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Abstract: Free convective heat transfer in the closed gap between concentric semi-hemispheres
is quantified by means of a numerical approach based on the volume control method using the
SIMPLE algorithm. The average Nusselt number is determined for several configurations obtained
by varying the cavity’s aspect ratio between 0.15 and 1.5, while the Rayleigh number varies within
the 5.33 × 103–4.50 × 108 range. The results show that the correlations available in the literature
dealing with concentric whole spheres cannot be used for the configuration treated here. The new
correlation between the Nusselt and Rayleigh numbers proposed in this work can be applied in
various engineering sectors, such as in the electronic packaging considered in this present work,
buildings, and architecture.

Keywords: natural convection; electronic packaging; numerical approach; concentric semi-
hemispheres; buildings; architecture

1. Introduction

Several works dealing with quantification of heat transfer by free convection have
been carried out in both variable regime and steady state. Different fluids and flow regimes
have been examined for cavities or spaces of various shapes [1–6]. The hemispherical
geometry has been treated recently with experimental and numerical approaches, applied
to some engineering fields, such as buildings and renewable energy. The influence of
various physical parameters on heat transfer are examined, such as thermal conditions,
thermophysical characteristics of the considered fluid, Rayleigh number range, and the
enclosure’s inclination angle with respect to the gravity’s direction. Heat transfer by natu-
ral convection occurring in these enclosures was quantified in [7] at steady state through
Nusselt–Rayleigh type correlations. A non-exhaustive synthesis of these correlations was
presented in [8] for air-filled hemispherical cavities under various geometrical and thermal
boundary conditions. Heat transfer for high heat flux generation systems using various
nanofluids have also been quantified in some experimental and numerical studies, such
as [9–12]. The study [13] quantifies the free convective heat transfer between inclined
concentric hemispheres, separated by different nanofluids whose volume fraction varies
in different ranges depending on the concerned engineering application. The study [14]
deals with free convection via porous media saturated by nanofluid in annular spaces.
The proposed correlations allow determination of the average Nusselt number for var-
ious combinations of some influencing physical parameters. Unsteady free convective
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phenomena between whole concentric spheres have been examined in [15] through a math-
ematical modeling. The presented temperature and velocity fields highlight the influence
of some physical parameters, such as the energy source on the flow structure and heat
exchange. The dynamic and thermal steady state phenomena have been determined for
whole concentric spheres, and heat transfer was quantified via Nusselt–Rayleigh type
correlations in several studies, such as [16–20]. The recent work [21] examines the case
of an open air-filled enclosure consisting of two differentially heated semi-hemispheres,
applied to the building field as is the case in [22]. Many combinations of the cavity’s aspect
ratio varying in the 0.05–3.5 range and Rayleigh number ranging between 9.22 × 107 and
6.76 × 1011 were considered. A correlation is proposed, allowing determination of the
average Nusselt number.

The present work deals with quantification of heat transfer by free convection in a
semi-hemispherical closed cavity. This configuration has been processed at the request of
the electronics packaging sector for applications by means of this closed air-filled enclosure
whose aspect ratio varies in the 0.15–1.5 range and Rayleigh number ranging between
5.33 × 103 and 4.50 × 108. This work completes the recent study [23] dealing with the
thermal state of the cavity. A correlation is proposed there, allowing the determination of
the average temperature difference between the walls of the cavity for any combination of
the aspect ratio varying in the 0.05–0.35 range and the Rayleigh number ranging between
9.22 × 107 and 6.76 × 1011.

2. The Treated Assembly

The work quantifies the free convective heat transfer between the concentric semi-
hemispheres presented schematically in Figure 1.

Figure 1. Scheme of the considered assembly.

The internal quarter sphere (1) of radius Ri generates a heat flux ϕ assumed to be
constant. This active part constitutes the active electronic assembly cooled by natural
air convection. Unlike the configuration discussed in [21], this assembly constitutes the
entire quarter-sphere. Its average temperature reached during operation at steady state is
denoted as Th. The outer wall (2) of radius Re is isothermal, maintained at a temperature
Tc. The back and lateral faces of the closed enclosure are thermally insulated (3). Distance
L between the hot and cold walls (air layer) varies according to the considered enclosure’s
aspect ratio:

A = L/Ri (1)
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which takes seven values in this work: A = 0.15, 0.30, 0.50, 0.75, 1.00, 1.25, and 1.5. The
overall walls’ infra-red emissivity is assumed to be zero, the essential objective of this work
being to determine the natural convective heat exchanges. This assumption eliminates
calculation of radiative heat transfer, simplifies the calculation process and allows the free
convective heat transfer to be determined with better precision.

3. Numerical Resolution

The considered problem is governed by the following dimensionless continuity, mo-
mentum, and energy equations, detailed in [20,21,24]:

→
∇
∗→

u
∗
= 0(

→
u
∗→
∇
∗)→

u
∗
= −

→
∇
∗

p∗ + Pr∇∗2→u
∗
+ RaPrT∗
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∇
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In these equations,
→
∇
∗

is the nabla operator,
→
e g is the unit vector opposite to the

gravity field, while∇∗2 is the spherical Laplacian operator. The Prandtl number Pr, as well
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→
u
∗
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λ
; p∗ =

pL2

a2ρ
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ϕL
λ

;
→
u
∗
=

→
u L
a

(3)

whereby, ρ, Cp, and a = λ/ρCp are the air density, specific heat at constant pressure, and
thermal diffusivity, respectively. The Rayleigh number RaL is based on the generated heat
flux ϕ and air layer thickness L:

RaL =
gβL4ρ

µλa
ϕ (4)

Thermophysical characteristics are calculated at the mean temperature
(
Th + Tc

)
/2.

The governing system in Equation (2) is solved with a homemade software using the
control volume method based on the well-known SIMPLE algorithm [24]. At the beginning
of the process calculation, thermal gradient is assumed to be null on the internal face of the
active wall, as well as on the lower face of the enclosure. Air is immobile, and the entire
computational domain is isothermal at temperature Tc. During the process calculation,
components of the velocity are zero over the walls of the enclosure. A heat balance is
carried out at the air–wall interface to control the continuity of temperature and heat flux.
The adopted mesh presented in Figure 2 is thus structured. A linear refinement is carried
out in the air layers adjacent to the hot and cold walls of the enclosure. This allows the
thermal gradients to be determined with higher accuracy. This operation is important for
determining convective exchanges, the main objective of this study. The starting version of
the mesh consists of 230,000 elements. The process adopted for its optimization consisted
of increasing it in steps of 5%. This operation is carried out until the mean Nusselt number
no longer varies by more than 2%. This occurred after consecutively increasing the number
of elements three times. This condition is associated with the convergence criteria of
10−3, 10−6, and 10−5 for the continuity, energy, and momentum equations, respectively.
With this numerical approach, the mesh-independent solution with 383,259 elements is
finally obtained. The numerical solutions were maintained in a pseudo stationary regime.
A preliminary study shows that the flows remain laminar throughout the Rayleigh number
range considered here.



Energies 2021, 14, 7479 4 of 10

Figure 2. The adopted mesh.

4. Results

The thermal and dynamical characteristics of the flow were determined for all the
configurations obtained by combining:

(a) The aspect ratio values A = 0.15, 0.30, 0.50, 0.75, 1.00, 1.25, and 1.5;
(b) The Rayleigh number in the 5.33 × 103–4.50 × 108 range according to the considered

values of the heat flux ϕ and the aspect ratio A as specified in Table 1.

Table 1. RaL—A ranges.

A 0.15 0.30 0.50 0.75 1.00 1.25 1.5

RaL min 5.33 × 103 8.54 × 104 6.59 × 105 3.33 × 106 1.05 × 107 2.57 × 107 5.33 × 107

RaL max 8.20 × 104 1.31 × 106 1.01 × 107 5.13 × 107 1.62 × 108 3.95 × 108 4.50 × 108

Results of a dimensionless temperature field and streamlines Ψ corresponding to the
case (A = 0.3; RaL = 1.12 × 106) are presented in Figure 3.

Figure 3. Dimensionless temperature T∗ and streamlines Ψ for A = 0.3; RaL = 1.12 × 106.

The results are consistent with those obtained in conventional closed cavity configura-
tions. They confirm an upward flow on the hot wall side and downward on the cold wall
side. This is only an illustration of the flow, the objective of the work being to quantify the
convective heat transfer occurring in this cavity.

The ratio between:

(a) The convective power: ∮
−λ

∂T
∂n

dS (5)

where n is the outgoing normal to the surface S; and
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(b) The pure conductive power (immobile fluid) exchanged through the air gap between
the hot inner wall at temperature Th and the cold outer one at temperature Tc.

Th − Tc(
1/Ri−1/Re

4πλ

) (6)

allows determination of the average Nusselt number with:

NuL =
−L

4πReRi
(
Th − Tc

) ∮ ∂T
∂n

dS (7)

whose value has been calculated for all the considered combinations (A, RaL) previously
specified. Evolution of NuL versus RaL presented in Figure 4a is clearly of the power type:

NuL = k(A)Ram(A)
L (8)

confirmed by its version in the logarithmic co-ordinates presented in Figure 4b for each
treated aspect ratio A.

Figure 4. Evolution of NuL versus RaL (a) semi-logarithmic co-ordinates; (b) logarithmic co-ordinates.

The evolution of the exponent m(A) and coefficient k(A) are presented in Figure 5.
This figure shows that the best fits obtained by means of the least square optimization
method are of the polynomial type. They are obtained with coefficients of determination
higher than 0.998. It is interesting to note that the values of the exponent m(A) vary
between 0.185 and 0.223. They remain below 0.25, a characteristic value of natural laminar
convective flows in a confined environment. These results also confirm a clear trend
towards pure conductive-type flows for low RaL values.

The average Nusselt number can, therefore, be calculated with the correlation:

NuL = k(A)Ram(A)
L

with
k(A) = −0.0049A2 + 0.0141A + 0.2481

and
m(A) = −0.0252A2 + 0.0669A + 0.1759

Valid for RaL − A ranges specified in Table 1


(9)

obtained with a high determination coefficient of 0.995.
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Figure 5. Evolution versus A of the exponent m(A) and coefficient k(A) of Equation (8).

Values calculated by means of Equation (9) denoted as
(

NuL
)
(9) were compared to those

determined with the direct simulations
(

NuL
)

s. Deviation δ =
(

NuL
)

s −
(

NuL
)
(9)/

(
NuL

)
s

represented in Figure 6 is acceptable, varying between −6.6 and +6.9%, with an average
value of +0.8%.

Figure 6. Deviation δ =
(

NuL
)

s −
(

NuL
)
(9)/

(
NuL

)
s.

By interpolating these results over the entire Rayleigh number range without taking
into account the aspect ratio, the correlation is simplified as follows:

NuL = 0.1Ra0.27
L

Valid for 5.33× 103 ≤ RaL ≤ 4.50× 108
(10)

with a coefficient of determination of 0.9943. With the average value being +5.1%, it is
represented in Figure 7a, accompanied by deviations δ′ =

(
NuL

)
s −

(
NuL

)
(10)/

(
NuL

)
s in

Figure 7b, ranging between −14.7% and +14.9%.
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Figure 7. (a) Evolution of NuL versus RaL in Equation (10). (b) Deviation δ′ =
(

NuL
)

s −(
NuL

)
(10)/

(
NuL

)
s.

To the authors’ knowledge, there is no work dealing with the geometry discussed
here. A comparison is nevertheless made with work quantifying the free convective heat
transfer around whole concentric spheres, whose correlations have been adapted to the
definitions adopted in the present work. The comparison presented in Figure 8a has been
carried out with:

(a) Results of [17] concerning spheres subjected to constant heat flux:(
NuL

)
(11) = 0.530Ra0.195

Valid for 1.2× 104 ≤ RaL ≤ 1.0× 107 and A = 1
(11)

completed by: (
NuL

)
(12) = 1.136Ra0.091

L

Valid for 1× 102 ≤ RaL ≤ 1× 104; Pr = 0.1
(12)

for quasi-conductive regimes.

(b) Results of [18]: (
NuL

)
(13) = 0.228(A.RaL)

0.226

Valid for 1.2× 102 ≤ A.RaL ≤ 1.1× 104; 0.09 ≤ A ≤ 1.81; 0.7 ≤ Pr ≤ 4148
(13)

(c) Results of [16]: (
NuL

)
(14) = 0.3725A0.2187Ra0.25

L (14)

Figure 8b presents the deviations δ′′ =
[(

NuL
)
(R) −

(
NuL

)
s

]
/
(

NuL
)
(R) between the

Nusselt number corresponding to any study denoted as
(

NuL
)
(R) and that of the direct

simulations in the present work. For low Rayleigh numbers less than 1 × 104, the average
Nusselt number obtained with Equations (13) and (14) is substantially consistent with
that of the semi-hemisphere, with a mean deviation of almost zero and 19%, respectively.
On the other hand, it is quite far from the results from Equation (11), the average deviation
being of about 56%. In the rest of the Rayleigh number range, the Nusselt number is
significantly different for both geometries, varying in the 46.5–62.2% and 34.7–42.2% range
with Equations (11) and (13), respectively. These results clearly confirm that the thermal
and dynamic phenomena are different for the two geometries and that the correlations
available in the literature concerning whole spheres cannot reasonably be used for the
semi-hemisphere treated in the present work.
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5. Conclusions

A numerical approach based on the volume control method using the SIMPLE al-
gorithm was used to quantify the convective exchanges occurring in an open air-filled
cavity of semi-hemispherical shape. The results show that the correlations available in the
literature dealing with free convective heat transfer around whole spheres cannot be used,
given the significant deviations between the Nusselt number concerning the two geome-
tries. The average Nusselt number can be determined in the wide 5.33× 103 − 4.50× 108.
Rayleigh number range with the new correlation proposed in this work, which allows
its application in electronic packaging. Results also show that the flow remains globally
laminar throughout the considered range of the Rayleigh number and for all the considered
enclosure’s aspect ratios.

Figure 8. Comparison with other work dealing with whole concentric spheres (a) Average Nusselt
number (b) deviation.
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Nomenclature

A enclosure aspect ratio (-)
a air thermal diffusivity (m2s−1)
Cp air specific heat (J·kg−1K−1)
→
e g vector opposite to the gravity field
g acceleration of the gravity (m·s−2)
k coefficient in Equation (8)
L distance between the cold and hot walls (m)
m exponent in Equation (8)
n outgoing normal
NuL mean Nusselt number (-)
p pressure (Pa)
p∗ dimensionless pressure (-)
Pr Prandtl number (-)
Re radius of the external semi-hemisphere (m)
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Ri radius of the internal semi-hemisphere (m)
RaL Rayleigh number (-)
S surface (m2)
T temperature (K)
Tc external semi-hemisphere mean temperature (K)
Th internal semi-hemisphere mean temperature (K)
T∗ dimensionless temperature (-)
→
u velocity vector
→
u
∗

dimensionless velocity vector (-)
Greek symbols
β air volumetric coefficient of expansion (K−1)
δ δ =

(
NuL

)
s −

(
NuL

)
(9)/

(
NuL

)
s deviation (%)

δ′ δ′ =
(

NuL
)

s −
(

NuL
)
(10)/

(
NuL

)
sdeviation(%)

δ′′ δ′′ =
[(

NuL
)
(R) −

(
NuL

)
s

]
/
(

NuL
)
(R) deviation (%)

∇∗2 operator Laplacian
→
∇
∗

operator nabla
ϕ heat flux (Wm−2)
λ thermal conductivity of air (W/mK)
µ dynamic viscosity of air (Pa·s)
ρ density of air (kg·m−3)
Ψ streamlines
Subscripts
(9)–(14) from Equation (9) to Equation (14)
(R) from any reference
s from direct simulation
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