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Abstract: The large number of moduli fields arising in a generic string theory compact-
ification makes a complete computation of the low energy effective theory infeasible. A
common strategy to solve this problem is to consider Calabi-Yau manifolds with discrete
symmetries, which effectively reduce the number of moduli and make the computation of
the truncated Effective Field Theory possible. In this approach, however, the couplings
(e.g., the masses) of the truncated fields are left undetermined. In the present paper we
discuss the tree-level mass spectrum of type-IIB flux compactifications at Large Complex
Structure, focusing on models with a reduced one-dimensional complex structure sector.
We compute the tree-level spectrum for the dilaton and complex structure moduli, includ-
ing the truncated fields, which can be expressed entirely in terms of the known couplings
of the reduced theory. We show that the masses of this set of fields are naturally heavy at
vacua consistent with the KKLT construction, and we discuss other phenomenologically in-
teresting scenarios where the spectrum involves fields much lighter than the gravitino. We
also derive the probability distribution for the masses on the ensemble of flux vacua, and
show that it exhibits universal features independent of the details of the compactification.
We check our results on a large sample of flux vacua constructed in an orientifold of the
Calabi-Yau WP4

[1,1,1,1,4]. Finally, we also discuss the conditions under which the spectrum
derived here could arise in more general compactifications.
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1 Introduction

The need to compactify the 6 or 7 extra dimensions of supersymmetric string theories
leads to significant technical problems, which make the study of the phenomenological
and cosmological implications of the Landscape of 4d Effective Field Theories (EFTs)
exceedingly difficult. One of these problems is the huge number of fields arising in these
EFTs, the moduli, which describe the geometry of the compact space. This makes the
computation of the complete EFT prohibitively complex, and as a consequence it has
only been obtained for simple compactifications. Another difficulty is the vast number of
possible ways to compactify the extra dimensions, which makes it infeasible to characterise
every possible four dimensional vacuum of the theory.

In the last few decades, several complementary strategies have been followed to over-
come these technical problems. On the one hand, many efforts have been dedicated to
studying explicit models where most of the moduli can be truncated or integrated out,
leaving only a few fields (up to ten) for which the EFT can be computed [1–12]. In such
models the observational implications can be studied in detail, and these explicit com-
putations have been used as lampposts to guide the analysis of more complex scenarios.
On the other hand, instead of attempting an exhaustive examination of all possible string
compactifications, one can take a statistical perspective. In this approach one regards this
set of solutions as a statistical ensemble and characterises the probability distributions of
the relevant observables in such a Landscape [13–17]. It is expected (or hoped) that some
of these quantities will exhibit universal properties, i.e., independent of the specific details
of each particular EFT, which would partially alleviate the need to compute the effective
theories. Following this approach one could try to model the complicated low-energy ef-
fective potential as a random function with some particular statistics; for example, as a
multidimensional Gaussian random field. This procedure has been recently developed in
the literature in relation to different aspects of the distribution of vacua of this potential
as well as its applications to cosmology [18–34].
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Finally, the more recent Swampland program is directed to find universal constraints
that should be satisfied by any EFT arising in a consistent theory of quantum gravity [35–
37] (see also [38, 39] and references therein). These constraints determine conditions under
which the EFTs are under computational control, and serve to identify which low-energy
solutions can be regarded as plausible string theory vacua. In this respect, the Swampland
program sets an outermost limit for the boundaries of the Landscape.

In the present paper we will take a conservative approach and discuss one of the best
studied domains of the Landscape: the tree-level flux vacua on Calabi-Yau compactifica-
tions of type-IIB superstrings at Large Complex Structure (LCS). The construction of the
EFTs describing this corner of the Landscape, and the applicability of these theories, has
been widely discussed in the literature [40–44] (see [45] for a review). Among this class of
models, phenomenologically interesting compactifications generally involve a large number
of complex structure moduli and only a few Kähler moduli (see, e.g., [12]). However, as
we mentioned above, the detailed construction of the complete Effective Field Theory is
prohibitive in general. Consequently, explicit constructions of flux vacua are often based
on Calabi-Yau manifolds invariant under large groups of discrete symmetries which al-
low a consistent supersymmetric truncation of a large fraction of the complex structure
moduli [6–10, 12]. These groups of symmetries arise naturally when compactifying on hy-
persurfaces of complex projective spaces and toric varieties, and on Complete Intersection
Calabi-Yaus (see [46, 47] and references therein). Particular and prominent examples are
the discrete symmetry groups which allow the Greene-Plesser construction of the mirror
Calabi-Yau pairs [48]. Provided only fluxes invariant under these symmetries are turned
on, it is possible to freeze a large set of complex structure moduli at a critical point of
the resulting flux scalar potential, leaving a reduced theory for a few surviving fields [6–9].
The phenomenological and cosmological predictions of these models are then computed af-
ter including the relevant quantum corrections and supersymmetry breaking effects in the
reduced theory. However, the fate of the truncated fields is rarely discussed in detail [10, 12].

The main objective of this work is to take a first step towards a more precise under-
standing of the truncated moduli sector in this class of models. Note that, in the approach
we just described, the truncated moduli are not integrated out; instead, the resulting EFT
is a consistent supersymmetric truncation of the complete low energy theory at tree-level,
and thus there is not necessarily a mass gap between the frozen moduli and those in the
reduced theory [49–51]. Actually, although the truncated sector is guaranteed to be at a
stable configuration at tree-level, the spectrum might contain arbitrarily light fields. Thus,
in principle the quantum corrections and the breaking of supersymmetry could render some
of these light fields tachyonic. Alternatively, the fixed point of the discrete symmetry group
could cease to be a critical point of the corrected scalar potential.

The perturbative stability of the complete complex structure and axio-dilaton sector
has been proven using scaling arguments for generic KKLT constructions [1], and for Large
Volume Scenarios (LVS) with an exponentially large compactification volume [2–4]. The
case of Kähler uplifted vacua [5] and LVS scenarios with moderately large volume [52–55]
is more subtle. In [56], it was argued, using statistical techniques, that these classes of
vacua may contain a sizeable fraction of tachyonic fields in the truncated sector. It is
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important to emphasize that, despite of all of these efforts, the complete mass spectrum in
the truncated sector has never been explicitly computed.

Here we will focus on the simplest possible class of these models, those where the
reduced theory contains a single complex structure modulus. Although this is a rather
restrictive type of compactification, it contains plenty of examples (see, e.g., [57–61]).
Furthermore, the moduli space geometry is well characterised for many of them [62–65],
including the well known family of quintic hypersurfaces WP4

[1,1,1,1,1] and its generalisa-
tions [41, 57, 58, 66]. We will prove, using only symmetry arguments and properties of the
effective theory on type-IIB compactifications at LCS, that it is possible to compute the
tree-level mass spectrum for the axio-dilaton and the complete set of h2,1 complex structure
moduli fields, including the truncated ones.

Interestingly, the resulting set of masses can be expressed entirely in terms of the known
couplings of the reduced effective theory, and exhibits universal features independent on
the details of the compactification. More specifically, to leading order in α′ and the string
coupling gs, we find that the 2h2,1 − 2 real scalar modes on the truncated sector have
squared masses µ2

±λ given by

µ2
±λ =

(
m3/2 ±msusy

1 + ξ√
3(1− 2ξ)

)2

, with λ = 2, . . . , h2,1.

This expression involves only two scales which can be computed in the reduced the-
ory: the gravitino mass, m3/2, and the scale of supersymmetric masses induced by the
fluxes, msusy. The real parameter ξ ∈ [0, 1/2] depends on the configuration of the complex
structure of the reduced theory, and in particular it takes the value ξ = 0 at the LCS
point. Analogous universal properties of the spectrum of matrices arising in the effective
theory were previously reported in [67, 68], where the authors considered generic points of
the moduli space, i.e., not necessarily flux vacua. The computations of the mass spectra
rely on the perturbative description of the moduli space geometry at large complex struc-
ture, and thus are valid provided the exponentially suppressed instanton corrections can
be neglected.

In order to illustrate our results, we have compared our analytic formulae with a nu-
merical scan of flux vacua of type-IIB compactified on an orientifold of WP4

[1,1,1,1,4] [57, 66].
This family of hypersurfaces has a h2,1 = 149 dimensional complex structure moduli space,
which can be consistently reduced to a single field at the fixed locus of a Z2

8×Z2 symmetry.
Using the known reduced effective theory, we construct a large ensemble of flux vacua and
verify the validity of the formulae we derived for masses of the axio-dilaton and the complex
structure field on the reduced theory. It is important to stress that, at each of these vacua,
our results allow us to infer the masses of all of the truncated 148 complex structure fields,
without the need to compute the complete EFT.

For generic vacua, the mass spectrum has a dependence on the fluxes and thus, to have
a characterisation of the perturbative stability independent of the flux choice, we resort
to statistical methods. More specifically, we use the techniques derived in the seminal
papers [15, 16], whose only assumption is the continuous flux approximation. With this
at hand, we are able to analytically compute the probability distribution for the complete
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set of masses in the ensemble of flux vacua, and show that the statistical properties of
the spectrum are independent of the compactification. Then, we compare the “empirical”
mass distributions from the ensemble of vacua in the WP4

[1,1,1,1,4] model with the predicted
probability distributions, and show they are in good agreement within the regime of validity
of both the EFT and the continuous flux approximation.

Regarding the validity of the statistical methods, our numerical scan shows a deficit
in the number of generic no-scale vacua with respect to the theoretical statistical distri-
butions in a small neighbourhood of the LCS point. This is in perfect agreement with
previous analyses which predict a breakdown of the continuous flux approximation in this
limit [15, 68–70]. The failure of this approximation leads to an absence of generic no-scale
vacua in the LCS limit [71] of one-parameter models, other than the vacuum sitting on the
LCS point itself [72] (see also [73]).

For completeness we have also compared our analysis with an alternative method aimed
at describing the statistical properties of the complex structure sector in the flux ensemble:
the Random Matrix Theory (RMT) approach. These models were originally proposed
in [16], and further developed in [51, 56, 74, 75]. Here we show that this method, whose
validity relies on the complexity of the couplings in generic string compactifications, does
not correctly characterise the obtained mass spectra of the models we study here. This can
easily be explained by noting that the large group of symmetries present in these models
severely constrains the allowed values of couplings of the effective theory, and this resulting
simplicity violates the premise on which Random Matrix Theory method is based. The
failure of the RMT approach to describe the mass spectra arising in the LCS regime of
more general type-IIB flux compactifications was also discussed in [67].

To conclude, we will argue that the universal spectra and mass distributions found here
may also arise in more generic type-IIB compactifications. In particular we expect that
our results may also apply to compactifications where no symmetry group is present, or
when the reduced complex structure moduli space involves more than one field. Actually,
as we shall show, provided we restrict to the LCS regime this is certainly the case if we
neglect flux quantization. This motivates future works on the search for this class of vacua
with universal spectrum in compactifications with large values of the D3 tadpole, where
the continuous flux approximation is expected be more accurate.

The paper is organized as follows. In section 2 we review the effective theory for
the axio-dilaton and complex structure sector on type-IIB compactifications, and collect
the relevant formulae for the computation of the tree-level mass spectrum. In section 3
we revisit the effective reduction of the complex structure moduli space on a Calabi-Yau
admitting a discrete group of symmetries. We also derive the restrictions that these sym-
metries impose on the structure of the Hessian and the fermion mass matrix. Section 4
contains the main results of the paper where we analytically derive the tree-level mass
spectrum for the class of models we consider. In section 5 we present the EFT for the com-
pactification of type-IIB in the WP4

[1,1,1,1,4] Calabi-Yau manifold. In section 6 we analyze
the statistical properties of the computed spectra in the ensemble of flux vacua, and verify
our conclusions by performing a numerical scan on the WP4

[1,1,1,1,4] model. In section 7 we
discuss briefly how to extend our results to more general compactifications. We present
our conclusions in section 8.
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2 Flux vacua on type-IIB compactifications

In the next subsection we will summarize the relevant formulae for compactifications of
type-IIB superstrings on the orientifold M̃3 of a Calabi-Yau manifold M3 (see [45, 76] for
a review). We will work in units of the reduced Planck mass, M−2

p = 8πG = 1.

2.1 Effective theory for type-IIB flux compactifications

The low-energy spectrum of type-IIB string theory compactified on a Calabi-Yau orientifold
M̃3 includes the axio-dilaton τ , the complex structure moduli zi, where i = 1, . . . , h2,1, and
the Kähler moduli T ρ, where1 ρ = 1, . . . , h1,1.

To leading order in α′ and gs, the Kähler potential K of the corresponding 4-
dimensional effective supergravity theory reads

K = −2 logV − log(−i(τ − τ̄))− log
(

i
∫
M3

Ω ∧ Ω̄
)
. (2.1)

Here V(T ρ, T̄ ρ) denotes the Kähler moduli-dependent volume of M̃3, measured in the Ein-
stein frame and in units of the string length `s = 2π

√
α′. The holomorphic three-form of

the Calabi-Yau is denoted by Ω(zi), and it encodes the dependence of the Kähler potential
on the complex structure moduli. For this Kähler potential to provide a good description
of the moduli space geometry, and in particular for the α′ corrections to remain under
control, we will restrict ourselves to the large volume regime, V → ∞.

The couplings of the theory are conveniently expressed by specifying a symplectic
basis of three cycles of the Calabi-Yau {AI , BI}, with I = 0, . . . , h2,1, and a dual basis of
three-forms αI and βI such that∫

AI
αJ = δIJ

∫
BI

βJ = −δJI ,
∫
M3

αI ∧ βJ = δJI ,

∫
AI
βJ =

∫
BI

αJ = 0 . (2.2)

When Ω is expressed in this basis, it reads

Ω = XIαI −FIβI , with XI =
∫
AI

Ω, FI =
∫
BI

Ω . (2.3)

The XI are projective coordinates in the complex structure moduli space, and the
corresponding moduli fields can be defined to be zi ≡ −iXi/X0, i = 1, . . . , h2,1. In order
to find a more convenient expression for the Kähler potential, the quantities XI and FI
are grouped in a symplectic period vector ΠT = (XI ,FI). Then, it is possible to write the
Kähler potential of the complex structure moduli space Kcs as

e−Kcs = i
∫
M3

Ω ∧ Ω̄ = −i
(
XIF̄I − X̄IFI

)
= i Π† · Σ ·Π , (2.4)

where Σ is the symplectic matrix

Σ =
(

0 1

−1 0

)
. (2.5)

1On the orientifold M̃3 a fraction of the deformations of M3 are projected out, (h1,1, h2,1)→ (h1,1
+ , h2,1

− ),
but we will omit the subscripts on the Hodge numbers to keep the notation simple. We will also ignore
further degrees of freedom, such as possible h1,1

− axion multiplets, D3- andD7-brane moduli, or matter fields.
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The previous expression is invariant under transformations Sp(2h2,1 +2,Z) associated with
different choices for the symplectic basis (2.2). These symplectic transformations act on
the period vector as follows

Π −→ S ·Π where ST · Σ · S = Σ. (2.6)

The quantities FI can be expressed as the derivatives of a holomorphic function of the XI ,
the prepotential, so that

FI(X) = ∂IF(X). (2.7)

The prepotential is a homogeneous function of degree 2, i.e., F(λX) = λ2F(X), and
therefore it satisfies

XIFI = 2F(X). (2.8)

Setting the gauge X0 = 1, and using the homogeneity of the prepotential, the period vector
can be written as

Π(zi) =


1

izi

2F − zjFj
−iFi

 . (2.9)

In the present paper we will consider compactifications in the LCS regime, where the
prepotential F(zi) admits the expansion

F = i
6κijkz

izjzk + 1
2κijz

izj + iκizi + 1
2κ0 + Finst . (2.10)

The terms κijk, κij and κi are numerical constants which can be computed from the
topological data of the mirror manifold to M3. In particular, for historical reasons the
coefficients κijk are often referred to as the classical Yukawa couplings. The constant
contribution κ0 originates from radiative α′ corrections, and is determined by the Euler
number χ(M3) = 2(h1,1 − h2,1) of the Calabi-Yau:

κ0 = i ζ(3)
(2π)3χ(M3) , (2.11)

where ζ is the Riemann zeta function. Finally, Finst denotes exponentially suppressed
string worldsheet instanton contributions, which can be expressed as

Finst = − i
(2π)3

∑
~d

n~d Li3
[
e−2πdizi

]
. (2.12)

Here the integers n~d are the genus zero Gopakumar-Vafa invariants, which are labeled
by the vector di ∈ Z+, and the function Li3(q) is the polylogarithm Lip(q) =

∑
k>0

qk

kp [12].
In the LCS regime, the contribution to F from instantons is subleading, and in the following
calculations we will neglect it entirely.

When the Kähler potential is written in terms of the prepotential, provided we discard
the instanton contribution, it takes the simple form

Kcs = − log
(1

6κijk(z + z̄)i(z + z̄)j(z + z̄)k − 2 Im(κ0)
)
. (2.13)
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It is straightforward to check that the field space metric derived from the Kähler
potential K in (2.1) is real and block-diagonal in the axio-dilaton and complex structure
sectors, namely,

Kτ τ̄ = 1
2(Im τ)2 ,

Kij̄ = −κ̊ijk(z + z̄)k + 1
4 κ̊ilmκ̊jnp(z + z̄)l(z + z̄)m(z + z̄)n(z + z̄)p , (2.14)

where subscripts denote the derivatives of the Kähler functions, i.e., Kτ τ̄ ≡ ∂τ∂τ̄K and
Kij̄ ≡ ∂i∂j̄K, and the quantities κ̊ijk ≡ eKcsκijk are usually called the rescaled Yukawa
couplings [41].

2.2 No-scale flux vacua

The presence of three-form fluxes induces the following superpotential for the dilaton and
complex structure moduli [43]:

W = 1
`2s
√

4π

∫
M3

G(3) ∧ Ω , (2.15)

where G(3) = F(3) − τH(3), denoting by F(3) and H(3) the RR and NS-NS 3-form field
strengths respectively. These fluxes satisfy the quantization conditions

1
`2s

∫
AI
F(3) = −f IA ∈ Z ,

1
`2s

∫
BI

F(3) = −fBI ∈ Z ,

1
`2s

∫
AI
H(3) = −hIA ∈ Z ,

1
`2s

∫
BI

H(3) = −hBI ∈ Z . (2.16)

Here the minus signs in all expressions have been introduced for convenience. Then, these
fluxes can be decomposed in the symplectic basis as

F(3) = −`2s (f IAαI − fBI βI), H(3) = −`2s (hIAαI − hBI βI). (2.17)

If we define the symplectic flux vectors fT = (f IA, fBI ), hT = (hIA, hBI ), and N = f − τ h,
we can write the flux superpotential in a compact way as

W = 1√
4π

[
(f IA − τhIA)FI − (fBI − τhBI )XI

]
= 1√

4π
NT · Σ ·Π . (2.18)

At tree-level, the Kähler sector satisfies the no-scale property Kρσ̄KρKσ̄ = 3, and therefore
the scalar potential of the effective supergravity action reads2

Vtree = eK
[
Kij̄DiWDj̄W̄ +Kτ τ̄DτWDτ̄W̄

]
≥ 0 , (2.19)

where DτW = (∂τ +Kτ )W and DiW = (∂i+Ki)W are Kähler covariant derivatives of the
superpotential. In this work we will only consider critical points, denoted by {τc, zic}, of the

2We denote by Kρσ̄ = (Kρσ̄)−1, Kττ̄ = (Kττ̄ )−1 and Kij̄ = (Kij̄)−1 the inverses of the field space
metrics on the Kähler, axio-dilaton and complex structure sectors respectively.
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no-scale potential where the axio-dilaton/complex structure sector configuration preserves
supersymmetry, namely those satisfying

DτW |τc,zic = 0, and DiW |τc,zic = 0 for all i = 1 . . . , h2,1 . (2.20)

Note, however, that in general supersymmetry is still broken by the Kähler sector, since
DρW = KρW 6= 0 unless the expectation value of the flux superpotential vanishes,
W |τc,zic = 0. In what follows, field configurations satisfying (2.20) will be referred to
as no-scale vacua.

The allowed values of fluxes are subject to the tadpole cancellation condition which
requires that the D3-brane charge induced by the fluxes, together with the contribution
from D3-branes, cancels the negative charge from D7−branes and orientifold planes. The
charge induced by the fluxes is given by (see [77, 78])

Nflux ≡
1
`4s

∫
M3

F(3) ∧H(3) = (fBI hIA − hBI f IA) = hT · Σ · f = N † · Σ ·N
τ − τ̄

, (2.21)

and then, denoting by L the negative contribution from the D7’s and the orientifolds, we
have the bound

Nflux ≤ Nflux +ND3 = L , (2.22)

where ND3 ≥ 0 is the number of D3-branes.
Note that the expressions for the flux superpotential (2.18) and the previous one for

the D3-charge are both manifestly invariant under the action of the symplectic group
Sp(2h2,1 + 2,Z), provided the flux vector also transforms as

N −→ S ·N, S ∈ Sp(2h2,1 + 2,Z). (2.23)

Actually, the combined actions (2.6) and (2.23) represent redundancies of the supergravity
description, and therefore no-scale solutions related by these transformations should be
regarded as equivalent. In addition, the previous characterisation of flux vacua is also
invariant under SL(2,Z) transformations acting simultaneously on the axio-dilaton τ and
the fluxes as

τ → aτ + b

cτ + d
,

(
F3
H3

)
→
(
a b

c d

)
·
(
F3
H3

)
, (2.24)

with a, b, c, d ∈ Z and ad − bc = 1. As in the case of symplectic transformations, these
actions should also be regarded as redundancies, thus, different no-scale vacua connected
by them represent the same physical state.

As a final remark, it is important to emphasize that the no-scale structure leading to
the potential (2.19) is broken by α′ and non-perturbative effects [1–4, 79, 80]. However,
provided these corrections remain under control, they will only induce subleading contri-
butions to the mass spectra on the axio-dilaton/complex structure sector that we compute
below.3 Regarding the Kähler moduli, the leading α′ corrections generically induce a

3Here, following [1–4] we assume that no-scale configurations (2.20) represent a good classical background
for the computation of quantum corrections in string theory, including the case when W |τc,z

i
c
6= 0. For a

criticism of this approach see [81] (see also [82]).
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run-away direction for the compactification volume, i.e. when W |τc,zic 6= 0. Therefore, to
have a fully stabilised vacuum would require including further ingredients, such as non-
perturbative corrections. However, the stabilisation of the Kähler moduli is out of the
scope of the present work.

2.3 Mass spectrum at tree-level vacua

The main focus of the present work is the study of the mass spectrum at no-scale vacua,
{τc, zic}, satisfying (2.20). In this subsection we will enumerate the relevant properties of
the Hessian of the potential (2.19) at these points and its spectrum of eigenvalues. This
information will in turn determine the tree-level masses of the moduli fields.

At no-scale vacua the scalar potential vanishes identically, regardless of the configu-
ration of the Kähler moduli, as a consequence, the Kähler moduli remain flat directions
of Vtree. This means that to study the spectrum of excitations of these configurations,
it is sufficient to focus on the axio-dilaton/complex structure sector, since all the Kähler
moduli are massless. Additionally, in order to simplify the computations, we will make use
of the freedom to perform a field redefinition to bring the field space metric to a canonical
form at the vacuum {τc, zic}. To be more specific, since the Kähler metric (2.14) is real
and block-diagonal in the axio-dilaton and complex structure sectors, we can redefine the
complex structure fields as za = eai z

i with eai ∈ GL(h2,1,R), so that

(e−1)ia(e−1)jbKij̄ |τczic = δab (2.25)

with a, b = 1, . . . , h2,1. Then, the matrices eia ≡ (e−1)ia can be identified with a real
vielbein basis for the metric Kij̄ at the point {τc, zic}. Note that this does not completely
fix the freedom to choose a matrix eia, as we are still allowed to make field redefinitions
za → Λabzb (equivalently eai → Λabebi) preserving the canonical form of the metric, that
is with Λ ∈ SO(h2,1). Similarly, we can use the real vielbein eτ0 = i(τ − τ̄) to obtain
the canonical normalisation of the axio-dilaton at the vacuum {τc, zic}. For convenience
we will also use the index A = 0, . . . , h2,1 to collectively label the canonically normalized
axio-dilaton and the complex structure fields, so that the full Kähler metric in the axio-
dilaton/complex structure sector takes the form KAB̄ = δAB̄ at the no-scale vacuum.

After bringing the field-space metric to a canonical form, it is straightforward to check
that the Hessian of the scalar potential (2.19) at no-scale vacua {τc, zic} has the following
structure4

H ≡
(
∇A∇B̄V ∇A∇BV
∇Ā∇B̄V ∇Ā∇BV

)
=
(
ZACZ̄

C
B̄ + δAB̄m

2
3/2 2m3/2 ZAB e−iαW

2m3/2 Z̄ĀB̄ eiαW Z̄ĀC̄Z
C̄
B + δĀBm

2
3/2

)
, (2.26)

where m3/2 ≡ eK/2|W | is the gravitino mass, αW = arg(W ) is the phase of the flux
superpotential and ZAB ≡ eK/2DADBW . Equivalently, we can rewrite the Hessian as

H =
(
m3/2 1 +M

)2
with M≡

(
0 ZAB e−iαW

Z̄ĀB̄ eiαW 0

)
. (2.27)

4Indices are here raised and lowered with the canonical form of the metric δAB̄ and δAB̄ .
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Since the field space metric is already in a canonical form, the eigenvalues of the matrix
H can be identified with the squared masses of the 2(h2,1 + 1) real scalar fields in the
axio-dilaton/complex structure sector at {τc, zic}. Therefore to find the spectrum of H it
suffices to diagonalize the matrixM, which can be identified with the fermion mass matrix
(see, e.g., [83]). Moreover, note that the eigenvalues of M come in pairs of opposite signs
±mλ, and therefore the mass spectrum of the scalar sector at tree-level is simply [51]

µ2
±λ = (m3/2 ±mλ)2 ≥ 0 , (2.28)

where λ = 0, . . . , h2,1. The positivity of the masses squared µ2
±λ ensures that all no-scale

vacua are perturbatively stable, which could have been anticipated by noting that the
tree-level potential (2.19) is always non-negative, and vanishes at no-scale vacua.

In practice, the simplest way to find the fermion masses mλ, and thus also the scalar
mass spectrum, is to consider the (h2,1 + 1) × (h2,1 + 1) hermitian matrix (ZZ†)AB ≡
ZACZ̄

C
B̄, whose h2,1 + 1 eigenvalues m2

λ coincide with those of

M2 =
(
ZACZ̄

C
B̄ 0

0 Z̄Ā
CZCB

)
. (2.29)

Regarding the structure of the matrix ZAB, it is straightforward to prove that, at
no-scale vacua, we always have Z00 = eK/2(eτ0)2DτDτW = 0. Moreover, when our model
is defined in terms of a prepotential as in (2.10), we can simplify the computations with
the identity [15, 40]

Zij = −(τ − τ̄)eKcs κijkKkl̄ Z̄τ̄ l̄, (2.30)

which we have written in a form invariant under redefinitions of the zi fields to ease
comparison with previous works. If we instead use canonically normalised fields, plus the
definition of the rescaled Yukawa couplings κ̊abc = eKcsκabc, the previous identity takes the
simpler form

Zab = i κ̊abc Z̄0c . (2.31)

For later reference we will also collect here the following form of the tadpole constraint (2.22)
which, at no-scale vacua, can be expressed in terms of the expectation value of the gravitino
mass and the quantities Z0a as (see appendix A)

0 ≤ 4πV2
(
m2

3/2 + |Z0a|2
)

= Nflux ≤ L. (2.32)

To summarise, the scalar mass spectrum µ2
±λ at no-scale vacua (2.28) can be com-

puted from the gravitino mass m3/2, the quantities Z0a, and the canonically normalised
and rescaled Yukawas κ̊abc, using the formulae (2.31) and diagonalising the matrix ZZ†.
In the next section we will discuss compactifications on Calabi-Yau manifolds invariant
under a group of discrete symmetries. As we shall see, at no-scale vacua preserving those
symmetries, the structure of both the Yukawa couplings and Z0a is severely constrained.
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3 Flux vacua with enhanced symmetries

In this section we will consider the special case where the Calabi-Yau geometry is invari-
ant under a global group of discrete isometries. As discussed in [6], provided that only
fluxes which are invariant under these symmetries are turned on, the low energy action is
consistent with the supersymmetric truncation of a subset of the complex structure fields.
Indeed, in this setting the spacetime isometries act non-trivially on the complex structure
fields, while leaving the low energy supergravity action invariant. Then, the consistent
truncation of the theory is defined by restricting the complex structure moduli space to
the fixed locus of this symmetry, in other words, a subset of the fields is frozen at the fixed
locus. The consistency of the truncation ensures that any solution of the reduced theory
obtained after freezing a subset of the fields is also a solution of the complete theory. In
particular, critical points of the reduced scalar potential are also critical points in the full
effective theory. Moreover, if the fields surviving the truncation are stabilized at a super-
symmetric critical point, the full complex structure sector also preserves supersymmetry [6]
(see also discussion in [10]).

In the next paragraphs we will review how the presence of discrete symmetries in the
Calabi-Yau geometry can be used to truncate a sector of the complex structure fields.
We will also discuss the restrictions that these symmetries impose on the couplings of the
resulting reduced theory.

3.1 Invariant fluxes and low energy symmetries

As we mentioned in the introduction, in many interesting compactifications the Calabi-
Yau geometry is invariant under the action of a discrete group of transformations, G.
These transformations act on the complex structure fields, zi → ẑi, and thus also induce a
change on the period vector Π(zi). Since the Calabi-Yau geometry is left invariant under
these symmetries, these transformations must also leave the geometry on its moduli space
invariant. Therefore, the action of a transformation g ∈ G on the period vector must be of
the form

Π(zi) −→ Π(ẑi) = eΛg(z) Sg ·Π(zi) , (3.1)

with Λg(za) a holomorphic function of the complex structure fields and Sg a constant
symplectic matrix in Sp(2h2,1+2,Z), both determined by the group element g. In addition,
when the three-form fluxes are turned on, the invariance of the effective action under the
group G requires that the flux vector N = f−τh transforms as in (2.23). Then, it is easy to
check that under a transformation g ∈ G, the Kähler potential Kcs and the superpotential
W experience a g-dependent Kähler transformation

Kcs(ẑi, ˆ̄zi) = Kcs(zi, z̄i) + Λg(zi) + Λ̄g(z̄i) , Wf̂ ,ĥ(ẑi) = e−Λg(z)Wf,h(zi) . (3.2)

Here we have explicitly indicated for clarity the dependence of the superpotential on the
flux vectors (f, h) and their transformed values (f̂ , ĥ) under (2.23). However, the symmetry
groups G that we are considering are discrete and of finite order, and thus it is always pos-
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sible to choose a Kähler gauge so that Kcs and W transform as scalars under5 G (see [84]),
that is,

Kcs(ẑi, ˆ̄zi) = Kcs(zi, z̄i) , Wf̂ ,ĥ(ẑi) = Wf,h(zi) . (3.3)

It is important to note that despite of the behaviour (3.3) of the Kähler potential
and the flux superpotential under the group of transformations G, generically they do not
constitute a proper symmetry of the low energy effective theory for the moduli fields [8].
Indeed, each choice of fluxes defines an effective theory for the moduli, where the flux inte-
gers (f, h) appear as coupling constants (see [85]). Therefore, since the group G generally
acts non-trivially on the fluxes, i.e., the couplings of the EFT, in general it will not cor-
respond to a low energy symmetry for the moduli effective action. On the contrary, if we
restrict the flux configuration N = f−τh to be invariant under the transformations (2.23),
then G will be a symmetry of the low-energy action defined by this choice of fluxes. Indeed,
from (3.3) we have that for an invariant set of fluxes

Kcs(ẑi, ˆ̄zi) = Kcs(zi, z̄i) , Wf,h(ẑi) = Wf,h(zi) , (3.4)

so the low energy supergravity theory of the moduli is properly invariant under the action
of G.

In the following we will assume that the fluxes are invariant under the action of G,
and we will again omit the subscripts (f, h) in the superpotential in order to simplify the
notation.

3.2 Consistent truncation of the moduli space

We will now discuss how the symmetry group G aids in the task of finding solutions to
the no-scale equations (2.20). In general, for a given group G we can always split the
complex structure fields into two sets, zi = {zα, wα′}: those invariant under the action
of the symmetry group, zα with α = 1, . . . , h2,1

red, and those fields which transform non
trivially, wα′ → ŵα

′ , where α′ = h2,1
red + 1, . . . , h2,1.

Then, if the symmetry group G admits a fixed locus on the moduli space, i.e., a con-
figuration of the fields wα′∗ satisfying ŵα′∗ = wα

′
∗ , the derivatives of the scalar potential V

and the Kähler potential along the non-invariant fields wα′ must vanish there

∂wα′V = 0 , Kwα′ = 0 at zi = (zα, wα′∗ ) for all τ, zα . (3.5)

To prove this it is sufficient to note that, for an invariant choice of fluxes, both the no-scale
potential V and the Kähler potential transform as scalar fields under the action of G, and
thus ∂ziV and Ki will transform as tensors. Then, in the case of the scalar potential, we
have that a generic point of the moduli space satisfies

∂wα′V (zα, wα′) = ∂ŵβ
′

∂wα′
∂ŵβ′V (zα, ŵβ′) . (3.6)

5The invariant Kähler gauge K inv
cs = Kcs + Λinv(z) + Λ̄inv(z̄) can be found noting that under a transfor-

mation g : zi → ẑi we must have Λinv(ẑ) = Λinv(z)−Λg(z). It is easy to check that this condition is solved
by Λinv(z) = 1

[G]
∑

g∈G Λg(z), where [G] is the order of the group G.
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At the fixed locus, where ŵα′∗ = wα
′
∗ , the previous expression can be seen as a system

of equations for ∂wα′V (zα, wα′∗ ). But this system only admits the trivial solution (3.5)
because, by assumption, all the fields wα′ transform non-trivially away from the fixed
point implying that all equations are independent. Moreover, in the previous discussion
the expectation values of the dilaton or the G-invariant fields are irrelevant, and therefore
the fixed point will always be a stationary point of the superpotential regardless of the field
configuration (τ, zα). Although our argument has been derived in the particular Kähler
gauge where Kcs and W transform as scalars (3.3), our conclusion is a Kähler invariant
statement. Different derivations can be found in [6, 10, 12].

The left condition in (3.5) implies that the fixed locus of the symmetry group G is
always a critical point of the scalar potential, while the right one leads to a consistency
condition on the geometry of the moduli space. In particular, this geometric condition
implies that the moduli space metric on the fixed locus is block-diagonal in the truncated
and surviving sectors Kzαw̄β′ = 0. Moreover, the reduced moduli space defined by the fixed
locus wα′ = wα

′
∗ must be a totally geodesic submanifold of the full moduli space (see [51]).

In other words, any geodesic on the moduli space manifold with at least one point located
at the fixed locus of G, and which is locally tangent to it, should be entirely contained in
the reduced moduli space.

These are very strong requirements which ensure the consistency of freezing the moduli
wα
′ at the level of the EFT Lagrangian LEFT(τ, zi), thus defining a reduced theory involving

the surviving fields alone:

LredEFT(τ, zα) ≡ LEFT(τ, zα, wα′ = wα
′
∗ ) . (3.7)

Indeed, the conditions (3.5) guarantee that any solution of the reduced theory given by
LredEFT is also a solution of the complete EFT. Moreover, using (3.4) and a similar argument
to the one given above, it is possible to prove that the flux potential is also extremized at
the fixed locus of G

Dwα′W |w=w∗ = ∂wα′W |w=w∗ = 0 for all τ, zα , (3.8)

which means that the truncated fields wα′ preserve supersymmetry there. If supersymmetry
is preserved in the reduced theory, it is also unbroken in the original EFT. Then, the process
of freezing the non-invariant fields wα′ constitutes a consistent supersymmetric truncation
of the theory6 (see [50, 51, 86]).

From (3.8) it follows that compactifications admitting a discrete symmetry group are
particularly convenient for the search of no-scale vacua since at the fixed locus of G, the
non-invariant fields automatically satisfy the no-scale equations (2.20). No-scale vacua
located at the fixed locus of the symmetry group G are often called enhanced symmetry
vacua. Moreover, provided we are interested only in this class of vacua, the consistency
of the truncation ensures that it is sufficient to calculate the couplings, i.e., the period
vector, of the reduced action (see, e.g., [12, 41, 87–90]), which renders the computation of
the EFT tractable.

6It is important to emphasize that by this procedure the non-invariant deformations are not projected out,
as it happens when orientifolding a Calabi-Yau or in the Green-Plesser construction of mirror Calabi-Yau
duals. Here the non-invariant fields are still degrees of freedom of the EFT.
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3.3 Mass matrix structure at enhanced symmetry vacua

The high degree of symmetry present in low energy theories with G-invariant fluxes provides
valuable information regarding the structure of the fermion mass matrix and the Hessian at
enhanced symmetry vacua. First, as we saw above, at the fixed locus of G the moduli space
metric is block diagonal in the truncated and surviving sectors, and from (3.5) and (3.8)
it also follows that

DτDwα′W |w∗ = DzαDwβ′W |w∗ = 0 , ∇zα∇wβ′V |w∗ = ∇zα∇w̄β′V |w∗ = 0 , (3.9)

regardless of the configuration of the reduced moduli (τ, zα). This, in turn, implies
that the fermion mass matrix M = M{τ,zα} ⊗ M{wα′} and the Hessian of the poten-
tial H = H{τ,zα} ⊗ H{wα′} are block-diagonal in the two sectors at no-scale vacua, which
means that it is consistent to study the perturbative stability of the fields (τ, zα) and wα′

separately. Moreover, the particular structure of the fermion mass matrix on the EFTs we
are considering, i.e., the identity (2.30), leads to an additional simplification. From (3.9)
it is easy to see that the only non-vanishing quantities Zτzi are those with components on
the surviving sector, Zτzα .

Collecting all the previous results, and using (2.31), we can see that the components
of the canonically normalised matrix ZAB which appears inM satisfy the relations

Z0wa′ = Zzãwb′ = 0 , Zzãzb̃ = iκãb̃c̃ Z̄0̄z̄c̃ , Zwa′wb′ = iκa′b′c̃ Z̄0̄z̄c̃ , (3.10)

where fields zã correspond to the canonically normalised fields of the reduced theory, ã, b̃ =
1, . . . , h2,1

red (see eq. (2.25)), and wa
′ to those of the truncated sector, a′, b′ = h2,1

red+1, . . . , h2,1.
Thus, the main result of this section can be summarized as follows: at enhanced

symmetry vacua the canonically normalized Hessian of the no-scale potential can be entirely
expressed in terms of the derivatives of the flux superpotential of the reduced theory, Z0zã ,
plus k̊ãb̃c̃ and k̊a′b′c̃ of the canonically normalized invariant Yukawa couplings. Furthermore,
in the class of models we are interested in, the sector surviving the truncation is one
dimensional (see the sample in table 1), and thus the indices ã, b̃ and c̃ in (3.10) can only
take one value, which we choose to be “1” without loss of generality. The non-vanishing
components of the matrix ZAB then read

Z11 = i κ̊111 Z̄0̄1̄, Za′b′ = i κ̊a′b′1 Z̄0̄1̄. (3.11)

As we shall see in section 4, for the class of models we discuss here, the quantities κ̊111 and
κ̊a′b′1 appearing in these expressions can also be completely expressed in terms of the field
expectation values and the known couplings of the reduced theory.

4 Complete tree-level mass spectrum

We begin the present section by deriving certain universal properties of the type-IIB cou-
plings which are valid in a generic Calabi-Yau compactification at LCS. We will then
restrict ourselves to Calabi-Yau manifolds admitting a symmetry group which enables a
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# Manifold (h1,1, h2,1) G Reference

1 WP4
[1,1,1,1,1] (1, 101) Z3

5, Z41, Z51,
Z5 × Z13

[41, 57, 58]

2 WP4
[1,1,1,1,2] (1, 103) Z3 × Z2

6 [57, 66]

3 WP4
[1,1,1,1,4] (1, 149) Z2

8 × Z2 [57, 66]

4 WP4
[1,1,1,2,5] (1, 145) Z2

10 [57, 66]

5 WP4
[1,1,1,1,1]/Z5 × Z5 (1, 5) Dic3, Dic5 [59]

6 X20,20 (20, 20)
SL(2, 3),
Z3 × Z8,
Z3 ×Q8

[60, 63]

7 X20,20/Z3 (3, 3) Q8 [60, 63]

Table 1. Selection of Calabi-Yau geometries which admit a consistent supersymmetric truncation of
the moduli space. The truncation is defined by the fixed locus (on the moduli space) of the symmetry
group G, and effectively reduces the number of moduli to (h1,1, h2,1)→ (h1,1

red = 1, h2,1
red = 1). In the

cases 1, 5 and 6, the fixed locus of each of the groups G leads to one or more distinct Calabi-Yau
families. The manifoldX20,20 is the“24-cell” Calabi-Yau threefold with hodge numbers h1,1 = h2,1 =
20 [60], and the symbols Q8 and Dicn stand for the quaternion and dicyclic groups respectively.

consistent reduction of the complex structure moduli space to a single surviving field.
Using these results together with the ones in the previous sections we will show how to
compute the tree-level spectrum for the complete axio-dilaton/complex structure sector at
no-scale vacua.

4.1 Universal features of the type-IIB effective field theory

In this subsection we will obtain general properties satisfied by the canonically normalised
Yukawa couplings in the large complex structure regime. More specifically, we will show
that a subset of the rescaled Yukawas κ̊abc can be expressed in terms of a single parameter
ξ ∈ [0, 1/2], which can be defined in terms of known quantities appearing in the reduced
theory as

ξ ≡ −2eKcs Im κ0
1 + 2eKcs Im κ0

. (4.1)

This quantity can be understood as a coordinate parametrising the complex structure
moduli space, with the LCS point located at ξ = 0. For the models we are interested
in, with a few Kähler moduli and a large complex structure sector h1,1 � h2,1, we have
from (2.11) that Im κ0 < 0. Combined with the definition (4.1), the latter condition also
implies that physical configurations satisfy ξ ≥ 0. Then, it is easy to check that field
configurations with ξ = 1/2 are those at the boundary of the moduli space, that is, for
ξ > 1/2 the Kähler metric has a negative eigenvalue, leading to unphysical solutions.

The argument below will proceed along the lines of [68, 91, 92], where analogous prop-
erties for the Yukawas where found strictly at the LCS point (ξ = 0). But here we will
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only assume that the exponentially suppressed instanton contributions to the prepoten-
tial (2.10) can be entirely neglected. Therefore, the results presented below generalize
those of [68, 91, 92], as the regime of validity of our analysis can be extended to the entire
region of the moduli space where the polynomial approximation of the prepotential (2.10)
is under control.

The starting point of the derivation is the Kähler metric (2.14) on the complex structure
moduli space. Following [68] we introduce the following real vector of unit norm

ei1 ≡
1
x

(z + z̄)i, Kij̄ e
i
1ē
j
1 = 1, (4.2)

where the parameter x is a normalisation constant which has yet to be determined. Without
loss of generality, and making use of the residual SO(h2,1) freedom to define the canonically
normalised fields, we rotate the vielbein basis eia so that the first vector coincides with ei1.
Since the Kähler metric (2.14) has the canonical form δab when expressed in the basis eia,
we find that the rescaled and canonically normalised Yukawa couplings should satisfy

δab = −κ̊ab1x+ 1
4 κ̊a11κ̊b11x

4 . (4.3)

Note also that from the definition of the Yukawa couplings, κ̊abc = eKcsκabc, and the
expression for the Kälher potential (2.13), we have

e−Kcs = 1
6κ111x

3(1 + ξ) =⇒ 1
6 κ̊111x

3(1 + ξ) = 1 . (4.4)

Solving the two previous conditions for the Yukawas of the form κ̊ab1, it is straightforward
to obtain

κ̊111 = 2(1 + ξ)2√
3(1− 2ξ)3 , κ̊a′11 = 0 and κ̊a′b′1 = − 1 + ξ√

3(1− 2ξ)
δa′b′ , (4.5)

with a′, b′ = 2, . . . h2,1. The rest of the rescaled Yukawa couplings κa′b′c′ are not constrained
by the conditions above, and therefore a priori they can be generic. The normalisation
constant x of the vielbein ei1 is found to be

x2 = 3(1− 2ξ)
(1 + ξ)2 . (4.6)

To the best of our knowledge these relations have never been presented before in the
literature.

The direction specified by the vielbein ei1 has a concrete geometrical significance. It
corresponds to the no-scale direction of the complex structure moduli space [93, 94]

Ka = −1
2 κ̊a11x

2 = −
√

3/(1− 2ξ)δ1
a . (4.7)

The previous relation also implies the following generalised no-scale property

KiKj̄K
ij̄ = 3/(1− 2ξ) ≥ 3 , (4.8)
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which is satisfied by any type-IIB compactification with h1,1 ≤ h2,1 at LCS (see appendix
A in [93]).

Note that in the models we are interested in, where only one field survives the trunca-
tion, the v.e.v. of the complex structure field za is necessarily aligned with the vector Z0a,
since both of them point along the unique direction of the reduced complex structure mod-
uli space. Therefore, the Yukawa couplings κ̊a′b′1 computed above are precisely those also
appearing in the expression (3.11), and thus we already have all the necessary ingredients
we require to compute the tree-level spectrum at a generic no-scale vacuum.

4.2 Fermion and scalar mass spectra at no-scale vacua

We begin by computing the fermion mass spectrum as described in section 2.3, that is,
diagonalising the hermitian matrix ZZ†, and using the formula (2.28) to obtain the masses
of the scalar fields. First, since the vector Z0a = δa1Z01 is necessarily aligned with the
no scale direction, from the expressions (4.5) for the rescaled Yukawa couplings, and the
relations (3.11), we find that matrix ZAB has the following structure

ZAB =


0 Z01 0
Z01 i̊κ(ξ)Z̄01 0
0 0 − 1+ξ√

3(1−2ξ)
δa′b′Z̄01

 , (4.9)

where we used the shorthand κ̊(ξ) ≡ κ̊111(ξ). Then, after factorising an overall scale
msusy ≡ |Z01| = |eK/2D0D1W |, and computing the spectrum of eigenvalues m2

λ of ZZ†,
we obtain

mλ/msusy =


m̂(ξ) λ = 0
1/m̂(ξ) λ = 1

1+ξ√
3(1−2ξ)

λ = 2, . . . , h2,1
, (4.10)

where we defined
m̂(ξ) ≡ 1√

2

(
2 + κ̊(ξ)2 − κ̊(ξ)

√
4 + κ̊(ξ)2

)1/2
, (4.11)

which is shown in figure 1.
Interestingly, it can be seen that all the fermions on the truncated sector have the same

mass. In particular, at the LCS point (ξ = 0) the fermion mass spectrum reads simply

m0/msusy = 1√
3
, m1/msusy =

√
3, and mλ′/msusy = 1√

3
, (4.12)

with λ′ = 2, . . . , h2,1.
The mass spectrum of the scalar fields can be immediately obtained from equa-

tion (2.28). To write it down, it is convenient to introduce the angular parameter θW
(dependent on the choice of flux) as

cos θW ≡
Vm3/2√
Nflux/4π

, with θW ∈ [0, π/2] , (4.13)

where the range of values of θW follows from the tadpole constraint (2.32). Despite ap-
pearances, the parameter θW has no dependence on the Calabi-Yau volume or the Käher
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Figure 1. Plot of m̂(ξ), as defined in (4.11).

moduli, since the combination Vm3/2 = 1√
2eKcs/2 Im(τ)−1/2|W |, often denoted by W0 in

the literature, depends solely on the axio-dilaton and complex structure fields. Further-
more, recalling that Z0a′ = 0, we find from (2.32) that the total D3-charge induced by
fluxes is simply

Nflux = 4πV2
(
m2

3/2 +m2
susy

)
=⇒ tan θW = msusy/m3/2 , (4.14)

and then it is straightforward to check that the complete set of scalar masses at tree-level
in the axio-dilaton/complex structure sector is given by

µ2
±λ/m

2
3/2 =



(1± tan θW m̂(ξ))2 λ = 0(
1± tan θW

m̂(ξ)

)2
λ = 1(

1± (1+ξ) tan θW√
3(1−2ξ)

)2
λ = 2, . . . , h2,1

. (4.15)

This mass spectrum is the main result of this paper. All the parameters appearing in the
previous expression can easily be computed in the reduced theory, as ξ is determined by the
configuration of the complex structure fields surviving the truncation, and θW depends only
on the expectation value of the flux superpotential W0 and the total D3-charge induced
by fluxes Nflux.

It is worth noticing that this result is independent of both the specific details of the
compactification and the number of moduli fields. Moreover, these masses only depend on
the choice of flux via an overall scale given by the gravitino mass m3/2 = W0/V and the
angular parameter θW . We have chosen to present the masses normalised by the gravitino
mass in order to eliminate their dependence on the Calabi-Yau volume V, which appears
as an overall multiplicative factor.

An interesting case to mention is that of the KKLT scenario [1], where the consistency
of the EFT requires that the value ofW0 � 1 is very close to zero, or equivalently θW ∼ π/2.
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In this limit the scalar spectrum simplifies to

KKLT scenario: µ2
±λ/m

2
3/2 ≈


tan2 θW m̂(ξ)2 λ = 0
tan2 θW
m̂(ξ)2 λ = 1

(1+ξ)2 tan2 θW
3(1−2ξ) λ = 2, . . . , h2,1

, (4.16)

implying that all the masses in the spectrum are very large compared to the gravitino
mass, µ2

±λ � m2
3/2. As discussed in detail in [95–97], in generic situations this guarantees

the consistency of neglecting the complete axio-dilaton/complex structure sector in KKLT
constructions, even after including quantum corrections and supersymmetry breaking ef-
fects in the theory. However, very light modes might still appear in the spectrum when
considering no-scale solutions at special points of the moduli space [98, 99].

In the following two subsections we will discuss another two special cases where the
value of the parameter θW is fixed, and thus we can write the entire (normalised) mass
spectrum as a function of the parameter ξ alone.

4.3 Flux vacua with massless scalars

An important consequence of (4.15) is that at no-scale vacua we might encounter spectra
with very light or even massless scalar fields, since tan θW ∈ [0,∞). In general the presence
of those light fields is not convenient for phenomenological applications, as such vacua might
become tachyonic after including quantum corrections or due to supersymmetry breaking
effects. However, no-scale solutions with light (or massless) modes are still of interest for
certain constructions of dS vacua [100, 101], and for implementing inflation. Thus, we will
now briefly discuss the properties of their mass spectra.

Note that, for any given value of the parameter ξ, there are three values of θW such
that the spectrum contains one, or several massless modes. They are given by

tan θW0 = m̂(ξ)−1 , tan θW1 = m̂(ξ) , and tan θW2 =
√

3(1− 2ξ)
1 + ξ

, (4.17)

and for each of these values the massless field(s) correspond(s) to µ2
−0, µ2

−1, and µ2
−λ′ ,

respectively. The corresponding spectra associated to these branches of vacua are displayed
in figures 2 and 3. In the case of the critical values θW = θW0 and θW = θW1 , away from
the LCS point (ξ > 0) the spectrum contains exactly one vanishing mass, corresponding
to fields in the reduced theory: µ2

−0 = 0 and µ2
−1 = 0, respectively. In those two cases all

the other fields have masses of at least the order of the gravitino mass. These classes of
vacua might be particulary interesting to realise the construction of dS vacua of [100, 101],
which required a massless field in the complex structure sector at tree-level. Regarding the
last branch, θW = θW2 , away from the LCS point the spectrum contains h2,1 − 1 massless
modes µ2

−λ′ = 0, that is half of the scalar modes in the truncated sector.
In section 6 we will discuss the statistics of this mass spectrum in the ensemble of

no-scale flux vacua. This will help us to estimate how generic these classes of vacua are in
the Landscape.
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Figure 2. Scalar mass spectra associated with the critical values for θW (4.17) where the mass
spectrum contains at least a zero mode. (a) Spectrum for θW = θW0 where µ2

−0 = 0 and µ2
+0 =

4m2
3/2. (b) Spectrum for θW = θW1 where µ2

−1 = 0 and µ2
+1 = 4m2

3/2.
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Figure 3. Scalar mass spectrum for θW = θW2 where there are h2,1 − 1 massless modes in the
truncated sector µ2

−λ′ = 0 and µ2
+λ′ = 4m2

3/2.

4.4 No-scale vacua with N0
A = 0

In the present subsection we consider the second class of no-scale vacua for which the
parameter θW is fixed in terms of ξ, namely flux vacua where the flux vector satisfies the
constraint N0

A = 0. The flux N0
A is associated to the period (2.9) that grows without bound

in the LCS limit. The main consequence of setting this flux to zero is that the terms of
the superpotential which are cubic in zi are also identically zero.

The main motivation to study this class vacua is the analyses done in [67, 68]. On
the one hand, in [67] it was argued (via a numerical analysis) that for generic choices of
the fluxes, and at points of the moduli space near the LCS point the cubic terms of the
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superpotential typically become dominant.7 On the other hand, as proven in [67, 68], when
the cubic terms of W dominate no vacua can exist in the region of the moduli space where
ξ ≈ 0. As a consequence no-scale vacua with N0

A 6= 0 are expected to be very scarce, or even
non-existent, in a small neighbourhood of the LCS point. On the contrary, the conclusions
in [67, 68] cannot be applied to the class of vacua where the flux N0

A is set to zero, since
the cubic terms of the superpotential are identically zero, and therefore can never become
dominant. Thus, it is expected that the constrained class of vacua with N0

A = 0 may still
be present, and even become the dominant type of vacua in a small neighbourhood of the
LCS point.

To give further support to this conclusion, in appendix D we have estimated the
minimal values of ξ for which it is possible to find no-scale solutions with both non-vanishing
N0
A and when subject to the constraint N0

A = 0. We find

ξmin|N0
A 6=0 &

| Im κ0|
4
√
Nflux

(4.18)

for N0
A 6= 0, while in the case N0

A = 0 the parameter ξ remains unbounded below. In
agreement with the analyses in [67, 68], we can see that vacua with N0

A = 0 are expected
to be dominant in a small neighbourhood of the LCS point. As we shall show in section 6,
the numerical scan of no-scale vacua in the WP4

[1,1,1,1,4] model confirms this expectation,
and matches perfectly with the conclusions of [67, 68].

To prove that in this type of vacua the angular parameter θW is determined by the
value of ξ, it is convenient to make use of the Hodge decomposition of the flux vector
N [15]. As we review in appendix A, at any given no-scale vacuum {τc, zic} the flux
vector can be written in terms of the period vector Π and its Kähler covariant derivatives
DaΠ = (∂a +Ka)Π as

N =
√

4πeKcs
(
iW Π̄ +D0̄DāW̄ DaΠ

)
. (4.19)

Setting N0
A = 0 in this expression, we find

W = iD0̄DāW̄ Ka , (4.20)

where we have used that in the gauge (2.9) the period vector satisfies Π0
A = 1. Finally,

taking into account the result (4.7) and the definition of the angular parameter θW (4.13)
together with (2.32), we arrive at the constraint

tan θW =
√

(1− 2ξ)/3 =⇒ θW ∈
[
0, π6

]
. (4.21)

Alternatively, this relation can be expressed in the following useful way.

W 2
0 = V2m2

3/2 = 3Nflux
8π(2− ξ) ≥

Nflux
8π ∼ O(10–103), (4.22)

which relates the flux parameter W0 and the total D3-charge Nflux. From here we can see
immediately that these solutions are not compatible with the KKLT construction of dS

7Actually this is true even for points in field space not associated with a vacuum.
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Figure 4. Spectrum of scalar masses for vacua with the restriction N0
A = 0 on the flux configura-

tion. The masses are plotted as a function of the LCS parameter ξ ∈ [0, 1/2] and are normalised
by the gravitino mass m3/2. (a) Branches corresponding to the masses {µ2

±0, µ
2
±λ′}, where µ2

±λ′

are the 2(h2,1 − 1) masses in the truncated sector. (b) Scalar mass branches {µ2
+1, µ

2
−1}. We can

see that in these branches of vacua there are no light truncated fields µ2
±1 � m2

3/2 in the entire
LCS regime.

vacua, since that scenario requires W0 � 1. On the contrary, this class of no-scale vacua
is suitable for the construction of LVS vacua, where W0 ∼ O(1–10).

In order to find the scalar spectrum at these no-scale solutions, we just need to sub-
stitute the relation (4.21) into our main result (4.15), which leads to

N0
A = 0 : µ2

±λ/m
2
3/2 =



(
1±

√
(1− 2ξ)/3 m̂(ξ)

)2
λ = 0(

1±
√

(1−2ξ)√
3m̂(ξ)

)2
λ = 1(

1± 1+ξ
3

)2
λ = 2, . . . , h2,1

. (4.23)

We have displayed the dependence of these masses on the parameter ξ in figure 4. Note
that the previous spectrum is independent of the details of the Calabi-Yau compactification.
With the aid of (4.22), it can be computed entirely from the total D3-charge Nflux, the
LCS parameter ξ, and the Calabi-Yau volume V.

Finally, as we approach the LCS point, ξ → 0, the mass spectrum (4.23) takes the
universal form

N0
A = 0, ξ = 0 : µ2

±λ/m
2
3/2 =


(
1± 1

3

)2
λ = 0, 2, . . . , h2,1

(1± 1)2 λ = 1
. (4.24)

This result is reminiscent of the deterministic spectra found in [67, 68] at generic moduli
configurations (not necessarily vacua) near the LCS point.
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5 Example: the WP4
[1,1,1,1,4] model

In order to illustrate our results we have analysed a large sample of no-scale vacua of an ori-
entifold of the Calabi-Yau hypersurface WP4

[1,1,1,1,4] (the octic). We will now briefly review
the effective field theory for the compactification of type-IIB superstrings in this Calabi-
Yau, and we will discuss the statistical properties of the resulting ensemble in section 6.
For a more detailed description of this compactification we refer the reader to [7, 57].

5.1 Effective theory

The Calabi-Yau geometries that we will consider can be defined in terms of the following
family of hypersurfaces

4x2
0 + x8

1 + x8
2 + x8

3 + x8
4 − 8ψx0x1x2x3x4 = 0 (5.1)

in the complex projective space xi ∈WP4
[1,1,1,1,4] (Model 3 of table 1).

This family of hypersurfaces is characterised by a single complex deformation parame-
ter ψ, with argψ ∈ [0, π4 ]. However, this Calabi-Yau three-fold has h1,1 = 1 Kähler moduli
and h2,1 = 149 complex structure fields, and thus there are many other deformations that
one could consider. The Calabi-Yau geometries described by (5.1) are all invariant under
a large group of discrete symmetries, namely G = Z2

8 × Z2 with order [G] = 128, and all
the deformations that we have not included in (5.1) are those transforming non-trivially
under this group [6, 7]. Thus, by retaining only the deformation parametrised by ψ, we
are realizing a consistent truncation of the complex structure moduli space, just as we
discussed in section 3.

In the neighbourhood of the large complex structure point, ψ → ∞, the truncated
action is characterised by the prepotential [57, 66]

F(z) = i
3z

3 + 3
2z

2 + i11
6 z − i 37

2π3 ζ(3) + Finst , (5.2)

where z ≈ 4
π log(4ψ) and Im z ∈ [−1/2, 1/2). Here, Finst represents exponentially sup-

pressed instanton corrections to the prepotential. Its leading term is of the form

Finst ≈ −
in1

(2π)3 e−2πz + . . . , with n1 = 29504 . (5.3)

The expansion for the prepotential (5.2) around the LCS point converges in the region
|ψ| > 1, or equivalently ξ . ξcnf ≡ 0.39, away from the conifold singularity at ψ = 1 [57,
66]. However, here we will require in addition that the instanton corrections cause small
variations on the moduli space geometry and the relevant physical quantities (e.g., the
Yukawa couplings κ̊abc, the vielbeins eai , and m3/2). As we discuss in appendix D.3, the
most restrictive bound is found when imposing that the relative corrections to the moduli
space vielbein are small. Although this is checked for each particular vacuum, a simple
estimate shows that the corrections remain moderately small (< 20%) as long as the LCS
parameter satisfies

ξ . ξmax = 0.185 < ξcnf , (5.4)

which is a more conservative bound than just requiring the convergence of (5.2).
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Following [6, 7, 15], we will regard this compactification as an orientifold limit of
a compactification of F -theory on the fourfold M4 = WP5

[1,1,1,1,8,12], where the orientifold
action is defined by the transformations8 x0 → −x0 and ψ → −ψ [102, 103]. The advantage
of considering the embedding in F -theory is that compactifications on a fourfold allow a
great deal of freedom in the choice of fluxes, which is particularly appropriate for performing
a statistical analysis [15]. Indeed, the tadpole constraint L is

L = χ(M4)
24 , (5.5)

where χ(M4) is the Euler number of the fourfold, which typically greatly exceeds the one
of the associated Calabi-Yau orientifold M̃3. In the case at hand, the Euler number of the
fourfold WP5

[1,1,1,1,1,8,12] is χ(M4) = 23, 328, and thus the upper bound on the D3-brane
charge induced by the fluxes is Nflux ≤ L = 972.

As a final remark, note that the F-theory embedding also requires including in the
theory additional D7-brane moduli (see [104]). The problem of the stabilisation of those
moduli is however beyond the scope of the present paper, and we refer the reader to [105–
109] and the references therein for works on the subject.

5.2 Numerical search for flux vacua

In order to perform a numerical exploration of the flux landscape of the octic, we have
used Paramotopy [110]. This software uses a numerical technique known as the Polyno-
mial Homotopy Continuation (PHC) method [111, 112], which efficiently finds all roots
of non-linear polynomial systems, such as the no-scale equations (2.20) (see appendix B).
Therefore, given a flux ensemble satisfying the tadpole condition (2.22), the PHC method
allows for an exhaustive search of all the solutions to the no-scale equations (2.20) [113, 114].

As described in detail in appendix B, we have constructed two separate ensembles of
no-scale vacua: one with generic fluxes satisfying the tadpole constraint, and one where
fluxes additionally satisfy the condition N0

A = 0, as considered in section 4.4. We shall
refer to them as the generic and constrained ensembles, respectively. The starting point
for the construction of each of the ensembles is a collection of fluxes f and h randomly
selected from a uniform distribution with support [−50, 50]. This starting set consists of
107 choices of flux for the generic ensemble, and 106 choices for the constrained one.

For each choice of flux, the corresponding set of no-scale vacua were found using the
PHC method. We then selected all solutions which have a small string coupling constant
gs = (Im τ)−1 < 1 and small instanton corrections, i.e., which satisfy (5.4). In addition,
when constructing the ensemble we checked that there was no double-counting of vacua re-
lated by either an SL(2,Z) action (2.24), or the symplectic transformations (2.6) and (2.23).
Regarding the symplectic transformations, as proposed in [8], all no-scale solutions have
been mapped to the fundamental domain of the axio-dilaton, where the redundant copies

8As shown in [6], it is possible to turn on the three-forms F(3) and H(3) on the four periods of the reduced
theory consistently with the orientifold action.
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Figure 5. Distribution of the numerically generated set of generic no-scale solutions on the (τ, z)
field space. We have represented in orange vacua with large instanton corrections > 20% (leading
term in (5.3)), in blue when corrections are in the range 1 − 20%, and in purple when corrections
are < 1%. The (Re z, Im τ) plane exhibits nicely delineated regions, which are nevertheless likely
to be blurred by higher order contributions to (5.3). The generic ensemble of vacua analysed in
the text is comprised of those solutions with small instanton corrections < 20%, and small string
coupling gs = (Im τ)−1 < 1 (blue and purple, 119,139 solutions).

have been identified and discarded.9 As for symplectic transformations, there is the mon-
odromy around the LCS point [57, 66] which we have treated similarly, by mapping all
solutions to a fundamental domain of the complex structure modulus z and eliminating
duplicate solutions.

The ensemble of vacua with unconstrained fluxes that we obtained with this method
contains 119, 139 solutions, while the constrained ensemble has 57, 487. The results of this
procedure for the generic ensemble are displayed in figure 5, where we show the distribution
of no-scale vacua in the fundamental domain of the axio-dilaton τ , in the complex structure

9We avoided imposing conditions on the fluxes to eliminate the redundancies, as done, e.g., in [113, 114].
In particular, our analysis showed that the constraints on the fluxes proposed in [113] to deal with the
SL(2,Z) symmetry lead to spurious correlations arising in the statistical analysis, and which are incompat-
ible with the predictions derived from the continuous flux approximation [15].
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Figure 6. Fermion masses in the WP4
[1,1,1,1,4] compactification versus the LCS parameter ξ at no-

scale vacua. The fermion masses are normalised by the supersymmetric mass scale, m̃λ ≡ mλ/msusy.
The uppermost and lowermost thick curves represent the analytic result in (4.10) for the two
fermions in the reduced theory. The thin solid curves, composed of (indistinguishable) data points,
show masses obtained diagonalising numerically the fermion mass matrix (2.29) at each vacuum of
the ensemble. The middle dashed curve represents the mass of the 148 fermions in the truncated
sector (with a priori unknown EFT couplings), which was computed via the third equation in (4.10).

field z, and in the (Re z, Im τ). For completeness, let us mention that more conservative
constraints could be imposed on the vacua, e.g., gs < 0.1 and instanton corrections below
< 1%, leading to a considerably smaller ensemble with 427 vacua. However, in order to
have a sufficiently large sample to perform the statistical analysis, in the following we will
consider all vacua in the weak coupling regime gs < 1 and with moderately small instantons
corrections < 20%.

In order to check the validity of our main result, (4.10), at each of the no-scale solu-
tions, we computed the eigenvalues of the fermion mass matrix (2.27) for the reduced theory
(involving only τ and z) using two different methods: first via the direct diagonalisation of
the mass matrices obtained numerically, and then using the analytic formula (4.10). We
display the outcome of these computations in figure 6, which demonstrates the perfect the
agreement of both methods. Regarding the 148 truncated complex structure moduli, al-
though the EFT given above has no specific information about them, the expressions (4.10)
allowed us to determine the fermionic masses corresponding to this sector at each no-scale
solution. Finally, the scalar mass spectra in the whole axio-dilaton/complex structure sec-
tor for the ensemble of no-scale solutions were computed via (2.28). We checked that these
masses coincide with those obtained by diagonalizing the Hessian (2.26) at each no-scale
vacuum. The statistical properties of these spectra will be analysed in the next section.
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6 Statistics of vacua

As we discussed in section 4, the no-scale mass spectrum will depend in general on the flux
configuration. To determine the properties of the spectra that may arise in the ensemble
of flux vacua, we will adopt the statistical approach of [15], and derive the probability
distributions for the masses and other quantities of interest. We begin by presenting the
relevant formulae for general compactifications before using them to study the particular
models we consider.

Our starting point for this analysis will be the formula for the density of flux vacua
derived in [15] using the continuous flux approximation. This approximation is based on
the assumption that for large tadpoles, L � 1, flux quantisation can be neglected, and
thus it is possible to replace the sums over flux configurations by integrals.∑

NI
A,N

B
I

−→
∫
d2nNAd

2nNB , (6.1)

where n = h2,1 + 1 and each component of N = f − τh is a complex number parametrized
by the two tuples of integers f and h. Furthermore, as was proven in [15] and reviewed in
appendix A, by using the Hodge decomposition of the flux vector, it is possible to establish
a one-to-one correspondence between the 2n continuous flux complex variables {N I

A, N
B
I }

and the 2n complex quantities {ZA, FA} (A = 0, . . . , h2,1) given by

Z0 ≡ VeK/2W , Za ≡ VZ0a , F0 ≡ VeK/2D0W , Fa ≡ VeK/2DaW . (6.2)

These variables are particularly convenient choices for describing the flux ensemble, as
no-scale vacua can be equivalently characterised as flux configurations satisfying the con-
ditions FA = 0. Thus, assuming a flat probability distribution on the fluxes, and using
a generalisation of the Kac-Rice formula [115, 116] (see [117] for a review), the density
function for no-scale vacua follows as [15]

dµvac(ZA, uA) = N · | detH|1/2| det g|e−|Z|2 · d2nZ · d2nu , (6.3)

where we denote the fields collectively by uA = {τ, za}, g is the moduli space metric, and
H is the canonically normalised Hessian of the no-scale potential given by (2.26) and (2.31)
(see appendix C). Here, and throughout the text, N indicates some normalization constant
which must be computed for each particular distribution. The previous formula should not
be confused with the index density of flux vacua,10 first derived in [118] and subsequently
verified numerically in [7] and [119].

In the class of models we are interested in, the number of complex structure moduli
can be arbitrarily high but only one survives the truncation. In addition, as explained
in section 3, the truncation requires that only the components I = 0, 1 of the flux vector
N = {N I

A, N
B
I } are turned on (8 flux integers). Therefore, the statistics of these models

can be described by (6.3), setting h2,1 = 1 (n = 2). In this case, the determinant of the
Hessian H takes the particularly simple form

| detH|1/2 = ||Z0|4 + |Z1|4 − (2 + κ̊2)|Z0|2|Z1|2| , (6.4)

which will considerably simplify the computation of the mass distributions.
10The index density obtained in [118] counts vacua weighted with the sign of det(1 +M).
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Figure 7. (a) Marginalised density of no-scale vacua on the complex structure sector (6.5) (dashed
line), and numerically obtained histogram of generic no-scale solutions in the WP4

[1,1,1,1,4] flux
ensemble. The quantity r ≡ (2κzzz/3| Im κ0|)1/3 Re z represents the complex structure field at
the vacua, with the boundaries of the moduli space located at r = 21/3 and r → ∞ (the LCS
point). The orange area represents excluded solutions with large instanton corrections (> 20%).
In dark blue we indicate the subset of the remaining vacua well described by (6.5) (normalised
in r ∈ [1.75, 3.42]). (b) Marginalised distribution (6.5) for the imaginary part of the axio-dilaton,
s ≡ Im τ (dashed line), and histogram of solutions in the generic ensemble of no-scale vacua.

6.1 Moduli space distribution of generic no-scale vacua

Integrating (6.3) over the flux parameters ZA (with h2,1 = 1) one obtains the following
density distribution of no-scale vacua [15]:

dµ(z, τ) = N · | det g| ·
(

2− κ̊2 + 2̊κ3
√

4 + κ̊2

)
d2τd2z , (6.5)

where

| det g| = 3
16

( 2κzzz
3| Im κ0|

)2/3 (r3 − 2)r
(r3 + 1)2 s2 (6.6)

is the determinant of the moduli space metric, with κzzz denoting Yukawa coupling for the
(non-canonically normalised) field z. We have also introduced the shorthands

s ≡ Im τ and r ≡ 1/ξ1/3 = (2κzzz/3| Im κ0|)1/3 Re z . (6.7)

Thus the quantity κ̊, defined in (4.5) in terms of ξ, should be understood as a function
of Re z in the expression (6.5) for the no-scale vacua density function. The corresponding
marginal probability distributions for Re z and Im τ are displayed in figure 7. The plots
show a remarkable agreement with the histograms obtained from the numerical scan of the
octic model. Combining (6.5) and (6.7) it is also straightforward to find the probability
distribution function for the LCS parameter ξ,

dµ(ξ) = N · (1− 2ξ)
(1 + ξ)2 ξ2/3

(
2− κ̊(ξ)2 + 2̊κ(ξ)3√

4 + κ̊(ξ)2

)
dξ , (6.8)
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Figure 8. Distribution for the LCS parameter ξ (6.8) in the flux ensemble with unconstrained
N0
A (dashed line), and histogram of solutions obtained from the numerical scan in the WP4

[1,1,1,1,4]
model. The colours are the same as in figure 7.

which we have displayed in figure 8, together with the histogram obtained from the direct
computation from the octic flux ensemble data.

It is interesting to note that the density of vacua grows without bound as we move
towards small values of r (i.e., ξ → 1/2), where the conifold point is located, rcnf ≈ 1.37
(ξcnf = 0.39). This is consistent with the expectation that the density of vacua is enhanced
in regions of large moduli space curvature [7, 118, 119]. Actually, the marginalised density
functions for Re z obtained from (6.5) are not normalisable when we define its support to
be the entire range11 r ∈ [21/3,∞). This property of the ensemble has an observable effect:
as the underlying distribution from which we are extracting the vacua is not normalisable,
regardless of the size of the sample, the histograms will always exhibit a deficit of vacua in
with respect to the probability distribution (see region ξ & 0.3 in figure 8). Nevertheless,
the complications due to the distribution being non-normalisable can be easily avoided:
recall that the EFT for the octic can only be trusted in the region where the instanton
corrections can be safely neglected, that is, in the region given by the bound (5.4), or
equivalently with r ∈ [1.75,∞). Thus, as long as the support of (6.5) is taken to be the
region of validity of the EFT, the probability distribution will be finite and normalizable,
and thus well defined.

In figure 8, it can also be seen that the density of generic no-scale vacua near the LCS
point (ξ ≈ 0) is considerably lower that the statistical prediction based on the continuous
flux approximation (dashed line). This to be expected from the analyses in [67, 68], where
it was shown that the statistics of generic no-scale vacua (with unconstrained N0

A) can
11Recall that we obtained the condition ξ < 1/2, satisfied away from the moduli space boundaries,

neglecting completely the instanton contributions, and thus it gives no information about the position of
the conifold point at ξcnf = 0.39.
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not be described with the continuous flux approximation in the strict LCS limit, and that
actually in a small neighborhood of the LCS point there are no no-scale solutions with
N0
A 6= 0. Such behavior was also anticipated in [16], where the authors argued that the

techniques presented there could fail to describe vacua statistics restricted to small regions
of the moduli space. In appendix D.2 we derive an estimate for the region of validity of
the continuous flux approximation (eq. (4.18)) which, in the present ensemble, leads to the
additional constraint on the LCS parameter

ξ ≥ ξmin = 0.025 . (6.9)

In the following section we will discuss the statistics of the mass spectrum in the regime
where the EFT is under control and, in addition, where the continuous flux approximation
is a good characterisation of the flux ensemble. That is, in the moduli region determined
by the bounds (5.4) and (6.9).

Before we end this subsection let us comment briefly on the distribution of the string
coupling constant gs. Both the analytical result in eq. (6.5), and the numerical histogram
displayed in figure 7(b), indicate that the probability density for Im(τ) has the form
ρ(Im τ) ∝ 1/(Im τ)2. Therefore, it is straightforward to check that the string coupling
gs = (Im τ)−1 is uniformly distributed. This conclusion is relevant in the computation
in [120] of the distribution of the supersymmetry breaking scale in the Landscape which
relies on gs having a uniform distribution.

6.2 Mass distributions at generic no-scale vacua

With the joint probability distribution (6.3) at hand it is now straightforward to compute
probability distributions for the masses, both the fermions and the scalar modes, at the
no-scale vacua in our flux ensemble.

In particular, at a given vacuum with LCS parameter ξ and angular parameter θW ,
the fermion mass spectrum normalised by the gravitino mass mλ/m3/2 is given by

xλ ≡ mλ/m3/2 =


ζ m̂(ξ) λ = 0

ζ m̂(ξ)−1 λ = 1

ζ(1 + ξ)/
√

3(1− 2ξ) λ = 2, . . . , h2,1

, (6.10)

where we have used (4.10) in combination with (4.14), with ζ ≡ tan2 θW ∈ [0,∞]. Then,
in order to find the distribution for these masses, we need the joint distribution for {ξ, ζ}.
This distribution can be obtained from (6.3) and (6.4) by integrating over the phases
arg(Z0) and arg(Z1), the total D3-charge induced by fluxes |ZA|2 = Nflux, and the field
space directions τ and Im z. Using the ζ and ξ variables, this yields

dµ(ζ, ξ) = N · (1− 2ξ)
ξ2/3(1 + ξ)2(1 + ζ)4

∣∣∣ζ − m̂(ξ)2
∣∣∣ ∣∣∣ζ − m̂(ξ)−2

∣∣∣ · dζ dξ . (6.11)

From (6.10) we can see that given a fixed value of ξ, we can establish is a one-to-one
correspondence between ζ and each of the rescaled fermion masses xλ. Therefore, by
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performing a change of random variables {ζ, ξ} → {xλ, ξ} in (6.11), we can derive three
separate distribution functions, each involving a different scaled mass xλ. After integrating
over the LCS parameter on the interval ξ ∈ [ξmin, ξmax] given by (5.4) and (6.9), the
resulting marginal distributions for the fermion masses in the reduced theory read

ρf0(x0) = N
∣∣∣x2

0 − 1
∣∣∣x0

∫ ξmax

ξmin
dξ

(1− 2ξ) m̂(ξ)2

ξ2/3(1 + ξ)2(m̂(ξ)2 + x2
0)4

∣∣∣x2
0 − m̂(ξ)4

∣∣∣ , (6.12)

and

ρf1(x1) = N
∣∣∣x2

1 − 1
∣∣∣x1

∫ ξmax

ξmin
dξ

(1− 2ξ) m̂(ξ)2

ξ2/3(1 + ξ)2(1 + x2
1 m̂(ξ)2)4

∣∣∣x2
1 m̂(ξ)4 − 1

∣∣∣ . (6.13)

Without further computations, we can already see that the probability of finding vacua
with mλ=0,1 = m3/2 (equivalently xλ=0,1 = 1) is suppressed, i.e., ρfλ=0,1(1) = 0. This is
a direct consequence of the generalized Kac-Rice formula (6.3). To see this, note that
density of vacua is proportional to the square root of the Hessian determinant | detH|1/2.
This means that the probability of finding no-scale solutions with massless scalar modes
in the flux ensemble should vanish. Since according to (2.28) massless scalar modes occur
precisely whenever one fermion mass equals that of the gravitino, we conclude that no-
scale vacua with mλ = m3/2 are quite rare in the Landscape. It is important to emphasize
that this does not preclude vacua with mλ=0,1 = m3/2 from existing, it just means they
represent a very small fraction of the total number of vacua. Actually, the suppression
of critical points with of zero eigenvalues on the Hessian, which also leads to an apparent
repulsion between critical points, is a generic feature of random functions (see, e.g., [117]),
and has already been observed in other characerisations of the Landscape [121, 122].

Regarding the rescaled mass of the truncated fermions xλ′ = mλ′/m3/2, we find the
distribution

ρfλ′(xλ′) =Nxλ′
∫ ξmax

ξmin
dξ

(1−2ξ)f(ξ)−2 ∣∣x2
λ′f(ξ)−2−m̂(ξ)2∣∣ ∣∣x2

λ′f(ξ)−2−m̂(ξ)−2∣∣
ξ2/3(1+ξ)2(1+x2

λ′f(ξ)−2)4 , (6.14)

where f(ξ) ≡ 1+ξ√
3(1−2ξ)

. Note that for generic values of ξ there appears to be no suppression

on the probability of finding xλ′ = 1 in the truncated sector; in other words, ρfλ′(1) 6= 0.
This in turn shows that massless scalar modes on the truncated sector are not suppressed.
This is a surprising result that is at odds with what would be expected from the analysis
of generic random functions. This reflects the important role that symmetries of the EFT
play in shaping the flux Landscape. In particular, this observation is of importance for the
construction of dS vacua proposed in [100, 101], which relies on the existence of no-scale
solutions with massless modes at tree-level.

A common feature to the three distributions (6.12), (6.13) and (6.14), is that they
all vanish for mλ = 0 (equivalently xλ = 0). That is, the probability of finding no-scale
solutions with massless fermions also appears to be suppressed in the ensemble of flux
vacua. This result can be traced back to the structure of the fermion mass matrixM given

– 31 –



J
H
E
P
0
4
(
2
0
2
1
)
1
4
9

0 2 4 6 8

0.2

0.4

0.6

0.8

(a)
0 2 4 6 8 10

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0 0.3 0.6 0.9 1.2
0

0.2

0.4

(b)

Figure 9. Distribution of the squared scalar masses normalised by the gravitino mass, µ̃2
λ ≡

µ2
λ/m

2
3/2, in the ensemble with unconstrained fluxes. The dashed lines in (a) and (b) correspond to

the probability distribution (6.15) (evaluated with (6.12) and (6.13), resp.) for the masses of the
scalars in the reduced theory. We also show the mass histograms obtained numerically from the
flux ensemble of the WP4

[1,1,1,1,4] model (blue). The inset in (b) shows the obtained distribution
ρ(µ̃1)dµ̃1 near the origin, which presents a suppression for the massless mode.

in (2.26), whose eigenvalues come in pairs ±mλ, and the well known eigenvalue repulsion
effect [123], which is characteristic of random matrix ensembles12 (see [124] for a review).

With the above distributions formλ/m3/2 at hand, the probability density functions for
the scalar masses can be easily obtained with a simple change of variables. Indeed, for each
λ the probability distribution for the combined two branches of scalar masses µ2

±λ reads

ρsλ(µ̃2
λ)dµ̃2

λ = N · µ̃−1
λ

[
ρfλ(1 + µ̃λ) + ρfλ(|1− µ̃λ|)

]
dµ̃2

λ, (6.15)

where µ̃2
λ ≡ µ2

λ/m
2
3/2. These theoretical distributions are plotted in figures 9 and 10, along

with the scalar mass histograms obtained from the numerical scan. As described in sec-
tion 5, the masses of the scalar modes in the sector surviving the truncation, µ2

λ=0,1 are
obtained via the diagonalisation of the fermion mass matrix (2.29) at each vacuum together
with the formula (2.28), while those associated to the truncated modes µ2

λ′ are computed
from the formula (4.15). The plots show a remarkable agreement of the numerical results
and analytical predictions in the regime where both the low energy EFT and the continuous
flux approximation are expected to provide a good description of the theory.13

It is interesting to note that the spectra in the surviving sector of figure 9 show a
suppressed probability of no-scale solutions with scalar masses14 µ2

λ/m
2
3/2 = 0, 1, 4. This is

12The collection of mass matricesM associated with the ensemble no-scale vacua can be regarded as an
statistical ensemble of matrices with random entries [16, 51, 56, 74, 75].

13The histograms in figures 9 and 10 show slight deviations with respect to the theoretical distributions.
As argued in [15], the discrepancies might be due to restricting the vacua to lie in a bounded region of
moduli space, i.e., within the limits (5.4) and (6.9).

14Note that the µ2
1/m

2
3/2 = 0 suppression is not evident in the main plot of figure 9(b). This is due to

the factor 1/µ̃1 in (6.15), which makes it difficult to resolve the suppression in the numerical histogram.
The inset of this figure shows the histogram for µ̃1, which does present clearly the suppressed probability
of the massless modes.
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Figure 10. The theoretical prediction for the probability distribution of the normalised squared
masses µ̃2

λ′ = µ2
λ′/m2

3/2 of the truncated scalar fields (solid line), eqs. (6.15) and (6.14). For
comparison we also show in orange a histogram of scalar masses generated with (4.15).

consistent with our discussion above, as the first and third cases correspond to vacua with
one or more fermion masses equal tom3/2 (see relation (2.28)), and the second case to vacua
with massless fermions. Therefore, making contact with our discussion in section 4.3, we
can see that the branches of solutions corresponding to θW = {θW0 , θW1 } have a low proba-
bility to occur, since they are respectively the vacua where the masses µ−0 and µ−1 vanish.

By contrast, in the spectra for the truncated sector, figure 10, we see a suppression
of vacua with masses µ2

λ/m
2
3/2 = 1 (i.e., with massless fermions), while the distribution

function diverges in the limit µ2
λ/m

2
3/2 → 0, that is, for the branch of solutions with

θW = θW2 discussed in section 4.3. In other words, for a large fraction of no-scale solutions,
half of the scalar modes in the truncated sector have masses much lower than the gravitino.
It is precisely these vacua which are in danger of developing tachyonic instabilities upon
including quantum effects (α′ corrections or instanton effects). In particular we observe that
approximately 11% of the vacua contain modes with masses satisfying µ2

λ′ . 10−2m2
3/2,

and about 3% with masses µ2
λ′ . 10−3m2

3/2. Moreover, a closer examination of the mass
spectra in the ensemble reveals the presence of vacua with large mass hierarchies, with
modes as light as µ2

λ′ ∼ 10−10m2
3/2.

Note also that the suppressions seen in figure 10 around µ2
λ′ ≈ 0.5m2

3/2 and µ2
λ′ ≈

1.7m2
3/2 are due to modes of the reduced theory becoming massless, i.e., the branches of

vacua with θW = {θW0 , θW1 }. Indeed, recall that due to the form of the spectrum (4.15) the
mass distributions for all the modes arise from the same probability density function (6.11),
and thus the suppression of any particular branch of vacua can also be observed in the
statistics of all the other masses.

As a final remark, let us point out that equation (6.3) and (6.4) imply that the
masses (4.15) and gs are statistically independent from each other. As a consequence,
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although the ensemble discussed here involves vacua with a marginally small string cou-
pling gs ≤ 1, the statistical properties of the spectrum would not be affected by restricting
the analysis to vacua with very small string coupling gs � 1. As a consistency check, we
also computed the numerical histograms represented in figures 9 and 10 for the subset of
vacua in our ensemble with gs ≤ 0.1 (∼ 5000 vacua), but no significant changes where
observed, and thus, we will not present them here.

6.3 Statistical properties of the constrained ensemble

We will now turn to the statistics of the constrained ensemble of vacua, where N0
A = 0. As

we show in appendix C the statistical methods in [15] can easily be adapted to describe
this ensemble. In particular, the density of flux vacua with is found to be

dµvac(z, τ)
∣∣
N0
A=0 = N · (1 + ξ)ξ2/3

(2− ξ)2(Im τ)2d
2zd2τ , (6.16)

where ξ should be understood here as a function of Re z. It is worth noting that, provided
we consider only the weak coupling regime Im τ > 1, the density of no-scale vacua is
normalisable within the whole moduli space, even near the conifold point ξ → ξcnf where the
EFT is known to become inaccurate. Indeed, contrary to the generic case, the density (6.16)
is not enhanced (and remains finite) as we approach the conifold point, and as a result the
distribution is well defined in the whole range of z (i.e., in ξ ∈ [0, 1/2]). Furthermore,
as we show in appendix C, for this sub-ensemble, flux quantisation and a finite tadpole
do not lead to the breakdown of the statistical description near the LCS point.15 As a
consequence, in contrast with the case of generic no-scale solutions, the continuous flux
approximation provides an excellent characterisation of the ensemble in the strict LCS
regime. As we shall see next, these features of the model will lead to an almost perfect
agreement between the statistical description and the results of the numerical scan in the
octic model.

As in the previous section, we begin by computing the probability distribution for the
LCS parameter ξ, which takes the simple form

ρ(ξ)dξ = 21/3(1 + ξ)
(2− ξ)2ξ2/3dξ . (6.17)

This distribution, together with the histogram obtained from the numerical scan, is plotted
in figure 11. As is evident, the analytic formula perfectly matches the histogram over the
whole range of ξ. The histogram includes all of the no-scale solutions at points where
the moduli space metric is well defined, ξ ∈ [0, 1/2], however only those shaded in light
and dark blue correspond to vacua with small instanton corrections. Excluding solutions
with sizeable corrections (orange) leads to the fall-off (light blue) observed around ξ ≈ 0.2.
The statistical description does not incorporate the effects of truncating the ensemble, and
therefore it can only provide a good description in the region of ξ where few vacua (or none)

15This observation relies on the fact that when N0
A = 0, the flux N0

B is not bounded by the flux tadpole.
However, in practice the flux integers are extracted from a uniform distribution in [−50, 50], which results
in deviations from the continuous flux approximation in the range ξ . ξmin = 5 · 10−5.
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Figure 11. Distribution for the LCS parameter for the constrained flux ensemble. The dashed
line represents the theoretical distribution 11 normalized for data in the range 5.10−5 ≤ ξ ≤ 0.185
(see footnote 15). We also show the histogram of ξ at no-scale vacua, with colours the same as in
figure 7.

are excluded from the ensemble. This region of ξ, which we shaded in dark blue, represents
the set of vacua we will use next to characterise the statistics of the mass spectra, both
numerically and using the continuous flux approximation.

As a curiosity, it is worth mentioning the small enhancement16 on the number of vacua
with ξ ≈ 0.12. An examination of these solutions reveals that they all correspond to
flux configurations satisfying the relation N1

A = N0
B and Im z = 0. Although we have not

made further inquiries regarding the origin of the enhancement, it seems plausible that this
particular choice of fluxes leads to a new symmetry in the EFT (exact or approximate),
which is known to produce accumulations of no-scale solutions at special points of the
moduli space [8].

In complete analogy with the previous section, the density function (6.17) can be
used to derive the distributions for the rescaled fermion masses mλ/m3/2. Performing
a change of variables from ξ to each of the normalised masses, and using (6.10) with
tan θW =

√
(1− 2ξ)/3 (see section 4.4), we obtain

ρfλ(xλ)dxλ = 21/3(1 + ξ)
(2− ξ)2ξ2/3 (dxλ(ξ)/dξ)

∣∣∣
ξ(xλ)

dxλ , (6.18)

where we use the shorthand xλ = mλ/m3/2 which was introduced above. The distributions
for the squared scalar masses can then be found using (6.15), which are displayed along
with the histograms derived from the numerical scan in figures 12 and 13. As in the case
of the generic ensemble, the mass histograms of the scalar modes in the reduced theory,
µ2
±0 and µ2

±1, have been obtained first by computing the eigenvalues of the fermion mass
16This spike in the histogram of ξ induces similar enhancements in the mass distributions displayed in

figures 12 and 13, as they all depend on the former.
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Figure 12. Distribution for the squared scalar masses with constrained fluxes N0
A = 0 normalised

by the gravitino mass µ̃2
λ = µ2

λ/m
2
3/2, with λ = 0, 1 in (a) and (b), respectively. The dashed lines

correspond to the theoretical mass distributions of fields in the reduced theory, (6.15) evaluated
with (6.18). We compare with the histograms obtained numerically from the flux ensemble of the
WP4

[1,1,1,1,4] model.

matrix (2.29), and then via (2.28). The histogram for the masses in the truncated modes
µ2
±λ′ were found using (4.23) instead. Here again we can observe the excellent agreement

between the analytical predictions and the direct numerical computation of the masses in
the octic. It is important to mention that, as in the case of the generic ensemble described
above, it can be checked that the string coupling gs is statistically independent from the
masses in (4.23). Thus, while the numerical histograms presented here correspond to an
ensemble of marginally weakly coupled vacua gs ≤ 1, our conclusions remain valid also for
very weakly coupled vacua with17 gs � 1.

The most important feature of these distributions is the divergence of the probability
density for the masses µ2

±1 � m2
3/2 (see figure 12 (b)). This implies that in this ensemble the

branch of solutions with θW = θW1 , defined in (4.17), occurs with relatively high frequency.
This contrasts with the results obtained for the generic ensemble, where the same branch
was shown to have a suppressed probability to appear.

Finally, for completeness we have also studied the dependence of the mass spectrum
on the distance of vacua from the LCS point. For this purpose, we obtained the mass
histograms for subsets of no-scale solutions restricted to be in neighbourhoods of the LCS
point of varying sizes. The results are displayed in figure 14, where we have plotted the
histograms for four sets of vacua with ξ ≤ ξmax, where ξmax = {0.15, 0.1, 0.05, 0.01}.
As it can be seen in the plots, the closer the solutions are to the LCS point, the more
deterministic the mass distributions become. Note also that in the case ξ ≤ 0.01 the
spectrum is already very peaked at the values given in (4.24), which correspond to the
strict limit ξ → 0. Interestingly, in this regime the spectrum always contains a (nearly)
massless field, µ2

−1 ≈ 0, which belongs to the reduced moduli space (i.e., θW ≈ θW1 ).
17We checked explicitly that this is indeed the case by computing the numerical mass histograms for the

subset of solutions in the constrained ensemble with gs ≤ 0.1 (∼ 2500 vacua).
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Figure 13. Theoretical prediction (solid line) for the probability distribution of the normalised
squared masses of the truncated scalar fields µ̃2

λ′ = µ2
λ′/m2

3/2, eqs. (6.15) and (6.18), in the con-
strained ensemble. For comparison we display the histogram of values obtained by applying (4.15)
to the vacua ensemble.

6.4 Comparison with Random Matrix Theory

Before we conclude this section let us comment on one further simplification, proposed
in [16] to study the statistical properties of the flux ensemble. The statistical method we
used above to analytically compute the probability distributions of the masses relies solely
on the continuous flux approximation, but at the theory level it still requires the knowledge
of the couplings of the (reduced) EFT. In other words, the prepotential (2.10) needs to be
computed. As we mentioned in the introduction, in typical Calabi-Yau compactifications
the number of moduli fields in the complex structure sector can be of the order of hundreds,
and in the absence of symmetries to simplify the analysis as done here, the computation
of the prepotential can be prohibitively difficult.

To address this problem, in [16] Denef and Douglas argued that for sufficiently complex
compactifications with a large number of moduli fields, the mass spectrum of perturbations
could be well described in the framework of the 4d EFT using methods of Random Ma-
trix Theory (RMT). Since the universality theorems of RMT ensure that the statistical
properties of the mass spectrum are independent of the distributions of couplings in the
EFT, such a characterisation would avoid the challenges posed by a detailed computation.
These ideas where developed in [74, 75], and RMT models designed specifically to describe
no-scale vacua of type-IIB compactifications were presented in [51, 56].

Let us consider for definiteness the normalised fermion mass matrix M/m3/2. The
main prediction of RMT is the expectation value of the eigenvalue spectrum, which can be
given in terms of the collection of n = h2,1 + 1 rescaled fermion masses, xλ ≡ mλ/m3/2,
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Figure 14. Histograms for the normalized squared masses µ̃2
λ=0,1 = µ2

λ=0,1/m
2
3/2 of the scalars

in the reduced theory. The plots represent vacua in the constrained ensemble, with varying upper
bounds on the LCS parameter ξ. Note that as the upper bound on ξ decreases the distributions
become increasingly deterministic, peaking at the limiting ξ → 0 values given in (4.24). The plots
also show the presence of a light mode µ−1 � m3/2 in all vacua, whose mass becomes zero µ−1 → 0
in the limit ξ → 0.

sorted as x0 ≤ x2 ≤ . . . ≤ xn−2 ≤ xn−1. More specifically, the spectrum of random
matrices is usually characterised by the empirical eigenvalue density function ρ(x), or its
alternative (non-standard) definition σ(x), which are defined as

ρ(x) ≡ 1
n

〈 n−1∑
λ=0

δ(x− xλ)
〉
, σ(x) ≡ 1

n

n−1∑
λ=0

δ(x− 〈xλ〉) , (6.19)

with the average taken over a finite sample of vacua randomly drawn from the ensemble.
The alternative definition will be useful below.

The ρ(x) and σ(x), which are randomly distributed in the ensemble of flux vacua,
become increasingly deterministic as the number of fields grows (as n → ∞). The RMT
models [51, 56, 75] describing the axio-dilaton/complex structure sector of type-IIB com-
pactifications predict the fermion mass spectrum at no-scale vacua to be

lim
n→∞

ρ(x) = lim
n→∞

σ(x) = 4
πx2

h

√
x2
h − x2 , x ≤ xh , (6.20)

where xh is a free (model dependent) parameter which determines the typical ratio of the
fermion masses to the gravitino mass.18

18The parameter xh is closely related to tan θW , or equivalently to the typical value of W0 [51, 56].
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Figure 15. Eigenvalue density function σ(x) for the rescaled fermion mass matrixM/m3/2, with
x = m/m3/2. The blue shaded area represents the density function σ(x) predicted by Random
Matrix Theory (6.20) (xh = 4). The arrows represent the averaged spectral density obtained
numerically for the octic model, which is composed of three Dirac-delta contributions at 〈xλ〉 ≈
{0.55, 1.04, 3.02} with weights { 1

150 (×20), 148
150 ,

1
150 (×20)}.

In figure 15 we have displayed the RMT prediction together with result of evaluat-
ing σ(x) on the numerical ensemble of generic no-scale vacua constructed above for the
octic model. The plot clearly shows that RMT is not an appropriate choice to represent
the fermion mass spectrum in the model at hand. In particular, while RMT predicts a
spectrum continuously distributed on its support x ∈ [0, xh], the expectation value of den-
sity function (6.19) on the octic flux ensemble consists of three Dirac deltas centered at
〈xλ〉 ≈ {0.55, 1.04, 3.02} with weights given by { 1

150 ,
148
150 ,

1
150} respectively. The values

〈xλ〉 are just the averages of the three distinct masses of the spectrum (6.10). Similar
discrepancies were previously reported in [67, 68].

This negative result is in stark contrast with the successful characterisation provided by
the continuous flux approximation observed in the previous section. The reason underlying
the failure of RMT is that the first assumption on which it is based is not applicable here:
the large degree of symmetry of the model yields a great simplification of the EFT, which
is at odds with the requirement of complexity.19 The very same property that allowed
us to perform a fully analytical characterisation of the octic model prevents RMT from
accurately describing the eigenvalue density.

In view of this result, it would be therefore interesting to analyse the statistics of more
complicated models, and check if the RMT tools become more useful there. By contrast, the
present work has already shown that the continuous flux approximation works remarkably
well, even in simple models with only a moderately large number of active fluxes (only 8
flux integers in the octic).

7 More general compactifications

The main focus of this paper is the study of compactifications invariant under a group of
symmetries which effectively reduce the complex structure moduli sector to a one-parameter

19Note, e.g., that in our numerical example all the truncated 148 fermions have the exact same mass.
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space. In the present section we will discuss the possibility of finding the universal spec-
trum (4.15) derived above in more general models. This could include cases where the
reduced theory involves more than one complex structure field, or where there are no
symmetries to reduce the number of moduli.

The fundamental property that has allowed us to derive the spectrum (4.15) for the
compactifications discussed above is the possibility of truncating all complex structure fields
except one. As a direct consequence of this, the vector of derivatives of the superpotential
Z0a points along the no-scale direction ea1. This fact, together with some generic properties
of type-IIB compactifications at large complex structure, led us to the full mass spectrum.
Thus, in order to generalise this result to more general compactifications we just have to
find out under which circumstances it is possible to find vacua where Z0a aligns with the
no-scale direction.

We will now show that, provided we neglect the quantisation of fluxes, it is possible
to find no-scale vacua with the spectrum (4.15) in the LCS regime of any compactifica-
tion of type-IIB superstrings. More specifically, at any point of the moduli space {τ0, z

i
0}

parametrised by the axio-dilaton and the h2,1 complex structure moduli, it is possible to find
a two complex dimensional family of fluxes {N I

A, N
B
I } such that the point {τ0, z

i
0} is a no-

scale vacuum, where the corresponding set of 2(h2,1 +1) tree-level masses is given by (4.15).
To see this we can begin with the Hodge decomposition of the flux vector N (see

appendix A), which allows us to express this vector as a linear combination of the period
vector and its Kähler covariant derivatives. This decomposition holds at any generic point
of the moduli space {τ, zi}, excluding certain singular field configurations known as D-
limits [118]. In particular, at no-scale vacua where D0W = DaW = 0 the decomposition
has the simpler form given in (4.19). Conversely, at any given point of the moduli space
{τ0, z

a
0}, any flux configuration which can be expressed as a linear combination

N = ā0Π̄ + aaDaΠ , (7.1)

is guaranteed to satisfy the no-scale vacuum equations (2.20) at that point. In other words,
given an arbitrary point in the moduli space, we can always choose a flux vector to make
that point a no scale vacuum. The possible choices of flux in that case are in one-to-one
correspondence with a set of h2,1 + 1 complex parameters {a0, aa} which can be freely
chosen. In particular, we can use this freedom to make the complex vector aa point along
the no scale direction ea1. Then, comparing (7.1) with equation (4.19) we see that the
vector Z0a will also point along ea1, which is precisely the condition that guarantees that
total the tree-level spectrum is given by (4.15).

To find such a choice of flux explicitly we can use (4.7), which implies that the vector
Ka points along the no-scale direction. Choosing the direction of aa accordingly, and using
the definitions of θW and m3/2 we obtain the following parametrisation for fluxes consistent
with the no-scale spectrum (4.15)

N = m3/2

(
ieiαW Π̄− 1√

3
e−iαK tan θW

√
(1− 2ξ)KiDiΠ

) √
πV eKcs/2

gs
, (7.2)
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where αW = arg(W ) and αK = arg(D0D1W ). Note that in this formula the Calabi-Yau
volume V, the string coupling gs, the expectation value of the Kähler potential and the
LCS parameter are all determined by the configuration of moduli fields. Nevertheless, we
are still free to select the gravitino mass scale m3/2, the angular parameter θW and the
phases αW and αK . Thus, as anticipated above, for a given Calabi-Yau geometry the set
of fluxes compatible with the spectrum (4.15) has complex dimension two.

It is important to emphasize that the vector N obtained by this method will not be
in general compatible with the quantisation of fluxes. Our ability to tune the parameters
{a0, aa} in (7.1) will be limited by the maximum value of the flux D3-charge, which is set
by the tadpole constraint. Indeed, since the fluxes can only be changed in integral steps,
and the maximum value they can attain is of the order of

√
Nflux ≤

√
L, we expect that

the maximum accuracy that may be achieved in aligning Z0a to the no scale direction, i.e.,
making Z0a′ small, is given by

|Z0a′ |/|Z01| ∼ O(1/
√
Nflux) & O(1/

√
L) ∼ O(10−1 − 10−2). (7.3)

Therefore, in generic compactifications we will only be able to find no-scale vacua with
quantised fluxes that satisfy (7.2) approximately. Still, with a large flux tadpole, and
provided the moduli space is non-singular at the point of interest so that the Yukawa
couplings κ̊abc have a finite value, it might be possible to find vacua where the corrections
to the spectrum (4.15) are small, δmλ′ � m

(0)
λ′ . To estimate the magnitude of these

corrections we can consider the diagonalisation of the fermion mass matrix

(Z†Z)AB̄ = (Z†Z)(0)
AB̄

+ δ(Z†Z)AB̄ + . . . (7.4)

to first order in perturbation theory, where (Z†Z)(0) is the matrix obtained setting Z(0)
0a =

δ1
a Z01, and we regard the remaining components Z0a′ as small deformation. The perturbed
eigenvalues are then given by δm2

λ = δ(Z†Z)λλ̄. A straightforward computation shows that
the first-order corrections to the rescaled fermion masses m̃λ = mλ/msusy are

δm̃0 = δm̃1 = 0 , δm̃λ′ = −κ̊λ′λ′a′ Re
(
δZ0a′

Z01

)
, (7.5)

where we made use of (4.5), and for simplicity we define msusy = |Z01|. Without further
computations we can already see that generically, these corrections will lift the degeneracy
of the fermion masses in the truncated sector.

To understand under which circumstances these deformations can be regarded as small
corrections, it is fundamental to have some estimate of the size of the Yukawa couplings.
We will further investigate these issues in future publications.

8 Conclusions

No-scale vacua of type-IIB flux compactifications are an essential stepping stone in the
construction of dS vacua and inflationary models in KKLT and Large Volume Scenarios.
Guaranteeing the validity of these constructions requires a good understanding of the
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perturbative spectrum of the no-scale solutions. Indeed, while the no-scale property ensures
the absence of tachyons in the axio-dilaton/complex structure sector at tree-level, this
does not prevent the existence of arbitrarily light fields, which may turn tachyonic upon
including quantum corrections, uplifting terms, or the effect of matter fields [56, 125].
These light modes might also lead to difficulties when implementing viable inflationary
models in these scenarios, as the backreaction effects caused by the inflaton might also
result in their destabilisation.

In generic situations, the absence of such light fields can be argued using scaling argu-
ments in the KKLT and LVS settings, as done in [95–97] and [2, 3], respectively. However,
the most interesting vacua for phenomenological applications are often those in the neigh-
bourhood of special (and thus non-generic) points of the moduli space, such as the conifold
or the LCS points, where the presence of light fields may become unavoidable [98, 99].
Moreover, as argued in [56], in the specific case of LVS vacua with an only moderately
large compactification volume [52–55], typical vacua might still contain a sizeable fraction
of light modes susceptible to becoming tachyonic.

Despite its importance, a complete analytic understanding of the perturbative spec-
trum at no-scale vacua has remained elusive, primarily due the complexity of the corre-
sponding EFTs and the large number of fields involved. In the present paper we have consid-
ered a particular class of Calabi-Yau compactifications with an arbitrary number of moduli
fields, and computed analytically the complete mass spectrum of the axio-dilaton/complex-
structure sector at no-scale vacua in the LCS regime (see (4.15)). The Calabi-Yau geome-
tries we considered here are invariant under large discrete isometry groups, which allows
for a consistent reduction of the complex structure sector to a single field. An impor-
tant feature of this class of models is that the Calabi-Yau symmetries make the com-
putation of an EFT for the unique complex structure modulus surviving the truncation
feasible [40, 41, 57, 66]. Then, using only symmetry arguments, together with certain uni-
versal properties satisfied by the EFT couplings at LCS, we derived the mass spectrum
of the full axio-dilaton/complex structure sector, including the truncated fields. Remark-
ably, the full spectrum can be expressed solely in terms of the couplings of the reduced
EFT theory, which can be determined. This result applies to plenty of interesting com-
pactifications such as: the family of quintic hypersurfaces in WP[1,1,1,1,1] [41] admitting
the discrete symmetry groups discussed in [58]; the close relatives to the quintic (i.e., the
sextic, octic and dectic) with analogous symmetric configurations [57, 66] and quotients
thereof [57, 59]; or the Complete Intersection Calabi-Yau described in [60] and its quotients
(see table 1). Moreover, we can also use these results to describe the LCS regime of the
hundreds of one-parameter models listed in [61]. We should remark that these discrete
global symmetries are nevertheless expected to be broken upon including all sub-leading α′

and quantum effects [126–128], what will induce small corrections in the spectrum (4.15),
lifting, in particular, the large degeneracy of the truncated sector.

A crucial step in the derivation of the spectrum is the computation of the Yukawa
couplings which determine the fermion masses at LCS. While the universal behaviour of
the canonically normalised Yukawa couplings in the strict LCS limit has been well known
for a long time [91], here we have extended those results to the complete LCS regime.
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That is, we have computed the relevant subset of these couplings in the whole region of
moduli space where the instanton corrections to the complex structure Kähler potential
and flux superpotential can be safely neglected.20 As in the strict LCS limit, we found
that the Yukawa couplings exhibit a universal behaviour, independent of the details of the
compactification or the number of complex structure fields (see (4.5)). It is important to
emphasize that this result applies to any Calabi-Yau compactification, and does not require
the invariance of the manifold under a large discrete isometry group.

In the class of models that we consider here, the strict LCS/weak-coupling limit is of
particular interest, as it is the region of moduli space where one has the best perturbative
control of the EFT. In [67, 68], the authors considered compactifications of type-IIB and
F-theory at the strict LCS limit where the superpotential was dominated by its cubic or
quartic terms, and proved the absence of vacua (AdS, dS or Minkowski) in this region of
moduli space. More specifically, the no-scale potential was shown to satisfy the relation
|∇V | = (

√
7/2)V > 0, consistent with the de Sitter conjecture in [36], which forbids the

existence of de Sitter vacua when approaching an infinite distance limit in moduli space
(see [35] for the necessary second-derivative conditions).

These conclusions can nevertheless be avoided by setting to zero the flux associated
with the period which grows without bound in this limit (N0

A ≡ f0
A − τh0

A = 0 in (2.18)).
Indeed, in this case the higher order terms in the flux superpotential are identically zero,
and thus the above no-go theorem does not apply. In section 4.4 we computed the mass
spectrum at this class of no-scale vacua for the models described above, and proved it to
have the universal form in the strict LCS limit. Namely, the spectrum of squared masses
in the axio-dilaton/complex structure sector is given by

Spectrum at the strict LCS limit: µ2
λ =

{
0, 4

9m
2
3/2,

16
9 m

2
3/2, 4m2

3/2

}
, (8.1)

with the first and last masses appearing with multiplicity 1, and each of the other two with
multiplicity h2,1 + 1. In particular it can be observed that the spectrum always contains
exactly one massless field, while the rest of the moduli have masses of the order of the
gravitino mass m3/2. It is also worth mentioning that closely related classes of vacua
surviving in the strict LCS limit were also discussed in [71, 72], and in particular those
of [99] also present a massless field in the no-scale spectrum, which is nevertheless lifted by
instanton corrections.

The previous results are consistent with [73, 129], where it was argued that obtaining
vacua parametrically close to the LCS point requires turning on unbounded fluxes, that is,
fluxes not contributing to the total D3-charge and therefore unconstrained by the tadpole
condition. Furthermore, as discussed in [73], the contribution to the flux potential due
to the unbounded fluxes must also be asymptotically vanishing in the strict LCS limit.
Interestingly, the class of no-scale solutions (and thus Minkowski vacua) described above
satisfies both of these conditions, and is therefore consistent with the no-go theorems
derived in [73] (see section 4.4). On the one hand, setting to zero the flux N0

A ≡ f0
A −

20This regime is sometimes referred to as the nilpotent orbit approximation, and the strict-LCS as the
sl(2)-orbit approximation [73].
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τh0
A on the diverging period implies that the flux on the dual B-cycle, i.e., NB

0 ≡ fB0 −
τhB0 , does not contribute to the tadpole. On the other hand, as the term in the flux
superpotential associated to NB

0 is just a constant, it also follows that its contribution to
the no-scale potential is asymptotically vanishing at the LCS point. Note that the analyses
in [73, 129] only refer to the strict LCS limit, while the results presented here also allow
one to characterise the properties of the no-scale potential away from the LCS point, i.e.,
over a region of moduli space not captured in those works.

For generic flux vacua, not necessarily close to the LCS point, the mass spectrum will
not have the deterministic form of (8.1), and thus will in general be dependent on the choice
of fluxes. Therefore, in order to obtain a characterisation of the spectrum independent of
the choice of flux we have studied the statistical properties of the moduli masses in the
ensemble of flux vacua. More specifically, using the continuous flux approximation, we
computed analytically the probability distributions for the density of vacua and the masses,
both for the generic ensemble of vacua and for the constrained ensemble with vanishing
flux N0

A. Moreover, we verified the validity of the obtained distributions by comparing
them with the result of a numerical scan on the octic model WP4

[1,1,1,1,4]. As can be seen
in figures 7–13, the analytical and empirical distributions show an excellent agreement in
the expected regime of applicability of the continuous flux approximation.

Regarding the density of vacua, for the generic ensemble the result of the numerical
scan in the octic model shows a suppression on the density of vacua close to the LCS
point with respect to the statistical predictions (see figure 8). This discrepancy with the
theoretical distributions was nevertheless already anticipated in [67, 68] (see also [15]),
due to a breakdown of the continuous flux approximation. In the generic ensemble, vacua
with N0

A = 0 represent only 0.08% of total vacua and, as we mentioned above, the results
of [67, 68] show that only vacua with vanishing flux N0

A may be found parametrically close
to the LCS point. By contrast, as can be seen in figure 11, the constrained ensemble
exhibits no suppression near the LCS point, indicating that this subclass of solutions will
dominate in this region of the moduli space.

Away from the LCS point, the computed probability distributions based on the continu-
ous flux approximation describe very accurately the result of the numerical scan. Therefore,
we can use these results to have a precise analytic understanding of the features displayed
by the mass spectra observed in the flux ensemble. In the case of the generic ensemble,
when considering only the reduced theory, we observe that vacua with modes much lighter
than the gravitino appear with very low frequency (figure 9), Prob(µ2

red < 0.01m2
3/2) ≈ 2%.

This result is actually a well-known consequence of the generalized Kac-Rice formula, which
characterises the density of critical points in random fields (see [117, 122]). However, when
considering the truncated sector, the situation changes: the mass distribution of the trun-
cated fields diverges in the limit µ2 � m2

3/2 (see figure 10), indicating that a sizeable
fraction of vacua contain light fields in this sector, Prob(µ2

trunc < 0.01m2
3/2) ≈ 11%, with

masses as low as µ2
trunc ∼ 10−10m2

3/2. The reason for this is that, in the models we con-
sider, only the critical points of the reduced scalar potential can be described as extrema of
random fields, and thus appropriately characterised by the Kac-Rice formula. By contrast,
the expectation values of the fields in the truncated sector are fully determined by the
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action of the Calabi-Yau symmetry group, and thus the Kac-Rice formula cannot be used
to obtain the distribution of extrema for these moduli, or their mass spectra.

Concerning the statistics of vacua in the constrained ensemble, our results show that
the mass spectra change significantly due to the condition imposed on the fluxes. In par-
ticular, contrary to the generic ensemble, in this class of vacua the lightest field is always
in the reduced moduli space (see figure 12). In order to understand the dependence of the
spectra on the distance to the LCS point, we considered subsets of vacua constrained to be
in neighbourhoods of this point with varying sizes. This analysis showed that the smaller
the neighbourhood around the LCS point, the more deterministic the mass spectrum be-
comes, recovering the limiting form (8.1) in the strict LCS limit. In other words, for the
dominant class of vacua near the LCS point, the spectrum was always observed to contain
a very light (and asymptotically massless) field in the reduced moduli space (see figure 14).

Finally, let us comment on the applicability of our results. As we mentioned above,
our results can be used to describe no-scale vacua in compactifications invariant under
a large discrete isometry group. Therefore, it would be desirable to understand if the
class of vacua with an analytic spectrum discussed here can be embedded in more general
compactifications. As we discussed in section 7, as long as we neglect the quantisation of
the fluxes, in any Calabi-Yau compactification, and for every point of the moduli space at the
LCS regime, it is possible to find an 4-real-dimensional family of ISD fluxes (i.e., satisfying
the no-scale condition), such that the mass spectrum in the axio-dilaton/complex structure
sector is given by (4.15). This already suggests that these vacua might be encountered in
compactifications where the D3-charge tadpole is large, as in type-IIB compactifications
arising as the orientifold limit of F-theory compactified on a fourfold. Embedding this
class of vacua in generic compactifications, while retaining the flux quantisation condition,
is an interesting problem that we will address in future work. To conclude we will briefly
comment on the possible extension of our results to other regimes away from the LCS
limit. In general, such an analysis would require a specific treatment which is beyond
the reach of the present analysis, as our derivations depend crucially on the universal
properties satisfied by the couplings of the EFT at LCS. However, in the specific case of
conifold limits of the moduli space, it might be possible to make some progress following an
analogous procedure to the one described in [130, 131] (see also [132]). In those works, it was
explicitly demonstrated that one can stabilise a subset of the complex structure moduli
near a conifold point, while fixing the rest near the LCS point, i.e., at a conifold-LCS
regime. As shown in [130, 131], provided the moduli at LCS are sufficiently massive, the
stabilisation of this sector can be treated independently, ignoring consistently the presence
of moduli near the conifold limit to leading order. Therefore, another interesting future
direction would be to study the application of our results to characterise the spectrum of
those complex structure at LCS for compactifications in a conifold-LCS regime, such as
those described in [130, 131].
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A Hodge decomposition of the flux vector

In this appendix we review the Hodge decomposition of the flux vector N [16]. This
decomposition was used in sections 4.4 and 7 of the main text, and is also the starting
point for the derivations of the probability distributions of the type-IIB flux ensemble.

The flux vector N has complex dimension 2h2,1 + 2 and transforms non-trivially under
the symplectic group Sp(2h2,1 + 2,Z), i.e., it is a symplectic section. As we reviewed
in section 2, the set of 2h2,1 + 2 vectors B = {Π, Π̄, DaΠ, DāΠ̄} evaluated at any given
point {τ, za} is also composed of symplectic sections, which can be shown to be linearly
independent. In other words, the set B forms a basis in the space of sections. To prove
the linear independence of the elements of B we introduce the symplectic product 〈A,B〉
of two sections A and B,

〈A,B〉 = AT · Σ ·B, (A.1)

where Σ is the symplectic invariant matrix (2.5). Then, it can be checked from the definition
of Π that the elements of B satisfy the orthogonality relations

〈Π, Π̄〉 = ie−Kcs ,
〈Π̄, Π̄〉 = 0 ,

〈Π, DaΠ〉 = 0 ,
〈Π, DāΠ̄〉 = 0 ,

〈DaΠ, DbΠ〉 = 0 ,
〈DaΠ, Db̄Π̄〉 = −ie−Kcsδab̄ , (A.2)

from which the linear independence of the set B follows. In this setting the Hodge decom-
position of the flux vector can be obtained as the decomposition in the basis of sections B,

N =
√

4π
(
a0Π + b̄0Π + aaDaΠ + b̄aDāΠ

)
. (A.3)

Using these orthogonality relations it is straightforward to find that the coefficients
{a0, a

a, b0, b
a} are determined by the values of the superpotential and its derivatives at

the point {τ, za}

a0 = −eKcsD0̄W̄ , b̄0 = ieKcsW, aa = eKcsD0̄DāW̄ , b̄a = −ieKcsDaW. (A.4)
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Therefore, the basis elements Π, DaΠ, DāΠ and Π correspond to the (3, 0), (1, 2), (2, 1)
and (0, 3) components of the flux G3 = F3 − τH3, respectively. In particular, at no-scale
vacua (2.20), which is the moduli space locus where the parts (3, 0) and (1, 2) of G3 vanish
(i.e., G3 is “imaginary self-dual”), the Hodge decomposition reduces to

N =
√

4πeKcs(iW Π̄ +D0̄DāW̄ DaΠ) . (A.5)

Substituting this expression into (2.21) we can obtain an expression for the D3-charge
induced by imaginary self-dual fluxes:

Nflux = −i4πe2Kcs+Kd
(
|W |2

〈
Π, Π̄

〉
+ |D0D1W |2

〈
D1̄Π̄, D1Π

〉
+2 Im

[
W̄D0̄D1̄W̄ 〈Π, D1Π〉

])
= 4πeKcs+Kd

(
|W |2 + |D0D1W |2

)
, (A.6)

where, in the last step, we have applied the identities (A.2). Finally, using the definitions
of the gravitino mass and msusy, we find Nflux to be positive semidefinite, and given by

0 ≤ Nflux = 4πV2
(
m2

3/2 +m2
susy

)
≤ L . (A.7)

B Numerical method: Paramotopy

In this appendix we describe in detail the numerical method used in this work to obtain
the ensemble of no-scale solutions for the WP4

[1,1,1,1,4] model, also known as the octic. As
discussed in section 5, this model features a single complex structure modulus and an
axio-dilaton, which we seek to stabilize at no-scale configurations (2.20).

It can easily be checked, using the machinery described in section 2, that the no-
scale conditions can be expressed as a system of non-linear polynomial equations near the
LCS point, where the instanton contributions to the prepotential (5.2) (or, more gener-
ally, (2.10)) can be neglected [113]. In the following we will denote this polynomial form
of the no-scale conditions (2.20) by

Pi(z, z̄, τ, τ̄ ; f, h) = 0, i = {1, 2}, (B.1)

where f and h are the quantized flux vectors defined in (2.16), and which are subject to the
tadpole condition (2.22). The main numerical difficulty of this problem lies in solving the
polynomial system of equations (B.1) for the huge number of allowed choices of f and h.

B.1 Polynomial homotopy continuation and Paramotopy

In recent years, one of the most outstanding algorithms to solve systems of the form
of (B.1) has been that of polynomial homotopy continuation (PHC), coined within the field
of numerical algebraic geometry [111, 112]. Schematically, this method works as follows:
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1. Given the set of polynomial equations to be solved, P (x) = 0, the first step is to
construct an auxiliary system of equations, Q(x) = 0, which is easily solvable and
that has the same maximal number of solutions. We then define

H(x, t) = γ(1− t)Q(x) + tP (x), (B.2)

which is known as the homotopy function, where t ∈ [0, 1] and γ is a random complex
number.21

Note that the roots of H(x, 0) correspond to those of Q(x), while the roots of H(x, 1)
are those of P (x), the ones we are interested in.

2. Once the roots of Q(x) ∝ H(x, 0) are determined, it can be shown that, as t increases,
the roots of H(x, t) will be continuously deformed from their original values [112].
Thus, we can easily track the path each solution takes as we vary t up to t = 1, where
the solutions correspond to the solutions to our problem.

Many different implementations of the PHC method can be found in the literature,
such as phcpy [133], StringVacua [134], and Bertini [135]. In this work, we have used
Paramotopy22 [110], a highly efficient PHC-based algorithm specially suited for polynomial
systems like (B.1) which depend on parameter tuples.

In short, Paramotopy works in two steps. Given a certain parametrically-dependent
polynomial system P (x; p), it first performs the above PHC algorithm for a random p0.
Once that has been solved, it performs the same algorithm for the homotopy

H(x, t; p0, p) = γ(1− t)P (x; p0) + tP (x; p) (B.3)

where p corresponds to one of the parameter choices we are interested in. However, in
this second run, the number of paths that have to be tracked is qualitatively smaller than
in the first step, as only those paths that led to proper solutions of P (x; p0) have to be
followed. In cases where the number of well-behaved paths is orders of magnitude lower
than the maximum number of solutions, this second step proves to be crucial for an efficient
solution [110].

B.2 Construction of the flux ensemble and search for no-scale solutions

In order to perform a consistent exploration of the moduli space vacua of the octic, we took
random integer flux values from a uniform distribution, that the components of the flux
vectors satisfy f, h ∈ [−fmax, fmax]. Only those flux tuples satisfying the tadpole condition

0 < h · Σ · f ≤ L (B.4)

were kept where, for our purposes, we took L = 972, and chose fmax = 50 to be sufficiently
large for the distribution of the D3-charge Nflux (2.21) to converge to a flat distribution.

21This parameter ensures no singularities will occur during the deformation of Q(x) into P (x). For more
detail, see [112].

22Software available at www.paramotopy.com.
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This way, we avoid artificially induced boundary effects associated to having set a finite
value for fmax.

For the case of generic flux vacua, we generated 107 flux tuples consistent with the
tadpole condition. On the other hand, for the constrained case, we generated 106 consistent
flux tuples23 following the algorithm above, while manually keeping f0

A = h0
A = 0.

With these parameter choices in hand, we employed Paramotopy to solve the system
of no-scale conditions given by (2.20). Note that (2.20) involves both τ, z and τ̄ , z̄. One
possibility to deal with this would be to solve for the real and imaginary parts of each
variable. However, here we solved for barred and unbarred variables separately, and then
only kept those solutions which actually satisfied the conjugation relation between the
variables. We found that this second choice was easier to solve by the software, and kept
the equations simple. The whole process took around 5 hours in a 46-core machine for the
constrained ensemble (106 tuples) and 50 hours for the generic ensemble (107 tuples).

From the resulting ensemble of no-scale solutions, we only considered (in section 6)
those with moderately small instanton corrections. When performing this cut in our ensem-
ble data, we made sure that the EFT we used to describe the octic model is indeed reliable.
The sizes of these corrections were considered a posteriori, once the tree-level equations had
been solved. More specifically, at each of the obtained solutions, we computed the Kähler
potential and Kähler metric, both neglecting entirely the instanton contributions to the
prepotential and considering the leading correction (5.3). First, we selected only those
solutions for which the Kähler metric was still well defined after including the corrections,
i.e., where it was non-degenerate and positive. Then, with these solutions, we computed
the gravitino mass m3/2, rescaled Yukawa coupling κ̊, and Kähler metric (with and without
considering the leading instanton), and selected those vacua where the relative corrections
were < 20%. The resulting ensemble of solutions is represented in blue in the histograms
of figures 7, 8 (generic ensemble), and 11 (constrained ensemble).

B.3 Redundancies of the EFT and solution duplicates

As discussed in sections 2 and 5, the low energy supergravity description of type-IIB string
compactifications has two inherent redundancies: one associated with the modular SL(2,Z)
transformations (2.24), and one associated with the symplectic transformations acting as
in (2.6) and (2.23). Thus, no-scale solutions which can be related to each other by any
combination of these transformations should be regarded as equivalent.

To avoid double-counting no-scale solutions related by the SL(2,Z) symmetry, we
transported each solution to the fundamental domain of the modular group, given by the
complex upper half-plane with |τ | > 1 and |Re(τ)| < 1/2. This operation can be easily
performed by successively applying the generators of the group, given by

Tb =
(

1 b

0 1

)
τ → τ + b

,
R =

(
0 −1
1 0

)
τ → −1/τ

. (B.5)

23Random fluxes are more prone to high corrections as opposed to those with N0
A = 0, mostly due to the

difference in the number of solutions near the LCS point. Thus, to keep a considerable amount of solutions
in the former case, we generated more flux tuples.
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Note that while these transformations change the value of f and h, it can be shown that
the quantity Nflux remains invariant, so the transported solutions will nevertheless satisfy
the tadpole condition.

As for the symplectic transformations, at large complex structure the corresponding
source of redundancy comes from the monodromy around the LCS point, which acts on
the complex structure field z and the fluxes as [8, 57, 66, 119]

z → z − i n ≡
{
N → An ·N
Π→ An ·Π

, (B.6)

where n ∈ Z and

A =


1 0 0 0
1 1 0 0
4 −2 1 −1
−4 −2 0 1

 (B.7)

for the octic.24 This symmetry allows us to define a fundamental domain on the z plane,
which we chose to lie at |Im(z)| ≤ 1/2.

Both sets of transformations, (B.5) together with (B.6) and (B.7) can be used to
transport τ and z to their respective fundamental domains. Vacua with the same flux and
moduli values (up to 10−8, corresponding to the error estimate of Paramotopy) are then
removed to avoid double-counting solutions in the numerical scan.

C Density distribution of no-scale flux vacua

In this appendix we present a derivation of the theoretical probability distributions for the
density of no-scale vacua (6.3) and (6.16), which describe the generic ensemble and the one
constrained by the condition N0

A = 0, respectively
The proof below relies only on the continuous flux approximation, and closely follows

the one presented in [15]. We begin by deriving the probability distribution for the vari-
ables (6.2) at no-scale vacua using the Hodge decomposition (A.3). We then combine the
result with a generalised version of the Kac-Rice formula to derive the density of flux vacua.
In each of these two steps, we will present the argument first for the generic ensemble, as
obtained in [15], and then we will adapt the it to the case the constrained ensemble.

C.1 Derivation of the Denef-Douglas distribution

Following [15], our starting point is a flat distribution for the 4m = 4(h2,1 + 1) integer flux
parameters {

f IA, h
I
A, f

B
I , h

B
I

}
. (C.1)

Note that this distribution also matches the numerical procedure we followed to obtain
the ensemble in the WP4

[1,1,1,1,4] model, where flux realisations are drawn from a flat
distribution.

24See [57] for more detail on this and other one-parameter models.

– 50 –



J
H
E
P
0
4
(
2
0
2
1
)
1
4
9

In addition, we will also consider the situation when the tadpole constraint is large,
L � 1. In this case the typical values of these flux parameters are also large, and can be
regarded as a continuous random variables. The corresponding probability distribution is
therefore

dµflux(f, h) = N (dfdh)4m . (C.2)

Begin by switching variables to the complex flux parameters N = f − τh and their conju-
gates N̄ = f − τ̄h. The associated Jacobian is

J = ∂(NA, N̄A, N
B, N̄B)

∂(fA, hA, fB, hB) =

∂(NA,N̄A)
∂(fA,hA) 0

0 ∂(NB ,N̄B)
∂(fB ,hB)

 , (C.3)

where
∂(NA, N̄A)
∂(fA, hA) = ∂(NB, N̄B)

∂(fB, hB) =
(

1 1

−τ1 −τ̄1

)
. (C.4)

Then,

det(J) = det
(

1 1
−τ τ̄

)2m

= (−2i Im τ)2m , (C.5)

implying that the resulting probability distribution for {N, N̄} reads

dµflux(N, N̄) = N (dNdN̄)4me2mKd . (C.6)

Next, we consider the change of variables between {N, N̄} and {Z0, Fa, F0, Za, c.c.}, defined
by25

F0 ≡ eK/2D0W = −ieK/2N † · Σ ·Π ,

Fa ≡ eK/2DaW = eK/2NT · Σ ·DaΠ ,

Z0 ≡ eK/2W = eK/2NT · Σ ·Π ,

Za ≡ eK/2D0DaW = −ieK/2N † · Σ ·DaΠ , (C.7)

where the components of the vectors have been expressed in a canonically normalised basis.
Note that these definitions coincide with those in the main text, (6.2), up to a volume factor
V. Since the volume is independent of the complex structure moduli or the dilaton, the
effect of the rescaling necessary to make contact with (6.2) amounts to a redefinition of
the normalisation constant, and thus we will ignore the volume prefactor in the following.
The Jacobian J = ∂(Z0, Fa, F0, Za, c.c.)/∂(N, N̄) of the transformation above reads

J = eK/2
(

Σ ·Π Σ ·DaΠ 0 0 0 0 iΣ · Π̄ iΣ ·DāΠ̄
0 0 −iΣ ·Π −iΣ ·DaΠ Σ · Π̄ Σ ·DāΠ̄ 0 0

)
. (C.8)

Then,
det(J) = e2mK | detM |2 , (C.9)

25In the following derivations, in order to simplify the notation, we will ignore the overall 1/
√

4π factor
in the definition of W (2.18), since it plays no role in the final result.
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where
M ≡

(
Σ ·Π, Σ ·DaΠ, iΣ · Π̄, iΣ ·DāΠ̄ .

)
(C.10)

To compute the determinant, we use the trick

| detM |2 = |M †M | = |M † · Σ ·M | , (C.11)

since |Σ| = 1. Then, using the orthogonality properties of the basis {Π, Π̄, DaΠ, DāΠ̄} for
the space of symplectic sections under the product defined by Σ, we obtain [15]

M † · Σ ·M =


e−Kcs 0 0 0

0 −ie−Kcsδab̄ 0 0
0 0 e−Kcs 0
0 0 0 ie−Kcsδab̄

 . (C.12)

The determinant of this matrix is then det(M † · Σ ·M) = e−2mKcs . Using this result we
find that the determinant of the Jacobian of the change of variables is

det(J) = e2m(Kd+Kk) , (C.13)

and therefore, noting that the factor e2mKd cancels with that of (C.6), we find that the
probability distribution on the variables {F0, Fa, Z0, Za} is flat

dµflux(FA, ZA, F̄A, Z̄A) = N (dFAdF̄AdZAdZ̄A)4me−2mKk . (C.14)

In these variables no-scale vacua correspond to those configurations with FA = 0, and the
tadpole constraint requires

Nflux = ZAZ̄A ≡ |Z|2 ≤ L. (C.15)

The no-scale conditions can be imposed by introducing a delta function δ2m(FA, F̄A)
in (C.14), which is equivalent to considering simply the distribution

dµflux(ZA, Z̄A)|no-scale = N (dZAdZ̄A)2m . (C.16)

In other words, the variables ZA = {eK/2W, eK/2D0DaW} and their complex conjugates
form a set of 2(h2,1 + 1) independent complex variables uniformly distributed on the
sphere (C.15) defined by the tadpole constraint. We refer to the previous probability
density function as the Denef-Douglas distribution.

C.2 Constrained flux distribution

We will now repeat the above computation for the constrained ensemble of vacua. We begin
by noting that this constraint can be implemented in the continuous flux approximation
with Dirac delta functions as

dµflux(f, h) = N (dfdh)4m δ(f0
A)δ(h0

A) . (C.17)

After changing to complex flux coordinates, we obtain

dµflux(N, N̄) = N (dNdN̄)4me2mKdδ(N0
A)δ(N̄0

A)|J0| , (C.18)
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where
|J0| = det ∂(N0

A, N̄
0
A)

∂(f0
A, h

0
A)

= det
(

1 1
−τ −τ̄

)
= −2i Im τ , (C.19)

and so
dµflux(N, N̄) = N i(dNdN̄)4me(2m−1)Kdδ(N0

A)δ(N̄0
A) . (C.20)

Using the Hodge decomposition of the flux vector

N = e
1
2 (−Kk−Kd+Kcs)(−F̄0Π + iZ0Π̄ + Z̄aDaΠ− iFaDāΠ̄) , (C.21)

we can obtain the form of the constraint in terms of the variables {ZA, FA, Z̄A, F̄A}. It is
given by

N0
A = e

1
2 (−Kk−Kd+Kcs)(−F̄0 + iZ0 −

√
3/(1− 2ξ)Z̄1 +

√
3/(1− 2ξ)iF1) = 0 . (C.22)

We can implement this condition as a constraint on the variables

Z0 = Z∗0 (Za, FA) , Z̄0 = Z̄∗0 (Za, FA) (C.23)

with the aid of Dirac delta functions, so that the final density function, written in terms
of {ZA, FA, Z̄A, F̄A}, reads

dµflux = N i(dFAdF̄AdZAdZ̄A)4me−Kcsδ(Z0 − Z∗0 )δ(Z̄0 − Z̄∗0 ) . (C.24)

Here we have absorbed the Calabi-Yau volume factor, which is independent of the axio-
dilaton and complex structure fields, in the normalisation constant.

C.3 Density of generic no-scale vacua

We now turn to the computation of the density of flux vacua in the generic ensemble. The
number of no-scale vacua Cvac(N) for a given choice of flux N can be obtained using the
generalised Kac-Rice formula [115, 116]

Cvac(N) =
∫
d2mu δ2m(DW ) | detD2W | , (C.25)

with uA = {τ, zi} and

δ2m(DW ) = δm(DAW ) δm(DĀW̄ ), D2W =
(
DADB̄W DADBW

DĀDB̄W̄ DĀDBW̄

)
. (C.26)

Let us now consider the total number of no-scale vacua in the ensemble of fluxes satisfying
the tadpole constraint Nflux ≤ L, which is given by

Cvac(Nflux ≤ L) =
∑
N

Θ(Nflux − L)
∫
d2mu δ2m(DW )| detD2W | . (C.27)

Note that here we have chosen to count all choices of flux with equal weight, consistent
with our initial assumption that fluxes are drawn from an underlying uniform distribution.
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As discussed in [15], using the integral representation of the Heaviside theta function
we can rewrite the previous formula as

Cvac(Nflux ≤ L) = 1
2πi

∫
C

dα

α
eαL∗C(α) (C.28)

with

C(α) ≡
∑
N

∫
d2mu e−αNflux δ2m(DW )| detD2W |

≈
∫

(dNdN̄)4m
∫
d2mu e−αNflux δ2m(DW )| detD2W |e2mKd , (C.29)

where in the last line we have approximated the sum over the integer fluxes by an integral
with measure given by (C.6).

Expressing the gradient, DW , and the Hessian of the superpotential, D2W , in a canon-
ically normalised basis, we find

C(α) =
∫

(dNdN̄)4m
∫
d2mu| det g| e−αNflux δ2m(DaW )| detH|1/2e2mKd

=
∫

(dZdF )4m
∫
d2mu| det g| e−αV2|Z|2 δm(FA)δm(F̄A)| detH|1/2e−2mKk

= V4m
∫

(dZdZ̄)2m
∫
d2mu| det g| e−αV2|Z|2 | detH|1/2 . (C.30)

In the second line, the term of the form emK arises as a result of the change of variables (C.7)
in the argument of the delta function, which then is reabsorbed when expressing detD2W in
terms ofH.26 Rescaling ZA → ZA/(V

√
α), it is possible to see that C(α) = C(1,V = 1)α−2m

and the overall volume factor disappears, so we can explicitly perform the integral in α

to give

Cvac(Nflux ≤ L) = Λ(L,m) ·
∫
d2mu| det g|

∫
(dZdZ̄)2m e−|Z|2 | detH|1/2 , (C.31)

where Λ(L,m) is a constant depending on the tadpole parameter L and the moduli space
dimension m. Consistent with the previous equation, the density of flux vacua is then
defined by

dµvac(z, τ) = N · d2mu | det g|
[∫

(dZdZ̄)2m e−|Z|2 | detH|1/2
]
. (C.32)

C.4 Density of constrained vacua

For the ensemble with constrained fluxes the argument proceeds as before, but when chang-
ing to the variables (C.7) in (C.30), we should use the measure (C.24) rather than (C.16).
As a result, the density of no-scale vacua is given by

dµvac(z, τ) = N · d2mu | det g|
[∫

(dZdZ̄)2(m−1) e−|Z|2 | detH|1/2e−Kcs
]
, (C.33)

26Recall that in canonically normalized coordinates we have the relation H = eK(D2W )2 = (m3/21+M)2,
from (2.27).
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where the integral is over the subspace of {ZA, Z̄A} defined by the constraints (C.23) with
FA = F̄A = 0 (no-scale conditions). In the case when the complex structure moduli space
is one dimensional (m = 2), the integral appearing in the previous equation reduces to

∫
dZ1dZ̄1e−

2(2−ξ)
1−2ξ |Z1|2 |Z1|4

∣∣∣1 + 9
(1− 2ξ)2 −

3(2 + κ̊2)
(1− 2ξ)

∣∣∣ξ + 1
ξ

, (C.34)

where we used the relation |Z0| =
√

3/(1− 2ξ)|Z1| (given in (4.21)) and the definition of
the LCS parameter e−Kcs = |2 Im κ0|(ξ + 1)/ξ. Integrating the previous expression over
the complex variable Z1, and over the directions Im z and Re τ we find

dµvac(z, τ) = N · (1 + ξ)
(2− ξ)2

1
r2s2drds , (C.35)

expressed in terms of the variables (6.7), which agrees with (6.16).

D Bounds on the LCS parameter

The theoretical distributions (6.3) and (6.16) were derived in order to have an analytical
description of the ensemble of no-scale vacua, constructed as described in section 5 and ap-
pendix B. However, this characterisation is only a faithful representation of the Landscape
in the regime of moduli space where both the EFT and the continuous flux approximation
are valid.

Indeed, vacua with large instanton corrections should be discarded, since the EFT we
used cannot be trusted in those cases. As the vacua density functions (6.3) and (6.16)
contain no information regarding the size of the instanton contributions, they are bound to
be inaccurate in the regime where these corrections are large. Furthermore, from [67, 68],
we know that in the generic ensemble the density of vacua should be suppressed with
respect to the theoretical distribution (6.3), due to the breakdown of the continuous flux
approximation. In this appendix we discuss the parameter space where the statistical
description can be applied, providing an analytic estimate for this region in terms of the
LCS parameter ξ.

D.1 No-scale equations near the LCS point

We begin by rewriting the no-scale equations (2.20) in the LCS limit in a more convenient
way for the derivations below.

In this regime, ξ → 0, the Kähler potential of the complex structure sector can be
expressed as

Y ≡ e−Kcs ≈ 1
6κijk(z

i + z̄i)(zj + z̄j)(zk + z̄k) , (D.1)

and the canonically normalized Yukawa couplings satisfy [67, 68]

κ111 = 2√
3
Y , κ11ã = 0 , κ1ãb̃ = − 1√

3
Y δãb̃ , (D.2)

– 55 –



J
H
E
P
0
4
(
2
0
2
1
)
1
4
9

where the direction “1” corresponds to the no-scale direction (4.7) and ã, b̃ = 2, . . . h2,1.
We also have

za =
√

3
2 δa1 + iλa , Ka = −

√
3δa1 , (D.3)

where za (with a = 1, . . . , h2,1) are the canonically normalised fields at the vacuum, and
λa = Im(za). After some algebra, it can be shown that the superpotential has the form

W =− i

6κabcN
0
Az

azbzc + 1
2κabcN

a
Az

bzc + i
(
κaN

0
A − κabN b

A −NB
a

)
za

+ κ0N
0
A + κaN

a
A −NB

0 , (D.4)

while the no-scale conditions (2.20) read

D0W =− 1
6κabcN̄

0
Az

azbzc − i

2κabcN̄
a
Az

bzc +
(
κaN̄

0
A − κabN̄ b

A − N̄B
a

)
za

− iκ0N̄
0
A − iκaN̄a

A + iN̄B
0 = 0 ,

DaW =− i

2κabcN
0
Az

bzc + κabcN
b
Az

c + iκaN
0
A − iκabN b

A − iNB
a −
√

3Wδ1
a = 0 . (D.5)

To analyse these equations it is convenient to introduce the flux parameter redefinitions

N̂B
0 ≡−

1
6κabcN

0
Aλ

aλbλc − 1
2κabcN

a
Aλ

bλc −
(
κaN

0
A − κabN b

A −NB
a

)
λa

+ κ0N
0
A + κaN

a
A −NB

0 , (D.6)

N̂B
a ≡−

1
2κabcN

0
Aλ

bλc − κabcN b
Aλ

c − κaN0
A + κabN

b
A +NB

a . (D.7)

Note that the flux parameters f̂BI and ĥBI in N̂ = f̂ − τ ĥ are still real, but are not integers
in general. Using these new parameters, the superpotential now reads

W = N̂B
0 − i

√
3

2 N̂B
1 +

[(√
3

4 λ1 − i

8

)
N0
A +
√

3
4 N1

A

]
Y (D.8)

and the no-scale conditions are given by[(1
2λ

1 + i

4
√

3

)
N0
A + 1

2N
1
A

]
Y + iN̂B

1 = − 2√
3
N̂B

0 , (D.9)[(
1
2λ

1 − i
√

3
4

)
N0
A + 1

2N
1
A

]
Y + iN̂B

1 = 2
√

3N̂B
0 , (D.10)[1

2λ
a′N0

A + 1
2N

a′
A

]
Y + iN̂B

a′ = 0 . (D.11)

These expressions can be rewritten in a more compact way as

N̂B
0 = − i8Y N

0
A, N̂B

a = i

2Y
(
N0
Aλ

a +Na
A

)
. (D.12)

The second equation can be equivalently written, after contracting it with the vielbein eai , as

N̂B
i = i

2Y
(
N0
Aλ

j +N j
A

)
gji , (D.13)
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where we have used that N̂B
a e

a
i = N̂B

i , and Na
Ae

a
i = N j

Ae
a
j e
a
i = N j

Agji, and similarly for the
terms involving λa. The redefined fluxes can also be rewritten as

N̂B
0 ≡−

1
6κijkN

0
Aλ

iλjλk − 1
2κijkN

i
Aλ

jλk −
(
κiN

0
A − κijN

j
A −N

B
i

)
λi

+ κ0N
0
A + κiN

i
A −NB

0 , (D.14)

N̂B
i ≡−

1
2κijkN

0
Aλ

jλk − κijkN j
Aλ

k − κiN0
A + κijN

j
A +NB

i . (D.15)

D.2 Lower bound on the LCS parameter

We will now determine the regime of applicability of the continuous flux approximation
near the LCS point on the generic flux ensemble, expressed as a lower bound for the LCS
parameter ξ.

Let us first discuss the equation in (D.12) for N̂B
0 in the ξ → 0 limit when N0

A 6= 0.
From the definition of the LCS parameter ξ (4.1), we can rewrite Y as

Y = 2 |Im κ0|
1 + ξ

ξ
≈ 2 |Im κ0| ξ−1 (D.16)

in the LCS limit, that is, ξ → 0. On the other hand, from the definition of N0
A, we can

obtain the following lower bound:∣∣∣N0
A

∣∣∣2 = (f0
A − Re(τ)h0

A)2 + Im2(τ)(h0
A)2 ≥ 1 , (D.17)

where in the last step we used Im(τ) > 1, as required for the vacua to be in the weak string
coupling regime. This implies that at no-scale vacua near the LCS limit, we must have

|N̂B
0 | ≈

|Im κ0|
∣∣N0

A

∣∣
4ξ . (D.18)

Note that, since by assumption |N0
A| 6= 0, the right hand side blows up when ξ → 0,

and so |N̂B
0 | & O(ξ−1), which will require some contributions in (D.7) to become large.

From (D.17) we can see that the previous condition will be the least restrictive when |N0
A|

and Im τ are both O(1), leading to

|N̂B
0 | &

|Im κ0|
4ξ . (D.19)

In order to solve this condition, one could try to tune the parameters λi = Im zi to be
large, λi = O(ξ−1/3); however, in that case the cubic terms in (D.7) would dominate, and
the first equation in (D.12) would become

1
6κijkλ

iλjλk
!≈ i |Im κ0|

4ξ , (D.20)

which cannot be solved, as the left hand side is real and the right hand side purely imagi-
nary. This conclusion is in agreement with the results of [67, 68], where it was shown that
if the superpotential is dominated by its cubic term, the no-scale equations (2.20) cannot
admit solutions in a neighbourhood of the LCS point.
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As a consequence, we need terms with different powers of λi in (D.7) to be comparable
and, assuming the constant coefficients of the prepotential to be O(1), due to the tadpole
condition (2.21) we will typically have |N̂B

0 | = O(
√
Nflux). Combining all of this, we arrive

at the bound we were looking for:

ξ & ξmin
∣∣
N0
A 6=0 ≡

|Im κ0|
4
√
Nflux

. (D.21)

As an example, for the WP4
[1,1,1,1,4] model, we have Nflux = 972 and 2| Im κ0| ≈ 2.9, which

implies
ξmin = O(10−2) . (D.22)

In the case of the constrained ensemble, the previous argument does not apply. In the
limit ξ → 0 with f0

A = h0
A = hzA = 0 and

fB0 = fzA kz + hB0
2(hBz )2

[
2hBz (fBz + fzA kzz)− fzA hB0 kzzz

]
, (D.23)

the LCS parameter ξ can be used to parametrize no-scale solutions. This leads to a
flat direction along Im τ ≈ (ξ0/ξ)1/3 |fzA/hBz |, where ξ0 ≡ (3/24)| Im κ0|k2

zzz, which allows
solutions arbitrarily close to the LCS/weak-coupling limit.

D.3 Maximum value consistent with small instanton corrections

In this section, we give an upper bound ξmax, independent of the flux vector N , by requiring
the instanton corrections to the metric of the complex structure moduli space to remain
small. As we mentioned above, the numerical analysis shows that the field space metric is
typically the object where these corrections have the largest effect, and thus it is particularly
suitable for estimating the regime of validity of the EFT. For convenience we will split the
prepotential as

F(z) = F̂(z) + F∗(z) + . . . , (D.24)

where F̂ is the perturbative part of the prepotential, and F∗ denotes the leading term of
the instanton contributions Finst. In the case of the octic model, near the LCS point the
prepotential is given by (5.2) and (5.3), which have the form

F̂(z) = i

6κ3z
3 + 1

2κ2z
2 + iκ1z + 1

2κ0 , F∗(z) = − in1
(2π)3 e

−2πz , (D.25)

the latter being perturbatively small when compared to F̂ in the LCS regime. The period
vector (2.9) is then split as

Π =


1
iz

2F − z∂zF
−i∂zF

 =


1
iz

2F̂ − z∂zF̂
−i∂zF̂

+


0
0

2F∗ − z∂zF∗
−i∂zF∗

 ≡ Π̂ + Π∗ . (D.26)
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Keeping only to leading instanton contribution, the Kähler potential (2.13) is then

e−Kcs = i Π† · Σ ·Π ≈ i Π̂† · Σ · Π̂ + i Π̂† · Σ ·Π∗ + i Π†∗ · Σ · Π̂

= e−K̂ − 2 Im(Π̂† · Σ ·Π∗) . (D.27)

Defining I ≡ Im(Π̂† · Σ ·Π∗) we obtain to leading order

Kcs ≈ K̂ + 2IeK̂ . (D.28)

Denoting the zeroth order metric and its leading instanton correction as

Gzz̄ ≡ ∂z∂z̄K̂ , gzz̄ ≡ ∂z∂z̄(2IeK̂) , (D.29)

we find that the field space metric is given by

∂z∂z̄Kcs ≈ Gzz̄ + gzz̄

= Gzz̄ + 2eK̂
(
Gzz̄I + K̂zK̂z̄ I + K̂z̄Iz + K̂zIz̄ + Izz̄

)
, (D.30)

where subindices denote partial derivatives. Letting e1
z be a real vielbein with respect to

the zero-order metric Gzz̄ (so that G11̄ = 1), we then find

g11̄ = 2eK̂
((

1 + (K̂1)2
)
I + K̂1 (I1 + I1̄) + I11̄

)
, (D.31)

where we used K̂1 = ez1K̂z = ez̄1̄K̂z̄ = K̂1̄. The value of I and its partial derivatives are
found by direct computation. Defining θ = 2πIm(z) and using (4.2), we get

I = − n1
4π3 e

−2πRe(z)(1 + 2πRe(z)) cos(θ) , (D.32)

I1 + I1̄ = 2n1
π
e−2πRe(z)Re2(z)

x
cos(θ) , (D.33)

I11̄ = 2n1
π
e−2πRe(z)Re2(z)

x2 cos(θ) . (D.34)

From the analysis in section 4, we know that the relations

eK̂ = 1
2|Im κ0|

ξ

1 + ξ
, K̂1 = −

√
3

1− 2ξ , (D.35)

x2 = 3(1− 2ξ)
(1 + ξ)2 , Re z =

(3|Im κ0|
2κ3

)1/3 1
ξ1/3 (D.36)

hold. Thus, substituting (D.32) through (D.36) into (D.31), and defining α ≡
(

3|Imk0|
2k3

)1/3
,

we get

g11̄ = − n1 cos θ
6π3|Im κ0|

(2− ξ)ξ1/3

(1 + ξ)(1− 2ξ)e
− 2πα
ξ1/3

(
(2πα)2(1 + ξ) + 3ξ2/3 + 6παξ1/3

)
.

Requiring the relative corrections to the canonically normalised metric to remain below
20% (or equivalently |g11̄| ≤ 0.2, since G11̄ = 1), we find

ξ ≤ ξmax ≈ 0.2 . (D.37)
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Figure 16. P-P plots of the theoretical distribution of ξ, (6.8), versus the data obtained within
the generic ensemble for (a) 0.01 ≤ ξ ≤ 0.49 and (b) 0.025 ≤ ξ ≤ 0.185. For reference, we plot the
curve Fth(ξ) = Femp(ξ) corresponding to perfect agreement with a dashed line. We find that the
distribution only fits the data within the range plotted in (b).

D.4 Accuracy of the statistical description

The statistical description of the flux ensemble presented in section 6 relies on two assump-
tions: first that the prepotential defining the EFT (5.2) contains only polynomial terms
(we neglect instanton contributions, Finst ≡ 0), and second that the flux vector N can be
regarded as a continuous random variable. These two conditions were imposed to make
the problem analytically tractable, and also to simplify the numerical analysis so that the
homotopy continuation methods could be applied. Thus, it is expected that, in regimes of
parameter space where the vacua fail to be consistent with these assumptions, we should
observe discrepancies between the theoretical probability distributions and the histograms
obtained from the numerical scan. Here, we present the method we used to identify these
deviations in the data in a systematic way. For definiteness we will focus the discussion
on the distribution of the LCS parameter ξ, whose theoretical distributions for the generic
and constrained ensembles are given by (6.8) and (6.17), respectively.

As we discussed above, the predicted distribution cannot be applied in the whole
domain of ξ. Vacua near the conifold point ξcnf ≈ 0.39 are prone to big instanton corrections
while, for the generic ensemble, those in the LCS limit ξ → 0 are expected to be suppressed
due to the breakdown of the continuous flux approximation. Thus, we will now establish
empirical bounds where the theoretical distributions for ξ are applicable. A widely used
graphical method to verify how an empirical data distribution performs against a reference
distribution is that of P-P plots (see, e.g., [136]). The method consists in plotting the
empirical and theoretical cumulative distributions functions, Fem(ξ) and Fth(ξ), one against
the other. If the agreement is perfect then the resulting plot is a straight line at 45 degrees.

As shown in figure 16, in the generic ensemble case, the best agreement with the
Denef-Douglas distribution was found for

0.025 ≤ ξ ≤ 0.185 . (D.38)
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The large discrepancy observed in figure 16 (a) is due to the deficit of vacua near the LCS
point in the generic ensemble. Note that these bounds are in very good agreement with the
estimates (D.22) and (D.37) obtained above, which correspond to the limits of applicability
of the continuous flux approximation and of the EFT, respectively.

A similar analysis shows that for the constrained ensemble, the theoretical and empir-
ical distributions agree in the interval

5 · 10−5 ≤ ξ|N0
A=0 ≤ 0.185 . (D.39)

As can also be seen in the histograms of section 6, the Denef-Douglas distribution (6.3) pro-
vides an accurate description of the LCS parameter and other physical quantities (Yukawa
couplings, scalar and fermion masses. . . ) within the limits established above.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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