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Abstract

Density functional theory (DFT) has become one of the most popular and successful
methods for determining the microscopic properties of matter. In particular, its
low computational cost makes it an excellent method for ab-initio calculations.
The successes and failures of the theory crucially depend on the accuracy of
the approximations for the exchange-correlation (xc) functionals. However, some
quantities are not accessible with original DF'T and therefore one needs to extend
the framework. In this thesis, we study equilibrium properties and propose
methodological developments on the steady-state transport problem within DFT.
We apply our general results for model Hamiltonians, a perfect scenario with full
control of the interactions to explore the structural properties of the xc functionals
which, in the case of strong correlations, are governed by steps at integer occupation.

The thesis is divided in two parts. Part [[| explores the multi-orbital situation at
equilibrium and low temperatures. From an analysis of stability diagrams, we find
that the functionals of a double quantum dot in a thermal bath subject to generic
density-density interactions and Hund’s rule coupling can be decomposed into four
basic potentials based on the single orbital problem. In addition, we generalize this
decomposition for an arbitrary number of interacting dots subject to inter- and
intra-Coulomb repulsion. We also study the properties of the xc functionals for a
strongly correlated double quantum dot asymmetrically coupled to the electrodes,
where abrupt population inversions occur between the two dots.

Part [[T deals with the non-equilibrium transport problem. We extend the steady-
state DF'T framework to arbitrary thermal gradients between the electrodes, finding
a general, exact expression for the Seebeck coefficient which is successfully applied
for the single impurity Anderson model in the Kondo regime. Furthermore, we
construct a general and formally exact density functional theory formalism which
gives access not only to the correct density and electrical current, but also to the heat
current of the interacting system in the steady-state. The linear response regime of
this new framework is presented and gives access to all the transport coefficients
in terms of quantities of the theory. We further apply the theory to the Anderson
model and parametrize the xc functionals from a reverse engineering procedure
in the Coulomb Blockade regime. Finally, using our theory in a three-terminal
setup with one of the terminals only weakly connected, a general expression for the



non-equilibrium spectral function at arbitrary temperature is derived and applied
for an Anderson impurity at finite bias voltage, capturing the splitting of the Kondo
resonance as predicted by numerically exact many-body approaches.



Resumen

La teorfa funcional de la densidad (DFT) se ha convertido en uno de los métodos més
exitosos y utilizados para determinar las propiedades microscopicas de la materia.
En concreto, su bajo coste computacional lo convierte en un excelente método para
calculos ab-initio. Los logros y fallos de la teoria dependen fundamentalmente de
la precision de las aproximaciones de los funcionales de intercambio y correlacion
(xc). Sin embargo, algunas cantidades no son accesibles a través del formalismo
DFT original, y por tanto, una extensién del formalismo es necesaria.

En esta tesis, se revisan y proponen diferentes marcos teéricos basados en la teoria
funcional de la densidad que tienen como objetivo describir el transporte eléctrico y
térmico debido a electrones en el estado estacionario a través de uniones nanoscopicas.
El estudio se focaliza fundamentalmente en sistemas fuertemente correlacionados,
sistemas que usualmente se han considerado no poder ser descritos mediante la
teoria funcional de la densidad. Mediante el uso de sistemas Hamiltonianos modelo y
diferentes métodos tanto analiticos como numéricos, la estructura de los funcionales
de intercambio y correlaciéon necesarios para una correcta descripcion de estos
sistemas es estudiada, haydndose necesaria la inclusién de funciones de tipo escalon.

En primer lugar, las propiedades de equilibrio de los funcionales xc¢ de puntos
cuanticos multiorbitales se tratan en la parte[l, donde se toma como pieza fundamen-
tal sobre la que construir funcionales una impureza tnica, problema bien estudiado
en la literatura que sirve como base para la descripcién de situaciones mas complejas.
Los potenciales xc de puntos cuanticos dobles en la colectividad macrocanoénica
sujetos a interacciones generales del tipo densidad-densidad y con interaccion del
tipo Hund’s rule coupling se estudian en el capitulo [3] Para ello, se considera
la solucién exacta del problema de muchos cuerpos y se invierte numéricamente
(ingenieria inversa) las soluciones exactas de los funcionales necesarios. A bajas
temperaturas, la estructura de los potenciales de Hartree e intercambio y correlacion
(Hxc) fundamentalmente se compone de funciones de tipo escalén cuyas posiciones
exactas dependen del régimen definido por los parametros de interaccion. Estas
estructuras pueden ser entendidas y derivadas a través de un andlisis de los diagramas
de estabilidad. Tanto la posicién de todas las funciones escalén, como la altura de
cada una de ellas, es obtenida de este modo. Alternativamente, la descomposicion

del término de interaccion del Hamiltoniano en diferentes componentes, permite
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racionalizar las estructuras escalonadas de los potenciales Hxc en componentes bési-
cos relacionados con el problema de un tinico orbital (problema cuya parametrizacién
es bien conocida) de una manera sencilla. Ademaés, la descomposicién en potenciales
bésicos se generaliza a sistemas multiorbitales arbitrarios para la situacion en la
que las repulsiones Coulombianas entre electrones de un mismo punto cuantico
son mas grandes que la repulsién Coulombiana (que se considera comin) entre
electrones de distintos puntos cuanticos. La implementacion de los potenciales Hxc
parametrizados mediante estas dos vias equivalentes, muestran que los calculos DFT
proporcionan resultados excelentes (a bajas temperaturas) en concordancia con los
resultados numéricos exactos para puntos cuanticos dobles, triples y cuadruples.

La union de los puntos cuanticos con los terminales o depositos de electrones, da
lugar a la configuracion de transporte electrénico. En el capitulo 4] estudiamos la
estructura de los potenciales Hxc del punto cuantico doble cuando los acoplamientos
a los depdsitos son diferentes para cada punto. A bajas temperaturas y energias in
situ similares, el vaciado brusco de una impureza y el llenado de la otra impureza a
medida que el voltaje de la puerta varia continuamente, corresponde con el efecto
conocido como cambio de ocupacion de nivel (LOS). Mediante la variacién del
acoplamiento de una de las impurezas con los terminales, se puede controlar el LOS.
En este capitulo, el objetivo se centra en la descripcién de potenciales Hxc que
permitan describir cualitativamente este efecto. Para ello se proponen estructuras
basadas en el punto cuantico simple con un intercambio en la dependencia local del
acoplamiento a los terminales, es decir, cada punto cuantico o impureza depende
del acoplamiento del otro punto con los terminales. La comparacién con resultados
de un método exacto para este tipo de problemas de impurezas (NRG), destaca
la precision de la conductividad no interactuante (KS) a bajas temperaturas, que
se describe correctamente dentro del marco propuesto por Landauer y Biittiker
(LB + DFT) de transporte usando DFT (basado en funciones de Green) y estd de
acuerdo con la regla de la suma de Friedel. Sin embargo, la correcta descripcién
de las conductividades eléctricas para el punto cuantico doble depende en gran
medida de los detalles de la parametrizacién de los funcionales Hxc . Una estructura
del funcional unificada desde el acoplamiento simétrico hasta el acoplamiento
completamente asimétrico con los electrodos es todavia una cuestién abierta.

La situacion de transporte fuera de equilibrio se considera en la parte[[], Un marco
formalmente exacto en este contexto es DFT dependiente del tiempo (TDDFT).
Dado que en esta tesis el estudio se focaliza en el régimen de estado estacionario, se
considera un marco general propuesto recientemente para el transporte eléctrico en
el estado estacionario (i-DFT) [41] que tiene la ventaja sobre TDDFT de que lo
funcionales de intercambio y correlacion solo dependen de la regiéon molecular, a

difrerencia de TDDFT donde los funcionales dependen de posiciones lacalizadas en
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los terminales. En el capitulo [5, se generaliza i-DFT a la situacion en la que hay un
gradiente de temperatura finito entre los terminales o depdsitos de electrones. Como
consecuencia directa, se deriva una expresion exacta y analitica para el coeficiente
de Seebeck del sistema interactuante que se compone como la suma de un término
no interactuante (KS) y un término de correccién relacionado con una derivada de
la correccion xc al voltaje del sistema en i-DFT. También se deriva una expresion
general para la contribucion electronica a la conductividad térmica dentro de i-DFT,
pero puesto que el formalismo i-DFT esta por construccion limitado a la correcta
descripcion de la corriente eléctrica no esta garantizada una correcta descripcion
de la conductividad térmica (cantidad derivada a través de la corriente de calor).
Para el modelo de Anderson de una impureza simple (SIAM) se construye una
aproximacién a los funcionales Hxc tanto en el régimen Coulomb Blockade (CB) asi
como en el régimen de Kondo. En el CB se utiliza el proceso de ingenieria inversa
de manera analitica considerando una funcion espectral modelo de un sistema no
acoplado. Se encuentra que tanto el funcional del potencial de puerta Hxc como el
potencial xc del voltaje consisten en la suma o diferencia de dos términos, cada uno
de los cuales depende solo de la temperatura de uno de los terminales. Se comparan
los coeficientes de transporte para el STAM obtenidos con nuestro método con los
de los célculos NRG bien datados en la literatura. Si bien nuestra parametrizacion
por construccion se vuelve exacta a altas temperaturas, en el régimen de Kondo
(T < Tk) la concordancia es razonable pero no perfecta para la conductividad
eléctrica y el coeficiente de Seebeck. Sin embargo, la conductividad térmica de
i-DF'T no captura el comportamiento correcto esperado en el problema de muchos
cuerpos. Esta discrepancia es totalmente esperada ya que i-DFT por construccion
estd destinado a la descripcion de la densidad en la region molecular y la corriente
eléctrica a través de ella, pero no se espera que también capture correctamente
la corriente de calor (o energia) a través de la regién molecular. Por tanto, en
el capitulo [] se propone un nuevo marco tedrico dentro de la teorfa funcional de
la densidad, al cual llamamos iq-DFT, para describir el transporte electrénico y
de calor (energia) en el estado estacionario para una unién (molecular) conectada
a N conductores y llevada a situaciones fuera de equilibrio a través de voltajes
externos y/o gradientes de temperatura entre los terminales. Los cimientos de
ig-DF'T se basan en la correspondencia uno a uno entre el conjunto de "densidades"
y el conjunto de "potenciales" que probamos para un entorno finito de voltajes no
nulos y gradientes térmicos alrededor del equilibrio. El sistema KS correspondiente
requiere 2N — 1 potenciales de intercambio y correlacién que deben aproximarse
en la practica. El formalismo i-DFT puede verse como una aproximacion a iq-
DFT donde las contribuciones xc al campo ¥ se desprecian por completo y la

contribucién xc a el potencial local (puerta) es independiente de la corriente de



calor. Se desarrolla la respuesta lineal del formalismo iq-DF'T para la situacién de
dos terminales, permitiendo acceder a todos los coeficientes lineales de transporte
térmico, es decir, la conductividad eléctrica, el coeficiente de Seebeck, asi como la
contribucion electrénica a la conductividad térmica. Todos estos coeficientes pueden
expresarse exactamente en términos de cantidades accesibles a través de ig-DFT) lo
que lleva a correcciones xc para los tres coeficientes de transporte. Como primera
aplicaciéon del formalismo, se procede a calcular el régimen de respuesta lineal al
modelo de Anderson. A través de un proceso de ingenieria inversa y mediante el
uso de una funcién espectral modelo (del sistema interactuante) para el regimen
CB, se invierten de manera analitica las parametrizaciones de las derivadas de los
potenciales xc necesarios en iq-DFT. Estos potenciales permiten reproducir con
precision los coeficientes de transporte del modelo de muchos cuerpos. Se espera
que las parametrizaciones sirvan como un primer paso hacia la construccion de
funcionales xc aproximados mas alla del régimen CB, en analogia con el capitulo
anterior. Como cualquier marco DFT, debido a la naturaleza no interactuante
del sistema KS, se puede esperar que iq-DFT sea un sistema numérico altamente
eficiente para el calculo ab-initio del transporte de corrientes electricas y de calor a
través de sistemas en la nanoescala a medida que se disponga de aproximaciones
precisas para los funcionales de intercambio y correlacion. Si bien la construccién
de tales funcionales que se puedan usar en calculos ab-initio atin es un trabajo
para el futuro, se espera que nuestros estudios sobre modelos simples puedan ser
una guia 1util en el desarrollo de este camino.

Finalmente, en el capitulo [7] se procede a generalizar el formalismo i-DFT
para el transporte en el estado estacionario a través de uniones en la nanoescala
en la situaciéon de miltiples electrodos, configuracion particular del previamente
descrito marco ig-DFT. En particular, para la situacion de tres terminales en
el limite de acoplamiento débil a uno de los electrodos (limite ideal STM), se
muestra cémo se puede extraer la funcién espectral del estado de no-equilibrio tanto
a temperatura cero como a termperaturas finitas, extiendiéndose asi el trabajo
anterior |[10§| restringido tanto al equilibrio como a temperatura cero. Para la
situacién especifica de un modelo de Anderson acoplado a tres electrodos, se procede
a construir un funcional de intercambio y correlacion aproximado que describe, al
menos para interacciones no demasiado fuertes, la separacién o division del pico de
Kondo bajo la apliacién de voltajes finitos dando lugar a resultados razonables y
en concordancia cualitativa con otros métodos computacionales de muchos cuerpos
mas demandantes como NRG y QMC de no equilibrio. Aunque para interacciones
mas fuertes nuestra aproximacion no captura la divisiéon del pico de Kondo, no
obstante se procede a identificar la caracteristica faltante que debe incorporarse
en futuros funcionales. Dado que la configuracion multiterminal de i-DFT es
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comparable en esfuerzo computacional a calculos estandar LB + DFT, se puede
producir resultados y estudiar systemas actualmente inaccesibles para los métodos
precisos de muchos cuerpos fuera de equilibrio.
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Introduction

Quantum mechanics is a fundamental theory for the description of the microscopic
properties of matter. The evolution of the quantum state of the system of interest can
in principle be obtained by solving the many-body Schrodinger equation. Although
the procedure is conceptually straightforward, it becomes computationally really
demanding as the number of particles in the problem increases. During the last
decades, Density functional theory (DFT) has become the most popular method for
an ab-initio description of matter, from atoms, to molecules and solids [1-3] due to
its favorable balance of accuracy and numerical efficiency [4-6]. The fundamental
theorems of DFT establish that, for a given (static) external potential, there is
a unique many-body ground state density which can alternatively be completely
determined by solving the one-electron Schrodinger equation of an effective non-
interacting system. The price to paid is in the so-called exchange-correlation (xc)
potential, a functional of the density which has to be approximated.

The foundation theorems of DFT shown that the universal xc functional exists,
making DFT a formally exact theory. In practice, the form of the universal functional
is unknown, but many different approximations have been developed in the last 60
years. This led to a wide variety of successful applications of DFT to many different
problems in physics and chemistry [7-9], particularly for the prediction of the

structure and thermodynamic properties of molecules and solids [10]. Nevertheless,



2 1. Introduction

there are some physical situations where standard approximations fail at properly
describing the ground state density of the system, e.g., for the case of so-called
strongly correlated systems. Several authors have contributed towards a progress in
the description of such systems from a DFT perspective [11-18] although the lack
of DFT functionals with the correct features (in particular for ab-initio calculations)
led to a combination of DFT with other many-body approaches for the correct
description of the strongly correlated physics [19-22]. In this direction, model
Hamiltonians serve as a perfect basic scenario to study these systems, since the
full control of the interaction parameters together with the low computational
effort paves the way to understand the exact properties which the corresponding
DFT xc functionals must have [23-26].

While the original ground state DFT formulation has been extremely successful
for the computation of structural properties, there are many important issues which
extend beyond its reach. Most notably, time-dependent processes and excited-
state properties of electronic systems either are not included at all or are not
easily accessible. This motivated the development of the time dependent version
of DFT, namely TDDFT [2, 27, [28], which gives access to the non-equilibrium
time-dependent density. Moreover, it also gives access to the excitation energies
of a many-electron system [2, 28, 29].

In principle, TDDFT is a proper framework for the study of electronic transport
of a biased system both in the time domain but also in the steady-state. In TDDFT
the steady-state is achieved in the long-time limit of the time evolution of the
system after switching on a DC bias. Within TDDF'T, one can hope to describe
the (longitudinal) part of the electronic (steady) current. However, in practice it
turns out to be difficult to construct (ultra-nonlocal) TDDFT functionals correctly
describing transport [30-33]. For the additional description of heat (or energy)
current, the formalism has been extended recently [34-36], but applications have so
far been restricted to non-interacting systems [37] due to the lack of approximations

to the corresponding xc functionals.



1. Introduction 3

Another widely used framework for steady-state electronic transport combines
DFT with the Landauer-Biittiker approach (LB+DFT) [38-40]. This LB4+DFT
formalism, also known as DFT+NEGF (DFT plus Non-equilibrium Green Func-
tions), treats transport as a scattering problem of non-interacting electrons. The
resulting Landauer formula for the electronic current is physically very intuitive in
that the current is given as energy integral of the transmission function integrated
over the bias window. The LB+DFT framework has become extremely useful in
a qualitative understanding of transport through, e.g., single molecules. However,
one should keep in mind that the non-interacting nature of electrons in LB4DFT
clearly is an approximation. As a consequence, the connection between quantities
of the real system and those calculated within the LB4+DFT framework is typically
nontrivial and strong corrections may appear |41, 42]. Furthermore, LB+DFT
uses ground state (equilibrium) DFT in a non-equilibrium situation (transport)
which is formally not justified. Formally, the long-time limit of TDDFT leads to
exchange-correlation (xc) corrections to the bias [30-33} 43| 44] which are absent
in LB4DFT but are difficult to model.

Recently, an alternative DF'T approach to transport in the steady-state was
proposed [41]. This so-called i-DFT formalism allows to compute the steady-state
density and electronic current (and thus the electrical conductance). Again, just like
in TDDF'T, this is achieved via an xc contribution to the bias. Unlike in TDDFT,
however, xc functionals have been constructed for non-trivial model systems such
as the single impurity Anderson model (SIAM), both in the Kondo as well as in
the Coulomb blockade (CB) regime [45]. Also, in TDDFT the exact xc functional
has memory dependence [3} 46/-50] whereas the i-DFT xc functionals only depends
on the steady-state values of the density and the current.

Thermoelectricity [51] is at the heart of a range of technological applications,
e.g., energy conversion, and is intrinsically related to both charge and heat trans-
port. With progress in the manipulation and fabrication of new materials at the
nanoscale and even at the level of single molecules [52-56]), designing more efficient

thermoelectrics requires reliable modeling techniques at an atomistic level.



4 1. Introduction

This thesis concerns about the correct description of both steady-state electrical
as well as the electronic contribution to heat transport within DFT. In part [I| we
will explore the equilibrium properties of the xc functionals for the description of
multi-orbital systems in the limit of low temperatures, with special attention to
strong correlations. Before introducing the transport setup, in chapter |3| we will
consider the thermodynamical equilibrium situation of impurities in contact with
a particle bath and arbitrary interactions among them. This statistical ensemble
correctly describes the density in the system in a simple form, and will allow us
to reverse engineer the exact properties that the functionals must have. Then, in
chapter 4| we will consider the LB+DFT approach for the description of the electrical
conductance in a double quantum dot. We will propose different functionals able
to accurately reproduce the abrupt transitions in the local occupations of the dots
when the coupling to the electrodes is different in each dot.

The methodological developments for the non-equilibrium transport problem
within DFT will be the focus of part [[I} In chapter [5] we will generalize the i-DFT
framework to the situation when there is a temperature gradient across the junction.
This extension will allow us to describe the correct linear Seebeck coefficient of the
many-body system and accurate functionals for both the CB and Kondo regime for
the SIAM will be parametrized. The main contribution of this thesis is addressed
in chapter [6] where we will introduce a formally exact theory for the description of
electrical and thermal transport (driven by electrons) in the steady-state within a
DFT framework. In the linear response regime, this theory will give us access to all
the transport coefficients, quantities of great interest in thermoelectric materials
due to their technological applications [57-59]. As a first illustrative application of
the framework we will parametrize the required xc contributions for the transport
coefficients in the CB for the SITAM. Finally in chapter [7] we will show how to extract
the non-equilibrium spectral function of a molecular junction at both zero and finite
temperature within i-DFT by considering a three-terminal setup in the limit of

vanishing coupling to one of the electrodes (ideal STM limit). This general result
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will be applied to the STAM and the related xc functionals will be constructed,
allowing us to partially capture the splitting of the Kondo peak under finite bias.
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In this chapter we will introduce the theory on which the fundamental pillars
of this work are built. First, the principles of the equilibrium density functional
theory are presented at zero and finite temperature. Then, the general framework
is applied in the context of steady-state electronic transport, i.e., a non-equilibrium
problem. Two different approaches will be introduced in this context, namely, the

Landauer-Buttiker+DFT and the i-DFT formalism.

2.1 Equilibrium Density Functional Theory

The foundations of the DFT turn back to 1964 when the seminal paper [60]

by Hohenberg and Kohn provided the fundamental theorems showing that the
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Thomas-Fermi model (see [61]) may be regarded as an approximation to an exact

theory for ground states densities.

Hohenberg-Kohn Theorem

The Hohenberg-Kohn theorem proofs that time-independent many-particle systems
(under the application of local, spin-independent external potentials) at 7" = 0K
can be fully characterized by the ground state density.

Let us consider the non-relativistic time-independent Hamiltonian of a system

of N interacting electrons

A

H=T+V+W (2.1)

that can be written in second quantized notation in the form (atomic units are

used throughout)
A 1 N N ~ N
== 33 [@rdi eV, + 3 [ drdlmue)ds(r)
1 A A A A
5 3 [ [ @B )L @l ) o () (x) (2.2)
where ! (r) (,(r)) is the field operator which describes the creation (annihilation)
of one particle with spin ¢ at position r. The usual choice for the two-particle interac-

tion is the Coulomb repulsion w(r,r’) = |r — r/| ", but other interactions are allowed.

The single-particle probability density of the electronic ground state is given

by (x; = (rj,05))

no(r) = Nz/dx2-../deyqfo(r,@xz,...,xN)\Q, (2.3)

where the N-particle wave function Wy(r, o,Xs, ..., Xy) is the lowest energy eigen-
state (ground state) of the static Schrédinger equation HWo(x1,Xs, ..., Xy) =
Eg\Ijo(Xl, X9, ... ,XN).

Since the ground state density of eq. (2.3]) is obtained from the wave function,

which in turn is obtained from the Hamiltonian, we can deduce that the ground
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state density is a functional of the external potential v(r). We define the map A

between the set V of external potentials which differ by more than a constant
V = {v | corresponding V¥, exists and
non-degenerate, v'(r) # v(r + const)}, (2.4)
and the set X of resulting ground states

X ={Uy | ¥y ground state corresponding to vy € ¥V and
Uy = Wy with ¢ being some global phase}. (2.5)

We also define the map B between the set X' and the set N of all ground state

densities obtained from some element of X
N = {ng | no(r) fullfills eq. (2.3) with ¥y € X'}. (2.6)

We can easily see that these maps are surjective by construction. Hohenberg and
Kohn demonstrated by reductio ad absurdum that the maps A and B are also
injective (one to one) and therefore bijective, which implies that the maps can be
fully inverted. This allows to state the following theorem:

Hohenberg-Kohn Theorem: For an N-electron interacting system with given
particle-particle interaction, there exists a one-to-one correspondence between
the external potential v(r) and the ground state density ny(r), i.e., the external
potential is a unique functional of the ground state density, v[ngl(r), up to an
arbitrary additive constant.

The original proof was restricted to non-degenerate ground state densities, but
the generalization to degenerate ground states is straightforward [62].

Two corollaries related to the total energy functional are extracted from the
theorem. First, since the wave function is a functional of the density ¢ = [n],
any ground state observable is a density functional, i.e., O[n] := (1[n]| O [¢[n]).
In particular, the ground state energy can be expressed as the sum of a universal

functional and the external potential contribution

Ey[n] = ([n]| H|[n]) = Fln] + /d?’rv(r)n(r),
Fn] := ([n]| T + W |¥[n]) = T[n] + Wn], (2.7)
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where F'[n| is universal in the sense that it is the same for any N-electron system
with the same electron-electron interaction, independently of what external potential
is acting on it. On the other hand, as a consequence of the Rayleigh-Ritz principle,
for any fixed external potential vg(r), the ground state energy takes its minimum

value for the ground state density ng(r) corresponding to this external potential
Evo [n} > Evo [TLO] (28)

The ground state density can be found from the Euler equation

dF[n]
onlr]’

p=o(r)+ (2.9)

where p is the Lagrange multiplier associated with the constraint [n(r)dr = N

Kohn-Sham Equations

In 1965, Kohn and Sham [63] realized that one can use an effective single-particle
picture of non-interacting particles to transform DFT into a practical scheme to
calculate the ground state properties of systems of interacting particles. If we rewrite
the total energy functional of eq. by adding and subtracting non-interacting

terms (in the following represented by a s subscript)

By n] =T.[n] + / &P n(r)vo(r) + Euln] + Exe[n],
Ex[n] :; [ar] d%/”ﬂr)ff{ )

1 /
Ex[n] =Tln] = T[] + Wn] - 5 / dr / d%'”l(””(ﬂ), (2.10)
r—r
one observes that the density variational principle of the interacting system is equiv-

alent to the variational principle of the non-interacting system with the potential

_ 5 (r')
v [)(r) = vo(x) + [ &'r o () (2.11)
where the xc potential is defined as
o] () = el (2.12)

on(r)
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This implies that the ground state density of any interacting system can be

obtained by solving the one electron Schrodinger equation

Hy(r)¢;(r) = €6;(r), (2.13)

where H,(r) = (—%2 + v, [n](r)), and the ground state density is related to the

single-particle wave functions through

mo(r) = 3165 (r)]” (214)

Egs. (2.11) to (2.14)) are the Kohn-Sham equations. In practice, eq. (2.13)) is

solved through a self-consistent procedure: We first need to provide an approximation
for the xc potential eq. to calculate the single-particle wave functions and
thereafter the density, which in turn is used to update the Kohn-Sham Hamiltonian
f[s(r). This procedure is repeated until the self-consistency between the old and
updated ground state density is reached.

In the last decades, many different approximations for vy.[n] have been developed
[64]. The most popular approximations are the Local-Density Approximation (LDA),
whose energy functional depends solely upon the value of the electronic density at
each point in the space, and the Generalized-Gradient Approximation (GGA) [65]
based functionals, where the non-homogeneity of the true electron density is captured

due to te explicit dependence of the energy functional on the gradient of the density.

Equilibrium Finite Temperature Density Functional Theory

In 1965 D. Mermin presented a seminal paper [66] where he extended the Hohenberg
and Kohn approach to nonzero temperatures. He considered the grand canonical
ensemble (GCE) at fixed temperature 7" and proof that there is a one-to-one
correspondence between the external potential v(r) and the equilibrium density.
Furthermore, he derived the analogous corollaries at finite temperature for the
grand potential 2. To show this, it is used a minimum property of the grand

potential analogous to that of the ground state energy. If

Q[p) = Tr[p (H — uN + Tlog )] (2.15)
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then the grand canonical potential,
1 L
0= 5 In Tr [e‘B(H_“N)] (2.16)

is given by Q[p] where § = 1/T and p is the grand canonical density matrix
(statistical operator)
—B(H-pN)
ﬁ::eéz::Zzé;emEm“Nm”nw<nﬂ (2.17)
with Z = Tr[e#@-1M)] is the GCE partition function. The |m) are the

many-body eigenstates of the system and FE,, the corresponding eigenenergies, i.e.

H|m) = E,, |m). Therefore the density in the GCE reads
n="Tpn] = = > (m|n|m)e PEm—nlm), (2.18)
The functional satisfies [66]
Qp] = Q[po]. (2.19)

To show the one-to-one correspondence between the external potential and the
equilibrium density, Mermin considered two different potentials leading to the same
density with different Hamiltonians, density matrices and grand potentials. The
comparison between eq. for both systems leads to a contradiction which
directly implies that only one v(r) can result in a given n(r). Therefore, since
n(r) uniquely determines v(r) which in turn determines p, the entire equilibrium
density matrix p is a functional of n(r). In particular

Fn(r)] = Tr [ﬁ (T + W+ ; In ﬁ)] (2.20)

can be taken to be a functional of the density alone with a universal form valid

for all v(r). For a given potential v(r), we define the functional

mm:/fm@mm+fwm. (2.21)
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ﬂ’LaTL Ur, Ir

Figure 2.1: Schematic illustration of the quantum transport setup.

When ng(r) is the correct equilibrium density in the potential vy, then £,,[no]
equals the grand potential Q. If n(r) is the equilibrium density associated with
any other potential v(r), then

Qy[n(r)] = Quy[no(r)] (2.22)

This completes the generalization of the basic theorems of Hohenberg and

Kohn to finite temperature.

2.2 Non-Equilibrium Density Functional Theory:
Steady-State Transport

In the present section we will generalize the DFT to study steady-state transport, a
particular situation of the Time-Dependent DFT (TDDFT) [3] after the transient
dynamics disappear in the long time evolution of the system. A general approach
for electronic transport within DFT will be introduced, the Landauer-Biittiker
approach. The success and failures of the theory will be discussed and subsequently
the steady-state DFT framework for electronic transport (i-DFT) will be presented

as a promising alternative to study molecular junctions out of equilibrium.

2.2.1 Landauer-Biittiker+DFT

The description of coherent transport of nano-electronic devices requires a full
quantum mechanical description that accounts for the wave-like nature of electrons.
The development of the theory started already in the 1950s , and was
extended in particular in the 1980s and early 1990s 68].
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We consider the transport setup as depicted in fig. 2.1, where a molecular central
region that characterizes the physical properties of the system is coupled to two
metallic leads (also called electrodes) at chemical potentials p, and temperatures
T, with a = L, R, which serve as sink or reservoirs of electrons, smoothly connected
to the central region in order to avoid back-scattering due to the contacts. Under
the application of a finite DC-bias across the junction V' =V}, — Vi the system is
brought out of equilibrium, leading to a finite steady-state current.

The description of this system from a DFT perspective requires the self-consistent
solution of the Kohn-Sham (KS) equations Given that the system is neither
finite nor periodic, the transport problem is conveniently formulated in terms of
the non-equilibrium Green functions (NEGF), the resulting LB4+DFT formalism
is also known with the acronym DFT+4+NEGF.

We introduce a localized orthonormal and complete single-particle basis |jq)
where 7 denotes an atomic site and ¢ labels the different basis functions localized
at this site [15]. In the Green’s functions language the problem consists of

solving the equation
(w+in)l—H,)G(w) =1 (2.23)

with n — 0%. In eq. (2.23)) H, represents the KS Hamiltonian in the introduced

localized basis

H;, H, 0
H; = |Her Hee Her (2.24)
0 Hgrc Hgr

where H,, is the matrix element connecting the regions o and o’ (o, &’ € {L,C, R}).

The Green’s function can be expressed as

GLL(OJ) GLc(W) GLR(W)
g(w): GCL((,«J) Gcc(w) CCR(CU> . (2.25)
GRL((,L)) GRc(w) GRR<M)

Now solving eq. (2.23) for Ggoe we find

G(w) := Gee(w) = (w+in)le — Hee — 2p(w) — Zr(w)) ™ (2.26)
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where ¥, (w) = X% (w — V,,) is the (retarded) embedding self energy for lead o and
X (w) = Heg (w + i)la — Hoa) ™ Hac (2.27)

the equilibrium contribution. The central block of the steady-state density matrix

p can be obtained through the following equation [69]

p=2Y / V)G (@) o (@) G (w), (2.28)

a=L,R

where the broadening matrix
To(w) =1 (Za(w) - h(w)). (2.29)

From the density matrix we can calculate the electronic density according to

Z Piggra (Jalt) (rli'd)y =2 /—fw— D Aas(rw),  (2.30)

with mq o
Aoslt,) = 3 [Aas(@ oy Galr) (2170 (231)
and o
Aar() = G@)Ta(w)G! (@) (232)

is the partial KS spectral function. The KS spectral function is then defined as
A (w) =3, A s(w). Given that the (non-interacting) Green’s functions depend on
the Hxc potential (through the dependence of the Hamiltonian) and this depends
on the density, eq. defines a self-consistent problem. The number of electrons

in the central region C' can directly be obtained from the density
N = / Pror)=2 3 / V) Tr[ A ()], (2.33)

a=L,R

Once the ground state density is obtained, one can calculate the steady-
state electrical current in the present formalism using the famous Landauer-

Bittiker formula

I, = 2/62&; (flw—=Vr) — flw—"Vg)) Tr[G(w)I‘L(w)GT(w)I‘R(w)}. (2.34)
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The subscript s in Iy emphasizes the fact that the calculated current from eq. ([2.34)
corresponds to the current of the KS system. From the previous definition of the

electrical current we can calculate the KS zero-bias conductance

0l

Gs:avv

= -2 / ;l: F/(@)Tr[G(w)T1 (w)GH (W) Ta(w)]. (2.35)

The LB+DFT approach is widely used in ab-initio calculations to describe
transport through nanoscale systems, considering transport as a scattering process
of non-interacting electrons where the KS potential is used as the scattering potential.
Nevertheless, it presents one inconvenience: although it provides a path to calculate
the exact equilibrium density of the molecular junction (assuming the correct
Hzxc functional is provided), the electrical current obtained (and therefore the
electrical conductance) is only a good approximation to the many-body one when

the interaction effects are small.

2.2.2 Steady-state density functional theory for finite bias
conductances

In 2015 the steady-state density functional theory for finite bias conductances [41]
(i-DFT) was introduced. The main idea behind the theory consists of provide a
formal basis for a DFT based steady-state transport theory.

The foundation of i-DFT is the one-to-one correspondence between the pair of
the external potential in the central region C' and the applied bias through the
junction (v(r),V’) and the related density in the region C' and the electrical current
across the junction (n(r), /) through the following theorem:

Theorem: For any finite temperature and fixed external potentials in the leads,
the map (v(r), V) — (n(r), I) is invertible in a finite bias window around equilibrium,
i.e., we have v(r) = v[n,I](r) and V = VIn,I].

To prove the theorem [41] it is enough to show that the Jacobian of the system
is non-vanishing. We do not explicitly show the proof in the present section, but

some generalizations with their corresponding proofs will be shown in the following
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chaptersﬂ Since the Jacobian of the system is a continuous function around
equilibrium, there exists a finite interval out of equilibrium where the theorem holds.

However, it is important to note that the proof goes through independent of the
form of the interaction, in particular also for no interaction at all. Suppose that
we have the pair (n(r), ) of interacting steady-state “densities” corresponding to
the pair of potentials (v(r),V). If we assume that these “densities” are non-
interacting representable, i.e., that they can be reproduced through the pair
of potentials (vs(r),Vs) of a non-interacting system, then we can define the xc

potentials of the theory

Vlxe|[, I](r) = vg[n, I](r) — v[n, I](r), (2.36)
Vie[n, 1) = Vi[n, 1) — V[n, 1. (2.37)

For given potentials (v(r), V), the KS equations of i-DFT which allow to repro-

duce the interacting densities from effectively non-interacting equations, then read

n(r) :2/(;1;} (f(w - w)Am(r,w) + flw+ V—H/;(M)ARﬁ(r,wO ;

2
(2.38a)

I :2/‘2“7‘; <f(w - W) — fw+ V+V2M)> T(w),  (2.38)

where the KS spectral function has been defined in eq. (2.31)) and the transmission

function T'(w) = Tr [G(w)I‘L(w)GT(w)I‘R(w)}. Eqgs. (2.38) are formally equivalent
to the ones from the LB+DFT approach (egs. and ) with the difference
that the dependence on the bias has been replaced by the KS bias V, =V + V...
Given that both vy, and Vi. depend on the two basic variables, eqs. define

a self-consistent problem of two coupled equations. Notice that in the i-DFT
framework, the steady-state current obtained from eq. (2.38b]) corresponds now to
the correct many-body quantity (assuming that the correct pair of xc functionals is

provided). As a direct consequence, upon linearization of this equation the exact

1 In chapter |5| the theorem will be extended for situations in presence of a thermal gradient. In
chapter [6] the theorem will be generalized to include the description of the heat current in multiple
terminals situations.
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many-body electrical conductance can be expressed from i-DF'T'; the inclusion of
the xc bias leads to the electrical conductance of te interacting system expressed
purely in terms of i-DFT accessible quantities

G,

G —
OVie
1—Gs 5

: (2.39)

I1=0

where G corresponds to the KS conductance defined in eq. (2.35]).

2.3 Lattice Hamiltonians

In this section some particular models will be introduced to highlight the different
results obtained for the transport quantities. In particular, the xc correction
for the bias within i-DFT will allow to describe the many-body physics of the
Coulomb Blockade regime, where the LB4+DFT fails even when providing the
exact vpxe functional.

Our interest will be focus on the study of model Hamiltonians describing
impurities or quantum dots (QD) in a transport setup. In this thesis we will
study lattice models of systems of M impurities. A Hamiltonian of a system with
two-body interactions and on-site energy, attached to A semi-infinite leads in the

steady-state, can be written in second quantization as

H = I:Idot + ﬁleads + ﬁcouplinga (240)
M
Hdot - szwnw +2UnzTnz¢ - ZZ ( ’L+1a +HC>
33Uy [nwnﬂ, +dl,dipdydse| + 3 Ul iy, (2.41)
i<j o 1<j
. N
Hicags = Z Z Z(Eakc + Va)éjyko—éakaa (242)

couphng Z Z Z Z ( akcakgdw + H.c. ) (243)

where d;, (dl)) are the annihilation (creation) operators for orbital i and spin o,
Nix is the number operator and 7; = f;y + f;;. The corresponding operators Cqq
(¢l ) for the lead a are defined in an analogous way. The first three terms in

eq. (2.41) describe the one-electron contributions to the impurities, where v;, is
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the on-site energy (or gate potential) of an electron with spin ¢ in the orbital 4,
U; is the intra-Coulomb repulsion between electrons in the orbital ¢ and ¢ is the
hopping between electrons in adjacent orbitals. The first term in the second line
corresponds to the Hund’s rule coupling contribution, which has been split into
the density-density contribution and the spin-flip contribution. The last term in
the second line is the inter-Coulomb repulsion Uj;. The eq. account for
the single-particle eigenstates as well as the bias V,, contributions of the isolated
leads and eq. holds for the tunneling Hamiltonian between the dot and
the leads with couplings o (w) := 27 X [tak| 0 (w — €qr). We consider featureless
electronic leads described by frequency-independent couplings I'y(w) = 7,, i.e.,
we work in the wide band limit (WBL).

In the following, we will specify three relevant models (extracted from the lattice

Hamiltonian introduced above) which will be studied in the following chapters.

Single Site model

Our first model for a quantum dot consists of a single level with on-site energy v

which can hold up to two electrons [70]. The corresponding Hamiltonian has the form
H5M = v + Uiy (2.44)

Despite its simplicity, this model is useful to highlight certain aspects of strong
electronic correlation.

The exact equilibrium density of the system in the GCE can be derived

from eq. (2.18)

1 YSSM 2 [e_ﬁv + 6_5(2U+U)]
I —BH A —
n(v) = ZTr [e n} = 14 20 1 o @) (2.45)
The exact spectral function for the SSM has the form
Alw) = (1 _ Z) 5w —v) + 28w —v =), (2.46)

Therefore, for the KS system we can combine eq. (2.30)) and eq. (2.46)) (for U = 0)

leading to the simple expression of the ground state density

n(vs) = 2f (vs)- (2.47)
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T/U=0.00625
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T/U=0.125 ——

v/U

Figure 2.2: Total occupation of the SSM as function of the gate potential for different
temperatures and strong correlations U = 8. The solid line corresponds to DFT (eq. (2.47)

and dots to the exact result (eq. (2.45)))

In appendix [A] eq. (2.45)) and eq. (2.47)) are used to analytically invert the exact
xc functional for the SSM.

In fig. [2.2] the total occupation of the SSM is presented as function of the gate
level for different temperatures and strong correlations U = 8. One can appreciate
the presence of a plateau at n = 1 for low temperatures. This feature appears due
to the shifting in energy that the Coulomb interaction produces in the following
available state. The DFT result by construction matches the exact density eq.
when the Hxc functional eq. is used.

Single Impurity Anderson Model

The Single Impurity Anderson Model (SIAM) is the minimal model for the de-
scription of transport through a correlated system [45]. It is obtained by coupling
the SSM with a pair of electrodes (with energy independent tunneling rate 1/7).
The corresponding Hamiltonian takes the form

H3M — yi 4+ Ungiy + > (€ako + V) &g Cako + > (takélkocz" T H'C') (2.48)

a,k,o ak,o

where o = L, R for the left and right electrodes. In the following chapters, except
when stated explicitly, we will consider energy independent couplings (wide Band

Limit) as well as symmetric coupling of the leads, i.e., v, = yr = 7/2.
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Figure 2.3: Left: Total occupation comparison between i-DFT (using the xc functionals
egs. (A.17) and (A.18])), MBM and SSM (using eq. (A.3)). Right: Steady-state current
comparison between i-DFT, LB+DFT and MBM. In both figures V/y = 3 and U/vy = 8.

In order to calculate the ground state density and the steady electrical current
of the STAM, we consider the following many-body model (MBM) for the spectral
function [15, 71] which correctly describes the impurity coupled to the leads in
the CB regime

— (1" il n 7
Alw) = (1 2) (w—v)2+¥+2(w—v—U)2+§. (2:49)

Eq. (2.49) can be viewed as the generalization of the SSM spectral function eq. (2.46))
where the delta peaks are broadened due to the effect of the couplings. The MBM
spectral function eq. (2.49)) together with the interacting equations

n= 2/dw (f(w — Vi) + flw — Vi) A(w) (2.50a)
1= [dw(f(w=Vi) = flw = Vi) Aw) (2.50b)

will produce the reference results in the range of temperatures T7//y > 1. For

the KS system, n and I can be obtained using eqgs. ([2.38a)) and ([2.38b|) together

with the non-interacting spectral function

A (w) = S 2.51
W= T (251)

In the left panel of fig. the total occupation of the STAM is compared with
the SSM. The MBM reference result for the STAM is presented to benchmark the
accuracy of the xc functionals used (egs. (A.17) and (A.18))). While the STAM
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occupation shows two new steps around v = 0, —U as the temperature is decreased,
the SSM density only matches the regime when the temperatures are large compared
to the coupling, where the steps vanish. In the right figure the steady-state electrical
current from i-DFT is compared with the one obtained from LB4+DFT (using the
SSM functional eq. (A.3))) and the MBM. While the i-DFT and MBM show the
two peak structure that characterizes the CB regime (which is a hallmark of strong
correlations), the LB+DFT completely neglects this feature, showing a plateau
centered at the particle-hole symmetric point instead. Only when the effect of the
interaction is small, i.e., when the impurity is almost empty or full, the LB+DFT

agrees with the many-body result.

Constant Interaction Model

The last relevant model of our interest is the Constant Interaction Model (CIM)
consisting of a series of M impurities that can be coupled or not to the electrodes.

The Hamiltonian of the system reads

M M
FCM _ > v+ Uiy + > Uiy,
i 7

1<J
+ ) Carollyloke + Y (takég,wcig + H.c.). (2.52)
a,k,o ak,o

This system can be seen as a generalization of the SIAM for multiple-levels
where the Coulomb repulsion between the electrons is constant. In the disconnected
situation (last two terms of eq. vanish) the resulting model is a generalization
of the SSM. In this case, the many-body problem is solved for a given set of gates
v;. The resulting set of eigenstates and corresponding energies determines the
densities n; in the GCE according to eq. .

For the non-interacting system, the density is simply determined by the gate v; 4

of a non-interacting QD and is thus simply given by the Fermi-Dirac distribution

Since the non-interacting spectral function is As(w) = 0(w — vy).
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Figure 2.4: Densities of the uncontacted CIM as function of the gate potential (v =
v1 = vg) for different temperatures in units of the Coulomb repulsion U = U’. The solid

line corresponds to DFT (eq. (A.22)) and dots to the numerical exact result.

In fig. the density n; = n; = ny of the uncontacted CIM in the case M = 2

is presented as function of the gate level for different temperatures in units of

the Coulomb repulsion. The DFT functional eq. (A.22) derived in appendix
allows to obtain an excellent agreement with the exact result eq. (2.18]) where

the main features are the steps at integer total occupation N = n; 4+ ns due to

the effect of the Coulomb repulsion.
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This chapter is based on the article [72].
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In this chapter the Hxc potentials for the multi-orbital quantum dot subject
to generic density-density interactions and Hund’s rule coupling are derived and
compared with reverse engineering of exact solutions. The study of stability diagrams
also sheds light on the properties of the Hxc potentials.

We start by considering a particular case of Eq. for the non-contacted
multi-orbital quantum dot. The Hamiltonian of the system takes the form

H =" v+ Uitigiis, + > Usj it
i i i<j

= > i [ﬁwﬁjo + (Clgci& C;r'&cjcrﬂ : (3.1)

1<j,0
This kind of Hamiltonian is very common in the fields of strongly correlated electrons

and mesoscopic physics, as it provides a natural description of 3d- or 4f-shells of

27
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transition metal or lanthanide impurities in metallic hosts and of multi-orbital
quantum dots. In these systems density-density interactions and Hund’s rule
coupling are by far the most important interactions. In particular the role of the
latter has become a focus of intense research in the field of strongly correlated

electrons in the last years|73].

3.1 Modelling of the Hxc potentials

Here we work at (typically small) finite temperature 7" and consider the GCE
as the proper statistical ensemble to describe the density matrix of the system
in thermodynamical equilibrium with a heat and particle bath, allowing to in-
terchange particles with the sites through the gate potentials v;. Therefore, the
equilibrium density n; is obtained via eq. , ie., n; = n;(vy,...,vn), which
can (numerically) be inverted to give v; = v;(n1,...,nap). For the KS system, the
density is simply described by the Fermi function eq. which can easily be

inverted as vs; = vs;(n;) = 27 log r% — 1. The properties of the Hxc functionals

Ulxei = Us,i(i) — vi(na, ..., na) can then be studied by exploring the parameter
space v = (v1,...,vx) which allows to establish the density-potential mapping for
the entire space of densities n = (ny,...,nnm) (for n; € [0,2]).

3.1.1 Hxc potentials and link to stability diagrams for the
double quantum dot at low temperatures

We now focus on the two-orbital case, i.e. a double quantum dot (DQD) with
generic density-density interactions (Uy, Us, Ujp). For the time being we only
investigate cases with vanishing Hund’s rule coupling, i.e., J;; = 0. Here [72] we
are interested in the qualitative structure of the Hxc potentials, in particular in
the positions (and heights) of step structures which appear in the low-temperature
limit. In fact, these steps are not only the crucial but also the only features of the
Hxc potential in the limit of low temperatures. In this section we will show how

these step structures can be deduced completely from the stability diagrams.
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A stability diagram highlights the occupations (densities) of the ground states in
the different regions of the plane of external gates v; and vy. The position and shape
of these regions in the v;-v, plane depend on the values of the interaction parameters
but within each region the pair of densities (n1, n2) remains constant at (close to) zero
temperature and the possible values of these local densities are n; € {0, 1,2}. Each
of the nine pairs of densities (n1, 1) (corresponding to a finite region in the stability
diagram) corresponds to a single point which we call a vertex in the n;-ns plane.

It turns out that the positions of the steps which characterize the Hxc potentials
in the ni-ny plane can be obtained from the stability diagram by connecting the
vertices corresponding to density regions which are adjacent in the vy-v, plane. The
heights of these steps can also be extracted from the stability diagram. Below we
will illustrate how this works presenting some representative examples and we will
also explain the physical reasons behind our observations.

We have identified three different regions for the interaction parameters where
qualitative changes both in the stability diagram as well as in the Hxc potentials
occur. These are Regime I (Ujp < Uy, Us), Regime 11 (U < Uy < (Uy + Us)/2)
and Regime III (U; < (Uy 4+ Us)/2 < Ujp) where it is assumed without loss of
generality that U; < Us.

As a first example we choose the Regime I, where the corresponding stability
diagram is shown in panel (d) of fig. 3.1 with U; = 2.5U;5, Uy = 3U;,. Here the
regions corresponding to the different possible ground state densities (given in
parenthesis) are marked by different colors. The RE Hxc potentials for orbitals 1
and 2 are shown in panels (e) and (f) of fig. respectively. In the stability diagram,
the domain corresponding to the occupation (0,0) is directly adjacent only to the
domains with occupations (1,0) and (0,1). If we connect the (0,0) vertex with one
of those vertices in the n;-ny plane we see that the resulting lines run along the
border of the allowed density domain. The complete set of lines along the borders
of the density domain follow from the sequence of vertices (0,0) — (1,0) — (2,0),
(0,0) — (0,1) — (0,2), (2,0) — (2,1) — (2,2), and (0,2) — (1,2) — (2,2).

The other possibilities of connecting vertices corresponding to adjacent regions in
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Figure 3.1: Panels (a)-(c) (constant interaction model, CIM): stability diagram (a)
and Hxc potentials for orbitals 1 and 2 (panels (b) and (c), respectively) of the double
quantum dot for Uy = Uz = Ujz. Panels (d)-(f) (Regime I): stability diagram (d) and Hxc
potentials for orbitals 1 and 2 (panels (e) and (f), respectively) of the double quantum
dot for Uy = 2.5U12, Uy = 3U;2. All energies in units of smallest interaction (Uja).

the v; — vy plane are (i) (1,0) — (0,1), (ii) (1,0) — (1,1), (iii) (1,1) — (1,2),
(iv) (2,0) = (1,1), (v)(1,1) = (0,2), (vi) (2,1) — (1,2), (vii) (0,1) — (1,1) and
(viii) (1,1) — (2,1). These lines are exactly the position of the steps in the Hxc
potentials, see panels (e) and (f) of fig. [3.1] Notice that for some fixed v; the vertices
(1,0) — (1,1) — (2, 1) lead to the step at ny = 1 for vy while for some fixed v,
the vertices (0,1) — (1,1) — (1,2) lead to the step at ne = 1 in vgye2. This is the
main difference with respect to the vgyc; of the CIM, panels (b) and (c) of fig. .
The height of these steps can also be deduced from the stability diagram as
schematically illustrated in fig. : the length of the projection of the degenerate
lines connecting regions in the abscissa (ordinate) gives the height of the step

connecting these vertices in the vpxe1 (Vnxe2). We begin by looking at the regions
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Figure 3.2: Stability diagram of Regime I of the DQD for Uy = 2.5U19, Uy = 3U12. The
length of the projection of the degenerate lines connecting regions are explicitly shown.
These values exactly correspond to the height of the steps connecting these regions in the
Hxc potential. The projections on the abscissa give the steps heights in viy,1 and on the
ordinate give the steps heights in vpxc 2.

with occupations (1,0) and (0, 1). The corresponding states are degenerate along
the line v; = vy and for —U;s < v; < 0 they are the ground states of the double dot.
For the KS system to reproduce this density for external potentials v; = vy in the
same interval, we need the KS potentials on both orbitals to be pinned to the Fermi
energy. Therefore both Hxc potentials need to exhibit a step of height U;, along
the line connecting the vertices (1,0) and (0, 1). The regions (1,0) and (1, 1) are
adjacent along the line v = —Uy for —U; < v1 < —U;2 and thus the KS potential
of the first orbital needs to be pinned to the Fermi energy for this range of v; leading
to a step of height U; — Uj5 along the line connecting the (1,0) and (1, 1) vertices for
Unixe,1 (see fig. . Similarly, vpye 2 needs to exhibit a step of height U, — U5 along
the line connecting the (0,1) and (1, 1) vertices. Next, the regions (2,0) and (1, 1)
are adjacent for —Ujs — U; < v; < —U; (i = 1,2) and therefore both Hxc potentials

have a step of height U2 along the lines connecting the (2,0) and (1, 1) vertices.
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Similarly, there also has to be a step of height Uy, in both Hxc potentials along
the line connecting the (0,2) and (1, 1) vertices. The regions (1,1) and (1,2) are
adjacent for —2U;s < v1 < —U; — Uy leading to a step of height Uy — Uyz in Vpxen
along the line (1,1) — (1,2). Similarly, there is a step of height Us — Ujz in vpxc2
along the (1,1) — (2, 1) line. Finally, the regions (2,1) and (1, 2) are adjacent along
a line of length U,y leading to a step of this height in both Hxc potentials along
the (2,1) — (1,2) line. In this way we now have completely determined the (low
temperature) Hxc potentials of both orbitals just by analyzing the stability diagram.
The overall structure of the vy ; is such that they exhibit steps for integer total
occupation N = n; + no for both Hxc potentials plus an additional step at n;, =1
for vpxei. Note also that for the special case Ujo = 0 only the steps at n; = 1 for
Uixei Survive while those at integer N disappear. This is not surprising since in this
case our model just describes two completely independent single impurities and,
naturally, the corresponding Hxc potential for orbital 7 is completely independent of
the other orbital and given by the Hxc potential of a SSM with interaction strength
U;. This has also been discussed as “intra-system steps” in ref. [74].

A particular relevant situation of the Regime I is the CIM, when all the parameter
interactions are equal U; = U; = Uyy. The stability diagram and corresponding
Hxc potentials are shown in panel (a-c) of Fig. 3.1]

For the Regime II and Regime III the inter-orbital interaction U5 is smaller
than at least one of the intra-orbital ones. In panels (a)-(c) of fig. [3.3| we show the
stability diagram and Hxc potentials for interaction parameters chosen in Regime II.
Compared to Regime I (panels (d)-(f) of fig. [3.1)), in the stability diagram we now
find that there exists a range of potentials for which regions (2,0) and (0,1) are
directly adjacent and, similarly, for the regions (2,1) and (0,2). As expected, these
transitions lead to the new steps in the Hxc potentials. On the other hand, for the
Hxc potential of orbital 1 the step at n; = 1 (present in Regime I) now disappears
while in vg,.2 the step at ny = 1 survives (this step is related to the vertical lines

delimiting the (1, 1) region in the stability diagram). We have annotated the plateau
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Figure 3.3: Panels (a)-(c) (Regime II): stability diagram (a) and Hxc potentials for
orbitals 1 and 2 (panels (b) and (c), respectively) of the double quantum dot for Uy = 4U;
and Uya = 2U;. Panels (d)-(f) (Regime III): stability diagram (d) and Hxc potentials for
orbitals 1 and 2 (panels (e) and (f), respectively) of the double quantum dot for Uy = 2U7,
and Uyp = 2.5U;. All energies in units of the smallest interaction (Uy).

values in both Hxc potentials which can be found by analyzing the stability diagram

using similar arguments to the ones used above for Regime I.

Finally, in panels (d)-(f) of fig. [3.3] we show the stability diagram and Hxc
potentials for interaction parameters chosen in Regime III. Compared to Regime
II, the main qualitative difference is the disappearance of the step at ny = 1 in
the Hxc potential of orbital 2. Again, all the step structures in the Hxc potentials

can fully be deduced by analyzing the stability diagram.
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3.1.2 Decomposition of the interaction into basic building
blocks

In the following we show that the Hxc potentials of (uncontacted) multi-orbital
quantum dots for generic density-density interactions can be built from a few basic
potentials. We start with the Regime I where the corresponding Hxc potential shows
steps at integer values of N = n; + ng, connected to a CIM potential, as well as
steps at n; = 1 for orbital 1 or at ny = 1 for orbital 2 connected to a SSM potential
of the corresponding orbital. We can rationalize this idea by a decomposition of

the Coulomb interaction term as follows. Rewriting the inter-orbital repulsion as
U12 TAL1 ﬁg = TN(N — ].) — Ulg Z’flmﬁw, (32)

we can split the interaction Vi, = >°; U; iy + Uz Nyfg into a CIM part and

two SSM interactions (one for each orbital):
1 A A

where 0U; = U; — Uy is the “excess interaction” for each orbital. This suggests to
write the Hxc potential for level i for Regime I (U < Uy, Us) as the sum of the
CIM Hxc potential for interaction U;o and the SSM potential for dU;:

Unived 1] = vite (U12) [N] + v (8U3) [, (3-4)

where v§™M and vSM are the xc potentials of eq. (A.23)) and eq. (A.3)), respectively.
For the Regime II and Regime III (U5 is larger than at least one of the intra-orbital

interactions U;) this decomposition of the Coulomb interaction leads to negative
interactions 0U; in the SSM parts. Since the step in the Hxc potential of the
SSM at n; = 1 would actually vanish for negative interactions [75], in this regimes
the step structure can not be rationalized by eq. . Indeed the structure of
the RE Hxc potentials (fig. appears to be quite different from that for the
regime Ujp < U;. Essentially, two new features are found in this situation: (i) an

increase of the step height at N = 2 with respect to the CIM potential, and (ii)
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Figure 3.4: Stability diagram (a) and Hxc potential of orbital 2 (b) for the Skew

A

interaction Vggew = %fm (N —1). The structure of the Hxc potential for orbital 1 is
the same as for orbital 2 but the step heights are half those of orbital 2 (0, U/2, U).
Stability diagram (c) and Hxc potential of both orbitals (d) for the inter-orbital interaction
Vinter = Unyia. All energies in units of U in both cases.

peculiar new steps at integer values of n1/2 + ny. The steps at integer ny /2 + ng

are generated by a peculiar interaction of the form
Vikew = —a(N — 1) (3.5)

which we will refer to as Skew interaction from now on. This interaction is realized
by setting U; = 0 and Uy = Uy/2 = U/2. The corresponding stability diagram and
the Hxc potential for orbital 2 is shown in fig. Note that the Hxc potential of
orbital 1 has the same structure but the step heights are lower by a factor of 1/2.
Common to all cases is that there is always a contribution of the CIM potential,
as long as all interactions (Uy, Uy, Ujs) remain finite. From our observations we
make the assumption that this contribution is given by the smallest interaction.
Subtracting the CIM interaction ~ U; from the total interaction thus yields:

V’int — EN(N — 1) = (U12 — Ul) nino + (U2 — Ul) nnggi (36)
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Hence the remaining interaction consists of an inter-orbital interaction ~ (U — Uy)
and a SSM interaction ~ (Uy — U;)/2 for orbital 2. These two terms can be
combined to yield the Skew interaction and a remaining term.

Given that we require the interactions to be positive, for the Regime II we use the

relation Ny, = ﬁg(N — 1) — 2fiy4719) to rewrite the excess of interaction eq. 1) as
(Uy — Up) g (N = 1) + 2(Unye — Usa) figyiig, . (3.7)

Overall this suggests the following decomposition of the Hxc potential in Regime

II (Ul < U;p < Uave)I

Utive (1] =vite (UD)[N] + 0325 (2(Ure — U)) [n)]

+ v (2(Uave — Ur2)) [n2] 852 (3.8)

where 0; 5 is the Kronecker-delta which ensures that the SSM term only contributes
to the Hxc potential of orbital 2. Note that as Ujs—U,y. the SSM term vanishes.

On the other hand Regime III occurs when the inter-orbital interaction exceeds
the average intra-orbital interaction, i.e. Ujs > U, > U;. We use the relation

Nopfly) = % (ﬁQ(N —-1) - ﬁlﬁg) to rewrite the excess of interaction as

Uy—Up . o
% o (N = 1) + (Urg — Uye) A1 s (3.9)

Eq. (3.9) corresponds to a Skew interaction (eq. (3.5)) and a pure inter-orbital
interaction part. As can be seen in fig. [3.4(d), this inter-orbital term

Vinter - Uﬁlﬁg (310)

gives rise to a single step at N = 2 which explains the increase in step height at
N = 2 with respect to the CIM, observed in Fig. (e f). Overall this suggests the

following decomposition of the Hxc potential in Regime IIT (U1 > U,ye > Uy):

vies ] =vi! (U1) [N + v (Uz — Uy) ]

Hxc,i

+ vﬁl}t{(gr(U12 - Uave)[N]- (311)

We can see that for U; = U, the Skew part of the Hxc potential disappears.
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Figure 3.5: Schematic representation of the four basic Hxc potentials for building the

A

generic potentials for all three regimes. (a) Hxc potential for CIM interaction %N (N —1).
(b) Hxc potential for inter-orbital interaction Unins. (c¢,d) Hxc potential for intra-orbital

A

(i.e. SSM) interactions Unyn;,. (e,f) Hxce for the Skew interaction Yo (N — 1).

Hence we have found a decomposition of the Hxc potential for a two-orbital model
with generic (density-density) interactions in all three regimes in terms of four basic
potentials which are shown schematically in fig. We would like to emphasize at
this point that Regime I corresponds to a more natural choice of parameters than
the other two regimes, since the inter-orbital interaction Ujs is generally smaller
than any of the intra-orbital interactions U;. Nevertheless, the other regimes might
be realized by effective models or possibly by screening of the Coulomb interactions.

So far we have neglected the effect of Hund’s rule coupling on the Hxc potentials.
In fig. we show the stability diagram and the corresponding RE Hxc potential
for the case of a CIM type direct interaction part (U; = Uy = Uyg) plus the full
Hund’s coupling contribution (Jg). Both the stability diagram and the RE Hxc
potential shown in fig. resemble the ones for the case with U, < U; without
Hund’s coupling (fig. [3.1[(d-f)). Only the size of the vertex regions changes in the
stability diagram, and correspondingly in the Hxc potentials only the step heights
change. Moreover, by switching off the spin-flip term in the Hamiltonian we find
that it does not have any effect on the densities and consequently on the Hxc

potentials and thus can be neglected. Hence in the following considerations we
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only need to take into account the density-density part of the Hund’s coupling
in (next to last term in eq. (3.1)).

We can rewrite the density-density part of the Hund’s rule coupling term in
terms of a (negative) CIM interaction and (positive) SSM interactions for the

remaining orbitals plus a remaining positive interaction part:

Vo = —Jm anﬂaa = —Juhins + Jg anan26
g

= _TN(N — 1) -+ JHzﬁlTﬁli + JHZﬁlaﬁm?

(3.12)

where in the last term ¢ denotes the opposite spin of . The last term gives rise
to a step at N = 2 of height Jy in the Hxc potential similar to the inter-orbital
interaction term but with step height Jy instead of 2U (fig. [3.4[(d)).

When adding the density-density contribution of the Hund’s rule coupling to
the direct interaction part in Regime I (U12<Uy, Us), we can rewrite the interaction

in terms of a CIM interaction, SSM terms, and the last term of the Hund density-
density interaction (section [3.1.2) as

Ui — Jg o,

+ Ju Y Nighas (3.13)

where 0U; = U; — Ujo. Hence all terms can be modelled by the basic Hxc potentials
shown in Fig.

Vhixei[] = v (Ur2 — Ju)[N] + v (6U; + Jp ) [n]
+oier (Jy /2)[N]. (3.14)

3.1.3 Generalization of Hxc potential to more than two
orbitals

For specific choices of parameters we can generalize the Hxc potential for the DQD

to an arbitrary number of orbitals in a straightforward manner. We concentrate on
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Figure 3.6: Effect of Hund’s rule coupling on (a) Stability diagram and (b) Hxc potential
of orbital 1 for CIM interaction plus Hund’s rule coupling, Vi,: = %N (N —1) + Viuna for
U = 2Jg. Here due to symmetry the Hxc potential for orbital 2 can simply be obtained

by reflection along the n; = ny line. All energies in units of Jy.
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the physically most relevant Regime I (U;, U; > Uy;). If we choose the inter-orbital
interaction to be constant, U;; = U’, which thus has to be smaller than all of
the intra-orbital interactions, U’ < U;, we can rewrite the interaction in a similar
manner as in eq. (3.3)) in terms of a CIM term ~ U’ for all the electrons N = Y, n;
and SSM terms ~ 6U; = U; — U’ for the individual orbitals as

1 .~ -

where 6U; = U; — U’. This suggests to decompose the xc functionals in complete

analogy to the two-orbital case in Regime I as
Vitxe,i[1] = vige (U")[N] + vifee (0U3) [ (3.16)

In the following section we will see that this decomposition of the Hxc potential leads
to excellent results for multi-orbital QDs. For a more general choice of interaction
parameters, the above decomposition is likely to become more complicated. This

will be the focus of future work.

3.2 Results

In the following we will use the Hxc functional for the SSM (eq. (A.3])) as the
basis for constructing approximations for the other three basic Hxc potentials

into which the generic Hxc potential can be decomposed, namely the CIM, the
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Figure 3.7: Comparison of parametrized and exact Hxc potentials as a function of
N = ny + ng for three basic interactions: (a) CIM interaction (U = Us = Uy > 0); (b)
Inter-orbital interaction (Ujz > 0 and U; = Uz = 0); (c) Skew interaction (Us = 2U12 > 0
and U; = 0); All energies in units of the smallest non-zero interaction (Uj2).

Inter-orbital, and the Skew potential (see fig. [3.5). For the CIM potential an
excellent parametrization can be achieved by simply summing the (exact) SSM
potential over the charging states of the dot, and shifting and rescaling it
such that the potential does not become negative or larger than (2M — 1)U. This
parametrization (eq. ([A.23))) is presented in appendix [Al

As can be seen in fig. 3.7(a), the agreement with the exact result is quite
remarkable. In particular, it corrects the high temperature limit in which other
DFT parametrization (eq. (A.22))) is not able to capture the properties of the
functional, see fig. [A.4]

For the inter-orbital potential we find a good parametrization describing the

step at total N = 2 again in terms of the SSM potential, as
vitke' (U, B)[N] = vt (2U, ) [N/2] (3.17)

where we have replaced the actual inverse temperature 5 by an effective reduced
value, f* = 0.730 and the step height is increased by a factor of 2 compared
to the SSM. The agreement with the exact potential is very good as can be
seen in fig. [3.7(b).
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Finally, for the Skew interaction, we parametrize the Hxc potential in a similar
way as the Hxc potential for the CIM, by summing two SSM potentials, one for
each of the steps, and shifting and rescaling so that the potential does not become

negative or larger than the maximum value:

U

v O] = e 2 o) [ ne = J] il ()=} (3.18)
skew J:O,l
where
s = 3 {9 - J] - i (9=} (3.19)
J=0,1

Also here the agreement with the exact potential is very good as can be seen
in figs. [3.7(c+d).

We have thus found parametrizations of the four basic Hxc potentials. It
should be noted, however, that at higher temperatures the exact CIM and Inter-
orbital potentials (which in the zero temperature limit only depend on total V)
acquire also a dependence on the difference d N = n; — ny which has not been
taken into account here.

In the following we study the evolution of the density n of multi-orbital QDs
as a function of the applied gate v, for different parameter sets with the purpose
of check our constructed DFT parametrizations. The gate v, exerts a total shift

of the QD levels ¢; and hence the total gate for orbital i is given by
V; = € + Vy. (3.20)

Consequently, the differences in the gate potentials between different orbitals
remain constant as the gate v, changes, dv;; = v; — v; = €; — ¢;. In the following
U;

we will usually take the particle-hole symmetric (phs) point given by € = —% —

> j2i Uij as the reference system.

3.2.1 Results for the double quantum dot

We now study the DQD, and start by considering the degenerate case in Regime I,
i.e. Uy = Uy > Uy where €; = 5. Fig. 3.8 compares the exact densities with the
ones computed in DFT using the Hxc potential for Regime I, eq. (3.4]). We see that
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Figure 3.8: Density n = (ni,n2) as function of the gate voltage v, for different

temperatures when Uy = Uz = 3U12 > 0 (Regime I). The DFT result (solid line) becomes
on top of the GCE result (dashed line) in the low temperature regime. All energies in
units of the smallest interaction Ujs.

the DFT results correctly describe all the features of the densities as a function of
gate. At low temperatures, the width of the central step (around v, = 0) is given
by U; while the other two step widths correspond to U;s. At higher temperatures
our parametrization leads to moderate discrepancies in the slopes of the central
step that disappear as the temperature approaches zero.

Next we consider the situation where the intra-orbital Coulomb repulsions are
different, U; > U, > Upp. In fig. B.9(a,b), the occupations n; are presented as
a function of the gate v, for two different temperatures. At low temperatures
(fig. [3.9(a)) and large negative gate voltage (v, < —2.5) both orbitals of the DQD
are completely filled (n; ~ 2). As the gate is increased, first the orbital with the
higher interaction (U;) becomes half-filled around v, ~ —2.5, and then around
vy, ~ —1.5 also the orbital with the lower interaction (Usz) becomes half-filled. Upon
further increase of the gate, the sequence is reversed, as first the orbital with the
higher interaction and thus lower gate (v) is emptied around v, ~ 1.5 and finally
the orbital with lower interaction and thus higher gate (v;) is emptied. At higher
temperatures extra steps develop in the evolution of the density versus gate voltage,

as can be seen in fig. [3.9(b). The appearance of new steps can be understood by
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Figure 3.9: Density n = (n1,n2) as a function of the gate voltage v, for U; = 3Ua,
Us = 2.5U12 (Regime I) for (a) low and (b) high temperatures. The inset of panel (b)
shows the path in the n; — ngy plane as the gate is varied for different temperatures. The
grey lines show the steps of the CIM and SSM terms that appear in the Hxc potentials.
All energies in units of the smallest interaction Uss.

the path taken in the n; — no plane as the gate voltage changes, shown in the inset
of fig. 13.9(b) for different temperatures. At low temperatures the path essentially
follows three straight line segments, along the lower border, across the plane and
finally along the upper border, thus avoiding extra steps of the CIM potential at
N =1 and N = 3. As the temperature increases the path becomes smoother, and
passes through the N =1 and N = 3 steps of the CIM potential, leading to the
extra steps in the evolution of the densities at higher temperature. While for low
temperatures the agreement of the DFT results with the exact ones is excellent, at
higher temperatures deviations appear. Although DFT qualitatively captures the
appearance of the extra steps in the evolution of the density versus gate voltage,
their heights are not correctly reproduced in DFT. Presumably this discrepancy
can be attributed to the development of a 0 N-dependence of the CIM potential
at finite temperature, and will be addressed in future work.

Finally, we turn our attention to Regimes II and III, which are both characterized
by the appearance of the peculiar “Skew” term in the Hxc potential. Fig. |3.10{(a)

directly compares the evolution of the density as a function of the gate in both
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Figure 3.10: (a) Comparsion of the evolution of the density n = (nj,n2) with the
gate voltage v, in Regime II (Uy = 2U;2 = 4U;) and Regime III (U = Ujp = 4Uy).
(b) Comparison of density evolution for different two different values of the splitting
dv in Regime II (U1a = 2U7). The inset shows the different paths in the density plane.
B =20/U; everywhere. All energies in units of Uy.

regimes. As we can see the behaviour is actually quite similar for both regimes, and
not so different from Regime I (fig. : As the gate increases, first the orbital with
the higher interaction (here Us) becomes half-filled, and then the orbital with the
lower interaction (U;). Then upon further increase of the gate, the order of emptying
is reversed. Due to the higher inter-orbital interaction in Regime III, the width of
the central plateau is increased for both orbitals. Again, at low temperature the
agreement with the exact results is excellent, but at higher temperatures moderate
quantitative deviations occur (not shown).

In order to investigate the influence of the Skew term in the Hxc potential on the
evolution of the densities, we next concentrate on Regime II and explore different
paths in the n; — ny plane. To this end we fix the energy splitting dv = v; — v
between the orbitals to different values while the total gate changes, i.e. v; = dv+v,
and vy = v,. Fig. [3.10(b) shows the evolution of the density for two different values
of dv and correspondingly different paths in the n; — ny plane (shown in the inset).
For dv = 0 we observe an interesting effect. As the gate increases, the occupation
of orbital 2 decrease in two steps, first to half filled and then further to zero, while

the first orbital remains fully occupied. Then around v, = —1 the occupation of
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Figure 3.11: Local occupations for the triple (a, b) and quadruple (c, d) QD as function
of the gate voltage. In the left panels the QD levels are taken at particle-hole (v; = €; 4+ vy)
and in the right the impurities level is set to zero (v; = vy). f = 20/U" and U; = 5U’,
Uy =4U’', U3 = 3U’, Uy = 2U’. All energies in units of U’.

orbital 1 decreases abruptly to quarter filling, while now the occupation of orbital 2
increases again to quarter filling, n; = ny =~ 0.5. This non-monotonic behavior of
the occupation of orbital 2 is reminiscent of the so-called level occupation switching
(LOS)[76, [77] and will be studied in detail in the following chapter. We find similar

behaviour in Regime IIT (not shown).

3.2.2 Results for more than two orbitals

Finally, we apply the generalization of the Hxc potential (eq. (3.16)) for more than
two orbitals to DFT calculations of multi-orbital QDs. Fig. shows the evolution
of the density n as a function of the applied gate voltage v, for three (a,b) and
four-level (¢,d) QD with all intra-orbital Coulomb repulsions U; different larger than
the constant interdot repulsion U’ = Uj ; for all i # j at low temperature. In panels
(a) and (c) the gate v, is applied w.r.t. the phs point, i.e. € = -2 — 3., Uj;.
In this case the path in the three- or four-dimensional density space avoids the
steps in the CIM Hxc potential away from half-filling (N = M) resulting in only

three plateaus in the density evolution with the gate, in a similar way as in the

DQD (fig. B.9(a)). On the other hand, in panels (b) and (d) (where ¢; = 0 and thus
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dv;; = 0) two (three) extra steps related to the inter-orbital Coulomb repulsions
appear in the triple (quadruple) QD. The agreement between the DFT and the
exact results is remarkable in all cases, showing that the generalization of eq.
of the Hxc potential to more than two orbitals is valid. Finding similar expressions

for a more general choice of parameters will be the focus of future work.
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In this chapter we use DFT to study charge transport properties of a ca-
pacitatively coupled double quantum dot in the Kondo regime. We construct a
pair of Hxc functionals suitable for the description of the system in the situation
of unequal coupling of the two dots to the reservoirs. We observe the Level
Occupation Switching (LOS) effect which takes place when one of the dots is
gradually disconnected from the electrodes but in contact with the other dot
through the Coulomb interaction and benchmark against reference Numerical

Renormalization Group (NRG) results.
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Figure 4.1: Schematic representation of the transport setup for the DQD.

4.1 The Level Occupation Switching effect in the
double quantum dot

We consider a DQD consisting of two interacting impurities which can hold up to
two electrons, each one coupled to two electrodes in the limit of low temperature.
The total Hamiltonian of the system is given as the sum of the dot, the coupling

between the leads and the dots, and the leads Hamiltonians

ﬁ = FIDQD + ﬁcoupling + f:[leads; (41)
where
]:-IDQD = Z UZ'TALZ'U + Z Uz’flnﬁw + Uuﬁlﬁg (42)

describes the capacitatively coupled DQD and -[:Icoupling and I:Ileads are introduced
in eq. for ' = 2. In eq. the index ¢ = 1,2 denotes the impurity
level. We remind the reader that v; and U; are the on-site energy and the intra-
Coulomb repulsion of the level i and U;y the intra-Coulomb repulsion between
the two impurities.

In the following we work in the wide band limit (WBL), i.e., the system is
coupled to featureless electronic leads described by frequency-independent couplings
vi = I'y(w). We also consider that each impurity is symmetrically coupled to
both left and right leads. In fig. the schematic representation of the DQD

setup is shown with U, = U.
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In the KS system, the equilibrium density at temperature 7" in each dot can be

expressed in terms of the non-interacting spectral function as (see eq. (2.30)))

dw
ni=2 [ SF ) Aw) (4.3)

where f(x) = 1/(e®/T +1) is the Fermi function of lead o and we set the equilibrium
chemical potential 4 = 0 without loss of generality. Since we want to describe
the situation in which the impurity is coupled to the reservoirs, we consider the
non-interacting spectral function

Ai(w) = . (4.4)
Lt (w — v,)?

In the limit of zero temperature, the Fermi function becomes a Heaviside step

function f(x) — 6(x) and eq. (4.3) reduces to

-2 1 XC,i
n; = — arctan (20+UHC> +1
™ Vi

(4.5)
where we have used the definition of the KS potential v, ; = v; + Vpxc; of the dot 7.

As stated in section [2.2.2] the correct description of the electrical conductance
from a DFT approach requires the access to the correct (many-body) electrical
current of the system, and therefore we require the inclusion of the xc corrections to
the bias of the system (i-DFT framework). Nevertheless, it has been observed that
in the limit of zero temperature, the KS zero-bias conductance already reproduces
the correct behaviour of the interacting system due to the Friedel sum rule |45, |78,
79]. In this regime the current through the dots is described by the LB formula
eq. (2.34) and then the zero bias electrical conductance in each of the dots is defined
through eq. . The total KS linear conductance in the DQD system can be

expressed as the sum of its individual contributions

S — (4.6)

Eq. (4.6) must be in agreement with the Friedel sum rule [80-82] which states

that at zero temperature the zero-bias conductance of single-channel problems is
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fully determined by the equilibrium density at the impurity. Since exact DFT by
construction gives the exact equilibrium density, it therefore also must yield the
exact zero-bias conductance, including the conductance plateau due to the Kondo

effect. The Friedel sum rule expression for the electrical conductance reads

G = zi:sin <W§i>2. (4.7)

Eqs. and provide two equivalent expressions in the zero temperature
regime for the determination of the electrical conductance.

There is an interesting physical effect in a strongly correlated DQD when the
coupling to one of the dots is gradually reduced: this problem is well understood in
the literature and has been studied in detail using different many-body approaches
[77,183]. When both dots are equally coupled to the leads v, = 7, and v = vy = vy,
the physical system’s symmetries are mathematically described by the SU(4) Lie
group. In the Kondo regime, this setup leads to a plateau of height 2G in the
conductance due to the contribution of the two degenerate levels. The effect of
reducing the coupling of one of the dots to the leads (while keeping the coupling of
the other dot fixed) induces a change in the local occupation of the dots and abrupt
population inversions between them start to emerge. This effect is the so called level
occupation switching (LOS). The transition between the totally symmetric case
n= % = 1 to the completely asymmetric setup n = 1—? = 0 (where the symmetries
of the system are governed by the SU(2) Lie group) will be described using a DF'T
approach by realizing the correct Hxc potential’s properties.

For equal couplings, v; = 72, an Hxc functional with steps at integer occupation
of the DQD has already been shown [79] to lead to a correct description of the
density and the resulting KS conductance correctly describes the SU(4) Kondo
regime. Therefore what remains to be done is to construct (local) Hxc functionals

which also can describe the situation of the DQD with different couplings to the leads.
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4.2 Modelling of the Hxc potentials with asym-
metric couplings

We aim to construct approximations for the Hxc functionals which capture the
effect produced through the variation of the coupling between each of the impurities
with the leads in the fourfold-degenerate case U; = U = U. For the sake of
simplicity we also consider v = v; = vs.

In the previous chapter we discussed that for an isolated DQD in a thermal
bath, the Hxc functional can be described as the sum of steps or "basic building
blocks", each of which corresponds to an xc correction to the simplest model with
different density or parametric dependence. For the coupled case we follow the
same argument based on the observation that the temperature and the coupling
lead to similar smeared out of step features. The accuracy in the description of
the densities of the DQD in the DFT approach then relies on the parametrization
and on the way of adding the steps when constructing the Hxc potential for the
CIM system, i.e., the Hxc functionals for the two dots are given by a combination
of different steps in the n; — ny plane, as detailed in section [3.1.1]

We first propose the following simple structure for the Hxc potentials of the DQD

Ve V] (1) = Viie IN](9) + viie [N = 1(7) + v [N = 2](3). (4.8)

consisting in the addition of three steps, each one centered at different total integer
occupation N. In eq. we have made explicit that the Hxc correction for
dot 7 does only depend on the coupling ~;.

For the vpiAM potential we consider the accurate parametrization at T = 0
obtained using Bethe ansatz techniques in ref. [84], see eq. .

The combination of eq. and eq. constitutes the self-consistent KS
equations that we solve using a numerical root solver method, e.g., the bisection
algorithm. It is worth to notice that as the population inversions become more
abrupt in the densities, the numerical evaluation of the problem becomes unstable.

In fig. (left) we show the total KS conductance (in units of the quantum

of conductance Gy) for strong correlations U/v; = 10 and different values of the
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Figure 4.2: Left: Total electrical conductance for different coupling ratios n = 22. Right:

'

Local contributions to the electrical conductance when 1 = 0.3. In both plots the DFT
result is obtained making use of the Hxc potentials of eq. (4.8]), U/v1 = 10 and the
conductances are measured in units of que quantum of conductance Gy.

coupling ratio n = % As the coupling of the second dot is decreased, a three
peak structure in the total conductance centered at the particle hole symmetric
point starts to emerge due to the LOS effect that takes place in the densities.
Although the results are in general in agreement with the NRG analysis from
ref. [77], the local contributions to the KS conductance (fig. (right)) fail to
capture the correct physics. In fact, the KS conductance G, s = G qualitatively
follows the G5 of NRG (and Gy, follows G of NRG), finding good agreement only
around the particle-hole symmetric point. This observation suggests us to swap
the dependence on the couplings to the leads, i.e., we define the Hxc potentials

for the DQD with asymmetric couplings to the leads as

Vixed[N] = vigea N1 (7). (@ # ), (4.9)

i.e., we propose a functional parametrization in which the coupling dependence is
only due to the other dot. This simple modification leads to very different results
of the densities and therefore of the electrical conductances. In fig. [4.3] the total
electrical conductance from eq. with the functionals provided by eq.
with the CIM contribution of eq. shows an excellent agreement with the NRG
results for different values of the coupling ratio 7 and strong correlations U/~; = 10.
Moreover, compared to NRG, the accuracy of our DFT results at low coupling

ratio 7 is improved with respect to the previous parametric coupling dependence
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Figure 4.3: Total electrical conductance comparison between DFT with the Hxc
po/tentials of eq. 1} (solid line) and NRG (dashed line) for different values of n = % and
U Y1 = 10.

(eq. (4.8)). The main improvement of the functionals of eq. is observed in
fig. [4.4] (left) where the DFT results capture the sudden transitions between 0 and
1 governed by the LOS effect in the densities (fig. |4.4] (right)). Nevertheless, one
observe that the DFT transitions occur at multiple values of v = —% while the
NRG ones are slightly shifted with respect to these values. The reason behind
this deviation is in the structure of the considered functionals: The proposed CIM
functional is by construction pinned at integer values of the total occupation and
therefore vy 1[N]| = vpze2[N] for N € Z. The LOS effect takes place exactly
at the gate in which the populations are inverted, and therefore n; = ny. From
the KS equations of the density eq. we observe that the gate at which this
conditions are fulfilled corresponds to v = —Upke.

For the completely asymmetric situation n — 0, the functional structure of
eq. do not capture the observations from NRG [77], requiring the addition of
a step centered at n; = 1 with the corresponding coupling to the leads ~; and the
subtraction of a step equally centered but with the coupling corresponding to

the other impurity -,

Vited [IN] = vigees [N () + viie " [d) () — vie  [13] (%) (4.10)
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Figure 4.4: Left: Local contributions to the electrical conductance and Right: Local
occupations as function of the gate voltage. In both plots the DFT result is obtained
making use of the Hxc potentials of eq. (4.9), and U/~ = 10.

In fig. we present the results for the DQD in the asymmetric limit n =
0 and strong correlations U/v; = 10 considering two different Hxc functional
parametrizations: DFT 1 represents the results obtained through eqs. and
while DFT2 the corresponding ones using eqs. (4.10)) and (A.23)) with the v5AM

without any interpolation (see text below eq. ) In the left panel the NRG
densities show six switching events in the occupancies around v = —%, —U,2U, —%
and two around v = —%. The DFT 1 results for the density (and therefore for
the electrical conductance) predict the LOS exactly at this multiple values of —%
due to the aforementioned pinning of the functional at N € Z. In this asymmetric
limit » — 0 when v = v; = v, the local occupations vary from almost empty to full
occupied, where the Hxc functional is not accurate. In contrast, the DFT 2 results
obtained by rescaling the addition of steps correctly capture almost all the features
of the NRG results. The main discrepancy in both DFT approaches corresponds
to the width of the central plateau in the densities and the conductance.

While the structure of egs. and is based on the addition of step
features centered at integer values of the total occupation NV, a deeper understanding
on the parametric dependence of vpyc; on the effective coupling in each step remains

an open question and the focus of future works.
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Figure 4.5: Local occupations (left) and electrical conductance (right) comparison
between DFT (solid line) and NRG (dashed line) in the asymmetric limit n = g—f -0
with U/~; = 10. The DFT1 results is obtained through egs. (4.9) and (4.10) while DFT2

with egs. 1) and 1) with the U%IXACM without any interpolation.
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This chapter is based on the article .

Steady-state Density Functional Theory
Formalism for Electronic Transport with
Finite Thermal Gradients
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In this chapter we generalize the i-DFT framework to situations with finite
temperature gradients . The extension of the formalism through the restatement
of the theorem for different temperatures in the leads opens the path to construct
xc functionals with explicit dependence on the thermal gradient. Taking advantage
of this idea, we derive a formally exact expression for the Seebeck coefficient valid
for any molecular system in terms of purely i-DFT accessible quantities, in an
analogous way to the electrical conductance . We apply the general equations

of the transport coefficients to the STAM in both the CB and the Kondo regime.
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5.1 i-DFT for finite temperature gradients

We consider the typical transport setup where a central region, e.g., a single molecule
or a quantum dot, is coupled to a left (L) and a right (R) electrode. The system is
driven out of equilibrium by applying a DC bias V' across the junction and we are
interested in the resulting steady-state current /. In the recently suggested i-DFT
framework for steady-state transport (section , both left and right leads are
kept at the same temperature 7" which enters the formalism as an external parameter
only. Here we propose an extension of i-DFT to include a temperature difference
between the leads. This thermal gradient creates an electronic current which can be
compensated by a bias in an open circuit setup and thus allows to study the Seebeck
effect. For simplicity, we symmetrically apply both a bias V' as well as a temperature
difference AT between the two leads, i.e., we have V,, = £V/2 and T,, = T £ AT/2
where o = L, HE] Of course, now both T, and Ty (or, equivalently, T"and AT') enter
as parameters into the formalism. If we make the (physically reasonable) assumption
that the density in the central region and the current are continuously differentiable
at AT = 0, the original i-DFT proof [41] of the one-to-one correspondence between
“densities” and “potentials” can directly be applied to our situation and we can
formulate the i-DFT theorem for leads at different temperatures.

Theorem: For any pair of finite temperatures T, in the leads, there exists a
one-to-one correspondence between the pair of “densities” (n, ) and the pair of
“potentials” (v,V) in a finite (and gate dependent) region around zero voltage
V' and zero thermal gradient AT.

The self-consistent coupled KS equations for the density and the current have
the same structure as the original i-DFT eqs. and with the exception
that the temperature difference AT between the two leads enters explicitly both

in the Fermi functions f, and in the functionals for vy, and V..

INeedless to say, we assume T > AT/2 such that Ty, Tr > 0.
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5.1.1 Reverse engineering of the SIAM xc potentials for
finite thermal gradient

In this section we consider the SIAM (see section as the first model for
the development of approximate i-DFT functionals. In previous works [41] 45],
some accurate parametrizations for the xc functionals in the wide band limit were
designed in the case of equal lead temperatures, T, = Tr. Our aim now resides
in the construction of functionals in the more general case T}, # Tg.

Coulomb blockade regime - Following ideas used in earlier work [41], we first
alm to construct approximations for the xc functionals in the Coulomb blockade
regime. The main idea behind the RE process consists of inverting the equations
of the basic variables (n, ) in terms of the basic potentials (v, V) both for the
interacting system and for the non-interacting case. The difference between the
non-interacting and the interacting potentials (as function of the basic variables)
leads to the desired xc functionals.

The density on and the current through the dot in terms of the many-body
spectral function A(w) is [86]

dw |27 2y
n :/g [’y L(w — VL) + 7/}/R R(w — VR) A(w), (51&)
29vr [ dw
r=""1 /g [fo(w — Vi) — frlw — Vi) A(w), (5.1b)

where v = v + g is the total broadening.
In order to invert egs. (5.1) we need a model for the many-body spectral
function A(w). As a starting point we use the exact spectral function of the

SSM which is given by

Aod() = (1 - ;’) 8w —v) + So(w—v—U). (5.2)

Using AT°4(w) as model spectral function for the contacted dot brings about an
approximation since we are not considering the effect of the couplings. Nevertheless,
it leads to exactly the same expressions for density and current as one would
obtain by working out the rate equations which are valid in the CB regime [87].

Inserting eq. (5.2)) into eqs. (5.1]), the reverse-engineering for the Hxc gate and xc
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bias potentials can be done analytically. This follows by forming from eqs. the
linear combinations n + I /vy, and n — I /v and realizing that the inversion of the
resulting equations for the potentials v + V/2 (and v, £ V;/2) can be done exactly
as in refs. [47, 48]. The full inversion of the functionals is done in appendix

obtaining the following Hxc gate and xc bias potentials

Vaxe == [9(n, =1 /R, TR) + g(n, I /v1, T1)] (5.3a)

DO | —

‘/;(C :g(na _]//YR7 TR) - g(”a ]/,YLa TL) ) (53b)

where we have defined

+/p? — zye U/T
gn,x,T) =U + Tlog (p b Y (5.4)

Y

with z=y—2,y=4r+nandp=n—1+ 2z (1 + e_U/T). As mentioned above,
eqs. are equivalent to reverse-engineering the rate equations and therefore
should be valid at high temperatures 7' > 7, i.e., in the parameter regime where
the effect of temperature is much more important than the coupling to the leads.

For the construction of xc potentials which give reasonable approximations
also in the regime of T' ~ 7 we use the observation [15] that both temperature T
and spectral broadening « lead to similar smearing out of step features of the xc
potentials which are present in the low-temperature and /or strongly correlated limit.
Therefore we suggest a parametrization using the same analytic form as in eqgs.
but replacing the left and right temperatures 77,z by effective temperatures 17 /R

_TE 4 (m)*+mTa

(5.5)

This parametrization is chosen in such a way that 7(7T,,v — 0) =T, and 7 is
a fit parameter for which we take the value n = 0.45 in the CB regime.
In order to benchmark our analytical parametrizations, we consider the reference

results from the MBM associated with the many-body spectral function

Amod (i) — (1 _ Z) (@ =) + 2w —v = U). (5.6)
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Figure 5.1: Hxc potential vy, of the symmetrically coupled SIAM (v = g =
~/2) in the Coulomb blockade regime for different temperatures calculated by reverse-
engineering (RE) compared to the parametrization (i-DFT) of eq. including the
effective temperature of eq. (5.5). Panels a) and b) are for U/y = 4, panels ¢) and d)
for U/y = 8, while panels a) and ¢) are for zero current I = 0 and panels b) and d) for
I/y=1/4.

Eq. can be though as a generalization of eq. where the effect of the
broadening v due to the coupling to the leads is taken into account. Let us note
that the RE process has been carried out using eq. instead of eq. since
the latter inversion of the potentials can not be done in an analytical way.

The quality of our parametrization can be appreciated in fig. [5.1] where we
compare the model vy (eq. (5.3a])) including the effective temperature with the
corresponding results of the numerical RE from the MBM spectral function (eq. )
for U/y = 4 (panels a) and b)) and U/vy = 8 (panels ¢) and d)). We see that, at
equilibrium (I = 0, panels a) and c)), our parametrization reproduces the RE Hzc
potential very accurately for all the considered temperatures. Also at finite current
(I/y = 1/4, panels b) and d)), our approach gives a reasonable parametrization
of the reverse-engineered Hxc potential, although there are some differences at
the borders of the domain for the lowest temperature.

As another check on the quality of our parametrization, in fig. we show the

density and the electronic current induced by a temperature difference AT between
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Figure 5.2: Densities (panel a)) and currents (panel b)) as function of the temperature
difference AT = T, — Tg for U/v =5, Tp = 0.1 and V = 0 for different gate voltages
vy = v+ % The i-DFT results using the xc potentials of eq. and the effective
temperature of eq. are compared with those obtained directly from eq. when
using either the model spectral function A{)n"d of eq. or Aiyn‘)d of eq. 1)
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Figure 5.3: Panel a) Densities as function of temperature for different gate voltages.
Panel b) Densities as function of gate voltage for different temperatures. In both panels
i-DFT results are compared with the NRG results of ref. for U/y = 8.

the leads (at zero bias) as function of AT for different gate voltages v, = v + U/2.
The i-DFT results using the effective temperature 7); are compared to those obtained
by the direct evaluation of eqs. with the model spectral functions of eq.
and eq. , respectively. Note that the A7*? result exactly corresponds to the
result that we would obtain with the functionals of eqgs. without including
the effective temperature. Therefore, the excellent agreement with Agwd is due

to the inclusion of the effective temperature eq. (5.5)).
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Kondo regime - So far we have constructed functionals in the temperature regime

of CB T 2 Tk where the Kondo temperature is defined as [8§]

U (g2 —(U/7)?
T = ¢" o (5.7)

In order to extend the range of applicability of our approximation to temperatures
below T, we follow the ideas outlined in ref. [45]. There the central observation
was that at zero temperature the correct behaviour of the zero-bias conductance
is already contained in the KS conductance

G,

Wie
1—-Gs 5

G= , (5.8)

V=0
due to the Friedel sum rule |70, |78, 84]. Therefore, at zero temperature the derivative

O0Vie/OI has to vanish at I = 0. Following ref. [45], we modify our functional as

Vite = [1 = k(n, I, T)] vixe + k(n, I, T)ol) (n), (5.9a)

Vie=[1—=k(n,I,T)] Vie(n, I,T), (5.9b)

where UI(_?)EC is the zero-temperature, equilibrium Hxc potential of eq. which
accurately parametrizes density matrix renormalization group results [84].

We further introduce the prefactor k(n, I, T) with the properties k(n, I = 0,T =
0) =1 and 0k(n,I,T)/0I|—0r—0 = 0, see eq. . The first property ensures
that at zero current and zero temperature vy, reduces to vl(f)zc, the second one
leads to a vanishing correction to the KS zero-bias conductance at zero temperature.
To be specific, we choose k(n,I,T) = a(n,I)z(T), where a(n,I) corresponds to
the product of eqgs. and . This prefactor, although combined with
a different form for the CB functionals vgy. and V., ensures a good description
of the finite bias conductance for relatively low temperatures. We also found it
convenient to introduce another prefactor z(7T) = (1 + (2.57/v)?)"! to ensure a

smooth transition to the CB form of the functional at high temperatures. Finally,

we redefine n = 0.1U /v +0.36 entering in the effective temperature 7™ of eq. (5.5) in
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order to correct the effect of the interactions at low temperatures. This is somewhat
similar to ref. [45] where the smoothening of the step features in the CB part of
the functional had to be modified in the Kondo regime T' < Tk.

As a first test of this functional, we calculate self-consistent densities at equi-
librium. Since no thermal gradient nor bias is applied, we only require the
parametrizations of eq. (5.9a)). In fig.[5.3]a) we plot the densities obtained for different
gate voltages as function of the temperature of the leads T = T}, = Ty for the
strongly correlated case with U/ = 8 and compare with numerical renormalization
group (NRG) results of ref. [88]. Instead, in fig. [5.3|b) we show equilibrium densities
as function of gate voltage for different temperatures. The agreement of our i-DFT

densities with the NRG ones is excellent.

5.2 Transport coefficients
5.2.1 Electrical conductance

As explained in section the i-DFT formalism provides the correct framework
to calculate the many-body linear electrical conductance of any molecular system
by correcting the non-interacting result (which corresponds to the LB result)
according to eq. (5.8).

In the STAM, the non-interacting contribution G can be calculated analytically

as described in appendix [B]

= [ dw g el LU
Go= S L 5.10
w ) T T E T ™G G Tigep)| (610

where ™) is the trigamma function [89).

In fig. [5.4] we show differential conductances for the SIAM at the particle-hole
symmetric point obtained with the parametrizations of eq. and compare them
with those obtained using the functionals of ref. [45] (shown in eq. (A.G)) as well
as with functional renormalization group (fRG) results of ref. [90]. The i-DFT
results with our present functional agree reasonably well with the reference fRG

results although some details like the overall shape of the side peaks seem to be
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Figure 5.4: Differential conductance Gy, at the particle hole symmetric point v = —U/2
for the SIAM for U/y = 3. The i-DFT results obtained with the functional of egs.
are compared to those from ref. [45] and the fRG results of ref. [90]. Gy = 1/7 is the
quantum of conductance.

better captured by the functional of ref. [45]. Finally, the differential conductance
at zero bias has been calculated and compared with both fRG of ref. [90] and
NRG of ref. [91] for different interaction strengths obtaining very good agreements,
as can be appreciated in fig. [5.5 In particular, the strongly correlated regime
shown in fig. |5.5d) is completely captured within i-DFT from the Kondo regime
at low temperatures (where the differential conductance shows a plateau centered
at the particle-hole symmetric point) to the CB regime at higher temperatures
(where te differential conductance’s structure consist of a two peak structure at
v = —U,0). Here we remark one of the main advantages with respect to LB+DFT:
While the Kondo regime physics of the differential conductance is correctly captured
within LB+DFT, in the CB regime LB+DFT completely fails to describe the
two peak structure centered at the particle-hole symmetric point that corresponds
to the blue line of fig. |5.5d) showing a plateau instead (see ref.[15]), even when

the exact functional is used.

5.2.2 Seebeck Coefficient

The Seebeck coefficient is defined as that bias which has to be applied to compensate

a small temperature difference between the leads such that no current flows.
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Figure 5.5: Zero-bias differential conductance of i-DFT obtained with the functional of
eqs. as function of the gate level v for different values of U/~. In panels a) and b)
the results are compared to fRG ones from ref. [90], in panels ¢) and d) NRG results from
ref. [91] are used for comparison. Gy = 1/7 is the quantum of conductance.

Formally it can be written as

av

=0
In general, we can write the infinitesimal variation of the electrical current

as the sum of two contributions, i.e

_dr
- dV

dl
AV + ——

V=0 dAT | v—
AT=0 AT=0

dl AT. (5.12)

Therefore, we can rewrite the Seebeck coefficient as

dr
aaT | V=0,
S = -
dv | V=0
AT=0

(5.13)

In the linear response regime, a general expression for the Seebeck coefficient

within i-DFT can be derived. We start by defining the quantities

Ly=— % /dwf’(w)wAs(w), (5.14a)
dVie
G, =— % / o /(W) S5 A(w). (5.14b)
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The numerator of eq. (5.13) is therefore

’y d‘/;(c w dv;cc
— — 1A =Gy——r + Ls. 1
dAT 3 ] et <dAT - T) W) =Gogap + L (5.15)
Expanding out the total derivative of the xc contribution
d XC XC d XC dI 5‘4(0 d
Vee _ Ve | dV; 3y n(r) (5.16)
dAT  OAT ~ dI dAT on(r) dAT

and taking into account that for the linear response regime (V' = 0 and AT = 0)
the last term vanishes because Vi.[n,I = 0] = 0, one finds

Ve
Al G5+ L,

o dVie
dAT ~— 1 —

Combining egs. (5.8]) and ([5.17) we then arrive at the following simple expression

(5.17)

for the linear Seebeck coefficient:

Ve
OAT |Av=p
AT=0

S=8,— (5.18)

—Ls ijs KS Seebeck coefficient (this terms exactly corresponds to

where S, = —&

the result that one obtains for the linear Seebeck coefficient within the LB+DFT
approach) and the second term of eq. is the xc contribution. Eq. is one of
the central results of the present chapter. It is formally exact and expresses the linear
Seebeck coefficient of a general interacting system solely in terms of i-DFT quantities.

For the STAM the Seebeck coefficient can be calculated beyond the linear response
regime. We start by defining the following quantities

Goo = —% / dw ! (wa) Ay(w), (5.192)

Lio = ———/dwf Wa ) WaAs(w), (5.19b)

and Gy = Gsp + Gy, Ly = Ly £ L. The numerator of eq. (5.13)) can be
calculated directly from eq. (5.1b))

dl . 1 , wr, d‘/;(c 1 WR dv;(c
dAT _/d"" [2fL(°"L)( 7, " aar) ~ RWR gt ga) | Asw)
N
— [ dwlf(wn) = frlwn)] ALlw) 2 (5.20)
1 1o d AV
= JLe+ G n G (5.21)
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We also require the calculation of the auxiliary term

= [ | (=t = )+ gt + G| A
— [ [falon) + Fafom)] ALw) 5= (5.22)
— i <L_ + jZ’;G + 2G+C;UAH;§> (5.23)
Expanding out the total derivatives of the functionals
AT = dr anT T dl 35T T AT (5.25)

egs. (5.21) and (5.23)) become a coupled system that can be solved analytically.
On the other hand the denominator of eq. (5.13]) corresponds to the finite-bias

differential conductance calculated in ref. [45]

d] 1 aUHXC
o D( G, + GsLGsR 5 ) (5.26)
with
8‘/ avch 1 a‘/XC avch
b= *G- on ;G+ on 2% ar Y ar
aUHXC av;(c aUHXC a ‘/xc
— — .2
+7GS’LG5’R< ol  On on (9[) (5.27)

The combination of eq. {D with the solution for m leads to the final

expression of the Seebeck coefficient

GV Vi (LanGar t LorGon) [ + 2]
T dAT ~ OAT G+ 4y GuRGl ke
Durpe (G, — 471G G L%)

_ . . (5.28)
St 4 4y 1G g G, Bt

The linear Seebeck coeflicient eq. (5.18) is directly recovered from eq. (5.28) in the
linear response regime, i.e, when V = AT = 0 and % = 0 since Vic[n, I = 0] = 0.
Eq. (5.18) also arises as a generalization of a recent developed expression of

the linear Seebeck coefficient valid for the STAM and the CB regime [42]. In fact,
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given the structural property of the xc potentials of egs. (5.3 as the sum of two
pieces (each one depending only on the temperature of one of the leads), it can

be easily shown that this structure leads to the xc contribution to the many-body

Seebeck coefficient (eq. (5.18)) of the form

N avch

V=0 oT V=0
AT=0 AT=0

X OAT

gor — I (5.29)

While this result holds for any approximation with the structural property mentioned
above, for the special case of the functionals of eq. it reduces exactly to the
expression obtained in ref. [42]F]

In the STAM, the non-interacting contribution of eq. can be expressed

in an analytical and closed form as (see appendix

Moo)—wdw : ;v
o -l If (w)(w_v)hr% ! I [(3 + i) O (4 + 25 + is2p)] (5.30)
s = T dw R . F s '
T ff’(w)m T ImiO (G + g + i)

The combination of eq. and eq. opens the way to explore the linear
Seebeck coefficient from the CB to the Kondo regime. As first step we analyze the
relative magnitude of the KS Seebeck coefficient (Ss) and the xc correction (Sx.) as a
function of the gate voltage and the correlation strength. In fig. [5.6] we can see that,
as expected, the xc contribution becomes dominant for almost any temperature as
U/~ increases from 1 (fig. [5.6p) to 8 (fig. [5.6d), but also for intermediate values,
U/~ = 3, the two terms have a comparable magnitude for any value of the gate
voltage. Notice that, since both potential and temperature are evaluated in units of
v, S and Sy, are dimensionless. In fig. we compare our results with the NRG
ones of ref. [88] for fixed gate potential as a function of temperature. Again, similar
to fig. the panels report calculated values from weak (a) to strong correlations
(d) in the dot. As expected we find a very good agreement between i-DFT and NRG
for T' 2 Tk . For lower temperatures, i-DFT shows small discrepancies with respect
to the reference result which exhibits a different evolution of the local minimum

of the Seebeck coefficient when increasing the interaction.

ZNotice that by comparing eq. (5.29) and eq. (5.18) one arrives at S = S; — Sx.. This reflects
the standard definition V. =V, — V.
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Figure 5.6: Linear KS Seebeck coefficient S; and xc correction Sy. as function of
temperature for different gate voltages and correlation strengths U/~.
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Figure 5.7: Comparison of the Seebeck coefficient obtained with i-DFT with the NRG
results of ref. [88] as function of temperature for different gate voltages and correlation
strengths U/~.

In fig. [5.8] we show the Seebeck coefficient as function of the gate voltage for
different values of the temperature and again compare with NRG results of ref. [8§].
As already noticed above, for low temperatures there are discrepancies at certain
gate values although with our i-DFT approach we manage to obtain the qualitative
behaviour of the NRG results. For 7'/ 2 1, on the other hand, the i-DFT results

are in excellent agreement with the NRG ones.
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Figure 5.8: Comparison of the Seebeck coefficient obtained with i-DFT with the NRG
results of ref. [88].S is shown as function of the gate voltage for different temperatures
and for strong correlations U/y = 8.

5.2.3 Thermal conductance

To conclude the chapter we derive the electronic contribution to the thermal
conductance as function of terms accessible to iDFT. This coefficient is defined
as Kk = %‘ 10 where () represents the heat current of the system. Since
the i-DFT thegr_em only guarantees the correct description of the density in the
central region and the electrical current though it, the corresponding KS heat
current (and therefore also the thermal conductance) need not coincide with the
corresponding heat current of the interacting system. This situation is completely
analogous to the description of the electrical current (and the electrical conductance)
within the LB+DFT framework.

Nevertheless, by considering the linear response relationship between the currents
(1,Q) and the potentials (V,AT), it is well known [92, 93] that the thermal

conductance can be written in terms of the conductance matrix elements as (see

section for detailed derivation)

1 L3
-0 - f <L22 - [/12> 5 (531)
Q_:O 11

_dQ
NTUAT
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Figure 5.9: Thermal conductance as function of the gate voltage for different
temperatures and strong correlations U/y = 8. The thick line corresponds to the i-
DFT result from eq. (5.34]), the thin line to the KS result and the dots to the MBM (see

eq. (5:23¢))-

where L11 = % V=0 — G, L12 =T %‘ V=0 — —STG and L22 =T %‘ V=0 -
AT=0 AT=0 AT=0
In order to derive the Loy contribution, we make use of the accessible heat current

within the i-DFT formalism, i.e

QP = [ (fulo =)~ falo = ) = DT), 632)

where we explicitly label Q"P¥T to emphasize that this is not always the heat

current of the many body system, even if we use the exact (vpxe, Vic). From

eq. (5.32)) we can proceed to calculate

in—DFT w2 dv
Loy — ¢ _ _/ / w xc -
22 dAT | veo dw f'(w)( T +wdAT)T(w)
AT=0
1 AV
= fLZQ,s + LlQ’SidAT’ (5.33)

Making use of eq. ((5.24) and rewriting the xc derivatives that appear in terms
of both the interacting and non-interacting electrical conductance and Seebeck

coefficient, the thermal conductance in the i-DFT framework can be written as

2
KPP — e 4 @ (S (SS — E;s) + S?) — G582, (5.34)

From eq. ([5.34)) one can appreciate how the KS thermal conductance k; is recovered

in the non-interacting situation. In fig. [5.9] we compare the thermal conductance
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from the MBM with the KS and the i-DFT. Although the i-DFT result captures
some new contributions, the results are still far away from the correct behaviour.
In fact, one can appreciate that at the particle-hole symmetric point ' P¥T = x,
(since S(v, = 0) = 0), while the correct MBM thermal conductance shows the

evolution of a peak as the temperature is increased.
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This chapter is based on the article [94].
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In this chapter we will develop a new DFT formalism for the description of
both charge and electronic transport. This framework, which we call iqg-DFT [94],
emerges as an extension of the previously described i-DFT. We emphasize that
in this formalism we only include heat transport due to the electrons but don’t
deal with heat transport due to other degrees of freedom (e.g. phonons). First we
introduce the formalism for the multi-terminal situation through the corresponding
theorem. Then we establish the linear response regime of the formalism for the two
terminal case and we derive general expressions for the transport coefficients. Finally,

we apply the theory to the STAM, where the xc contributions are analytically RE in

77
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Figure 6.1: Schematic illustration of the multi-terminal quantum transport setup.
the CB regime and the transport coefficients are benchmarked against the MBM.

6.1 Formalism

We consider a general setup for electronic transport which consists of a central
molecular junction (C) coupled to N electrodes, see fig. [6.1] The electrodes
are in (local) thermal equilibrium with temperatures 7, and chemical potentials
fo = p+ Vi, with a = 1,..., N. The central region C' is subject to an electrostatic
potential v(r) generated by, e.g., the nuclei in the molecular junction and/or an
external gate potential which vanishes deep inside the electrodes. The system can be
driven out of equilibrium by a finite thermal gradient AT, and/or an external DC
bias V, to each of the leads. We assume that these perturbations in the long-time
limit lead to steady-state electrical currents (1) as well as energy and heat currents
(W, and @, respectively). Here the currents I,, W,, Q. are the electrical, energy
and heat currents flowing from lead « to the central region C.

We aim to construct a formally exact density functional framework, which we
call ig-DFT, to describe such a steady-state and reproduce the currents of the
interacting system through the corresponding, effectively non-interacting KS system.
To this end, we extend the i-DFT, which in principle captures the steady-state
density n(r) in the central region C, as well as the steady currents I,, [95]. In the two

terminal setup, by construction, in the linear-response regime, i-DFT gives access to
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the (many-body) electrical conductance and can also describe the Seebeck coefficient
(see eq. (5.18))). On the other hand, the energy or heat currents are not guaranteed to

be reproduced in i-DFT and therefore also the thermal conductance is not captured.

In our new ig-DFT framework for the description of both electrical and thermal
transport, we establish a one-to-one map between “densities”
(n(r), I, ..., In_1,Q1, ..., Qn—1) and “potentials” (v(r), Vi,..., Va_1,¥1,..., Upn_1),
where ¥, = AT, /T is the normalized thermal gradient and 7' =3, (7,)/N is the
background temperature. In (two-terminal) linear response, iq-DFT gives access
not only to the electrical conductance and the Seebeck coefficient but also to the

electronic contribution to the thermal conductance, see Section [6.2]

In the following, we adopt the sign convention that currents flowing into
the central region are positive. Due to charge and energy conservation, the
steady-state electrical/energy currents flowing in is equal to the steady-state
electrical/energy currents flowing out, i.e., > I, =0, > W, = 0 (energy current)
and > Q, = —X I,V, (heat current).

The foundation of the multi-terminal iq-DFT rests on the following theorem
which establishes the one-to-one correspondence between the basic variables of the
theory (n(r), I1, ..., Ixy_1,Q1, ..., Q1) and the related driving forces or potentials
(v(r),Vi,..., Va1, V¥q,...,Upn_1) in a (gate dependent) finite region around V,, = 0
and ¥, = 0 for all a.

Theorem: For any finite temperature T and fixed electrostatic potential in
the leads, there exists a one-to-one correspondence between the set of “densities”
(n(r), I, ..., Ixy_1,Q1,...,Qn—_1) and the set of “potentials”

(v(r),Vi,..., Va1, Uyq,...,Un_1) in a (gate dependent) finite region around V,, = 0
and ¥V, = 0 forall « = 1,.... N — 1.

Proof: The existence of the invertible map can be proven by showing that
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the determinant of the Jacobian

on(r) on(r) on(r) on(r) on(r)
su(r') T . . 2 L L 7Y
g 81 b} 51y s8Iy
su(r’) Vi T 8Vn_i 00y T W
_ 0nv—1 Sy 0n—1  In-—a dIn—1
J = det 5u(r’) L 1 T D 1 Y ) (6.1)
Q1 Q1 01 Q1 Q1
su(r’) SV T 3V ST Tt dWa_,
QN-1  QN-1 QN-1 QN-1 QN1
Su(r’) Vi Tt SVt SUT T U {Vs}=0

{ws}=0
is non-vanishing.
Since a change in the gate voltage can not produce a persistent current in

the linear regime we have

0l, 0Q
=0, ¢ =0; (6.2)
dv(r) [{Vs}=0 6v(r) [{Vs}=0
{Ws}=0 {Ws}=0
and from Onsager’s reciprocal relation [93] also %”—‘Ez) . = %’éz) . = 0 for a =
1,...,N = 1. Therefore we can write eq. (6.1) as
J = det(x(r,r"))det(L) (6.3)
where y(r,r’) = g:(—f,)) (Va}=0 is the static equilibrium density response function

{Ws}=0
and L provides the linear response relationship between the current vector IT =

(I, ..., Inv—1,Q1, - - ., Qnr—1) and the potential vector ®T = (V3,..., Vi1, Uy, ..., Up )

ol [ (5 (5
I Vi T 8V 86U T §Un Vi
' O0ln—1 OInr—1 OInr—1 81 :
I— Iy . R TR s 7v Vv | L
- Q - 01 0Q1 0Q1 0Q1 \/j - :
! % T Vv oWy R SV 1
Qn-1 Qn-1 0Quor Qo1 Qe Upy
(5V1 6‘/_/\/',1 (5‘111 5\I/N,1 P=0

(6.4)

It has already been shown [41] that, for any finite temperature 7', we have
det(x(r,r’")) < 0. Therefore, in order to complete the proof of the theorem, it
remains to be show that det(L) # 0.
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In the steady-state the time-derivative of the entropy S equals the variation of
the entropy current S = /T along the central molecular region. By construction,
in the linear response regime we have [96-9§]

N-1

. 1 1 1
= — = — T = — T
S T § (IoVa + QuV,) T<I> I T<I> L® (6.5)

a=1
where we used eq. in the last steps. From the second law of the thermodynamics,
we know that & > 0 where the equality sign holds at equilibrium. Therefore
®TLP > 0 for all @ € RV"1\{0} and the L matrix is positive definite. From
eq. we can therefore conclude that J # 0 completing the proof of the
multi-terminal iq-DFT theorem.

In the following sections of the present chapter we will restrict ourselves to the
two-terminal case (an alternative demonstration of the one-to-one correspondence
can be found in ref. [94]) where we adopt the same sign convention for the currents,
ie., I = I, = —Ig (electrical current), W = W, = —Wp (energy current) and
Q = QL = —1IV — Qgr (heat current).

It is worth mentioning that an equivalent formulation in the two terminal
situation stems from considering as third basic variable the energy current W
instead of (). The theory thus leads to a one-to-one correspondence between
(n(r),I,W) and the trio of potentials (v(r),V — pur¥, V). The two formulations

are related through [99)
W = Qu + jiala. (6.6)

6.1.1 Kohn-Sham equations of iqg-DFT

The ig-DF'T theorem holds for any form of the interaction, in particular also for the
non-interacting case. In order to establish the Kohn-Sham (KS) scheme, we make
the usual assumption of non-interacting representability, i.e., that there exists a
unique trio of potentials (vs(r), Vi, ¥y) for a non-interacting system, the Kohn-Sham

system, which exactly reproduces the densities (n(r), I, Q) of the interacting system
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with potentials (v(r), V, V). Following the standard KS procedure, the xc potentials

of the ig-DFT framework are then defined as

Vhxe[M, 1, Q)(r) = vs[n, I, Q] (r) —vin, I, Q](r), (6.7a)
Vieln, 1,Ql = Vin, 1, Q] — V[n, I, Q), (6.7b)
Uon, I,Q] = U,n, I,Q] — ¥ln, I,Q). (6.7¢)

The self-consistent coupled KS equations for the densities read ([ = [°

00 21

in the following)

n(r) =2 > /f(“’ ;SZS’Q)AM(I' W), (6.82)
= / ”S" SaTs(w), (6.8b)
Q= Z / S s w0 — o) T (@), (6.8¢)

where f(z) = [1 + exp(z)]™! is the Fermi function, pso = g+ Via, Tsa =
T(14 s,¥s/2) and sg,/gr = 1. We remind the reader the definitions of the partial
spectral function A, ,(r,w) = {r| G(w)T4(w)GT(w) |r), with G(w) and T, (w) the
KS Green’s function and broadening matrices, respectively, and the KS transmission

function T(w) = Tr {G(w)I‘ ()G (w)T R(w)}. Finally, the energy current follows

directly from egs. and

W=23% /f Y sy oTiw). (6.9)

a=L,R

Eqgs. and have the same structure as the KS equations of the
original i-DFT formulation, except that in the present formalism the thermal
gradient along the central region is not a parameter anymore but a basic potential
which depends on the densities of the system. Therefore, the only possible parametric
temperature dependence in the approximations for the functionals eqs. is

through the average temperature 7.
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6.2 Linear Response

In this section, we develop the linear response formalism for ig-DFT which leads
to expressions for the linear transport coefficients G, S, and k purely in terms
of quantities accessible by the theory.

To linear order, the relationship between the currents (I, Q) resulting from

application of the potentials (V, V) reads

1 1% Ly Lo V
—L = 6.10
<Q> (‘1’> (Lm L22><‘1’> (610
with Lg; = Lqo from Onsager’s relation. The conductance matrix L can be expressed

in terms of the transport coefficients as [92]

G TGS
L= < TGS Tr+ T2GS? ) (6.11)

where G is the electrical conductance, S is the Seebeck coefficient and « is the
thermal(heat) conductance. Equivalently, we can use eq. (6.11)) to express the

transport coefficients in terms of the matrix elements L;; as

ol
G =—"— =T 6.12
av Vo 11, ( a)
U=0
ov 1 L12
= — = ——— .12b
S OAT| 1=0 T Ly’ (6 )
Q=0
9Q 1 L,
_ S I PO A 12
K AT égioo T ( 2= - (6.12¢)

The same current variations as in eq. (6.10])) can be expressed in terms of the KS sys-

I V4 Vie
BETEa) o1y

where we have used the definition of the KS potentials egs. (6.7)) and that I, = I

tem

and Qs = ) by the KS construction. In the linear response regime, the changes

in the xc potentials can be written as

(E‘(‘Z):FXC(f):FXcL(‘\I/I), (6.14)
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with the matrix of xc derivatives F,. defined by

OVie OVie
_ oI 0
Fyo = ( 00 ob )

a1 aQ

(6.15)

and eq. (6.10) has been used. Combining egs. (6.10]), (6.13)), and (6.15)), and using

the fact that V' and W are arbitrary, we arrive at the Dyson equation

L =L, +L,F,.L, (6.16)

or, equivalently,

F..=L'-L'=R,-R. (6.17)

Here, L and L, are the interacting and KS conductance matrices where each
element is evaluated at (V = 0,¥ = 0) and (V; = 0, U, = 0), respectively. Similarly,
R =L! and R, = L' are the interacting and KS resistance matrices where each
element is evaluated at (I = 0,Q = 0). As a consequence of the Onsager’s relations

between the cross terms in the conductance matrices, from eq. (6.17)) it follows

OVie
oQ

0T
Y

. (6.18)
1=0
Q=0

1=0
Q=0
We can express the F,. elements as function of the linear transport coefficients

making use of eqs. (6.11]) and (6.17)) for the interacting and the KS system

OWie 1 s2 1 62
OV Ve S, S
3T |10 =80 1m0 = =~ =’ (6.19b)
o QN m R
OV, 1 1
30 |10 ~Tr. ~ Tr (6.19c¢)
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These equations can be inverted to yield

R

K= : (6.20a)
O e
1-T 96" | 1—o 1%
Q=0
8ch
Sy — kg 20| 1o
S = —~ =0 (6.20b)
1-T 90" | 1_o s
Q=0
G
G = (6.20¢)
Ve TS2 _ TS?
1- (8] T ms)Gs
Q=0

Eqgs. are exact expressions for the interacting (linear) transport coefficients in
any molecular transport setup. They express the many-body transport coefficients in
terms of quantities which are fully accessible within iq-DFT, i.e, the xc derivatives
evaluated at (I = 0,QQ = 0) and the KS transport coefficients. The transport

coefficients in ig-DF'T exhibit increasing complexity: while the thermal conductance

K (eq. (6.20al)) only depends on the KS thermal conductance ks and 8(;1/507 the

Seebeck coefficient depends on its KS contribution S, ks as well as the two xc

Ve
Ye)

KS coefficients (ks, S5, Gs) and the three xc derivatives through S and k.

derivatives and %Lé‘c. Finally, the electrical conductance depends on the three

Using eqs. for the iq-DFT transport coefficients, we now briefly discuss
the relation of ig-DFT to other DFT-based frameworks for the description of steady-
state transport. At first, we consider the simplest approximation which completely
neglects the xc contributions to the transport coefficients, i.e., setting V. ~ 0 and
U, ~ 0. Then all linear transport coefficients reduce to the corresponding KS
coefficients, i.e., we recover the standard LB+DFT approach. At the next level, we
consider the relation to the original i-DFT formalism which is designed to give the

exact electrical steady current. The i-DF'T expression for the electrical conductance

(6.21)
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is exact, just as the corresponding iq-DFT expression (6.20c). Thus, we can

establish the exact relation

a‘/XiC—DFT av;{ig—DFT TSQ TS?

=—=_——| +
ol =0 ol é::% K Ks

(6.22)

for the current derivatives at I = 0 of the xc bias in i-DFT and iq-DFT. In
the original i-DFT framework, the Seebeck coefficient as well as the thermal
conductance are given by their KS counterparts. In ig-DFT, this corresponds
to the approximation of setting ¥,. ~ 0 and approximating the xc bias as
a functional independent of the heat current, i.e., Vic[n,I,Q] ~ Vicn,I]. In
the previous chapter we have extended the original i-DFT formalism to not
only give the many-body electrical conductance but also the many-body Seebeck
coefficient, while for the thermal conductance one still find discrepancies with the
correct many-body quantity. In ig-DFT, this corresponds to the approximation
Uieln, I, Q] =~ Wyc[n, I], independent of @ for general Vi.[n,I,Q]. Then we find
S =5, — lisagéﬂéi% = S, — ngﬂg;% = S, — Sk, as in refs. [42, 85]. This
approximation then also implies a finite correction (over pure i-DFT) for the
5+ TSl = 25,)/k,) Gl

In order to calculate the interacting transport coefficients from eq. , one

electrical conductance G = G,[1 — (ag}‘“

first needs to evaluate the KS coefficients, and consequently, an approximation
for the functional vpy.[n] is required where the dependence of vy, on I and @
can be neglected if we work in the linear response regime. In order to gain some
first insight into the possible approximations for the iq-DFT functionals, in the
following section we will discuss an application of iq-DFT formalism to a particular

model system in the linear response regime.

6.3 Application to the single impurity Anderson
Model

In this section we apply our ig-DFT framework to the STAM. Due to its simplicity

and evident physical interpretation, this model is ideally suited as a first system
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to explore the new formalism and has been used in many previous works [42] 95,
100], both within and outside any DFT setting.

For simplicity, we choose symmetric coupling of the leads, i.e., v, = yg = 7/2.
In the present section we are mostly concerned with application of the theory to
the linear response regime, but for derivation purposes we keep a finite symmetric
thermal gradient and a finite symmetric DC bias between the leads , i.e., T, =

T(1+ sa%) and V, = sa% with s;,p = +1 where we choose 1 = 0.

6.3.1 Reverse engineering from the Many-Body Model

In order to apply our iq-DFT formalism to the STAM, we need approximations
for all the xc potentials of the formalism. Since here we are concerned with the
linear response regime only, we actually need to construct parametrizations for the
derivatives of the xc potentials (at zero currents) appearing in egs. (6.20)).

This can be achieved through a reverse engineering process. First, we express
the interacting density on and currents through the dot in terms of the many-body

spectral function A(w) [86, 88|:

n=3 / f (ﬁ) Aw), (6.232)
0y a0 ) aw |

1= % / of (T(Hsag’))A( ), (6.23b)

Q=1% [sur (M) (@~ 5)AW) (6.23¢)

a=L,R

In order to proceed with the reverse engineering, we consider the MBM spectral
function of eq. which correctly describes the impurity coupled to the leads
in range of temperatures larger than any other energy scale of the system. In
particular, the MBM correctly captures CB physics, but not the Kondo regime.

For the reverse engineering, we also need the densities and currents expressed
through the KS equations. These can be obtained from egs. by replacing
the basic potentials by their non-interacting versions, i.e., v — vs, V — V, and

U — U, and replacing A(w) — As(w) = v/((w — vs)? + 7?/4). The resulting
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integrals can be evaluated analytically (see appendix and the basic variables

of the theory can then be expressed as

n=1-— f( [ (0] + I [v (=F)]), (6.24a)

15 el o2y
1 (nefo ()] - e o ()
N 27?1 . (H‘Pg> v ( - ‘;) I, (6.24c)
where zF/R = 1 4 BZR0EVD) and 1) (2) is the digamma function with general

complex argument z [89]. Also for the MBM, all integrals in eqs. (6.23)) can be
evaluated analytically using the same integrals of the appendix [B] which means
that we can use the results obtained in eq. (6.24). Making use of eq. (5.6) with

eq. (6.23) yields

MBM __ ”(% V, )

" 1+ % (n(v,V,¥) —n(v+U),V,¥) (6.25a)
B _ 7 V0 — ;n(v, V.U) (I(0, V. 0) — I(v + UV, ) (6.25b)
QMM = Q(v,V,¥) — ;n(v, V,U) (Q(v, V,¥) — Qv+ U, V,V)) (6.25¢)

where we have made explicit the dependence of the density and the currents of
eq. (6.24) with the effective potentials that enter as arguments, replacing the
KS potentials (vg, Vi, Uy).

Taking the derivatives of eqs. with respect to the related KS potentials, we

can derive in an exact way the matrix elements L; of the matrix L; (see eq. -
ij (US) == Mij(vs) (626)

where we have used the M;; coefficients derived in egs. and made explicit
the dependence on the KS potential wvy.

Similarly, also for the many-body model we can derive the corresponding matrix
elements of the interacting response matrix L by taking the corresponding derivatives.
These matrix elements then read

Lyy(v) = (1 - Z) Mij(0) + 2 Myj(v + U), (6.27)



6. Steady-state Density Functional Theory Formalism for both Electrical and Heat

Transport 89
_ o Th=2 ‘ ‘ o Uh=1
Q 3 — ° T/’YZS o Uy=4 )
= e Th=10 B o Ui=7 7]
or)% 2r T/YY;ZO Uh=12
9 1L - -1
. : e p—ap pe=ata—si O
o 1° Analytic RE - —1
o — Numeric RE
(}.-0 W
2 At - -1
P B R R P R B ‘
g 10 ~10
% 5 15
0 -~ | olo- 4
05 1 15 2

Figure 6.2: Comparison between analytical and numerical reverse engineered xc
derivatives as function of the density. The left column corresponds to U/y = 8 and
the right one to 7'/ = 12. For the analytic result the relation between the gates and the
density from the SSM has been used, while for the numeric inversion this relation directly
follows eq. ) The xc derivatives are obtained in both approaches using eqs.

and (6.28).
Combining eqgs. (6.12) and eqs. (6.19) we arrive at

el 11 L) 1
I 1520 Lii(vs)  Lu(v)  Liy(vs) det(Ls(vs))
- ey (0:28
a;/;c = :%gc =9 deffiﬁ» - djtlifzz))’ (6.286)
= 50 o]~ RO (0:25)

Eqgs. together with eqs. provide the analytical parametrizations of
the xc derivatives in terms of both v, and v. Instead, the dependence of the xc
derivatives on the density can be obtained by (i) replacing v in the argument
of the many-body coefficients L;; by v(n), the inverse of the density-potential
relationship of eq. (at V =0 and ¥ = 0) and, similarly, (ii) by using vs(n)
as arguments in the KS coefficients Lj; which can be obtained by inverting the
corresponding KS expression n(vy) for the density (at V5 = 0 and Uy = 0). These

inverse functions can easily be obtained numerically and, by construction, the
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Figure 6.3: Equilibrium density of the SIAM as a function of the gate voltage (vy = v—l—%)
from the MBM and iq-DFT. In iq-DFT, the Hxc potential of the single site model has
been used (see main text). Upper panel: density for different temperatures at fixed
U/~ = 8, lower panel: density for different interactions at fixed 7'/~ = 1.

resulting density functionals for the xc derivatives then give exactly the same linear
response transport coefficients (in a DFT framework) as the many-body model.
Nevertheless, here we are interested in finding an analytical parametrization for
the xc derivatives in terms of the density and therefore an approximation for the
density-gate relationship is required. The completion of our analytical approach
requires the insertion of parametrizations of both v(n) and vs(n)) from SSM into
eqs. . We choose the exact SSM potentials egs. and .

The xc derivatives provide a measure of the correction required over the KS
system to accurately describe the linear response properties of the many-body model.
From fig. 6.2| it is evident that the xc corrections become larger with increasing
temperature T or interaction strength U. In the left column of fig. [6.2] the xc
derivatives are calculated at U/ = 8 for different temperatures 7" while in the right
column T is fixed to T'/y = 12 and the xc derivatives are obtained for different
interactions U. Our analytical parametrization is compared with the numerically

exact inversion from the MBM approach.
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Figure 6.4: Transport coefficients and electronic contribution to the figure of merit as
a function of the gate voltage (vy = v+ ¥) for U/y = 8. The iq-DFT results using the
analytic reverse engineered xc derivatives eqs. are compared with those obtained
directly from egs. when using the model spectral function of eq. (|5.6)).

6.3.2 Numerical results

In order to assess the accuracy of our analytically RE approximations for the
derivatives of the iq-DFT xc potentials in comparison to the reference MBM,
we solve the DFT problem in the standard way where we use the vy, of the
SSM (eq. (A.3)). In fig. [6.3] the ig-DFT densities as function of the gate voltage
(vg =0+ %) are compared with the ones obtained from MBM. As expected, this
approximate Hxc potential works better as 7'/~ is increased (for fixed U/v) while
for relatively small T/ = 1 the qualitative behaviour of the density is captured
well for different interactions while quantitative differences persist.

In fig. 6.4 we show the linear transport coefficients for a fixed interaction
strength U/vy = 8 and various temperatures as function of the gate voltage v,
for the MBM, iq-DFT, and the LB4+DFT approach (corresponding to the KS
transport coefficients). The iq-DFT results agree extremely well with the MBM
ones highlighting the good approximation of the gate-density relations (egs. )
in the range 7'/ > 1. On the other hand, the LB4+DFT results are only accurate

in the empty/full orbital regime (|v,|/v > 7) where correlations play essentially no
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Figure 6.5: Transport coefficients and electronic contribution to the figure of merit as a
function of the temperature for U/ = 8. The iq-DFT results using the analytic reverse
engineered xc derivatives egs. are compared with those obtained directly from
eqs. when using the model spectral function of eq. ([5.6)).

role. Notice that, for T//y = 1, in the LB+DFT the Seebeck coefficient flattens
around v,/y = 0, while both iq-DFT and MBM predict a significant deviation
[42, 185]. Note that the electrical and heat conductances are shown in units of the
quantum of conductance Gy, while the Seebeck coefficient is given in atomic units.

In fig. the ig-DF'T transport coefficients as well as the figure of merit of
the system ZT = T'GS?/k are compared with those obtained from MBM for fixed
gate potential as function of temperature for strong correlations U/y = 8. As in
fig. m we observe excellent agreement as 7T'/7 increases. Finally in fig. , we
show the iq-DF'T transport coefficients for different interaction strength U using xc
parametrizations (eq. (6.28)). Again we observe that for the given, fixed temperature
T/~ = 1, the whole range from weak (U/~ = 1) to strong correlations (U/y > 7)
is correctly captured in ig-DFT as compared to the MBM.

As summary of our numerical results, we have shown that our parametrization
for the derivatives of the iq-DFT xc potentials leads to rather accurate reproduc-
tion of the linear response transport coefficients of the MBM. There were two
approximations involved in our iq-DFT approach: (i) we used the approximate Hxc

potential of eq. (A.3) for the self-consistent calculation of the density and (ii) the
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Figure 6.6: Transport coefficients and electronic contribution to the figure of merit as
function of the gate voltage (vy = v + %) for T/v = 1. The ig-DFT results using the
analytic reverse engineered xc derivatives are compared with those obtained directly from
eqs. when using the model spectral function of eq. ([5.6)).

approximate density-potential relations from the SSM eqs. and were
used to construct the xc derivatives as functionals of the equilibrium density. Both
approximations (i) and (ii) originate from the SSM and therefore it is not surprising
that the corresponding iq-DFT calculations show improved agreement with the
MBM as temperature increases. We would also like to emphasize again that the
MBM approximation for the spectral function eq. is by construction derived
for the CB regime (7'/Tx > 1 where Tk is the Kondo temperature of the system).
Therefore our approximation cannot and should not be expected to accurately
describe the linear transport coefficients of the interacting system for temperatures
in the Kondo regime (T < Tk ). Nevertheless, our approximation may very well
serve as a first step towards the construction of improved approximations which
are valid in this regime as well. While such a construction is beyond the scope of
the present study, we have already observed that the low temperature behaviour
of the Seebeck coefficient and the thermal conductance are qualitatively correctly
captured with the analytical approach. Therefore the main corrections appear to
be necessary for the electrical conductance, where ideas of the corresponding i-DFT

shown in the previous chapter are expected to be transferable to iq-DFT as well.
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This chapter is based on the article [95].

Non-Equilibrium Spectral functions with
Multi-Terminal Steady-State Density
Functional Theory

Contents
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In this chapter we generalize i-DFT to the multi-terminal configuration and
then consider the specific situation of a junction connected to three electrodes. We
show how in the “ideal STM setup”, where one of the electrodes is weakly coupled
to the system, one can extract the non-equilibrium many-body spectral function of
the junction at arbitrary temperature and bias between the other two electrodes
within the i-DFT framework [95]. We apply the approach to the STAM for which
we construct an approximate xc functional which partially captures the splitting
of the Kondo peak at finite bias. We also identify the crucial feature of the xc

functional needed to fully describe the splitting of the Kondo peak.

95
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Region C

BT

Right lead

Figure 7.1: Schematic drawing of a three-terminal nanoscale junction. A molecular
region of space C' is coupled to a left (L) and right (R) leads at voltages Vi, = —Vr = V/2
with temperature 7" and to a tip (7) at voltage V; with zero temperature T, = 0.

7.1 Non-Equilibrium Spectral functions from multi-
terminal i-DFT

We consider a nanoscopic region C' containing a quantum dot or molecule and a
number of electrodes o = 1,.., N/, as depicted schematically in fig. [7.1] for V' = 3.
The system is assumed to be in a steady-state characterized by temperatures T,, and
external voltages V, in electrode o and by a gate voltage v(r) in C. As long as region
C' is finite there are no constraints on the shape of its boundaries. Due to gauge
invariance the same steady-state is attained by shifting all voltages by a constant
energy P, ie., V, = V, + P and v(r) — v(r) + P. Let I, be the longitudinal
current flowing out of electrode o and n(r) be the density in the nanoscopic region.
Due to charge conservation (consequence of the aforementioned gauge invariance)
the currents fulfill 3>, I, = 0. This situation resembles the aforementioned multi-
terminal iq-DFT framework (see section with the exception that the aim
in the present chapter is restricted to the correct description of the density in
the central region C' and the electrical currents. Following the same ideas as

in section [6.1] we can write the linear response relationship between the current
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vector I and the potential vector ® as

o ol

L SVi ot Ve Vi
I= : - : : : =L®. (7.1)
SIn— SIn—
I,/\/'fl (‘){\\[/1 Lo 5‘/?[/_711 _— V_/\/‘,l

By construction, the rate of production of entropy in the theory corresponds
to S = %Zg\[;f 1,V, = ®TL®. Since the rate of production of entropy has to
be larger than zero in any out of equilibrium situation, we can conclude that
L is positive definite and therefore there exists a one to one map between the
set of “densities” (n, I, ..., [y_1) and the set of “potentials” (v, Vi,...,Vi_1) in
a finite (and gate dependent) region of voltages V,, around zero voltage around
any common temperature 7'.

Assuming that the interacting density and currents are non-interacting rep-
resentable, the multi-terminal i-DFT map (for non-interacting systems) tells us
that there exists a unique set of Kohn-Sham (KS) potentials (vg, ®s) which in
the non-interacting system reproduce the density n(r) and currents I of the
interacting one. Following the KS procedure, we define the exchange-correlation
(xc) voltages Vi xc[n, I) = Vo s[n, 1] — V,[n, I] and the Hartree-xc (Hxc) gate voltage
Vixe[, I = wvs[n, I] — v[n,I] (which are functionals of the density in C' and the
currents) and then calculate the interacting density and currents by solving self-

consistently the equations (henceforth [ = [ ‘21—3:)

n(0) =25 [ fulw = Vo = Vaseln 1) Ans(,7), (7.2)

]fJZ/m@—%—%ﬂmm—M@—w—%wmmw@wﬁ(M)

where f,(w) = 1/(e*/T=+1) is the Fermi function of lead o at temperature T},. In the
KS equations A, (w, 1) = (r|GR(w)4(w)G2(w)|r) is the partial KS spectral func-
tion written in terms of the retarded/advanced KS Green’s functions GE/A and hy-
bridization G, (w) due to lead «, whereas T, s(w) = Tr {GE(w)Fa(w)GSA(w)Fa/ (w)}

are the KS transmission probabilities.
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Here, we first recall how to calculate out-of-equilibrium spectral functions
from transport measurements |101-107|, and then we proceed to calculate the
corresponding quantity taking advantage of the multi-terminal i-DFT framework.

We consider a three-terminal molecular junction as illustrated in fig. [7.1} Two
electrodes, the left (& = L) and right (v = R) ones, have voltages V, = =V = V/2
(gauge fixing) and we choose the same finite temperature 7, = T = T. The
third electrode plays the role of a tip (aw = 7) and is kept at zero temperature and
voltage V,. The contact between the tip and the nanoscopic region is described
by the energy-independent hybridization I', whose indices run over a suitable one-
electron orbital basis for the considered molecule. The I', matrix, aside from being
constrained to be symmetric and positive semi-definite, will be varied at will.

According to Meir and Wingreen [86] the current I, flowing out of the tip is given
by

I =2 / Tr [f,(w — V)0 A(w) + i0, G< (w)] (7.4)

where A(w) =i [G”(w) — G=(w)] is the non-equilibrium, finite-temperature many-
body spectral function expressed in terms of the lesser/greater Green’s functions
whereas f,(w) = 0(—w) is the zero-temperature Fermi function of the tip. In
eq. the trace is over the indices of the molecular one-electron basis. In the
ideal Scanning Tunneling Microscopy (STM) limit, I'; — 0, the Green’s functions
G= are not affected by a change of the tip voltage and hence [108]

lim 9G=(w)

—ry T‘/T == 0 (75)

We then consider a hybridization of the form

E =2 )0+ el + (1l + I )| (76)

Here |p) and |q) are elements of an arbitrary single-particle basis and ~., 1,, 1,, and

Npq are frequency-independent constants, i.e., we take the tip to be a featureless



7. Non-Equilibrium Spectral functions with Multi- Terminal Steady-State Density
Functional Theory 99

lead in the wide-band limit. The operator ([7.6) is symmetric and positive semi-

definite for all v;,7,,7, > 0 and |n,| < /M7, Taking into account eq. (7.5)
it is straightforward to show that

1oL A(V;)
R T D
where
A®) = 1y App(@) + g Agg (@) + Tpq | Apg () + Agp(w)] (7.8)

is a linear combination of the matrix elements of the spectral function, i.e. A,,(w) =
(p|A(w)|g). Choosing, e.g., n, =1 and 1, = 0 we can obtain all diagonal elements
A,y = A by varying p. Subsequently we can extract the off-diagonal elements
Apg +App = A—A,, — Ay by setting n,g =1, =1, = 1.

From the i-DFT perspective we fix the gauge according to Vi, s = —Vg s = V;/2
and consider the combination I = (I, —Ig)/2 and I as the two independent currents.
Then the triple vpxe = Vaxe[n, I, I], Vixe = Vixeln, I, I] and Vi = Vie[n, I, I] are
functionals of the triple n, I, and I (here Vi.[n, I.,I] = Vi[n, I, 1] — Vn, I, I]).
Considering n, I- and I as interacting functionals of the physical voltages v, V, and
V, eq. implies that dn(r)/0V, — 0 and 0I/0V, — 0 for I'; — 0, therefore
by the chain rule it thus follows that

avch T av;cc o
=) ov, FITHEO ov, 0 (7.9)

Following the same ideas described in ref. [108] for the equilibrium spectral function,
we now take advantage of these relations in order to express the (non-equilibrium)
spectral function A in terms of the (non-equilibrium) KS spectral function Aj.
In the non-interacting KS system the tip current is given by eq. , replacing
A(w) with the KS spectral function Ay = >, Aas, GS(w) by the KS lesser GF
G5 and V; by V. = V; + V. ... Taking into account eq. and the fact that

I'; is energy-independent, we find

(7.10)

1 aIT A8<VT + V?’,XC) (1 + a‘/’r,xc al’r)

1 —_ =
%IQO ¥ OV, T oI, 0V,
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where A, is defined as in eq. (7.8) with A — A,. Combining this result with
eq. (7.7), we arrive at the first main result of this chapter

. _AS(W+V7'XC(W))
A(w) = lim 7
)= I T T T A (1 4 Vi)

s

, (7.11)

which generalizes the corresponding result of ref. [108] to non-equilibrium spectral
functions. Here we have made explicit the dependence of V. . on w = V; through its
dependence on I;. Choosing, e.g., 7, = 1 and 1, = 0, eq. provides a relation
between A,, and A;,,. The off-diagonal combination A,, + Ay, does instead follow
by setting 7,, = 1, = 1, = 1. We also observe that both A, and A are normalized
to the same value, i.e. [A(w) = [ As(w) as it should befl]

7.2 i-DFT potentials for the Anderson model

We apply the i-DFT framework to the three-terminal single-impurity Anderson
model (STAM) with charging energy U. Since the STAM nanoscopic region has only
one electronic degree of freedom, the density n = N coincides with the impurity
occupation NN, and all hybridization matrices are scalar. We then write I'; = ~,
for the tip and consider energy-independent left/right hybridizations vz/z. The
i-DFT self-consistent equations for n, I, and [ read

n=2 / 3 fa(w)ffyaAs(w) (7.12)

a=L,R,T

Ay(w) (7.13)

~—

1= [ [%Q”Rj%ﬁ(w) — 2 ) Mﬁ(w)]fls(w)
(7.14)

where we have defined £, (W) = falw — V4 — Vixe) as the shifted Fermi function and
v = 7L +7r + 7-. The KS spectral function is simply Ay(w) = £, (w — v — Vpxc)
with the Lorentzian £, (w) = v/(w? + 72/4).

1 This follows by integrating over w both sides of eq. (7.11), changing variable w’ = w + V; yc(w)

in the r.h.s. and taking into account the Jacobian % =1/(1- %W%;(MAS (W4 Vrze(w))).
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Here we note that one can also express n, I, and I, in terms of the many-
body spectral function A(w). The resulting equations have the same structure as
eqs. (7.12)-(7.14) with A,(w) replaced by A(w), and the Fermi functions evaluated
at the external biases, i.e., without the xc contributions. Since both KS and many-
body spectral functions are normalized, the range of possible densities and currents
is the same in the interacting and non-interacting case and any set of many-body
“densities” (n, I, 1;) is non-interacting representable.

In order to derive an approximation for the i-DFT potentials we observe
that in the interacting system the current flowing out of lead « reads I, =
2 [ [folw = Vo)1aA(w) + i17.G<(w)]. Taking into account that the impurity oc-

cupation is n = —2i [ G<(w) we get
P22 2g [ e - VAW (7.15)
n+4+— = a(w =V, A(w). :
Yo

Inserting the MBM interacting spectral function of eq. valid in the CB regime
into the r.h.s. of eq. we get the same expression obtained in ref. [41] for
the two-terminal setup. Following the same analysis of the step features of the
numerical RE (H)xc potentials as in appendix (see fig.|A.2)), we can parametrize

our CB functionals in the same manner

N+1,/(27,) — 1

T (7.16)

with v = 1, W(T) = 0.16 x (v/U)(1 +9(T/7)?) and I, = [ — I,/2, I = —I — I, /2
(as follows from charge conservation). From eqs. (7.16)) we can easily extract an
explicit form of the (H)xc potentials vk, VS8 and VC? = 2VFE = —2VF%8

T,XC

in terms of n,I. and [

w U U leLIL/(QVL)—l] U [N+IR/(27R)—1

= — +—at —at
Viixe = 5 T gpatan VW (T7) o en oW (Tr)

1
2 " on o ] (7.172)

U l
—atan
s

vCB:_

Xc

N+]L/(27L)—1]+U ‘ [N‘FIR/(Q’YR)—l
VW (1) o oW (Tr)

7

] (7.17b)
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U N+[L/(2’}/L)—1 U N‘{'[R/(Q’}/R)—l
B =—at —at
raxe o ALAT [ vW(Ty) * or vW(Tg)
— —at 1
—atan l (T (7.17¢)

The (H)xc potentials in eq. are certainly inadequate for temperatures T < Tk
In particular for T'= 0 the Friedel sum rule implies that the zero-bias interacting
and KS conductances Go5 = 01,/0Vs and Gy o5 = 01,/0V, 5 are identical | Since
(repeated indices are summed over)

oI, V.,

Gap = V., OV

oV, Xc
= gs,au <5u6 + 0;7 ng> (7-18)

the zero-temperature xc voltages must fulfill 0V, /01, = 0 at zero currents. We
incorporate this property in vy, and Vi, using the parametrization of eq. ({A.6) for
the two-terminal case, i.e., for 7, = 0, which has been shown to be accurate in a

wide range of temperatures and charging energy. For V. .. we propose

T,XC

Vese(n, I, 1) = [1 = b(n)a (I )a(1)|[VSE(n, I, 1) (7.19)

where in V.8 we now take v = 2 [45] and the functions a, and a are similar to

T,XC

the one used in ref. [108] and read

2 I 2
a.(I.)=1— ~atan |\ | ———— 7.20
=i [ (i) ] i
2 I ?
a(l)=1— —atan | A | =——— 7.21
W=t-z [ (o) ] e
with vrex = M, Vet = % and A\ = 0.16. For b(N) we implement

the same function as in eq. (A.8) but we replace the two-terminal conductance
Guniv = dI/dV at the ph symmetric gate v = —U/2, voltage V' = 0 and symmetric

coupling 7, = g (this is a universal function depending only on the ratio T'/Tk)

2Using the Friedel sum-rule one can show that Gog = Cup(Vr, VL, YR)A(1t) Where the prefactor
Cop depends only on the hybridizations and A(y) is the interacting spectral function at chemical
potential p (which is set to zero in our case). Since A(u) = %sin2 (wN/2) and since in i-DFT
the KS occupation N is the same as the interacting N we conclude that the interacting and KS
conductances are the same.
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1 ' ’ " |--T/Tx=0.0NRG
—T/TK= 0.0 i-DFT
0.8 T/Tx=0.75 NRG

T/Tyc=0.75 i-DFT
~-T/Tx=253NRG
0.6 — T /Tk=253i-DFT

A(w) v/4

Figure 7.2: Equilibrium i-DFT spectral functions A(w) of the SIAM at ph symmetry
for U/~ =5 for various temperatures compared with NRG results [109, |110]. The Kondo
temperature is Tk /v =~ 0.066.

with the three-terminal conductance G, = dI,/dV, at the ph symmetric gate
and voltages V = V. = 0:

T,XC

oI,

1 1 1
N=1
I=I,=0

One can show that G, = WQMV. In eq. (7.22)) G, = dI,;/dV;, is the KS

conductance at the same external potentials, i.e., ph gate and zero voltages.

7.2.1 Results

As a first test we use our three-terminal i-DFT setup to compute the spectral
function of the SIAM in thermal equilibrium for which we can compare with
results from NRG techniques [109} 110], see fig. The i-DFT spectra agree
reasonably well with the NRG ones although the height of the Kondo peak is
slightly overestimated and for T'/Tx 2 2.5 the Coulomb blockade side peaks are a
bit too narrow. In general, the finite temperature i-DFT spectra are of comparable
quality as the zero-temperature ones [108].

We now consider the zero-temperature, non-equilibrium STAM and benchmark

the i-DFT spectra against recent results from the Quantum Monte Carlo (QMC)
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— V/y=0.0i-DFT
-- V/y=0.0QMC

V/y=0.4i-DFT
0.8+ V/iy=0.4 QMC
— V/y=0.8i-DFT
-- V/y=0.8QMC
— V/y=1.2i-DFT
Viy=1.2QMC
V/iy=1.6i-DFT
V/iy=1.6 QMC
V/y=2.0i-DFT
V/iy=2.0 QMC

A(w)y/4

Figure 7.3: Comparison of i-DFT and QMC non-equilibrium spectral functions from
ref. [111] at particle-hole symmetry for U/y = 2.5 and zero temperature. The Kondo
temperature is Tk /v ~ 0.39.

approach [111], see fig. [7.3| i-DFT reproduces all main qualitative features of
the QMC spectra. In particular, our simple functional of eq. for the xc
tip bias is able to capture the finite-bias splitting of the Kondo peak in this
moderately correlated case U/ = 2.5. Nevertheless, in i-DFT the splitting appears
at somewhat higher biases and the distance between the peaks increases with bias
faster than in QMC. We have done calculations for the same set of biases but at a
finite temperature T/Tx = 0.6 and observed no dramatic changes except for the
suppression of the Kondo peak already at zero voltage.

In fig. H (left panel) we compare i-DFT with QMC non-equilibrium spectral
functions [111] for a stronger interaction strength U/y = 4. Clearly our approx-
imation to V, .. is missing a crucial feature since the Kondo splitting is totally
absent in i-DFT. Below we highlight an exact property that V.. must fulfill in

order to capture the finite-bias splitting. The interacting spectral function in

eq. ([7.11)) can also be written as

d w+Vr ze(w) , ,
Afw) = = / dw' Ay (). (7.23)

Therefore, given a many-body (e.g., QMC) spectral function A(w), by integration
of eq. (7.23)) one can reverse-engineer the xc tip bias V; ;. which corresponds to the
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0.6

0.4

A(w)y/4

0.2

— V/y=0.3i-DFT

-- V/y=0.3 QMC

V/y=0.75 i-DFT

‘ V/y=0.75 QMC

-4 -2 0 2
oy

Figure 7.4: Left panel: i-DFT and QMC non-equilibrium spectral functions at particle-
hole symmetry for U/~y = 4 with QMC results from ref. [111]. Upper right panel: xc
tip bias as function of tip current I at N = 1 and fixed current I corresponding to the
two bias values. i-DFT results from our model tip xc bias of eq. , QMC results
from reverse engineering using the QMC spectral function, see text. Lower right panel:
derivatives of V; ;. of upper right panel with respect to I-.

given A. In the upper right panel of fig. [7.4] we extracted V; .. as function of I, (for
fixed values of n and I) corresponding to the QMC spectral functions of the left
panel of the same figure and compare to our i-DFT functional of eq. . Although
some differences are visible our approximate xc tip bias seems to agree rather well
with the reverse engineered one. The missing feature becomes evident if we compare
the derivatives of V. ;. with respect to I, see lower right panel of fig. @ While
the derivative of the reverse engineered V. .. exhibits a double peak in the vicinity
of I /v, = 0, our approximation exhibits only a single maximum at I/, = 0. Of
course, the height as well as the positions of the maxima depend on the current [
between the left and right leads. We have verified that using the reverse engineered
Vi ze In eq. the i-DFT and QMC spectral functions become indistinguishable.
The correct incorporation of the double peak feature into an improved approximation
for V. ;. is beyond the scope of this work. However, the established existence of this
xc bias constitutes a proof-of-concept: i-DFT provides a numerically cheap method

to calculate non-equilibrium spectral functions at zero and finite temperature.
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Conclusions

In this thesis we have revisited and proposed different DFT frameworks which aim
to describe the steady-state electrical and thermal transport driven by electrons
through nanoscale junctions. Focusing on strongly correlated systems, the structure
of the required exchange-correlation functionals in several basic model systems
have been investigated.

Equilibrium properties of the Hxc functionals of multi-orbital quantum dots
are addressed in part [, where we use the well studied single impurity problem as
basis for the description of more complex situations. The Hxc potentials for double
quantum dots in the grand-canonical ensemble subject to generic density-density
interactions and Hund’s rule coupling are studied in chapter [3| by reverse-engineering
exact many-body solutions. At low temperatures, the structure of the Hxc potentials
consists of ubiquitous steps whose exact positions depend on the regime defined
by the interaction parameters. These structures can be understood and derived
from an analysis of the stability diagrams. Alternatively, the decomposition of the
interaction allows to rationalize the step structures of the Hxc potentials into basic
components related to the single orbital problem which itself is parametrized in a
straightforward manner. Furthermore, the decomposition into basic potentials is
generalized to multi-orbital systems for the situation in which the intra-Coulomb

repulsions are larger than the common inter-Coulomb repulsion between the dots.
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DFT calculations employing the thus parametrized Hxc potentials for double,
triple and quadruple quantum dots show excellent agreement with exact numerical
results at low temperatures.

When contacting the quantum dots to electron reservoirs, interesting physical
effects may arise. In chapter [4] we study the structure of the Hxc potentials of the
double quantum dot when the couplings to the reservoirs is different for each dot. At
low temperatures and similar on-site energies, the abrupt emptying of one impurity
and the filling of the other impurity as the gate voltage is continuously varied, an
effect known as level occupation switching. We constructed Hxc potentials which
allow to qualitatively describe this effect. Comparison with accurate NRG results
highlights the accuracy of the KS conductance at low temperatures, which is correctly
described within the LB4+DFT approach and is in agreement with the Friedel sum
rule. However, the correct description of the DQD electrical conductances highly
depends on the details of the Hxc functionals parametrization. A unified functional
structure from the symmetric coupling to the completely asymmetric coupling to
the electrodes is still an open question.

The non-equilibrium transport situation is considered in part [[I. A formally
exact framework in this context is time-dependent DFT. Since in this thesis we are
concerned with the steady-state regime, we consider a recently proposed general
framework for steady-state electrical transport (i-DFT) [41] which has the advantage
over TDDFT that the (H)xc functionals only depend on the molecular region. In
chapter [5, we generalize i-DFT to the situation when there is a temperature gradient
across the junction. As a direct consequence, we derive an exact expression for the
Seebeck coefficient of the interacting system as a sum of the KS Seebeck coefficient
and a correction term related to a derivative of the i-DFT xc bias functional. A
general expression for the electronic contribution to the thermal conductance within
i-DFT is also derived. For the STAM we construct an approximation to the (H)xc
functionals both in the Coulomb blockade as well as in the Kondo regime. In
the Coulomb blockade regime we find that both Hxc gate and xc bias potential

consist of a sum or difference of two pieces, each of which depends only on the
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temperature of one of the leads. We compare the transport coefficients for the
SIAM obtained with our method with those from NRG calculations reported in
the literature. While our parametrization by construction becomes exact at high
temperatures, in the Kondo regime (7' < Tk ) the agreement is reasonable but not
perfect for the electrical conductance and the Seebeck coefficient. However, the i-
DFT thermal conductance does not capture the correct many-body behaviour. This
disagreement is expected since i-DFT is by construction meant for the description
of the density in the molecular region and the electrical current through it, but is
not supposed to also correctly capture the heat (or energy) current through the
molecule. Therefore, in chapter [6] we propose a new density functional framework,
which we call ig-DFT, to describe both electronic and heat (energy) transport in
the steady-state for a (molecular) junction connected to N leads and driven out of
equilibrium by external biases and/or temperature gradients. The foundation of
ig-DF'T rests on the one-to-one correspondence between the set of “densities” and
the set of “potentials” which we prove for a window of finite biases and thermal
gradients around equilibrium. The corresponding KS system requires 2N — 1
xc potentials which need to be approximated in practice. The i-DFT formalism
may be viewed as an approximation to iq-DFT where the xc contributions to
the W- field are neglected completely and the xc contribution to the local (gate)
potential is independent of the heat current. We develop the iq-DFT linear response
formalism for the two-terminal situation which allows to access all linear thermal
transport coefficients, i.e., the electrical conductance, the Seebeck coefficient, as
well as the electronic contribution to the thermal conductance. All these coefficients
can fully and exactly be expressed in terms of quantities accessible with iq-DF'T,
leading to xc corrections for all three transport coefficients. As a first example, we
apply ig-DF'T in the linear response regime to the Anderson model. From reverse
engineering of a many-body model spectral function valid in the Coulomb blockade
regime, we construct fully analytical parametrizations of the derivatives of the
iq-DFT xc potentials which accurately reproduce the transport coefficients of the

many-body model. These parametrizations are expected to serve as a first step
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towards constructing of approximate xc functionals beyond the Coulomb blockade
regime, in analogy to the previous chapter. As any DFT framework, due to the
non-interacting nature of the KS system iq-DFT can be expected to be a highly
efficient numerical scheme for the ab-initio calculation of current and heat transport
through nanoscale systems as accurate approximations for the xc functionals become
available. While the construction of such functionals which can be used in ab-initio
calculations is still work for the future we hope that our studies on simple models
can be a useful guide in this endeavor.

Finally in chapter[7] we generalize the i-DFT formalism for steady state transport
through nanoscale junctions to the situation of multiple electrodes, a particular
situation of the aforementioned multi-terminal iq-DFT. In particular, for a three-
terminal setup in the limit of vanishing coupling to one of the electrodes (ideal
STM limit), we show how to extract the non-equilibrium spectral function of the
junction at both zero and finite temperature extending earlier work [108] which was
restricted both to equilibrium and zero temperature. For the specific situation of
an Anderson model coupled to three electrodes, we construct an approximate xc
functional which describes, at least for not too strong interactions, the splitting of
the Kondo peak at finite bias and yields results in reasonable qualitative agreement
with computationally more demanding many-body approaches such as NRG and
non-equilibrium QMC. Although for stronger interactions our approximation does
not capture the splitting of the Kondo peak, we were nevertheless able to identify
the missing feature which needs to be incorporated in future functionals. Since
multi-terminal i-DFT is comparable in computational effort to standard LB+DFT
calculations, it is therefore suitable to study systems currently inaccessible for

accurate out of equilibrium many-body methods.
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Basic exchange-correlation functionals
from model Hamiltonians

Contents
[A.1 Single Site Modell . . ... ... ... ... ........ 113
[A.2 Single Impurity Anderson Model| . . . . ... ... ... 115
[A.3 Constant Interaction Model . . ... ... .. ... ... 118

In this Appendix we derive the most common used functionals of the three main
model Hamiltonians used throughout the different chapters. The main features of
the xc potentials are steps whose slopes are governed by the effect of the coupling

to the leads and the temperature.

A.1 Single Site Model

The total density of the single site model at finite temperature is described in the
GCE by eq. (2.45)). We can analytically invert the relationship between the density

and the potential for the interacting system, finding

v = ; (log (1 —on— eV, [(2n — 1)2280 + 4(1 n)eBU) log (2n)) (A

For the non-interacting system the corresponding Hamiltonian H SSM — .n (found

by turning off the interaction and replacing the gate level with the corresponding
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Figure A.1: SSM Hzc functional from eq. (A.3) as function of the density for different
temperatures and U = 8.

non-interacting gate) leads to the density equation eq. (2.47)). The inversion of the
non-interacting relation allows to express the non-interacting gate as function

of the density

Vg = ;log <2;n> (A.2)

The difference between the non-interacting and the interacting potentials leads to

the the exact Hxc functional for the Single Site Model

(A.3)

1+z

1 r+ /a2 + e PU(1 — a2
VM n] :U+Bln( \/ ( )

where z = n — 1.

In fig. the vpoM[n] is shown for different temperature values and strong
correlations U = 8. The main feature is a step centered at n = 1 that becomes
smoother as the temperature is increased. The two temperature limits for the
functional are vPoM(T = 0)[n] = O(n — 1) (where 0(z) is the Heaviside step function)
and v (T — o0)[n] = vipM[n] = Yn. The corresponding step height at low

temperatures is equal to the Coulomb repulsion U. This property can alternatively

be derived from the study of the xc contribution of the derivative discontinuity.
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Figure A.2: RE i-DFT functionals for the STAM in units of the Coulomb repulsion U.

A.2 Single Impurity Anderson Model

In the original i-DFT publication , a couple of simple and accurate functionals
were constructed from a reverse engineering procedure for the SIAM. The authors
numerically explored the required functionals in order to obtain the same density
and steady current as the MBM (see eq. ) In fig. the numerically RE
functionals are shown in units of the Coulomb repulsion U. The main features of
these pair of potentials are some steps along the diagonals N = 1 F I /y. From
this observation, a reasonable fit for the pair of xc functionals for the STAM (in

the i-DFT framework) for the CB regime is:

2 n+ 2l —1
ﬁHXC[TL, I] IZ S:Z:t [1 + ; atan(%/())] s (A4)
. n+ 2l —1
Vieln, I = — Us:zjjt ; atan(VVVO) (A.5)

with Wy = 0.167/U. In later works , this parametrization was generalized to
describe also the transition to the Kondo regime
el 1) = (1= aD 6] B, 1+ a PO lalolflrl, (A0

Vieln, 1] = (1 = a6 [n]) Vie[n, 1), (A7)
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where the temperature dependent fitting parameters take the form

DI =1- [i atan(fyT/V[(T)ﬂ , (A.8a)

cMn 1 1
b'n] =1+ 5 ] (G -- 5 ) (A.8b)
a1 n=1.0=0 univ ph,0

T 4 6 — % n—1Y)
Dn) =1+ 7r2atan<3W(T)> atan((gv[/(T)> ), (A.8c)

with Gpro = Gpns(0), Gunip is the universal conductance given in ref. [112]
and W(T) = Wo(1 + 9(T/7)?).
The low temperature functional vl({oic corresponds to an accurate parametrization

derived in ref. [84] through a fit to RE results obtained through Bethe ansatz

approach for the Hxc potential of the SIAM for T' = 0

U 2 1-
UI({(ZCZU%"'O‘? (1—n—7rarctan( Un)>’ (A.9)

with o = U/(U + 2.847) and ¢ = 0.4055/U + 0.0975(v/U)? + 0.021(~/U)3. Since
this functional is by construction accurate in the range n € [0.1,1.9], in chapter
we make a linear interpolation outside this range to ensure that viAM[n = 0] =0
and vgIAM[p = 2] = U (for the construction of the DFT 1 parametrization).
For the description of the STAM, this range of densities corresponding to almost
empty/full occupation does not require high accuracy in the functional, but in
the DQD problem where we use the SIAM functional as a basic ingredient, small
discrepancies with respect to the exact functional in this regime lead to significant
deviations in the conductance.

We can analytically invert |47, |85, |113] the (exact) SIAM xc functionals for the
high temperature regime (7" > ) with explicit thermal gradient dependence. We

consider the density and current expressions in terms of the interacting potentials
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making use of the SSM spectral function eq. (2.46))

n—/dw(fL ‘2/)+fR(w+‘2/)>[(1—Z>5<w—v)+ga<w—v—w}
= (1=3) Uslen) + frle) + 5 e+ )+ Fer+U) (A0
2[/7:/dw(fL(w ‘;) wa+‘2/ [1 ) —v)+;l(5(w—v—U)}
— (1= 3) alea) = falem) + 5 ulea + U) = falea+ U) (ALD

where we have introduced 2z, = v F % or « = L, R. We can combine the previous

equations such that
N+xoa=02-n)fa(2a) + nfalza + U) (A.12)
where x, = £21/v. Eq. is a quadratic equation for s, = eTo
aasi +boSe +co =0 (A.13)

with a, = eTa (n+x4), by = eTa (2n + x4 — 2) + 24, and ¢, = n+ x4 — 2. Solving

for s, and taking into account that z, = T, log(s,) we have

(—ba + 52 = 4aaca)>. (A.14)

We can follow an analogous procedure for the non-interacting system (U = 0)

1
2o = T, log (2
a

«

2
N + x4 = 2f(za,s) = " Za,s
eTa +1
v
Zoys _CaeTo‘
= eTa (N+T4) = —Co = Zas = Inlog ( ) (A.15)
(0%
The difference of eq. (A.15) and eq. (A.14) leads to
U
_20 eTL/R
Grxe(n, £21 /7, T /R) = 21/R2e(N, v+) = T r10g - LR
—b+ \/bL/R — 4CLL/RCL/R

(A.16)
Substituting the values for the parameters (a, b, ¢), choosing the negative sign for
the square root (this condition impose the positive sign of the log) and simplifying

the results, we arrive to the final expression

1
UHxc = 2 (ngc( -1 TR) + ngc(n I TL)) (A17)

‘/xc - ngc( -1 TR) gHXC(n7 [7 TL) (A18)
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Figure A.3: xc functionals eqs. (A.17) and (A.18)) for different temperatures when
U/~ = 8. In the left figures I /v = 0.5 while in the right figures n = 0.5.

with

Tlog (=) if j=0

2—zje~U/T .
Grxe(n, I,T) = U+ Tlog <P+\/p - j ) if p>0 (A.19)
T log (p szzje_U/T> if p<O

where 2 =7 — 2, p=n— Nepig, N = 1 — 1 /7 (1 +6_U/T) and j = 21 /v +n.
In fig. the xc functionals from eqs. (A.17) and (A.18) are presented as

function of one basic variable ( the other fixed to 0.5) for different temperatures
and strong correlations U/y = 8. The i-DFT density and current results obtained

making use of these functionals are shown in fig. 2.3

A.3 Constant Interaction Model

From the numerical observation of the RE xc¢ functionals for the CIM, a simple

parametrization was proposed in the original i-DFT formulation [41] based on
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the xc functionals of the SIAM

U 2M—1 9 A(s)(N»I)
CIM K
Upye |V, 1] = — 1+ —atan| ——— (A.20)
! s =t @ ( w
2M-1 s A®OD)
VIMIN I = —U Zatan| X —— |, (A.21)
k=1 s=x I w

here M is the number of levels in the CIM and Aﬁ? is a the piece-wise linear function
of N and [ which vanishes along the step edge passing through (K, 0) with positive
(s = 41) or negative (s = —1) slopes (the value of the slopes depends on K, see[41]).

In situations of equilibrium, i.e., when the steady current I = 0, the functional
vM shows an interesting property at low temperatures: It can be seen as the

addition of steps centered at integer values of the total occupation provided by

simpler models

2M—1
Vixe [N = D VitV +1 - k], (A.22)
k

where X = SSM,SIAM depending if our system is coupled to the leads. We
require that v [N +1 -kl =0if N+1—k < 0and vf [N +1—k] =U
if N+1—Fk > 2. We denote eq. as the DFT 1 approximation for the
Hxc potential of the CIM. The accuracy of this approximation can be numerically
checked by comparing with the exact RE result, see [15].

The essential features of the density at low temperatures are correctly described
with the simple functional structure of eq. . One structural problem emerges
as the temperature is increased: In fig. the CIM functionals for M = 2 are
shown. The DFT 1 result shows excellent agreement with the RE (see [15]) at
low temperatures, but for 7' = 3 the functional considerably differs from the RE.
In particular, it shows 3 straight lines connecting the regions N € [0, 1],N € [1, 3]
and N € [3,4]. By construction, eq. is fixed to v§M[N = 1] = U/2,
v§M[N = 3] = 5U/2 which does not correspond to the RE functional values at high
temperatures. In order to correct this behaviour, we proposed [72] an alternative to
eq. by considering the sum of the three v . steps (without imposing any
restriction if N +1—%k <0 or N +1— k > 2) and then shifting and rescaling the
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Figure A.4: vy functional comparison for the uncontacted degenerated CIM between
DFT 1 (eq. (A.22))), DFT 2 (eq. (A.23])) and the exact RE result for different temperatures
and Coulomb repulsion U = 1.

functional to fix the extremes vgM[N = 0] = 0 and vgM[N = 2M] = (2M — 1)U.
Formally, this (DFT 2) corresponds to

oM — 1)U M1
ogiNy = CMEDUSS L vk oK) (A2)
Uem k=1
where
2M—1
Ve = > {UI){(XCBM — J+1] —vig[-J + 1]} : (A.24)
J=1

is the maximal value that the sum in eq. acquires at N = 2M. The
prefactor (2M — 1)U /vy thus rescales the potential such that the potential yields
the exact value (2M — 1)U at N = 2M.

In fig. can be observed that although the discrepancies between eq. and
eq. are irrelevant at low temperatures, the functional at high temperatures

is corrected with eq. (A.23) (DFT 2).



Analytic expressions for the transport
integrals in the Single Impurity Anderson

Model

In this Appendix we analytically evaluate the most important integrals needed both
in the MBM and in the construction of our parametrization for the derivatives of the
iq-DFT xc potentials. In our MBM for the STAM, the many-body spectral function
consists of two Lorentzians with broadening 7 (v > 0) centered at v and v + U, see
eq. . Therefore, all integrals needed to compute the MBM density and currents

have the form [ dww” f(w)A(w) with n = 0, 1. The first integral we are interested in is

T = / flz —V/2) = x:)Q ol (B.1)

where the Fermi function f(z) can be expanded as [114]

1 1 i & 1

_ = I — B.2
1(z) 1+e7T 2 2mi=n+ % +12;T (B.2)

Using the substitution x = V/2 + T’z and the abbreviations a = IO_TV/Q and b = 3k,

we can write the integral as

7, = 25[0 CESYI T 2b[© g(2)dz. (B.3)
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The integrand g(z) has only single poles with non-vanishing imaginary part in the
complex plane. We therefore use the calculus of residues to compute this integral.
g(z) has simple poles at a + ib with residues

1

+ib) =t~ B.4
Res(g,a £ ib) Y (B.4)
and at +(2n + 1)7i with residues
1
Res(g, £(2n + 1)7i) = — (B.5)

[(2n + 1) F a)? + b2
for n € Ny. Since g(z) vanishes sufficiently fast as |z| — oo we can close the
integration contour by a semi-circle with infinite radius in the upper half plane

(avoiding the poles on the imaginary axis). The integral then can be evaluated as

> 1
Iy =4brmi | i — : B.6
LT Lzb<ea+w +1) nz:% [(2n + 1)7i — a? + 521 (B6)
For the terms in the sum, we perform a fractional decomposition and then use
the series representation of the digamma function

W)=Y (g - ) =™, (B.7)

=0 n+l n+z

with the Euler-Mascheroni constant v¥M ~ 0.5772 to obtain

1 1 1 b+i 1 1 —b+i
e
2 2mi 2

catib 11 2 o o

We then apply the reflection formula

(1 —z) =¢(2) + mcot (wz)

to the last term together with the properties
Im [¢(z +1y)] =

2
1 +it (—iz) 1
— n|—— —
e+ 1 2\ Ty 2

and simplify te result

=27 — —tan - +
11 1 b4 1 i
—or [2 - —Im (w (2 + ;a»] — 7 —2Im lw (2 + ;Tlaﬂ . (B.9)
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Returning to the original parameters, we finally arrive at

Ti(v, 20, V/2,T) = 7 — 2Im lw (; L2t i(;}rT_ Wz))] . (B.10)

The second integral we are interested in is

:rngdx@( v V2 f(“v/2>)( AN (B.11)

where ¥ = TTR We can rewrite Z, by decomposing the second factor as
i % (GA(@) + GR(x)] — izy [G4(2) — GR(2)] (B.12)

(r—x0)% + %

with the advanced and retarded Green function GA/%(x) = Noting that

r— (Io:l:l )
the last term on the r.h.s. of Eq. (B.12) reduces to a Lorentzian we obtain

Ty = T3 + IF + 20Ts, (B.13)

where Zy = Z; (v, 20, V/2,T1) — Iy (7, 0, —V/2,Tr) and we have defined

TR = Vrlggo/dxcf‘/’%( )[f(1+\‘p/g> f(%)] (B.14)

The integrals I{l /B are convergent because the difference of the Fermi functions
decays asymptotically at least as x7* as |z| — oo and the Green function contributes
another asymptotic 2=! behaviour in the same limit. Note that a lower cutoff
has been explicitly introduced in Eq. to correctly account for the non-
equivalent asymptotics of the two Fermi functions due to their generally different
temperatures (in general, W # 0).

By simple variable substitution, the integrals I; /B can be written as

7 r 1 !
7, A/R lim / dz fr(z) ( Vi2—(zotiv/2) —V/]2—(zotiv/2 )
2 R AR 7
1—9/2
—r4+V/2
T—¢/2
v . fr(z)
+ — lim / dz v o - (B.15)
Kol /2—(zo£iv/2)
SR T
1+9/2

The first contribution can now again be evaluated by closing the contour with a

semicircle in the upper half plane and summing the residues of all poles inside the
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contours. On the other hand, the second integral becomes trivial by replacing f(z)

with unity which is justified in the limit » — oo. This leads to

T LS CRA7EN

2 27TTL 27TTR

~y 14+ W/2

—1 . B.16
3 Og(l—@/z (B-16)

and

IR_;[¢< 7/2—!—1(%—\//2)) ¢<;+7/2+i(x0+‘//2)>]

27TTL 27TTR
L 14+ Wv/2
— d
Tyl (1 —@/2) (B.17)

Using Re (¢(a+1ib)) = 5 (¢(a+1ib) 4+ 1(a —ib)) we arrive at the final result for
our second integral

I, = 7Re [@/J <;+7/2+12(:%L_V/2)>]—7Re llﬁ <;+7/2+12(:%§V/2)>]

14 /2
1—\1//2>‘

+x0Z3 + v log < (B.18)

The results for the integrals of Eqs. and are sufficient to analytically
evaluate the density and currents for the SIAM both in the many-body model as
well as in the KS system. With these integrals we can also derive the analytical
expressions for the integrals entering the transport coefficients in the linear esponse

regime. These coefficients are

v dZs —° / dw Y (1)
M) = s = S
W0 = v, = e O T S ™ (1M (=)
=0
(B.19a)
v dT, wdw v (1)
Mz (v) = Ir AV |y v /f @ 0Pt E T Im (Zo@/) (21))
(B.19b)
B Y dIQ 2 dw . ’}/2 (1)
Moo (v) = In dv Vo /f (=) + % = T%2T Re (zol/J <Z1)>
72_
+ UM12 + E7 (B.19C)
where 29 =  +iv, 21 = § + 2%, and ¢V (z) is the trigamma function [89).
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