —n 1 W) gl 1| )]

_a22(> )71 h[BQ( _77_1|h)Qk7’Lk_ —1|h>+(1—ﬁ)qj‘(nj—’l7—1|h)qk(nk—n—1|h):|
(1.7.19)
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Then (1.7.19)-(1.7.18),
o {Rjk(gtly}(gt) =1Lui(g") =1) — Rir(9°ly} (g°) = 1,yi(g°) = 1)}

=3 ()80 3 [asns = 0= 1 W~ 0= 110 = s =0 =1 [ Vs == 1 ot 1)
h=0

(1.7.20)
Case (b). Let yj(¢°) = yj(¢") = 1 and y}(¢°) = y4(g") = 0. Since j is a provider but k is not, the probability
that i does not receive any offer from k is one and independent of the number of common nelghbors of j and
k in status 2. In such a case, the number of four-cycles that ¢ forms with j and k is irrelevant and information
flows from j and k are equal in ¢* and in g*. Then, the difference in the probability that i gets an offer in g¢
with respect to g° neither from j nor from k when j is a provider and k is not is given by expression (1.7.10)
(see the proof of Lemma 1). That is,

a(1 = )[R (g'ly} (9") = 1yk(g") = 0) = Ryu(g7ly}(9°) = L,wils") = 0)]

(1.7.21)
_0‘22< )ﬁh By~ |ai(n; = h) = s —n = 1| )|
Case (c). When rather y}(g°) = y;(¢") = 0 while y;(¢°) = y3(¢") = 1, by analogy with Case (b):
a(1 = ) [Ryu(g'ly} (9) = 0,5h(9") = 1) = Rix(9°ly} (5") = 0,wk(g") = 1)
(1.7.22)

—a Z() ) a1 1)~ s —n 1| )],

Case (d). If yj(g") = 0 and y;(g") = 0, the probabilities are identical in g* and g*.

Adding up the relevant expressions (1.7.20), (1.7.21), and (1.7.22) weighted by their corresponding pro-
babilities, we get the difference in the probability that i does not receive any offer neither from j nor from &
in the two networks as follows:

Rjr(9") — Rjr(g°) =

0?3 (Z)@h(l _ gyt [ﬁqkmk S h+1>(qj<nj =1l h+1)— gy —n—1] h))

h=0

—/3qj<nj—n—1|h>(qk<nk—n—1|h+1)—qk<nk—n—1h))
+(q]< B —gn, n1|h>)+(qk(nkn|h>qk<nkn1|h>)
Given that q;(n; — 1 | €)= Ba;(n; — 1 — 1| 23 +1) + (1 - B)gsn; —n— 1] ),
Rji(g") — Rjn(g®) =
a277 M\ sh(1 _ pyn— _ o —a(n. —n—
hz_o(h)ﬁ =87 (a5t =100 = s =0 =110 (1= s == 114 0)
+(Qk(nk—77—1h+1)—(1k(nk—77—1|h))<1—qg‘(nj—7l—1|h)>]>0

As each case occurs with positive probability, P/, (¢°) > P},(¢"). Since Py, (¢°%) = Py, (g") for m # {j,k},
Pi(g®%) > Pi(g'). By symmetry and Part (ii), Ph( ) > P"(g') for h € {j, k,2}. B
A.1.3 Proof of Proposition 3

Since the difference in i’s expected wage between g and g only arises from network transmission by j
and k while the expected wage conditional on receiving it from any s € N;(g) \ {j, k} is the same in both
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networks, we can focus on the expected wage of an employed agent ¢ who has received her job from either j
or k.

Denote n € {0} UN the number of four-cycles, in which the three i, j and k are involved. In what follows,
we analyze the expected wage conditional on whether ¢ has received a job from any s € N;(g) \ {4, k}:
Case (a). Assume first that ¢ has received no offer from any s € N;(g) \ {j, k}. In such a case, i’s expected
wage depends exclusively on information flows from j and & in both networks. The rows of Table A1.1 list all
the situations that can arise depending on the status of j and k. The second column (denoted g* — g) contains
the difference in the expected wage of i between ¢g* and ¢, multiplied by the probability of the occurrence of
each case. As a result, the sum of all the elements in the second column of Table Al.1 is the difference in i’s
expected wage between g and gt. After some simplification, we get

n

B - B0V = 3 () "1 - oy

h=0

~(0Bu +a%w1>[(qk(nk B = awlne = 11 0)) + (1= azny | 1)) + (a5 | ) = as(ms = 11 1)) (1= e = 1 h))]
—apaq * Wo {(qj(nj | h) —qj(n; — 1] h)) * (2 —qr(ng | h) — qr(ng — 1| h))

(e 10 = s = 110) « (2= a0y | 10— sty = 1| 1)) .

(1.7.23)
Using that g;(n;) = > _o (})87(1—B)"""q;(n;—n | h), we get after some algebra that E[W;(g)] > E[W;(g")]
if i receives no information from any s € N;(g) \ {4, k}.
Case (b). Assume that i receives at least one offer of a low-paying but no high-paying job from agents
s € Ni(g) \ {j,k}. Then, E[W;(g)] > E[W;(g")] if the probability of receiving a high-paying job from either
j or k or both is greater in g than in g‘. Agent i receives information about a high-paying job from j and
k only if at least one of them is a high provider, corresponding to cases (2 - 4) and (7 - 8) in Table A1.1.
Operating, the difference in these probabilities between g and g is

n

> (7)ena-pr

h=0
ag[(Qk(nk | h) — qr(nk — 1| h)) (1 —qj(n; — 1| h)) + (Qj(nj | h) —gqj(n; — 1| h)) (1 —qr(n — 1| h))] >0

by Claim 1. Hence, E[W;(g)] > E[W;(¢")] conditional on receiving at least one low offer from an s €
Nilg)\ 4. k).

Case (c). If i receives at least one high-payoff offer from {s € N|s € N;(g) \ {j, k}}, her expected wage is
w1 in both networks, independently on the information flows from j and k.

Since all cases occur with positive probability, E[W;(g)] > E[W;(g")]. B
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A.1.4 Proof of Proposition 4

Since the expected wage before the network transmission is independent of the network and i’s expected
wage conditional on receiving it from a neighbor s € N;(g) \ {j,k} is equal in both networks, the only
difference between the two networks for a node ¢ can arise when ¢ receives her job either through ¢ or j. We
thus focus on the expected wage of an individual ¢ who found her job through either j or k, conditional on
being employed through i or j. There are eight possible cases in function of the status of j and k& listed in
Table Al.1. Overall, such conditional expected wage in of i in a network g is

E[Wilg) | Ii(g) + Ij(9) > 1] =

oGE[Wilg) | Ti(9) + Ii(9) > 1,5;(9) = 1, gr(9) = 1] + FE[Wilg) | Ii(9) + Ii(9) > 1,77 (9) = 1, i (g) = 1]

+onaoE[Wilg) | Lig) + Li(g) = 1,77(9) = 1.7x(9) = 1] + acxenE[Wilg) | I(9) + Ii(9) = 1,7;(9) = L, k(g
+ao(1 = a)E[Wilg) | Ii(9) + Ii(9) = 1,5;(9) + 52 (9) = 0,4x(g) = 1]
+ao(l - )E[Wilg) | Ii(g) + Ii(9) > 1,7;(9) = 1.7;(9) + ilg) = 0]
+ai(l—a)E[Wilg) | L)+ Ii(9) = 1.9;(9) + 7 (9) = 0,7i(g) = 1]
+ai(1 = a)E[Wilg) | Ii(9) + Ii(g) > 1,55 (9) = 1,5;(9) + Fi(g) = 0].
Table A1.2 contains the expected wages E|[ ,( | Ii(9) + I;.(9) > 1,4;,7;] conditional on each possible

state combination of j and k in networks g and g*. For example the expected wage of an employed individual
1 if she received the job either from her neighbor j or £ who both possess information about a high paying
job satisfies the following:

Zn(l_%’(nj —n—1]h)aqgny—n-—1| h))w
5, (1= ainy = =11 Wl —n— 1| 1)

5, (1= 55 =7 | Baw(ok —n | h) )wo
5 (1= a5 = Waw(ne =n | b))

where 1 = nj5(9) = n;k(g") is the number of four-cycles in which ¢, j and k are involved in both g and
g%, and Y= Si_o (7)B"(1 — B)"=" is an abbreviated form of an expression that conditions on the status
of the common neighbors of j and k.

Note that the only difference between g and g' arises in cases (3) and (4). To compare these cases, note
first that the probability that i receives at least one offer either from j of from £ in g satisfies:

ik(9) = Pi(g) + (1= Pi(9) ) Pilg) = Y- [1 = aslng — n | Myawlne = | )] =
S = astns =01 0)+astn; =0 | B) (1= aula = | )]

n

E[Wi(g) | Ij(g") +Ii(¢") = 1,7 (¢") = L,yi(g") = 1] =

=E[Wilg) | Iig) +I(9) > 1,7 (9) = Lgr(9) = 1] = — wy

(1.7.24)

where P]? (9) = Zn 1—g;(n; —n | h) is the probability that i receives information from j. Using the expression
(1.7.24), we can express i ’s expected wage in case (3) in g as follows:

E[Wi(g) | Ti(g)+ Ii(9) = 1,55(9) = Lg(g) = 1] =

w 1—-gj(n; —n|h) Cw (1.7.25)
0 D Tty — 0 Ranton —n TRy )

and that in case (4) as follows:
E[Wi(g) | Ij(g) +Ii(9) = L.yilg) = L,gj(9) = 1] =

w 1—qx(ng —n | h) Cw (1.7.26)
°+Zl—qg( —nlh)qk(nk—nlh)( )
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Since both cases occur with the same probabilty, we can add (1.7.25) and (1.7.26) up to obtain:

E[Wi9) | I(9) +1il9) = 1.5}(9) = Lui(9) = 1] + E[W. <>|F(>+I;;<g>21,gi<g>=1,g}<g>=1]
72w0+2 —qj(nj—n|h)—q.(ng—nl|h)

w1 — W,
T gy =7 Rasne —n | ) 1)

(1.7.27)
Analogously, the corresponding expression to (1.7.27) in network g* is

BWia) | Le) +1H(e") 2 17 (6") = 1.7i(e") 2 1}+E[ (0 | Tie) + Th6") > LR(e") = L7 (g") = 1]
_2w0+z —qi(nj —n—1[h)—qu(nk —n—11h)

w1 — Wo).
e T Faene g 1Ty (@~ o)

(1.7.28)
Note that (1.7.28) is greater than (1.7.27) if:

S [2= a0 1) = aeloe = W) [1 = q5(n5 =0 =1 Rar(ne —n— 11 h)]
n (1.7.29)
~[2= a0 =0 =11 B) = a0 = 1 )] #[1 = qin; = 0 | Warne —n | )] <0

Operating in (1.7.29):

Zlqj(nj— —1[h) —g;(n, nlh)] * ll_Qk<nk_n_1|h)(2_Qk(nk_77|h)1

K (1.7.30)

+ Qk(nk_n_1|h)_%(nk_77|h)] [1—%( Tl|h)(2—61j(nj—77—1|h>1 <0

since gj(n; —n—1|h) < gj(n; —n | h)Vj € N by Claim 1, [1 —qr(ng —n—1| h)(2 —qe(ng —n | h)]2 0
and ll —qij(n; —n | h) (2 —qi(nj —n—1] h)] > 0. Consequently, (1.7.28) is greater than (1.7.27), and

E[Wi(g") | Ii(g") + Iig") > 1] > E[Wi(g) | Ii(g)+Ii(g) > 1].
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A.2 Examples
A.1.2 The role of the initial state

In this subsection, we provide an example showing that the results from the main text are robust to
relaxing the assumption of initial full employment. We focus on an initial situation, in which each node is
unemployed with probability one half.

To this aim, Table A1.3 lists the employment probabilities of node 1 for each initial combination of
employment status of all the network members in networks g, and g, in Figure 1.2. Assuming that each node
is (un)employed with probabilty one half and all the initial states thus have the same probability (i.e., § for
network g, and % for network g.), the expected employment probability of node 1 is, in g:

Ei(gy) =4 —4b+a(1 +10) {7 —3a(—14b)? — (4 —b)b — 2a*(1 — b)b} ,

while in network g, :
Ei(ge) = 5 = b+ 16@[14 - a<4 +(5 - 4a)a> + <6+ (6 — 4a)a)b
<6 - a(g +(3- ‘;’a)a)>b2 - (2 —a(6— 4a)>b3 + 2(1 - a)Qab‘l} :

It is easy to show that F;(gs) < E;(g.) for any a,b € (0,1). Moreover, since all nodes occupy an identical
position in both networks, E(gy) < E(g.) for any a,b € (0,1).

Table A1.3. Employment probability of node 1 for each initial state in networks g, and g. in Figure 1.2

’ Triangle (gp) ‘ Square (g.) ‘
Initial state: | Employment probability | Initial state: Employment probability

A1) | 0-prase—a-g | LD | (- res(2-a-p0- )
(1,1,1,0) (1—ﬁ)+aﬁ(2—a—(1—a)(1— ga))

110 | Q-B)+api(ta | LD (=) + 31— 36)
(1,1,0,0) (1-8)+aBi (1 + a)

(1,0,1) (1-8)+afz(1+a) (L0.L1) (1_5)+O‘ﬁ(1_ %ﬁ)
(1,0,1,0) (1-8) +apl (1 + a)

011 |atall—a@-a-g | @D | atael-o)(2-a-pd-ja)
(0,1,1,0) | a+a(l —a)(?—a— (1—a)(l— ga))
(1>07071) (1 — B)

(1’070) (1 - B) (170’070) (1 _ B)

010) | ata-aia+a | OOV a+al-a)(1-45)
(0,1,0,0) a+a(l —a)%(l—i—a)

001) | atol-ai@+a | OOLD a+al—o)(1-39)
(0,0,1,0) a+a(l —a)%(l +a)
(0,0,0,1) a

(0,0,0) “ (0,0,0,0) a

A.2.2 Example 1

Consider agent 1 in networks gy, gc, ge, and g¢ depicted in Figure 1.2. Focus first on networks g, and ge;
in both networks, n1(gs) = n1(ge) = 2 and n?(gy) = n?(g.) = 2. Hence, 1’s neighborhood and second-order
neighborhoods are equally sized. However, the link 23 generates a three-cycle in g3, which has important
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consequences for the flow of information from nodes 2 and 3 to agent 1. More precisely, the probability that
node 1 receives an offer from one particular neighbor can be expressed as the dot product of two vectors: (i)
a vector of the probabilities of the different status combinations of 1’s neighbors 2 and 3, and (ii) a vector of
the probabilities that 1 receives an offer for each combination. Let

¢:[a2vaﬁaﬁava(l_a_ﬂ)v (l—a—ﬁ)m(1—0[—5)2,527/3(1—01—5), (1_a_ﬁ)ﬁi

denote the first vector. For example, a? is the probability that both neighbors are i’s potential providers.
Then, the expected probability of receiving information about a vacancy from, say, neighbor 2 in networks
gy and g, is

1 1

P} (gy) = Py (ge) = @ 1, 70 1,0,0,0,0,0) = o* + geB+all—a=p)=a(l - g),
where ® are the probabilities of the combined states of nodes 2 and 3 in g, and 2 and 4 in g.. Analogously,
the probability of getting an offer from neighbor 3 is:

Pl o 1 o 1 ! ﬁ
3 (gp) = P3(ge) = ® % [1, 5,0, 1,0,0,0,0,0] = a(1 — 5)

where ® are the probabilities of the combined states of 3 and 2 in g, and 3 and 5 in g.. The probabilities Py
and P} are the identical in networks g, and g.. However, when we compute the expected probability that
agent 1 receives at least one offer from her contacts 2 and 3, P(g,) # P'(g.). First,

11
Pl(gb):<I>>k[1,5,571,1,0,0,070]’:az—i—aﬁ—f—?a(l—a—ﬁ):a(2—a—ﬁ)

where ® are the probabilities of the combined states of 2 and 3 in gp.

Note that PL(gy)(1— P2 (g)) + PE(g0)(1— PH(g)) + PL(gs) P (g0) = P1(g0) +02(B— %) > P}(gy). That
is, we cannot compute P!(g;) directly from Ps(g,) and Pj(gy) because information ﬂows from 2 and 3 to 1
are not independent in gp.

In contrast, in network g,

1 11
Pl(ge) - a2q)* i151717171a15 i7171i/+a(1 70[)©* i1717 271a1317§7§71i/+
1 1 1
Hl-a)a®s (1L LLLL L1 ) =a(l - 2)2 a1~ D).

where ® are the probabilities of the combined states of nodes 4 and 5 in g.. In such a case, the information
flows are independent as P (ge)(1 — P3(ge)) + Pa(ge)(1 — Pi(ge)) + Pi(ge)Pi(ge) = Pl(ge) = 2a(1 — g) _
a?(1-5)2.

Most importantly, note that Pl(g.) — P'(gp) = o?(8 — %2) > 0. That is, g, provides a lower expected
probability of receiving a job offer through the network than g. as a consequence of the lack of independence
in information flows.

Consider network g, in which node 1 has one competitor mode in this network, node 6, than in g..
Formally, P3 (g7) = P3(9) = P3(9e) = a(1 = 5), but

11 111 B
1 _ 2 Ly _ _r
PS(gf) a(I)*[ 2’27171a1’3a272i ail ﬂ(l 3)i7
where ® are the probabilities of the combined states of nodes 5 and 6 in g¢. Consequently, Pi(gs) < Pj(gp) =
Pi(ge) = a(l — 7) Moreover, since the information flows from nodes 2 and 3 to agent 1 are independent,
B B B
Pl(gs) = a(l— £) +la—a*(1=S)]1 - 51— 5,

implying that P(g¢) < P'(ge).

In general, P!(gf) may be higher or lower than P!(g,). Table Al.4 illustrates the probabilities, with
which node 1 receives job offers from her neighbors in the four networks for different parameter values; note
that, as a consequence of the triangle in g;, node 1 may have better employment prospects in g¢ than in gy
even though node 1 has more competitors in g;.
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Table Al.4. Employment prospects for parameter values 8 = 0.01, o = 0.9 (panel A on the left) and
8 =0.1, « = 0.8 (panel B on the right)

AT o [ 9 1 9 [ 9 IBT o [ 95 [ 9 | g |
PI ] 0.8955 | 0.8955 | 0.8955 | 0.8955 | PX | 0.7600 | 0.7600 | 0.7600 | 0.7600
Pl [0.8955 | 0.8909 | 0.8955 | 0.8955 | P& | 0.7600 | 0.7109 | 0.7600 | 0.7600
P 70.9810 | 0.9886 | 0.9871 | 0.9891 | PT | 0.8800 | 0.9306 | 0.9280 | 0.9424

Finally, let us compare networks g. and g.. Again, n1(g.) = n1(ge) = 2 but n?(g.) = 1 < n3(g.) = 2,
which in principle should yield better employment prospects for node 1 in g. than in g. due to the lower
number of potential competitors. The probability of getting information about a job offer from neighbor 2
in g, is

1 1 / B
Py(g.) = D x[1, 5,0, 1,0,0,0,0,0] = a(1 — 5),
where ® are the probabilities of the combined states of nodes 2 and 4 in g.. Thus, P3 (g7) = PJ(gs) = P3(ge) =
P3(g.). Similarly, Pi(gy) = Pi(ge) = Pi(gc) = a(l — g) Therefore, P!(g.) = B9 x [%, %, %, %, %,0,0,0,0] +
(1-8)®%[1,1,1,1,1,0,0,0,0] = a(2—a— B+ %aﬁ), being ® the vector of the probabilities of the combined
states of nodes 2 and 3 in g..

Thus, Pi(g.) < Pi(ge), i-e. in contrast to the results in Calvo-Armengol (2004), node 1 is more likely to
receive a job offer through the network in g. despite the lower number of indirect contacts in g.. Table A1.5
shows the probabilities of receiving two, one or no offers.

Table A1.5. Distribution of job offers in the different networks

’ Example 1 \ pr. 2 offers in network ‘

o 9o | Ge 9e

o’ 182 -p+7%
af 0 0 0
Ba 0 0 0
all—-a—-p0)] 0 0 0
(Ira=B)a | 0 0 0
(1-a)? 0 0 0

’ Example 1 \ pr. 1 offer in network ‘

@ 9b Je 9e
o? 0 [0 [ 3
of a8 | a5
fa | (-5 [ (-5
al-a-B) [ 1] 12 [ 12
(la—Pfa [ 1] (15 | 0-5
(1-a)? 0 0 0

’ Example 1 ‘ pr. 0 offers in network

o b gg Je

2 B B
S R

af | 5 s
all-—a—08)| 0 g g
(lra—B)a | 0 g g
(1-a)? 1|1 1
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A.2.3 Example 2

Consider networks ¢ and ¢’ in Figure 1.4. Both networks have the same degree distribution and the
distribution of second-order degree, but the joint first- and second-order distribution differ. For example,
n1(g) = ni(g’) = 2 but ni(g) = 4 but ni(¢’) = 3. Moreover, S(g') = {1,2,3} but S(g) = 0. That is,
S(¢g') = S(g) U{1,2,3} as in Proposition 2.

(i) Network g. Since Ri(g) = Ri(g9) = ags(n3) + (1 —a) =1—-a+a|(1-B)8+ %) , the probability

with which 1 receives at least one offer from her neighbors in network g is:

Pl(g) = 1—{1 —a—i—a[(l —B)B+ 252]

The probability that node 2 does not receive information from her neighbor 8 € Na(g) is R2(9)=(1 — ),
while the probability she does not receive information from 4 € Na(g) is R3(g)=R.(g). As a result,

P*(g) =1-R3(g)Ri(9) =1- (1 -« {1—a+a[(1_5)5+2§”

Consider agent 3. The probability that she does not receive information from her neighbor 1 is R$(g) =

agi(nm)+(1—-—a)=1- a[(l —18)|, while R3(g9) = R3(9) = (1 — ). Then, agent 3 receives information

from her contacts with probability:

Pg) =1 Rg)R2a)Rg) = 1 — (1 — ) [1 —at

Agent 4 does not receives information from 7 € Ny (g) with probability R3(g) =(1—«), while R}(g)=R3(g9) =

R3(g). Thereby, i
PH) = 1= RGBSR = 1- (- )1 —a+

The probability that node 5 does not receive information from her only neighbor 3 € N5(g) is 1 — R3(g),
with R3(g)=R3(g). Henceforth, P5(g) = a — a|(1 — B)B + %} and P5(g)=P%(g)=P"(g). Similarly, since

R3(g) = Ri(9) = R3(g), P3(g9) = 1— R3(g) = o — %2 and P%(g)=P'(g)=P'2(g)=P'(g)=P(g). Last,
P(g)=P"(g)=1— (1 —a)>

(ii) Network ¢’. Information flows from nodes 2 and 3 to 1 are affiliated, since {1,2,3} € S(¢’). The
probability that provider 2 does not transmit information to 1 is % when y3(g’') = 1 (3 is i’s competitor) and 0
when y2(g’) = 0. Conditional on y3(g’) = 1 (2 is a competitor), the probability that node 3 does not transmits
information to 1 is g3(ng — 1] y3(¢9") =1) = 28+ (1 — 5)%:%+% Analogously, g3(n3 — 1] y3(¢') =0) = 38
is the probability that provider 3 does not transmit information to 1, conditional on y3(g') = 0.

Let @ = [a?, af, Ba, a(l —a—B), (1 —a—Ba, (1 —a—7B)2, 6% B(1—a—0), (1 —a—pB)3] be
the vector of probabilities of all relevant combined states of 2 and 3. Then, the probability that 1 does not
receive any offer from 2 or 3 can be expressed as the dot product of ® and the vector of the probabilities that

1 does not receive any offer in each joint state: Ris(g') = ®x[0,1,g3(nz—1]1),0,¢3(ns—11]0),1,1,1,1] =
14 a? (1 — g) —« (2 — %6 + ;)62). Therefore, the probability that 1 receives at least one offer in ¢’ is:

Pl =1 Ry(a) =a(2- 554 30 )-a* (125 )= P

by symmetry of 1’s and 2’s positions.
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Consider agent 3. The probability that provider 1(2) does not pass information to 3 when 2(1) is in state
2is 1 and 0 when 2(1) is not in such a state. Then,

1
Riy(g) = ®[0.5,5.0.0, 1,1, 1,1 = af + (1 - )’

N =

Since R3(g')=R3(9),

P(g') =1-Riy(g")Ri(g") = 1- [(1 —a)? + 0‘5} [1 Cat a<(1 —B)p+ 252”

Observe that R:(¢g')=RL(g), and R(¢")=RS(¢")=(1 — a). Hence,
Pi(g) = 1= B3(9)R3(s)Re(g) = 1= (1 =)’ {U —a)+ a((l - BB+ 2?)] |

As for agent 9, the likelihood that she does not receive information from 10 € No(g') is R(¢')=R3(g),
while the probability that she does not receive information from 11 € Ng(g') is R (g)=(1 — «). This implies
that

P%(¢") =1-Riy(9)RN(¢) =1—(1-a) [1 - O‘<1 N g)}

and P?(g')=P'°(¢') by symmetry. Finally, note that P°(g')=P°(¢')=P°(g)=P°(g), P"(¢)=P*(¢')=P"*(¢')=P"*(¢)=c,
and P'l(g")=P'2(g)=P" (g)=P"(g).

Table A1.6 summarizes the employment probabilities of each node for a = 0.1 and b = 0.2, the values
in Example 2. The employment probability of node i is computed as E(g) = (1 — 8) + BP%(g), while

E(g) = % ZieN Ez(g)

Table A1.6. Employment probability for a =0.1, b = 0.2 in Example 2

| Node [ Pi(g) | E'(9) | P'(¢) | E'(Y) |
T | 0.128511 | 0.843132 | 0.133440 | 0.844019
0.141147 | 0.845406 | 0.133440 | 0.844019
0.215218 | 0.858739 | 0.196412 | 0.855354
0.209076 | 0.857634 | 0.209855 | 0.857773
0.066464 | 0.831964 | 0.066464 | 0.831964
0.066464 | 0.831964 | 0.066464 | 0.831964
0.066464 | 0.831964 | 0.080000 | 0.834400
0.072800 | 0.833104 | 0.080000 | 0.834400
9 | 0.153600 | 0.847648 | 0.146968 | 0.846454
10 | 0.153600 | 0.847648 | 0.146968 | 0.846454
11| 0.072800 | 0.833104 | 0.072800 | 0.833104
12| 0.072800 | 0.833104 | 0.072800 | 0.833104
13 | 0.072800 | 0.833104 | 0.080000 | 0.834400
14 | 0.072800 | 0.833104 | 0.080000 | 0.834400
Aver. | 1.564544 | 0.840116 | 1.565610 | 0.840129

QO | | T = W DN

A.2.4 Computation of probabilities for Table 1.1
First, note that since Ss(g) =0, R;r(g) = R;j(9)Ri(g). Formally,
Rj(9) = a®qj(nj)ar(nk) + a(l — a)g;(ny) + (1 — a)gi(ny) + (1 — )

considering the four possible cases (both j and k are providers, only j is a provider, only k is a provider and
none of them is a provider) and their corresponding probabilities.
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If Ss(g) = {4,4,k} as in g*, the probability that 7 does not receive any offer from provider j conditional
on y,% is
n;—2

o h 2
=110 = X (M) -t ()

h=0

With this expression in and, we compute R;j(g"). The probability that ¢ does not receive an offer from j
when j is a provider but k& is not, depends on whether & is a competitor or not, and the same holds for he
probability that ¢ does not receive an offer from k when k is a provider but j is not. There are six cases to
consider: (1) both j and k are providers; (2) j is a provider and k a competitor, (3) k is a provider and j a
competitor; cases (4) and (5) in which one is a provider and the other neither a provider nor a competitor (i.e.
in state 3 or 4, event that occurs with probability 6 +~v =1 — « — 3); and (6) neither j nor k are providers:

Rik(g") = &®qj(n; — 1| yi = O)gr(n — 1| 55 = 0) + aBg;(n; — 1| yi = 1) + a(l —a — B)g;(n; — 1| yi = 0)
+afge(ne — 1]y} =1)+a(l —a—B)gnk — 1| y; =0)+ (1 —a)?
=« QJ(nJ_1|yk:0)Qk(nk—1|yj:O)
+aBqi(n; —1|yi =1)+a(l = B)gj(n; — 1| yi =0) — a’q;(n; — 1| yz =0)
+afgr(ng — 1|y} =1) + a(l = B)qe(nk — 1| y; = 0) — ’qe(nk — 1| y5 =0) + (1 — @)’

Given that Bg;(n; — 1| yi = 1)+ (1= B)g;(n; — 1| 4§ = 0) = q(ny) and g;(n; — 1 |y = 0) = ¢;(n; — 1),
the above probability simplifies to

Rii(g") = [0®q;(nj — Dar(ne — 1] + [ag;(ny) — a’q;(n; — )] + [age (k) — o (e — 1))+ [(1 — )]
where each term in brackets corresponds to the probability that i does not receive any offer in each of the

four cases in column labeled as g* in Table 1.1.
Adding up all the rows of the last column in Table 1.1, we obtain that

Rjn(9") = Rs(9)Rilg) = 0 [ (a5n5) = 5(n; = 1) (1= axe = 1)) + () = e = D) (1= 45(n7)) ] > 0

because both ¢;(n;) and gy (ng) increase in their arguments by Claim 1. Therefore, P'(g) > Pi(g"). B
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A.3 Additional material for the dynamic analysis

A.3.1 Real-life network

Figure A1l.1 Giant component of the friendship network from Branas et al. (2010).
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A.3.2 Steady state results for vertex-transitive networks

Here, we present more details regarding the analysis of Section 1.4.3. First of all, Figure A1.2 presents
the three network under study if n;(¢g) = 3 and Figure A1.3 those for n;(g) = 4.

Figure A1.2. Vertex-transitive networks with n;(g) = 3 for each i but varying clustering
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Figure A1.3.Vertex-transitive networks with n;(g) = 4 for each ¢ but varying clustering
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In Figure A1.2, each node has three links. In (a) and (b), each node has six neighbors of neighbors while
n?(g(c)) = 3. As for cycles, there is neither any triangle or square in (a), each node is involved in one triangle
but no square in (b), whereas C;j(g(s)) = 1 for each i and everybody belongs to one four-cycle. Network (c)
presents the only feasible degree-three vertex-transitive network with more than one triangle per person.
Hence, any differences between (a) and (b) can be attributed to short cycles, but the comparison of (a) and
(b) with (c) is more complex. People belong to more short cycles, but they have three competitors less. Table
A1.10 reports the results of the simulations using these networks.

In Figure Al.3, each node has degree four and, in networks (a), (b), and (c), second-order degree equal
to eight while n?(g(.)) = 8. Network (c) is not vertex-transitive. All members have identical local position,
but the nodes in the interior of the circle are slightly more globally central than those in the periphery in
the figure. We constructed a corresponding vertex-transitive network satisfying the above conditions, but the
network (c¢) resembles more the networks (a) and (b) in the presence of cycles of longer length. We thus opted
for network (¢) in our comparison. There is neither any triangle or square in (a), each node is involved in two
or three triangles but no square in (b) and (c), whereas C;(g(q)) = 1 (six triangles) for each i and everybody
belongs to three four-cycles and one five-cycle. Network (d) presents the only feasible network with n;(g) = 4
and C(g) = 1. Hence, networks (a), (b), and (c¢) enable a clean comparison with respect to short network
cycles, whereas the comparison of these networks with (d) is more complex. Table A1.11 reports the results
of the simulations using these networks.

Table A1.10. Labor-market statistics in vertex-transitive networks with n;(g) = 3 but varying clustering

Networks
No cycle One cycle Three cycles

A. Employment statistics
Net. nodes: 48 48 48
Num. economies: 100 100 100
Num. networks: 100 100 100
Employment rate: 0.7362184 0.7295554 0.7156931
St.Dev. 0.07832863 0.07858979 0.07843081
Coef.variation. 0.1063932 0.1077229 0.1095872

B. Time and spatial correlations
Correlation(t-1,t): 0.7953321 0.7979369 0.8014949
Correlation(t-2,t): 0.6326194 0.6390886 0.6469422
Simple-Matching coef. (1st neighb.): 0.6454542 0.6470625 0.6579889
Simple-matching coef. (2nd neighb.): 0.62935 0.62145 -

C. Transition rates in the last 1000 periods (out of 10000):
Fraction keeping employed: 0.6796644 0.673396 0.6607165
Fraction keeping unemployed: 0.2072279 0.2143017 0.2293419
Fraction lost job: 0.05654521 0.05615208 0.05497229
Fraction found job: 0.0565625 0.05615021 0.05496938
Conditional: EE/(EU+EE) 0.9231941 0.9230317 0.9231897
Conditional: UU/(UE4-UU) 0.7855779 0.7923838 0.8066578

D. Kolmogorov-Smirnov, Wilcoxon and, Fligner-Killeen tests

D (p) W (p) x* (p)

No vs. one cycle 0.03589 (0) 5244320870 (0)  35.63115 (0.2204011)
No vs. three cycles 0.10981 (0) 5744366450 (0) 41.54416 (0.09777024)
One vs. three cycles 0.07392 (0) 5501532003 (0) 25.54077 (0.7430232)
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Table A1.11. Labor-market statistics in vertex-transitive networks with n;(g) = 4 but varying clustering

Networks
No ecycle Two cycle Three cycles All cycles
A. Employment statistics
Net. size: 234 234 234 235
Num. economies: 100 100 100 100
Employment rate: 0.7650278 0.T5875835 0.7536416 0.7384366
St.Dev., 0.03560841 0.03538005 0.03573074 0,03592831
Coef.variation. 0.04654525 0.04662887 004741078 0.04865456
B. Time and spatial correlations
Correlation(t-1,t): 0. TRORDZE 0.7923561 0.7947033 (LBOER305
Correlation(t-2,t}: 0.6258672 0.6277517 0.6335188 0.6492123
Correlation(t-3,t): 0.4965343 0.4975933 0.5048997 0.5265075
Correlation(t-4,t}: 0.3966029 0,395039 0.4047934 0.4280346
Correlation(t-5,t}: 0.3157266 0.3160763 0.324128 0.3494497
Correlation(t-6,t): 0.2500541 0.2535421 0.2592487 0.285112
Correlation(t-7,t): 0.1988207 0.2038812 0.2068884 0.2317018
Correlation(t-8,t): 0.1580622 0.1639143 0.164T08T 01892681
Correlation(t-9,t): 0.1268062 (.1324563 0.1308997 0.153785
Correlation(t-10,t): 0.1008872 0.1095631 0.1058485 0.126705
Average SM (1st neighbors): 0.6623812 0,641397 0.6663983 0.6701957
Average SM (2nd neighbors): 0.6496121 0.6433835 0.643141 -
C. Transition rates:
Fraction keeping employed: 0. 7081917 0.7025405 0.697T068 0L6836624
Fraction keeping unemployed: — 0.1781347 0.1850209 0.1804169 0.206792
Fraction lost job: 0.05683855 0.05622128 0.0559394 0.0547697
Fraction found job: 0.05683504 0.05621735 0.05593697 0,05477591
Conditional: EE/{EU+EE) 0.9257042 (0.9259039 0.925775 0.9258297
Conditional: UU/{UE+UL) 07581176 0. TEGIE34 0.7729406 0.790586
D. Kolmogorov-Smirnov, Wilcoxon, and Fligner-Killeen tests
D (p) W (p) x* (p)
No vs. two cycles 0.07307 (0) 5501702434 (0)  70.28512 (0.3681783)
No vs. three cycles 0.12932 (0) 5895907351 (0) GL.7L775 (0.7494325)
No vs. all eycles 0.30189 (D) 6932782427 (0)  79.68325 (0.224715)
Two vs. three cycles 0.05809 (0) 5404198927 (0)  69.79693 (0.4843591)
Two vs. all cycles 0.2363 (0) 6488505634 (0)  95.06107 (0.0299015)

Three vs. all cycles 0.18001 (D) 6102184061 (0)  72.37386 (0.4323282)




Capitulo 2

Clustering in Network Games

1. Introduction

Social networks have an incidence on individuals’ behavior (Goyal, 2012; Jackson and Zenou, 2015). An
agent may decide to wear a sanitary mask in Covid-19 times only if people in her network do. In other
contexts, the same agent may perform a task, such as a providing a public good, only if none of her neighbors
does.

The study of such strategic interactions from a social network perspective has grown over the last decades,
motivated by the empirical evidence that social networks exert enormous influence on human behavior (Topa,
2001; Conley and Udry, 2005; Centola, 2010, 2011; Bond et al. 2012; Breza and Chandrasekhar, 2019).
Literature on network games has aimed to understand which features of social networks affect behavior and
how in different contexts, such as criminality (Calvo-Armengol and Zenou, 2004; Ballester et al. 2010), labor
(Calvo-Armengol and Jackson, 2004, 2007), public good provision (Bramoullé and Kranton, 2007), or security
investment (Acemoglu et al. 2016) among others.

One of the most prevalent structural properties of real-life social networks is network cliquishness: indivi-
duals tend to form close-knit networks, where network cycles are highly present (Holland and Leinhardt, 1971;
Watts and Strogatz, 1998, Ravasz and Barabési, 2003; Vega-Redondo, 2007; Leskovec et al. 2008; Jackson and
Rogers, 2007; Jackson, 2010; Seshadhri et al. 2012). Network knittedness is typically quantified through the
clustering coefficient, which captures the frequency with which neighbors of a node are mutually connected.
For instance, Newman (2003) finds average clustering coefficients of 0.496 in coauthor networks, meaning
that around 50 percent of the coauthors of the researchers in the network are, on average, coauthors of each
other.?

Clustering has been pointed as a driver of human behavior through different mechanisms. One is information-
based: news flow faster and more reliably though clustered networks, what may discourage misbehavior be-
cause of reputation effects (Merry, 1984; Raub and Weesie, 1990; Burt, 2005, 2008; Lippert and Spagnolo,
2011). Another related mechanism is the emergence of collective sanctioning systems: people may coordinate
efforts to punish an individual more easily if the network they are part of is tightly clustered (Coleman, 1988a,
1988Db). These types of mechanisms constitute the basis of theories of social capital (Coleman, 1990, Putnam,
2000; Burt, 2001 2005) that posit that clustering might prevent the emergence of free-rider attitudes and
foster the emergence of cooperation. Recent research has found support for the positive effects of network
cliquishness on cooperation (Bloch et al. 2008, Righi, and Takacs, 2014; Vega-Redondo, 2005; Ali and Miller,
2012, 2016; Melamed et al. 2018), both through communication and ostracism patterns (Jackson, et al. 2012,
Ali and Miller, 2016) as well as though social collateral (Karlan et al. 2009).3

1See also Ballester, Calvo-Armengol and Zenou (2004), Calvé-Armengol et al. (2009), and Leduc et al. (2017).

2Different explanations have been proposed to explain the tendency of people to form transitive relationships. Levine and
Kurzman (2006) argue how humans may have evolved cognitive mechanisms designed to exploit the positive externalities that
derive from network clustering, while Kovafik and Van der Leij (2014) relate it to risk aversion. See also Rapoport, (1953) or
Jin et al. (2001).

3Beyond their incidence on behavior, clustering has also been relevant when explaining other economic phenomena, such as
employment (Granovetter, 1973) or gender inequality (Ductor, et al. 2018).
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This chapter explores the impact of clustering in two canonical forms of strategic interactions: games of
strategic substitutes and games of strategic complements.* Under strategic complements, the benefits that a
player obtains from taking an action are greater as more contacts of her do the same. This typically occurs
because of the positive effects of having compatible products or undertaking similar behaviors (e.g. buying
compatible technologies or speaking a common language) or because of peer pressures (in the case for example
of smoking habits). Under strategic substitutes the opposite occurs: the benefits of a player from taking an
action are lower as more contacts of her do the same. This is often due to the positive externalities that
emerge from people’s actions, that enables others to free ride from them. Games of strategic substitutes cover
applications such as public good provision, costly experimentation or information adquisition, etc.

The main challenge while studying games played on networks stems from the intrinsic complexity of
network architectures. The two main difficulties are the following. First, it is problematic and sometimes
impossible to isolate the ceteris paribus incidence that each network feature has on behavior, because changing
one network property affects the whole network architecture and thus any network measure that depends on
the whole structure. Second, even if one focuses on a particular network, a bewildering range of equilibrium
outcomes is possible when players have complete information about the network they are embedded in (see
e.g. Bramoullé and Kranton, 2007).

One approach to solve these fundamental problems is the introduction of incomplete network information.
Under incomplete information, behavior may only depend on anticipated interaction patterns, simplifying the
analysis (De Marti and Zenou, 2015; Jackson and Zenou, 2015). Moreover, in many real-life situations, people
indeed have incomplete information about their network and, even if complete information is available, people
exhibit cognitive limitations while recalling and processing information about the whole network architecture
(Jannick and Larrick, 2005; Dessi, et al. 2016).

Galeotti et al. (2010) take this approach. In their model, each player knows her degree and the degree
distribution of the network, but not the degree of other players.® The ignorance of players about other players’
degrees defines a Bayesian game where the degree of each player is interpreted as her type. An important
contribution of these authors is the prediction of a player’s optimal action on the sole basis of one of her
network attributes, her degree. They show that every symmetric equilibrium is monotone non-increasing (non-
decreasing) in players’ degrees under strict strategic substitutes (complements).® This implies that social
connections create personal advantages—a recurrent idea in networks literature (Burt, 1992, Granovetter,
2018)—as the expected payoffs of players with higher degrees are greater.” However, the incidence that other
features of networks have on behavior, such as network clustering, is set aside from their analysis.

This chapter builds on the incomplete information framework of Galeotti et al. (2010), but extends it to
incorporate players’ information about (positive) network clustering. In our setup, each player has private
information about her own degree, which defines her type. Besides, each player has information about the
degree distribution, as well as about the extent to which her neighbors can be connected.® To be precise,
players are informed about the maximal number of triangles they may be involved in, information that we
refer as perceived clustering. However, no player knows neither her neighbors’ identities nor the triangles she
forms with them. We particularly explore how behavior changes as perceived clustering varies, ceteris paribus,
and why.

Our information structure applies to many real life situations. A newcomer to a small village (or a
prospective member of a fraternity) may expect that the people with whom she is going to interact know

4These games cover many of the game-theoretic applications studied in economics (see Bulow et al. 1985 or Potters and
Suetens, 2009).

5This information setup—also considered in Jackson and Yariv, (2007)—applies for situations in which people have to take
decisions without knowing with whom they are going to interact. For example, an agent who has to decide whether to get a
vaccination may anticipate the volume of agents with whom she is going to have contact, but not the identity of these people.
Although this is the main information setup in their paper, the authors also explore the effects of endowing players with richer
network information.

6This result holds for games that satisfy a property: having an additional neighbor playing 0 is payoff equivalent to not having
such a neighbor. This property holds for instance when players’ payoffs depend on the sum of their neighbors’ actions, but not
when they depend, say, on the average.

7Consider for example a binary game of strategic substitutes (complements): action 1 is interpreted as paying for a public
good (as adopting a complementary technology in the case of strategic complements), and action 0 not doing so. High-degree
players may derive higher payoffs than low-degree ones, since they can free-ride at the expense of low degree-players under
strategic substitutes. Under strategic complements, high-degree players may enjoy the benefits derived from compatibility.

8 As we show below, the information structure of Galeotti et al. (2010) can be considered as a special case of our model when
players believe that their neighbors do not know each other (clustering is zero).
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each other. On the contrary, a first-year student (or a person starting a new job in a new firm) may believe
that her future colleagues come from distant places and are not linked. In most real-life situations, people’s
expectations about network clustering lies in between these two extremes.

Our main result shows that equilibrium behavior of people can change depending on perceived clustering.
Under strategic substitutes, equilibrium contribution to the public good does not decrease (does not increase)
as perceived clustering increases (decreases). The opposite occurs under strategic complements: technology
adoption in equilibrium does not increase (does not decrease) as perceived clustering increases (decreases).’

The intuition behind this result is the following. As in Galeotti et al. (2010), the popularity of each player
(her degree) determines her equilibrium action, and thereby players’ expectations about their neighbors’
actions correspond to their expectations about their neighbors’ degrees. Players know that there exist some
correlation in their neighbors’ degrees that derives from the fact that their neighbors may be linked.!® The
more neighbors a player expects to be mutually connected, the more neighbors she expects to have with
correlated degrees. This implies that a player believes more likely to have similar types of neighbors (in
terms of popularity) when she knows that many of her neighbors can be linked, and a greater diversity of
neighbors when she knows that only a few of them can. Consequently, a player believes more likely to have at
least one type of neighbor playing action 1 (i.e. a neighbor that contributes to the public good under strategic
substitutes or adopts the technology under strategic complements) when perceived clustering is lower than
when it is higher. Since in our game of strategic substitutes (complements) a player wants to play action 0(1)
if at least one of her neighbors plays 1(1) and action 1(0) otherwise, a greater perceived clustering neither
reduces public good contribution nor increases technology adoption in equilibrium.

The contribution of this chapter is to uncover a novel mechanism by which clustering influences equilibrium
in games played on networks: the influence of this network feature in the perceived heterogeneity of players.
We show that people’s choices are not only driven by the number of connections they have, but also by
their expectations about the diversity of their contacts in terms of popularity, which are shaped by their
information about network clustering. Our findings are in line with those predicted by Coleman (1988a,
1988b), as greater perceived clustering discourages people to free ride. However, our result is not driven
by the emergence of collective sanctions as suggested by him, but by the effects of perceived clustering on
the perceived heterogeneity of players. Lower perceived clustering traduces in greater expectations about
neighbors diversity, what creates personal advantages in a similar way as personal connections do. In fact,
increasing perceived clustering has the same effect as inducing a shift in the sense of first order stochastic
dominance in the degree distribution (see Galeotti et al. 2010) under strategic substitutes and the opposite
effect under strategic complements.

The closest chapter to ours is Lamberson (2015), that also builds on the framework of Galeotti et al. (2010)
to analyse the incidence of clustering in binary games of strategic substitutes and of strategic complements.
Their model is however different: the network is regular and the beliefs of each player about her neighbors’
actions are based on their past actions.!! This introduces local correlation in players’ actions, increasing both
technology adoption and public good provision in the Bayes-Nash equilibrium.

The chapter is organized as follows. Sections 2.1 and 2.2 present some basic definitions and the games
considered in this work, respectively. Section 2.3 provides the results. In Section 2.4, we discuss the results
and offer directions for future research.

2.1. Background definitions

Consider a social network g = (N, E) composed of a set of nodes N = {1,..,n} and a set of edges or links
E between them. Each node i € N represents one of the n = |N| agents in the network. We write g;; = 1 if

9Under strategic complements, there is always a trivial equilibrium where all types of players play action 1(0). Since these
equilibria are always possible, we set them aside when exploring the incidence of perceived clustering on equilibria.

10Players know that nodes in the network do not have degrees with independent probabilities, but the degree of connected
nodes are correlated even if links are formed in a fully random way. Consider the simplest example of a network integrated by
node ¢ and her neighbors j and [. If each each edge forms randomly and independently with probability p, ¢ knows that there
exist perfect correlation in their neighbors’ degrees: either both j and ! have degree 1 (with probability p) or they both have
degree 0 (with probability 1 — p). While this correlation is always present, it tends to vanish as the network gets very large, as
we discuss.

1 For example, if an agent contributes to the provision of a public good, she may not know whether their neighbors will
contribute in a subsequent period, but she may expect them to be less likely to contribute because they can count on her to do
it.
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agents ¢ € N and j € N are directly linked in g and g;; = 0 otherwise, with g;; = g;:,Vi,7 € N. The network
is represented by a nxn symmetric adjacency matrix A = (¢;5):,jen, with g;; = 0.

The neighborhood of node i € N is the set of agents directly connected to i, N;(g) = {j € N : g;; = 1}.
The degree of node i is denoted k;(g) = |Ni(g)|.

Let P,(k) be the probability degree distribution. Namely, P, (k) is the probability that each ¢ € N has
degree k, for all k € {0,1,...,n — 1}.

In our analysis, we will refer to a model of network formation: the Erdds-Renyi model (1959; 1960). In
this model, each link between any two nodes occurs randomly with probability p, independently of any other
link. The degree of each node ¢ € N is then given by a random variable K;(g), which takes value k with
probability:

P[Ki(9) = k] = <n ; 1>p’“(1 —p)ntF (2.1.1)

A three—cycle Z2(g) in a network g is a set of nodes {i, j, k} such that g;;gjkgx; = 1. We define S3(g) =
{Z3(g) :i € Z3(g)} as the set of all three cycles in g to which agent i belongs. We refer a three-cycle also as
a triangle.

The clustering coefficient of ¢ € N captures the proportion of three-cycles (triangles) that she forms with
her neighbors:

2|53 (9)]
ki(9) (ki(g) — 1)
In words, C;(g) is the number of pairs of neighbors of ¢ that are linked divided by the maximal number

of links that could exist among i’s neighbors. The average clustering coefficient of network g is C(g) =
LN ien Ci(g) (Barabasi, 2016). In Erdds-Renyi networks, C(g) = p.

Ci(g) =

2.2. Network games

2.2.1. Network and players

Throughout all our analysis, we consider a random network, where each link is formed independently with
probability p € (0,1) as in the Erdds-Renyi model. In such a network, each node has degree k as given by
(2.1.1).'2 Nodes are the players of the game.

2.2.2. Payoffs

We analyse two types of strategic interactions: games of strategic substitutes and games of strategic
complements.

2.2.2.1. Strategic substitutes

We counsider a game similar to that in Bramoullé and Kranton (2007). Each player chooses simultaneously and
independently an action in X = {0,1}.!® Action 1 represents an activity that generates positive externalities
to people. For instance, action 1 may be interpreted as contributing to a public good or investing in a non-rival
technology. Players pay a cost ¢ when they play action 1, with 0 < ¢ < 1. Action 0 bears no cost.

Let z; be the action of player i € N, and xy = (21, ..., 2,) the action profile of all players. The utility of each
i is ui(2i, T, (g)), With Ty, (g) = ZjeNi(g) z;. It takes the following values:

ui(0,Tn,(g)) =0 if Ty, =0

ui(0,ZTn,g)) =1 i Ty >1

12Galeotti et al. (2010) do not consider a specific network in their model. However, the assumption of degree independence
on which many of their results are based is interpreted as holding asymptotically in random networks, as we discuss below. We
thereby consider a random network as well when presenting their results.

13In Bramoullé and Kranton (2007), players can play any action in [0, c0). We consider here a simpler version of this model.
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ui(1,Tn, () =1—c forany Ty,

It is readily seen that each player prefers her neighbors to take action 1 rather than taking this action
herself. However, if none of her neighbors plays 1, she prefers playing 1 than playing 0.

2.2.2.2. Strategic complements

Jackson (2010) provides the example of a game where players’ actions are strategic complements. Imagine a
situation where each ¢ € N has to decide independently and simultaneously whether to take an certain action
(z; = 1) or not (z; = 0), and the enjoyment of this activity is higher if at least one of her neighbors plays
also this action. For example, ¢ has to decide whether to attend an event (action 1) or not (action 0), and ¢
accounts for the travel expenses, 0 < ¢ < 1. Another example is the decision to adopt a certain technology:
the benefit that an individual derives from the use of a technology often depends on the number of neighbors
that use compatible items (Katz and Shapiro, 1986). In this case:

ui(1L, Ty, g) =1—c if Ty >1

ui(L, TN, g) =—c if Ty =0

ui(0,Tn, () =0  forany Ty,

2.2.3. Information

We write I;(g) to denote the whole information set that each ¢ € N has about the network.

2.2.3.1. Galeotti et al. (2010).

Information and types. Agents’ private information corresponds to their degree, while the probability
degree distribution of the network is common knowledge. These two aspects constitute the whole information
set that each ¢ € N has about the network, I;(g) = {ki(g),p,n}. The games are analysed within the framework
of Bayesian games of incomplete information by identifying the type of each player with her degree.

Players’ beliefs. Given I;(g), each i € N knows that the probability that j € N;(g) has degree k is the
probability that j forms k — g;; = k — 1 additional links with the remaining n — 2 agents in the network.
Namely,

n—2 _ ke . .
Pl o) = k1 10 = (239t -pr Vi e Nig) Vi N (22.)
Define F(g) = {1,2,...,k} as the set of feasible neighbors’ degrees: the set of degrees that each neighbor of
any node can have in network g, where k is the maximal degree in this set. Equivalently, it could be assumed
that the information set of each i is I/(g) = {ki(9),p, F(g9)} and k = n — 1; players have the same beliefs
about the connectivity of their neighbors given I;(g) and given I;(g),

P[K;(g) =k | Ii(9)] = (: - Dp’“‘l(l —p)"F =PIK;(9) =k | Li(g)],  ViE€Ni(g), VieN (222)

We stress the equivalence between both information sets here, as it will be relevant in certain parts of our
analysis.

Degree independence. Although links are formed randomly and independently, nodes do not have degrees
with independent probabilities, but their degrees are to some extent correlated.'* While this correlation is
always present, it tends to vanish as the network gets large, since the possibility of an edge between each pair
of nodes is only 1 out of the n — 1 that each might have (Jackson, 2010). Then, it is reasonable to assume
that nodes have degrees with probabilities that are (roughly) independent when n — co. The assumption of
degree independence made by Galeotti et al. (2010) is interpreted in this manner, as holding (approximately)
for infinitely large random networks (often referred as Poisson networks).'®

14See footnote 10.

15 Galeotti et al. (2010) make use of this assumption to characterize the equilibrium generally (see their Proposition 2). However,
they also show how some of their results for strategic complements (substitutes) maintain when the degree of connected nodes
are positively (negatively) correlated.
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Clustering. In Poisson networks, the probability that two specific nodes i and j are connected is insignificant.
This implies not only that nodes have degrees with (roughly) independent probabilities, but also that the
probability that two neighbors of a node are connected is negligible in these networks.'6 Galeotti et al. (2010)
presume then not only that players’ believe that nodes have degrees with independent probabilities, but
implicitly also that players believe that the network has a tree-like structure.!”

2.2.3.2. Our Setting.

Information and types. Players are privately informed about their degree, while the degree distribution of
the network is common knowledge. Besides, each player privately knows the extent to which her neighbors
can be connected. In particular, each player is exogenously informed about the maximal number of triangles
in which she may be involved, denoted 7. We refer to 7 as perceived clustering. The information set of each
i € N is then I;(9) = {ki(9),p,F(9),|S3(g)| < 7}, with F(g) = {1,2,...,k}.'® Note that i does not have
information about the identity of her neighbors nor about the triangles that she forms with them; even if she
knows that the cardinality of S;(g) lies in the interval [0, 7], both S?(g) and |S?(g)| are unknown for her. For
example, if N;(g) = {j,{,m} and 7 = 1, ¢ knows that she may form one triangle with her neighbors. However,
she does not know whether this triangle is {, j,(}, {¢,7,m}, or {i,1,m}. It might be also the case that she
does not form any triangle with her neighbors.

Perceived clustering is the same for all players, regardless of their degree. It is an exogenous information that
they may have obtained from the context, in a similar way as they know the degree distribution. Imagine for
example a company representative who is considering to attend a networking event, say, a business congress.
Before attending the congress, this agent may know the volume of clients of her company, and have one idea
about the volume of clients of the other participating companies. Besides, she may know the companies that
participated in a past edition of the congress, the number of them that operate within the same area or have
collaborated previously in any project, etc. These exogenous signals may inform the agent about the number
of firms that might have a prior relationship, and in turn, about the maximal number of connections that
might exist among her potential partners (7).

The private information of each i, k;(g) and 7, define her type. However, since perceived clustering is the
same for all players, we will assume that the type of each player is only given by her degree, since this is the
only information that can be different across players. Hence, every symmetric strategy o is a mapping that
specifies each player’s action as a function of her type, o(k;) € {0,1}.

Finite random network. The analysis of clustering requires setting aside Poisson networks, since clustering
is very small in these graphs. We thereby consider a random network of finite size throughout our analysis.
Unlike Poisson networks, degrees of connected nodes are (not negligibly) positively correlated in this type of
networks (Newman 2003; Jackson and Rogers 2007).

2.3. Results

This section analyses the relation between clustering and behavior. We start by presenting the main
insights in Galeotti et al. (2010) (Section 2.3.1). Then, we show how a variation in perceived clustering may
have consequences in players’ equilibrium behavior (Section 2.3.2).

2.3.1. Degree and behavior

Under the information setup in Galeotti et al. (2010), the (pure) strategy of each player can be identified
with a mapping o that specifies her action as a function of her degree, o(k;) € {0,1}, Vi € N. Galeotti et

161n fact, the probability that a pair of nodes are connected is always p in Poisson networks, regardless on whether they share
a common neighbor. Then, for fixed p, the clustering coefficient becomes vanishing small as the number of nodes increases (see
Vega-Redondo, 2007).

17In Section 2.3.2.1, we will show that the equilibrium setup in Galeotti et al. (2010) is rougly equal that the one that emerges
when players know that the network has clustering equal to zero.

18 As we explained in the previous section, players form the same beliefs about the degree of their neighbors from the knowledge
of n and p as well as from the knowledge of F'(g) and p: in both cases, they believe that each neighbor of them has degree k with
the probability in (2.2.1). However, players can derive some additional information about their neighbors’ connectivity from the
joint knowledge of 7 and n, while they cannot from the joint knowledge of 7 and F(g), as we discuss in a subsequent section.
Then, in order to isolate the effects of perceived clustering from those that may be caused by changes in players’ beliefs about
their neighbors’ degrees we assume I;(g) = {ki(g),p, F(g), |53 (g)| < 7} for each i € N.
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al. (2010) focus on the symmetric equilibria of the games, where players with the same types play the same
strategies. In fact, these are the only equilibria that are possible under the assumption of degree independence,
as they discuss.'®

2.3.1.1. Strategic substitutes.

Suppose all players follow a strategy o. The expected utility of each i € N of playing 0 corresponds to
the probability that at least one j € N;(g) plays 1 (i.e. the probability that 35 € N;(g) : o(k;) = 1). Under
degree independence, i's expected utility of playing 0 is:

ki(9)
Eu) (0,0, 1i(g) =1~ | > plK;(9) =k; | Li(9)] (2.3.1)
kaa(kj):o
while Ey, (1,0,1;(g)) = 1 — ¢ is the expected utility of ¢ of playing 1. In equilibrium, each agent plays 0 if
Ey, (0,0,1;(9)) > Ey, (1,0,1;(g)) = 1 — ¢, and action 1 otherwise.

Independence in degrees guarantees that p[K;(g) = k; | I;(g)] is the same for all ¢ € N, implying that
Ey, (0,0,1;(g)) is increasing in k;(g), whenever players are uncertain about their neighbors actions.?’ As a
consequence, if ¢ is best responding with action 0, each player [ with degree k;(g) > k;(g) must be responding
with action 0 as well, since Ey, (0,0,1;(g)) > Ey, (0,0,1;(g)) > 1 — c. It follows then that any equilibrium of
the game is and characterized by a degree threshold. Such an equilibrium threshold is the value ¢ for which
following equality satisfies:

¢
1- P|K;(g) > t| Ii(g)]} —1-¢ (2.3.2)
Any equilibrium strategy o of the game satisfies 0: (k) =1if k <t, o(k) =0if kK >t and o(k) € {0,1}
for k = ¢.2!
2.3.1.2. Strategic complements.

Reasoning is similar for strategic complements. Under degree independence, the expected utility of i of

playing 1 is increasing in k;(g):
ki(g)
Ey,g) (1,0,1i(9)) = —c+1— plK;(g) =k; | Li(g)] (2.3.3)
k]-:(r(k:j):O

while Ey, (0,0, 1;(g)) = 0. Therefore any equilibrium of this game is non-decreasing, and characterized by a
threshold.

Let t the value for which:

t

1= [PIE(9) <t Iig)]] = ¢ (2.3.4)

Analogously as for strategic substitutes it is readily seen that any (non-trivial)?? equilibrium strategy o
satisfies 0: o(k) =0if k < t, o(k) =1if k >t and o(k) € {0,1} for k = ¢.

9Under degree independence, players with the same degree face the same probability distribution over their neighbors’ actions,
and consequently the same decision problem. Then, their best response to their neighbors’ actions is the same.

20Clearly, if all agents play the same action, say, action 0(1), Ey,(g) (0,0,1;(g9)) equal to 0(1) and does not depend on k;(g).

21Strategy o1: o1(k) = 1 for k < t and o1(k) = 0 for k > t is always an equilibrium strategy, since Ey, (0,01,I;(g)) =

ki(g) . ki (9)

1= PlK;(9) > t | Li()]] " < 1=, for all i with ki(g) < t, and By, (0,01,Ti(9) = 1 - PIK;(9) > ¢ | Lig)]] "~ >

1 — ¢ for all ¢ with k;(g) > t. However, strategy o2: o2(k) = 1 for k < ¢ and o2(k) = 0 for k > ¢ might not. Suppose
t

P[Kj(9) = t | 1i(9)] > P[Kj(g) > t | Li(9)]. For ki(g) = t, By, (0,02,1i(9)) = 1 — P[K;(g) > t | Ii(g)]] would be lower

t
than 1 — P[K;(g) >t | Iz(g)}] =1 — ¢, and ¢ would not best responding with action 0 but with action 1. On the contrary, if

P[K;(g) >t | I;(9)] = P[K;(g) >t ]| Ii(g)] = 1—c, strategy o2 is an equilibrium strategy, for the same reasons as strategy o1 is.
See footnote 9.
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2.3.2. Clustering and behavior.

Section 2.3.2.1 shows that the equilibrium in Galeotti et al. (2010) is roughly equal to that in an in-
formation setup where players know that the network is a tree, in addition to their own degree and the

degree distribution. Section 2.3.2.2 analyses the equilibria that arise under our information setup, presented
in Section 2.2.3.2.

2.3.2.1. Triangle-free networks

Consider a random network g where each link between any pair of nodes is formed randomly with pro-
bability p. Conditioned on gj;, the probability that j € N has degree k is independent from the probability
that I € N has degree &/, as the following Lemma highlights.

Lemma 1. If each link in g is formed randomly with probability p,

plK;(9) =k, Ki(g) = k' | gjn) = plK;(9) =k | gu] * p[Ki(g) = k" | g5

for any j,1 € N.

Proof. By construction, each link between j(I) € N and any agent in N \ {j,!} occurs with probability
p, independently of any other edge. Then,

n—2

bR ) = k| Kilo) = Kl = ([

and K; and K; are conditionally independent given g;;, Vj,! € N. Hence, p[K;(g9) =k, K;(g9) =k | gj1] =
plE;(9) =k | gu] *plKi(g) = k' | gu], Vj,l e N. W

Lemma 1 stresses an important fact: the lack of independence in degrees of i’s neighbors derives from the
fact that these agents may be linked. Conditioning on the possible links among i’s neighbors, the degree of
these agents depend on independent events, thereby they are (conditionally) independent.

Galeotti et al. (2010) analyse the games under the assumption that the network is that large that players’
disregard the probability that their neighbors’ are connected when choosing their actions, which is implicit
in their assumption of degree independence. The equilibrium that arise under their information setup is
similar to the one that would emerge in a setting where the information set of each i € N is I;(g) =
{ki(g),p,n, |Sf(g)} = 0}. When the information set of each ¢ € N is I;(g) = {ki(g),p, n, ’Sf’(gﬂ = 0}, each i
believes that j € N;(g) has degree k with probability:

ki —

P[K;(g) =k | Li(g)] = (n;_ 1

Applying the reasoning in Section 2.3.1, it can be easily checked that any equilibrium is monotone non-
increasing (non-decreasing) in players’ degrees under strategic substitutes (complements) and characterized
by a threshold ¢. Such a threshold ¢ is the value for which (2.3.2) satisfies under strategic substitutes, and
the value for which (2.3.4) holds under strategic complements. Since for n — oo, (2.2.1) is roughly equal
to (2.3.5), the equilibrium in Galeotti et al. (2010) is practically equal that the one that emerges when the
information set of each i is I;(g) = {ki(g),p,n,|S3(g)| = 0}.

1
)p’“‘l(l —p)"kk W€ Ni(g), Vie N (2.3.5)

2.3.2.2. Clustered networks

We first show that under our information setup, every symmetric equilibrium is characterized by a degree
threshold. This means that the monotonicity property of equilibrium maintains, even when the assumption
of degree independence is relaxed.

Proposition 1. Let I;(g) = {ki(g),p, F(9),|S%(9)| < 7}, Vi € N. Under strategic substitutes (comple-
ments), every symmetric equilibrium is characterized by a degree threshold and it is non-increasing (non-
decreasing).
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We now compare the equilibria that arise in two random networks g; and g, under the information setup
presented in Section 2.2.3.2. The information set of each i in g1 is I;(g1) = {ki(g91),p, F(g1), |S¥(91)| < 7},
while the information set of each i in go is Ii(g2) = {ki(g2),p, F(g2),[S?(g2)| < 7+ 1}. We assume that
F(g1) = F(g2) = F ={1,2,...,k}. Hence, the only difference in the information that players have in the two
networks is their perceived clustering: in g1, each 7 knows that she can form a maximum of 7 triangles with
her neighbors, while in g, she knows that she can form a maximum of 7 + 1.

As we introduced in Section 2.2.3.1, players can calculate the probability that each neighbor of them has
degree k whether they know p and n or they know p and F. We assume that players in network g.., x € {1, 2},
know p and F' but not n because the joint knowledge of the maximum value of |S;3 (gT)| and n can provide
them information about their neighbors’ degrees. In such a case, players in g; and in g might have different
beliefs about their neighbors’ degrees, and any difference in their behavior might be due to this fact and not
to their different perceived clustering, per se.? To isolate the effects of perceived clustering from those that
might be caused by the different beliefs of players about their neighbors’ degrees, we assume that players are
not informed about the network size: they only know that the feasible degrees of their neighbors are those
in set F(g1) = F(g2) = F. Then, both in g; as well as in go each player i believes that her neighbor j has
degree k € F(g,) with probability:

P[Kj(g1) = k| 1i(g1)] = P[Kj(g92) = k | 1i(g92)] = (Z : 1)}7’“1(1 —p)hk (2.3.6)

Since perceived clustering is 7 in g; and 741 in g2, we will assume that players have degree equal or greater
than 2(7 + 1) in the two networks.?*

Proposition 2. Consider two networks g1 = (N, E) and go = (N', E’), with N C N'. Let

Li(g1) = {ki(91),p, F(91),|S}(91)| <7} Vi € N, Ii(g2) ={ki(g2), 0, F(92),|S}(92)| <7+ 1} Vie N, Fg1) =
F(ge) =F, ki(g1) =ki(g2) >2(r+ 1) Vie NUN', 7> 0 and 0 < p < 1. If 0, is a symmetric equilibrium
strategy in network g,, v € {1,2}:

1. oa9(k) > o1(k), under strategic substitutes, for all k.

2. o3(k) < o1(k), under strategic complements, for all k, where o,(k) # 0 and o,(k") # 1 for some k and
some k.25

Proposition 2 shows how players’ behavior may change depending on their beliefs about network knittedness:
under strategic substitutes, the range of degree values for which players act as a free-rider decreases as their
perceived clustering increases. As for strategic complements, the opposite occurs: people play action 0 for a
greater range of degree values if their their perceived clustering is greater. As a consequence, the situations
where players coordinate to play the action that may provide them the highest payoff —action 0(1) under
strategic substitutes (complements)— reduces.

Intuitively, the greater the number of links between ¢’s neighbors, the greater the number of neighbors of
1 with correlated degrees. This is known by ¢ when she chooses her action. Since 7 expects to have a greater
(lower) diversity of types of neighbors when her perceived clustering is lower (greater), she expects to have at
least one neighbor playing 1 with a greater probability in g; than in go. This means that Ey, 4, (0,0, I;(g1)) >
Ey, (g, (0,0,1;(g2)) under strategic substitutes and Ey, 4,) (1,0, 1:(91)) > Eu,(g,) (1,0, I;(g2)) under strategic
complements, and the result follows.

To conclude, our results show that an increase in the perceived clustering has a similar effect to an overall
increase in connectivity under strategic substitutes, and the opposite effect under strategic complements.
To be precise, Galeotti et al. (2010) show how inducing a shift in the degree distribution in the sense
of first order stochastic dominance (specifically, moving from p to p’ where p’ > p) does neither reduce
overall contribution to public good provision nor technology adoption. Since players’ expectations about

23Consider a for instance a network g and suppose that each i € N knows |Sf(g)} < 7. If i knows n, she knows that the
maximum degree that each j € N;(g) can have is n — 1 — k; + 7, since j may form a maximum of 7 links with agents in N;(g),
and a maximum of |N \ {j}| — k;(g) = n— 1 — k;(g) links with agents outside N;(g). On the contrary, if i knows |S3(g)| < 7+1,
she knows that the maximum degree of jisn —1—k; + 7+ 1.

24Notice that it would not be reasonable to assume that every player expects to be immersed in a maximum of, say, one
triangle if any player does not have at least two neighbors.

25 As mentioned above, we are interested in comparing the equilibria in the two networks in which not all types play the same
actions.
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their neighbors’ popularity is higher as p increase, the probability that any of them plays action 1 does not
increase (does not reduce) under strategic substitutes (complements), and the best response of each particular
player is based in a threshold higher (lower) than ¢. This suggest that, if greater expectations about network
clustering are accompanied by greater expectations about neighbors’ connectivity as it often occurs,?6 our
results on strategic substitutes might reinforce, while those under strategic complements might depend on

the tradeoff of the effects of these two network aspects (clustering and degree).

2.4. Concluding Remarks

Network clustering is an ubiquitous property of real-life networks. Although the importance of clustering
has broadly discussed in social capital theory (Burt, 2001, 2005; Coleman, 1988a, 1988b; 1990), there is
a scarcity of work that analyses its impact on the strategic interactions among networked agents. This
chapter provides novel predictions about clustering, and evinces how this network property may be a driver
of behavior: irrespective of whether the game exhibits strategic complements or substitutes, players with
the same degree may behave differently depending on their perceived clustering. Specifically, an increase
in perceived clustering does not reduce public good provision under strategic substitutes, while it does not
increase technology adoption under strategic complements.

In this chapter, we have focussed on games in which players only require that one neighbor plays a certain
action to be best responding with the same action (under strategic complements) or with the opposite one
(under strategic substitutes). In certain contexts, however, people may require social reinforcement from
multiple neighbors to adopt particular behaviors, and empirical evidence shows that clustering foster the
spread of behaviors in these specific contexts (Centola, 2010). When such a social reinforcement is required,
do our results maintain? Could the correlation in degrees induced by clustering explain the advantage of
clustered networks to spread behaviors that require social reinforcement to be adopted? We leave these
questions for future research.

2.5. Appendix

Claim 1. p[K;(g) =k | Ki;(g) = k'] is independent on g, , Vi, 7 # j.

The probability that 7 has degree k does not depend on any link involving agents different from j. Likewise,
plK;(g) = k | K;(g) = k'] does not depend on links between agents in N \ {j}, nor even on those involving
l. In fact, although K is not independent of Kj, the lack of independence between these two variables is
exclusively due to the fact that j and [ may link (see footnote 10). However, K is independent of any link
between [ and any node distinct from j, since each link forms randomly and independently with probability
p. Analogously, p[K,;(g) =k | Ki(9) =¥/, ..., K,, = k"] is independent of any link that does not involve j.

Proof of Proposition 1. Intuitively, since F(g), p and 7 is the same for all ¢ € N, the probability that a
neighbor of i is a type that plays 1 is the same for all ¢ € N. However, since players with greater degrees
have more neighbors, they face a higher probabilility of having at least one neighbor playing action 1, and
the result follows.

A. Strategic substitutes. We first note that there is not any equilibrium in pure strategies at which all
types choose the same actions. Observe that when o(k) = 1(0) for all k, Ey,(4,)(0,0,1i(g1)) = 1(0) and i is
not best responding with action 1(0) but with action 0(1). This implies that, if o is an equilibrium strategy,
o(k) # 0 and o(k') # 1 for some k and some k'. Let D = {k € F(g) : o(k) = 0} be the set of (feasible)
degree values for which a symmetric strategy o specifies action 0, assuming o (k) # 0 and o (k') # 1 for some
k and for some k'

The expected utility of ¢ of playing 0 is the probability that at least one of her neighbors plays 1. If
neighbors of i play the symmetric strategy o, EUi(g)(O, o, Il-(g)) is the probability that at least one of her
neighbors does not have a degree in set D. This probability is

26Note that the average clustering of a random network is simply p. Hence, an increment in p increases both players’ expec-
tations about their neighbors’ degrees and about network clustering.
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Eu,(¢)(0,0,Ii(g)) = 1= p[K1(g), K2(9), -, K, (g) € D | Ii(9)] (2.5.1)

where K1(g), K2(9), ..., Ki,(g)(g) are the random variables of the degrees of the agents in N;(9)={1,2, ..., ki(9) },
and p[K1(9), K2(9), ..., Ki,(g) € D} is the joint probability degree distribution of i’s neighbors, given I;(g).

If perceived clustering is equal to 7, ¢ knows that she may be involved in a maximum of 7 triangles. That
is, the maximum number of agents in her neighborhood that may be linked is 27. This means that ther are
ki(g) — 27 agents in N;(g) that are not linked to any other agent in N;(g), and thereby these agents have
degrees with independent probabilities (see Lemma 1). Then, (2.5.1) can be expressed as:

Ey,(5)(0,0,1;(9)) =1 - p[K1(g), K2(g), ..., K2, (9) € D] * p|K;(g) € D]*@) =27 (2.5.2)

To see the equivalence between (2.5.2) and (2.5.1), suppose that 7 = 1 and N;(g) = {1,2,3}. Agent ¢
knows that she may be involved in one triangle at most. However, she does not know whether this triangle
is {4,1,2}, {i,1,3} or {i,2,3}. It may also occur that none of her neighbors are linked and she forms no
triangle. Recall from Lemma 1 that, conditional on not being linked, nodes have degrees with independent
probabilities. Since p is the probability that two neighbors of ¢ are linked, and (1 — p) the probability that
they are not, the probability that all neighbors of ¢ have a degree in set D can be expressed as:

plK1(9), K2(9), K3(g) € D | Ii(g)] = g * p[K1(9), K2(g) € D | g12 = 1] * p[K3(g) € D]
g *p[K1(9), K3(g9) € D | g13 = 1] * p[Ka(g) € D] + g * p[Ka(g), K3(g9) € D | g23 = 1] x p[Ki(g) € D]

(1 —=p) xp[Ki(9) € D] * p[K2(g) € D] * p[K3(g) € D]
(2.5.3)

All probabilities in (2.5.3) are conditioned on I;(g). Since the value of p[K;, K; € D | gj; = 1] is the same
for all j,1 € N and the value of p[K; € D] is the same for all j € N, Expression (2.5.3) is equal to:

plK1(9), K2(9), K3(9) € D | Ii(g9)] = p[K3(9) € D] * [p *p[K1(g), K2(g) € D | g12 = 1] + (1 - p) *p[Kl(g)]p[Kz(g)]}

= p[K3(g) € D] * [p*p[Kl(g),Kz(g) €D | g2 =1]+ (1 —p) *p[Ki(9), K2(g) | g12 = 0]]
= p[K3(g) € D] x p[Ki1(g), K2(g) € D]

Hence,

Eu,(9)(0,0,1i(g)) =1 —p[K1(g), K2(g) € D] * p[Ks(g) € D]

which only reflects the fact two neighbors of ¢ can be linked (i.e. they have degrees with non-independent
probabilities) while a third one is not linked to the other two. Generally, for other values of k;(g) and T,
Ey,(9)(0,0,1;(g)) is given by (2.5.2).

Consider (2.5.2). Given that p[K;(g) € D]*i(9=27 is decreasing in k;(g) and p[Ki(g), K2(g), ..., K2, (g) €
D] does not depend on k;(g), Ey,(q) (0, o, Ii(g)) is increasing in k;(g). This means that Ey, (g (0, o, Il-(g)) is
greater for player with greater degrees. It follows then that, if a player of degree k is best responding with
action 0, a player of degree k' > k must be best responding with this action as well. Then, any equilibrium
is non-increasing in players’ degrees, and it is characterized by a degree threshold ¢. Such a threshold ¢ is the
value of k;(g) for which Ey, (g (O,cf7 Ilv(g)) = EUi(g)(l,O', Ilv(g)) =1 —c¢. That is, it is the value ¢ for which
the following equality holds

1= [plK1(9), Ka(9), s Kar, (9) > 1] + [P (9) > t]r_% —1-c (2.5.4)

Strategy o: o(k) =1 for k < ¢, and o(k) = 0 for k > t is always an equilibrium strategy in g. Indeed, i's
expected utility of playing 0 when all agents play o is:
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1- [p[Kl(g),Kz(g),...,KQT(g) > ﬂ] . [p[Kj(g) - t]]kAg)—zT

which is greater (lower) than 1 — ¢ if k;(g) is greater (lower) than ¢, and equal to 1 — ¢ for k;(g) = t.
Note that, if the left part of (2.5.4) is equal to:

1= [Pl (0). Kalg). o Kar(9) > 1] # [plK () > ¢ | 1i))]

(what happens if ¢ is a non-integer), Ey, () (07 o, Ii(g)) is the same regardless on the action played by agents
with degree ¢. In this case, the strategy o’: o/(k) = 1 for k < t, and o/(k) = 0 for k > ¢ is also an equilibrium
strategy. Thus, while all players with degree below (above) ¢t must play 1(0) in equilibrium, there may exist
equilibria at which players with degree ¢ play any of these two actions, {0, 1}.

B. Strategic complements. Reasoning is analogous as for strategic substitutes. In this case,

By, ) (L0, 10)) = —¢+ 1~ [plEr(0). Kal9), . Kor, (9) € D] # [pli,(0) € D) "

Any equilibrium strategy o satisfies o(k) = 0 for k < ¢, o(k) = 1 for k > t, and o(k) € {0,1} for k = ¢,
where ¢ is the value for which the following equality holds:

t—271
1= [plK1(9), Ka(g), s Ko, (9) < 8] = [plE(0) <] =

Lemma 2. Consider two networks g1 = (N, E) and go = (N', E"), where each link was formed randomly and
independently with probability 0 < p < 1, as in the Erdés-Renyi model. Let I;(g1) = {ki(¢1),p, F(91), 951 = 0}
be the information set of each i € N, and I;(g2) = {ki(g2),p, F(g2)} the information set of each i € N', with
F(g1) = F(g2). If D C F(g1) is a subset of degree values,

plK;(92), Ki(g2) € D | 1i(g2)] > p[K;(g1), Ki(g1) € D | Ii(g1)] = |p[K;(91) € D | 1i(g1)] Vj,1 € Ni(g1)NNi(g2)

Proof.

1. Network g». Recall that F(g2) = {1,2,...,k} is the set of feasible degrees that each neighbor of a
player can have in network go, and k is the maximal number of agents to which such a neighbor can
be linked in go. Each i does not know whether j,I € N;(g2) are linked in go. Since j € N;(g2) can
be linked to a maximum of k agents (including i and [), the probability that j has a degree in set D,
conditioned on g;; = 1 and on I;(gz), is the probability that j forms k — g;; — g;; = k — 2 additional

links with some of the k — |{i,l}| = k& — 2 remaining agents:

E—2\ ,_ e
P02 € D [ b =11 = 3 (175 )20 -
keD
and p[Kj(g2) € D | Li(g2), gt = 1] = p[Ki(g2) € D | Li(g2), g0 = 1].
Conditioned on gj; = 0, the probability that the realization of K;(g2) falls inside D is, given I;(g2):

plK;i(g2) € D | Ii(g2), 950 =01 = > <: B j)pk_l(l —p)k=k-t
keD
with p[Kj;(g2) € D | 1i(g92), gj1 = 0] = p[Ki(g2) € D | Ii(g2), g1 = 0].
Agent ¢ knows that each link is formed randomly and independently with probability p € (0,1). Then,
K;(g2) and K;(g2) are conditionally independent given g;; (see Lemma 1), and P[K;(g2), Ki(g2) € D |
I;(g2)] can be expressed as a sum of two conditional probabilities: the probability that both j and {
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have a degree in set D conditioned on g;; = 1, and the probability that they both have a degree in D
conditioned on g;; = 0:

P[K;(g2), Ki(g2) € D | Ii(g2)] = p * |:p[Kj(92) € D | Ii(g2), gjt = 1] * p[Ki(g2) € D | I;i(g2), 91 = 1]}
+(1 —p)* {p[Kj(gg) € D | Ii(g2), gj1 = 0] * p[Ki(g2) € D | I;i(g2), 951 = 0]}

Since p[K;(g2) € D | Ii(g2), 9j1] = p[Ki(92) € D | I;(g2), gj]:

2 2
= p+ |l (92) € D | Lign), gy = u] (1—p) [p[KAgZ) €D | (g2 gy = 01} (2.5.5)

2. Network g;. As in network go, i knows that j € N;(g;) can be linked to a maximum of k& agents
(included ¢). However, ¢ knows that none of these agents is [, since g;; = 0. Hence, the probability
that each j € N;(g1) has a degree in set D given I;(g1) is the probability that j forms k — g;; =k — 1
additional links with some of the k — |{i}| = k — 1 remaining agents to which j can be linked:

i) € D 1ol = X (7)o -

-1
keD

In network g1, each 7 € N knows that g;; = 0, what implies that j and [ have degrees with independent
probabilities (see Lemma 1). Hence, player i believes that both j and [ have a degree in set D with
probability:

pIK;(91), Ki(g1) € D | Ii(91)] = p[K;(91) € D | Ii(g1)] * p[Ki(g1) € D | I;(g1)]
=plK;(g1) € D | Li(g1)]?
since p[K;(g1) € D | Ii(91)] = p[Ki(g1) € D | Ii(g1)]-

Given that (}) = (1) + ("2 ") :

plE; () € D | Ii(g)] = Z( )k 11— pyih
€D

e

keD

??‘

565

1(1

k-2 k=271 _ \k—k _ k k—1
|Jc€D <k - 2)19 S Hmn LeD ( ) ]

=p*p[K;(g1) € D | Ii(g1), 95 = 1] + (1 — p) * p[K;(g1) € D | I;(g1), gjs = 0]

Then, the probability that both j and I have a degree in set k € D given I;(g1) is

plK;(91), Ki(91) € D | I;(g1)] = p[K;(g1) € D | I;(g1)]?

D
:p*

= [p*p[Kj(gl) €D | Ii(g1), 951 =1+ (1 —p) *p[K;(g1) € D | Ii(g1), 951 = 0]}
2
=p?x |:p[Kj(91) €D |Ii(g1), 950 = 1]] +2p(1 —p) {p[Kj(gl) €D | Ii(g1), g1 = 1] * plK;(g1) € D | Ti(g1), gju = 0]

+(1—p)? {p[Kj(gl) €D | Li(g1), 95 = 0]] (2.5.6)
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3. Subtracting (2.5.5)-(2.5.6):

2
=p(1 —p)|p[K;(91) € D | L;i(91), 951 = 1] — p[K;(91) € D | Li(g1), 951 =0]| >0 (2.5.7)

Proof of Proposition 2. We write g, to denote network z, with « € {1, 2}.

A. Strategic substitutes. Under strategic substitutes, there is not any equilibrium in which all types
play the same actions. If o(k) = 1(0) for all k, Ey,(g,) (O,U, Ii(gl)) = 1(0) and ¢ is not best responding with
action 1(0) but with action 0(1). Hence, if o is an equilibrium strategy, o(k) # 0 and o(k’) # 1 for some k
and some k. We define D = {k € F': o(k) = 0} as the set of feasible degree values for which a symmetric
strategy o specifies action 0, assuming o (k) # 0 and o (k") # 1 for some k and for some k’.

The expected utility of ¢ of playing 0 is the probability that at least one of her neighbors plays 1. When
all agents play the symmetric strategy o, ¢'s expected utility of playing 0 is the probability that at least one
of her neighbors does not have a degree in set D. Namely, in network g,, « € {1, 2},

Eu,(g.)(0,0,1(9:)) = 1 = p[K1(92), K2(92), - Ky (g,) € D | Ii(g)} (2.5.8)

where K1(9z), K2(92), -, K, (g,)(92) are the random variables of the degrees of the agents in N;(g,)={1,2, ..., ki(g2)},
and p[K1(92), K2(92), -, Kiy(g,) € D | Ii(gz)] is the joint probability degree distribution of i’s neighbors,
conditioned on I;(g,)-

Comparison between g1 and go. Applying the probability chain rule (also known as the general product rule,
Schum, 2001; Klugh, 2013), we can rewrite (2.5.8) as:

By, (4. (0,0 Ti(g:) =1 - [p [K1(9.)K2(02) € D]+ p[Ks(g:) € D | K (g2), Ka(ge) € D]+

p|Ki(g.) € D | Ki(9.), Ka(92). Kal(g2) € D] 5 o[ Ki(gu)(92) € D | Ki(92), Ka(g2): s Kiy(g)1(92) € DH
(2.5.9)

where all the probabilities in (2.5.9) are conditional on I;(g. ).

Perceived clustering is equal to 7 in network ¢, and equal to 7 + 1 in network g,. This means that
1 € N knows that she may form at most 7 triangles, while i € N’ knows that she may form a maximum of
7 + 1. This is the only different information that player ¢ has in ¢g; and in go. Then, the different value of
EUi(gl)(O, o, Ii(gl)) and Ey,(g,) (O, o, Ii(gg)) comes from the fact that i € N knows that there are at most 7
pairs of linked agents in N;(g1), while ¢ € N’ knows that there are at most 7 + 1 in N;(g2).

a) Agent ¢ does not know the identity of the agents that may be in a triangle with her. For example, if
has three neighbors, 1,2 and 3 and 7 = 1, she knows that she may form one triangle with her neighbors, but
she does not know whether this triangle is {4, 1,2}, {i,1,3} or {i,2,3}. Imagine however that she knew the
set of triangles that she may form in g;, denoted T;(g1). If {4,1,2} ¢ T;(g1), the probability that 1 € N;(g1)
has a degree in set D is independent of the probability that 2 € N;(g1) does (see Lemma 1), since i knows
that 1 and 2 are not linked:

pIK1(g1), K2(g1) € D] = p[K1(g1) € D] * p[K2(g1) € D] (2.5.10)
= p[K1(g1) € DJ?
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Analogously, imagine i € N’ knew T'(g2) (the set of triangles that in which she may be in go). Suppose
T(g2) = T(g1) U{i,1,2}. In i's beliefs, the probability that 1 € N;(¢g2) has a degree in D would not be
independent of the probability that 2 € N;(g2) does, since these two neighbors might be linked in gs:

p[K1(g2), K2(g2) € D] # plKi(g2) € DJ? (2.5.11)

Observe that all other probabilities in EUi(g2)(O,U, Il-(gg)) are equal as their corresponding ones in
EU¢(g2)<0507 Ii(gg)). That is,

p|Ka(g1) € D | Ki(91). Kalg1) € D] = p|Ka(g2) € D | Ki(92). Ka(gs) € D).

p[K4(g1) €D | Ki(g1), K2(91), K3(g1) € D} :P{K4(92) € D | Ki(g2), K2(g2), K3(g2) € D}

and so on, since each of these probabilities only depend on p, F(g1) = F(g2), and on T(g1) = T(g2) \
{i,1,2}. For example, p{Kg(gl) € D | Ki(g1),Ka(q1) € D] depends on p, F(g1), and on the possible
triangles among 3, 1 and 2, but not on whether g2 = 1 or g15 = 0 (see Claim 1 in the Appendix). Hence,

EUi(gl)(O, o, Ilv(gl)) — EUi(gQ)(O, o, Ifi(gQ)) corresponds to the difference between (2.5.11) and (2.5.10), which
is positive by Lemma 2 (in the Appendix). As a result, oo(k) > o1(k).

b) The above shows that when the only difference in ’s beliefs in ¢g; and in g5 is that in go the triangle
{i,1,2} may exist while in gy it cannot, Ey;,(4,)(0,0,1;(g1)) > Ey,(4,) (0,0, Ii(g2)). Observe that i has the
same beliefs about other network aspects in g; and in gs, including the other triangles that she might form
with her neighbors, T'(g1) = T(g2) \ {i,1,2}.

In our setup, integrants of g; and gs only know the maximal number of triangles that they might form
with their neighbors, [S$(g1)| < 7 and |S?(g2)| < 7+ 1, respectively, but they know neither 7'(g;) nor T(gz).
However, the result in (a) holds regardless on the identity of the agents in triangle Zs, T(g2) = T(g1) U Zs.
As a result, Ey,g,)(0,0,1i(91))> Ey,(4) (0,0, Ii(g2)), and o2(k) > o1(k).

B. Strategic complements. As for strategic complements,

EUi(gm)(17a7 Ii(gx)) =—c+1- p[Kl(g:c)KZ(gac) € D} *p{KS(gx) eD | Kl(gx)7K2(gx) S D}*

p[K4(gz) €D | Ki(9z), K2(9z), K3(9z) € D] * *p[Kk,:(gm)(gm) €D | Ki(9x), K2(92)s s Ky (g0)—1(92) € D]
(2.5.12)

Applying the same reasoning as for strategic substitutes, it is readily seen that EU,i(gl)(l,U, L;(gg)) >
E,(92)(0,0,1;(g2)), and consequently o2(k) < o1(k). B



Capitulo 3

Network Perception in Network Games

3.1. Introduction

It is widely documented that peers exert a great influence on human behavior (Goyal, 2012; Jackson
and Zenou, 2015). Research on network games has particularly modeled the interaction of people when their
choices are influenced by those of their network neighbors in a variety of contexts (Bala and Goyal, 1998;
Jackson and Yariv, 2007; Galeotti et al. 2010; Bramoullé et al. 2014; Bourlés et al. 2017).

Regarding the information that players’ have about the underlying network architecture, network games
have primarily been analysed through two approaches. One approach assumes that players have complete
information about the network they are embedded in (e.g. Goyal and Moraga-Gonzalez, 2001; Ballester et al.
2007; Bramoullé and Karton, 2007). This approach presents a fundamental drawback: under complete infor-
mation, a wide range of equilibrium outcomes are possible, what makes difficult to draw general conclusions
on the incidence that each specific network feature has on behavior.! A second approach assumes that players
have incomplete information about the network they are part of and they take decisions without knowing
with whom they are going to interact. Because of their usefulness to solve the equilibrium selection problem,
different papers take this approach (Jackson and Yariv, 2007; Galeotti et al. 2010; Lamberson, 2015). Among
these papers, the most closely related to ours is Galeotti et al. (2010), who consider a setup where each player
has private information about her degree and the probability degree distribution of the network is common
knowledge. Players’ beliefs about the network are fully identified with the degree distribution, as they are not
able to learn finer aspects about the network from the information they have. They show that, under such
an information setup, every symmetric equilibrium is monotone non-decreasing (non-increasing) in players’
degrees under strategic complements (substitutes) when certain assumptions on the network assortativity
patterns hold: nodes have degrees either with independent probabilities or with probabilities that are positi-
vely (negatively) correlated. Such a monotonicity property of equilibria implies that social connections create
personal advantages, since the expected payoffs of players choosing higher (lower) actions are greater than
those of players choosing lower (higher) ones under strategic complements (substitutes).?

The information setup of Galeotti et al. (2010) applies for many real-life situations. A person may decide
to learn a language, to start a business, to get a vaccination, etc. on the sole basis of her expected volume
of future interactions, without necessarily knowing the identity of their future contacts. In such a situation,
the unique network feature that influences her decision may be the number of individuals she expects to
interact with from a relatively unbounded population (e.g. a country). A natural way of modeling this type
of situations (where the network influencing people’s behavior is typically very large) is to identify players’

1For instance, Bramoullé and Kranton (2007) show that people who contribute to the provision of a public good in equilibrium
compose a maximal independent set (namely, their are not linked). However, how do different features of people’s networks affect
their equilibrium behavior? Do people with greater degree (or clustering, or betweenness centrality, etc.) contribute systematically
more (or less) to the provision of the good in equilibrium?.

2The idea that social connections create personal advantages is fundamental in social capital theory (Granovetter, 1994; Burt,
1994) and it is backed by a vast number of empirical studies. See for instance Montgomery (1991) and Beaman (2012) for the
effects of networks on employment, Ahuja (2000) and Gulati (1995) for the role of links to generate competitive advantages in
markets or Baum et al. (2000), for the impact of connections on firm performance.

80
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beliefs about the network with a probability degree distribution, setting aside beliefs about other network
aspects. This assumption is reasonable in these particular environments, in which the following conditions
apply: (i) people have a good sense of their volume of future interactions and (ii) they have neither information
about the identity of their contacts not about any other aspects of the network topology.?

Notwithstanding this, in most real-life situations people indeed have incomplete—typically local—network
information but they know with whom they interact, how popular their opponents might be, whether they
know each other, etc. (Killduf et al. 2008). Such more detailed information in turn allows network members to
estimate further properties of their local and global networks. Indeed, research in social psychology documents
that people entering into a social group tend to form a cognitive map of the existing network—a mental picture
of connections capturing who is connected with whom in the group (Hecker, 1993; Kilduff and Tsai, 2003).
For example, a newcomer to a firm may have a certain idea about other people in the company: she may
notice who is popular, who shares office with whom, who eats with whom, who holds which position in the
company, etc. All this information provides signals enabling to form mental representations about the firm
network. Such mental representations then influence one’s behavior. Since in contexts where such a mental
representations of networks emerge—such as a firm, a class, or a faculty department*—people’s beliefs about
the network are not usually restricted to one’s degree and a probability degree distribution, this issue raises
novel research questions:

= From the perspective of network perception, we ask: How can we model players’ beliefs about the
network in this kind of contexts? What can people deduce about the underlying network from such
incomplete local information? Which network features affect how people view their social networks?

= From the game-theoretical perspective, are the unicity and monotonicity results of Galeotti et al. (2010)
robust to relaxing their information assumptions? If not, how does deeper network information shape
players’ behavior and payoffs and the aggregate welfare in network games? Can we link the depth of
network information to the multiplicity of equilibria?

This chapter aims to answer these questions. We present different information settings which differ in the
depth of information that agents have about the network they are embedded in. The information settings
range from an extreme case of incomplete network information (a setting similar to that in Galeotti et al.
2010) to the complete information setup (considered for instance in Ballester et al. 2006 or in Bramoullé and
Kranton, 2007). We analyse how, and to what extent, each agent can infer different aspects of the interaction
structure in function of the information that she possesses even if she is not directly informed about these
aspects. To that aim, we illustrate how exploring the role of information requires to distinguish two types of
information: information about links (related to connectivity) and information about nodes (relevant to learn
who is connected with whom). Building up on this, we develop a theoretical framework linking incomplete
network information to agents’ beliefs about the properties of the underlying network architecture and explore
how such beliefs shape the behavior of players in games played on networks.

We first show that even a minimal knowledge of the social environment enables people to learn both the
network geometries that are compatible with their information as well as their probability distribution, which
in turn allows them to estimate any network feature (e.g. the assortativity patterns, the expected clustering
coefficient, the expected number of components, their variances, etc.). We find that, in contexts of limited
network information (such as those in Galeotti et al. (2010)), all agents have identical perceptions of the
underlying network architecture: they have identical beliefs about the feasible network geometries and their
probabilities. Nevertheless, this symmetry in beliefs disappears once we depart from such a limited information
setup, as agents may have different beliefs about set of feasible geometries and/or about its probability
distribution. Furthermore, we show that individuals with complete and incomplete network knowledge can
coexist under any information setup—even when their level of network information is limited and equal across
agents—and this may have important consequences on behavior.

We particularly relate individuals’ beliefs about the network with notions of equivalence among nodes,
such as structurally equivalence and automorphic equivalence (Wasserman and Faust, 1994; Easley and Klein-
berg, 2010). These measures are canonical in social network analysis (Lorrain and White, 1971; Everet, 1985;

3Think for instance about a wholeseller: from survey data, she may get information about the shopping habits of her potential
customers (e.g. the links that they may have to other firms), but not about other features of the network they compose. Such
an application is considered in Nermuth et al (2009).

4This usually occurs when the network is not very large. As pointed by Killduf et al. (2008), even a network integrated by
20 people requires an agent to monitor hundreds of possible links, what may constitute a cognitive challenge.
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Hanneman and Riddle, 2003; Newman, 2004, Leicht, et al. 2006; Casse et al. 2013; Jin et al. 2014; Prota
and Doreian, 2016; Audenaert, et al. 2019) and identify nodes that occupy identical positions in the net-
work.? Based on these notions, we show how people exhibit a cognitive biases towards asymmetric networks
structures in all these information setups, giving more probabilistic weight to network architectures with an
automorphism group of a lower order. This implies, for example, that a recently hired employee believes more
likely that most of their colleagues occupy heterogeneous positions in the network firm rather than equivalent
ones.

In the second part, we explore the effects that network perception of agents have on Bayesian games of
strategic substitutes and strategic complements played on networks. We find that the equilibrium structure
in Galeotti et al. (2010) breaks even when players’ network information is limited to their own degree and
the degree distribution: symmetric equilibria are not necessarily monotone, but they can exhibit different
patterns in the absence of further assumptions on the degree assortativity patterns.® Besides, although the
set of symmetric equilibria is the same across all networks with the same degree distribution, the welfare that
these equilibria yield may be different depending on their respective geometries. To this respect, we provide
a sufficient condition for a network to be efficient: a network is efficient if there is not any other network
with the same degree distribution in which equilibrium welfare is higher.” Such a condition establishes a
positive link between network efficiency and the degree of symmetry of the network, suggesting that under
certain conditions the only networks that are efficient are the more asymmetric ones. Last, we illustrate how
a subtle variation in the network information of players (the knowledge of their neighbors’ neighborhoods
vs. the knowledge of their neighbors’ degrees) can modify their equilibrium behavior. The reason is that
players’ observation of certain network features—such as the three- or four-cycles that they form with their
neighbors—depends on which information they possess (neighborhood or degree). Such an observation shapes
players’ beliefs about the network, which in turn determine their behavior. As a consequence, the equilibrium
structure may change dramatically even if the network information varies only slightly, but the direction in
which it changes is network-specific.

The first contribution of this chapter is the development of a theoretical framework for how rational agents
form mental representations of the networks they are embedded in from network information. The information
assumptions in many papers on network games (such as Galeotti et al. 2010) imply that players’ beliefs about
the network confine to one particular network aspect: connectivity. In contrast, full network information does
not require developing a theory regarding how people view the networks. However, in real-life people typically
possess limited information about the interaction patterns. Our framework thus provides a first step toward
modeling more real-life strategic and non-strategic network interactions under incomplete information about
the underlying network. The proposed framework complements the large literature on network cognition in
social psychology and sociology (Krackhardt; 1987, Carley; 1986; Michaelson and Contractor, 1992; Freeman,
1992; Kumbasar et al. 1994; Casciaro, 1998; Johnson and Orbach; 2002; Janicik and Larrick, 2005)% and
recently in economics (Dessi et al. 2016), by characterizing formally the formation of people’s cognitive
network maps. In this sense, we uncover a relation between some canonical notions of symmetry among
nodes and network perception. Although such notions have been fundamental in structural theory, they
have not been theoretically related, to the best of our knowledge, to network perception.” The uncovered
relation between these notions and agents’ network perception reflects a cognitive biases towards asymmetric
structures that may imply a misperception of agents’ social environments, since empirical evidence shows
that a certain degree of symmetry is ubiquitous in real-life social networks (MacArthur et al. 2008; Ball and
Geyer-Schulz, 2018a, 2018b).10

5These concepts were initially studied in sociology (Boorman and White, 1976; White et al. 1976; Sailer, 1978; Doreian, 1988;
Winship, 1988; Burt, 1976, 1990; Borgatti and Everett, 1992; Doreian et al. 2005) to explain the role that a person plays within
a society on the basis on how she is connected to others according to the network topology (e.g. the role of a student, of a
politician, of a boss, of a employee, etc.). Given their applicability to other settings, their study has extended to more general
domains (see e.g. Rossi et al. 2014 or Vega et al. 2016).

6The key insight is that, under our framework, players’ beliefs about other players’ degrees may not adjust to the assumptions
in Galeotti et al. (2010). For example, a degree-k player may expect to have a particular type of neighbor (say, a neighbor of
degree l_c) with a greater probability than a degree-k’ one, even if k’ > k. If this happens, the assumption of degree independence
in Galeotti et al. (2010) fails to hold, and the degree-k player has an advantage over the degree-k’ one (a greater probability of
having a particular type of neighbor). As a consequence, equilibria are not necessarily monotone.

"The condition focuses on the symmetric equilibria in pure-strategies.

8For a review, see Brands (2003).

9Some empirical papers study how perceived similarity relates to these notions of equivalence among nodes (e.g. Michaelson
and Contractor, 1992), yet, the context of this paper is different to ours.

10Wang et al. (2009) also find a certain degree of symmetry in their analysis of the world trade network. On the contrary,
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Second, we contribute to the literature on network games in two ways. On the one hand, we provide a first
step toward bridging the two extreme assumptions regarding network knowledge: extremely limited informa-
tion (Galeotti, et al. 2010; Jackson and Yariv, 2005; 2007; Sundararajan, 2008) and complete information
(Goyal and Moraga-Gonzalez, 2001; Ballester et al. 2006; Bramoullé and Karton, 2007). We characterize the
intermediate information setups and exploit their role in network games. Most importantly, we show that
incomplete information is not panacea to solve the equilibrium selection problem. In fact, the introduction
of incomplete information as a way of solving the problem of equilibrium multiplicity has faced a major
critique: the equilibrium achieved depends on the way incomplete information is introduced (Weinstein and
Yildiz, 2007). While this critique applies generally to all incomplete information games, we show that it is
particularly relevant for those played on networks, given (i) the wide range of network aspects that may
shape players’ behavior and welfare and (ii) the variety of network characteristics that players can learn from
the knowledge of particular network aspects, given the intrinsic interdependency among different network
features. This explains why, as we illustrate in this chapter, manipulating information of players has largely
non-monotonic effects on the structure and number of equilibria. In a similar vein, we show that a subtle
variation of the information setup in Galeotti et al. (2010) may break the equilibrium symmetry of games of
strategic substitutes and strategic complements: while for strategic complements the equilibrium predictions
of Galeotti et al. (2010) tend to maintain, non-systematic predictions can be done under strategic substitutes.

Last, while most network applications in economics focus on connectivity, centrality, and network density
(see Jackson, et al. 2017), we point to a potential role of one particular feature of network symmetry—the
network automorphism group—in agents’ perception, behavior, and welfare. In fact, this network property
is receiving increasing attention in mathematics and physics (MacArthur and Anderson, 2006; Xiao, et al.
2008a, 2008b, 2008c; Wang et a. 2009; Dehmer et al. 2020), given its impact on the dynamics of processes that
take place on networks (Golubitsky and Stewart, 2003), on the network’s eigenvalue spectrum (Cvetkovic et
al. 1979) or because of its utility to simplify the network topology by collapsing redundant information (Xiao
et al 2008b), among other applications.!* This chapter points out the importance of this network property on
behavior and welfare, suggesting that behavior of people might be shaped in a greater extent by the network
characteristics associated to asymmetric structures in incomplete information contexts as a consequence of
the greater probabilistic weight that players assign to these network architectures.

The chapter is organized as follows. Section 3.2 presents some background definitions. Section 3.3 presents
different setups of network information. Section 3.4 provides the results on network perception, which are
the bases of our theoretical framework. Results on network games are presented in Section 3.5. Section 3.6
concludes.

3.2. Background Definitions

Let g = (N, E) be a social network characterized by a set of nodes N = {1,..,n} and a set of edges or links
FE between them. Each node in g represents one agent and there are n = |N | agents in the network. Let g;;
denote the link between ¢ € N and j € N; g;; = 1 if individuals ¢ € N and j € N are directly linked in g
and g;; = 0 otherwise, with g;; = g;;, Vi, j € N. The network is represented by a nxn symmetric adjacency
matrix A = (gi;)ijen, With g;; = 0. Equivalently, we sometimes denote a link between i and j by ij.

We distinguish two network characteristics:
» The neighborhood of node i is the set of agents directly connected to i, N;(g) = {j € N : g;; = 1}.
= The degree of node i is the cardinality of N;(g), k:(g) = |N:(g)|. It is the number of neighbors of 4.

Although both characteristics are similar, the level of network information that they capture is different:
the degree reflects with how many other agents one interacts without providing any information about their
identities, while the neighborhood reflects both their number and their identities. Considering one or another
feature has important consequences in certain parts of our analysis.

The set of i’s second-order neighbors is N2(g) = {s € N : g;jgjs = 1 for some j € N, i # s}.

almost all random graphs are asymmetric (Erdds-Renyi, 1963).
11See also Soicher, (2004) and Kocay, (2007), for its application to simplify the computational complexity of network algorithms.
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The degree distribution of network g, denoted Fy(k), specifies, for all £ € {0,1,...,n — 1}, the fraction of
nodes that have degree k in this network:!?

Fy(k) =~ |{i € N kilg) = k)

The degree counts in network g, denoted Dg4(k) = n Fy(k), are the numbers of nodes that have degree k in
this network. The degree sequence of a nodes is the sequence of the node degrees; two networks g and g’ have
the same degree sequence if Dy (k) = Dy (k), Vk.

The geometry of a network correspond to its structure: the network architecture created by its edges. Two
networks have the same geometry if and only if they are isomorphic: there exists a bijection (an isomorphism)
f: N — N’, such that ¢j € FE if and only if f(i)f(j) € E’ (see Borgatti and Everett, 1992). Thus, f just
relabels the nodes, but their network structure is the same. For example, the four networks in Figure 3.1 are
isomorphic. We use the symbol 2 to denote an isomorphism; g = ¢’ means that g and ¢’ are isomorphic.

Figure 3.1

BESSS

g g, g, g;

Network g = (N, E) is different from network ¢’ = (N', E’) if and only if their respective adjacency matrices
differ, i.e. if g;; # g, for at least one ij € EUE". The adjacency matrix of a network depends on two aspects:
(i) the network geometry and (ii) the distribution of labels among the nodes (how agents are distributed within
the network). Hence, networks g and ¢’ can be different if either (i) or (ii) (or both) is different in the two
networks. For example, network g and ¢g; in Figure 3.1 are isomorphic. However, since agents are distributed
differently in g and in g; both networks are distinct, as reflected in their respective adjacency matrices:

9ii 95 9iu  9im  Gio  Gir 011000 01 1000
gji gjj gjl gjm gjo gjr 1 0 01 0 O 1 0 0 0 0 1
_ gi 915 9u  9im  Gio Gir 110 0 0 01 £ = 1001 00
Y=\ Gmi mi Gt Gmm Gmo 9w | | O 1T 0000 [7T] 001000
Goi Yoy 9ol Jom Yoo Gor 0 00001 0 00 001
9ri grj gri 9rm Gro Grr 0 01 010 010010

Similarly, gs is different from the other three networks in Figure 3.1, since it is integrated by different agents.

In our analysis, the only isomorphic networks to g that will play a role are those integrated by the agents in
N.

An isomorphism f of a graph with itself that preserves the adjacency matrix is known as an automorphism:
f: N — N, where ij € E if and only if f(i)f(j) € E. That is, an automorphism is a permutation of the
labels of the nodes in g that results in a network ¢’ = g. For example, f : f(i) = I, f(j) = r, f(I) = 1,
fim)=o0, f(r) =4, f(o) = m is an automorphism of g, as it results in network go = g (see Figure 3.1). The
set composed of all the automorphisms of g is the autormorphism group of g, denoted Aut(g) (Chartrand et
al. 2010). Note that all graphs in an automorphism group represent the same network, since they all have
the same adjacency matrix. The order of the automorphism group of g is the number of elements in Aut(g),
|Aut(g)| > 1. It captures the degree of symmetry of the network: the greater |Aut(g)|, the more symmetric
network g is (Xiao et al., 2008Db).

121In contexts of random networks, Fy(k) is naturally interpreted as the probability that a randomly selected node has degree
k (Vega-Redondo, 2007), while here it is the distribution of degree frequencies in the network.
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Two nodes i € N and j € N are automorphically equivalent if they are identical in terms of all network
measures (degree, second-order degree, centrality, number of cycles to which they belong, etc.). Namely, 4
and j are automorphically equivalent if and only if there exists an automorphism f : N — N such that
f(@) = 1. We write i = to indicate that ¢ and [ are automorphically equivalent. In network g of Figure 3.1,
t =1, 7 = r and m = o. Other pairs of agents are not automorphically equivalent, since their number of
second-order neighbors is different. Two nodes occupy the same position in the network if and only if they
are automorphically equivalent, regardless on whether the identity of their direct and indirect neighbors is
distinct.

An important property of automorphically equivalent nodes is that we can exchange their labels to form a
new network that is identical to the original one (Friedkin and Johnsen, 1997). For example, starting from
graph g in Figure 3.1, we can exchange the labels of ¢ and [ and relabel all other nodes to obtain network
g2 (in the same Figure) with the same adjacency matrix as g, go = g. Notice that this is possible because
1 = [. If we swap the labels of two nodes that are not automorphically equivalent, say, ¢« and j in network g,
we cannot obtain a network equal to g.

The orbit of node i is the set composed of all nodes that occupy the same position as her, O;(g) = {l € N :
I =1i}. In graph g of Figure 3.1, O;(g9) = Oi(g9) = {i,1}, O;(9) = Or(g) ={J,7}, Om(g) = Oo(g) = {m, 0}.
Structural equivalence is a particular form of automorphic equivalence. Node 7 € N is structurally equivalent
to [ € N if and only if both agents are connected to the same nodes, N;(g) \ {I} = Ni(g) \ {i}.}> We write
i =, I to indicate that i and [ are structurally equivalent. Structural equivalence is more demanding than
automorphic equivalence: it not only requires that the nodes occupy indistinguishable structural locations
in the network, but also that the identities of the agents connected to them are the same. Thus, structural
equivalent nodes must be automorphically equivalent, but the opposite is not true. For example, in network
g in Figure 3.2, nodes s =; m are structurally equivalent and therefore s = m. However, there is no pair of
structurally equivalent nodes in network g of Figure 3.1, despite the fact that ¢ =1, j = r and m = 0. The
set of nodes that are structurally equivalent to ¢ is denoted S;(g) ={j € N : j =5 4,j # i}.

Figure 3.2

g g, 9,

In certain parts of our analysis, we need to identify a set of nodes with the same degree as node i but a
distinct network position:

DEFINITION 1. An equal-degree set to i (i-ed set hereafter) is a subset of nodes K;(g) C N such that if
J € Ki(g) andl € K;(g) and j # 1, then (i) k;(g) = ki(9) = ki(g) and (ii) j=1, Vj,l € N. K;(g) is mazimal
if and only if it is not a proper subset of any other i-ed set in g.

In network g of Figure 3.1, the maximal i-ed sets in N are {4, j}, {i,7}, {l,j} and {l,r}. Notice that an i-ed
set only includes nodes with a different network position; since i = and j = r in g, there is not any i-ed set
K;(g) such that i,l € K;(g) and/or j,r € K;(g).

Let G be the set of all feasible networks integrated by the agents in N. Set G, C G is the subset of different

networks in G with degree distribution F, (k) and size n:
Gr,={9€G:|{i € N:ki(g) =k} = Dy(k),Vk}

13 According to the standard definition, 4 an [ are structurally equivalent if and only if N;(g) = N;(g) (Burt, 1976). Since this
definition is too strict, different relaxations have been proposed (see e.g. Everett et al. 1990). Our relaxed definition increases the
set of structurally equivalent nodes; while the three nodes {4, j, k} composing a network triangle are not structurally equivalent
according to the standard definition, they are structurally equivalent according to ours. Observe that ¢ and | with N;(g) = {l}
and N;(g) = {i} are structurally equivalent, since N;(g) \ {{} = N;(g9) \ {i} = @. However, neither i nor [ are structurally
equivalent to an isolated node m, since N;(g) \ {m} = {I} # Nm(g) \ {i} = @, and N;(g9) \ {m} = {i} # Nm(9) \ {I} = ©.



CAPITULO 3. NETWORK PERCEPTION IN NETWORK GAMES 86

Suppose for example that N = {i,s,m}, Dy(1) = 2 and D,(2) = 1. Then, GF, is integrated by three networks
in Figure 3.2, Gr,(g) = {9, 91,92} In this example, all networks in G, are isomorphic. However, G, can
generally contain networks with different geometries.

Last, we define network cycles. A Q-cycle, denoted Z9(g) is a sequence of distinct nodes i1, i, o lQ-1,1Q
such that Q > 2, g i,,, = 1 for each ¢ € (1,...,Q — 1) and g;,;, = 1. For example, i, j, k is a three cycle if
9ij = 9jk = gki = 15 %, 7, k, 1 is a four cycle if g;; = g;1 = gix = gr; = 1, and so on.

3.3. Network knowledge

This section introduces several settings that differ in the information that people possess about the
network they are embedded in (network g). In each setting, we use I;(g) to denote the information set that
each i € N has about network g. Agents have private information which is different depending on the setting,
while Fy(k) and n are common knowledge in all our setups.

3.3.1. Setting A

In this setting, I;(g) = {ki, Fy(k),n}.'* That is, people know their degree, the degree distribution and
the network size. However, although people know their proclivity to interact with others, they do not know
the identity of the people with whom they are going to interact. This setting is similar to that in Galeotti,
et al. (2010).*® Such a setting applies, for example, to a recently hired employee: she may know the number
of people with whom she is going to interact in the company and their popularity, but not necessarily who
these people will be at the moment she is hired. Similarly, an actor considering to take part of a movie may
anticipate the status (popularity) of other actors involved in the project, but not the identity of these agents
when accepting the role.

Consider agent 7 in Figure 3.3, where network (a) displays the whole network architecture whereas network
(b) represents how i views the network under Setting A. The dashed lines in network (b) represent the links
in g that are not observed by 4, while the solid lines represent the links that are observed by her. Note that
all nodes but ¢ are unlabelled in graph (b) because ¢ does not have information about the identity of these
agents.

Figure 3.3 Network g and I;(g) under Setting A

(a) (b)

3.3.2. Setting B

Under Setting B, the private information of each ¢ € N corresponds to her neighborhood and the degree
of each of her neighbors. Let ky, g =(k1, k2, ..., kx,) be the vector of degrees of all agents in N;(g), where
k; is the degree of neighbor j € N;(g9) (j = 1,2,...,k;). Elements in this vector are indexed according to a
decreasing order, k; > k;y1. Under setting B, I;(g) = {Ni(g),kNi(g), Fg(k),n} .

Imagine network g is the network in Figure 3.4(a). From I;(g) = {N;(9), (ki, ko), [Fy(1), F(2), F4(3)],6} =
{{l, o}, (3,2), [%, %, %], 6}, agent ¢ knows that her neighbors are [ and o, and k; = 3 and k, = 2. Nevertheless,
1 does not know who are the agents in N;(g) and in N,(g). Hence, she does not know the geometry created by

MEquivalently, we could assume that the information set of each i is I;(g) = {k;, Dq(k), Vk} .

15The difference between our Setting A and the setup in Galeotti et al. (2010) is that players know the distribution of degree
frequencies in our setup, while in Galeotti et al. (2010) they know the probability degree distribution. Our assumption makes
sense for bounded populations of small size (e.g. a firm), while theirs does for large ones (e.g. a country).
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her neighbors’ links. Figure 3.4(b1) and 3. 4(by) represents the two possibilities in which links of i’s neighbors
can be disposed given I;(g).1% Agent i does not know which of these two configurations is the true one, hence,
I;(g) is jointly represented by Figures 3.4(by) and 3.4(bs).

Figure 3.4. Network g and I;(g) under Setting B

Tl e

oo o---o

(a) (b) (b,)

In certain situations, an individual may have information about the popularity of her contacts without
necessarily knowing the identity of their respective neighbors. Think for instance about a faculty department.
In such a social environment, an agent may receive (directly or through three parties) information about
her colleagues: she may know how they usually spend the weekend, whether they are married or not, the
number of followers they have in their virtual networks, etc. These “signals” inform the agent about the
relative popularity of her coworkers, but not necessarily about the identity of the people composing their
neighborhoods.

3.3.3. Setting C

Under Setting C, the private information of each i € N corresponds to her neighborhood and the neighborhood
of each of her neighbors. Define Ny, () = (N;(g), ..., Nm(g)) as the vector integrated by the neighborhoods of
i’s neighbors, N;(g) = {j, ..., m}. Under Setting C, I;(g) = {Ni(9),Nn,(q), Fg(k),n}.

The difference between Setting C and Setting B is that under Setting C each i knows the identity of her
second-order neighbors, while she does not under Setting B. This informs her about the three- and four-cycles
that she forms with her neighbors, what in turn provides her information about the degree of her second-order

neighbors.

Consider for example network (a) in Figure 3.5, where I;(g) ={{l,0}, {{i,m,0},{i,1}},[5, 4, ],6}. Since i
knows N;(g) = {i,m, o0} and N,(g) = {i,1}, she knows that [ and o are linked. Since neighbors [ and o are
simultaneously second-order neighbors of i, the degree of two second-order neighbors of i is known by her.'”

Figure 3.5. Network g and I;(g) under Setting C

o o o o
(a) (b)

Setting C applies for many real-life circumstances. A close familiar of an agent may be able to identify
the agents who comprise the circle of friends of her familiar. Similarly, a researcher may able to identify who
are her coauthors’ coauthors, even when she never met these people.

161n Figures 3.4(b1) and 3.4(bz), nodes different from 4, j and I are unlabeled because i does not have information about their
identities. The dashed line in Figure 3.4(b1) represents the link that is not directly observed by 4. In a subsequent section, we
show that ¢ can learn such a link from I;(g) (i.e. she can deduce that the degree-one agents integrate a dyad), despite not being
provided such an information directly.

171n a similar way, i could obtain some information about the degree of her second-order neighbors by observing the four-cycles
that she forms with her neighbors: if ¢ observes that her second-order neighbor z is linked both to j € N;(g) and to k € N;(g),
i knows that k, > 2. Analogously, if z is a common neighbor of x neighbors of 4, ¢ knows that k, > x.
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3.3.4. Setting Z

Under Setting Z, all agents agents have complete network information. That is, I;(g) = {g}. This is
the information setting considered in the main bulk of literature on network games (see e.g. Goyal and
Moraga-Gonzéalez, 2001; Ballester et al. 2006; Bramoullé and Karton, 2007, among others), and implies that
all network integrants have identical network knowledge.

3.4. Network perception

3.4.1. Network beliefs

From I;(g), each i € N forms beliefs about the network she is embedded in. Define B;(g) € GF, as the
set of networks that are compatible with I;(g) in each information setting, with b;(g) = |B;i(g)|. Namely,
B;(g) is the set of feasible networks in i's beliefs; each network in B;(g) could be network g according to the
information of i. Depending on the information setup, B;(g) is different:

= Under Setting A, Bi(g) = {g' € G, : INi(¢')| = ki(9)}
= Under Setting B, B;(g) ={¢' € GF, : N;i(¢') = Ni(g),kNi(g/) = kNi(g)}
» Under Setting C, B;(g9) = {9’ € G, : Ni(g') = Ni(9), Ny, () = Ny, (g) }

Set B;(g) may differ across agents under any information setup. Furthermore, it is possible the coexistence
of individuals with complete and incomplete network knowledge. This can occur even within one information
setup (where the level of network information of all network integrants is the same), since the content of the
the information of different agents can be distinct. The following example illustrates.

Landn=3G F, is integrated

Example 1. Consider network g in Figure 3.2. Given F,(1) = 2, F,(2) = 1
by the three networks in Figure 3.2, G, = {g,91,92}. Under Setting A, I;(g) = {ki(g), [Fy(1), Fy(2)],n} =
{2,[2,4] .3}, thereby, B;(g) = {g}. On the contrary, By(g9) = {g,92} and By, (g9) = {g, 91}, since L(g) =
I.(9) = {1, [%, %] ,3} under this information setup. Hence, i knows the whole network, while the network
knowledge of s and m is incomplete. l

Since the private information of ¢ does not include the probability distribution of the networks in B;(g),
we assume that the networks in B;(g) follow an uniform distribution. This means that each network in B;(g)
is equally likely to be network g, in i’s beliefs.

Feasible network geometries. So far we provide the example of a simple network (Example 1), where all
networks in B;(g) have the same geometry, Vi € N. However, some networks in B;(g) may have different
network geometries, while others may be different but isomorphic. We say that a particular network geometry
is a feasible geometry if some graph in B;(g) have such a geometry. Let Q;(g) = {1,2,...,w;(g)} be the set
of feasible geometries in i’'s beliefs, with w;(g) = |2;(g)|. The set of (isomorphic) networks in B;(g) with
geometry z € Q;(g) is denoted BZ(g), and b?(g) = |B?(g)|- Networks in BZ(g) differ in how agents are
allocated within the network, but they all have the same network geometry.

Each i can infer the probability that network g has a particular geometry z by counting the number of
(isomorphic) networks in B;(g) with this geometry and dividing this number by the total number of feasible

networks, b;(g). In other words, agent ¢ believes that network g has geometry z with probability Zf_((g)) . Agent i

may assign more probability to some network geometries than to others, as we show in the following example.

Example 2. Suppose we are under Setting A, and I;(g)={k;(9), [Fy(1), Fy(2), Fy(3)] , n}={ki(9). [3. 5. ¢ | .6}
From I;(g), a fully rational ¢ can infer that there are three feasible network geometries, depicted in Figure
3.6. Depending on how agents are allocated in the network, there are different networks with each of these
geometries. In particular, there exist b;(g) = 450 different networks that are feasible in the beliefs of an @
with k;(g) = 1: b}(g) = 180 networks have geometry 1, b?(g) = 90 have geometry 2, and b?(g) = 180 have
geometry 3, as we show in the following sections.
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Figure 3.6. Feasible geometries in Example 2

Sl

(1) 2) (3)

Table 3.1 provides the number of feasible networks for other values of k;(g). Observe that the value of b7 (g)

is relevant as it affects the probabilistic weight that i assigns to each network geometry. Thus, ¢ believes that

geometries 1 and 2 are more likely than geometry 3, since Z%EZ; = lzfgg)) = % =40% > Z%EZ; = % =20%.

Table 3.1. Network beliefs of each 1 € N

| kilg) [ bilg) [ bi(g) [bi(9) [ Dilg) |
ki(g)=11] 180 [ 90 [ 180 450
ki(g)=21] 120 | 60 | 120 300
ki(g)=3] 60 [ 30 | 60 150
> 360 | 180 | 360 [ [Gp,| =900

Notice that in Example 2 all agents have identical beliefs about the feasible geometries regardless of their
degree: they assign probability % = % = % = 0,4 to geometry 1, probability % = % = % = 0,2 to
geometry 2, and probability 0,4 to geometry 3. As we show below, this not by chance. Rather, it is a general

property of agents’ beliefs under Setting A.

Under other information setups, on the contrary, network integrants may have different beliefs about the
set of feasible geometries and their probabilities. Consider, for instance, network ¢ in Figure 3.5(a). Under
Setting B, ¢ € N knows that she has a degree-two neighbor (agent o). Hence, the only geometries that are
feasible given I;(g) are geometry 1 and geometry 2 in Figure 3.6.'® Conditional on I;(g), on the contrary, the
feasible geometries are geometries 2 and 3 in Figure 3.6, while conditional on I;(g) the only feasible one is
geometry 2 in the same figure.

3.4.2. Isomorphisms of a graph

Let N C N be a subset of nodes in a network ¢, with 7 = ‘Z\_f‘ We compute the number of distinct

labelings of the nodes in N\ N. In other words, we compute the number of distinct isomorphic networks to
g that can be obtained by permuting ezclusively the labels of the nodes in N \ N. We denote this number
y(g | N).*
Labels of the nodes in N are not permuted, they are maintained fixed. Notice that in some cases we may
permute the labels of some nodes in N \ N without any incidence in the adjacency matrix of the network:
given g we may permute the labels of some nodes in N \ N and get a network ¢’ = g. The set of different
ways in which we can (exclusively) permute the labels of the nodes in N\ N without affecting the adjacency
matrix of g is given by the stabilizer of N, stab(N). The stabilizer of a subset of nodes N is characterized as
the set of all automorphisms that map each node in N into itself, stab(N) = {f € Aut(g) : f(v) = v,Vv € N}
(Erwin and Harary, 2006). Consider for example network g, in Figure 3.7. Since r =5 m and | =4 o,
Stab(i) = {f, f', f", f""'}, resulting in g2, ¢4, g, and g4’ in Figure 3.7, respectively.

18 Observe that no degree-two agent has a degree-two neighbor in the third network of Figure 3.6. Hence, geometry 3 is not a
feasible geometry given I;(g).

19For example, suppose network g is the network in Figure 3.2, and N = {s}. Maintaining fixed the position of agent s
in that network, there are two different networks that are isomorphic to g: network g and network gs in Figure 3.2. Hence,

y(g | N)=y(g|{s}) =2
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Figure 3.7. Actions of the automorphisms in Stab(i) in network go.
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Lemma 1. Let g = (N, E). The total number of distinct isomorphic networks to g that can be obtained by
exclusively permuting the labels of the nodes in N \ N is:

o (n—mn)!
y(g | N) = fstab(N)’

Proof. There are (n—7)! possible permutations of the labels of the nodes in N'\ N. For each of these (n—n)!
possible labelings, there are |stab | that are equal, as there are |stab | different ways in which we can
permute the labels of the nodes in N \ N without any incidence in the adjacency matrix of the network.

n—mn)!
Thereby, y(g | N) = W "

Example 3. Suppose N = {i}, i = 1.

(a) Consider network g; in Figure 3.8. Since there is no pair of automorphically equivalent nodes in N\ N,
each permutation of the labels of the nodes in N\ N gives rise to a different network. Therefore, Stab(i) = {f},

where f(i) = i for all ¢, and |Stab(¢)| = 1. Hence, y(g1 | {i}) = @ = 120. Similarly, y(gs | {i}) = 120.2°

Figure 3.8. Networks from Example 3.

@—o
9, 95 9%

(b) Consider now network g, in Figure 3.8. Since r =5 m and | =; o, Stab(i) = {f, f', f", f""'}, resulting in

92, 95, g5, and ¢4’ in Figure 3.7, respectively. Since |Stab(i)| =4, y(g2 | {i}) = (n_l)! = 30.
(c) As for network g3 in Figure 3.8, since m = r and [ = o, |Stab( )| =2, as shown in Figure 3.9. Therefore,

y(gs | {i}) = “5 = 60. Analogously, y(ga | {i}) = y(gs | {i}) = 60.

20Recall from Section 3.2 that automorphically equivalent nodes have the property that their labels can be interchanged to
form a new network that is identical to the original one. Since j = r in gg, we could interchange the labels of these two nodes
and relabel all other nodes in the network to obtain a network that is identical to gs . Notwithstanding, there is no way to
exchange the labels of any nodes different from 7 and obtain network g¢ maintaining fixed the label of 4, since all nodes different
from ¢ are located at a different distance from her.
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Figure 3.9. Actions of the automorphisms in Stab(i) in network gs

g 93
[ |

Example 3 calculates the number of distinct isomorphic networks that exist conditional on a given position
of ¢ making use of Lemma 1. For instance, there exist 120 different networks with the geometry of g; in Figure
3.8 in which i occupies her position in this network; all these networks differ in how agents different from
are allocated. Lemma 1 is necessary to compute b7(g) and b;(g), as we show in the next section.

3.4.3. Beliefs about the network geometry

In our incomplete information setups, no ¢ is informed about all the details of her network position. Her
information set only describes some aspects of her positioning in the network, but there may exist distinct
positions compatible with such an information. We say that a position is feasible in i’'s beliefs if it is consistent
with I;(g): if it exists a positive probability that ¢ occupies this position according to her beliefs.

Suppose for example that we are under Setting A, and I;(g) = {k:(g), [F,(1), Fy(2), F,(3)] ,n}
= {k:, (9), [%, %, %] ,6}. All the feasible geometries given I;(g) are depicted in Figure 3.6. Agents ¢ and [ in
network g1 € B;(g) of Figure 3.8 occupy a feasible position of i, and constitute a maximal i-ed set in gy,
Ki(g1) = {i,1}. The same applies for i and [ in network g» € BZ(g) in Figure 3.8, and for i and [ in network

g3 € B3(g) in the same figure.

The following proposition calculates b7 (g) and b;(g) under Setting A. It takes into account that, if g, € B?(g)
and K;(g,) is a maximal i-ed set in g,, then each agent in K;(g,) occupies a feasible position of ¢ under
Setting A.

Proposition 1. Let g, € BZ(g). Under Setting A,
(n—1)!Dy(k:)

bi(g) = T TAut(e)| and  bi(g) = Ze%g) b; (9)

Proof. Let K;(g.) = {j,1,...,m} be a maximal i-ed set in g.. Each agent in K;(g.) occupies a (distinct)
feasible position of 7. That is, there exist at least one network in B;(g) in which ¢ occupies the position of
j € Ki(g.) in g,.?! Precisely, there are y(g, | {j}) (isomorphic) networks in B7(g) in which i occupies the
position of j in g,.; all these networks differ in how agents different from ¢ are allocated. Similarly, there are
y(g» | {I}) (isomorphic) networks in B7(g) where i occupies the position of [ in g,, an analogously for other
agents in K;(g.). Hence, if K;(g.) = {4,,...,m}, b7 (9) = y(9- | {5}) + y(g: [ {1}) + ... + y(g: | {m}).

By Lemma 1:

40) = 0= | 1) + 0= | 01) - wlas | ) = [iiriisr o r i b s

Applying the Orbit-Stabilizer Theorem (in the Appendix A1) this is equal to:

(n—1)! (n—1)! (n—1)!
| aut@o)]/|o,(00)|  |Aut@ofjowe| T [Autten)|/]|0men)
(n—1)! [|0j(gz)| +|0(g2)]| + -+ |Om(gz)|:| (n — 1)1D,(k:)
- [Aut(g. )] T [Aut(g.)]

2INote that the number of distinct positions that i can occupy if network g has geometry z is |K;(g2)|.
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The following example illustrates Proposition 1.

Example 4. Consider the information structure of Example 2. Networks g1 € B}, go € B? and g3 € B} are
depicted in Figure 3.8. Assume K;(g1) = K;(92) = K;(93) = {4,1} and k; = 1. Then:

bH(g) = y(g1 | {i}) +y(g1 | {I}) = 120 + 60 = 180?2
b3(9) = y(92 | {i}) +y(g2 | {I}) = 30+ 60 = 90
b3(9) = y(gs | {i}) +y(gs | {I}) = 60 + 120 = 180

Hence, b;(g) = b}(g) + b?(g) + b2 (g9) = 450. A

Example 4 shows that, an agent ¢ with information set I;(g) = {1, [%, %, %] 76} believes that there are 450
feasible networks: 180 have geometry 1 in Figure 3.7, 90 have geometry 2, and 180 have geometry 3, as we
introduced in Example 2. Following the same procedure as for the degree-one agent, it can be obtained the

number of feasible networks in the beliefs of each i € N with k; # 1 (see Table 3.1).

Proposition 1 provides an expression for b7(g) and another for b;(g). Dividing both expressions, we get the
probabilistic weight that ¢ assigns to geometry z € 2;(g). Corollary 1 gives such a probability, and shows its
relation with the order of the network automorphism group.

COROLLARY 1. Let g, € B7(g) be a network with geometry z € (2,(g). Under Setting A, each i € N believes

that network g has geometry z with probability p, = iz((g)) BT L AT

ven; o=y )]

Under Setting A, the set of all feasible geometries 2;(g) is the same for all agents: the feasibility of a network
geometry only depends on Fy(k) and on n. Since all agents have the same information regarding F, (k) and
n, the set of feasible geometries is identical for all network integrants. Corollary 1 further shows that all
network integrants assign the same probability to each feasible geometry under Setting A, even if they have
different degrees. In contrast, their beliefs about the feasible geometries and their probabilities generally
differs under Settings B and C, because the private information can provide information that is not conveyed
by the common knowledge one. Consider for example network g; in Figure 3.8. The fact that k; = 3 and
k, = 2 implies that 7 and [ have different information about their neighbors’ degrees. As a consequence, their
beliefs about the network under Setting B are distinct: the three network geometries in Figure 3.6 are feasible
given I;(g1), while only geometry 1 and 3 are feasible given I;(g1).

The second implication of Corollary 1 is that each ¢ € IV believes more likely to be immersed in a network
with a more asymmetric structure than in a network with a more symmetric one. The degree of symmetry of
a network g, is captured |Aut(g.)|: the lower |Aut(g.)|, the lower the number of nodes that occupy identical

positions in g, and the more asymmetric the network is. Observe in Corollary 1 that Z?((S)) decreases as
|Aut(g.)| increases, which means that Zf((g)) < bé(g)) if |Aut(g.)| > ’Aut(gy) ., g- € Bf(g) and g, € B/(g).

This results holds also under settings B and C. Under Setting B(C), the probabilistic weight that i assigns

to geometry z is p, = Z((g))7 where b7 (g) and b;(g) are the sizes of B(g) and B;(g) under Setting B(C). Note
that Bf(g) under Setting B(C) is a subset of Bf(g) under Setting A, and b?(g) under Setting A is strictly
decreasing in |Aut(g.)| (see Proposition 1). Then, b?(g) must be also decreasing in |Aut(g.)| under Setting
B(C), what means that p, < p, under Setting B(C) if |Aut(g,)| > |Aut(gy)|.

The following Lemma stress the relation between the automorphism group of a network and the notions of
equivalence among nodes presented in Section 3.2. By construction, the automorphism group of a network
increases as the number of automorphically equivalent nodes in the network increases, ceteris paribus. Yet,
maintaining constant the orbit of each node in the network, |Aut(g)| increases as the number of structurally
equivalent nodes increases. The following lemma captures this result.

22In Example 3 we showed y(ga | {i}) = y(gs | {i}) = 60 and y(go | {i}) = 120. Clearly, y(ga | {i}) = y(o1 | {1},
y(gs | {i}) = ylga | {1}), and y(go | {i}) = y(ga | {1})



CAPITULO 3. NETWORK PERCEPTION IN NETWORK GAMES 93

Lemma 2. Let g = (N,E) and ¢ = (N', E') two networks such that (i) N = N', (ii) |Oi(g)| = |0i(g")]
and |Si(9)] > |Si(¢")|, Vi € N, (ii) Im € N : |On(g)| > |Om(g)| and (or) |Sm(g)| > [Sm(q’)|, then
|Aut(g)| > |Aut(g)|.

In words, given two networks g and ¢’ such that (i) the orbit of each node in g is not lower than its orbit in
¢’ and (ii) the set of structurally equivalent nodes of each node in g is no lower than such a set in ¢/, then
|Aut(g)| > |Aut(g’)| if either the orbit of any node is higher in g than in g’ and/or the set of structurally
equivalent notes to any node in ¢’ is higher than in ¢g’. Consider for instance g and g3 in Figure 3.8. Although
0i(g2)| = [0i(g3)| Vi € N, |S;(g2)| > [Sr(g3)] for r € {r,m, 0,1} and [S;(g2)| = [Sj(gs)] for j € {j,i}.
Hence, |Aut(gz)| > |Aut(gs)|-

To conclude, we illustrate how the knowledge of the set of feasible geometries and their probability

distribution enables agents to learn different network features, such as the probability that their neighbors
have particular degrees. As we show below, this will be relevant for the strategic interactions that take place
within the network.
Example 5. Assume we are under Setting A, and I;(g) = {ki(g), [Fy(1), F4(2), Fy(3)],n} = {1, [3, 3, %] .6}.
Figure 3.6 shows the set of feasible geometries, given I;(g). Table 3.1 displays b;(g) as a function of k;(g). A
degree-one agent i expects to have degree-three neighbor if she occupies either her position in ¢; in Figure
3.8, her position in gy in the same figure, or her position in g3. Hence, she expects to have a degree-three
neighbor with probability:

y(g1 [ {}) +y(g2 | {6}) +y(gs | {6}) 210 7

bi(g) T 450 15

In a different way, degree-two agent m expects to have a degree-three neighbor if she occupies either the
position of m in network ¢; in Figure 3.8, the position of m in go, or the position of this agent in g3 in the
same figure. That is, with probability:

y(gr [ {m}) +y(g2 [ {m}) +ylgs[{m}) 240 8 4
5

bs(g) 300 10
|

The example further illustrates how, in finite networks, the probability that ¢ has a neighbor of degree k
is not independent of k;(g). This fact will be key to understand the equilibrium patterns of games played on
networks, as we illustrate in the next section.

3.5. Network Games

In this section, we exploit the belief formation framework developed in the previous section and its im-
plications on behavior in network games. In particular, we show how the fact that people can estimate—and
sometimes even learn—different network aspects, together with the cognitive bias they have towards asym-
metric structures, has an incidence on their equilibrium behavior.

3.5.1. Players’ types and strategies

We analyse the strategic interactions that take place in the network under the information settings
presented above. Network integrants correspond to the players of a Bayesian Game in which they have
partial information about the network position of other players. The type of each player is a particular aspect
of her network position contained in her private information (for instance, her degree). Depending on the
information setting, the type of each player is defined differently. Later on, we provide a precise definition
of the type of each player in each information setting. The type of each ¢ € N is assigned by the function
7; : G — T;; each network in G can be interpreted as a feasible state of nature. The set of feasible types of
i, denoted T;, is the set of different types that ¢ can be considering all networks in G, with |T;| = 7. In every
setting, T; = T; = T, Vi, j € N. We write ¢; to denote the type of player ¢ under each setting.

A strategy o is a mapping that specifies which action is chosen as a function of each player’s type. Strategy
o is symmetric if o(¢;) = o(t;) as long as t; = t;. Following Galeotti et al. (2010), we focus on the symmetric
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equilibria of the game in most part of our analysis; we only consider asymmetric strategies when exploring
the effects of varying players’ network information on equilibria (Section 3.5.4.2). Since we analyse binary
games (where players choose an action in {0, 1}), o(t;) is the probability that player ¢ takes action 1. Strategy
o is non-decreasing if o(k") first-order stochastically dominates (FOSD) o(k), for all k¥’ > k. Analogously, o
is non-increasing if (k) FOSD o(k'), for all k¥’ > k.

In our games, players only have incomplete information about the network; all other ingredients of the
games (e.g. their payoff functions) are common knowledge.

3.5.2. A game of strategic substitutes

Each player has to choose independently and simultaneously an action in the set X = {0,1}. Action 1
may be interpreted as acquiring a certain technology, acquiring a piece of information, or contributing to the
provision of a public good, and action 0 as not doing so. Agents incur in a cost ¢ when they play action 1,
with 0 < ¢ < 1, but not when they play action 0. This game is a simplified version of the public good game
in Bramoullé¢ and Kranton (2007). Define x; as the action played by i € N, and xy,(4) = D> _;c v ®i as the sum
of her neighbors actions. The utility of each 4 is u;(x;, Zn,(4)), and takes the following values:

ui(0,2n,g)) =1 i Ty 21
ui(0,2n,(q)) =0 i @) =0
ui(l,xNi(g)) =1-c forany zy,y)

It is readily seen that each player prefers that any of her neighbors takes action 1 rather than taking this
action herself. However, if none of her neighbors plays 1, she prefers playing 1 than playing O.

Assume i € N has k; neighbors, N;(g) = {J,...,v}. When all agents play the pure symmetric strategy o, the
expected utility of ¢ of taking action 0 is the probability that at least one of her neighbors plays action 1.
That is, the probability that at least one neighbor of 7 is a type for which o assigns action 1:

_ Hg€Bilg):3j € Ni(g) : o(t;) = 1}|
bi(g)

In equilibrium, each type of i plays 0 if her expected utility of playing 0 is at least as high as her expected
utility of playing 1, Ey, (1,0, Bi(g)) =1 —c.

Ey, (0,0, Bi(g)) (3.5.1)

3.5.3. A game of strategic complements

Consider the game in Jackson (2010), where each i € N has to choose independently and simultaneously
an action in X = {0, 1}. Action 1 represents an activity that is enjoyed if at least one other person participates,
and has a cost ¢. For example, 7 has to choose whether to book a tennis court (action 1) or not (action 0),
and c is the booking fee, 0 < ¢ < 1. Or i has to choose whether to buy a particular software or not, and the
software is only enjoyed if at least one neighbor uses it. The utility of ¢ depends on the same arguments as
in the previous game, but it takes different values:

ui(lLang) =1 i 2y 21
u,;(O,:z:Ni(g)) =0 forany zp,(y)
ui(Lang) =—¢ if an) =0

The expected utility of playing 1 when all agents play the symmetric strategy o is:

. M€ Bilg) :3j € Nilg)  o(t;) = 1}
bi(9)

Each type of i is best responding with action 1 if Ey, (1, o, Bi(g)) > Ey, (07 o,B; (g)) =0.

Ey,(1,0,B(9)) = (3.5.2)
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3.5.4. Equilibrium
3.5.4.1. Setting A

As in Galeotti et al. (2010), the type of each player corresponds to her degree. Each i believes that j € N
_ Hy€Bi(9):7;(9)=k;}|

bi(9) ’
Galeotti et al. (2010) prove the existence of a unique symmetric equilibrium in both games. They show that

such an equilibrium is monotone non-decreasing (non-increasing) in players’ degrees under strict strategic
complements (substitutes),?® if nodes have degrees either with independent probabilities or with probabilities
that are positively (negatively) correlated.?* Their result is intuitive: under degree independence i and z have
the same beliefs about the degree of each of their respective neighbors, even when k; > k.. This implies that
1 and z face the same probability distribution over the action of each of her respective neighbors, since the
action of each player is determined by her type (her degree). However, since 4 has a more neighbors, the
probability that at least one neighbor of her plays action 1 is greater than the probability that at least one
neighbor of z does. As a result, the incentives of i to play action 1 under strict complements (substitutes)
are higher (lower) than the incentives of z, and the equilibrium is necessarily non-decreasing (non-increasing)
in players’ degrees.?® If there is not degree independence but degrees are positively (negatively) correlated,
the monotonicity property of equilibrium maintains under strategic complements (substitutes): high degree
players are more likely to have at least one neighbor playing action 1, since they are more likely to be have
at least one high degree (low degree) neighbor, and the result follows.

is type t; = k; with probability p;(t;) = p;(k;)

Under our Setting A, players’ do not posses information about the assortativity patterns in the network. But,
each ¢ can learn the probability that a neighbor of her has degree k from I;(g) (see Example 5). Since such
a probability may vary positively with k;(g) (nodes may have degrees neither with independent probabilities
nor with probabilities that are negatively correlated) the equilibrium predictions in Galeotti et al. (2010)
under strategic substitutes may fail to hold, as the following example illustrates.

Example 6. Consider the game of strategic substitutes. For each i € N, let I;(g) = {ki(9), [Fy4(1), F4(2), Fy(3)] ,n}
= {k:i(g), [%, %, %],5} and T; = {k;, k[, k'} = {1, 2,3}, referred as types 1, 2 and 3, respectively. Figure 3.10
shows the two feasible geometries, in the beliefs of each i € V.

Figure 3.10. Feasible geometries of network g in Example 6.

(1) (2)

There are three strategies that constitute a pure-strategy symmetric equilibrium:

(a) 01: 01(2) =0 and o1 (k;) = 1 for k; € {1,3}, Vi€ N and § <c < 1.
(b) o2: 02(3) =1 and oa(k;) = 0 for k; € {1,2}, Vi € N and ¢ > 5%
(c) 03: 03(1) =1 and o3(k;) =0 for k; € {2,3}, Vi € N and ¢ > 5.

Table 3.2 lists the expected utility of playing 0 of each type of i € N when all agents follow each of these
equilibrium strategies.?%

23Strictness is important for their result: when players are indifferent between actions, non-monotone equilibria are possible.

24Under degree independence, the probability that i has a high-degree neighbor does not depend on k;(g). Under positive
(negative) degree correlation, the probability that ¢ has a high-degree neighbor depends positively (negatively) on k;(g).

25Recall that in games of strategic complements (substitutes), players incentives to play higher actions are higher (lower) as
their neighbors’ actions are higher.

26See the Appendix for details.
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Table 3.2. Expected utilities of playing 0 for each type

Type ofte N ‘ EUi (O,Ul,BZ‘(g» ‘ EUi(O,Ug,Bi(g)) ‘ EUi(0,0'g,Bi(g)) ‘

ki =1 1/2 1/2 0
ki =2 5/6 5/6 1/6
ki =3 1/2 0 1/2

The equilibria structure in Galeotti et al. (2010) does not maintain. First, equilibria are not unique, but mul-
tiple equilibria can coexist depending on the cost value. Second, equilibria can be monotone non-increasing,
monotone non-decreasing as well as non-monotone under strategic substitutes, even when players are only
informed about their degree and the degree distribution of the network. H

Example 6 shows that the equilibrium predictions for strategic substitutes in Galeotti et al. (2010) are
not robust to relaxing their assumptions: (i) nodes have degrees with independent probabilities or (ii) with
probabilities that are negatively correlated.?” For the sake of simplicity, suppose that the only agents that
play action 1 are those with degree k. If (i) does not hold, a degree-k; player may expect to have a neighbor
of degree k with a greater probability than a degree-ko does, even if ko > k;. This implies that the expected
utility of playing 0 may be greater for the degree-k; player than for the degree-ky one. As a result, the high-
degree player may be best responding with a higher action than the low degree one, and the equilibrium may
be increasing in players’ degrees under strategic substitutes. The intuition is similar if we relax the assumption
of negative degree correlation. Suppose that the agents playing action 1 are the “low degree players”, say,
those with degree equal or lower than k, while “high degree players” (with degree greater than k) play action
0. If (ii) does not hold, low degree players may expect to have low degree neighbors (neighbors playing 1) with
a higher probability than high degree players. As a consequence, high degree players may be best responding
with higher actions than low degree ones, and equilibria are not necessarily monotone non-increasing under
strategic substitutes.

As for strategic complements, the results of Galeotti et al. (2010) tend to maintain. The reason is that high
degree players have a greater tendency to be connected to high degree nodes, even if links are formed in
a fully random way (Newman, 2003; Jackson and Rogers, 2007; Jackson, et al. 2010). Since Galeotti et al.
(2010) guarantee that equilibria are monotone non-decreasing under strategic complements under positive
degree assortativity, their results for this type of games tend to maintain.

Efficient network structures. Under Setting A, the set of equilibria is the same in all networks with the
same degree sequence.?® However, the payoffs that players receive may differ across these networks, if their
respective geometries are different. Consider, for example, networks: g; and g, in Figure 3.10. Under Setting
A, the three strategies in Example 6 are equilibrium strategies. However, when all agents play o1, the sum
of their payoffs is 2(1 — ¢) + 3 in network g1, while this sum is 2(1 — ¢) + 2 in network go. Thus, although
players’ choices are identical, the aggregate welfare is not.

We want to understand how the equilibrium welfare relates to the geometry of the network. To that purpose,
we adopt the utilitarian approach: welfare in network g when all agents play the strategy ¢ corresponds to
the sum of the payoffs obtained by all players when they all follow such a strategy:

W(o,g) = Z u; (i, ‘TNi(g))
1EN

where z; and zy;,(4) are the action of i and the sum of the actions of i’s neighbors when all agents follow the
strategy o, respectively.

Network g is said to be efficient if there is not any other network ¢’ with the same degree sequence that yields
higher welfare at any pure-strategy symmetric equilibrium. Formally, g is efficient if Ag’ : Dy(k) = Dy (k)
Vk such that W(o*,¢') > W(o*, g), for any o* that constitutes a pure-strategy symmetric equilibrium under
Setting A.2° Proposition 2 provides a sufficient condition for a network to be efficient, both for the game of

27 As we show in the Appendix, beliefs of each i about her neighbors’ degrees depends on k;(g) but there is not a monotone
relation between both issues: the likelihood of having a neighbor of degree k does not vary monotonously with k;(g).

28Under Setting A, each i with degree k;(g) has the same beliefs about the network in all networks with the same degree
sequence (see Section 3.4.3). Hence, her best response to her neighbors’ actions is identical across all these networks.

29The concept is similar to that in Goyal and Vega-Redondo (2007). However, our definition focus on equilibrium welfare.



CAPITULO 3. NETWORK PERCEPTION IN NETWORK GAMES 97

strategic substitutes as well as for the game of strategic complements. Such a condition depends on p,, which
is the probability that all agents assign to geometry z under Setting A (see Corollary 1).

Proposition 2. Assume network g has geometry z, k =arg maz Dy (k) and we are under Setting A:
1. For the game of strategic substitutes, network g is efficient if ¢ < Dpi.(zk)
g9

2. For the game of strategic complements, network g is efficient if 1 — ¢ < Dpfk).
9

To illustrate Proposition 2, consider the information structure in Example 6, and let g; and g2 be two networks
with the geometry of networks 1 and 2 in Figure 3.10, respectively. Since |Aut(g1)| = |Aut(g2)| = 2, all agents
in g1 believe that the network they are immersed in has geometry 1 with probability p; = 5, and geometry 2
with the same probability, p, = 1. Since arg max Dy, (k)=arg maz D, (k) = 2 and Dy, (2) = 3, Proposition
2 implies that network g; is efficient for ¢ < % = % under strategic substitutes and analogously for go.

Note that for ¢ > %, network g is not efficient: when all agents play the equilibrium strategy o, welfare is
2(1 — ¢) + 2 in this network, while it is equal to 2(1 — ¢) 4+ 3 in network g;.

Under strategic substitutes (complements), the set of values of ¢ (1—c¢) for which Proposition 2 guarantees
that ¢ is efficient decreases as the automorphism group of ¢ increases. The intuition of this result is the
following. When players choose their actions, they infer the feasible allocations of types that can exist in the
network by considering all the network geometries that are feasible; each feasible geometry has associated a
particular allocation of types. For example, a degree-one player in Example 2 infers that her neighbor is type
1 if network g has geometry 2, but not if g has geometry 1 or geometry 3. However, all feasible geometries are
not equally likely, but the probability that g has the geometry of g, € B?(g) decreases as |Aut(g.)| increases.
This means that the allocations of types associated to asymmetric network geometries have a higher weight
in the decision of agents when they choose their strategies. Since players aim to maximize their payoffs
when choosing their strategies and assymetric geometries are more likely in their beliefs, networks with more
assymetric geometries are guaranteed to be efficient for a greater range of values of ¢ (1 — ¢) under strategic
substitutes (complements) in Proposition 2.

3.5.4.2. Information effects

This section explores the effects of varying the depth of players’ network information on equilibria. We first
compare the equilibria that arise under different information setups, and show how increasing players’ network
information neither has a monotone effect on the number of equilibria nor on their structure (Example 7).
We then illustrate how a subtle variation in players’ network information (the knowledge of neighbors’ neigh-
borhoods vs. the knowledge of neighbors’ degrees) can largely affect players’ equilibrium behavior (Example
8).

Example 7. Players are embedded in network g of Figure 3.2. Figure 3.11 shows the pure-strategy equilibria
that arise under strict strategic substitutes under different information setups. The green (black) nodes in
Figure 3.11 represent agents playing action 1(0).

Figure 3.11. Pure-strategy equilibria in Example 7

Complete information

Galeotti et al. (2010) Setting A (Setting 8, , ...,2)

N ds
S
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a) Galeotti et al. (2010). For all i € N, let I;(g) = {ki(g), Py(k)}, where Py(k) is the probability degree
distribution. Suppose that, according Py (k) each node has degree k = 1 with probability p; and degree k = 2
with probability po = 1 — p1, independently on the degree of other nodes.

Under strict strategic substitutes, the only equilibrium strategy is o1 : o1(k;) = 1, Vk; = 1 and o1 (k;) = 0,
Vk; = 2. Clearly,

Eu, (Ovala[i(g)) =1- pllci(g)

which is greater than Ey, (1,01, 1;(g)) = 1—c for k;(g) > 2 and p} < ¢ < p; and lower than 1 —c for k;(g) = 1
and the same cost values. On the contrary, strategy oa : o2(k;) = 0, Vk; = 1 and o9(k;) = 1, Vk; = 2. is
not an equilibrium strategy: since the expected utility of playing zero is always greater for the degree-two
players than for the degree-one ones, for any cost value for which the second agents are best responding with
action 0, the former ones must be best-responding with this action as well. Then, oy is the unique equilibrium
strategy under strict strategic substitutes.?°

b) Setting A. For all i € N, I;(g) = {ki(9), [Fy(1), Fy(2)],n} = {ki(9). [3, 5] . 3}. Hence, By(9) = {g, 92},
B,.(9) = {9,901} and B;(g) = {g}, where g, g1 and g are depicted in Figure 3.2.

Since each i can infer the unique feasible geometry from I;(g), both o1 and o9 in (a) are equilibrium strategies
for any cost value.

Suppose all players follow an asymmetric strategy o3: o3(ks) = 1 for ks and o3(ky,) = o3(k;) = 0. Agent
i knows that s € N;(g), and since Ey, (O,ag,Bi(g)) = 1, i is best responding with action 0. The opposite
occurs for s: when all agents play o3, Ey, (O,O’g,BS (g)) = 0, and she is best responding with action 1.
Last, the probability that at least one neighbor of m plays 1 when all agents follow the strategy os is
Ey, (0,0’g,Bm(g)) = %:%' Then, under srict strategic substitutes (¢ > %), o3 and o4 are equilibrium
strategies, where o4: 04(k,,) = 1 for k,,, and o4(ks) = o4(k;) = 0.

¢) Complete information. Under Setting B, C and Z, all players have complete network information.
Each i is best responding with action 0 if she is linked to at least one neighbor playing 1, and with action 1
otherwise. Then, the only possible equilibrium strategies are o; and o5. B

Example 7 illustrates how reducing players’ information does not necessarily solve the equilibrium selection
problem: although the shift from Setting Z to the information setting in Galeotti et al. (2010) eliminates any
ambiguity in behavior, the shift from Setting Z to Setting A does not. Notice that the set of equilibria under
our Setting A and the information setup in Galeotti et al. (2010) is markedly different even when the difference
between both setups is subtle (under our Setting A, players’ know the distribution of degree frequencies in
the network while in Galeotti et al. (2010) they know the probability degree distribution).

Example 8. Consider the networks in Figure 3.12. The three networks have the same degree distribution,
whereas only networks (b) and (c) have the same joint degree distribution.3 We analyse (i) whether players’
behavior may change depending on whether they have information about their second-order neighbors’ iden-
tities or not (Setting B wvs. Setting C) and (ii) whether players with the same degree and neighbors’ degrees
may behave differently depending on the observed geometry of links in their local network (Setting C). To
that aim, the type of each ¢ is jointly defined by her degree and her neighbors’ degrees under settings B and
C, (ki, ky,(g)), and we compare the symmetric equilibria that arise in different networks within and across
these settings.

Table 3.3 contains the symmetric equilibrium strategies in the networks of Figure 3.12 for the game of strategic
substitutes. The range of cost values for which each of these strategies constitutes an equilibrium in each
network is displayed in Figure 3.13. As can be seen in this figure, equilibria can be different within and across
setups, since the different information of players traduce in different beliefs about the network and in turn
in different equilibrium choices.

30Note that there is not equilibrium where all players play the same actions. If all agents play 1, Ey, (0, o, Ii(g)) =1>1—-c
for all 4, so each player wants to deviate and play action 0. The same applies if all they play 0; since Ey;, (O, o,1; (g)) =0<1l—g¢
each player wants to change her action to 1.

31Networks g=(N, E) and g'=(N’, E') with N=N' have the same joint degree distribution if (ki;ky,(4))= (ki;

Ky, (g) Vi EN.
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Figure 3.12. Networks in Example 8.

3 4

(b) (c)

Table 3.3. Symmetric equilibrium strategies in Example 8

’ Type of i € N \ o1(tz) \ oa(tsz) \ o3(tsz) \ o4(tsz) \ o5(tz) \ o6(tz) \ o7(tsz) \ os(tsz) \ o9 (ts) ‘
t = (2(2,2) 0 0 1 1 1 0 0 0 1
to = (2; (3, 2)) 1 1 0 0 0 0 0 0 0
ts = (2:(3,3)) 1 1 0 0 1 0 0 1 1
ta = (3;(2,2,2)) 0 0 1 1 0 1 1 0 0
t5 = (3;(3,2,2)) 0 1 0 1 1 1 0 1 0
Figure 3.13. Symmetric equilibria in Example 8
Setting B
Ittt t p s bt
0 02 0.4 0.6 0.8 1 0 02 0.4 06 08 1
cost cost
Network (a) Networks (b) and (c)
Setting C
I(ll' ) 0?2 0..4 0.‘6 0?8 1: ¢’7 0'2 Old 0'6 ; 0.'6 : b 0:2 0'4 0'6 0'8 1I
cost cost cost
Network (a) Network (b) Network (c)
01 (o 0} , 05 v 07 e
0'9 —
g2 04 e g6 Og

Examples 7 and 8 provide a crucial message: although the framework of Galeotti et al. (2010) eliminates
the problem of multiplicity of equilibria in network games, their uniqueness and monotonicity results are
largely not robust to relaxing their information assumptions. As a result, their approach fails to refine the
set of predictions in many situations in which people still have local network information. Such situations
abound.
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The introduction of incomplete information as a way of solving the problem of multiplicity of equilibria
has faced a major critique: the equilibrium achieved depends on the way incomplete information is introduced
(Weinstein and Yildiz, 2007). While this critique applies generally to all incomplete information games, it
seems particularly relevant for those played on networks, given the variety of network aspects that players can
infer from the information they are given.3? Examples 7 and 8 illustrate that behavior is particularly sensitive
to subtle changes in players’ network information. This implies that, even when it is clear the network aspects
that are unknown for players in specific contexts (e.g. the degree of agents that are two-link separated from
them), fine differences in the information assumptions (e.g. assuming that players know the identity of their
second-order neighbors or not) can bias the results in a particular direction.

3.6. Concluding Remarks

Cognitive network research has showed how people form mental representations about their networks that
influence their behavior (e.g. Brewer, 2011 or Pittinsky and Carolan, 2008). Literature on network games has
primarily opted for a simplification of people’s network perception, setting aside players’ beliefs about finer
details of the network structure (e.g. Galeotti et al. 2010). The principal innovation of this chapter is the
modeling of richer cognitive maps of networks, and their placement in relation with sociological notions of
equivalence among nodes. Although these notions have broadly been studied by sociologists, they have not
been theoretically related, to the best of our knowledge, to network perception.

We identify a bias in people’s perception towards asymmetric network structures. If we order a set of
networks with the same degree distribution according to the size of their automorphism group, such an order
reflects a likelihood ranking of network geometries in people’s beliefs. An implication for the analysis of
network games under incomplete network information is that people’s choices are to a great extent shaped
by the features of more asymmetric structures, as these structures have a higher probabilistic weight in their
network beliefs. Network symmetry can also have an incidence in people’s welfare, as we have shown.

Our theoretical framework provides a way of capturing players’ beliefs about a variety of network fea-
tures that are absent in canonical models of network analysis (e.g. in random-graph models), which allows
to analyse their incidence on behavior in incomplete information contexts. Yet, it presents two major draw-
backs. First, since players’ infer a variety of network features from the information they are given, a subtle
variation in players’ network information can change completely the spectrum of equilibria. This requires
a deeper understanding of the network knowledge that people actually have in different contexts, and calls
for experimental research analysing this issue. Second, the great range of equilibria that emerge under each
information setup makes it hard to draw conclusions on the incidence that each specific feature has on beha-
vior. A prospective way to address this matter might be to impose some ceteris paribus restrictions on the
set of feasible geometries (similarly as in Espinosa et al. 2020) in such a way that players’ are only uncertain
about one specific network feature, while they have a founded knowledge of its probability distribution. We
leave this for future research.

32The interdependency between different network features implies that players’ information does not end in their information
set, but they may learn different network aspects from the network information they are given. Observe that such a learning
process may not occur in other Bayesian games.
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3.7. Appendix

A. Network Perception.
A1l. The Orbit Stabilizer Theorem.

ORBIT-STABILIZER THEOREM. Let Stab,(g) = {g € Aut(g) : f(v) = v} be the stabilizer of node v € N:
the set of all automorphisms of g that map node v to itself. Then,

| Aut(g)| = |0.(g)| * |Stab,(9)]

A2. Proof of Lemma 2.

Proof of Lemma 2. Since neither the orbit nor the number of structurally equivalent nodes to any node
in ¢ is higher than in ¢’, for each automorphism f : N — N exists there is an identical automorphism
f:N — N.Ifdm e N : |Om(g)| > |Om (g’)|, then there exist at least one automorphism in g that does not
exist in ¢’. Thereby, |Aut(g)| > |Aut(g’)}.
We still have to prove that if |O;(g)| = |Oi(¢)| Vi € N, and Im € N : |Sn(9)| > |Sm(9)| , |Aut(g)| >
|Aut(g')|. Suppose Im € N : [Sp(g)| > [Sm(g')|- Since Ni(g9) \ {r} = No(g) \ {m} ¥r € S(9) \ Sm(9),
there exists an automorphism f : N — N between m and each r € S,,(g) \ Si.(¢’) such that:
r ifw=m
fw)sm ifw=r

w otherwise

On the contrary, since r ¢ S;,(¢’) it does not exist such an automorphism between m and r in network ¢'.
As a result, |Aut(g)| > |Aut(g’)|. ®
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B. Network Games
B1. Examples

Example 6. Let N = {i,j,l,m,r}, and k; = 2. The feasible positions of i are depicted in Figure A3.1. By

Lemma 1, y(go | {i}) = y(g2 | {i}) = 24, y(91 | {i}) = w(gs | {i}) = 12, b} (g) = b}(g) = 24 + 12 = 36, and

1 2
bi(g) = 72, so i assigns the same probability to both network geometries, Zig)) = I;’ig; = %

Figure A3.1. Feasible positions of an ¢ with k; = 2 in Example 6

AN DD

9 9 92 g;

Agent ¢ has at least one neighbor of type 1 or of type 3 if she occupy either her position in go, g1 or in go.
Therefore, Ey, (0,01, Bi(g)) = ygol{liD+y(or [{iD+y(oa (1) _ 24412424 5. Since she has at least one neighbor

bi(g) 72
of type 3 if she occupies either her position in go, g1 or in go, Ey, (0,02, Bi(g)) = ylgolfiN+u(o1llip+yleal{id)

bi(g)
24412424 — 5 Analogously, Eu, (0,03, Bi(g9)) = % = 12 = 1, given that i has at least one neighbor of
type 1 if she occupies her position in g;.
9) b (g)

By Corollary 1, each ¢ € N assigns the same probability to each feasible network geometry, b O = ) = 2.
Agent i with k; = 1 believes that her neighbor has degree 3 if network g has the geometry 2, and degree 2
otherwise. Hence, if k; = 1, Ey, (0,01, Bi(9)) = Eu, (0,02, B;i(9)) = %, and Ey, (0,03, B;(g)) = 0. Similarly,
an ¢ with k; = 3 expects to have a neighbor of type 1 if network g has geometry 1; otherwise, all her
neighbors are expected to have degree-two. Hence, if k; = 3, Ey, (O, o1, B; (g)) = Ey, (07 o3, , Bi(g)) = %, and
EU,; (O, g9, B,(g)) =0.

Table A3.1 shows the probability that ¢ has a neighbor of each type as a function of k;(g). As can be seen
from this table, the probability that ¢ has a neighbor of degree k varies with k;(g), but it does not vary
monotonously with &;(g).

Table A3.1 Probability that i has a neighbor of degree k

| [EIJGN(g) ki=K [k=1]k=2]k=3]
ki(g) = 0 [ 1/2 ] 1/2
ki(g) = 1/6 | 5/6 | 5/6
kilg) = 12 | 1 0

Example 7.

A) Symmetric equilibria under Setting B.

Network (a). Network (a) is integrated by types 1, 2, 3 and 4. Hence, there is an equilibrium if all these
types are playing their best response to their neighbors’ actions.

When all agents play the strategy o1, the expected utility of playing 0 of each type of ¢ is the probability
that she has at least one neighbor that plays action 1, i.e. the probability that she has either a neighbor of
type 2 or a neighbor of type 3:

{9 € Bi(g) : 3j € Ni(9) : 75(9) = (2:(3,2) V 7;(g) = (2;(3,3)}|
bi(9)

Ey,(0,01,Bi(g)) =
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Similarly,

{9 € Bi(g) : 3j € Ni(g) : 7j(9) = (2;(3,2) V75(9) = (2:(3,3) V 75(9) = (3;(3,2,2)}]

EUi (0, g2, Bz(g)) =

Eu (0.0, Bilg)) = W€ Bil9) : 37 € Nily) - Tj(gzi(zg)(% (2,2) V7i(g) = (3:(2,2,2)]

|{g € Bi(g) : El.] S NZ(g) : Tj(g) = (2; (272) \/Tj(g) = (Sa (272’2) \/Tj(g) = (31 (3’252)|

Ey, (0,04, Bi(9)) = bi(9)

[{g € Bi(g) : 3j € Ni(g) : 75(9) = (2;(2,2) V75(9) = (2; (3,3) V 75(9) = (3;(3,2,2)]
bi(9)

Tables A3.2 and A3.3 provide the expected utility of playing 0 of each type of i € NV when all agents play
the same strategy: a strategy in {01, 02,03,04,05}. From these tables, it can be checked that each of these
strategies is an equilibrium strategy for the range of cost specified in Table A3.4.

Note that players of types 1 and 2 must play different actions in equilibrium. If both types play 1(0), the
expected utility of playing 0 of a type-one player is 1(0), since each neighbor of her is either type 1 or type
2 with probability 1. Therefore, i is not best responding with action 1(0) but with action 0(1).

Similarly, there cannot exist an equilibrium in which type-two players and type-four players take both action
1: if type-two players play 1, best response of type-four players is playing 0, since type-four players have
a type-two neighbor with probability 1 (see Figure A3.5 in this Appendix). Analogously, there is not an
equilibrium such that type-three players and type-four players play both action 1 (type-four players have a
type-three neighbor with probability 1).

Note that there is neither an equilibrium in which types 3, 4 and 5 take action 0(1): if all these types play
0(1), the expected utility of playing 0 of each type-three player is 0(1), since each neighbor of her is either
type 4 or type 5 with probability 1. Hence, best response of each type-three player is not playing 0(1) but
playing 1(0).

Considering this, the only additional equilibrium strategies that could exist would be the followings:

EUi (Oa 05, Bl(g)) =

= 09 : o9(ty) = 0, for z € {2,4,5} (types 2, 4 and 5), and og(t,) = 1 for x € {1,3} (types 1 and 3),
Vie N.

w010 : 010(te) =0, for x € {1,3,4} and o10(t,) =1 for x € {2,5}, Vi € N.
m 011 :011(tz) =0, for z € {1,3,4} and 011(t;) = 1 for x € {1,5}, Vi € N.

where,
Ey, (0,09, Bi(g)) = {9 € Bi(g) : 3j € Nig) : 75(9) (;)(2' (2,2) A7i(9) = (2 (3,3)}]
Eu. (0,010, Bi(g)) = [{g € Bi(g) : 3j € Ni(g) (ggz, (3,2) Am(9) = (3:(3,2,2)}]
Eu (0.0, Bi(g)) = |19 Bilg) : 37 € Nilg) _ggz, (2,2) A7i(9) = (3;(3,2,2)}]
for all i € N.

Table A3.5 shows Ey;, (0,09, Bi(g9)), Eu,(0,010,Bi(g)) and Ey, (0,011, Bi(g)) for all ¢ € N. Observe that,
when all agents play the strategy og, type-one players are best responding with action 1 if 1 — ¢ > 0,529,
while type-two players are best responding with action 0 if 1 — ¢ < 0,5. Since both things cannot occur
simultaneously, strategy og is not an equilibrium strategy. Analogously, when all agents play the strategy
010, type-two players are best responding with action 1 if 1 — ¢ > 0,916, while type-three players are best
responding with action 0 if 1 —¢ < 0,4. Hence, strategy o1g is not an equilibrium strategy. The same happens
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for strategy oi1¢: in this case type-one players are best responding with action 1 if 1 — ¢ > 0,529, while
type-three players are best responding with action 0 if 1 — ¢ < 0,4. Then, o1¢ is not an equilibrium strategy.

Networks (b) and (c). Networks (b) and (c) are integrated by types 2, 3 and 4; there exist an equilibrium
if all these types are playing their best response to their neighbors’ actions.

As explained above, there cannot exist an equilibrium such that o(t1) = o(t2) = 1, for all i € N. However,
since there are not type-one players neither in network (b) nor in network (c), strategies og, o7 and og
are equilibrium strategies for certain values of ¢ in both networks. Table A3.6 provides Ey, (0,06, Bi(g)),
Ey,(0,07,B;(g)) and Ey, (0,08, B;(g)) for all i € N. Table A3.7 provides the symmetric equilibria in pure
strategies that exist for each range of c.
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Figure A3.2. Feasible positions of an i of type under Setting B

s
S




CAPITULO 3. NETWORK PERCEPTION IN NETWORK GAMES 109

Figure A3.4 Feasible positions of an ¢ of type (2; (3, 3)) under Setting B

B) Symmetric equilibria under Setting C.

Network (a). Tables A3.8 and A3.9 show the expected utility of playing 0 of types 1 and 2 for each
equilibrium strategy. Under Setting C, type-three players observe that her two neighbors are not linked.
Thereby, they know that their neighbors are type 4. If all type-four players play 1, best response of type-
three players is playing 0 and viceversa. Consequently, the strategies o19 and o1 (defined in point A) are not
equilibrium strategies for any value of c.

Each type-four player can deduce the whole network from the information she is given. Hence, she can
deduce that two neighbors of her are type 2 and one neighbor of her is type 3. Then, a type-four player is
best responding with action 1 if neither type-two players nor type-three players play action 1, and with action
0 if either type-two players or type-three players (or both) play action 1.

Table A3.10 provides the symmetric equilibria in pure strategies that exist for each range of ¢. Note that
strategies og, o7 and og are not equilibrium strategies: as explained above, if all players of type 1 and 2 play
0, best response of a type-one player is not playing 0 but playing 1.
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Figure A3.6. Feasible positions of an ¢ of type (2; (2, 2)) under Setting C

Figure A3.7. Feasible positions of an ¢ of type (2; (3, 2)) under Setting C
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Network (b). Recall that network (b) is exclusively integrated by players of types 2, 3 and 4, and there
exist an equilibrium as long as these types are playing their best response to their neighbors’ actions.

Each type-two player observes that her degree-two neighbor is type 3. As a consequence, there is not any
symmetric equilibrium in which type-two players play action 1: if all players of type 2 play action 1, the
expected utility of playing 0 of each type-two player is 1, so this player is not best responding with action 1
but with action 1. Note that og is not an equilibrium strategy in this network: since Ey, (0,09, B;(g)) = 0 for
each i with type 2, best response of i is playing action 1 and not action 0.

Figure A3.8 shows the feasible positions of each i of type 2, according to B;(g). Considering these positions:

B (0,03, Bi(0) = P 0,07, Bily) = O B Eml o B0
i(9) =D .0 1,7, l,m
Ey, (0,05, Bi(9)) = Ev,(0,03, Bi(g)) = bi(9) :ygi | {1217(2701]7;}.)7 l,m}) B % -0

and Ey, (0,04, Bi(g9)) = Eu, (0,06, Bi(g)) = 1, for each i of type 2.

Figure A3.8. Feasible positions of an i of type (2; (3, 2)) under Setting C.

9 9

As for network (a), players of type 3 and 4 deduce her neighbors’ types from I,(g). Players of type 3 are best
responding with action 0(1) if players of type 4 play 1(0), while players of type 4 are best responding with
action 1(0) if neither players with type 2 nor players with type 3 take this action.

Table A3.11. Symmetric equilibria in network (b) under Setting C

Equilibrium strategies c
o3 & 2 0,5
o4 0<c<1
o5 C 2 0,5
o6 0<e<1
o7 c> 0,5
g & Z 0,5

Network (c). As in the previous case, network (c) is exclusively integrated by players of types 2, 3 and 4;
if these types are playing their best response to their neighbors’ actions there exist an equilibrium.

Under Setting C, type-two players have identical beliefs about their neighbors’ types in network (c) as in
network (a), since the geometry created by their neighbors’ links is identical in both networks. Hence, the
expected utility of playing 0 of a type-two player when all agents play a strategy in {01, 02,03,04,05,09} is
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given by Table A3.8 and Table A3.9. As in network (a), players of type 3 and type 4 deduce their neighbors’
types from I;(g).

Table A3.12 lists the expected utility of playing 0 of each type-two player when all agents play either the
strategy og, o7 or og. Tables A3.13 provides the symmetric equilibrium strategies in network (c) for each
range of cost under Setting C.

Table A3.12 in Example 7

B2. Equilibrium welfare under Setting A

Lemma A. Let g = (N, E) and ¢ = (N', E') be two networks such that Dy(k) = Dy (k), Vk. Let o be a
symmetric strategy under Setting A in g and in g .

1. For the game of strategic substitutes,

Oi(0,9) =|{t € N:o(ki) =0A0c(k;) =1, for some j € N;(g), ki = k}|

2. For the game of strategic complements,

Or(o,9) =|{t € N:o(ki) =1A0o(k;) =1, for some j € Ni(g),k; = k}|

3. In both games, let 6(o,g) = 22;11 Ox(o,9). If W(o,g9) < W(o,q'), then 0x(o,q) < Ox(0,g’), for at least
one ke {l,...,n—1}.

Proof. Since Dy(k) = Dy (k) Yk, when all integrants of g and all integrants of ¢’ play the strategy o, the
number of agents who play action 1(0) is the same in g as in ¢’. This means that:

1. For the game of strategic substitutes, >

2. For the game of strategic complements, >

i€N:o(ki(g))=1

i€N:0(k;i(g))=0

ui(17xNi(!J)) =

i€EN":0(ki(g"))=1

ui (0, N, (g)) = >

i€N":0(ki(g"))=0

Wi (17xNi(9'))

Ui (07 xNi(!]')) =0

Figure | Feasible positions of i of type 2 | Ey, (0,06, Bi(g)) Ey, (0,07, Bi(g)) Ey, (0,08, B;(g))
cop | Moel{plmroh =1 S et = | T ey = 4
for x € {0,1,2,3,4,5,6} 1 = 0,428 = 0,571
Table A3.13. Symmetric equilibria in network (c¢) under Setting C
Network (c)
c

o1 c<0,714

o2 c<0,143

o3 0 S C S 1

o4 0<c<1

o5 c > 0,286

o6 0<cec<1

o7 c> 0,572

os c> 0,429

o9 c > 0,286

|
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Hence, welfare in g can only be lower than in ¢ if 6(0,9) < 6(0,¢'). If Ok(c,g9) > Ox(c’,g) Vk, then
0(o,9) >0(0,q"), and W(o,g) > W(o,g¢'). Therefore, if W(o,g9) < W(o,g'), 0ix(o,g) must be strictly lo-
wer than (o, ¢’) for at least one k € {1,...,n—1}. W

Proof of Proposition 2.

1. Game of strategic substitutes.

Recall that Q;(g9) = {1,2,...,w;(g)} is the set of feasible geometries, and this set is identical for all i € N
under Setting A (see Section 4.1). Hence, ;(g) = © and w;(g) = |€2:(g)| = w under Setting A. We assume
that g, € B?(g), Vz € Q;(g) (i.e. g1 is a feasible network with geometry 1, go is a feasible geometry with
geometry 2, and so forth).

Step 1. We first calculate Ey, (0,0%, B;(g)).

Let K;(g9.) = {j,1,...,m} be a maximal i-ed set in g, € B?(g). Each agent in K;(g,) occupies a feasible
position of i under Setting A; given I;(g) there exist a positive probability that i occupies the position that
each agent occupies in K;(g,). Let K;(g9.) C K;(g,) be a subset of agents in K;(g,):

Ki(QZ) ={j € Ki(g:) : 3¢ € Nj(g:) : 07 (kq) = 1}
Agent i deduces that, if network g (the network she is embedded in) has geometry z, she has a neighbor that
plays action 1 if she occupies the position that an agent in K;(g.) occupies in g,. Assume K;(g.) = {j, 1, ..., y}-

Applying Lemma 1 and the Orbit-Stabilizer Theorem, there exist y(g, | {j}) = |S£Z&8!})‘ = (n‘jzjig’;(ﬁzﬂ

distinct networks in B;(g) in which ¢ occupies the position that j occupies in g., y(g. | {I}) = %

W distinct networks in B;(g) in which ¢ occupies the position that [ occupies in g, and analogously

for all other agents in K;(g.) = {j,1,...,y}. Hence, there are _ KZ( )% (isomorphic) networks in
JEK(g=

B?(g) € Bi(g) in which 4 has a neighbor that plays action 1.

The expected utility of ¢ of playing 0 when all agents play the symmetric strategy o* is the probability
that at least one of her neighbors is a type that plays action 1, considering all feasible network geometries
lg) = AL 2k (n=1)110; (g1)] (n=1)110; (g)] (n—1)1]0, (g
n—1)!10;(g1 n—1)!10; (g2 n—1)10;(gw

> TAaGol E Autlgel Tt 2 T Tuta)

JE€K(g1) JEK( JEK;(9w)
bi(9)

When all agents play the stategy o*, 0;(c*, g) is the total number of agents in g with degree k = k; that
play 0 and are linked to some agent that plays 1 (see Lemma A point 1 in the Appendix B2). Then, the right
side of (3.7.1) is equal to:

Ey,(0,0%,Bi(g)) = (3.7.1)

 (n =D [0k(0*,91) | Ok(c*,g2) (0", 9)
©bilg) [ |Aut(g1)] * |Aut(g2)| Foe | Aut(go)| (3.7.2)

Note that b;(g) = b}(g) +b2(g) + ... + b (g9) = ("l;lqzig’iglf D 4 (n|A) alke) |4 % (see Proposition

Ut(92)|
1). Taking into account this and operating, (3.7.2) becomes:

a10k(0", g1) + a2bi (0™, g2) + ... + aubi(0”, gu)
Dg(kl‘) [041 +ao+ ...+ Ozw]
where o, = \ATl(gz)P Vz € Q. In equilibrium, ¢ plays action 0 if Ey, (0,0*, Bi(g)) > 1—¢, that is, if (3.7.4)
holds:

(3.7.3)

L a10p(0*, 1) + a2bk(0*, g2) + .. + i (0", gu) <ec (3.74)
Dy(k;) [oq + az + ... + ay]

Step 2. We show now that, when all agents play ¢*, network g is efficient if Dpiikz) > c.
9

Suppose network g has geometry 1, and there exist a network go (with geometry 2) with the same degree
sequence as g at which W(o*,g2) > W(o*,g). By Lemma A (in the Appendix B2), this can only occur if
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Op(0*,92) > Or(c*,g) = Ok(c*,g1) for at least one k € {1,...,n — 1}, say, k = k;. Imagine this is the case,
0r(c*,g1) = 0r(0*,g2) —m, m > 0. Then the left part of (3,7,4) can be expressed as:

ay (0r(0", g2) — ) + a2bp(0*, g2) + ... + a,01(0", gu,)

1 - =
Dg(kz) [a1 + o + ... + aw}
1 (o +a2)0k(0”, g2) + ... + Awbi(07, g) . Tag (37.5)
Dg(k'l) [Oél + (6] —+ ...+ OLW] Dg(kz) [051 + [6%) —+ ...+ Olw]

Observe that Dg(ki)[al_’i;2+m+%] = Dg”(zki) (see Corollary 1). If % = % > ¢, By, (0,0%,B;(g)) <1—c
for all 4 € N, and no player is best responding with action 0. Hence, it cannot exist a symmetric equilibrium
at which welfare is greater in go than in g.

2. Game of strategic complements.
Reasoning is analogous for the game of strategic complements. In this case,
« a10;(0", g1) + a2bi (0™, g2) + ... + awbi(oy,, 9)
E . 1, g, Bz = —c+
o (9)) Dy (ki) o1 + 0 + .. + )

where 0i(0*,g,) (x = 1,2,...,w) is defined in Lemma A (point 2) in Appendix B2. Player 4 is best
responding with action 1 if Ey, (1, a*,Bi(g)) > 0.
Suppose network g has geometry 1. Consider a network g, with geometry 2 and the same degree sequence
as g. By Lemma A, W(ga,%x5) > W(g,x5) = if O (0%, g2) > 0x(0*,g) = 0x(c*, g1) for some k € {1,...,n — 1}.
Suppose this is the case, 0 (c*, g1) = Ox(c*, g2) — 7w, ™ > 0. Then,

ay (0k(0*,g2) — ) + b (0%, 92) + ... + a,0k(0™, gu)
Dg(]{ii) [041 +ag+ ...+ Ozw]
(1 + 2)0k(0",92) + .. + b (07, g0) Ty
Dg(ki) [Oél +0z2—|—...+aw] Dg(ki)[al +a2+...+aw]

EUf, (170*, Bl(g)) =—c+

= —c+

and 7 is best responding with action 1 if

(01 4 a2)0k(0", g2) + - + wbi(0", 90) may . (3.7.6)
Dg(k‘i)[()q +(X2+...+Oéw] Dg(k‘l) [041+052+...—|—04w] - o
Note that the left side of (3.7.6) cannot be greater than 1 — % =1- Dg(ki)[a1$;2+...+aw]' Then, if

% > 1—¢, (3.7.6) does not hold, and no ¢ is best responding with action 1. Hence, it does not exist a
g\Fi
symmetric equilibrium at which welfare is greater in network go than in network ¢g. B
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