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Resumen

En esta tesis doctoral se aportan contribuciones a la teoria de singularidades,
asi como a la teoria de clases caracteristicas de variedades singulares. La
primera parte de esta tesis se centra en el estudio de singularidades que apare-
cen en la imagen de aplicaciones. Los principales objetos de estudio en la
teoria de singularidades de aplicaciones son los gérmenes de aplicacién, y uno
de los objetivos de esta teoria es la clasificacion de dichos gérmenes. En esta
direccién, D. Mond formulé una conjetura muy relevante en el drea. Aunque
algunos casos de esta conjetura han sido resueltos, el caso general atin per-
manece abierto a dia de hoy. La conjetura relaciona dos importantes invari-
antes analiticos de gérmenes de aplicacién de (C",0) a (C**1 0) de distinta
naturaleza, estos son la A.-codimensién y el nimero de Milnor en la imagen
pr. Dado f: (C™,0) — (C"*! 0) un germen de aplicacién con singularidad
inestable en 0 y con (n,n + 1) en el rango de buenas dimensiones de Mather,
la conjetura establece que A.-codim(f) es menor o igual que pz(f), y con
igualdad cuando f es un germen de aplicacion casi-homogéneo. La conjetura
de Mond se conoce para los siguientes casos: para n < 2, para gérmenes de
aplicacién de tipo fold, y para gérmenes de corrango 1 con A.-codimension
1. Una de las dificultades de esta conjetura es determinar py, ya que por
su naturaleza topoldgica es dificil de calcular en general. El capitulo 3] y el
capitulo [4] de esta tesis doctoral estdn dedicados a la obtencién férmulas que
permiten calcular de forma efectiva puj para ciertos gérmenes de aplicacién.
En el capitulo B} probamos una férmula para el nimero de Milnor en la ima-
gen py de gérmenes de aplicacion de corrango 1, mientras que en el capitulo
obtenemos dos férmulas para el niimero de Milnor en la imagen u; en el
caso de gérmenes de aplicacién casi-homogéneos de (C",0) a (C"*1,0), con
n = 4 y 5. Estas dltimas férmulas se basan en un resultado introducido por
T. Ohmoto que involucra clases caracteristicas de espacios singulares, dando
lugar a férmulas que permiten calcular facilmente el niimero de Milnor en la
imagen. Estas férmulas son obtenidas a través la interaccion entre la teoria
de singularidades de aplicaciones y la teoria de clases caracteristicas, y mues-
tran un claro ejemplo de la utilidad de estas clases para el estudio de espacios
singulares.

Las clases caracteristicas fueron introducidas en la década de 1930 por E.
Stiefel como parte de la teoria de la obstruccién en el estudio de fibrados vec-
toriales de variedades lisas. Estas clases son clases de cohomologia que miden
la trivialidad del fibrado vectorial. En los anos siguientes, se definieron difer-
entes clases caracteristicas para fibrados vectoriales, y estas se generalizaron
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para variedades singulares. Las clases caracteristicas de variedades singulares
son clases de homologia que recuperan, para el caso no singular, la clase car-
acteristica de cohomologia correspondiente tomando el producto cap con la
clase fundamental. Uno de los principales intereses en la teoria de clases carac-
teristicas de espacios singulares es la comparacién de distintas clases de cierto
espacio singular. Por un lado, con el objetivo de unificarlas. Por otro lado,
para estudiar qué informacion captura la diferencia entre dos clases distintas
sobre la variedad singular. Una de las técnicas para definir estas clases es
mediante el uso de transformaciones naturales. Estas trasformaciones parten
de cierto funtor que depende de la clase caracteristica y llegan al funtor de
homologia de Borel-Moore. Ademds, esta transformacién natural tiene un el-
emento distinguido en el funtor de partida de modo que la transformacion
aplicada a este elemento, recupera la clase caracteristica de cohomologia cor-
respondiente para el caso no singular.

J. P. Brasselet, J. Schiirmann y S. Yokura, respondiendo a una pregunta
formulada por R. MacPherson sobre la teoria de unificacion de clases carac-
teristicas de espacios singulares, definen la clase de homologia de Hirzebruch
T « como una transformacion natural a través de teoria de Hodge. Esta trans-
formacién parte del funtor relativo de Grothendieck de variedades algebraicas
y llega al funtor de homologia de Borel-Moore, y recupera, para el caso no
singular, la importante clase caracteristica de cohomologia de Hirzebruch 7}.

La clase de Hirzebruch T3 para variedades no singulares, nace del teorema
de Hirzebruch-Riemman-Roch generalizado (g-HRR) probado por F. Hirze-
bruch. Este teorema, en términos de la clase de Chern y la clase de Hirze-
bruch T, recupera para distintos valores de y los siguientes invariantes: Para
y = —1, la caracteristica de Euler, para y = 0, el género aritmético y, para
y = 1, la signatura de la variedad. La clase cohomolégica de Hirzebruch 7 (Y")
es una generalizacion a clases caracteristicas de estos tres invariantes, es decir,
se especializa en la clase total de Chern (para y = —1), en la clase total de
Todd (para y = 0) y en la L-clase de Thom-Hirzebruch (para y = 1). En
los afios 1980, M. Goresky y R. MacPherson introducen la homologia de in-
terseccion dando lugar a la nocion de signatura para una variedad singular.
Ademas, M. Goresky y R. MacPherson generalizan la L-clase caracteristica
de Thom-Hirzebruch para espacios singulares, conocida como la L-clase de
Goresky-MacPherson.

J. P. Brasselet, J. Schiirmann y S. Yokura formularon la siguiente conje-
tura: La clase de homologia de Hirzebruch 7, . coincide, para y = 1, con la
L-clase de Goresky-MacPherson para variedades algebraicas complejas y com-
pactas que son de homologia racional. Esta conjetura es la generalizacién a
clases caracteristicas del importante Teorema del Indice de Hodge. Este teo-
rema calcula la signatura de una variedad algebraica compacta lisa a través
de los ntimeros de Hodge. Asi pues, la conjetura de Brasselet-Schiirmann-
Yokura establece una generalizaciéon del Teorema del Indice de Hodge in-
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cluso para variedades de homologia racional, dando asi una comprensién de
la L-clase de Goresky-MacPherson a través de la teoria de Hodge. En el
capitulo [5| probamos la conjetura de Brasselet-Schiirmann-Yokura para var-
iedades proyectivas, y este trabajo compone el resultado principal de esta tesis
doctoral.

Esta tesis se divide en cinco capitulos. El capitulo[I] se corresponde a una
introduccion de esta tesis doctoral. En el capitulo [2| se presentan los prelim-
inares necesarios para los resultados principales que se exponen en los restantes
tres capitulos. La seccion del capitulo 2, esta dedicada a los preliminares
sobre teoria de singularidades de aplicaciones necesarios para el desarrollo de
los capitulos B y [d] En la seccién 2.5 se introduce la teorfa de clases carac-
teristicas y se presentan las clases que involucran los capitulos |4| y |5} El resto
de secciones del capitulo de preliminares estan dedicadas a las nociones y re-
sultados principales utilizados en el capitulo[5l En estas secciones se incluyen
teoria de Hodge clasica, la teoria de t-estructuras, teoria de haces perversos,
el Teorema de Descomposicién y la teoria de hiperresoluciones ciibicas.

En el capitulo [3] probamos la primera férmula obtenida para el niimero
de Milnor en la imagen. Esta férmula es una versién de la clasica formula de
Lé-Greuel para el nimero de Milnor de la imagen dando lugar a un método
recursivo para calcularlo.

Para un germen de aplicacién f: (C",0) — (C"*! 0) con n > 1, A-finito
(con singularidad inestable en 0) de corrango 1,y g: (C*~1,0) — (C",0) otro
germen de aplicacion que es el corte transversal de f con respecto a una forma
lineal genérica p: C"*! — C. Entonces, la suma de los niimeros de Milnor en
la imagen pr(f) y ur(g) de fy g, respectivamente, es igual a

pr(f) + ur(g) = #2(plx. ),

donde #X(p|x,) denota el nimero de puntos criticos de la restriccién p|x, de
p a la imagen X de una perturbacién estable fs de f.
Para el caso n = 1, la férmula correspondiente es la siguiente

pr(f) +mo(f) — 1= #3(plx,),

donde mg(f) es la multiplicidad de la curva parametrizada por f. Este trabajo
es un trabajo conjunto con el Prof. Juan José Nuno Ballesteros.

En el capitulo [4] se expone el segundo trabajo de esta tesis doctoral que
combina la teoria de singularidades de aplicaciones con la teoria de clases
caracteristicas. En este capitulo damos dos férmulas que calculan el niimero
de Milnor en la imagen para gérmenes de aplicacién de (C",0) a (C**1 0)
casi-homogéneos y A-finitos, paran = 4 y 5, en términos de los pesos y grados
asociados a la aplicacién. Este es un trabajo en colaboraciéon con el Prof.
Guillermo Penafort.
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Las féormulas se basan en un enfoque topoldgico que se remonta a R. Thom
que conecta la geometria de aplicaciones singulares con ciertas clases de carac-
teristicas. T. Ohmoto adapté estas técnicas probando la existencia de formulas
que calculan el niimero de Milnor en la imagen para gérmenes de aplicacion
casi-homogéneos en términos de sus pesos y grados, paran < 5. Estas formulas
predichas por T. Ohmoto tienen una forma especifica; son funciones racionales
con denominador conocido, y cuyo numerador se obtiene del truncamiento del
n-ésimo grado de la serie llamada polinomio de Segre-MacPherson-Thom. Esta
serie tiene coeficientes b, € Q, y nuestro objetivo fue encontrar estos coefi-
cientes con la siguiente técnica: Para un germen de aplicacion fijado f, hay
una forma de calcular p7(f) con del software SINGULAR, a través de los resul-
tados obtenidos por J. Fernandez de Bobadilla, J. J. Nuno y G. Penafort sobre
la conjectura de Mond. Conociendo el valor de uy(f), los pesos w y los gra-
dos d de f, se pueden determinar algunas relaciones entre los coeficientes b,.
Tomando suficientes f con los valores conocidos de pr(f) v (w,d), se puede
determinar el b, deseado. Usamos esta técnica para recuperar las formulas
para n = 2 y 3 obtenidas previamente, por D. Mond y T. Ohmoto usando
diferentes técnicas, respectivamente, y para determinar las nuevas férmulas
paran = 4 y 5. El desafio para los casos n = 4 y 5 fue encontrar los ejem-
plos para calcular los b, debido a lo siguiente: Por un lado, los gérmenes de
aplicacién que son demasiado simples no aportan nueva informacién sobre los
bo. Por otro lado, los candidatos demasiado degenerados pueden dificultar el
calculo de g, o la verificacion de la A-finitud.

En el capitulo [5] desarrollamos el trabajo principal de esta tesis doctoral,
donde probamos junto al Prof. Javier Fernandez de Bobadilla el caso proyec-
tivo de la conjetura de Brasselet-Schiirmann-Yokura para variedades de ho-
mologfa racional.

Como mencionamos anteriormente, la conjetura establece que la clase de
Hirzebruch (para y = 1) coincide con la L-clase de Goresky-MacPherson
para variedades algebraicas complejas y compactas que son de homologia
racional. La clase de homologia de Hirzebruch T}, . es la generalizacién para
variedades singulares de la clase de cohomologia de Hirzebruch 7y, definida
para variedades lisas. La clase de Hirzebruch se generalizé al caso singular
definiendo una transformaciéon natural T}, . del funtor de Grothendieck rela-
tivo Ko(var/—) de variedades algebraicas complejas al funtor de homologia
de Borel-Moore HPM(—, Q). Ademas, esta transformacién, para diferentes
valores de y, unifica las siguientes transformaciones para variedades singu-
lares: Para y = —1, esta transformacion recupera la transformacion de Chern-
Schwartz-MacPherson, generalizando la clase Chern. Para y = 0, la transfor-
maciéon da lugar a la version singular de la clase de Todd, la transformacion de
Baum-Fulton-MacPherson Todd. Para y = 1, la clase de Hirzebruch especial-
iza en la L-transformacién de Cappell-Shaneson, introducida por S. E. Cap-
pell, J. L. Shaneson y S. Weinberger como una generalizacion de la L-clase de



Goresky-MacPherson que extiende la L-clase de Thom-Hirzebruch para el caso
singular. Ademads, para una variedad algebraica compleja Y, la transformacion
T« satisface que esta aplicada a la clase identidad [Y — Y] € Ky(var/Y),
especializa para y = —1, en T_1.(Y) = M (Y) la clase (racionalizada) de
Chern-Schwartz-MacPherson de Y, para y = 0, en T, (Y) = tdBFM(Y) 1a
clase de Baum-Fulton-MacPherson Todd de Y, si Y tiene singularidades tipo
du Bois, y para y = 1, tenemos la conjetura de Brasselet-Schiirmann-Yokura:
Si Y es una variedad algebraica compleja compacta y de homologia racional,
entonces

T1.(Y)=L.Y),
donde L,(Y) es la L-clase de Goresky-MacPherson de Y.

Ademsds, J. P. Brasselet, J. Schiirmann y S. Yokura definen una transfor-
macién natural sd definida del funtor Ky(var/—) al funtor de cobordismo
Or(—) (K un subcuerpo de R) de K-complejos de haces acotados, coho-
molégicamente construibles y auto-duales, cumpliendo la siguiente igualdad
de transformaciones naturales: L, o sd = T1 4, esto es, que el siguiente dia-
grama sea commutativo:

Ko(var/—) sd » Qg(—)

Tl,* %

HQ*(_; Q)

En este capitulo, probamos para variedades proyectivas, el siguiente re-
sultado también conjeturado por J. P. Brasselet, J. Schiirmann y S. Yokura.
Ademids, este resultado implica la conjetura de Brasselet-Schiirmann-Yokura
después de aplicar la L-transformacién de Cappell-Shaneson L,:

SiY esuna variedad algebraica compleja, compacta y de homologia racional,
entonces tenemos la siguiente igualdad en Qg(Y)

sdr([Y — Y]) = [ICy]

donde ICy es el complejo de haces de cohomologia de interseccién en Y,
Or(Y) es el grupo de cobordismo de R-complejos de haces acotados coho-
molégicamente construibles y auto-duales y sdr denota la transformacion sd
en Qr(Y).

En la demostracién de la conjetura de Brasselet-Schiirmann-Yokura para
variedades proyectivas nos basamos en la combinacion del profundo Teorema
de Descomposicién y la teoria cldsica de Hodge, asi como la teoria de hiperres-
oluciones ciibicas. La prueba se organiza de la siguiente forma: En la seccion
obtenemos una identidad en Ky(var/Y') expresando la clase identidad
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[Y — Y] como una suma alternada de clases de variedades lisas procedente de
una variedad semi-simplicial aumentada a Y. Esta suma alternada permite
calcular sdgr([Y — Y), donde la clase del complejo de haces de cohomologia de
interseccién [ICy| aparece en la expresién obtenida junto con otros términos.
El objetivo es probar que la suma de términos adicionales, aparte de [ICy ], que
aparecen en la expresion obtenida de sdg ([Y — Y]) se anulan. Para demostrar
esto usamos ciertas sucesiones exactas de haces perversos que se obtienen en
la seccién Para probar que estas sucesiones de haces perversos son exactas
utilizaremos una sucesion espectral de haces perversos asociada a la variedad
semi-simplicial que degenera en la segunda pagina de la sucesion espectral. Es
en este paso donde se necesita la hipdtesis de proyectividad, debido al uso de
secciones hiperplanas.
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Chapter 1

Introduction

In this Ph.D. thesis, we give some contributions to the singularity theory, as
well as to the theory of characteristic classes of singular varieties. The first
part of this work is focused on the study of singularities appearing in the image
of mappings. The main objects of study in the theory of singularities of map-
pings are map-germs, and one of the goals in this theory is their classification.
In this direction, D. Mond in [64] formulated a relevant conjecture relating
two important analytical invariants of map-germs from (C",0) to (C"*! 0) of
different nature, they are the A.-codimension and the image Milnor number
wr - The conjecture states that the .A.-codimension is less than or equal to
w1, and with equality for weighted-homogeneous map-germs. The conjecture
is proved for some particular cases: for n < 2, fold map-germs, and corank 1
map-germs with A.-codimension 1. One of the difficulties of this conjecture is
to determine p; which is hard to compute in general by its topological nature.
Chapter [3| and Chapter {| are devoted to obtain formulas computing py. In
Chapter |3 we give a formula for p; for corank 1 map-germs, while in Chapter
we obtain two formulas for u; for weighted-homogeneous map-germs from
(C™,0) to (C™1,0) with n = 4 and 5. The latter formulas connect the theory
of singularities of mappings with the theory of characteristic classes. They are
based on a result formulated by T. Ohmoto [69] which involves characteris-
tic classes of singular spaces, giving rise to very simple computable formulas
for pr. These formulas are an example of the usefulness of the characteristic
classes to the study of singular spaces.

The classical characteristic classes were introduced in the 1930s by E.
Stiefel as a part of the obstruction theory in the study of vector bundles
of smooth manifolds. These classes are cohomology classes that measure the
triviality of the vector bundle. Several characteristic classes were defined and
were generalized to singular varieties. The characteristic classes of singular
varieties are usually homology classes that recover in the non-singular case
the corresponding cohomological characteristic class by capping with the fun-
damental class. One of the main goals in the theory of characteristic classes of
singular spaces is to compare different ones in order to unify them, as well as
studying what information captures the difference between two classes about
the singular variety. One of the techniques to define these classes for singular
varieties is by using natural transformations from certain functor depending on
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the characteristic class to the homology functor. Moreover, this natural trans-
formation has a distinguished element in the source functor for which recovers
the corresponding cohomology characteristic class for the non-singular case. In
[9], the authors answered a question formulated by R. MacPherson about the
unification of characteristic classes. They defined the Hirzebruch homology
class T+ as a natural transformation from the relative Grothendieck group
of algebraic varieties to the Borel-Moore homology functor, which recovers
for the non-singular case the important Hirzebruch cohomology characteristic
class. Moreover, this class unifies three relevant characteristic classes defined
as natural transformations, for different values of y. For a distinguished ele-
ment in the Grothendieck group, the same authors formulated the following
conjecture: The Hirzebruch homology class for y = 1 applied to its distin-
guished element coincides with the Goresky-MacPherson L-class for compact
complex algebraic varieties that are rational homology manifolds. In Chapter
we prove the conjecture for projective varieties which composes the main
work of this Ph.D. thesis.

This Ph.D. thesis is divided in the following chapters. In Chapter [2 we
introduce the preliminaries needed for the main results.

In Chapter[3] we prove the first formula given for the image Milnor number.
This formula is a version of the Lé-Greuel formula [34],47] for the image Milnor
number which provides a recursive method to compute it.

For an A-finite corank 1 map-germ f: (C",0) — (C"*1,0) with n > 1,
and g : (C"~1,0) — (C",0) another map-germ which is the transverse slice
of f with respect to a generic linear form p: C**! — C, that is, ¢ has image
(X N H,0), where (X, 0) is the image of f and H = p~*(0), the sum of their
image Milnor numbers py(f) and u(g) is equal to

pi(f) + pi(g) = #3(plx.),

where #X(p|x,) is the number of critical points of the restriction p|x, : Xs —
C to the image X of a stable perturbation f; of f. In the case of n = 1, the
formula is

pr(f) +mo(f) — 1= #3(plx.),

where mq(f) is the multiplicity of the curve parametrized by f. This work is
a joint work with Prof. Juan José Nufio Ballesteros.

Chapter [4 is devoted to the second work which combines the theory of
singularities of mappings with the theory of characteristic classes. We give two
formulas which compute the image Milnor number for weighted-homogeneous
map-germs from (C",0) to (C"1,0), for n = 4 and 5, in terms of the weights
and degrees associated to the mapping. This is a work in collaboration with
Prof. Guillermo Penafort.

The formulas are based on a topological approach that goes back to R.
Thom [80] connecting the geometry of singular maps to certain characteristic
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classes. T. Ohmoto in [69], adapted these techniques to show the existence
of formulas computing the image Milnor number for weighted-homogeneous
map-germs in terms of weights and degrees (for n < 5). These formulas have a
specific form; they are rational functions with known denominator, whose nu-
merator is obtained from the n-th degree truncation of the Segre-MacPherson
Thom polynomial series. This series has coefficients b, € Q, and our goal was
to find these coefficients by using the following technique: For fixed map-germ
f, there is a way to compute py(f) with the software SINGULAR, based on
results in [25]. Having the value of u(f) and the grading (w, d) of f at hand,
one can determine some relations between the coefficients b,. And, sampling
enough f, one can determine the desired b,. The challenge was to find these
examples: On one hand, map-germs that are too simple do not yield new
information about the b,. On the other hand, degenerate candidates can be
too complicated to compute their py, or to check A-finiteness. We use this
approach to recover the formulas for n = 2 and 3 given, respectively, by D.
Mond and T. Ohmoto using different techniques, and to derive new ones for
n =4 and 5.

In Chapter [5] we develop the main work of this Ph.D. thesis. We prove
together with Prof. Javier Ferndndez de Bobadilla the projective case of the
Brasselet-Schiirmann-Yokura conjecture for rational homology manifolds for-
mulated in [9]. As we mentioned previously, the conjecture states that the
Hirzebruch homology class (for y = 1) coincides with the Goresky-MacPherson
L-class for compact complex algebraic varieties that are rational homology
manifolds. The Hirzebruch homology class T . is the generalization for sin-
gular varieties the Hirzebruch cohomology class T, defined for smooth mani-
folds. This homology class starts from the generalized Hirzebruch-Riemman-
Roch Theorem (g-HRR) proved by F. Hirzebruch for Y non-singular, which
computes the y,-characteristic of ¥ in terms of the Chern classes and the
Hirzebruch cohomology class T;;(Y). The (g-HRR) computes the Euler char-
acteristic (for y = —1), the arithmetic genus (for y = 0), and the signature
(for y = 1). Moreover, the Hirzebruch class T (Y) specializes in the total
Chern class (for y = —1), the total Todd class (for y = 0), and the Thom-
Hirzebruch L-class (that is the L-polynomial in the Pontrjagin classes) (for
y = 1). In [9], the Hirzebruch class was generalized to the singular case by
defining a natural transformation T} , from the relative Grothendieck functor
Koy(var/—) of complex algebraic varieties to the Borel-Moore homology func-
tor HBM (—, Q). Tt satisfies that, for different values of y, unifies the following
transformations: For y = —1, it recovers the Chern-Schwartz-MacPherson
transformation, which gives a generalization of the Chern class given by [52].
For y = 0, it recovers the singular version of the Todd class, the Baum-
Fulton-MacPherson Todd transformation [5] For y = 1, it recovers the Cappell-
Shaneson L-transformation, introduced by S. E. Cappell, J. L. Shaneson and
S. Weinberger in [15] as a generalization of the Goresky-MacPherson L-class

3
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[30] which extends the Thom-Hirzebruch L-class for the singular case. Fur-
thermore, for a complex algebraic variety Y, the transformation T , satisfies
that, it applied to the identity class [Y — Y| € Ko(var/Y'), specialices for
y=—1,T_1.(Y) = cZM(Y) is the (rationalized) Chern-Schwartz-MacPherson
class of Y, for y = 0, Tp.(Y) = tdB¥M(Y) is the Baum-Fulton-MacPherson
Todd class of Y, if Y has du Bois singularities, and for y = 1, we have the
Brasselet-Schiirmann-Yokura conjecture: If Y is a compact complex algebraic
variety that is a rational homology manifold, then

T .(Y)=L.Y),

where L,(Y) is the Goresky-MacPherson L-class of Y.

Furthermore, there is a natural transformation sd defined in [9] from
Ky(var/—) to the cobordism functor Qx(—) of cohomologically constructible
bounded self-dual K-complexes (K a subfield of R) of sheaves, satisfying L, o
sd = TL*'

In this chapter, we prove, for projective varieties, the following result also
conjectured by J. P. Brasselet, J. Schiirmann and S. Yokura in [9] implying the
BSY-conjecture after applying the Cappell-Shaneson L-transformation L,:

If Y is a compact complex algebraic variety that is a rational homology
manifold, then we have the equality

SdR([Y — Y]) = [[Cy] c QR(Y),

where ICy is the intersection cohomology sheaf complex on Y, and Qr(Y)
cobordism group for R-complexes and sdr denotes the transformation sd in
Qr(Y).

The proof is organized as follows: In Section [5.1] we obtain an identity
in Ko(var/Y') expressing the class [Y — Y| as an alternate sum of classes
of smooth varieties coming from a semi-simplicial variety over Y. This al-
ternate sum allows to compute sdr([Y — Y]) where [ICy]| appears in the
obtained expression together with other terms. In order to show that the sum
of extra terms vanishes, we use certain exact sequences of perverse sheaves
obtained in Section 5.2l To obtain the exact sequences of perverse sheaves
we use the degeneration at the second page of a spectral sequence of perverse
sheaves associated with the semi-simplicial variety. It is at this step where the
projectivity assumption is needed, due to the use of hyperplane sections.

In [27], we prove in collaboration with Prof. M. Saito the general case of
the Brasselet-Schiirmann-Yokura conjecture for rational homology manifolds.
However, this work will not be included as a part of this Ph.D. thesis.



Chapter 2

Preliminaries

In this chapter, we give the main results and definitions used in Chapter
Chapter [ and Chapter [5] Section [2.1.1]is based on the theory of singularities
of mappings under which are Chapter [3] and Chapter dl In Section we
expose the theory of characteristic classes of singular varieties which will be
needed in Chapter 4] and Chapter [, The rest of the sections in this chapter
are devoted to the basics used in Chapter

2.1. Singularities of mappings

Here we introduce the main definitions and results used in Chapter [3] and
Chapter [4 This section is based primarly on the general reference the theory
of singularities of mappings [66]. The rest of the references used here will be
indicated in the corresponding section.

2.1.1. Map-germs

Here, we expose the basics about the main objects in the theory of singularities
of mappings, they are the map-germs. For more details about the general
theory of map-germs see [60] 2.1].

Let X and Y be two topological spaces, and let S C X.

Definition 2.1.1. Two subsets X; and X5 of X have the same germ at S if
there is a neighborhood U of S in X, such that X1 NU = XoNU. A set-germ
at X is an equivalence class of subset under this relation.

Definition 2.1.2. Let f: U — Y and g: V — Y be two maps, where U and
V' are open neighborhoods of S in X. We say that f and g have the same
germ at S, if there is a neighborhood W C UNYV of S in X, such that f and
g coindice on W. A map-germ at S is an equivalence class under this relation.

We denote the set-germ of X; at S by (X1,5), and X is called the rep-
resentative of the set-germ. The map-germ is denoted by f: (X,S) — Y or
f(X,8) = (Y,T)if f(S) T CY. For a map-germ f: (X,S) — Y, each
member f: U — Y of the class is called a representative.

A germ at one point set is called mono-germ, and a germ at a finite set
with more than one point is called multi-germ.

5
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Definition 2.1.3. A map-germ f: (X,S) — Y is continuous if there exists a
continuous representative f: U — Y.

Let f: (X,S) — (Y,T) be a continuous map-germ, and let g: (Y,T) — Z
be a map-germ. The composition gof: (X,S) — Zis the germof gof: U — Z
at S. A map-germ ¢: (X,5) — (Y, T) is called a homeomorphism if there
exists a representative ¢: U — V which is a homeomorphism, for U and V
open neighborhoods of S and T in X and Y, respectively. Equivalently, ¢ is
invertible as a continuous map-germ.

Let F™ be the affine space, where F is either R or C. By convention, a
smooth mapping will mean any mapping f: A — FP, where A C F" is an open
subset, which is differentiable of class C'"*° in the case ' = R or holomorphic
(complex analytic) in the case F = C. However, we only consider the complex
case.

A continuous mapping f: X — Y between manifolds is smooth if for every
x € X there exists charts ¢: U — A in X and ¥: V — B in Y such that
r € U c f~%V) and the mapping ¢ o fo ¢~ ': A — B is smooth. Hence,
a map-germ f: (X,S) — Y is smooth if there is a smooth representative
fU—=Y.

A smooth map-germ ¢ : (X, S) — (Y, T) is a diffeomorphism if there exists
a representative ¢ : U — V, where U, V' are open neighborhoods of S and T
in X and Y, respectively, which is a diffeomorphism. The rank of a smooth
mapping at a point is the rank of the differential at that point. The rank of
a map-germ f: (X,S5) — (Y,T) at x € S is the rank of the differential of a
representative of f at x. If the dimension of the domain is less than or equal
to the dimension of the target, the corank of a map-germ is the dimension of
the kernel of the differential at x of a representative; if greater than or equal,
the corank is the dimension of the cokernel of the differential at x.

2.1.2. The A-equivalence of map-germs
We define an important equivalence relation in the study of map-germs, this

is the A-equivalence of map-germs.

Definition 2.1.4. Let f: (X,S) — (Y,y) and g: (X', 5") — (Y',¢/) be
smooth map-germs. They are left-right-equivalent if there exist map-germs
of diffeomorphism ¢: (X,S) — (X', 5’) and ¢: (Y,y) — (Y',y) such that
g=1 o fog¢ ' That is, the following diagram is commutative:

(X,5) —L~(v,y)

‘| |¥

(X/, S/) 9 (Y/, y/)

6
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By taking charts in X and Y, any map-gem from X to Y is right-left-
equivalent to a map-germ f: (C",S) — (CP,0). Hence, since the source and
target are fixed the equivalence can be seen as a group action. Let A =
Diff(C™, S) x Diff(CP,0) be the group of pairs (p,1) such that ¢: (C*,S) —
(C™,S) and 9: (CP,0) — (CP,0) are map-germs of diffeomorphisms. Then,
f:(C"S) — (CP,0) and g: (C™,S) — (CP,0) are A-equivalent if they are in
the same A-orbit. We denote by O,, the ring of function germs from (C™,5)
to C.

For a map-germ f: (C",S) — (CP,0) where S = {z1,...,x,} is a finite set
of points, and for each k > 0. The k-jet of f at S is

3 F =GP (), 5 ),

where j* f(x;) is the k-jet of f at x;, that is, the degree k Taylor polynomial of
f at x; without its constant term. The Taylor polynomial of f is determined
by partial derivatives of order < k of the component functions of f at x;, so
the k-jet can be thought of as simply recording these partial derivatives.

Definition 2.1.5. Let f: (C",S) — (CP,0) a map-germ. We say f is k-
determined for A-equivalence if whenever the k-jet at S of another map-germ
g coincides with that of f, we have that f and g are A-equivalent, and finitely
determined if it is k-determined for some k € N.

2.1.3. The A.-codimension of a map-germ

We define an important analytical invariant, the A.-codimension. It measures
the obstruction of an unfolding of a map-germ to be versal. We introduce the
concepts of unfolding, stability and A.-codimension of a map-germ.

Definition 2.1.6. Let f: (C",S) — (CP,0) be a map-germ. A d-parameter
unfolding of f is a map-germ

F: (C"x C% S x {0}) = (CP x C%,0)

of the form

F(z,u) = (f(z,u),u)

such that f(z,0) = f(z). If we denote the map x — f(x,u) by fu, then the
above condition becomes simply fo = f. We call f, a d-parameter deformation

of f.

Two d-parameter unfoldings F, G: (C* x C%, S x {0}) — (CP x C%,0)
of f: (C",S) — (CP,0) are equivalent if there exist map-germs of diffeomor-
phisms

@: (C"x C% 8 x {0}) = (C" x C4, S x {0})

7
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and
Y: (CP x C%,0) — (CP x C%,0)

which are themselves unfoldings of the identity in C™ and CP, respectively,
such that G = o Fo ™!,

Definition 2.1.7. An unfolding F': (C" x C%, S x {0}) — (CP x C%,0) of f is
trivial if it is equivalent to f xid, i.e. the constant unfolding (z,u) — (f(x),u).

Definition 2.1.8. A map-germ f: (C",S) — (CP,0) is stable if every unfold-
ing of f is trivial.

Let F: (C" x C%, S x {0}) — (CP x C%,0) be a d-parameter unfolding of
f. Let
h:(C0) — (C%0)

be a map-germ, such that v — h(v) = u. We define G := h*F an [-parameter
unfolding of f as

G:(C"x CLS x {0}) = (CP x C'0)

given by (x,v) — (f(z,h(v)),v). The unfolding G is called the unfolding in-
duced from F by h.

Definition 2.1.9. An unfolding F: (C" x C% S x {0}) — (CP x C%,0) of
f:(C"S) — (CP,0) is versal if every unfolding of f is A-equivalent to h*F
for some mapping h.

By Definition a map-germ f: (C",S) — (CP,0) is stable if every
unfolding of f is trivial. Hence, the map-germ f is stable if every deformation
is trivial. Then, if f; is a 1-parameter deformation of f, there should exist
deformations ¢; and 1, such that

fr=1vrofop, .
We define

ID(f) := {%]t:g : F(z,t) = (fi(z),t) any 1-parameter unfolding of f}

the space of all infinitesimal deformations of f.

Definition 2.1.10. Let f: (C",S) — (CP,0) be a map-germ, we define

d _ . ,
Taf =A{g;(Wro fiow im0 : po = id and v = id},

and the quotient
Thf= "+
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Definition 2.1.11. The A.-codimension of f is
A, — codim(f) = dim¢c T f
Definition 2.1.12. A map-germ f: (C",S) — (CP,0) is A-finite if
dimc T}lef < 00.

The following important theorem known as Mather’s infinitesimal criterion
for finite determinacy was proved by J. N. Mather in [57]. A proof of this
theorem can be found in [66, Theorem 6.2]:

Theorem 2.1.13. A map-germ f is finitely determined if, and only if, it is
A-finite.

Proposition 2.1.14. A map-germ f: (C",S) — (CP,0) is stable if, and only
if, Ty f=0.

The converse of this proposition was proved by J. N. Mather in [58]. A
proof of this proposition can be found in [66, Proposition 3.5, Theorem 3.2.].

We give below an alternative definition for A.-codimension in terms of
vector fields.
Let f: X — Y be a smooth mapping, hence the differential of f is the
mapping
df : TX = TY,

such that df (v) = df(v), for each v € T, X. A vector field on X is a section
&: X — TX of the tangent bundle. The set of vector fields on X is denoted
by fx, and it has structure of Ox-module, where Ox is the set of smooth
functions from X to C.

Definition 2.1.15. Let f: X — Y be a smooth mapping. A vector field along
f is a smooth mapping £: X — TY, such that ro & = f, where 7: TY — Y
is the canonical projection.

The set of vector fields along f is denoted by 6(f), and it has structure of
Ox-module. Notice that if £ € x and n € 6y, then df o€ and no f are vector
fields along f.

Lemma 2.1.16. If ¢; and i are parameterised families of diffeomorphisms,

then o1 "
o
c;t li=0) + (cTtt

%(%Ofto%_l)\t:Odeo( lt=0) o f

See a proof of this lemma in [66, Lemma 3.2].
The derivatives %h:o and %\tzo determine germs of vector fields on
(C™,S) and (CP,0), respectively. The set of all germs of vector fields on

9
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(C™, S) is denoted by 6,, := Ocn 5. Moreover, there is a canonical identification
between 0(f) and ID(f), see Section 3.2 in [66].
We consider the following mappings:

tf: 0, — 6(f)
defined by £ — df o &, and
wf:Opi1 — 0(f)
the map n — no f.
Corollary 2.1.17. For any map-germ f: (C",S) — (CP,0), then
Taf =tf(0n) +wf(bp),

and a(f)
Thf= Taf
Theorem 2.1.18. Let f: (C™,S) — (CP,0)

unfolding of f,

be a map-germ. A d-parameter

F: (C"x C% S x {0}) — (CP x C%,0),
F(z,u) = (z, fu(x)) is versal if, and only if,

6fu 8fu

Thf +C{g |u o} = 0(f).

|u Os-vns

This relevant theorem was proved by J. Martinet in [56]. This means that
the A.-codimension of f is the minimum number of parameters needed to
obtain a versal unfolding.

2.1.4. Stable singularity types of mappings

We introduce the notion of stable singularity type appearing in a stable map-
ping. This section is based on [69] and [66].

Definition 2.1.19. Two map-germs f: (C"*5,0) — (CP*#,0), g: (C™,0) —
(CP,0) are stably A-equivalent if f is A-equivalent to the trivial unfolding
g X id((CS,O)-
Denote by n the equivalence class under this relation, and it will be called
an A-singularity type.
Let f: X — Y be a smooth map. We define the set
n(f) :={xz € X : the germ of f at z is stably .A-equivalent to n},

its closure n(f) C X is called the singular locus of f of type n.

10
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Remark 2.1.20. If the map f: X — Y is locally stable, that is, if the map-
germ f: (X, f~(y)) — (Y,y) is stable for each y € Y. Then, n(f) consists of
the stable singularities of type 7.

Definition 2.1.21. A multi-singularity is an ordered set

n:=(n,....1)

of mono-singularities 7; of map-germs (C",0) — (CP,0). We distinguish the
first entry n; from others.

For a stable map f: X — Y, we set

(f) = { zrem(f): Fxo,...,z € fﬁl(f(xl)) s.t. x; # x5, }7

Ui fatx;isof typen;, 2<i<r

and we call the closure n(f) € X the multi-singularity locus of type n in the
source. The image is

f(n(f)) Z:{ yE Y: E'.’L'lw"?x'r S fﬁl<y), s.t. xT; ;é;[;j’ }

fatz;isof typen;, 1 <i<r

we call the closure f(n(f)) C Y the multi-singularity locus of type n in the
target. The restriction map

fen(f) = f(n(f))
is finite-to-one on the critical locus. Let deg;n be the degree of this map, then
degyn = the number of 71 appearing in the tuple 7.

Let f: X — Y be a stable map, and let n be a stable type. We define

°(f) =n(H\ (| &) c x

where | |£(f) runs all types £ such that £ C 7. The restriction map

fon®(f) = f(0°(f))

over the stratum 7°(f) is deg;n-to-one. Hence, the source X is decomposed in
a disjoint union of multi-singularities types 1°(f), and the image f(X) C Y is
decomposed in the corresponding strata of their images.

In order to introduce the remark below, we give the following important
theorem due to J. N. Mather in [59]:

11
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Theorem 2.1.22 (Mather’s nice dimensions). Proper stable mappings from
an n-dimensional manifold N to a p-dimensional manifold P are dense in the
set of proper mappings from N to P if, and only if, the pair (n,p) satisfies
one of the following conditions:

6

oo

n<?p+? and p—n >4,
6 9
n<?p+? and 3>p—n>0,

p<8 and p—n=-1,
p<6 and p—n=-2,
or

p<7 and p—n>-3.

If (n,p) satisfies one of these conditions, we say that the pair (n,p) is in
the range of “Mather’s nice dimensions”.

Remark 2.1.23. If f is a stable map, or f: (C",0) — (CP,0) an A-finite germ,
or has corank 1 and n < p, or (n,p) in the Mather’s nice dimensions. Then,
the stratification of the image of f by stable types is a Whitney stratification
(see Definition B.3. [660]).

This remark follows for instance by [66, Remark 5.3, Corollary 7.5].

2.1.5. The image Milnor number of a map-germ

Here we introduce the main object of study in Chapter [3|and Chapter |4l This
is the image Milnor number associated to an A-finite map-germ from (C",0)
to (C"*1,0).

Definition 2.1.24. A stabilisation of a map-germ f: (C*,0) — (C"*1,0) is
a l-parameter unfolding F: (C* x C,0) — (C"*! x C,0) such that, there
exists a representative F': U — V x T of F, such that the mapping fs: Us =
F~Y(V x {s}) = V is locally stable, for all 0 # s € T'.

Proposition 2.1.25. Let f: (C",0) — (C"*1,0) be an A-finite map-germ,
and assume (n,n + 1) in Mather’s nice dimensions or f has corank 1. Then,
f admits a stabilisation.

See a proof of the above proposition in [66, Corollary 5.4].

We need the notion of stable perturbation of a map-germ. In order to
define this, we introduce the following theorem which is a simple consequence
of Thom—Mather first isotopy lemma the proof can be found in [29, Theorem
II. 5.2]. See [66, Theorem 5.7] for a more general statement.

12



2.1. Singularities of mappings

Theorem 2.1.26. Let F: (C" x C,0) — (C"*! x C,0) be a stabilisation of
an A-finite map-germ f: (C",0) — (C"*t10), with (n,n+1) in Mather’s nice
dimensions, and let F: X — Y X T be a representative of F':

1. There exists € > 0 such that the image Im(fy) is stratified transverse to
the sphere Sy, for all € with 0 < ¢ < e.

2. There exists 0 > 0, such that for |s| < §, the image Im(fs) is stratified
transverse to Se.

3. The map 7: Im(F) N (Be x (Bs\ {0})) = Bs \ {0} is locally trivial fiber
bundle.

Let F be a representative of F, and €, d as in Theorem |2.1.26 The following
theorem holds:

Theorem 2.1.27. The diagram

F~1(Im(F) N (B. x (Bs \ {0}))) x (Bs \ {0}))

| /

Bs \ {0}
1s locally trivial family of mappings.

For all pairs s1, so € Bs \ {0}, fo,: f5,'(Be) — Be and fo,: f,'(Be) —
B¢ are left-right equivalent, that is, if there are homeomorphisms ¢ and ¥
such that fs, = ¥~ 1o fs, o p. A member of this family is called a stable
perturbation of f. The image X, of a stable perturbation fs of f, is called the
disentanglement of f. Theorem follows from the Thom—Mather second
isotopy lemma [29, Theorem II. 5.8] (see also [66), 5.5]).

In [64], D. Mond proved the following important theorem:

Theorem 2.1.28. Let f: (C",S) — (C"1,0) be an A-finite map-germ with
(n,n + 1) in Mather’s nice dimensions. Then, the disentanglement X of f
has the homotopy type of a wedge of n-spheres.

The number of such n-spheres is called the image Milnor number of f, and
it is denoted by ps(f).

D. Mond also in [64] formulated a relevant conjecture relating the image
Milnor number with the A.-codimension (see Section of an A-finite
map-germ. To introduce the conjecture, we need the notion of weighted-
homogeneous map-germ from (C",0) to (C**1,0).

Definition 2.1.29. Let f: (C",0) — (C"™1,0) be a map-germ
f(@) = (fo(@), .. fu(@)).

13



Chapter 2. Preliminaries

We say that f is weighted-homogeneous with weights w = (wy,...,w,) and
degrees d = (do, . ..,dy), if each f; is a weighted-homogeneous polynomial of
degree d; with weights w. This means that

fiAizy, . Ay = X f (2, ),
for all A € C*.

Conjecture 2.1.30 (Mond’s conjecture). Let f: (C*,0) — (C"*1,0) be an
A-finite map-germ with (n,n 4+ 1) in Mather’s nice dimensions. Then

pur(f) = Ae-codim(f),
with equality in the weighted-homogeneous case.

The conjecture is known to be true in some cases. It holds for n < 2
[65],[64]. For fold map-germs, by work of K. Houston [41]. And for singularities
of corank 1 with A.-codimension 1, by work of T. Cooper, D. Mond and R.
W. Atique [17].

2.1.6. Multiple point spaces of corank 1 map-germs

In this section, we give the definitions and main results about multiple point
spaces of corank 1 map-germs developed by T. Marar and D. Mond in [54].

Consider f : (C",0) — (CP,0) (n < p) a corank 1 map-germ. We can
choose coordinates in the source and the target, such that f is written in
prenormal form, that is:

fzy) = (falz,y), .-, fo(z,),y), 2€C, yeC* L.

Let Ii(f) be the ideal generated by (k — 1)(p — n + 1) functions Agj) €
Onti—1,1<i<k—1,n<j<p. Each AZ(]) is a function only of the variables
Z1, .-+, Zi+1, Y such that:

fiCz,y) — fi(z2, )

AP (21, 20,) = o ;

and for 1 <i <k —2,

@) )
A (21,5 20 Zig 1, Y) — A7 (21,041, 200 Zig2, V)
Zi+1 — Zi4-2

Arg._];_)l('zl? sy Zi+27y) =

Definition 2.1.31. The k-th multiple point space is D*(f) = V(Ix(f)), the
zero locus in (C™*~1,0) of the ideal I, (f).

14



2.1. Singularities of mappings

If f is stable, then, set-theoretically, D*(f) is the Zariski closure of the set
of points (21,..., 2k, y) € C"*~1 such that:

f(zlvy):"':f(zkay)v Zi?éZj, fOI‘i;éj,

(see [54], [68]). But, in general, this may be not true if f is not stable. For
instance, consider the cusp f : (C,0) — (C2,0) given by f(z) = (22, 2%). Since
f is one-to-one, the closure of the double point set is empty, but

Dz(f) = V(21 + 29, z% 4+ 2120 + z%)

This example also shows that the k-th multiple point space may be non-
reduced in general.

The following theorem is main result of Marar-Mond in [54] which states
that the k-th multiple point spaces can be used to characterize the stability
and the A-finiteness of f (see [54], 2.12]):

Theorem 2.1.32. Let f: (C",0) — (CP,0) (n <p) be a corank 1 map-germ.
Then:

1. f is stable if, and only if, D*(f) is smooth of dimension p — k(p — n),
or empty, for k > 2.

2. f is A-finite if, and only if, for each k with p — k(p —n) > 0, D¥(f) is
either an ICIS of dimension p — k(p —n) or empty, and if, for those k
such that p — k(p —n) < 0, D(f) consists at most of the point {0}.

The following construction is also due to Marar-Mond in [54] and gives a
refinement of the types of multiple points.

Definition 2.1.33. Let P = (r1,...,7y) be a partition of k, that is, r1 +
coit 1y =k, withry > -+ > r,,. Let I(P) be the ideal in O,,_11x generated
by the £ —m elements z; — z;41 for m +... +rj_1 +1<i<r  +...+r; for
j =1,...,m. Define the ideal I;(f,P) = I;(f) + I(P) and the k-th multiple
point space of f with respect to the partition P as D¥(f,P) = V(I(f,P)).

Definition 2.1.34. We define a generic point of D*(f,P) as a point

(21,...,Zl,...,Zm,...,Zm,y),

(z; iterated r; times, and z; # z; if @ # j) such that the local algebra of f at
(zi,y) is isomorphic to C[t]/(t"), and such that

f(Zl,y) = :f(zm,y).

If f is stable, then D¥(f, P) is equal to the Zariski closure of its generic
points (see [54]).

The following corollary extends Theorem[2.1.32]to the multiple point spaces
with respect to the partitions (see [2.15,[54])):

15



Chapter 2. Preliminaries

Corollary 2.1.35. If f is A-finite (resp. stable), then for each partition
P =(r1,...,mm) of k satisfying p—k(p—n+1)+m > 0, the germ of D*(f,P)
at {0} is either an ICIS (resp. smooth) of dimension p—k(p—n+1)+m, or
empty. Moreover, those D*(f,P) for P not satisfying the inequality consist at
most of the single point {0}.
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2.2. Hodge Theory

2.2. Hodge Theory

In this section, we give an overview of classical Hodge theory. The name of
this theory is devoted to W. Hodge [40], who introduced the pure Hodge struc-
tures. Later, P. Deligne in [2I] and [22], provided the notion of mixed Hodge
structure. Here, we give introduce these structures which will be relevant in
the proof of the main result in Chapter For a comprehensive reference
consider [71].

2.2.1. Pure Hodge structures

Let H be a finite dimensional K-vector space (K = Q or R), and let H¢ :=
H ® C be its complexification.

Definition 2.2.1. A K-pure Hodge structure of weight k on H is a direct
sum decomposition, the Hodge decomposition

o= @
pta=k
such that HPY = H%P, where - denotes the complex conjugation.

The numbers
hP? .= dime HP?

are called the Hodge numbers of the Hodge structure H.

Definition 2.2.2. Let H and H' be two K-pure Hodge structures of weight k.
A morphism of pure Hodge structures of weight k is a linear map h: H — H’
of K-vector spaces whose complexification hc := h ® idc: Hec — Hg maps
szq to H/pvq.

The classical result below follows from Hodge’s Decomposition Theorem
[40] which carries a pure Hodge structure on the cohomology groups of compact
Kélher manifolds.A proof of this theorem can be found in [71], Corollary 1.13]:

Theorem 2.2.3. Let X be a compact Kdlher manifold. The k-th cohomology
group H*(X;K) is a pure Hodge structure of weight k. If f: X — Y is a
holomorphic map between compact Kdlher manifolds, then

f*: H¥Y;K) - H*(X;K)
s a morphism of pure Hodge structures of weight k.

Definition 2.2.4. Let H be a pure Hodge structure of weight k. The Hodge
filtration F'® on Hc is a decreasing filtration given by

FP = @ HFT,

r>p

17
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Conversely, let H be a finite dimensional K-vector space. Consider
He > D FP o FPHl5

a decreasing filtration on the complexification Hc of H, with the property
that FP N F49 =0 if p+ ¢ = k + 1. Then, it defines a pure Hodge structure of
weight k£ on H by setting

HP1 .= FP N Fq.

Hence, we obtain an equivalent definition of pure Hodge structure in terms
of filtrations:

Definition 2.2.5 (bis). Let H be a finite dimensional K-vector space. A pure
Hodge structure of weight k is a decreasing filtration F'* on the complexifica-
tion Hc of H satisfying FPNFI1=0,if p+q=Fk+ 1.

Definition 2.2.6 (bis). If H and H' are pure Hodge structures of the same
weight k, a linear map h: H — H’ is called a morphism of pure Hodge struc-
tures if hc: He — H: satisfies

he(FP(He)) € FP(He),
for all p.

Remark 2.2.7. If h: H — H' is a morphism of pure Hodge structures, then
the vector spaces Kerh, Imh, and Coker h have canonically induced pure
Hodge structures of the same weight.

Proposition 2.2.8. Let h: H — H' be a morphism of pure Hodge structures.
Then, hc is strictly compatible with the Hodge filtration F'®, that is,

h(c(Fp(H(c)) = Fp(H(/C) N Imhc,
for all p.

Corollary 2.2.9. The category HS of pure Hodge structures is an abelian
category.

Definition 2.2.10. Let H be a pure Hodge structure. The Weil operator
C: Hc — Hc is defined by
C(u) ="

for every u € HP4.

Definition 2.2.11. A polarization of a pure Hodge structure H of weight k
is a bilinear form

Q:H®H R

that is (—1)*-symmetric, and it satisfies:

18



2.2. Hodge Theory

1. The orthogonal complement of F™ is Fk=m+1

2. The hermitian form on H¢ given by
Q(Cu,v)
is positive-definite.

A pure Hodge structure that admits a polarization is said to be a polarizable
Hodge structure.

Example 2.2.12 (Hodge-Riemann bilinear relations). Let X be a compact
Kélher manifold of dimension n, and let n be an ample line bundle on X.
Define the primitive part P"~" of H" "(X;K) by

P = Ker(n™h: HV(X;K) — H™TP (X K)).

and it is a polarizable pure Hodge structure of weight n — r. The following
results hold:
The classical Hard-Lefschetz Theorem: For r > 0

N H" (X K) ~ H"(X; K).

The Primitive Lefschetz Decomposition: For r > 0, there is a direct sum

decomposition
T (X, K) — @ an'n—r—Ql7
1>0

where the summands are mutually orthogonal with respect to the bilinear form

/—/\—/\77’”.
b's

The Hodge-Riemann bilinear relations: For k € Z, the Hodge-Riemann bilin-

ear form is a bilinear form

Qa, B) = (—1)H-12 / a B AT, [al,[8] € HE(X;C)

X
that is (—1)*-symmetric. The two Hodge-Riemann relations are:
L Q(HP, H™) = 0if (r,s) # (¢,p);

2. For u € P* N HP4(X;C), "~ 9Q(u,u) = Q(Cu,u) = (u,u) and hence
> 0 if u # 0.
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2.2.2. Mixed Hodge structures

Definition 2.2.13. A mized K-Hodge structure (K = Q or R) is a finite
dimensional K-vector space H endowed with an increasing weight filtration
W,, and a decreasing Hodge filtration F'* on Hg¢ which has the additional
property that it induces a pure K-Hodge structure of weight k on each graded
piece

Gry (H) = Wi/ Wi_1.

To a mixed Hodge structure (H,W,, F'®) one associates (mized) Hodge
numbers defined by

hP(H) = dimg GriypGry, ,(He).

We say that the mixed Hodge structure is graded-polarizable if the G’I“ZV(H )
are polarizable pure Hodge structures.

Definition 2.2.14. A linear map h: H — H' between two mixed Hodge
structures is a morphism of mized Hodge structures if h is compatible with
the two filtrations F'* and W,, that is,

h(Wy(H)) C Wi(H') for all k,

and
he(FP(He)) C FP(Hg) for all p.

As a consequence of this definition, we have the following corollary:

Proposition 2.2.15. A morphism h: H — H' with H and H' pure Hodge
structures of weights k and k', respectively. If k # k', the morphism h is the
zero morphism.

Proposition 2.2.16. Let h: H — H' be a morphism of mized Hodge struc-
tures. Then, h is strictly compatible with the filtrations We and F*®, that is,

h(Wk(H)) = Wk(H,) NIm~h

for all k, and
h(c(Fp(Hc)) = Fp(Hé:) N Im hc,

for all p.
Corollary 2.2.17. The category MHS of mized Hodge structures is abelian.

In [21], P. Deligne proved the following fundamental result which shows
that the cohomology groups of complex algebraic varieties have canonical
mixed Hodge structures. For more details see [71, Part III, Theorem 5.33]:
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2.2. Hodge Theory

Theorem 2.2.18. Let X be a complex algebraic variety of complex dimension
n. There is a canonical mirzed Hodge structure on the cohomology groups
H¥(X;K), for all k. Furthermore, if f: X — Y is a morphism of complex
algebraic varieties, the induced homomorphism on cohomology is a morphism
of mized Hodge structures.

The cohomology groups H*(X;K) have the following weights depending
on if the variety X is non-singular, compact or general:

non-singular compact general
k<n [k, 2k] [0, k] [0, 2k]
kE>n [k, 2n] [2k — 2n, k] | [2k — 2n, 2n)]

Table 2.1: Weights on H*(X;K)
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2.3. Perverse sheaves and the Decomposition Theo-
rem

This section is mainly devoted to introduce the notion of perverse sheaf as
well as the deep and important Decomposition Theorem which composes one
of the central tools in Chapter We give the standard properties about
the six functor formalism for bounded derived categories of sheaves, that is,

Grothendieck’s six operations Rfs, Rfi,f*, f', RHom, and (}% For comprehen-
sive references see [7], [31] or [3]. Then, we give the basics about the theory of
perverse sheaves developed by A.A. Beilinson, J. N. Bernstein, P. Deligne and
O. Gabber in [6]. For generalities about t-structures see [3] or [61]. Finally,
we give the main results about the Decomposition Packadge developed in [6],
[21], [22] (see also [18]). For generalities about additive and abelian categories
see [28]. For triangulated categories and derived categories see [7, V.5], [3] or
[61].

2.3.1. Functors in the derived category

Here we give the standard properties about Grothendieck’s six functors in the
derived category. Let X be a complex algebraic variety and let K be a subfield
of R.

Definition 2.3.1. A K-complex of sheaves F on X is called cohomologically
locally constant if the associated local cohomology sheaves are locally constant.
Let & be a Whitney stratification of X. The complex F is called cohomo-
logically constructible with respect to X' if, for each stratum Xj;, Fly,, is
cohomologically locally constant and has finitely generated stalk cohomology.

We denote by C’é’ (X) the full subcategory, of the category of bounded K-
complexes of sheaves C*(X), consisting of the cohomologically constructible
bounded K-complexes of sheaves on X. Similarly, we denote by DIC’(X ) the
full subcategory of the bounded derived category D°(X), consisting of all
cohomologically constructible bounded K-complexes of sheaves (see [81], [82],
[31]). In this section, we restrict ourselves to the categories C?(X) and D%(X).

Let f: X — Y be a continuous map, and let 7 € Ob(C%(X)). In the
category C?(X), we have defined the following functors: the direct image f.,
the direct image with proper supports fi, the inverse image f*, Hom(F, —),
F® -,

See for instance [3] for the definitions of the functors Hom(F, —), F @ —.
For the definitions of the functors fi, fi and f* see [7, VI] or [3].

In the cohomologically constructible bounded derived category D2(X), the
corresponding right derived functors of the functors Hom(F, —), f. and f* are
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2.3. Decomposition Theorem

the following: RHom(F,—), Rf. and f*, respectively (see [3, 2.4.3]). In the
case of the functor fi, we have the derived functor Rfi (see [7, V.7,VI] or [3|
3.1]). In [8T], J. L. Verdier introduced a functor in D%(X), this is the inverse
image functor f' (see for instance [7, VI] or [3, 3.2]). For the functor F ® —,

L
the corresponding functor in D%(X) is a left derived functor F ® — (see [3]
2.4.3]), but in our case it coincides with F ® —, since K is a field (see [31]).

We give below the standard properties relating the six functors: Rf,, Rfi,
* f RHom(F,—) and F ® —. For comprehensive references see[7, V,VI],
[31] or [3].

Theorem 2.3.2. Let f: X — Y and g: Y — Z be two continuous maps.
Then,

1. (go f)* = f*og", R(go f)« = Rg.o Rfs.
2. (go f)! = flog", R(go f)1 = RgioRf.
A proof of this theorem can be found in [7, V, Theorem 10.6].

Remark 2.3.3. Let 7 € Ob(D%(X)) and G € Ob(D4%(Y)). If i: X — Y is
the inclusion map, then we have the following two properties: If X is open in
Y, then

and if X is closed in Y, then

RAF >~ Rf F. (2.2)
Proposition 2.3.4. Let

be a cartesian diagram of spaces. For any F € Ob(D(Z)), then
Ra.f'F ~ f'Rn,F. (2.3)
For a proof of this proposition see for instance [7, V, Propostion 10.7].

The following properties come from the adjointness between the above
functors: The functors Rf, and f*, Rf; and f', and RHom(F,—) and F ®
— are adjoints, respectively (see [7, V], [3]). For generalities about adjoint
functors see [43].

Theorem 2.3.5 (Verdier duality). Let f: X — Y be a continuous map, and
let F € Ob(DY%(X)), G € Ob(D2(Y)). In DY), we have the canonical iso-
morphism

RHom(RAHF,G) ~ Rf.RHom(F, f'G). (2.4)
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The above theorem was obtained by J. L. Verdier in [8I]. See also [7, V,
Theorem 7.17] for a proof.

Corollary 2.3.6. Let f, F, and G be as in Theorem [2.3.5. Then, there is a

canonical isomorphism in D%(X)
Hom(RfiF,G) ~ Hom(F, f'G). (2.5)
Proposition 2.3.7. Let F,G,H € Ob(D%(X)), then we have a canonical
isomorphism
RHom(F @ G, H) ~ RHom(F, RHom(G,H)). (2.6)
A proof of this result can be found in [7, V, Proposition 10.2].
Corollary 2.3.8. Let F,G,H € Ob(D%X)), we have a canonical isomor-
phism in Db(X)
Hom(F ® G, H) ~ Hom(F, RHom(G,H)) (2.7)
Definition 2.3.9. Let f: X — {pt} be the map to a point. The dualizing
complez is an object Dx in D°(X), defined by
Dy = f'Ry.

Definition 2.3.10. Let F € Ob(D%(X)). The Borel-Moore-Verdier dualizing
functor is
D(F) := RHom(F,Dx).

Theorem 2.3.11. Let F € Ob(D%(X)). Then, there is a canonical isomor-
phism
can: F — D(D(F)) (2.8)

For more details about the canonical isomorphism can see [7, V, 8.9].

The following proposition is an important consequence of Verdier duality.
See for instance [3, Proposition 3.4.5] for a proof.

Proposition 2.3.12. Let f: X — Y be a continuous map and let F €
Ob(D%(X)), G € Ob(D4(Y)). Then, there are canonical isomorphisms

D(RfF) ~ Rf.(D(F)), D(f*G)~ f(D(G)).

Then, the functors Rf, and Rf; are dual to each other, as well as the
functors f* and f'.

Definition 2.3.13. A self-dual complex is a pair (F, o) where F € Ob(D%(X))
and a: F — D(F) is an isomorphism.

Remark 2.3.14. Let (F,a) be a self-dual complex, and let f: X — Y be
a proper map. Then, we have Rf, ~ Rf and, by Proposition [2.3.12] Rf.
commutes with the Borel-Moore-Verdier duality functor, that is,

D(Rf«F) ~ Rf«(D(F)).
Hence, (Rf.F, Rf«(c)) is a self-dual complex on Y.
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2.3.2. t-structures

We give the notion of ¢-structure on a triangulated category and overview the
main properties. An example of t-structure is the perverse structure which
will be exposed in this section. The original construction of perverse sheaves
in [6] is given by the machinery of triangulated categories introduced by J. L.
Verdier in [82]. For the proofs of the results below see for instance [3) 7].

Definition 2.3.15. A t-structure on a triangulated category D is a pair
(D=, D=9 of strictly full subcategories D= and D=" of D, such that, by
setting D=" := D<[—n] and D=" := DZ°[—n):

1. Homp(A,B) =0if A€ D=V and B € D!,
2. D=0 ¢ D=l and D2! ¢ D29 and

3. for any object A in D, there exists a triangle

A —A— a1
with A’ € D=0 and A” € D=1,

A triangulated category D together with a t-structure will be called a
t-category.

Remark 2.3.16. If (D=9 D=9) is a t-structure, then so is (D<", D="), that
is, the shifted t-structure.

Definition 2.3.17. The full subcategory
C:=D="nD>"
of D is called the heart of the t-structure.

Proposition 2.3.18. Let D be a t-category.

1. The inclusion DS™ < D has a right adjoint functor T<,: D — D=", that
is, there exists canonical morphisms <, A — A such that the induced

map
Homp<n(A, 7<n(B)) — Homp(A, B)

is an isomorphism for all A € D" and B.

2. The inclusion D=" < D has a left adjoint functor T>,: D — D=", that
is, there exists canonical morphisms A — T>pA such that the induced

map
Homp>n(m>nA, B) — Homp(A, B)

is an isomorphism for all A and B € D=".
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8. For any object A in D, there is a distinguished triangle:
(1]
TgnA — A — Tzn+1A —

Remark 2.3.19. Let D be a t-category.
e Let A be an object in D. The following properties are equivalent:

1. A € DS (respectively, A € D="),

2. the canonical morphism 7<,: D — D<" (respectively,
Tsn: D — D2") is an isomorphism,

3. 72n+1(A) =0 (respectively, TSTL(A) = 0)

o Let A/ — A — A" i be a distinguished triangle in D. If A", A” €

D=0 (respectively, A, A” € D=9), then A € D=Y (respectively, A €
D=Y).

Notice that, for any A in t-category D and integers n, m:

T<n(A[m]) = T<pm (A)[m],

Ton(A[m]) = Tonpm(A)[m].

Proposition 2.3.20. For any integers n < m, there is a unique isomorphism
TomT<n(A) = T<nT>m(A).

Proposition 2.3.21. The heart C of a t-structure is an abelian category.

The notion of cohomology groups can be extended to any t-category by
using the trunctation functors 7< and 7> as follows:

Definition 2.3.22. The functor
'HY .= 7507<0: D = C
is called the cohomology functor of the t-structure. Moreover, we set
tH :=1H% 0 [i],
that is, tH'(A) = 'HY(A[i]) = (7>i7<i(A))[i] for any object A in D.

1
Proposition 2.3.23. Let A — A — A" LI distinguished triangle in

a t-category D, then the cohomology functor 'H® induces a long exact sequence
YA — tHYA)) — tHY(A) — tHY (A" — tHY (A —
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Remark 2.3.24. If 0 — A — B — C — 0 is a short exact sequence in
C, then there exists a unique morphism C' — A[1] such that

A—)B—)Ci

is a distinguished triangle in D.

Example 2.3.25 (The standard ¢-structure). Let C(X) be the abelian cate-
gory of K-complexes (K subfield of R) of sheaves on X, and let D(X) be the
corresponding derived category. Then

D=0 = {F e Ob(D(X)) : H'(F) =0, i>0}

and
D=V .= {F e Ob(D(X)): H{(F) =0, i<0}

yields a t-structure on D(X), see Example 7.1.3 in [3]. It is called the standard
t-structure. The truncation functors are defined by

r<o(F)={—F ' —F" — ker(d) —0...}
and
s0(F)={- — 0 — coker(d™!) — F! — F* — ... }.
The heart of the standard ¢-structure is
DD ={.. —0—H(F)—0—..}
and it is equivalent to the category C(X).
The perverse t-structure
Definition 2.3.26. The perverse t-structure is defined by
PDV(X) == {F € Ob(D’(X)) : dim¢ supp 7 (F) < j,Vj € Z},
and
PD%(X) 1= {F € Ob(D’(X)) : dim¢ cosupp’ (F) < j,Vj € Z},

where, for the inclusion i: {x} < X, the support and cosupport are defined
by

supp (F) := {w € X : 10 (i*(F)) £ 0.

and

cosupp’ (F) := {z € X : Hi(i'(F)) # 0},

respectively.
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Definition 2.3.27. A complex F € Ob(D%(X)) is called a perverse sheaf if
F € Perv(X) :=?D="(X)n?D="(X),
that is, if F is in the heart of the perverse t-structure.

The generalities about t-structures introduced in Section can be
translated into the following properties:

There exist perverse truncations P7<g and P7>¢ that are adjoints to the
inclusions ?D=<0(X) < D% X) and PD29(X) — DP(X), respectively, that is,
for every integer n,

Homy p<n(x)(F,P7<n(G)) = Hompy ) (F, G), (2.9)
if 7 € PD<"(X), and
Homy pzn(x) ("72n(F), §) = Hompyx)(F, G), (2.10)
if G € PD="(X).
Definition 2.3.28. The i-th perverse cohomology of F is defined as
PH'(F) = Pr<o’m>0(Fli]).
Proposition 2.3.29. The following properties hold:
1. F € Perv(X) if, and only if, PHO(F) = F, and PH'(F) = 0, for i # 0.
2. For every distinguished triangle
A—B-—cl

in D%(X), there is an associted long exact sequence in Perv(X):
o PHITHC) = PHYA) = PHU(B) = PHI(C) = PHITHA) — ...
3. If A, C € Perv(X), and A — B — C s q distinguished triangle
in D%(X), then B € Perv(X).
Remark 2.3.30. Let F, G € Ob(D%(X)).
e F =0 if, and only if, PH!(F) = 0.

e Let u: F — G be a morphism in D%(X). Then, u is a quasi-isomorphism
if, and only if ' ' '
PH (u): PHY(F) — PH'(G)

is an isomorphism of perverse sheaves for every i € Z.
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Since K is a field, by the Universal Coefficient Theorem (see for instance
[61], 5.4]), then

cosuppj (F) = supp*j (F).

Remark 2.3.31. A complex F is in ?D=9(X) if, and only if, D(F) € PD=%(X),
and the Borel-Moore-Verdier duality functor D(—) (see Definition [2.3.10)) pre-
serves perverse sheaves. Moreover, there are canonical isomorphisms of func-
tors:

PregoD ~DoPrsg, PrspgoD ~DoPrc,

and
DoPH! ~PH P oD.

2.3.3. The intersection cohomology complex

In [30], M. Goresky and R. MacPherson introduced the intersection homology,
and defined the intersection cohomology complex ICY§. of a topological pseu-
domanifold Y. In [31], the same authors showed a second construction of /C}-
considering it as an object in the derived category of sheaves, conjectured by
P. Deligne (I thank J. P. Brasselet for this historical remark). This complex is
called the intersection cohomology sheaf complex. This construction works in
the context of stratifications and sheaf theory, and it produces intersection ho-
mology groups for pseudomanifolds and algebraic varieties. Furthermore, the
intersection cohomology sheaf complex is characterized under some axioms.
For a detailed account about this see [30], [31], [7] or [3].

We focus here on the complex algebraic context. Let Y be a complex
algebraic variety of complex dimension n. The variety Y admits a Whitney
stratification making Y into an oriented topological pseudomanifold of real
dimension 2n with all strata of even real dimension. Consider Y; the strata
of a stratification ) of Y where codimc(Y;) = j. We use Deligne’s indexing
convention, that is, we consider the intersection cohomology sheaf complex
shifted by [—n], we denote this by ICy. In the following, we call the complex
ICy the intersection cohomology complex of Y.

The intersection cohomology complex ICy in the derived category D3(Y)
is uniquely characterized up to canonical isomorphism by the following axioms:

(AX1) (ICy)py\x =~ Ry\g[n] where X is the singular locus of Y.
(AX2) HKE(ICy) =0 for all k < —n.
(AX3) For all y € Yj, H¥(ICy), =0 for all k > —n + j and j > 1.

AX4) For all y € Y;, with i,,: {y} < Y the inclusion, H* (i, ICy), = 0 for all
J y y y
k<n—jand j>1.
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The intersection cohomology complex ICy is an object in Perv(Y'), and
it is a self-dual complex, that is, ICy ~ D(ICy) (see Definition . Fur-
thermore, this complex was generalized for local systems: Let £ be a local
system on Y \ X. The intersection cohomology complex ICy (L) associated
with £ is such that satisfies the corresponding axioms (AX1) - (AX4) taking
L[n] instead of Ry \x[n].

Remark 2.3.32. An object P € Perv(Y) is simple if it has no non-trivial
sub-objects. P is semi-simple if it is isomorphic to a direct sum of simple
objects. Moreover, P € Perv(Y) is simple if, and only if P ~ ICy/(L’) for
some closed subvariety Y/ of Y, and some simple local system £’ defined on
an open subvariety of the regular part of Y’. Hence, a semi-simple perverse
sheaf P is a finite direct sum of such simple objects. Notice that, if Y’ and
Y" are distinct closed subvarieties of Y,

HOIIlD(y) (IC;/([,I), IC;ﬁ (,CH)) = 0.

By Axiom (AX1), the intersection cohomology complex ICy =~ Ry|[n],
if Y is non-singular. There are another type of varietes satisfying that the
intersection cohomology complex is quasi-isomorphic to the constant sheaf,
they are the rational homology manifolds:

Definition 2.3.33. A topological space Y is a rational homology manifold of
real dimension n if H;(Y,Y \ {y}; Q) is equal to Q if i = n, and 0 if i # n.

Proposition 2.3.34. A complex algebraic variety Y is a rational homology
manifold if, and only if, the link of every point in Y is a rational homology
sphere.

Theorem 2.3.35. IfY is complex algebraic variety which is rational homology
manifold, then
ICY >~ Qy [dim@ Y]

The proofs of the above two results can be found in [61, Proposition 6.6.2]
and [61, Theorem 6.6.3], respectively.

As a consequence of the theory of mixed Hodge modules developed by
M. Saito [74], [75], [76] (see also [I8]) one can obtain that the intersection
cohomology of a complex algebraic variety carries a mixed Hodge structure.
This result was originally proved by J. Steenbrink and S. Zucker in [78] for
the curve case and by F. El Zein in [23], [24] for the general situation. For a
developed and detailed references about this consider for instance [71] or [61].
As a particular case, we have the following theorem:

Theorem 2.3.36. If Y is a compact complex algebraic variety that is a ra-
tional homology manifold. Then, the k-th cohomology group H*(Y;Q) of Y
carries a pure (polarizable) Hodge structure of weight k, for every k € Z.

For the general theory of pure and mixed Hodge structures see Section
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2.3.4. Decomposition Packadge

The Decomposition Theorem was proved in [6] for C-coefficients. For R- and
Q-coefficients follows from [20]. In this section, we give the results of the
Decomposition Packadge for R-coefficients which will be used in Chapter
The Decomposition Theorem was re-proved later by M. Saito, using the theory
of Hodge modules in [75], [74], [76], and also by M. A. de Cataldo and L.
Migliorini in [18].

Let e: Z — Y be a projective morphism of complex algebraic varieties,
with Z non-singular of dimension d. Let € H?(Z;R) be the first Chern
class of an n-ample line bundle on X. The class n corresponds to a map of
complexes

n: RZ — RZ [2],

and it induces a map n: Re.Rz — Re,Rz[2]. After taking perverse cohomol-
ogy, we obtain a map of perverse sheaves on Y:

n: PH(Re, Rz [d]) — PH™2(Re Ry [d]).
Iterating, we have maps of perverse sheaves
n': PH™H(Re,Rz[d]) — PH(Re Rz[d]), (2.11)

for every i > 0.

The Decomposition Packadge is composed by the following three theorems:
the relative Hard Lefschetz Theorem, the Decomposition Theorem, and the
Semi-simplicity Theorem. The corresponding theorems state the following
(see [18]):

Theorem 2.3.37 (Relative Hard Lefschetz Theorem). Let € and n as above.
For every i > 0, the induced map by n of perverse cohomologies , i.e.,

n': PR (Re Ry[d]) — PH(Re R4 [d])
s an isomorphism. In particular, by setting
P, (Re.Rzd]) := Ker(n'*': PH ™ (Re.Ry[d]) — PH'*(Re. Rz [d])),

we have equalities:

PH " (Re.Rz[d]) = @ n'P, " (Re.Ry[d)) (2.12)
>0

"H!(Re.Rzld]) = @ n' P, (Re.Rzd)) (2.13)
>0

fori > 0.
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The term ‘ ‘
P, (RexRz[d]) CPH™' (ResRz[d])
is called the primitive part of the perverse cohomology PH ~*(Re.Rz[d]). The

decompositions (2.12)) and (2.13|) are called the primitive decomposition of
PH=(ReRz[d]) and PH!(Re.Ry[d]), respectively.

Theorem 2.3.38 (The Decomposition Theorem). Let € be as above, there is
a non-canonical isomorphism in D2(Y):

Re.Ryld] ~ @ PH (Re.Rz[d))[—i], (2.14)
7

The sum appearing in the decomposition is finite, the perverse cohomolo-
gies run all the degrees for M < i < M, where M is the defect of semi-smallness
of €. However, since the value of M is not relevant in the tratement of the
Decomposition Theorem in Chapter 5] then we only consider M as a certain
integer. See [18] for more details about semi-smallness and the Decomposition

Theorem.

Theorem 2.3.39 (The Semi-simplicity Theorem). Each PH!(Re+*Rz[d]) is a
semi-simple object in Perv(Y'), i.e., if YV is the set of connected components
of strata of Y in a stratification of €, there is a canonical isomorphism in
Perv(Y):
PH!(Re.Rz[d)) ~ @) IC5(Lis), (2.15)
Sey
where the local systems L; s on S are semi-simple (see Remark .

The collection of subvarieties S appearing in (2.15) are called the set of
supports of € with some associated non-zero local system L; g.

Remark 2.3.40. Ife: Z — Y is a resolution of singularities of Y, by Theorem
2:3:38 and Theorem [2.3.39] there is a stratification of Y such that the inter-
section cohomology complex ICy is a direct summand of the decompositions

(2.14) and (2.15)). That is,
Re,Ry[d] ~ ICy & (contribution from singularities of V). (2.16)
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2.4. Theory of Cubical Hyperresolutions

In this section, we give an overview of the theory of cubical hyperresolu-
tions due to F. Guillén, V. Navarro Aznar, P. Pascual-Gainza, and F. Puerta
in [35]. The cubical hyperresolutions will be one of the central tools appearing
throughout Chapter The results and definitions appearing in this section
are based on [71, Part III, Chapter 5].

2.4.1. Semi-simplicial varieties and cubical varieties

Definition 2.4.1. The semi-simplicial category /\ is the category with objects
the ordered sets {0,...,n}, for n € N, and with morphisms strictly increasing
maps.

Notice that the morphisms of the semi-simplicial category A\ are obtained
as composition of maps ¢/: {0,...,k} — {0,...,k + 1} defined by §’(p) = p,
for p < j, and 67 (p) = p+1, for p > j. Then, the semi-simplicial category can
be seen as the category of ordered sets [k] and with morphisms generated by
the face maps. This information can be captured in a diagram:
80 L
69 —g o1
— st —
{0} o' 7{0,1} —— {0,1,2} &> {0,1,2,3}
— 52 —5

Definition 2.4.2. The cubical category [ is the category with objects the
finite subsets of N, and for which Hom(7, J) consists of a single element if
I C J, and empty if else.

Set [k] := {0, ...,k}. The n-truncated semi-simplicial category A\, is the
full sub-category of A whose objects are the [k] with k& € [n — 1]. The cubical
category O, is the full sub-category of [0 whose objects are the subsets of
[n - 1]7

Definition 2.4.3. A semi-simplicial object (co-semi-simplicial) in a category
C is a contravariant functor Ko: A — C (co-variant functor C*: A — C). A
morphism between such objects is to be understood as a morphism of corre-
sponding functors.

We define cubical objects, co-cubical objects in a similar way. We get
an n-(co)semi-simplicial object by replacing A by A,, and similarly for n-
(co)cubical-object.

In particular, for the face maps 87, we define objects

K, := K,[n], C":=C*n]

in C, and morphisms . . )
dj :=K(&), & =C().
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If the category is additive, we can consider
On =Y (=1)dj: Ky = Ko, 6" := ) (~1)d: C" — ™!
§=0 j=0

and define complexes in C:

do

» K Ko}, CC*:={c0 2t 0, )

For a cubical object X and I C N finite, we define
X[::X(I), d[JiIX(I‘—)J):XJ%X[, IcJ

Let K be an object in C, a constant semi-simplicial object K is obtained
by setting K, = K for all n, and taking the identity for the corresponding
maps.

Definition 2.4.4. An augmentation of a semi-simplicial object K, to constant
semi-simplicial object Y is a morphism

c: Ke =Y
of semi-simplicial objects.

If the category C is the category of topological spaces, we speak of a semi-
simplicial space, if C is the category of complex algebraic varieties, we speak
of a semi-simplicial complex algebraic variety, etc.

Definition 2.4.5. Let K, be a semi-simplicial space. Using the convention
that every strictly increasing map f: [¢] — [p] has geometric realizations
|f]: Aqg = Ay, the geometric realization of K, is

K| =[] Ay x K,/R,
p=0

where the equivalence relation R is generated by identifying (s,2) € A x K,
with (|f[(s),y) € Ap x K, if © = K(f)y for all strictly increasing maps

f:lal = [pl-

The topology on |K,| is the quotient topology under R obtained from the
direct product topology. There is a natural augmentation

K¢ — | K|

defined by sending = € K,, to the equivalence class of (z, z,), where z, is the
barycenter of A,,.
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Example 2.4.6. Let Y = |J;_,Y; be a variety with irreducible components
Yo,...,Yn. Let Xy := Y, and X7 := (),;Y; for I C [n] non-empty. The
maps dyy: Xy; — X are given by the inclusions I C J. This defines an
(n + 1)-cubical variety. For n = 2, the 3-cubical variety is

Xy — Xy
e A
X012} X102}

(2.17)
X{l} Xy

e

X1y —— X}

Remark 2.4.7. Any (k + 1)-cubical variety X can be considered as a mor-
phism of k-cubical varieties Y — Z where Z; = X; and Y = Xpyq for
I C [k —1]. In particular, a 1-cubical variety is the same as a morphism of
varieties.

Remark 2.4.8. Every (n + 1)-cubical variety X gives rise to an augmented
n-semi-simplicial variety Xo — Y captured in the following diagram:

X3§X2§X1:;XO*>Y

The objects are

Xp= [ X1, k=0,...,n.
|T|=k+1

The morphisms are the following: For each inclusion 8: [s] — [r] and I C [n]
with cardinality |I| = r + 1, writting I = {ig,...,i}, 90 < -+ < ir, then the
morphisms are

X(B)lx, = dur

where J = {iﬁ(o), - ,ig(s)} clI.
For all I C [n], we have a well-defined map dy;: X; — Xy =Y. So, we
have an augmentation of the above semi-simplicial variety.

Definition 2.4.9. Let X be a cubical variety, and let e: X, — X be its
asociated augmented semi-simplicial variety, the continuous map

lel: [ Xe| = Xy,
is the geometric realization of the cubical variety X.
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2.4.2. Sheaves on semi-simplicial spaces and their cohomology

Consider the category with objects the pairs (X, F) where X is a topological
space and F is a sheaf on X, and morphisms the pairs (f, f#): (X, F) — (Y, G)
where f: X — Y is a continuous map and f#: G — f,F is a sheaf homorphism
onY.

Definition 2.4.10. A sheaf on a semi-simplicial space X, is a semi-simplicial
object (X, F*) in the above category which consists of a family of pairs
(X1, F¥), where Fj, is a sheaf on X}, and, for increasing morphisms 3: [n] —
[m], the morphisms are pairs (X(8), X(8)*) where X(8): X,, — X,, and
X(B)#: F' — X().F™ satisfying (X(8) o X(1))# = X(8)# o X(1)#, for
any increasing map : [m] — [l]. That is, it is covariant functor in the second
factor.

Example 2.4.11. Let X, be a semi-simplicial space, define the constant sheaf
Rx, on the semi-simplicial space X,. Taking the family of constant sheaves
Ry, over X; and morphisms X (8)#: Ry, — X (8)«Ry,, for ingreasing maps
B: [n] = [m].

Let Y be a topological space, and let F be a sheaf on Y. For each y € Y,
let 7y be the stalk of 7 at y. The Godement sheaf Cgam(F) of F is defined
by taking for open subset U C 'Y, sections Cgam (F)(U) := [,y Fy, and for
open subsets U C V| restriction maps Cgam (F)(V) = Cqam(F)(U). There is
a resolution of the sheaf F,

0—— F L5 ¢, (F) L L, (F) —E .

by taking C& . (F) := Caam(F), and Chy,,, (F) := Caam(Coker d'~1) for i > 0.
It is called the Godement resolution of F.

Consider ¢: X, — Y a semi-simplicial space augmented to Y and F* a
sheaf on X,. Notice that the sheaves £,CZ,  (FF) form a double complex of
sheaves on Y'; and its associated simple complex defines

Re F* := s[eClgm (F*)].

Definition 2.4.12. A semi-simplicial space €: X, — Y augmented to Y is
said to be of cohomological descent if the natural map

e#: Ry — Re, Ry,
is a quasi-isomorphism.
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2.4.3. Cubical hyperresolutions

Definition 2.4.13. Let Y be a variety and let D be a closed subvariety of
Y. A semi-simplicial resolution of the pair (Y, D) is a semi-simplicial variety
€: Xo — Y augmented to Y satisfying the following properties:

1. All maps X — Y are proper, and X} is smooth for all k.
2. ¢ is of cohomological descent.

3. The inverse image of D on each irreducible component X,i is: either all
of X]i, or empty, or a divisor with simple normal crossings on X,i.

Definition 2.4.14. A cubical variety is a cubical hyperresolution of Y if its as-
sociated semi-simplicial variety e: X4 — Y augmented to Y is a semi-simplicial
resolution.

Remark 2.4.15. Let X be a n-cubical variety, and let e: Xo — X be its
associated augmented semi-simplicial variety. Let C*(X) be the cone of the
morphism Ry, — ReRx,. Then, the n-cubical variety X is of cohomological
descent if and only if the cone C*(X) is acyclic.

Construction of Cubical Hyperresolutions

Definition 2.4.16. 1. A proper modification of a variety Y is a proper
morphism f:Y — Y such that there exists an open dense set U in Y
for which the morphism f induces an isomorphism f~'(U) — U.

2. A resolution of Y is a proper modification f: Y — Y such that Y is
smooth.

3. The discriminant of a proper morphism f: Y — Y is the minimal closed
subset A(f) of Y such that the morphism f induces an isomorphism

Y\ FHA() = Y\ A(S).

The following theorem was proved independently by D. Abramovich and
J. de Jong in [I], and F. A. Bogomolov and T. G. Pantev in [§], respectively:

Theorem 2.4.17. Let Y be an (irreducible) algebraic variety and let D be
a closed subset of Y. Then, there exists a resolution f:Y — Y which is a
projective morphism and such that the inverse image f~1(D) of D in Y isa
simple mormal crossings divisor.
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Lemma-Definition 2.4.18. Let f: Y — Y be a proper modification with
discriminant D. The discriminant square of f is the commutative diagram

~h

YD) —
g

«—
~

(2.18)

)-<

Dt

and let X be the corresponding 2-cubical variety. Then, the associated semi-
simplicial variety of X is of cohomological descent.

Definition 2.4.19. The discriminant of a proper morphism f:Y — Z of
cubical varieties is the smallest closed cubical variety D of Z such that f
induces isomorphisms Y7 \ f~1(D;) — Z; \ Dy for all I.

Notice that we can construct a discriminant square for a proper morphism
between k-cubical varieties as in Lemma-Definition between ordinary
varieties.

Definition 2.4.20. Let f: Y — Z be a proper morphism of cubical varieties
with discriminant D and let T" be a closed cubical subspace of Z. Then, we call
f a resolution of (Z,T) if Y7 is smooth, f;'(T}) consists of certain components
of Y7 and divisors with simple normal crossings on some other components of
Y7, and dim f; *(Dy) < dim Z; for all I.

Theorem 2.4.21. Let Z be an n-cubical variety and let T be a closed cubical
subvariety. Then, there exists a resolution f:Y — Z of (Z,T).

The proof of this theorem can be found in [71, Theorem 5.25].

Theorem 2.4.22. For any variety Y of dimension n and any Zariski closed
subset T' with dense complement, there exists an (n—+1)-cubical hyperresolution

X of (Y,T) such that dim X; <n — |I| + 1.

This theorem is proved in [7I, Theorem 5.26], and it gives an explicit
construction of a cubical hyperresolution of (Y,T"). Since this construction will
be used to prove Lemmal5.1.1]in Chapter[5 we explain below this construction
of a cubical hyperresolution and illustrate it with two examples.

The construction of the hyperresolution is given step by step. The first
step is to choose a resolution 7: Y — Y of (Y, T') with discrimiant D

) - v — x(M
X =7 (D) —> Y =X

l b (2.19)

(1) _ _ x®
X =D ——— Y =X
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and consider this as a 2-cubical variety which is of cohomological descent. The
hypothesis of induction is the following: After k steps, we obtain a (k + 1)-

cubical variety X (k) which is proper, of cohomological descent, with Xa()k) =X,

X}k) smooth for all non-empty I C [k — 1] and dim X}k) <n—|I|+1 for all

} ) is a union of irreducible components

I C [k], and the inverse image of T in X
of X}k) and a simple normal crossings divisor.

We proceed to construct the next step: Consider X*) as a morphism
f®):y®#) 5 Z(F) of k-cubical varieties. Notice that Z; is smooth for I # ()
and Y®) is possibly singular. Let T*) be the inverse image of T in Y*).
We choose a resolution 7y : Y*) — Y*) of (Y*) T()) and construct its
discriminant square

ER 7

| [ (2.20)
D&k yi(k)

where D) is the discriminant of the resolution Ty (k) , and E®) is the inverse
image of D®) in Y(®) Then, we can find the following commutative square

R 7k

l l (2.21)

D& 7k

through the composition of 7T§f) with Y®) — Z(®) Square 1} can be seen
as a (k + 2)-cubical variety X (#*1)_ Indeed, for all I C [k — 1], we set

(k+1) . _ (k) (k+1) ,_ (k) (k+1) . (k) (k+1) — k)
Xy h=2p Xy =Y Xpophy =01 Xdpeey = Er-
(2.22)

Furthermore, dim X}kH) <n—|I|4+1forall IC[k+1]and X*+D is
of cohomological descent (see the proof of [71, Theorem 5.26]). Notice that in
the last step, all terms appearing in the (n + 1)-cubical variety are smooth for
I # (. So, this construction gives a hyperresolution of (Y, T).

Example 2.4.23. Let Y be a complex surface with only one isolated singu-
larity y. We obtain a hyperresolution of Y following the above construction.
First, consider a resolution of singularities 7 : Y > Y of (Y,y), with discrim-
inant D = {y} and E := 7~ 1(y) the exceptional divisor with simple normal
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crossings. The discriminant square of 7 is

l " (2.23)

By Lemma-Definition [2.4.18] the square || is a 2-cubical variety X (M) which
is of cohomological descent.

We introduce the following notation: For E = (J
|—||J\:kEJ7 where EJ = ﬂjGJEj’ J - 1.

By taking X as a morphism fM: Y™ — Z1) of 1-cubical varieties
YW and ZM, where Yb(l) = {y}, Yo(l) = FE, and ZQ()I) =Y, and Z(()l) =Y,
respectively. Notice that Z(!) is smooth for I # @, and YV is not smooth.
We choose a resolution Y1) — Y1 of Y1 swhere Y is f/@(l) = {y} the

resolution of (Yb(l), {y}) and 17{(01}) = E(1) the resolution of (}Q(()l]?,E(Q)). So,
the discriminant square of 7y« is

ier i, we set E(k) 1=

E(1) E >

Y
7 e h
E(2)UE(2) JF E(2)
| (2.24)
Y

{y} {y} —
l/y l/y

{y} ———— {y}

~

then, we obtain the following 3-cubical variety

Y
e /! l
E(2) UE(2) % E(2)
(2.25)
Y

{yp ———— {y}

whose associated semi-simplicial variety augmented to Y is

B@)UE(2) == E()UEQ)U{y} — ¥ U{y}U{y} — .
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By Theorem [2.4.22] the semi-simplicial variety (2.25)) is a cubical hyperreso-
lution of Y.

Example 2.4.24. Let Y be a normal complex 3-fold with i the singular
locus of Y of dimension 1. Consider i with r connected components and
with only one special point {y}. We construct a hyperresolution of Y step by
step. First, consider a resolution of singularities 7: ¥ — Y of ¥ with simple
normal crossing exceptional divisor £ = 771(%1). The discriminat of 7 is 1,
then the discriminant square is the following 2-cubical variety

TH

by

(2.26)

Ak ealiat

—

[y

Since the 1-cubical variety Y1) (that is F — %) is not smooth, we continue
with the second step of the construction. We introduce some notation: For
E = UerEi, we set E(k) := || ;=4 Es, where Ej = ;c; Ej, J C I, El =
U= Br in E and E'(k) := |, E} with J C L.

Consider the normalization of (Y, T(M) where T() is the 1-cubical va-
riety E? — {y}, and its discriminant square is

E(1)
e
E?(1) E?

y
|

(2.27)

<

21(1)
e [~

Uiz {vi} ——— {v}

X1

Since the 2-cubical variety

E?(1) —— E?

| lﬂ (2.28)

Limi{vit — {u}

is not smooth, we continue with a last step of the construction, and we obtain
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the 4-cubical variety

LI, B@) ————— E(2)

E(l) —— Y
= - o )
L1 B(3) %—> LI E@3) L E*(1) %—> B L
—
Tt 511 v
J N le:l{yz} %/’ {v} J (1) %

| _
Lz {wi} {y} Loy {yi} —— {}

(2.29)
which is a cubical hyperresolution of Y.
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2.5. Characteristic classes of singular varieties

This section is devoted to the theory of characteristic classes which involves
Chapter[d and Chapter[5] The theory of characteristic classes started as a part
of the obstruction theory in the study of vector bundles of smooth manifolds.
Later, these classes were generalized to singular spaces in several ways. In
Section|2.5.1], we introduce the theory of characteristic classes of vector bundles
and smooth manifolds, and exhibit some examples of these classes. In Section
characteristic classes of singular spaces will be introduced, as well as
the corresponding singular characteristic classes generalizing the ones in the
previous section. We focus on the main ones that will appear in Chapter []
and Chapter

2.5.1. Characteristic classes of vector bundles

The classical characteristic classes were introduced by E. Stiefel [79] in the
1930s as part of the obstruction theory. They are cohomology classes of the
base space of a vector bundle that measure the obstruction of the existence
of linearly independent sections of the vector bundle, that is, the triviality of
the vector bundle.

A characteristic class of a vector bundle over a topological space X is
an assignment from the set of isomorphism classes of vector bundles over X
to the cohomology group of X. Let Vect(—) be the contravariant functor
of isomorphism classes of vector bundles over a topological space, and let
H*(—; R) be the contravariant cohomology functor with coefficient ring R.
The caracteristic classes of vector bundles are defined as follows:

Definition 2.5.1. A characteristic class of vector bundles is a natural trans-
formation

cl*: Vect(—) - H*(—; R),
which assigns to a vector bundle £: E — X a cohomology class
cd*(E):=dc*(&) e H(X;R)
on the base space X of the vector bundle £: £ — X.

One of the most fundamental characteristic classes of vector bundles are
Chern classes. They are defined axiomatically as follows:

The Chern class c* is an assignation to a complex vector bundle £: £ — X
a cohomology class

c(FE) € H*(X;7),

satisfying the following axioms:
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(A1) *(E):=1and ¢/(F) = 0 for i > rank(FE).
H(E):=1+c(B)+ -+ *ENE) e H*(X;Z)
is called the total Chern class of E.

(A2) (Naturality) Let f: Y — X be a map, then
(fTE) = f((E)).

(A3) (Wu product) Let £: E — X and n: FF — X be two complex vector
bundles, then
H(E@®F)=c"(E)Uc(F).

(A4) (Normalization) The total Chern class ¢*(y.(C)) of the tautological line
bundle 7} over P*(C) is

¢ (m(C) =1~y

where g € H?(P"(C); Z) is the Poincaré dual of the hyperplane P"~1(C) C
P*(C).

In the theory of vector bundles, the Chern classes are useful to reduce
computations using line bundles through the following theorem, the splitting
principle:

Theorem 2.5.2. Let £: E — X be a complex vector bundle of rank n over
a paracompact space X. There is an associated space F(E) to E and a map
f: F(E) — X such that:

1. The vector bundle f*(E) is a direct sum of complez line bundles, that is

f*(E) =L1PLo®---&d L,. (2.30)
2. The map f*: H*(X) — H*(F(E)) is injective.

The first Chern classes of the line bundles L; appearing in Equation (2.30))
are called the Chern roots a; of E.
A proof of this theorem can be found in [37, Proposition 3.3].

There is another characteristic class defined through the Chern classes,
they are the Pontrjagin classes p*. This class p* is an assignation to a real
vector bundle £: E — X a cohomology class

p'(E) € HY(X;Z)
defined by (—1)*c¢*(E ® C), where ¢* is the k-th Chern class.
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Characteristic classes of smooth manifolds

Let X be a smooth manifold. A characteristic class c/*(T'X) of the tangent
bundle TX of X is called a characteristic cohomology class cl*(X) of the
manifold X. We denote by

clo(X) =" (TX)N [X] € HBM(X; R)

the corresponding characteristic homology class of the manifold X, with [X]
the fundamental class in Borel-Moore homology of X.
Furthermore, the characteristic number #(X) of X is defined as

#(X) = deg(cl, (X)) = /X " (TX) N [X].

For X a compact complex manifold, the Gauss-Bonet-Chern Theorem
states that the characteristic number associated to the Chern class ¢*(X) of
X

e(X) = / (TX)N[X] (2.31)
X
is the Euler characteristic e(X) of X.

In [38], F. Hirzebruch answering affirmatively a question of J. P. Serre, gave
the called Hirzebruch-Riemann-Roch: For X a non-singular complex projec-
tive variety, and E a holomorphic vector bundle over X, then

X(X,E) = /X (ch*(E)td*(TX)) N [X], (2.32)

where x(X, F) is the Euler-Poincaré characteristic of E. Here

rank E
ch*(E) = Z el
j=1
is the Chern character, and
dim X -
td*(TX) = —
( ) E 1 _ e_ai ?

is the Todd class, where ; and «; are the Chern roots of F and T'X, respec-
tively. Moreover, when F is a trivial line bundle, the Hirzebruch-Riemann-
Roch theorem recovers the arithmetic genus x(X) of X.

Furthermore, in [39], F. Hirzebruch proved the Hirzebruch’s Signature The-
orem. This theorem states that there are unique polynomials in the Pontrjagin
classes p*, called the Thom-Hirzebruch L-classes L*, satisfying that for any
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closed oriented manifold X of dimension divisible by 4, the evaluation of these
classes in the fundamental class of X recovers its signature. That is:

o(X) = /X L*(TX) N [X], (2.33)

where o(X) is the signature of X (i.e. the signature of the intersection form
associated to X).

The Hirzebruch cohomology class

In this section, we introduce the Hirzebruch cohomology class of smooth man-
ifolds. One of the special features of this characteristic class is that it depends
on an indeterminate y, such that for different values of y, this class specializes
in three different characteristic classes.

In [38], F. Hirzebruch proved the generalized Hirzebruch Riemann-Roch
theorem, which recovers for different values of y, the Gauss-Bonnet-Chern
theorem, the Hirzebruch Riemann-Roch theorem, and Hirzebruch’s Signature
theorem introduced in the previous section:

Theorem 2.5.3 (g-HRR). Let X be a non-singular complex projective variety
and E a holomorphic vector bundle over X. The x,-characteristic of E equals
to

xo(X, E) = / TH(TX)ch 4y (E) N [X] € Qlyl,

X
with )
ch(iqy)(E) = Z ePil+y)
j=1
and dim(X)
* L T az(l + y)
=1

Here B; and oy are the Chern roots of E and T'X, respectively.

The Hirzebruch cohomology class T;(X) := T, (T'X) specializes in the
following three characteristic cohomology classes of T'X:
For y = —1,
T (X) =" (X)
the total Chern class of X.
For y =0,
T3 (X) =:td*(X)
the total Todd class of X.
For y =1,
T7(X) = L*(X)
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the total Thom-Hirzebruch L-class of X.
The g-HRR theorem for a trivial line bundle E specializes in the following:

For y = —1, Gauss-Bonnet-Chern Theorem:

dM—Lﬂmmm

the Euler characteristic of X.
For y = 0, Hirzebruch Riemann-Roch Theorem:

mmzéwamw1

the arithmetic genus of X.
For y = 1, Hirzebruch’s Signature Theorem:

o(X) = /XL*(X) n[X]

the signature of X.

2.5.2. Characteristic classes of singular varieties

Characteristic classes of manifolds were generalized in several ways to the sin-
gular case. For a singular complex algebraic variety X, its tangent bundle is
not available because of the existence of singularities. Characteristic classes
of singular varieties are usually homology classes which, in the non-singular
case, recover the corresponding characteristic cohomology class by capping
with the fundamental class. Indeed, they can be seen as natural transforma-
tions from a functor depending on the characteristic class to the homology
functor. The first characteristic class of singular complex varieties formu-
lated as natural transformations was the Chern-Schwartz-MacPherson class
transformation [51] (Section 2.5.2). After this, P. Baum, W. Fulton, and R.
MacPherson [5] defined a singular version of the Todd class (Section [2.5.2).
Later, S. E. Cappell, J. L. Shaneson and S. Weinberger in [I5] (see also [14]
and [84]) introduced a homology L-class transformation recovering the Thom-
Hirzebruch L-class for the non-singular case (Section .

As we defined in the previous section, the characteristic classes of vec-
tor bundles are natural transformations from the functor Vect(—) of vector
bundles to the cohomology functor H*(—; R). This naturality motivates the
following definition of characteristic classes for singular varieties.

Definition 2.5.4. A characteristic class (for singular varieties) is a natural
transformation
cly: A(=) = HPM(—: R)
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from a suitable covariant functor A(—) depending on the choice of ¢, to the
Borel-Moore homology functor HZ(—; R). This transformation satisfies the
following two properties:

1. There is always a distinguished element 1x € A(X), such that the char-
acteristic class of the singular variety X is defined by

cli(X) = cli(1x).

2. It satisfies the following normalization condition:
ci(lx) =" (TX) N [X],
when X is a smooth manifold.

The characteristic class cl, should be seen as a homology class version of
the characteristic number of the singular variety X:

#(X) = clu(ptilx) = pti(cli(1x)) € Ho({pt}; R) = R,

where pt: X — {pt} is a constant map. Moreover, the normalization condition
recovers, for X smooth, the characteristic number of X:

#(X) = /X d*(TX) N [X].

The Chern-Schwartz-MacPherson class

The Chern-Schwartz-MacPherson characteristic class comes from the unifica-
tion of two different generalizations for singular varieties of the Chern class
of smooth manifolds. In [77], M. H. Schwartz generalized the Chern class via
obstruction theory. In [5I], proving a conjecture formulated by P. Deligne
and A. Grothendieck, a generalization of the Chern class via natural trans-
formations was obtained by R. MacPherson. Then, J. P. Brasselet and M. H.
Schwartz in [I0] showed that the distinguished value of this natural transfor-
mation coincides with the definition of M. H. Schwartz via Alexander duality.

Let X be a complex algebraic variety. A constructible function a: X — 7Z
is a function on X given by a finite sum o = >, n;1ly,, where n; € Z, W; a
subvariety of X, and 1y, is the characteristic function of W;. Denote by F(X)
the abelian group of constructible functions on X. The integral of « is defined

by
/X ai= 3 x(m),
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where x is the Euler characteristic taking Borel-Moore homology. For a mor-
phism f: X — Y, the push-forward f.: F(X) — F(Y) is defined by

rew= [ o

The group of constructible functions define a covariant functor F'(—) from
the category of complex algebraic varieties and proper morphisms to the cate-
gory of abelian groups. In [51], R. MacPherson proved the following theorem:

Theorem 2.5.5. There is a unique natural transformation
cy: F(=) — HBM(—.7)

from the constructible function functor F(—) to the Borel-Moore homology
functor HEM(—;Z) in even degrees, satisfying:

1. The distinguished element is the characteristic function 1x € F(X) of a
complex algebraic variety X, and

2. if X is non-singular, then c.(1x) is the Poincaré dual of the total Chern
cohomology class:

c(ly) = & (TX) N [X].

Definition 2.5.6. The class c;™(X) := ¢, (1x) is called the Chern-Schwartz-
MacPherson class of X.

By considering the map from X to a point, we obtain
o(X) = deg(e1(X)) = [ M),
X

that is, a singular version of the Gauss-Bonnet-Chern theorem.

Segre-Schwart-MacPherson class

After defining the Chern-Schwartz-MacPherson class, another characteristic
class was given defined through the Chern-Schwartz-MacPherson class and
the total Chern class.

Let i: X — M be a closed embedding of a complex algebraic variety
X in a complex manifold M. The Segre-Schwartz-MacPherson class of the
embedding i is defined by

SMX, M) = (" TM) L ned™M(X).
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The Baum-Fulton-MacPherson Todd class

P. Baum, W. Fulton, and R. MacPherson in [5] defined a generalization for
singular varieties of the Todd class, by proving the following theorem:

Theorem 2.5.7. There is a unique natural transformation
td.: Go(—) — H3" (= Q)

from the Grothendieck functor Go(—) of coherent sheaves (see Chapter II in
[36]) to the Borel-Moore homology functor HEM (—; Q). It satisfies

1. for a complex algebraic variety X, the distinguished element is 1x :=
[Ox] € Go(X), that is, the class of the structure sheaf.

2. If X is non-singular,

td, (|0x]) = td"(TX) N [X].

Definition 2.5.8. The class td.(X) := td.([Ox]) is called the Baum-Fulton-
MacPherson Todd class of X.

Considering the mapping from X to a point, we obtain the singular version
of the Riemann-Roch theorem:

x(x) = [ ()

The Cappell-Shaneson L-class

M. Goresky and R. MacPherson developed the intersection homology theory
in [30] and [31]. Using this theory, they defined a homology class L.(X) for
a stratified space X with even codimensional strata, such that if X is non-
singular, it recovers the Thom-Hirzebruch L-class of X by capping with its
fundamental class:

L.(X)=L"(TX)Nn[X].

S. E. Cappell, J. L. Shaneson and S. Weinberger in [I5] (see also [14],
[84]) using some topological aspects of perverse sheaves, introduced a ho-
mology L-class transformation L.. It is a natural transformation from the
cobordism functor Qg (—) of self-dual cohomologically constructible bounded
K-complexes (K a subfield of R) of sheaves to the rational homology functor
Hs,.(—;Q). Moreover, for a compact complex algebraic variety X, the trans-
formation L, applied to the intersection cohomology complex ICx (see|2.3.3)
recovers the Goresky-MacPherson definition of L-class.

In Chapter[5] we use the Cappell-Shaneson interpretation of the L-class. In
order to introduce the Cappell-Shaneson transformation, we define the cobor-
dism group Qg (X) (K a subfield of R) on a compact complex algebraic variety
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X. The group Qg(X) was introduced in [14]. A problem with the ambiguity
of mapping cones related with the definition in [14] was improved in [85] (see
[9]). First, we define the cobordism group given in [85]. After this, we give
some relations between this definition with another definition of cobordism
introduced in [27].

Let X be a compact complex algebraic variety. Consider (F, «) a self-dual
complex of sheaves on X, that is (F, ) is a pair such that F € Ob(D%(X))
and the morphism a: F — D(F) is an isomorphism. The functor D(—) is the
Borel-Moore-Verdier dualizing functor (see Definition . It satisfies that

a = tcan o D(w),

that is, if the following diagram

F < » D(F)
can %(Ol)
D(D(F))

is either commutative or anti-commutative, respectively (for can see (2.8)).
The self-dual complex (F, «) is called symmetric if & = can o D(«) and skew-
symmetric if a« = —can o D(a).

Definition 2.5.9. Let (F,«) and (F',a’) be two self-dual complexes on X.
Then, they are isomorphic if there is an isomorphism 3: F — F’ such that
the following diagram

F—2 . F

D(F) 455 DIF)
commutes.

In order to define the cobordism relation, we consider the following octa-
hedral diagram (Oct) in D%(X):

IS T IS
PZaNEPEN

(2.34)
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where the morphisms marked [1], are of degree one, the triangles marked
with d.t are distinguished and the ones marked O are commutative. The two
composite morphisms from H; to He (via G; and G2) have to be the same.
Similarly for the two composite morphisms from Hs to H; (via F; and via
F2).

Consider the octahedral diagram (RD(Oct)) given by the application of the
Borel-Moore-Verdier duality functor D and a rotation by 180° about the axis
connecting upper-left and lower-right corner. That is, the following octahedral
diagram:

IR NS

o) O  D(He) D(u) d.
/ \ | / \ N
D(v) 71

(2.35)

Moreover, by applying again D with the above rotation to the obtained
octahedral diagram (RD(Oct)) we have the octahedral diagram (D(D(Oct))),
that is the one obtained from (Oct) by application of D2. The octahedral (Oct)

is called symmetric or skew-symmetric if there is an isomorphism «: (Oct)—
(RD(Oct)) of octahedral diagrams, such that

g1)

D(u)

RD(a)ocan =a or —RD(a)ocan =«

as morphisms of octahedral diagrams, respectively. Here can is the canonical
isomorphism can: (Oct)— (D(D(Oct))) of octahedral diagrams.

Notice that the isomorphism a: (Oct)— (RD(Oct)) gives (skew)-symmetric
self-dual complexes (Fi, 1) and (Fz,a9) in the corners corresponding to Fj
and Fy. We say that ((Oct), ) is an elementary cobordism between (Fi, o)
and (F2, ). This relation of elementary cobordism is reflexive and symmetric

(Remark 6.2, [85]).

Definition 2.5.10. Let (F,«) and (F', ) be two self-dual complexes on X.
We say that (F, ) is cobordant to (F', ') if there is a sequence

(.7:, a) = (.Fo, ao), (.Fl, 041), Ceey (]:,n, Oér) = (JT/, O/)
such that (F;, a;) is elementary cobordant to (Fiy1,jt+1), fori =0,...,7r—1.

Thus, by definition of cobordism, the cobordism relation is an equivalence
relation.
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Definition 2.5.11. The symmetric cobordism group Qx4+ (X) of self-dual K-
complexes on X is the quotient of the monoid of isomorphism classes of co-
homologically constructible bounded symmetric self-dual complexes by this
cobordism relation. Similarly for the skew-symmetric cobordism group Qx_ (X)
replacing in the above definition symmetric by skew-symmetric.

The sum in Qg4 (X) and Qg_(X) is given by the direct sum. They are
abelian groups, since (F,«) @ (F, —«) is cobordant to 0 (see [85], [9]). We
denote by Qg (X) := Qx4 (X) & Qx_(X).

The following proposition was proved by B. Youssin in [85, Example 6.6],
which will be relevant in Chapter [5] simplifying computations.

Proposition 2.5.12. Let (F,«) be a (skew-) symmetric self-dual complex on
X. Then, (F,«) is elementary cobordant to the (skew-) symmetric self-dual
complex (PHO(F),PH%()).

For the definition of the O-th perverse cohomology PH(F) of F see Section
2.0.2)

Remark 2.5.13. By Remark if (F,«) is a (skew-) symmetric self-
dual complex on X, then the corresponding pair after applying the functor
Rf. to (F,«) is a (skew)-symmetric self-dual complex on Y, for f: X - Y a
proper morphism. Moreover, the functor R f, induces a group homomorphism
fu: Qe (X) = Qi (X) defined by [(F, )] = [(Rf.F, Rf.(a)].

After expose the definition of cobordism through elementary cobordisms
given by B. Youssin in [85], we introduce the notion of cobordism given in [27].
In [27], the self-dual complexes are considered by taking pairings F @ F — Dx
instead of isomorphisms F = D(F). And, the notion of directly cobordim is
introduced. In a proposition below, we will show that two elementary cobor-
dant self-dual complexes are directly cobordant.

Let X be a compact complex algebraic variety, and let K be a subfield of
R. For F, G € Ob(DY(X)), a morphism
S: f & g — DX7

where D is the dualizing complex on X (see Definition[2.3.9)), is a called a per-
fect pairing if the corresponding morphism «: F — D(G) given by adjuntion
(see Corollary [2.3.8)) is an isomorphism in D%(X).

Definition 2.5.14. A pair (F, S) is called a self-dual complex if F € Ob(D%(X))
and S: F® F — Dy is a perfect pairing.

Remark 2.5.15. Notice that Definition [2.3.13] of self-dual complex is equiv-
alent to this one, by using Corollary That is, by the canonical isomor-
phism

Hom(F ® F,Dx) ~ Hom(F, RHom(F,Dx)).
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We say that the perfect pairing S: F @ F — Dx is symmetric if Sot =85
and skew-symmetric if Sor = =8, for .1 FRF — FQF the involution defined
by

u@v— (-1)%v @ u,
where u € Fi, and v € F7. A self-dual complex (F, S) is called symmetric (or
skew-symmetric) if the pairing S is symmetric (or skew-symmetric).

Remark 2.5.16. Since we are using Deligne’s indexing convention, if Z is
smooth of complex dimension d, then Dy = Kz[2d] and ICz = Kz[d]. Con-
sidering K = R, then the canonical pairing given by usual real number multi-
plication

oz Rz[d] X Rz[d] — Rz[Qd}

defines a perfect pairing which is symmetric for d even, and skew-symmetric
for d odd.

Definition 2.5.17. Let (F,S), (F,S’) be two self-dual complexes. We say
that (F,S) is directly cobordant to (F',S’) if there is a commutative diagram
in D(X)
G F
iﬁ lw, (2.36)
F—rsg
together with a perfect pairing S”: G ® G’ — Dx, such that
So(r®idr)=S5"0(idg®p): G@F — Dy,
S'o(p@idr)=5"0(idgn'): G F — Dy,
and the morphism of mapping cones cone(p’) — cone(p) induced (non-canonically)
by (7, 7’) is an isomorphism in D%(X).
Proposition 2.5.18. The self-dual complex (F,S)® (F,—S) is directly cobor-
dant to 0.
Proof. Considering in the diagram (2.36) F := 0, (G,S) = (¢',5) := (F, S),
(F',S") = (F,S) ® (F,—S), together with p’' := (id,id) and 7' := (id, —id)
the proposition holds. ]

(2.37)

Proposition 2.5.19. The self-dual complex (F,S) is directly cobordant to the
self-dual complex (PH(F),PHO(F)(S)).

Proof. Notice that PHY(F)(S) is a perfect pairing induced by S, since PH°
commutes with the Borel-Moore-Verdier duality functor D. We have the fol-
lowing commutative diagram

Pregf —— F

L

PHO(F) —— PrsoF
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and a perfect pairing S”: P7<oF @P1>9F — Dx induced by the perfect pairing
S, and the proposition is satisfied. O

Remark 2.5.20. Let (F,S) be a self-dual complex. For a proper morphism
f: X =Y, the induced pairing by

Tro Rf.(S): Rf«F @ Rf.F — Dy

is also a perfect pairing by Verdier duality (see Theorem , where the
morphism Tr: Rfif' — id is the trace morphism defined by adjuntion.

Definition 2.5.21. Let (F,S), (F,S’) be two self-dual complexes. We say
that (F,S) is (directly) cobordant to (F',S’) if there are (F;,S;), for i =
1,...,r, such that (Fo,So) = (F,9), (F, Sr) = (f,,Sl), and (F;—1,5i-1) is
directly cobordant to (F;,.S;) for any 1 <i <.

The condition of directly cobordism is reflexive and symmetric. By Defi-
nition this relation is an equivalence relation.

The symmetric (directly) cobordism group Qx4 (X) is defined to be the
quotient of the monoid of isomorphism classes of symmetric self-dual com-
plexes on X which is divided by this cobordism relation. The skew-symmetric
(directly) cobordism group Qg_(X) is defined in the same way replacing sym-
metric by skew-symmetric. The sum in Qg (X) and Qg_(X) is given by the
direct sum. Hence, they are abelian groups, since

[(F, 9)] + [(F,=5)] = 0.
We define Qg (X) := Qx4 (X) & Qx_(X).

Proposition 2.5.22. If (Fi,«a1) is elementary cobordant to (Fa,2), then
there are perfect parings S1 and Sa associated to a1 and o, respectively, such
that (Fi,51) is directly cobordant to (Fz, S2).

Proof. Since (Fi1,a1) and (Fa,a9) are self-dual complexes, we have perfect
pairings
S1: F1F1 —Dx and Sy: Fo ® Fo — Dx.

In order to show that the pairs (Fi,S1) and (Fz, S2) are directly cobordant,
we consider the octahedral diagram ([2.34]) and the isomorphism of octahedral
diagrams «: (Oct)— (RD(Oct)): We have a commutative diagram

HQL)FQ

Pl

Fi —— M
and an isomorphism (5: Ho — D(H1), hence we have a perfect pairing

S Ho @ H1 — Dx
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satisfying
Sio (71' & id_]:l) =5"0 (idH2 & p) (2.38)

and
Sg 0 (pl ® id]:Q) =5"0 (idHQ & 7T/). (2.39)

Indeed, by the isomorphism «: (Oct)— (RD(Oct)) we have a commutative
diagram

7‘[2 i} D(Hl)

P

Fi — D(F1)
then oy o™ = D(p) o f2. Considering the natural isomorphism
¢1: Hom(Ha ® F1,Dx) ~ Hom(Hz, D(F1)),
coming from adjuntion, we have
$1(S1 0 (7 @ idr,)) = a1 0 = D(p) 0 fa = $1(S" o (ida, © p)).

Then, the desired equality (2.38]) follows. Similarly for (2.39). Furthermore,
we have the morphism of distinguished triangles

Uy o , 7 (1]

g1
I
g1

P
v ./T1 > 7‘[1 >

~

hence the morphism of mapping cones cone(p’) — cone(p) is an isomorphism.

O]

After giving the definition of cobordism group, we introduce the Cappell-
Shaneson L-transformation given in [15] (see also [14], [84]) defined from the
cobordism functor Qg (—) to the homology functor Hs.(—; Q) for rational co-
efficients :

Theorem 2.5.23. There is a unique a natural transformation
Ly: Qg (=) = Ha.(— Q)

with distinguished element [(ICx,a)] € Qg (X) the cobordism class of the in-
tersection cohomology complex on X. If X is non-singular,

L.([(Kx [dime X],)]) = L*(TX) N [X].
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The Cappell-Shaneson L-class of the intersection cohomology complex 1C'x
satisfies L.([(ICx,a)]) = L.«(X), where L.(X) is the Goresky-MacPherson
homology L-class. See [14], [13], and [15] for more details.

The degree of Lo([(F,)]) is the signature of the induced pairing

H(X;F)ox R x HY(X;F) ®x R — R,

by definition, the signature is 0 if the pairing is skew-symmetric. In particular,
for the intersection cohomology complex ICx, we have

7(0) = [ Lo((Cx,),
X
this is the singular version of Hirzebruch’s signature theorem.

The Hirzebruch homology class

The Chern-Schwartz-MacPherson, the Baum-Fulton-MacPherson Todd, and
the Cappell-Shaneson transformations generalize for singular varieties the Chern
classes, Todd classes and Thom-Hirzebruch L-classes, respectively. As we
showed in Section the Hirzebruch cohomology class unifies these three
characteristic classes of vector bundles. Nevertheless, it is natural to ask if
there is a characteristic homology class for singular varieties which unifies
the Chern-Schwartz-MacPherson, the Baum-Fulton-MacPherson Todd, and
the Cappell-Shaneson classes. MacPherson’s formulated this question in [52].
The difficulty of this problem is that the source covariant functors of these
three natural transformations are all different.

In [9], J. P. Brasselet, J. Schiirmann, and S. Yokura answered MacPher-
son’s question. They defined a Hodge-theoretical natural transformation, de-
pending on an indeterminate, from the relative Grothendieck functor of com-
plex algebraic varieties to the Borel-Moore homology functor with rational
coefficients.

Let X be a complex algebraic variety. E. Looijenga in [49] and F. Bittner
in [7] introduced the relative Grothendieck group of complex algebraic varieties
over X, denoted by Ky(var/X).

The relative Grothendieck group Ky(var/X) over X is the quotient of
the free abelian group of isomorphism classes of morphisms to X, denoted by
[Y — X], modulo the following additivity relation:

Y = X]=[Z—=X]|+[Y\Z— X] (2.40)

for Z C Y a closed subvariety of Y. For a morphism f: X’ — X, the push-
forward

fe: Ko(var/X') — Ko(var/X)
is defined by f.([Y — X']) :=[Y — X].
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J. P. Brasselet, J. Schiirmann and S. Yokura in [9] proved the following
theorem:

Theorem 2.5.24. There is a unique natural transformation with respect to
proper maps,
Ty: Ko(var/=) — HM (= Q)ly] (2.41)

such that, for X non-singular complex algebraic variety,
Ty([X = X]) = T(TX) N [X],

that is, Ty «([X — X]) of the class of the identity map of X recovers the
Hirzebruch cohomology class of X.

Definition 2.5.25. The class Ty (X) := Ty «([X — X]) is called the Hirze-
bruch homology class of X.

In [9], the authors showed that the Hirzebruch natural transformation
(2.41)), unifies the Chern-Schwartz-MacPherson trasformation (for y = —1),
the Baum-Fulton-MacPherson Todd transformation (for y = 0), and the
Cappell-Shaneson L-transformation (for y = 1):

Theorem 2.5.26. For y = —1, there is a unique natural transformation
e: Ko(var/—) — F(—) (2.42)

such that, for X non-singular, e([X — X|) = 1x. And the following diagram
18 commutative:

Ko(var/-) = » F(—)
T—1\ A@@ (2.43)
H3M(—Q)

For y =0, there is a unique natural transformation
~v: Ko(var/—) = Go(—) (2.44)

such that, for X non-singular, v([X — X|) = [Ox]. And the following dia-
gram 15 commutative:

Ky(var/—) 1 » Go(—)

To,- td. (2.45)
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For y =1, there is a unique natural transformation
sd: Ko(var/—) — Qg (-) (2.46)

such that, for X non-singular, sd([X — X|) = [Kx|[dimc X]|]. And the follow-
ing diagram is commutative:

Ky(var/—) sd O (-)

. / (2.47)

HQ*(_; Q)
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Chapter 3

A Leé-Greuel formula for the image

Milnor number

This chapter is devoted to my first work in the theory of singularities of map-
pings. We obtain a version of the Lé-Greuel formula for the image Milnor
number of corank 1 map-germs, which provides a recursive method to com-
pute it. Our proof is based on the Marar’s formula that computes the Euler
characteristic of the disentanglement of a corank 1 map-germ, in terms of the
Milnor numbers of the multiple point spaces associated with the germ. This
is a joint work with Prof. Juan José Nuno Ballesteros, [67].

The Lé-Greuel formula [34, [47] provides a recursive method to compute
the Milnor number of an isolated complete intersection singularity (ICIS).
Let (X,0) be a d-dimensional ICIS defined as the zero locus of a map-germ
g: (C",0) = (C"4,0). The Milnor fibre X, := g~*(s), for s a generic value
in C"?, has the homotopy type of a wedge of d-spheres, and the number of
such spheres is called the Milnor number pu(X,0) of (X,0). If d > 0, we can
consider p : C* — C a generic linear projection, with H = p~1(0), such that
(XN H,O0) is a (d — 1)-dimensional ICIS. Then, the Lé-Greuel formula states:

On
(9) +J(g,p)’

where (g) is the ideal in O,, generated by the components of g, and J(g,p) is
the Jacobian ideal of (g, p), that is, the ideal generated by the maximal minors
of the Jacobian matrix. Note that X, is smooth, and if p is generic enough,
then the restriction p|x, : Xs — C is a Morse function, and the dimension
appearing in the right hand side of is equal to the number of critical
points of p|x,.

We prove the following version of the Lé-Greuel formula: Let f: (C™,0) —
(C"*10) be an A-finite corank 1 map-germ with n > 1. Let p : C*"™! — C
be a generic linear form, then f can be seen as a 1-parameter unfolding of
another map-germ ¢ : (C"1,0) — (C",0) which is the transverse slice of f
with respect to p, that is, g has image (XN H,0), where (X, 0) is the image of f
and H = p~1(0). The disentanglement X, of a stable perturbation fs of f (see
Section is not smooth, but it has a natural Whitney stratification given
by the stable types (see Section . If p is generic enough, the restriction

w(X,0) + p(X N H,0) = dime (3.1)
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plx, : Xs — C is a Morse function on each stratum. The Lé-Greuel type
formula for the image Milnor number states:

pr(f) + pr(g) = #2(plx. ), (3.2)

where the right hand side of equation is the number of critical points of p|x,
on all the strata of X,;. The case n = 1, we have

ur(f) +mo(f) —1=#X(plx.), (3.3)

where mg(f) is the multiplicity of the curve parametrized by f. This makes
sense, since (X, 0) = mo(X,0) — 1 for a O-dimensional ICIS (X, 0).

In Section we introduced Mond’s conjecture (Conjecture
which relates the image Milnor number with the A.-codimension of an A-
finite map-germ. We feel that this Lé-Greuel type formula for the image
Milnor number could be useful to prove the conjecture. Indeed, it would be
enough to prove that the module which controls the number of critical points
of a generic linear function is Cohen-Macaulay and then, use an induction
argument on the dimension n, see [25] for details about Mond’s conjecture in
this direction.

3.1. Marar’s formula and multiple point spaces

Here we expose Marar’s formula [53] which relates the Euler characteristic of
the disentanglement associated to a stable perturbation of a corank 1 map-
germ with the corresponding multiple point spaces. We base on Section [2.1.6
for the Marar-Mond construction of the k-th multiple point spaces for corank
1 map-germs.

Definition 3.1.1. Let M be a QQ-vector space upon which Sy acts. Then the
alternating part of M, denoted by Alty M, is defined to be

Altp M = {m € M : o(m) = sign(o)m, for all o € Si}.

Given a topological space X on which Sy acts, the alternating Euler charac-
teristic is defined by

Xalt(X) — Z(_l)l dlm(@ Altk(Hz (X, Q))

The following theorem is proved by V. Goryunov and D. Mond in [33], 2.6]
and it allows to compute the image Milnor number of f in terms of the k-th
multiple point spaces Dk( f) which are invariant under the action of the k-th
symmetric group Sg.
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Theorem 3.1.2. Let f: (C*,0) — (C*"1,0) be a corank 1 map-germ, fs be
a stable perturbation of f, for s # 0, and let X be the disentanglement of f.

Then,
n+1

Xs:@ @Ah?k n— k+1 k(fs)a@)) (34)

By Theorem [2.1.28] the disentanglement X has the homotopy type of a
wedge of n-spheres, hence the image Milnor number p7(f) is the rank of the
homology group H,(Xs,Q), that is,

pr(f) = dimg H,(Xs, Q). (3.5)
By Equation and , then
n+1
pr(f) = dimg Alty(Hp—i1(D*(f.), Q). (3.6)
k=2

By [46], Corollary 2.8], we can compute the alternating Euler characteristic

of D¥(f,) as follows: For each partition P = (r1,...,7s), we set
_ sign(P)
where ; := #{j : 7; =14} and sign(P) is the number (—1)¥~2:%i. Then,
XMDHF)) = D BPIX(D (£, P)). (3.7)
Pl=k

By Theorem [2.1.32| and Corollary [2.1.35, the spaces D¥(fs) and DF(f,,P)
are Milnor fibres of the ICIS D*(f) and D¥(f,P), respectively. Then, they

have the homotopy type of a wedge of spheres of real dimension dim D¥(f) =
n —k+1 and dim D*(f, P), respectively. Thus,

dimg Alty (Hy—41(D*(f5), Q) = (=) (™ (DM(f0)) = 1), (3.8)

and
X(DF(f,, P)) =1+ (=1)3m P EP) (DR (£, P)). (3.9)

Substituting (3.7)), (3.8)), and (3.9) in Equation (3.6]), we obtain the following

version of Marar’s formula [53]:

n+1

Z Z y- k'Hﬂ )(1+(fl)dika(f’P),u(Dk(f,77))), (3.10)

k=2 |P|=k

where the coefficients 8(P) = 0 when the sets D*(f,P) are empty, for k =
2,...,n+1.
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3.2. Lé-Greuel type formula

Let f: (C*0) — (C™"1,0) be an A-finite corank 1 map-germ. Let p : C**1 —
C be a generic linear projection, such that H = p~1(0) is a generic hyperplane
through the origin in C"*!. We can choose linear coordinates in C"*! such
that p(y1,...,Yn+1) = y1. Then, we choose the coordinates in C" in such a
way that f is written in the form

f(zvyla cee 7yn71) = (hl(zaylv' . 'ayn71)3h2(zay17 s 7yn71)7y17 s 7yn71)a

for some holomorphic functions hq, ho. Notice that f can be seen as a 1-
parameter unfolding of the map-germ g : (C"~1,0) — (C",0) given by

9(27y17 s >yn—2) = (hl(zayh e 7yn—270)7h2(‘27y17 R 7yn—270)?y17 B ,yn—2>'

We say that g is the transverse slice of f with respect to the generic hyper-
plane H. If f has image (X,0) in (C"™!,0), then the image of g in (C",0) is
isomorphic to (X N H,0).

Let fs be a stable perturbation of f, and X, its disentanglement. Since
f has corank 1, X has a natural Whitney stratification given by the stable
types associated to fs (see Remark . Indeed, the strata in X can be
described as the following submanifolds in terms of the multiple point spaces
and the partitions:

MF¥(fs, P) = " (DF(f,,P)0) \ FTHDFH(£,)),

where DF(fs, P)? is the set of generic points of D¥(fs, P), ¥ : Cntr—1 — Crt!
is the map (z1,...,2k,y) — fs(21,y) and P runs through all the partitions
of £ with £ = 2,...,n 4+ 1. We can choose the generic linear projection
p: C"1 = C in such a way that the restriction to each stratum MF¥(f,, P) is
a Morse function. In other words, such that the restriction p|x, : Xs = Cis a
Morse function on each stratum, this is one of the conditions of be a stratifed
Morse function in the sense of [32]. We will denote by #X(p|x,) the number
of critical points on all the strata of Xj.

Theorem 3.2.1. Let f : (C,0) — (C2,0) be an injective map-germ. Let
p: C? = C be a generic linear projection, then

#X(plx,) = pur(f) +mo(f) — 1,
where mo(f) is the multiplicity of f.

Proof. After a change of coordinates, we can assume that f has the form
Ft) =, emt™ + e t™ T L),
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where &k = mo(f), m > k and ¢, # 0. The stable perturbation fs is an
immersion with only transverse double points, then its disentaglement X, has
only two strata: M?2(fs,(1,1)) is a 0-dimensional stratum composed by the
transverse double points, and M!(f;, (1)) is a 1-dimensional stratum given by
the smooth points of X;. Notice that the number of double points of fs is
the delta invariant of the plane curve, §(X,0), which is equal to ur(f) by [65,
Theorem 2.3].

Let p: C2 — C be a generic linear projection, such that p|x, is a Morse
function on each stratum. Then:

#35(plx,) = #M(fs, (L,1) + #5(0|an (..1y) = 11(f) + #E@lan g, 10)-

Since f; is a local diffeomorphism on the stratum M?!(fs, (1)), the number of
critical points of p|M1(fs7(1)) is equal to the number of critical points of p o f;.
Notice that the points of M?2(fs, (1,1)) can be excluded by the genericity of
p. Assume that p(x,y) = Az + By with A # 0. Then po f, is a morsification
of the function

po f(t) = At* + B(ept™ + cppptt™ 4.0

The number of critical points of po fs is equal to pu(po f) = k—1 =mo(f) —1,
which proves the formula. O

In order to prove the case for n > 1, we consider the following notation
introduced in [53] and [50], respectively: Let P be a partition of k, we denote
by pp the mapping given by the composition of the mappings: the inclusion
D¥(fs, P) < DF(fs), the projection D*(f,) — U, and the stable perturbation

[s-

Remark 3.2.2. Let P = (ay,...,an) be a partition of k, with a; > a;4;. If
y is a generic point of D*(fs,P’), where P’ = (b1,...,b,), with b; > b1 and
P < P’ then #pf;l (pp:(y)) is the coefficient of the monomial z5'z% . .. xzq in
the polynomial [[;, (1" + 25" + ... 2").

Lemma 3.2.3. Let hy be the k-th complete symmetric function in variables
Ti,...,%q, B.€., hy is the sum of all monomials of degree k in the variables
Z1,...,%q. Then

1 . .
hk: T 1. (le+...+xl)ai,

; [Tisy citie 11;[1 !
where P runs through the set of all ordered partitions of k.

Theorem 3.2.4. Let f : (C",0) — (C""1,0) be an A-finite corank 1 map-
germ with n > 1. Let p : C"*1 — C be a generic linear projection that defines
a transverse slice g : (C"~1,0) — (C",0). Then,

#X(plx,) = nr(f) + pr(g)-
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Proof. By Marar’s formula (3.10)):

n+1

ui(f) + pi(g) = D (=13 BP) (A + (—)Tm P P (DR (£, P)))+

k=2 |P|=k

+ 371" F 37 BP)(1 4 (~1)Im PGP (D (g, P))).

k=2 |Pl=k

If dim D¥(f,P) > 0, then dim D¥(f, P) = 1+dim D¥(g, P), and if dim D*(f,P) =
0, then D*(g,P) = (). Then, we can divide the formula into two parts, the first
one for partitions with dim D¥ (f,P) = 0, and the second one for partitions
with dim D¥(f,P) > 0:

n+1
pr(f) +pr(g) =Y ()" N B(P)(1+ w(DE(f,P)))
k=2 |Pl=k

dim D¥(f,P)=0

3L ST BRI P ((DE(£,P)) + u(DH(g, P)))
k=2 |P|=k
dim D¥*(f,P)>0
If dim D*(f,P) = 0, the Milnor number of D*(f,P) is

u(DF(f,P)) = deg(D*(f,P)) — 1,

where deg is the degree of the map-germ that defines the 0-dimensional ICIS
D¥(f,P). Notice that deg(D*(f,P)) can be seen as the number of critical

points of p|pr(y, p)-
Choosing coordinates such that p(y1,...,yn+1) = y1, we denote by p :
C"tF=1 5 C the projection onto the first coordinate. Then:
D*(g,P) = D*(f,P) N~ (0).
By the Lé-Greuel formula for ICIS [34] [47],
u(D*(f,P)) + 1w(D*(g,P)) = #Z(Bl pr (1, ))-

It is easy to check that (—l)dimDk(f)sign(P)(—l)dika(f’P) = 1 for any
partition P. Thus, we get:

ntl (P pr
) +nlg) =3 Y FEEL )
k=2 |P|=k

where v(P) =[], a;li®.
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Let P be a partition of k, if |P’/| = k and P’ > P then any critical point of
Plpw(s, pr) is a critical point of p|pk (s, py. This implies

S@lpecrpy) = Y P PYESBIpr(s, ),

P =k
PI>P
where (P, P’) is defined by
#0p' (pp(v))
P, Py = 1L LPPRY))
PP = ol o ()

for a generic point y in D¥(fs,P’'). We can see a(P,P’) as the number of
times that a generic point of D*(f,,P') appears repeated in D*(f,,P). By
Remark and Lemma we have

n+1 #E A
pr(f) +pr(g) = > p‘D fs’ #2lprs,p)
k=2 [P|=k

n+1

Z Z Z E(ﬁbk(fs,P/)O)

k=2 [P|=k [P’|=k
PI>P

30y [ 5 #2p ) | #2 0l

—1
k=2 |P'|=k \ |P|=k V(P) #Pp/ (pp(y))
P<P!
_nii 3 #E(Dlpr(s,pry0)
k=2 [P'|=k #0p1 (PP (y))
n+1
= Z Z #E(p’M’“(fS,P’))>
k=2 [P'|=k
which is nothing but the number of critical points of p|x,. O

3.3. Examples

In this section, we give two examples to illustrate the formulas obtained in
Theorem and Theorem Moreover, we explain the procedure fol-
lowed for n > 1 for computing examples.

Example 3.3.1. (The singular plane curve Es) Consider the singular plane
curve Fjg, given by the parameterization

f(z) = (%, 2%)
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and let 5
fs(2) = (2% + 52,2 + 1322)

be a stable perturbation of f, for s # 0.

==

Figure 3.1: The curve Eg and its stable perturbation for fixed s < 0

Let M?(fs,(1,1)) be the O-dimensional stratum of Xy = Im(fs). It is
composed by three points, they correspond to three transverse double points.
Let M1(fs, (1)) be the 1-dimensional stratum. If we compose f5 with p(z,u) =
z there are two critical points in a neighborhood of the origin, then

#ZP|X5 =5

Figure 3.2: Critical points in X

Now, since the multiplicity of f is mo(f) = 3, and the image Milnor number
Off is //Jl(f) :37
pr(f) +mo(f) —1=5

as predicted by the formula.

Now, we explain the technique for the case of n > 1. Let f : (C",0) —
(C"*1,0) be an A-finite corank 1 map-germ written in prenormal form

f(Z7y) = (h1(2:,y), h2(zv y)vy)

with z € C, and y € C* 1,

Consider f; a stable perturbation of f, and its image X;. First, we calcu-
late the number of critical points of the restriction of p to X, for the generic
linear projection p(yi,...,Yn+1) = y1. We divide the image set X in strata
of different dimensions given by stable types, which correspond to the sets
MP*(fs,P). The n-dimensional stratum, M (fs, (1)), is composed of the regu-
lar part of fs. Then, the restriction p|ysi(s,) has not critical points.
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The (n — 1)-dimensional stratum is composed of M?(f, (1,1)). In order
to obtain the critical points, we will work with the inverse image of the map
ek . Crth—l 5 €L given by (z1,..., 2k, y) — fs(z1,y) for k = 2, that is,
D?(fs,(1,1)) = D?(fs). The double point space D?(f,) is a subset of C"*!,
but we take a projection of D?(f;) in the first n variables. We denote by D(fs)
the projection of the double point space in C™. The double point space D(fs)
is a hypersurface in C™ given by the resultant of P; and Qs with respect to
29, where
o hl,s(z27 y) - th(Zla y)

B Z9 — 21

Py

and

_ hos(22,y) — has(21,9)
zZ9 — 21 ’

This gives the defining equation of D(fs), denoted by As(z,z) = 0.

To compute the critical points of the set D(fs), we take the linear projec-
tion p(z,91,...,Yn—1) = Yn—1. Note that the hypersuface D(fs) also contains
the critical points of the other k-dimensional strata, with & < n — 1. Then,
it will be enough to compute critical points here, in order to obtain all the
critical points.

Qs

We have that (z,91,...,yn—1) is a critical point of Plos if X\s(z,y) =0
and J(As,p)(z,y) = 0, where J(A4, p) is the Jacobian determinant of A and p.

If a critical point of pj, o) corresponds to an m-multiple point, then we
will have m critical points in D(fs) for each one in the image of fs. Thus,
once the critical points of each type are obtained, we have to divide by the
multiplicity of the point. In this way, we obtain the number of critical points
of p in the image of fs. Then, we will compute separately the image Milnor
numbers of f and ¢ in order to check the formulas.

Example 3.3.2. (The germ Fj in C3) Let
flzy) = (2%,2° + y’2,y)
be the germ Fjy, and let
fs(z,y) = (2%, 2° +ys2® + (y° — Bys — 8)2,%)

be a stable perturbation of f, for fixed s # 0. By [55], f is a l-parameter
unfolding of the plane curve Ay, that is

9(z) = (2%,2%),

indeed g is the transverse slice of f.
Let M3(fs, (1,1,1))UM?(fs, (2)) be the 0-dimensional strata of X. In our
case, there are not triple points and there are three cross-caps in M2 (fs, (2)).
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|

Figure 3.3: The surface Fy and its stabe perturbation for a fixed s > 0

Let M2(fs,(1,1)) be the 1-dimensional stratum of X,. Let D?(fs) be the
double point curve in C? and, projecting in the first two coordinates, we have
the double point curve in C2, denoted by D(fs).

We compute the resultant of P; and (), respect to z5, where P, and () are
the divided differences. The double point curve of f, in C? is the plane curve

As(2,y) = —s — bsy + ° + sy + 24
The critical points of the restriction p|p(fs) are given by As(z0,y0) = 0 and
J()\svﬁ)(anyO) =0, where ﬁ(zay) =Y.

As

=l

4______________

Figure 3.4: Cusps and tacnodes in the double point curve

Nine critical points are obtained. Three of these points are cusps in g, s
which correspond to the three cross-caps of f;. Then, the other six critical
points in gy, (20 ,30)=0 correspond to three tacnodes in g, ; which are represented
in the double point curve when a vertical line is tangent at two points of D(f5).
So, each two of these critical points in A, correspond to one tacnode of g, , in
M?(fs,(1,1)). Note that in the Fig. there are only two tacnodes, that is
because the other is a complex tacnode.

Finally, in the 2-dimensional stratum M?!(fs, (1)) there are not critical
points. So, the number of critical points in X, is #Xp|x, = 6, three cusps,
three tacnodes and zero triple points. Then,

#3plx,=C+J+T
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where C, J, T' are the numbers of cusps, tacnodes and triple points of g, s,
respectively. By [55], the image Milnor number of f is

pi(f) =C+J+T—6(g).
Since g is a plane curve, we have that ur(g) = d(g) (see [65]). Then,

#3plx, =C+J+T = pr(f) + pr(g)-
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Chapter 4

Image Milnor number for weighted-

homogeneous map-germs

This chapter is based on my second work which combines the theory of singu-
larities of mappings with the theory of characteristic classes of singular spaces.
We obtain two formulas (for n = 4 and 5) for the image Milnor number of
weighted-homogeneous map-germs from (C",0) to (C™*1,0) in terms of the
weigths and the degrees associated to the mapping. This work is in collabo-
ration with Prof. Guillermo Penafort Sanchis [70].

In Section we show that a map-germ is stable if its A-class does
not change after a small perturbation, and it is A-finite if stability fails at
most on an isolated point. Some common invariants associated to A-finite
map-germs are the 0-stable invariants, the A.-codimension and the image
Milnor number pr. The O-stable invariants count the number of appearances of
particular stable singularity types, the A.-codimension measures the number
of parameters of a versal unfolding and p; counts the rank in the middle
dimension of the homology of the image of a stable perturbation.

All these invariants are hard to compute directly from the definition, but
many of them can be computed as dimensions of suitable vector spaces. This
applies for many of the O-stable invariants and for the A.-codimension (see
Section , but not so far for py. This work is devoted to establish formulas
of a different nature for p; in the case of weighted-homogeneous map-germs,
extending results of T. Ohmoto and D. Mond. Apart from being interesting
on their own, the formulas for p; bring us closer to the proof of Mond’s
conjecture, see Conjecture which claims that Ac-codim < py, with
equality in the case of weighted-homogeneous map-germs. Thanks to results
from [25], it suffices to check the statement of the conjecture for a family
of finitely determined map-germs with unbound multiplicity. Given such a
family, one can compute its A4.-codimension via the already known formula,
the only part missing is the p; computation. It is worth mentioning that
the possibility of finding a formula that computes p; as the dimension of a
vector space prior to proving Mond’s conjecture is unlikely. This is because
there is already a candidate for such a formula found in [25] but, as explained
there, proving that it actually computes py is equivalent to proving Mond’s
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conjecture.

T. Ohmoto in [69] has adapted these techniques to show the existence
of formulas computing the 0-stable invariants and the image Milnor number,
for weighted-homogenenous map-germs, for n < 5, in terms of weights and
degrees. The formulas are conjectured to exist for arbitrary n (see [44], 45, [69]),
while the expressions for O-stable invariants follow easily from their Thom
polynomials, the image Milnor number formulas are harder to obtain.

The pr formulas predicted by T. Ohmoto in [69] are rational functions
with known denominator, whose numerator is obtained from the n-th degree
truncation of the Segre-MacPherson Thom polynomial tpS™ (cimage) series (see
Section . Adapting R. Riményi’s restriction method [72] which allows to
compute Thom polynomials, T. Ohmoto determined tpSM(aimage) up to degree
three, recovering the uy formula for n = 2 due to D. Mond [63], and giving
the formula for n = 3.

The series tpSM(aimage) has coefficients b, € Q and variables sy and ¢;.
If F: (C* 0) — (C"10) is a weighted-homogeneous mapping with grading
(w,d), then the image Milnor number p;(F') depends on the evaluation on
certain functions so(w, d), ¢;(w, d) of the n-th truncation of tp™™(image). Our
goal is to find the b, up to degree m in the followging way: For fixed F,
we compute pr(F) with the software SINGULAR, based on results in [25]. In
Section we show that using the value of p;(F), and the weights and
degrees (w, d) of F', one can find relations between the coefficients b,. Sampling
enough map-germs F', one can determine the desired b, (see Section {4.2)).
Notice that this interpolative method does not involve the characteristic classes
construction of T. Ohmoto’s approach. We recover the formulas for n = 2, 3,
and obtain the rest of the cases, that is, for n = 4 and 5.

The first steps of the process are easy, consisting only on sampling sin-
gularities found in the literature. Indeed, a surprisingly big portion of the
interpolation can be completed just by sampling different gradings of stable
map-germs. The challenge starts once the information coming from known
singularities has been exhausted. On one hand, too simple mappings do not
give new information about the b, (for example, the case of n = 4 requires
sampling at least one map-germ with quintuple points, while the case of n = 5
requires considering no less than three map-germs of corank two). On the
other hand, degenerate candidates can be too complicated to compute their
i1, or to check A-finiteness. The difficulty of this work strives on navigating
between these two extremes. In a series of remarks, we emphasize on the key
strategies that have made our interpolative approach successful.

4.1. Formulas for puy and #n

In this section we list the formulas for the image Milnor number p; and 0-
stable invariants #n of an A-finite weighted-homogeneous germ F': (C",0) —
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(C"*t1,0), for n = 4 and 5 (see Definition . The expressions depend on
some coefficients ¢y, ,, and sq,, of Chern and Landweber-Novikov classes associ-
ated to F' (and not on the classes themselves). For the shake of completeness,
these classes are introduced briefly in Section the proofs being found in
subsequent sections.

Image Milnor number for n = 4 and 5

T. Ohmoto has shown that, for weighted-homogeneous map-germs, the image
Milnor number p; can be expressed in terms of the weights and degrees for
n < 5. The restriction n < 5 comes from what follows: certain results are
only known for Morin singularities, that is, for stable corank 1 map-germs. In
dimensions n < 5, all stable germs have corank 1. This suggests that Ohmoto’s
work (and also the methods of the present paper) should work for corank 1
singularities of higher dimensions.

The p; expression for n = 2 was obtained by D. Mond in [63] with a
different approach. T. Ohmoto in [69] recovers the formula for n = 2 and
obtains the one for n = 3. The following theorem, whose proof will be given
in Section includes the two remaining cases.

Theorem 4.1.1. Let F: (C* 0) — (C"*1,0) be a weighted-homogeneous A-
finite map-germ with weights w = (wy, ..., wy) and degrees d = (dp, ..., dy).
If n =4, then
11 1,
pur(F) = 0—4(5(—80 +c1)os + 5(80 —c]— €2)09

1
+ E(_S% — 2s3c1 + spcd + 16s0c2 + 2¢3 — 10c1c9) 01

1
+ g(sé + bsger + 5s3cd — 50s3ca — B5spci — 20spcico

+ 60s0c3 — 6¢f + 34cicy — 64cic3 + 108¢3 + 4ey)).

If n =15, then
1,1 1,
wur(F) = 7075(5(780 +c1)og + 5(50 — i —c2)o3+
1
+ I(—s% - 25(2)01 + 50c2 + 1650c2 + 2¢3 — 10c1c2)09
1
+ 5(86 + 58%61 + 58(2)6% — 505(2)02 — Bsoch — 20spc1co

+ 60spc3 — 6¢; + 3dcte — 64cics + 108¢3 + dey) oy

1
+ (—58 — 95301 — 258%0% + 1105%02 — 155(2)0‘;’ + 2705%0102

6!
— 2408303 + 26500411 + 16806%62 + 24sgcic3 — 11388003 + 336sgcy

+ 24¢} — 156¢ ¢y + 276¢3 c3 + 108¢1¢3 — 396¢1 ¢4 + 600c2c3)).
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The coefficients oy, ¢ and sy are determined by w and d as follows: For
fixed n, set

Uk:Uk,n: E wjl'...'wjk,
1<j1<...<jr<n
for k =1,...,n. To obtain the ¢; = ¢y, we set
Ok = O = g diy ... - dy,

0<i1 <. <, <n

for k=1,...,n+ 1. Then,

k=Y, (=D D w,

0<i<k la|=k—i

with the usual multi-index notation for a. Finally, so = 5o, is the rational

function 5
1
S0 = nt .
On

Zero-stable invariants

For any fixed n, certain stable multi-germs types appear, at most, on isolated
points in the target of the stable multi-germs F': (C", S) — (C"*! 0). Such a
stable type 7 is called a 0-stable type for the dimensions (n,n + 1). Whenever
a map-germ F' is stabilised, the target of the stable perturbation exhibits a
certain number of multi-germs of type n. If F is A-finite, this number is
independent of the chosen stabilisation and it is A-invariant. This number
is called the 0-stable invariant #n(F') (see Section . We write #n for
#n(F) if there is no risk of confusion.

As in the case of the image Milnor number, T. Ohmoto shows the existence
of expressions for the 0-stable invariants of weighted-homogeneous map-germs
in terms of oy, s and ¢k, for n < 5. By [69, Theorem 5.3], the 0-invariants
admit the expression

__ ltpM)ln
#(F) = degy (Mwy ... wy

The coefficient deg; () is determined by the repetitions of branches defining 7
(see Section and [w],, stands for the coefficient of the n-th degree term
of w. The only non-trivial task is to obtain the Thom polynomial ¢p(n) in the
¢k and so, which can be acomplished based on works R. Rimanyi [72, [73] and
M. E. Kazarian [44] [45].

For completeness, we start with the formulas for n < 3, due to Ohmoto.

We use the following notation: the A; represent the Morin singularities,
that is, Ag is a regular map, Ay a cross-cap, and so on. The product of A;
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stands for a stable multi-germ whose branches are the factors in the product.
For instance, A3A; consists of two regular branches and a cross-cap.
The only 0-stable invariant for n = 1 is the number of double points:

#A(%ZSO_CI

2o
For n = 2, the number of triple points and cross-caps are:

3 s% — 3sgc1 + 20% + 2¢9
Ay = 3lo,y ’

Ty ——

02
Finally, for n = 3 the invariants are the number of quadruple points and

number of transverse incidences of a curve of cross-caps with a regular branch:

Iy

0= E(s% — 65%01 + 11spc? + 8spcz — 63 — 18¢1co — 12¢3),
03

1
#A()A1 = ;3(8002 — 26162 — 263).

The invariants for n = 4, are the number of quintuple points, the inci-
dence of two regular branches and surface of cross-caps, and the number of As
singularities:

#AL =

— 60sgc3 + 24c} + 144c2cy + 216¢1c3 + 48¢2 + 144cy)

1

5'—04(33 — 10s3c1 + 35s3¢% + 20s3c2 — 50spct — 110sgc1c2

1
#AgAl = W(S(Q)CQ — bsgcicy — 4sges + 60%02 + 14cic3 + 40% + 1204)
04

1
#Az = ;(6163 + C% + 264).
4

The Thom polynomials which lead to the above expressions are obtained by
dividing Kazarian’s polynomials m,, by a certain correction coefficient, see [44}
2, 5] for details.

For n = 5, the invariants are the incidence of three regular branches and a
3-space of cross-caps, the incidence a regular branch with a curve of Ao, and
the incidence of two three-spaces of cross-caps:

1
#Ag = Glos (58 - 153%61 + 588(176% + 8¢g) — 155%(1501{’ + 26¢1c9 + 12¢3)
los
+ 250(137cf + 607c2co + 164c3 + T38c1c3 + 432¢4)

—120(c} + 10cicy + 10c1c3 + 25¢3 ¢y + 12¢acs + 38cicq + 2405)),
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1
#A3A, = Tos ((s%cg — 3s3(3c1ea + 2¢3) + 280(13c3 ey + Tc3 + 24eyc3
los

+18c4) — 24(c3ea + 4ctes + 3eacs + 2¢1(c3 + 4eq) + 605)),
1
#AgAs = . (so(cg + 13+ 2¢4) — 3(cles +2cacs +c1(c3 +4dey) + 405)),
5

1
#A? = —(s0c3 — 2c3c3 — derc3 — 8cacs — 10c1¢q — 12¢5).
o5

In this case, the polynomials m,, cannot be found in Kazarian’s paper; they are
obtained by putting together Theorem 5.3 and the corresponding ingredients
from the lists about residual classes R, and classes n,, from [44].

Relations between 0-stable invariants in corank 1
To better relate the corank with the weights and degrees, we restrict ourselves

to map-germs in prenormal form. For a given A-class of rank r, we only
consider the representatives F': (C" x C",0) — (C™"*! x C",0) of the form

(z,y) = (fy(2),y), yeC.

Consider the germ
Fyt s (C7FF,0) = (C"H1HF0),

obtained by making the parameters yiy1,...,y,r equal to zero. To such an F,
and a O-stable type n: C*** — C"*1*+% we associate the number

#n=#0(fy1,.00)

if fyl,...,yk is A-finite, and #77 = oo otherwise.

Observe that only the #n of stable types n: C™*" — CTH7 are A-
invariants of F. The numbers #n for lower dimensional n are just numbers
that come in handy.

Proposition 4.1.2. Let F: (C",0) — (C""1,0) be an A-finite weighted-
homogeneous map-germ of corank 1 in prenormal form, with 2 < n < 5.
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If fyi ... yn_o s A-finite, then

(d(] — nwl)(dl — nwl)

#A6L+1(F) = #Ag(fylw-»yn72)

nwL Wy,
(do — (n — Dwi)(dy — (n — 1)wy)

(n — 2)wiwy,

H#AVT2A(F) = #Ag(fyh---yynﬁn(nl_ul)m
(=3

#AG M As(F) = #A3 A1 (fyr, o yns)
#AoAg(F) = 2#AL(F).

Proof. The proof is a case by case calculation. We ilustrate the procedure but
omit the actual computations as they are simple but too long to be included
here. Each formula is obtained as follows: Take the corresponding expressions
for #n(F) and #n'(fy,.....yn_») In terms of ¢, Son and ¢;pn—1, So,n—1, respec-
tively. Now compare the result of expanding the previous expressions in terms
of weights and degrees taking into account the following two things: since F'

Wn,

is a corank 1 mapping, the grading can be taken of the form (wq,...,w,) and
(do,dy,wa, ..., wy). Since fy is a slice of F, its grading is (wy,...,wy—1) and
(do,d1,ws, ..., w,—1). The formula #AgAs(F) = 2#A3(F) depends only on
the observation about the grading of corank 1 map-germs. O

The following diagram indicates when the vanishing of an invariant implies
the vanishing of another.

Aj A%\Aé\ AS\ Af

A ——= AgA] —— A(Q)Al — AgAl

N

Ay — ApA2

|

A

(4.1)

For instance, #A%(fy) = 0 implies #A3((f,,y)) = 0, but not the other way
around. As another example, for a map-germ F: (C5 0) — (C®0) given by
F(z,y1,-..,y4) = (fyr,...a(2), Y1, - - -, Ya), the following things are equivalent:

#A(]AQ(F) = 07
H#AZAL(fys yoysr Y15 Y2, 3) = 0,
#Aé(fyl,y2ay17 3/2)) = 0.
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Remark 4.1.3. These relations do not hold in higher corank, as the sin-
gularities P and N from Table show. One checks that #A42(P) = 2,
#AgA2(Py) = 6, #A2(N1) = 40 and #ApAz(Ny) = 84.

Remark 4.1.4. The relations between the invariants #n(F) and #n0(fy, ... .yn_2)
are found by brute force and only for certain cases. However, the expressions
for ci, and sp,, can be studied in greater generality.

If F'is a weighted-homogeneous 1-parameter unfolding, and hence d,, = wy,,
from the geometric construction giving rise to the functions o, sg and ¢ follows

ck,n(wl, ceey Wh, do, ooy dn_l,wn) = Ck,nfl(wly ceey wn_l,do, . ,dn_l),
for all k£, and that
So,n(wl, ceey Wh, do, ceey dn—ly wn) = SO,n—l(wb ey Wh—1, do, . ,dn_l).

In the case general case of mappings with w,, # d,,, the previous equalities
suggest the existence of a function ¢(w,d) in variables w and d satisfying

Ck,n(w) d) - Ck,n—l(w17 ey Wn—1, dO) cee 7dn—l) + (dn - wn)Q(U), d)

Indeed, a little combinatorics shows

N
—_

Ckn = Ckn—1 + (dn - wn) (_1)iwilck—i—1,n—1

I
o

and
dp
S0n = Son—1—-
Wn,

4.2. Image Milnor number formulas

Here, we give some theoretical background appearing in T. Ohmoto’s work
[69] and explain our methods used to prove formulas in Theorem The
method is illustrated in detail for n = 2 and briefly for n = 3.

Characteristic classes and image Milnor number

Our interpolation method is based entirely on Proposition [4.2.1] which is an
immediate consequence of Ohmoto’s Theorem Notice that Proposition
expresses (7 in terms of weights and degrees, exclusively. This allows for
the interpolation method to be applied blindly, independently of its origins in
the theory of characteristic classes.

For o = (v, ..., ) we let ||| = ap+ D - kay and ¢ = s5%¢]" ... ¢
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Proposition 4.2.1. There are unique b, € Q, with 0 # o € N8, such that any
A-finite weighted-homogeneous map-germ F: (C",0) — (C"*1,0), withn <5,
satisfies

(07
2 lali<n baC®Tn|a]

On

ui(F) = (-1) (4.2)

The remaining of the section is devoted to explaining how Proposition
derives immediately from the following result proved by T. Ohmoto in
[69, Theorem 6.20]:

Theorem 4.2.2 (Ohmoto’s Theorem). Let F': (C™,0) — (C"*1,0) be A-finite
and n < 5. The Euler characteristic of the image of a stable perturbation F,
of F is

[c(Eo) - tp™ (image) (¢(F))]n

Observe that the left hand side of Equation (4.2)) is

pr(F) = (=1)"(x(Im(F)) — 1).

Now we proceed to describe the ingredients in the right hand side of Formula

E3).
Let £ be the dual tautological line bundle over P*°. Associated to the
grading (w, d), there are the two bundles

EO e E@’wl@@g@wn and El e g@dO@.,.@g(@dn_

The cohomology of P* is isomorphic to the polynomial ring Z[a] and,
under this isomorphism, the total Chern class of £ is ¢({) = 1 + a. From this
we obtain the total Chern classes

n n

c(Eo) = [[(1 +wja) and c(Ey) =[]+ dia).
j=1 i=0

One can construct a universal map F: Ey — E1 whose restriction to each
fiber is A-equivalent to F* [69]. By abuse of notation, one writes c¢(F) for the
total chern class ¢(F') = ¢(F*TEy — TEp) of the virtual normal bundle. One
checks that "4

C(F) _ H;;:O( + Za) )
Hj:l(l + wja)
The functions o;j(w, d), d;(w, d) and ci(w, d) from Section {4.1|are precisely the
coefficients in the graded decompositions
c(Ey)=14+o01a+ -+ o0,a",
co(Fy) =146 1a+ -+ pp1a™t,
c(F)=14cia+ coa® +c3a® + ...
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The term ¢p™™(qimage) is the Segre-MacPherson Thom polynomial of the
constructible function ajmage. This is an extension of the classical Thom poly-
nomial in the following sense:

The classical Thom polynomial [80] of a stable mono-singularity type
n: (C",0) — (C™** 0) is the unique polynomial tp(n) € Zlcy,ca,...] such
that, for any stable map f: M™ — N™*k_ the following holds

Dual[n(f)] = tp(n)(c(f))-

The left hand side of the equality is the Poincaré dual of the fundamental class
of the closure of the singularities of type n exhibited by f. The right hand
side is the evaluation of tp(n) in the total Chern class ¢(f) := ¢(f*TN —TM)
of the virtual normal bundle of f.

For multi-singularity types 7, the definition was extended by M. E. Kazar-
ian [44] to Thom polynomials tp(n) depending on further variables s;. They

satisfy the analogous property Dual[n(f)] = tp(n)(s7(f),c(f)). Here, the class

s7(f) is the Landweber-Novikov class of f, it is defined by

si(f) = fflei(f) ea(f)2 ..,
for the multi-index I = (i1i3...). The 0-th Landweber-Novikov class of f is

ctop(f*T'N)

olf) = I 1) = 22 o

For simplicity, we consider the evaluation of ¢p(7) in the Chern classes ¢;(f)
and the class so(f). In particular, the universal map above gives

_ cnp1(E1)
So(F) = 7cn(E0)

The Segre-MacPherson Thom polynomial tpSM(Q) is the unique series in
S0, ¢; satisfying the following similar property [69]:

Dual (i.s*M(n(f), M)) = tp* (1) (s0(f), e(f)),

= Spa.

where s5M (n(f), M) is the Segre-Schwartz-MacPherson class of the embedding

i: n(f) < M (see Section .
The Segre-MacPherson Thom polynomial has the form

tp™(n) = tp(n) + higher degree terms.

The definition of Segre-MacPherson Thom polynomials extends to certain con-
structible functions «, so that tpSM(]ln) = tp"M(n). For f: M — N, there is
such a constructible function aimage, determined by 1 Fr) = fa(Qimage)-

Finally, [c(Eo) - tp™™ (timage) (50(F), ¢(F))],, stands for the n-th degree part
of the series ¢(Ep) - tp™™ (timage)(50(F),c(F)) in the variable a (note that,
by abuse of notation, the term tpS™(cimage)(s0(F),c(F)) appears in [69] as
tpSM(aimage))'
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How to obtain the py formulas

We write the multi-indices a € N° of Proposition only up to their last
non zero entry. For example, we write (0,1) for a = (0,1,0,0,0,0).

Our strategy is based on the following simple interpolation idea: pick
any A-finite map-germ F', with known image Milnor number. Every possible
weigths w and degrees d of F' determine values o, sg and ¢, and the formula
yields a linear equation in the variables b,. The data

T(F) := (w,d, pr(F))

will be called a sample of F. The b, are determined after sampling singular-
ities as many times as the number of b,, provided that each sample gives an
equation which is independent from the preceding ones.

The initial cases are somehow trivial, because the literature contains enough
singularities to complete the interpolation. The difficulties arise in n > 4, due
to the lack of A-finite map-germs with known py. The key points of our inter-

polation strategy are contained in Remarks and Proposition
and [£.4.4l

Ohmoto’s formula for n = 2 (see [69, Example 6.21]) can be rewriten as

pi(F) = = (5(=s0 + e + g5 = f - ).

To recover the formula, we need to determine the six b, with ||a|| < 2, hence
we must find six samples giving rise to independent equations. Again, all
maps will be chosen in prenormal form. Since the computations involved
often become hard, we want to sample the simplest singularities first.

We start in corank 0, that is, with d; = w; and do = ws. Since corank 0
map-germs are regular, we know ur(F') = 0. Replacing d; and ds by w; and
wo, the formula (4.2)) reads

do((boz2 + b11 + ba2)do + (bo1 + b1) (w1 + w2))
wi1wW2 '

0=

(4.4)
The regular map
R: (z,y) = (0,2,y)

admits samples 7 (R) = ((1,1),(1,1,1),0) and »(R) = ((1,1),(2,1,1),0). By
substitution, it follows

boa + b11 + by = bp1 + b1 = 0.

Remark 4.2.3. Different samples of a same singularity may give independent
equations. Observe the following:

1. this is exactly what happened with 7 (R) and 72(R), and it will continue
to happen for all higher degrees.
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2. However, let (w,d) and (w',d’) be two gradings of a map-germ F. If
(w',d) = Mw,d), for A € Q, then the samples 71 (F) = (w,d, u;(F))
and 7o(F) = (w',d', u;(F)) give rise to the same equation on b,. This
is because the coefficients of each b, in Formula are homogeneous
rational functions of degree zero in the weights and degrees.

3. Two representatives F' and F” of the same A-class may produce different
sets of samples. For example, the representative (z, z,y) in the A-class
of R admits 71(R) as a sample but not 75(R). The map (22, z,y) admits
the opposite combination. An strategy to find better representatives is
to eliminate monomials in the coordinate functions. For instance, the
cross-cap (22, 23 +yz,y) is 2-determined and by eliminating the 23 term,
the resulting representative admits more samples.

We claim that no further independent equations can be found by sampling
the regular map R. This is because for any b,, satisfying the above equations,
the right hand side of equation vanishes. Having exhausted R, we must
move to the case where dy # wy, and the simpler such singularities are the
map-germs of corank 1.

Every singular map-germ has #A; > 0, but we still want to start with
the simpler ones, having #A43 = 0 and #A; as low as possible. Consider the
cross-cap, parameterised as

A1: (Z’y) = (ZQ,yZ,y),
and the samples
1i(A1) = ((1,49), (2,7 4+ 1,1),0).

The samples 71 (A1) and 72(A;) give equations
0 = 8by + 6bg1 + 16bs + 12b11 + 9bg2 + boo1

and
0= 9b1 + 6b01 + 1852 + 12b11 + 8()02 + bOOl;

respectively. We show now that no more independent equations can be ob-
tained from map-germs having #4; = 1 and #A3 = 0. The idea is to look at
the expressions of these invariants for corank 1 germs:

#Al — (dO - wl)(dl - UJI), #A3 _ (do — 2w1)(d1 — 211)1)

WL W2 Gw%

HA;.

If #A; does not vanish, the condition #A% = 0 implies dy = 2wy or di = 2wy
and, by a permutation of the coordinate functions of the map-germ, we may
choose d; = 2w;. Replacing d; by 2w; in the expression #A4; = 1, we obtain
wy = dg — wy. Eliminating four of the b, by means of the previous equations
and impossing the conditions di; = 2w and do = wo = dy — w1, we obtain a
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closed expression for py, independent of the remaining b,. This means that
the last two b, cannot be found by taking samples satisfying such conditions.
This illustrates another key point of the interpolation strategy:

Remark 4.2.4. The numbers #n may be used to decide whether a singularity
has been exhausted.

Since the cross-cap is the only singular stable mono-germ for dimensions
(2,3), from now on we need to take non-stable map-germs into account. A
known singularity with #4; = 2 and #A3 = 0 is

Si: (z,y) = (2%, 2° + y°2,y).

It is well known that S has A.-codimension one and, since Mond’s conjecture
holds for n < 2 (see [65] [19]), this number is precisely p(S1).

After one sampling of S, one checks easily that we need a sample with
#A3 # 0. The interpolation is finished after sampling Mond’s map-germ

H2: (Z,y) = (2'372'5 +Z/37y)a

which has ur(Hsz) = 2.

Table contains numbers associated to the interpolation samples. Hor-
izontal lines separate changes in corank. The number dj is only included for
71(R) and 7(R), because it does not carry any clear geometric information
about the rest of singularities. The oo symbol means that #A3 is not well
defined for the corresponding slice. For higher n, there will be too many asso-
ciated numbers, and we will include only the essential ones, based on Diagram

ED.

Sample do #Ag #Aq #Ag
7i(R),i=1,2 i 0 0 0

Ti(Al),’izl,Q oo 1 0
7(S51) 1 2 0
T(HQ) 4 2 1

Table 4.1: Numbers associated to the samples for n = 2.

The p; formula for (C3,0) — (C*,0) (see [69, Example 6.22]) reads

1,1 1
_;3(—(—50 + 61)02 + 5(58 — C% — 62)01+

pr(F) = 51

1
+ E(—sg — 281 + soct + 16sgea + 2¢5 — 10¢1¢2)).

Observe that, from the b, with ||a|| < 3 to be found, we already know the
ones with [|a|| < 2. This leaves us with the seven unknown b,,.
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The first equations are obtained automatically from the following result,
based on sampling trivial unfoldings of stable singularities of smaller dimen-
sions.

Proposition 4.2.5. Let F: (C",0) — (C",0) be a weighted-homogeneous
stable map-germ and let (w,d) be a grading of F. With the notations above,
the coefficients b, satisfy

n+tr—|lof k
5 (S )

||| <n+r k=0
for all r > 0.

Proof. Observe that any trivial r-parameter unfolding of F' is also stable and
admits the grading ((w,1,...,1),(d,1,...,1)). The result follows putting to-

gether Proposition Remark and the equality

14

Tonr(w, 1, 1) =Y (’;)afk(w). O

k=0

Applying this property to the (w,d) from 71(R), 71(A1) and m(A;) with
r = 1, we obtain three independent equations.

Notice that, for » = 1, the equation from 75(R) is not independent of the
one from 79 (R). The sample 73(A;) which did not produce an independent
equation for n = 2, does give a new equation for n = 3, that is, for r = 1. We
have used the singularities from Table to finish the interpolation. That is,
Houston’s and Kirk’s singularities P; and P, [42], and Sharland’s singularity
B3 [2].

Label Map-germ 153
Pl (z(z3+y),z(22+x),y,x)
P2 (z(z4+y),z(22+$),y,m) 2

By (Y’ +awz2® —ayyly® +2°) +2(y —2°),x) 33

Table 4.2: Singularities sampled beside R and A; for n = 3.

From the diagram , it follows that the crucial invariants are the ones
in Table

Notice that the singularities in Table have corank 1, with the exception
of Sharland’s singularity Bs of corank 2. However, the interpolation method
can be completed without resort to corank 2 map-germs. We may use the
singularity

F:(z,y,2) —~ (24 —xz, (y+ 2)5 + :BzQ,y,:c).
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Sample #A1 #AgAL #AG
71(R) 0 0 0
m(A),i=1,23 1 0 0
(P 3 2 0
T(P) 2 3 0
7(Bs) 5 16 1

Table 4.3: Numbers associated to the samples for n = 3.

The previous map-germ of corank 2 was included in order to avoid justifying
that F' is A-finite with ur(F) = 52. Criteria for A-finiteness and computation
of pur will be discussed in Section [£.4]

4.3. py formulas for n =4, 5

Here we give the steps to prove Theorem The same interpolation idea
used for n = 2,3 applies just as fine for n = 4,5 but, as far we know, the
examples found in the literature do not suffice to complete the associated
system of equations.

As it turns out, it is not always easy to produce A-finite singularities
giving new independent equations. One has to bear in mind that checking .4-
finiteness and computing p; are often computationally unfeasible tasks. For
A-finiteness, we use a geometric criteria based on multiple points. For pr, we
first compute the A.-codimension (for which commutative algebra algorithms
exist), then we justify that the germ satisfies Mond’s conjecture, ensuring the
equality of py and the computed A.-codimension.

The py formula for n =4

From Proposition [£.2.5 applied to R and A1, for r = 2, we find five independent
equations from 71 (R) and 7;(A;), for i = 1,...,4. One can check that no more
samples from singularities #A4; = 1 can be used.

Our next move is to consider the stable singularity

As: (z,y,2,t) — (23 4+ tz,y22 + x2,y, 2, 1)
with samples
Ti(AQ) = ((1,i + 1,2,i), (3,i + 2,1+ 1,2,1'),0).

Three new equations arise from 7j(Az), 72(A2) and 73(A2). One checks that
map-germs with #A4, < 1 and #A%Al = 0 do not provide new information.
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Also, nothing new comes from map-germs that the authors could find in the
literature. We consider the new map-germs

Ll: (Z’?/a%t) = (Z4 - tZ, (y + Z)G +xz7yuxat))

Lo: (z,y,2,t) — (22 + 222 +tz, (y + 2)° + (22 + ty)z,y, x, 1),

which have #A3 = 0 and pr(L1) = 39 and ju;(L2) = 87. At this point, it is not
possible to obtain further equations if #A42 = 0. We take another map-germ

L3: (zayaxat) — <z5 - tZ, (y+ 2)7 =+ UCZ,.%JUJ)’

whith pr(Ls) = 178. To avoid disrupting the flow of the explanation, the uy
values and A-finiteness of Ly, Lo and L3 will be justified in Section @ The
singularities L; were not our first candidates for the interpolation. In Remark
[4.4.4 we explain what brought us to them.

At this stage, one can check that it is necessary to introduce map-germs
of corank 2. For instance, Sharland’s

which is known to have py(D;) = 27 [2]. This finishes the proof of Theo-
rem for n = 4, except from the claimed A-finiteness and image Milnor
numbers of Ly, Lo and Ls.

Remark 4.3.1. If one does not care about introducing more map-germs of
corank 2, L1 and Ly can be interchanged by Sharland’s By and K [2]. Tt is
however unavoidable to study the .A-finiteness and the py of at least one new
map-germ. This is because the system of equations cannot be closed without
resorting to a map-germ with # A3 # 0, such as L.

Here, we include the table with the numbers associated to the interpolation
samples for completeness.

The py formula for n =5

There are 19 unknown b, to be determined. We will need six new map-germs
and to stablish their A-finiteness and py values.

Again, Propositionis applied a number of times, in this case to 7 (R),
7i(Ay), for i = 1,...,5, and 7;(Asg), for ¢ = 1,...,4. Next samples need to
satisfy #A42 > 1 and hence they cannot be stable. By a similar argument,
at least three map-germs of corank 2 will be necessary to close the formula.
These will be Sharland’s map-germs [2], M- 1,1 ]51 and ]\71 with image Milnor
numbers 13, 24, and 1400, respectively, and coordinate functions as in Table

!There seems to be a typo in Sharland’s parameterisation of Ni. Our term zty replaces
her xzy, inconsistent with the claim that N1 unfolds FE;.
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Sample #A1 #HAy #AZA #A]
T1(R) 0 0 0 0
Ti(A1),1=1,...,4 1 0 0 0
7i(A2),1=1,2,3 00 1 0 0
Ly 15 8 12 0
Ly 12 12 12 0
Ls 24 15 60 3
Dy S 0 0

Table 4.4: Numbers associated to the samples for n = 4.

Label Map-germ
Ml,l (y2 4+ xz+ (562 + 8)y,yz + ty, 22+ 8 4+ 2y, 2, t, s)
P (v + (2 + 8)z, 22 + 2y, y® + s2y + 23 +y2® + tz,2,t, 5)

N P+ @ty +xz, (y+ )z, 22+ y° + Py2 + (2 + sYy, . t, 5)

Table 4.5: Sharland’s singularities of corank 2.

Once MM, 131 and Nl are included, no other known singularity will con-
tribute an independent equation. We produce the new non-stable map-germs
of corank 1 found in Table whose A-finiteness and pj are determined case
by case. Again, the singularities L; and Q; were not our first examples for the
interpolation. We shall explain the details in the following section.

Label Map-germ wr(F)
L, (2* Ftz+ 22?4+ 832, (y + 2)° + 222 + tyz + 5223, y,2,t,8) 321
L (2* —tz+ 8222, (y + 2)8 + x2 + 5323, y, 2,1, 5) 149

1 Attty + 832, (y+2)" —xz+ 5223y, 2.t s 711
y ) y 7y7 )

Q2 (2% —xz+t22 + 522, (y + 2)° + 22 + 22, y, 2,1, 5) 144

Qs (P (@ +t)z—s22+ 228 (y+2)0 +sxz —t2%,y,1,t,5) 654

Q4 (28 — 22+ sy23, (y + 2)0 +tz — s22,y, 1,1, 5) 862

Table 4.6: Some new A-finite singularities.

This finishes the interpolation for n = 5. Table contains the numbers
associated to the samples.
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Sample #A1 #HAy #AgAy #AZAL  #A§
m1(R) 0 0 0 0 0
mi(A),i=1,...,5 1 0 0 0 0
Ti(A2),i=1,...,4 o0 1 0 0 0
7(Ls) 12 12 0 0 0
(L) 15 8 24 0 0
7(Q1) 18 15 60 0 0
7(Q2) 16 12 24 4 0
7(Q3) 20 30 60 20 0
7(Q4) 35 24 90 120 3
T(MM) 0
(P) 6 6 0 0
7(Ny) 33 84 0

Table 4.7: Numbers associated to the samples for n = 5.

4.4. A-finiteness, stabilisations and image Milnor
number

The remaining map-germs whose A-finiteness we must justify have corank 1
and can be studied in terms of their multiple point spaces, thanks to work by
T. Marar and D. Mond [54] (see Section [2.1.6)).

The criterion of Theorem [2.1.32 has been used for Li, Lo, Ls, L1, Lo
and Q1,...,Q4, by means of a SINGULAR [83] implementation of the divided
differences.

Our methods to compute the image Milnor number require finding stable
unfoldings or stabilisations of F. Stable unfoldings are easier to obtain, by
means of a well known procedure due to J. N. Mather in [60]. We have used
stable unfoldings of Li, Ls, L3, L1, Lo and Q.

Remark 4.4.1. In certain cases, stable unfoldings are too complicated for the
computations we need to perform. For these maps it is worth spending some
time in finding a stabilisation (see Definition [2.1.24)).

We do not know a method to produce stabilizations other than just trial
and error, but a candidate can be checked to be a stabilization in the following
way:

Let J, be the relative jacobian ideal of I¥(F), i.e. the ideal generated by
the divided differences of an unfolding F(z,y) = (Fy(2),y). To be precise,
Jy is generated by the maximal minors of the matrix of partial derivatives,
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4.4. A-finiteness, stabilisations and py

only with respect to z, of the generators of I*(F). Inspection of the divided
differences gives the equality

DMF) n{y = yo} = D*(Fy).
By Theorem the germ F, is stable for all yo # 0 if, and only if,
DMF)NV(Jy) € {y = 0}.
This can be checked with the help of SINGULAR, as follows.

Proposition 4.4.2. With the previous notations, F is a stabilization of Fy if
and only if y € \/Jy + I*(F).

This method has been used to find stabilizations (C%,0) — (C7,0) of Q2,
@3 and Q4 mapping (z,y, x,t, s, u), respectively, to

(25 + w2 4 t22 4 (s —2)z, (y + 2)° + 522 + (ut + 2) 2,9, 2,1, 5, u),

(2° + (u? +2)2° — 22 + (22 + 1)z, (y + 2)° — t22 + (u® + s2)2, 9, 7, %, 8, u),
(2% + sy2® +ub2? —zz, (y + 2)° + w?2* + 2% + tz,y, 2,8, 5,u).

This covers the required techniques to check A-finiteness and find stabi-
lization and stable unfoldings. Because of its topological nature, computing py
directly is a hard task; we do it via Mond’s conjecture (see Conjecture [2.1.30)).

Our strategy to compute uy for a weighted-homogeneous germ is based on
results from [25] and consists on computing A.-codim(F') first and then jus-
tifying that Mond’s conjecture holds for F'. The A.-codimension of weighted-
homogeneous A-finite map-germs can be computed with SINGULAR, as fol-
lows: let F': (C*,0) — (C""1,0) be an A-finite map-germ. Let g € O,,11 be a
function-germ such that g = 0 is a reduced equation for the image of F', and
let J(g) be the jacobian ideal of g. Then

Ae-codim(F) = dimg¢ /

To check that Mond’s conjecture holds for F, let F: (C*xC",0) — (C"*1x
C",0) be either a stable unfolding or a stabilisation of F'. Let G be an equation
of the image of I’ and G be an equation of the image of F which specialises to

G. Let
_J©)
J.(G)’
where J(G) is the jacobian ideal and J,(G) the relative jacobian ideal of G, for
z € Cnrl,

The following result was proved by J. Ferndndez de Bobdadilla, J. J. Nuno
and G. Penafort in [25, Theorem 6.1]:

M.(9)
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Theorem 4.4.3. Let F' and M,(G) be as above. If M,(G) is a Cohen-
Macaulay module, then F satisfies Mond’s conjecture.

We have used this criterion on stable unfoldings of our new samples,
with the exception of (J3, Q3 and @4 where computations became unfeasi-
ble. Mond’s conjecture for these three examples was checked by means of the
stabilisations above, instead of stable unfoldings.

Remark 4.4.4. As pointed out before, the new singularities used for inter-
polation in the cases n = 4 and 5 were not our first candidates. Observe
that not all choices of (w, d) have A-finite map-germs associated to them (for
instance, all (w,d) for which the p; formula predicts a non-integer value).
The first A-finite germs we found had extremely high A.-codimension, mak-
ing impracticable to check Mond’s conjecture for them. Our strategy was as
follows:

1. Assume that Mond’s conjecture holds for these maps.
2. Use their conjectured values of p; to obtain a candidate p; formula.

3. Use a computer to find weights and degrees (w,d) with small (conjec-
tured) py values and such that they determine enough linearly indepen-
dent equations.

4. Try to find A-finite candidates for these (w, d) and check that they satisfy
Mond’s conjecture.

5. Reproof the u; formula by sampling these new examples.
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4.4. A-finiteness, stabilisations and py

The py formula for n = 4 expressed in weights and degrees.

As a curiosity, we include the expanded formula for the image Milnor number
pr(F) of an A-finite weighted-homogeneous map-germ F': (C",0) — (C"*1,0),
for n = 4, given in Theorem in terms of its weights w = (wy, ..., w4) and
degrees d = (dy, . ..,ds). The formula is as follows:

pr(F) = W(d4d4d4d4d + 5d3d3dyd3diwiwows(dy + di + do + d3
+dy —w; —wy — ws — wg)wy + 5d3d§d§d§diw%w§w§(do +dy+do+ds
+dy — wy — we — w3 — wq)*wi — bdodydadzdywiwiwi (do + di + do + d3
+dy —wp —wy — w3 —wy)3 w4 —6w1w2w3(do+d1+d2+d3+d4—w1
— wy — w3 — wq) w] — 120wwiwiw] — 50d2d? did3diw? wiwiw? (dody

+ (do 4 di)de + (do + d1 + d2)ds + (do + d1 + d2 + d3)ds — (do + d1 + da
+d3 + dg)wy +wi — (do + dy + do + d3 + dy — w1)we + w3 — (do + dy
+dy 4 d3 + dy — wi — wo)ws + w3 — (do + dy + do + d3 + dy — wy — wo
— w3)wy + w?) — 20dody dadsdgwdwiws (do + dy + do + d3 + dy — wy — wo
— w3 — wy)wi(dody + (do + dy)dy + (do + di + da)d3 + (do + d1 + dy + d3)dy
—(do 4 dy + dy + d3 + dy)wy + w? — (do + dy + do + d3 + dy — wy)ws + w3
—(do + dy + do + d3 + dg — wy — wo)ws + w2 — (do + dy + do + d3 + dy
—w — we — w3)wyg + wz) + 34w%w§w§(do +di +do +dg+dy —wp — wo
— w3 — wy)*wj(dody + (do + dy)ds + (do + dy + do)ds + (do + dy + da + d3)dy
— (do + dy + dy + d3 + dy)wy + w? — (do + dy + da + ds + dy — w1 )wy + w3
—(do +dy +dg +ds + dy — w1 — wa)wz +wi — (do + dy + da + d3 + dy
—wy — wy — w3)wy + wh) + 108w%w§w§wi(dod1 + (do + dy)da + (do + d1
+ do)ds + (do + dy + do + d3)dy — (do + dy + do + d3 + dy)w; + w?
—(do + dy + do + d3 + dg — wy)wa + w3 — (do + dy + do + d3 + dy — wy
— wa)wsz + wi — (do + dy + dz + d3 + dy — w1 — wa — w3)wy + w3)*
+ 60dod; dadzdswiwiwiwg (dodida + (dida + do(dy + da))ds + (dads
+ di(de 4+ ds) 4+ do(dy + da + d3))ds — (dody + (do + d1)da + (do + d1
+do)d3 + (do + di + da + d3)ds)wy + (do + di + da + ds + dg)w?
- U)1 (dody + (do + dy1)d2 + (do + di + dg)d3 + (do + d1 + dg + d3)ds
— (do + dy 4 do + d3 + dg)wy + wHwy + (do + dy + do + d3 + dy
— wy)wi — wi — (dody + (do + dy)da + (do + dy + da)ds + (do + dy
+dy + d3)dy — (do + dy + dg + d3 + dy)wy +w? — (do + dy + da + d3
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+ dy — wy)we —i—w%)wg +(dy+di+dy+ds+dy —wy — wg)w§ - wg
— (dody + (do + dy)ds + (do + dy + da)ds + (do + dy + do + ds)ds
— (do + dy + do + d3 + dy)wy + w? — (do + dy + do + d3 + dg — wy)wo
—i—w% —(do+d1+do+ds+dy —wy —wg)w3+w§)w4+(do+d1
+dy +d3+dy —wy —wy — wg)wi — wi) — 64w‘11w§w§(do +di + do
+dg + dy — w1 — wy — w3 — wy)wi(dodrda + (dyda + do(dy + da))d3
+ (dods 4 di(da + d3) + do(d1 + do + d3))ds — (dod1 + (do + d1)d2
+ (do + dy + dg)ds + (do + di + da + ds)ds)wy + (do + dy + da + ds
+ dy)w? — wd — (dody + (do + di)dy + (do + dy + d2)ds + (do + dy
+dy + ds)ds — (do + di + d2 + d3 + da)wy + wi)wa + (do + di + da
+ d3 + dy — wi)wh — w3 — (dody + (do + dr)da + (do + di + d2)d3
+ (do + dy + do + d3)dy — (do + dy + dg + d3 + dg)wy + w?
— (do + d1 + da + d3 + dg — w1)wz + w3)ws + (do + di + da + d3
+dy — wy) — wo)w3 — wi — (dody + (do + dy)da + (do + dy + do)d3
+ (do + di + do +ds)dy — (do + dy + da + d3 + dy)wy +w1
— (do +d1 + do + d3 + dg — w1)wz + w3 — (do + di + do + d3 + d4
—wy — we)ws + wg)w4 +(do+di +do+ds+dy —wy —wy — wg)wi
— w}) + dwiwiwiw (dodydads + (dodyds + dodyds
+ (do + dy)dads)ds — (dodide + dodids + (do + di)dads + dodidy
+ (do + d1)dads + (do + di + dg)dzds)wy + (dody + (do + dy)d2
+ (do + di + do)ds + (do + di + do + d3)dy)w? — (do + dy + d + d3
+ dy)w$ + wi — (dodids + (dydy + do(dy + da))ds + (dadsz + dy (da + d3)
+ do(dy + do + d3))ds — (dody + (do + dy)ds + (do + dy + da)ds + (do + da
+da + d3)ds)wy + (do + di + da + d3 + dy)wi — w})wa + (dody + (do + di)d2
+ (do + dy + da)d3 + (do + dy + da + d3)dy — (do + di + do + d3 + dg)wi+
wiws — (do + di + dz + ds + dy — w1)w3 + wy — (dodyda + (didz + do(dy
+d2))d3 + (dads + di(da + d3) + do(dy + do + d3))ds — (dod1 + (do + di1)da
+ (do + dy + da)ds + (do + dy + do + d3)ds)wy + (do + dy + da + d3
+d)w? — wd — (dody + (do + di)ds + (do + dy + da)ds + (do + di
+dy + ds)dy — (do + dy + da + ds + da)wy + wws + (do + dy + da
+d3 +dy — wl)w% - w%)wg + (dody + (do + di1)da + (do + di + d2)d3
+ (do + dy +do + d3)dy — (do + dy + da + ds + dg)wy +w? — (do + dy
+dy + d3 + dy — w1)wy + wiw3 — (do + dy + do + d3 + dy — wy
— wa)wi + ws — (dodydg + (didg + do(dy + da))d3 + (dadz + di(dz + d3)
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4.4. A-finiteness, stabilisations and py

+ do(dy + dg + d3))ds — (dody + (do + d1)d + (do + di + d2)ds + (do
+dy + do + d3)dg)wy + (do + dy + do + d3 + dy)wi — wi — (dody

+ (do + d1)de + (do + di + d2)ds + (do + di + d2 + d3)ds — (do + di + do
+dg + dy)wy + wiws + (do + di + da + d3 + dy — w1)ws — w3 — (dody
+ (do 4 d1)de + (do + d1 + d2)ds + (do + d1 + d2 + d3)ds — (do + d1 + da
+d3 + dg)wy +wi — (do + dy + dg + d3 + dy — wy)wa + w3)ws + (do + dy
+ds + ds + dy — w1 — wa)wi — wi)wa + (dody + (do + di1)da + (do + di
+da)ds + (do + dy + dy + d3)dy — (do + d1 + d2 + ds + dg)wy + wi
— (do + dy + do + d3 + dy — wi)ws + wh — (do + di +da + ds + ds — w3
— wo)ws + w3)wi — (do + di + do + ds + dy — w1 — wy — w3)wj + w)
— Swiwowsw? (d3didsdads + 2d3d3dad3daw wows(do + dy + dy + ds + dy
—wy — wg — w3 — wy)wy — dodrdadzdawiwiwi(do + di + da + d3 + dy
—wy — wy — w3 — wy)?wi — 2w?w§’w§(do +dy+do+ds+ dg — wy — wo
— w3 — wy)>wi — 16dod1dedsdswiwiwiw?(dody + (do + dy)da + (do + dy
+ do)ds + (do + dy + dg + d3)dy — (do + dy + do + d3 + dg)w; + w?
—(do +dy +dg +ds + dy — wy)wz + w3 — (do + dy +da + d3 + dg — wy
—wg)wg—i-w% — (do +d1 +do + ds + dg — w1 — wo —w3)w4+wi)
+ 10wiwiw3 (do + dy + dg + d3 + dy — w1 — way — w3 — wy)wi(dod;
+ (do + d1)dg + (do + di + d2)ds + (do + di + d2 + d3)ds — (do + di
+dy +ds + da)wy +w? — (do + di + da + ds + dg — w1)wa + w3
— (do + dy + do + d3 + dg — w1 — wo)ws +wi — (do + dy + dg + ds + dy
—wy — wy — w3)wy 4+ w?3)) — dwiwewiwy (didsdsdsds
+ 2d3d3 d3d3 d3w wows (do + di + do + d3 + dg — w1 — wo — w3 — wa)wy

— Ad3d3 d3d3d3wiwawswi — dodydadzdywiwiwi(dy + dy + da + d3 + dy
—wy —wg—wg—w4) w4 —2w1w2w3(d0+d1+d2+d3+d4—w1 — Wy
— w3 — w4)3w§ + 4w§w§’w§(do 4+ di +dy+ds+dy — w1 — we — ws
— wy)?w] — 16dody dadsdswiwiwiw? (dody + (do + di)da + (do + dy
+d)ds + (do + dy + d + d3)dy — (do + dy + dg + ds + dy)wy + w3 — (do + ds
+dy + d3 4 dg — wy)wy + w3 — (do + di + do + d3 + dy — w1 — wo)ws + w3
— (do + di + do + ds + dg — w1 — we — w3)wy + wZ) + 10w?w§w§(do +di + do
+ds + dy — wy — wy — w3 — wy)wi(dody + (do + dy)d + (do + di + do)ds3
+ (do 4 dy + do + d3)dy — (do + dy + dg + d3 + da)wy +w} — (do + dy + dg + d3
+dy — wy)wa + w3 — (do + dy + da + ds + dg — w1 — wa)wsz + wi — (do + dy
+dy + d3 + dy — w1 — wy — w3)wy + wi) + dwiwiwiwi(dody + (do + dy)da
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+ (do + dy + da)ds + (do + dy + do + d3)dy — (do + dy + dy + ds + dy)uwr
+w} — (do + dy + dg + d3 + dy — w1)we +wh — (do + dy + da + d3 + dy
—wy — wo)ws + wi — (do + dy + do + d3 + dy — w1 — wy — w3)wy + w3))
+ 20w wiwiwi (did3 didad? — wiwiw3(do + di + do + d3 + dy — wy — wo
— w3y — w4)2wi — 3w1w2w3wi(d0d1d2d3d4 — wiwows(dy + dy + da + ds
+dy — wy — wo — wy — wy)wy) — wiwiwiw?i (dody + (do + di)dy + (do
+dy + do)ds + (do + dy + do + d3)dy — (do + dy + dao + d3 + dy)wy + w?
— (do 4 dy + dy + d3 + dy — wy)wa + w3 — (do + dy + dy + d3 + dy — wy
—wg)wg—i-wg —(do+di+do+ds+dy — wy — wo —w3)w4+w2)

— 3w1w2w§w4(w1w2w3(—d1 —dy — ds — dg + w1 + we + w3 — wy)wy

+ do(dydadsdy — wiwawswy))) — Swiwa(wy + wg)w3w4(d8d‘;’d%d§di

+ 2d3d3d3d3dwiwaws(do + di + da + ds + dg — w1 — wa — w3 — Wy )wy
— Ad3d3d3d3d3wiwawsw? — dodydodzdywiwiwi(do + dy + dy + ds + dy
—wy — wy — w3 — wy)*wi — 2wiwiwi(dy + dy + dy + d3 + dy — wy — wo
— w3 — w4)3w§13 + 4w%w§’w§(do +dy+doy+ds+ds —w —wy — ws

— wy)?wi — 16dydr dadzdawiwiwiwi(dods + (do + di)ds + (do + di + da)d3
+ (do + dy + da + d3)ds — (do + dy + do + d3 + dy)wy +wi — (do + ds
+do + d3 + dy — wi)wa + w3 — (do + di + do + d3 + dg — w1 — wo)wz + w3
— (do +dy +dg + ds + dy — w1 — wy — wz)ws + w) + 10wiwiwi(dy + dy
+dy 4+ ds + dy — w1 — wa — w3 — wa)wi (dods + (do + di)d2 + (do + du
+dg)ds + (do + di + da + d3)dy — (do + dy + do + d3 + dy)wy + wi

— (do + di + do + d3 + ds — w1 )wa + w3 — (do + di + do + d3 + ds — w1
—wg)wg—i-w% —(do+di+do+ds+dy —wy — wo —w3)w4+wi)

+ dwiwiwiwi(dody + (do + di)da + (do + di + d2)ds + (do + di + do
+d3)dy — (do + dy + do + d3 + dy)wy +w? — (do + dy + do + d3

+dy — wy)wy + w3 — (do + dy + do + d3 + dg — w1 — we)ws + w3
—(d0+d1+d2+d3+d4—w1—wg—wg)w4+wi)

— dwywowiwy (d3d3dadid3 — wiwiwi(do + dy + do + d3 + dy — wy

— wy — w3 — wy)?wi — Jwiwewzw? (dodydadzdy — wiwews(dy + di + dy
+d3 4 dy — w1 — wy — w3 — wy)wy) — wiwiwiwi (dody + (do + dy)dz + (do
+dy + do)ds + (do + dy + do + d3)dy — (do + dy + do + d3 + dy)wy + w?
—(d0+d1+d2+d3+d4—w1)w2—i—w§—(d0+d1+d2+d3-|-d4—w1
— wo)ws +wi — (do 4+ dy +da +dz + dy — w1 — wy — w3)wy +w3)))).
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Chapter 5

The Brasselet-Schurmann-Yokura

conjecture on L-classes

In this chapter, we develop the main work of this Ph.D. thesis. Prof. Javier
Fernandez de Bobadilla and I, proved the Brasselet-Schiirmann-Yokura con-
jecture for projective varieties [26]. This conjecture is a conjecture of charac-
teristic classes of singular varieties which states that the Hirzebruch homology
class T}, « (for y = 1) coincides with the Goresky-MacPherson L-class for com-
pact complex algebraic varieties that are rational homology manifolds.

In Section we introduced the Hirzebruch homology characteristic
class T, . This class is defined as a natural transformation from the relative
Grothendieck functor Ko(var/—) of complex algebraic varieties to the Borel-
Moore homology functor HEM (— Q) with rational coefficients (see Theorem
E52d).

The Hirzebruch class T}, . unifies, for different values of y, the following
characteristic classes (see Theorem [2.5.26): for y = —1, the Chern-Schwartz-
MacPherson transformation (see Theorem , for y = 0 the Baum-Fulton-
MacPherson Todd transformation (see Theorem , and for y = 1, the
Cappell-Shaneson L-transformation (see Theorem [2.5.23)).

Furthermore, the transformation 7T}, . applied to the distinguished element
Y — Y] € Ko(var/Y), that is T}, .(Y) := T, «([Y — Y), specializes: for
y = —1, in the (rationalized) Chern-Schwartz-MacPherson class of Y, for
y = 0, in the Baum-Fulton-MacPherson Todd class of Y, if Y has du Bois
singularities, and, for y = 1, J. P. Brasselet, J. Schiirmann and S. Yokura
conjectured the following equality of characteristic classes:

Theorem 5.0.1 (The BSY-conjecture). If Y is a compact complex algebraic
variety that is a rational homology manifold, then

Tl,*(Y) = L*(Y)a
where L(Y) is the Goresky-MacPherson L-class of Y.

In the 1980s, M. Goresky and R. MacPherson introduced the intersection
homology, and a notion of signature for singular varieties was given (see Sec-
tion and Section [2.5.2]). The Brasselet-Schiirmann-Yokura conjecture
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Chapter 5. The BSY-conjecture

is the characteristic class version of the important Hodge Index Theorem,
which computes the signature of a compact complex algebraic manifold in
terms of Hodge numbers. Hence, this conjecture establishes a generalization
of Hodge’s Index Theorem for higher-degree homology groups giving rise a
Hodge-theoretical realization of the Goresky-MacPherson L-class even if the
variety is a rational homology manifold.

The conjecture was previously solved for the following special cases: In [I1],
S. E. Cappell, L. G. Maxim, J. Schiirmann and J. L. Shaneson solved it for
varieties with isolated singularities that are hypersurfaces in an smooth alge-
braic variety. In [12], the same authors proved the case for X = Y/G, where Y
is a projective G-manifold and G is a finite group of algebraic automorphisms.
L. G. Maxim and J. Schiirmann in [62] gave a proof for simplicial projective
toric varieties. In the projective case, the degree 0 case holds by a direct
consequence of Saito’s intersection cohomology Hodge Index Theorem (details
can be found in M. Banagl’s paper [4]). M. Banagl in [4], showed the case
for normal projective complex 3-folds at worst canonical singularities, trivial
canonical divisor, and H'(X;Oy) # 0.

Let Qk (—) be the cobordism functor of cohomologically constructible bounded
self-dual K-complexes (K a subfield of R) of sheaves (see Section [2.5.2)). By
Theorem [2.5.26], there is a natural transformation

sd: Ko(var/—) = Qg (—) (5.1)

such that, for Y non-singular, sd([Y — Y]) = [Ky[dim¢ Y]], and

Ko(var/—) sd » Qg ()

Ty . / (5.2)

In this chapter, we prove the following result also conjectured in [9] imply-
ing the BSY-conjecture:

Theorem 5.0.2. If Y is a projective complex variety that is a rational ho-
mology manifold, then we have the equality

SdR([Y — Y]) = [ICy] c QR(Y),

where Qr(Y') is the cobordism group of cohomologically constructible bounded
self-dual R-complezes, sdr denotes the natural transformation sd in Qgr(Y)
and ICy is the intersection cohomology complex on'Y (see Section .

Since the Cappell-Shaneson L-transformation applied to the intersection
cohomology complex ICy recovers the Goresky-MacPherson L-class L.(Y)
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(see Section [2.5.2)), the previous theorem, implies the Brasselet-Schiirmann-
Yokura conjecture for projective varieties by using the commutative diagram

(5-2).

The proof of Theorem [5.0.2] is organized in the following steps: First, to
compute the left-hand side of Theorem [5.0.2] we obtain an identity in the
Grothendieck group Ko(var/Y') expressing the class [Y — Y] as an alternate
sum of classes of smooth varieties coming from a semi-simplicial resolution of
Y (Section[5.1)). The expression obtained for sdr([Y — Y]) includes the class
[ICy] together with other terms. The goal is to show that the extra terms
vanish. The second step is to obtain exact sequences coming from a spectral
sequence of perverse sheaves associated with the semi-simplicial resolution
(Section which give an identity in Qr(Y") giving rise to the desired van-
ishing (Section . To obtain the exact sequences, we prove the degeneration
at the second page of this spectral sequence where the projectivity assump-
tion is needed. Our proof of the degeneration uses classical Hodge theory, and
the ideas resemble the way that M. A. A. de Cataldo and L. Migliorini used
classical Hodge theory for their proof of the Decomposition Theorem in [I§]
(see also Section [2.3.4)).

An important intermediate step that is needed is the fact that the classes of
certain cohomologically constructible complexes together with perfect pairings
in the cobordism group are independent of the perfect pairing as long as the
cohomologically constructible complex and the pairing satisfy certain Hodge
theoretic compatibility properties. This is Lemma[5.3.6| and the proof is based
on a representation theory argument that may be of some utility elsewhere.

Let us make precise here what we do mean by “proof based on classical
Hodge theory”: Our proof uses the Decomposition Theorem for R-coefficients

in the form as in Theorem [2.3.38] that is: Let € : Z — Y be a projective
morphism from a smooth complex projective variety Z of dimension d. Then,

M
Re.Rz[d] = @ PH'(Re.Rz[d))[i], (5.3)
i=—M

where M is a positive integer, and PH*(—) denotes the i-th cohomology functor
for the perverse t-structure introduced in Section[2.3.2 Moreover, the perverse
sheaves PH'(Re,Rz[d]) are semi-simple (see Theorem [2.3.39)).

As we mentioned in Chapter 2] the Decomposition Theorem was proved
originally in [6] for C-coefficients. For R-coefficients, the equation , and
even its analogue for Q-coefficients follows from [20]; then the semi-simplicity
of the perverse sheaves PH!(Re,Rx) can be obtained by an argument involv-
ing the exactness of the scalar extension functor from the abelian category of
R-perverse sheaves to the abelian category of C-perverse sheaves. The De-
composition Theorem in the form we need was re-proved later by M. Saito,
using Hodge modules, and also by M. A. de Cataldo and L. Migliorini. M. A.
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Chapter 5. The BSY-conjecture

de Cataldo and L. Migliorini’s proof is geometric and rests in classical Hodge
theory in the sense that it only uses the formalism of perverse sheaves and
Hodge theory as developed in [21], [22].

We also use the theory of cubical hyperresolutions using the treatment in
Section . Given the Decomposition Theorem as stated above, the theory
of cubical hyperresolutions and generalities in perverse sheaves, our proof only
needs fairly elementary Hodge theory computations (see Section .

In [27], we prove in collaboration with M. Saito Theorem in the
general case of compact complex algebraic varietes that are rational homology
manifolds, using the theory of mixed Hodge modules. However, this proof will
not be covered in this chapter.

5.1. An identity in the relative Grothendieck group
of algebraic varieties

Let Y be a compact complex algebraic variety of dimension n. In this section,
we prove that the class [Y — Y] in the relative Grothendieck group Ky(var/Y)
of complex algebraic varieties over Y (see Section , can be expressed as
a sum of classes [X} — Y| € Ky(var/Y) for X non-singular varieties using
cubical hyperresolutions (see Definition [2.4.14). We will denote by [X] the
class [X — Y] € Ky(var/Y) for simplicity.

Lemma 5.1.1. There ezists an (n + 1)-semi-simplicial resolution
e: Xoe =Y, (5.4)

such that in the relative Grothendieck group Ko(var/Y') overY, the following
identity holds:

Y] =1Y]+ 1| Xoil + Y (~D X, (5.5)
i=1 k=1

where Xo =Y | (LI}, Xo04), and Y — Y is a resolution of singularities of Y’
which restricts to an isomorphism over the reqular locus of Y .

Proof. We prove the equality following the procedure to construct a
cubical hyperresolution given in Section [2.4.3] combined with the application
of the additive relation in Ko(var/Y') in each step of the construction.

In the first step, we choose a resolution of singularities : Y = Y of
Y which restricts to an isomorphism over the regular locus of Y. For the
discriminant D := ¥ of 7, we consider its discriminant square (see Lemma-
Definition and also ) Since the discriminant square is cartesian
and the map D — Y is a closed inclusion, then we have the inclusion E :=
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5.1. An identity in the Grothendieck group

7~1(D) — X. By applying the additive relation (2.40) to this diagram, and
by taking into account that Y\ £ ~ Y \ D, the following identity holds

Y] =[Y]+[D] - [E]. (5.6)

Suppose now, we are in the (k + 1)-th step of the construction. Consider the
(k + 1)-cubical variety obtained in the k-th step as a morphism f k). yk)
Z®) between k-cubical varieties. We choose a resolution Y®) of Y*) and
consider its discriminant square . Notice that the k-cubical varieties
Y®) and Z®) are the k-cubical variety E¢~1) — D® =1 and the k-cubical
variety given by the composition of k-cubical varieties Y *=1) — y (k-1 _,
AGS respectively. Since the discriminant square of y®) 5 y®) g composed
by the discriminant squares of resolutions Y}k) — Yl(k) for all I, then each
discriminant square satisfies the identity proved in step 1, that is,

VM) = 79+ W) - [BP) (5.7)

where ng) = YI(kH) and E}k) = Yj(ﬁfkl}). Then, after replacing the identities
(5.7) in all the steps of the construction, and writing them as an associated
augmented semi-simplicial variety as in Remark we find the identity

n

V] = (—1)F[X). (5.8)

k=0
Writting Xo = }7|_|?:1 Xo, where X, is the term X; in the (n 4 1)-cubical
variety, we obtain the desired identity. O

The semi-simplicial resolution satisfies that each X} is a disjoint union
of smooth varieties X} ;, such that dim X;; < n — k. Moreover, the only
component of X of dimension n is the smooth variety ¥ to which e restricts
to a resolution of singularities €|y : Y — Y. Observe also that all morphisms
involved in the cubical hyperresolution are projective.

Remark 5.1.2. Let {Z;}7ef0,13» be a cubical hyperresolution of Y C Pg,
constructed following the procedure of Section Suppose Y C Pg . Let
H e (IP’(]CV )* be a generic hyperplane. Then the cubical variety formed taking
the fibre product of {Z[}IE{OJ}n by YNH is a cubical hyperresolution of Y NH.
Moreover, a variation H; of the generic hyperplane where Hy € U C (Pg )*
is a small neighborhoud of the point Hy in the dual projective space (]P’g ),
yields a topologically trivial family of cubical hyperresolutions.

Iterating we obtain the same statement for generic linear sections of ar-
bitary codimension.

Proof. The proof of the first assertion is an inspection on the construction of
Section combined with the fact that if |[L] C (PM¥)* is a linear system
without base points in a smooth projective manifold Z C ]P’g , then a generic
hyperplane section Z N H in |L| is smooth. O
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Chapter 5. The BSY-conjecture

5.2. Some exact sequences of perverse sheaves

In this section, we construct a spectral sequence of perverse sheaves associated
with the semi-simplicial resolution of ¥ given in Lemma We prove that
the rows on the first page of this spectral sequence are exact. This exactness
will allow giving the needed cancellations to prove Theorem [5.0.2

For any k, the variety X}, is a disjoint union of smooth varieties of different
dimensions, and €|y, is a projective morphism. So, by Theorem [2.3.38, we
have a decomposition

Re,Rx, = (PPHY(Re.Rx, )[—q].
q=0

Furthermore, Theorem predicts that the perverse sheaves PHI(Re Rx, )
decomposes as a direct sum of simple intersection cohomology complexes (see
Remark . Let {Y = X0, %1,...., Xn} be the collection of subvarieties in
Y which are the support of simple direct summands of the perverse sheaves
PHI(RexRx, ). We have the further decomposition

PHI(Re.Ry,) = @D H!(ReRx, ), (5.9)
jeJ

where PH?(Re,Rx, )s; denotes the direct sum of the simple summands in
PHY(Re, Ry, ) whose support is X;.

Remark 5.2.1. Notice that PH?(ReRx,)y = 0 unless k =0 and ¢ = n =
dim(Y’), and that PH"(Re.Rx,)y = ICy[—n], since €[y is a resolution of
singularities of Y (see Remark [2.3.40)).

Lemma 5.2.2. IfY is a projective complex variety that is a rational homology
manifold, for each support 3; strictly contained in'Y, and for each ¢ > 0, we
have an exact sequence of perverse sheaves

0 — PHI(Re,Rx,)s, = PHI(Re.Rx,)s;, = ... = PHI(Re.Rx,)s, — 0.
(5.10)

We reduce the proof to the degeneration at the second page of a spectral
sequence of perverse sheaves. The proof only uses classical Hodge theory, and
is more in the spirit of [I8], but only works when Y is projective because we
use hyperplane sections.

Proof. The proof has 2 parts. In the first part, we identify a spectral sequence
converging to the perverse cohomology of an acyclic complex whose F; page
splits as the direct sum of the complexes , and in the second part we use
Hodge theory to prove its degeneration at the second page.
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PART 1: Denote by C%, the canonical Godement resolution of the constant
sheaf Ry, in X}, (see Section . By cohomological descent (see Definition
, of the semi-simplicial resolution , we obtain a double complex of
sheaves I** in Y such that each column I** is equal to e:C%, (and hence
computes Re, Ry, ), and such that there is a quasi-isomorphism Ry — s(I**),
where s(I1°*) denotes the simple complex associated to I**. It is important to
notice that the horizontal differentials in the double complex I** give rise to
morphisms of complexes €.C%, — s*C;(HI which are induced from the alter-
nating sum of the pullbacks by the (k + 1)-morphisms X1 — X} appearing
in the semi-simplicial variety X,.

Consider the sequence of morphisms of double complexes

1 25 190 2 Relo) Ry 2 ICy[—n),

where the simple complex I%® is seen as a double complex that has non-zero
objects only at the O-th column, (3 is the natural morphism of double com-
plexes, B is the composition of the natural projection from I%* to R(ely)«Ry
given by the decomposition of X in connected components, and S3 is de-
scribed as follows: by Theorem there is a non-canonical direct sum
decomposition

D . R(E’{,)*R}; — ICy[—n] @ L,

where L is a direct sum of shifted simple perverse sheaves with support strictly
contained in Y. We define 83 := p o &, where p is the canonical projection
ICY[—TL} eL— ICy[—TL].

Even if f3 is not unique, by the uniqueness of Proposition in [31, 5.1],
restricting to the non-singular stratum of Y we obtain that the simple complex
morphism

n:s(I*®) =Ry — ICy[—n]

associated with the composition 83032037 is, up to multiplication with a non-
zero real number, the canonical morphism connecting cohomology with inter-
section cohomology complexes. By uniqueness of the intersection cohomology
complex, if Y is a rational homology manifold then 7 is a quasi-isomorphism,
and hence cone(n)[—1] is an acyclic complex.

Notice that we can form a double complex K*°®, whose columns are

K9 = cone(f33 0 B2)[—1], and KP*=1P* for p > 0,

here 3032 denotes the simple complex morphism induced at the 0-th column.
Since there is a quasi-isomorphism

s(K**®) = cone(n)[-1]

because Y is a rational homology manifold, we have shown that the simple
complex s(K**) associated to the double complex K** is acyclic.
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We notice that the double complex K**® depends on the choice of 3.
However, this non-uniqueness does not affect our proof.

The single complex s(I*°®) is decreasingly filtered by the subcomplexes
FPs(I%*), where FPs(I*°*) is the simple complex of the double sub-complex of
I** formed by the direct sum of 1% for a > p. A similar filtration is defined
on s(K**)

We want to construct a spectral sequence of perverse sheaves associated
with the double complexes I** and K**®. In order to do this, we use the
general technique of construction of spectral sequences given by H. Cartan
and S. Eilenberg in [16, XV.7] (see Example 1 in loc.cit.). Define the Cartan-
Eilenberg systems of perverse sheaves as follows:

H(I*®|(p,q) := Y PH'(FPs(I%*)/FIs(I"*)),
1€EZ
H[K**|(p,q) := Y PH'(FPs(K*)/Fis(K**)),
1€Z
for p > ¢q. The morphisms H[I**](p,q) — H[I**](p/,¢') are induced from
the natural morphism of complexes, and similarly for K**®. The connecting

morphisms coincide with the connecting morphism for the exact sequence of
complexes

0 — FIs(I**)/F"s(I**) — FPs(I*®*)/F"s(I**) — FPs(I**)/Fis(I**) — 0,

and similarly for K**. The defining sums above are finite, and it is straight-
forward to check, using that X = () for & > n, that conditions (SP.1)— (SP.5)
of [I6l, XV.7] are satisfied. The perverse sheaves H[I**](p,q) are graded by
the defining sum, and the same for K**®. There is an obvious morphism of
Cartan-Eilenberg systems H[I**](p,q) — H[K**](p,q)-

Therefore, we obtain two spectral sequences of graded objects in Perv(Y'),
and a morphism between them. We obtain the following terms in the page
one of the spectral sequences:

E()}? =PHY(Re.Rx,). (5.11)
Since KP? — [P4 is an isomorphism for p > 0, we have an isomorphism
E(K))? = E(I))? =PHI(Re,Rx, ). (5.12)

Considering the decomposition , and by definition of K**, for p = 0 we
have
E(K)}" = PHPH(ReRx, ), (5.13)
J7#0
that is, all the summands except ICy[—n] if ¢ = n.
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5.2. Exact sequences of perverse sheaves

Theorem [2.3.39] implies that the complexes appearing in the E; page of
the spectral sequence associated with the acyclic complex s(K**®) splits in a
direct sum of complexes of perverse sheaves with strict support ¥, for j > 0.
These complexes coincide with the complexes . So, proving degeneration
at the second page is enough to finish the proof.

PART 2: The proof of degeneration at Es is by double induction on dim(Y")
and codim(X;). Suppose that the lemma holds for dim(Y) < n, and for
codim(¥;) < d when dim(Y) = n. Assuming dim(Y) = n, we prove the
exactness simultaneously for all supports ¥; of codimension d in Y.

CASE d < n: For any Y;, there exists a dense open subset U; over which
all the perverse sheaves (E1(K)P?)y; are local systems. In order to prove the
exactness of ([5.10) it is enough to prove the exactness of the stalk

0 = (B(K)y")s,)z = (B(K)y")s,)s = o = (B(K))s,): =0, (5.14)

of the complex at a point z in each connected component of each of
the open subsets U;. Let H be a generic linear section of dimension d such
that the intersection ¥; N H is a finite set of points contained in U; for every
d-codimensional component ;. Then, YN H is a projective rational homology
manifold of dimension n — dim(X;) (see Lemma [5.2.3)), and by Remark
the pullback to Y N H of the semisimplicial resolution of X, — Y gives a semi-
simplicial resolution of (X|m)e — Y N H. Construct the perverse spectral
sequence for the semi-simplicial resolution (X|g)e — Y N H, and split
it as a direct sum of spectral sequences of perverse sheaves with common
support as above.

For any z € ¥;NH, the point z is a support for the £y page of the perverse
spectral sequence associated with the hyperresolution (X|g)e — Y N H and
the complex is the analog of the complex for the support z. This
follows because (X|g), is the fibre product X, xy (Y N H), and then, by
the topological triviality statement of Remark we have Re.R(x|,), =
tyngRe«Rx,, where tyny denotes the inclusion of Y N H into Y.

Since dim(Y N H) = n —dim(%;) < n, by induction hypothesis the lemma
is true for Y N H and the semisimplicial resolution (X|g)e — Y N H, we have
the exatness of the sequence .

CASE d = n:

Applying the functor H*(Y, —) to the quotients FPs(I**)/F%s(I**) and
FPs(K*®)/Fis(K*®) we obtain two Cartan-Eilenberg systems and a mor-
phism between them, in a similar way as above for the construction of spectral
sequences of perverse sheaves. They induce spectral sequences of real vector
spaces, whose terms are denoted by 'E(K)P" and 'E(I)P". The morphism
between the Cartan-Eilenberg systems induces homomorphisms 'E(K )%371’ —
'BE(1 )’;’b which are compatible with the differentials. The E;j terms are the
following:

'B(I)"* = H(Y, Re.Ry,). (5.15)
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Chapter 5. The BSY-conjecture

For p > 0, we have an isomorphism

'BE(K)P = 'E(I)}" = HY(Y, Re.Ry,), (5.16)
and, for p = 0, we have
'BK)?? = Ker(H'(Y, Re,Ry,) 28 H(Y, 10y [—n])). (5.17)

The spectral sequence 'E(I) coincides with the spectral sequence induced
by the filtration by columns of the double complex I'(Y, I**). By [71, The-
orem 3.18, Theorem 5.33], the spectral sequence 'E(I) lifts to a spectral se-
quence of real mixed Hodge structures, degenerates at F», and converges to
the mixed Hodge structure H*(Y;R). Since H*(Y;R) = @,,,_,,"E:""(I),
each term ’ Eg’b(l ) has weight b, and Y is compact (see Table , we have
that Wy_,H*(Y;R) = D,>: ’E(I)g’b, for any k. Since Y is a rational homol-
ogy manifold, by Theorem then H*(Y;R) is a pure Hodge structure of
weight k, and so 'E(I)5" = 0 for p > 1.

By the isomorphism , we deduce that ’E(K)g’b = ’E(I)’Q”b = 0 for
p > 2. Therefore ’E(K)f’b =0 for any r and p > 2, and the spectral sequence
'E(K) degenerates at the Fs page.

By the degeneration at the second page, since the complex s(K**) is
acyclic, we have the vanishing 'E(K )g’b = 0 for every p,b, and therefore for
every b we have the exact sequence

0= 'BE)Y - B(K) — ... » "BE(K)" 0. (5.18)

We denote by d) the differential of this complex.
By Theorem [2.3.38] and the E; term description ([5.16|) and (5.17]), we have
the splitting

'BKR = @ @ HY,(BK))s,[—q) (5.19)

1<j<N g0

in the category of real vector spaces.
Denote by

di(p, b, 1. Jas 1, q2): HY(Y, (E(K)F™ )y, [—q1]) = HO(Y, (B(K)]H2)5, [—q0))

the composition of dj with the inclusion of the source in 'E(K )f’b and the
projection from ’E(K)’f“’b to the target.

For j1 = j2, ¢1 = q2, the morphism d)(p,b, j1,j1,¢1,q1) is obtained applying
the functor H(Y, —) to the differential d : (E(K)P™)s; — (B(K)PTHay
appearing in the complex for ¢ = ¢1.

For j1 # jo, ¢1 = qo, the morphism d(p,b, j1,j2,q1,q1) vanishes since the

J1
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5.2. Exact sequences of perverse sheaves

terms (E(K)P")s; and (E(K)]")s, are semi-simple perverse sheaves of
disjoint support.

By induction, if ¥; # Y is not of dimension 0, then the sequence of semi-
simple perverse sheaves is exact. Semi-simplicity and exactness implies
that the sequence is isomorphic to the direct sum of exact sequences of
perverse sheaves of the form

0— P[] - P[-(I+1)] — 0, (5.20)

where P is simple and perverse, the map is the identity and 0 <1 <n — 1.
Pick some X; # Y, and some simple perverse sheaf such that (5.20) is a
direct summand of (5.10). Pick any b such that H®(Y, P[—q]) # 0. Then the
sequence (|5.18)) is isomorphic to one of the form
d/
o= AL Al HY (Y, Pl—q)) —5 AT @ H (Y, P[—q]) — A2 — .. (5.21)

where the differential d} restricted and projected to H®(Y, P[—q]) is the iden-
tity. Then the sequence

oo ATt Al (A e HY(Y, P—q)))/d) (HY(Y, P[—q])) = A2 —
is also exact, and identifying
A= (A @ HY(Y, Pl—q)))/di (H"(Y, P[~q)))
is isomorphic to
o AL Al A g2,

with differential induced from d.

Define d; := dim(X;). Proceed in the same way with all the direct sum-
mands ([5.20)) appearing in all the exact sequences for any ¥; # Y not
of dimension 0, and any ¢. Taking into account the splitting , from the
exact sequence , we obtain an exact sequence of the form

o DD EY (EER)s, [—a) — D @D HY, (BER s, [~q)) = ..

d;=0 ¢>0 d;=0 ¢>0

The group H®(Y, (E(K)"")s,)[—q] vanishes unless q = b, because (E(K)"")s,
has O-dimensional support, so the sequence becomes

= @R HUY, (B )5, [—q)) — €D HI(Y, (BE(K)T )5, [~q]) = ..
d;j=0 d;=0

Using that the morphism d}(p,b, j1,j2,q1,¢1) vanishes if j; # j2, we obtain
that this sequence is the direct sum over the set of 0-dimensional supports (for

fixed ¢) of the sequences (5.10)). O
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Lemma 5.2.3. Any generic hyperplane section of a rational homology mani-
fold Y s a rational homology manifold.

Proof. Choose a Whitney stratification of Y. A generic hyperplane H does
not meet the 0 dimensional stratum, and so for any point y € Y N H there
exists a neighborhood U of y in Y such that U = (U N H) x D, where D is a
disk. The proof follows now from easy homological considerations. O

5.3. A computation in the cobordism group of self-
dual complexes

In this section, we give the proof of Theorem We will show in Section
(.31 that
sda([Y]) — [TCy] =0 (5.22)

in Qr(Y) when Y is a projective rational homology manifold.

To obtain this vanishing, we will combine Lemma [5.3.9| with Lemma [5.2.2
proved in the previous section. In order to prove Lemma [5.3.9, we show two
preliminary results involving polarizations of Hodge structures (see Definition
2.2.11)).

In Section [2.5.2] we introduced two notions of cobordism. The first one was
given by B. Youssin in [85] through the notion of elementary cobordism (see
Definition . The second one was given in [27] considering the directly
cobordism relation (see Definition . In this chapter, we consider this
second definition of cobordism group and its properties given in Section [2.5.2]
However, our result holds as well for both definitions of cobordism, since the
key identity in Qg(X), which is provided in Lemma holds for it (see
Remark .

Let Y be a compact complex algebraic variety. Consider a self-dual R-
complex (F, S), that is a pair (F, S) with F € Ob(D2(Y)) and S : F&F — Dy
is a perfect pairing (see Definition , where Dy is the dualizing complex
on Y (see Definition . Notice that we can consider equivalently the
definition of self-dual complex given by B. Youssin (see Definition and
Remark instead of perfect pairings.

Let € : Z — Y be a projective morphism of complex algebraic varieties,
with Z smooth of dimension d. By Remark[2.5.16] we have the pair (Rz[d], 02)
is a self-dual complex, where oz: Rz[d] ® Rz[d] — Dy is the perfect pairing
given by usual real numbers multiplication. By Remark [2.5.20] we have that
Re Rz[d] inherits a perfect pairing

S : Rs*Rz[d] X R€*Rz[d] — Dy. (5.23)

In this section, the complexes C' appearing will be direct sums of inter-
section cohomology complexes associated with local systems. Given such a
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5.3. A computation in the cobordism group

complex C' and a subvariety Y; C Y, we denote by Cy; the direct sum of those
direct summands of C' whose support is exactly Y;.
Theorem [2.3.38| gives the direct sum decomposition

M
Re,Ryld] = @5 "H'(Re.Ryld])[—i]. (5.24)
i=—M

The pairing (5.23)) induces a perfect pairing

PHO(S) : PHO(Re Ry [d]) @ PHO(Re.Ry[d]) — Dy, (5.25)

and, by Proposition [2.5.19| (see also Proposition [2.5.12)), we have the equality
of classes

[(ReiRz[d], S)] = [("H°(Re.Rz[d]), PH ()] (5.26)

in QR(Y)
Let n be the first Chern class of a relative ample bundle for €. Relative
Hard-Lefschetz Theorem (see Theorem [2.3.37)) is satisfied, that is, n induces

isomorphisms

0 PH T (ReRy[d]) — PHY(ReRz[d)), (5.27)

and we have the direct sum decomposition

PH™'(Re.Rz[d)) = @D P (Re.Rz[d)) (5.28)
>0

for every non-negative i, where P~"2(Re,Rz[d]) denotes the primitive part
of PH™"2(Re,Ry[d]). We remind that P~*(Re,Rz[d]) is defined to be the
kernel of n't! : PH ™ (Re,Ryz[d]) — PHT?(Re.Rz[d]) in the abelian category
of perverse sheaves (see Section . For ¢« = 0, this decomposition is or-
thogonal for the self-duality .

The Decomposition Theorem also implies that each P~¢(Re.Rz[d]) is a
direct sum of simple intersection cohomology complexes (see Section and
Section . Then, we have the decomposition

P (Re.Rz[d)) = @) P (Re.Rzd))y;, (5.29)
JjeJ

where {Y}} ey is the collection of possible supports. Since any morphism
between two simple perverse sheaves with different strict support vanishes (see
Remark , this decomposition is also orthogonal for the pairing .
As a consequence we get the following equality in Qr(Y):

[(PHO(Re.Rz[d]),PH (S))] = Y Y (P~ (Re.Rzld))y;, S3,)l,  (5.30)

jeJ >0
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Chapter 5. The BSY-conjecture

where Sg/j denotes the restriction of the perfect pairing PH?(S) to the orthog-
onal direct summand P~ (Re,Rz[d))y,.

The complex P2 (Re.Ry [d])y; is isomorphic to ICy; (L), for a certain local
system L in a Zariski open subset U; of Y;. For each y € Uj;, we consider the
inclusion i, : {y} — Y. We have the identification i;IC'yj(E)[dim(Yj)] =L,
and applying the functor z'y(—)[2 dim(Y})], we obtain a perfect pairing

Qay, .y = 1ySy, [2dim(Y))] : £, ® L, = R.

In order to fix our convention, we follow the definition of polarization as

Definition R.2.111

Lemma 5.3.1. Define d(j,1) := dim(Z) — dim(Y;) — i. For any pointy € U;
the stalk L, has a pure R-Hodge structure of weight d(j,2l) and

(_1)(1/2)d(j72l)(d(j72l)+1)+(d—dim(Yj))dim(Yj)QaY y
j7

s a polarization.

Remark 5.3.2. A proof of this lemma is also possible using M. Saito the-
ory of Hodge modules as follows: by [74, Theorem 5.3.1] ICy,(£) underlies
a polarized pure Hodge module, whose polarization is the perfect pairing S{;Z_
up to a sign which is precisely determined. Such a pure Hodge module cor-
responds to a polarized variation of Hodge structures whose local system is
L. A dictionary comparing the signs of polarizations of pure Hodge modules
and polarizations of their corresponding variation of pure Hodge structures is
provided in [74), 5.2.12]. Here, we have to notice that since in our convention
for polarization we insert Weil’s operator on the left, and in Saito’s convention
it is inserted in the right, one need to multiply by the extra sign (—1)*, where
w is the weight of the variation of pure Hodge structures. Then, the sign
dictionary is the following: if a perfect pairing S induces a polarization of a
variation of pure Hodge structures of weight w and support of pure dimension
d, then (—1)(1/ 2)d(d=1)+w g jnduces a polarization of the corresponding pure
Hodge module.

However, for our proof, no Hodge modules or variations of Hodge structures
are really needed. For us it is enough to understand a sigle stalk of £. So,
below we prove the lemma using computations based on classical Hodge theory.

Proof of Lemma[5.5.1. First we prove the lemma for the case of the structure
morphism ¢ : Z — Y = {pt}. Due to the shift, the intersection form

Q:HYZ,R)® HY(Z,R) - H*(X,R) =R
that this pairing induces equals (—1)%(—, =), where
(=, =) : HYZ,R) ® HY(Z,R) — H*(X,R) =R
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5.3. A computation in the cobordism group

is the usual intersection form, induced by the pairing Ry @ Rz — Rz. Indeed,
let A% be the de Rham complex of Z. We have a chain of isomorphisms

A%[d|@AY[d] = AL QR[d|QALRR[d] = AYRAYQR[d]QR[d] 2 AR A% QR|[2d),
of which the second maps
B@Ad @y @ pld = (-1)"8®~ @ Ad]  pld]

for B A[d]®~® uld] € A%, @R[d]® AL, @R[d]. This induces a (=1)%" = (=1)?
sign comparing the pairings @ and (—, —).

In this case, the stalk £, is identified with P?=2(Z), where P4=2/(Z)
denotes the n-primitive part of the cohomology H¢ % (Z,R). By the clas-
sical Hodge-Riemann bilinear relations (see Example , we have that
(—1)(1/2)(d*21)(d*21*1) (—, —) is a polarization of P4~2!(Z), with the pure Hodge
structure inherited from H??(Z,R). The lemma holds in this case because
(—1)% = (=1)9% and

(1/2)(d — 20)(d — 21 — 1) + d — 21 = (1/2)(d — 20)(d — 21 + 1).

Now we consider the general case. Let ¢: H; < Y be the inclusion map,
where H; is the intersection of dim(Y;) generic hyperplanes in Y. By generic-
ity, we have that

1. Zy, = e '(H;) is smooth, and 5’ZHJ. : Zp, — Hj is a resolution of
singularities.

2. Set ¢ := dim(Y}). The intersection Yy N H; is of dimension dim(Y}/) — ¢,
and empty if ¢ > dim(Y}/). If the intersection is not empty, then U; N H;
is dense in Y N H;.

3. There is a tubular neighborhood T'(H;) in Y and a continuous retraction
map 7 : T'(H;) — Hj, such that 7 is topologically equivalent to a real
vector bundle over H; of rank 2¢, and such that for every 5 € J such that
dim(Yj) > ¢, we have Yy NT(H;) = =YYy N H;) and Uy N T(H;) =
7T_1(Uj/ N Hj).

By the third property above and [31) 5.4.1, 5.4.3], we obtain that for every
j' such that dim(Y;/) > ¢, the complex L!P_Ql(RS*Rz[d])yj, [dim(Y;)] is the
intersection cohomology complex associated with the restriction to Uy N H;
of the local system corresponding to P~ (Re.Ry [d])y, [dim(Y})].

By [31, 5.4.1], we have /'Rz[d][dim(Y;)] = Rz4, [d—dim(Y;)] and by apply-
ing , we obtain that R(a]ZHj)*]RZHj [d — dim(Y;)] = ¢' Re.Rz[d][dim(Y;)].

Then, applying PH’(:'(=)[2dim(Y;)]) to the decompositions (5.24)), (5.28))
and (5.29), and noticing that ¢'(—)[2 dim(Y;)] transforms the shifted perverse
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Chapter 5. The BSY-conjecture

sheaves appearing in the decomposition into shifted perverse sheaves, we ob-
tain the following decomposition

PHO(R(e| 2y, )+ Rz, [d — dim(Y, =P PP (RexRz[d])y[dim(Y))],
1>0 j'eJ

which is the 7-primitive decomposition of PH°(R (5|ZH )« RZH [d — dim(Y})]).
We denote by St AH, the restriction of the perfect pairing R( | elza, )*JZH to

the orthogonal summand P2 (Re Ry [d])y, [dim(Y})].
We have the equality of perfect pairings

Sy p, = (—1)U- IO OGS [ dim(Y;)]. (5.31)

This sign comes by a reason analogous to the sign comparing @ and (—, —

above, since the dimension of Zp; is d — dim(Y}) and 'Rz [d][dim(Y})]

U*Rz[d][—dim(Y})] by [31, 5.4.1]. Furthermore, the bilinear form Q. ,, co-
J

incides with the bilinear form Qayj JAH, Y associated with e;ngj ,nH;» UP to the
)(d—dim(Yj)) dim(Y;)

sign (—1 This reduces the proof to the case in which Y;
equals a point.

Assume that Y; = {y}. The vector space P~%(Re,Rz[d])y, inherits a
perfect pairing Sg/j , which coincides with the bilinear form Qayj y since Y; =

{y}. By [18, Corollary 2.1.7, Theorem 2.1.8], we have P~ (Re,Rz[d])y, is a
R-Hodge structure of weight d — 2/ and that Qayj .y is a polarization up to a
sign. Below we reduce a self contained argument proving this and determining
the sign.

Consider the structure morphisms f : Z — {pt} and g : Y — {pt}. Notice
that P~2(Re,Rz[d]), is a direct summand both Re.Rz[d] supported at the
point y and of the primitive part P=%(Z) of H2(Z,R) = R~%f.Ry[d).
Since we have proven the lemma for the case of the structure morphims,
the perfect pairing Rf.oz induces a bilinear form Q; on P42(Z) such that
(—1)(1/2)(‘1_2”(‘1_2”1)@; is a polarization. Then the proof of the lemma is fin-
ished because the restriction of @), to P~?'(Re,Rz[d]), coincides with Qay, .y-
The last claim holds because we have the equality of perfect pairings

Rf*UZ = Rg*RE*Uz,

(see Theorem [2.3.2)) and since P~2(Re,Ryz[d]), is supported at a point y the
functor Rg, restricted to it takes global sections and identifies the perfect
pairing Rf.oz with the restriction of Re,oz to P~2(Re,Rz[d]),-

O]

Remark 5.3.3. The use of hyperplane sections in Lemma does not force
projectivity assumptions. Indeed, the statement is local in Y, and Y can be
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covered by affine patches that can be completed to projective varieties for
which the proof works (the completion is needed because the compactness of
the resolution Z is used in the last part of the proof).

Let V be a semi-simple R-perverse sheaf with strict support in an irre-
ducible variety Y (that is, the support of any of its simple components is Y).
Let U be a Zariski open subset such that V| = £ where £ is a R-local system.
Assume that for a given y € U the fibre £, is endowed with a pure Hodge
structure.

Definition 5.3.4. Let o : V ®V — Dy be a perfect paring. Then, « is called
a polarizing self-duality for the Hodge structure at y if o induces a polarization
Qa,y : Ly x L, — R of the Hodge structure. If the negative of the self-duality
is polarizing, then we say that the self-duality is (—1)-polarizing for the Hodge
structure at y.

Remark 5.3.5. Lemma|5.3.1{states that the pairing Sg/j on P2 (Re,Ry [d])y;
induces a (—1)1/2)d:2D{d(20)+1)+(d=dim(¥;)) dim(Y3)_polarizing self-duality for
the Hodge structure induced at £, for any point y € U;. In other words, the
fact that Sg,]_ is polarizing or (—1)-polarizing does not depend on the point
Yy e Uj.

Lemma 5.3.6. Let o and o be polarizing self-dualities of V for the same
Hodge structure at y. Then (V,a) and (V,d) represent the same element in

Qp(Y).

Proof. For any s € [0, 1] the morphism sa+(1—s)d/ is a polarizing self-duality.
Indeed, since both a and o’ are polarizing there exits a common open subset
U of Y such that Qq, and Q. , are polarizations for any y € U. Therefore
an straightforward check of the conditions of Definition imply that for
any y € U, the bilinear form

QsaJr(lfs)a’,y = Sme + (1 - S)Qa’,y

is a polarization of the Hodge structure £,. This implies that Qsq(1-s)a’y 18
non-degenerate for any s. Then, in order to complete the proof it is enough
to use Proposition below. O

Remark 5.3.7. The equality proved in the previous Lemma holds for all the
possible definitions of Qg(Y’) mentioned in Section

Proposition 5.3.8. Let L be a R-local system on U and Qs a smooth 1-
parameter family of non-degenerate symmetric or anti-simmetric pairings of
L parametrized by an interval I. Then I admits an open cover I = Ujesl;
such that for any j there exists a smooth family of automorphisms T(s) of L
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, s €1, so that Qs(T(s)(—),T(s)(—)) is independent of s. Consequently, for
any s,s' € I there is an automorphism Ty ¢ of L such that

Qs (T&S/(—), Ts78’(_)) = Qs(—, _)-

Proof. The local system L is a representation p : m1(U,y) = GL(L,) which is
orthogonal for ()5, for any s.

By Gram-Schmidt process in the symmetric case, and by the proof of
uniqueness of non-degenerate anti-symmetric real bilinear forms, for any sg €
there exists a neighborhood I, of 5o in I and a smooth family of automor-
phisms N(s), s € Is, (not necessarily compatible with the monodromy) such
that N(sg) = Id and

Qsy(N(s)(=), N(s)(=)) = Qso.y(— —)

for all s. Considering M, 5) := N(s)'p(y)N(s) we obtain a smooth family of
real orthogonal representations for Q.

If Qg,,y is symmetric and (n,m) is its signature of Qs, , we define W to be
the diagonal matrix I, ,, be the diagonal matrix of size n 4+ m such that the
(i,7) component equals 1 if i < n and —1if i > n. If Q,,, is anti-symmetric
the rank of the local system is even and we define W to be the matrix

<_OI é) (5.32)

where I denotes the identity matrix. Denote O(W') the orthogonal group for
the bilinear form W. Then, the proposition is reduced to the following claim:

CramM: Let M, (s) : m1(Uj,y) = O(W) be a smooth family of orthogonal
representations for the quadratic form W. If there exists a family N(s) of
invertible matrices such that N(0) = Id and we have the conjugation M, (s) =
(N(s))"'M,(0)N(s) for any v € m1(Uj,y), then there exists a family P(s)
of orthogonal matrices such that M, (s) = (P(s))"'M,(0)P(s) for any v €
1 (Uj7 Y).

In order to make the proof of the claim, we recall some facts about Lie
groups (it can be considered only the case of matrix Lie groups, this is the
case that will be used). See [48] for generalities on smooth manifolds, and
Lie groups; flows associated to time dependent vector fields are discussed in
Exercise 12-7 of loc. cit.

Let G be a matrix Lie group. Its Lie algebra g is identified with the spaces
of left-invariant vector fields. Denote by L, : G — G the left multiplication by
g. We denote the set of smooth paths g : [0,1] — G by C*°([0, 1], G). A path
v(t) € C*([0,1],g) is viewed as a left-invariant time dependent vector field,
that is, a vector field in G x [0, 1] such that its [0, 1]-component is the unit
vector field % in positive direction, and such that its G-component is invariant
by the action of G by left multiplication. We say that v(t) is integrable if the
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integral flow associated with it is defined in the domain G x [0, 1]. In order to
check integrability, by left invariance, it is enough to check the existence of an
integral curve whose domain is [0, 1]. We denote by C*([0, 1], g)™ the set of
maps giving rise to integrable left invariant time dependent vector fields.

We define the left bijection

L:C>®([0,1],G) = G x C>([0,1], )™

as follows. Given a smooth path g : [0,1] — G we define ¢ : [0,1] — g by the
formula
dg(u)

(5) = DLyt (9N (5 ).

Given g(s) € C*([0,1],G) we define L(g(s)) to be the pair (g(0),d'(s)).
Conversely, given a pair (go,v(t)) € G x C*®([0,1],9)™, we view v(t) as a
left-invariant time dependent vector field and define £=!(go,v(t)) to be the
unique integral curve of the time dependent vector field v(¢) with initial point
9(0) = go.

The set C°([0,1],G) has a group structure. Given h € G and g(s) €
C>([0,1], G), define h(s) := g(s) 'hg(s), a straightforward Lie group compu-
tation shows the formula

W(s) = g'(s) — h(s) "¢/ (s)(s). (5.33)

Indeed, since left multiplcation by a matrix is a linear transformation at the
space of matrices we may write

DLy (D)) = o) (B,

Using this, Leibnitz rule for derivation and the formula for the derivation of
the inverse we obtain

dh(u)

hW(s) = h(s)_l( du lu=s) =
= 1) () (D)) hg(s) + () (D) =
= () (D)) hgls) + () A g s)o() (D) =

= —h(s)"'g'(s)h(s) + ¢'(s).

Let W be (—1)%-symmetric. Then we have W? = (—=1)%Id and the Lie
algebra o(W) of the Lie group is O(W) the subspace of matrices N satisfying

(-1)PHIWN'W = N.

So o(W) is the eigenspace for eigenvalue 1 of the involution N — (—1)3+H1W Nt/
in the real vector space of square matrices. The vector space of square ma-
trices splits as the direct sum of the eigenspaces with eigenvalues +1 and —1
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respectively for the involution. Given any square matrix N we decompose it
accordingly as N = N, + N_.
Formula (5.33)) applied to M, (s) = N(s)"1M,(0)N(s) yields

M(s) = N'(s) = My ()™ N'(s) My (s).
We have
M(s) = M,(s)s = N'(s)5 — My (s) ' N'()3 0, (s).  (5.34)

The first equality is because M, (s) belongs to O(W) for all s. For the second
equality write N'(s) = N'(s)4+ + N'(s)_. It is enough to show the equalities

(Mo (8)7IN"(5) Mo (5)) 4 = Mo ()" N'(5)1 My (s),

(M, (5) 7 N'(5)M, (5))— = M, (s)"N'(s) M, (s),

but they follow from an elementary matrix computation using that since
M, (s) € O(W) we have

My (5)™! = (—1)W M, (s)'WV.
Define P(s) := £L7}(Id,N'(s);). Since N'(s); € o(W) we have P(s) €
O(W). The equality M, (s) = (P(s))"'M,(0)P(s) is obtained by applying

L71(Id, —) to Equation (5.34)). O

In the following Lemma we will use the following notation: certain semi-
simple perverse sheaves with strict support V are endowed with polarizable
Hodge structures at their stalks at generic points by Lemma[5.3.1] We denote
by [V, ®] the class in Qr(Y') represented by V together with a polarizing self-
duality (this definition makes sense by Remark and Lemma . We
denote by [V, &] the class with a (—1)-polarizing self-duality. If a semi-simple
perverse W together with a self duality sheaves is a direct sum of polarizing
semi-simple perverse sheaves with strict support, then we denote by [W, @] its
class in Qr(Y'); we denote by [W, ©] the class of the opposite self-duality.

Lemma 5.3.9. Define Bq; = (d — dim(Y;)) dim(Y;). We have the following
equality in Qgr(Y):

("4 (Re.Rz[d)),PH°(S))] =

M
= Z Z (_1)(1/2)d(j7*i)(d(jﬁi)+1)+5d,j [pHi(RE*Rz[d])Y- o] =
J’

= ( (_1)(1/2)d(j7_i)(d(j:_i)+1)+ﬁd,]' [pHZ(RS*RZ[d])Y @]+ (535)
()
j€J i=even
+ ) (RGN s P (Re R 7 [d));, ©)).
i=odd
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Proof. For each j € J, the Equation (/5.28]) gives the decomposition

PH(Re.Rz[d)y, ~ @) P~ (Re.Rz[d])y,
>0

where the decomposition is orthogonal for the perfect pairing of PH"(Re.Rz[d])y;,
and the perfect pairing of P~%(Re. Ry [d])y; induced from the perfect pairing
of PH(Re.Rz[d])y, is (—1)1/2d0:20(d020+) 484, polarizing by Lemmam
Then we have the equality

PHO(Be Ry [d])y,] = 3(~1) /UGG 400 P2 (Re R [d])y, . 5],
1>0
(5.36)
in Qr(Y).
By Equations (5.27)) and (5.28)), we have the equality

PH T (ReuRz[d))y,, @] = PH' (ReuRz[d))y,, @] = ) [P~ (ReuRz[d])y;, @]
>0

in Qr(Y) for any i > 0.
Plugging this equalities into the middle term of ([5.35)), making the needed
cancellations and comparing with the left hand side of ([5.35|) expressed as

in (5.36)), the first equality of (5.35] follows.

We show here part of the cancellation process. We write
PH' = PH'(Re.Rz[d))y,,®] and P~ =[P % (Re.Rz[d))y,, B].

Then, using Hard-Lefschetz Theorem, we have

M
(—1)A/DAGO@GO+oay 5™ (1) (/DA 2020+ 05032

i=—M
=PHO — 2P 2 2PH T 2P O =
=P 4P 24P 4P b4 )—2P 24P 4P+ )+
+2P A4 PS4+ ) 2P S+ )+ =
=P — (P 2+P*+P O+ )—2P*+P 0+ )+
+2P4+.)—) =Pl =P 24Pt POy =
_ (_1)(1/2)d(j,0)(d(j,0)+1)+6d,j Z(_1)(1/2)d(j,2l)(d(j,21)+1)+6d,j7;—21_
1>0
This shows the cancellations in the middle term of formula (5.35) when ¢ is
even. The i odd part of the middle term of formula cancels completely

by a similar process, and by this complete cancellation the equality with the
right hand side follows. O
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5.3.1. Proof of Theorem m

Here, we conclude the proof of Theorem We will show that the difference
of cobordism classes sdg([Y]) — [ICy] vanishes after applying the obtained
results in the previous sections.

For any k, the variety X} is a disjoint union of smooth varieties of different
dimensions. By di we denote the function that assigns to each connected
component of Xy its dimension, and given a complex of sheaves C' on X we
denote by Cldg] the same complex, shifted at the dimension in each connected
component.

We have to prove

sdg([Y]) = [ICy] =0

in Qr(Y). Indeed, Equation (5.5) in Lemma implies
sdg([Y]) = sdr([Y]) + Z sdr([Xo4]) + Y _(—1) sd([X¢)). (5.37)
i=1 k=1

Since at the cobordism group Qr(Y') only the 0-th perverse cohomology mat-
ters, by applying Equation (5.26)), we also have

sdg([Y +stR [Xo.]) = [ICy] +
=1 J

[Re.Rx,[dos;] =

-

1

N
ICy —i—szO RE*RXO d()]) ]
7j=1

and
N
sdr((Xp]) = ) [ReuRx, [di]s;] = Y _[PH’(Re.Rx, [di])s;]

J=1 Jj=1

2

for every k > 0.

Substituting the above expressions in Equation (5.37) and by applying
Lemma [5.3.9] we obtain

sdr([Y]) — [ICy] =
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=

(—1)k+(1/2)(dr—d;+i)(dy—dj+it1)+Bay 5 [PH'(Re.Rx, [di])s., &) =
7

I
NE

<
Il
—
ES
3 |
o
o
<
>
=

(_1)k+(1/2)(q_dj)(q_dj+1)+5dk,j [PHI(Re.Rx, s, @] =
]7

Il
S
M-
i
il
()
[}
Il
(@)

3

I
,MZ

<

i
I
i
o

Z (_]_)k+(1/2)(q_dj)(q_dj+1)+ﬁdk,j[PHQ(Rg*RXk)E. o)+
7

q—dp=even

+
.MZ
NE

<
Il
—
e
I

Z (—1)k+(1/2)(q_dj)(q_dj+1)+(dk_dj+l)dj[qu(Re*RXk)g].,@].
0 g—di=o0dd

The last equality uses the last equality of Equation when d; is odd.

The proof concludes noticing that for any ¢, k, k' such that dj, — ¢ is even
and djy — ¢ is odd the signs (—1)743 and (—1)@~4+1d; coincide. Then, since
the sign (—1)(1/2)/(@=di)a=di+1) j5 constant for ¢ and %, fixed, one can use the
exact sequences of Lemma for each support 3; and any ¢ and conclude
using Lemma [5.3.6
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