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1. Introduction

Let ' be a countably based infinite profinite group and consider a filtration se-
ries 8 of T', i.e. a descending chain I' = I'y > I'y > --- of open normal subgroups
I'; <, ' with (),I; = 1. These open normal subgroups yield a base of neighbour-
hoods of the identity and induce a translation-invariant metric on I' which is given
by d®(z,y) = inf {|T:T5|7' |z =y (mod I';)}, for z,y € T'. This gives, for a subset
U C T, the Hausdorff dimension hdim$(U) € [0, 1] with respect to the filtration series 8.

Recently there has been much interest concerning Hausdorff dimensions in profi-
nite groups, starting with the pioneering work of Abercrombie [1] and of Barnea and
Shalev [3]; recent work includes for example [2,4,7-10,12-14,16,18]. Barnea and Shalev [3]
proved the following group-theoretic formula of the Hausdorff dimension with respect to 8
of a closed subgroup H of I' as a logarithmic density:

hdim$ (H) = lim ——""*1
iy (H) 1l>120 log|T" : Ty

where lim; , _ a; is the lower limit of a sequence (a;);en in R.

As observed in [16], the Hausdorff dimension function depends on the choice of the
filtration series 8, hence for a pro-p group I', where p is a prime, it makes sense to restrict
our attention to the five standard filtration series below:

e the p-power series P of I, which is given by
P TP = <1‘pi |zel), >0
e the iterated p-power series J of I', which is defined by

J: Io(r) = F, Iz(l“) = i_l(F)p, for 4 Z 1,

the lower p-series L (or lower p-central series) of T, which is given recursively by

L PQ(F) = F, R(F) = Pi_l(F)p [Pz_l(I‘),F] for ¢ Z 1,

the Frattini series F of I, which is given recursively by

F: (P()(F) = F, (I)l(].—‘) = (I)ifl(].—‘)p [@i,l(F),QJi,l(F)] for ¢ 2 1;

the (modular) dimension subgroup series D (or Jennings series or Zassenhaus series)
of ', which is defined recursively by

D: Do(T) =T,  Di() = Dy (D) [ [D;(@), Di(I)] fori > 1.

0<j<t
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Recall for a pro-2 group I, the iterated 2-power series coincides with the Frattini series.

It is often of interest to study the collection of Hausdorff dimensions in a given profinite
group I', which gives rise to the following definition: the Hausdorff spectrum of I', with
respect to 8, is

hspec® (') = {hdim®(H) | H <. T} C [0,1],

where H runs through all closed subgroups of I'. There are two well-known restricted
Hausdorff spectra: the normal Hausdorff spectrum and the finitely generated Hausdorff
spectrum. Here the normal Hausdorff spectrum of I with respect to § is

hspec,(T') = {hdim}(H) | H <. T'};
and the finitely generated Hausdorff spectrum with respect to 8 is defined as
hspec%(F) = {hdim$(H) | H <. T and H finitely generated}.

Over the past few years, the study of the normal Hausdorff spectra of finitely generated
pro-p groups has received quite a bit of attention. Indeed, the first examples of finitely
generated pro-p groups with infinite normal Hausdorff spectra, with respect to the series
P, 3, L, F, D were constructed in [15], and the first family of finitely generated pro-p
groups &(p) with full normal Hausdorff spectra [0, 1] was constructed in [5] and [6].

Those pro-p groups &(p) are 2-generated extensions of an elementary abelian pro-p
group by the pro-p wreath product W = C), 1 L, = @keN Cp U Cpr. In this paper, we
further investigate the pro-p groups &(p) by computing their finitely generated Hausdorff
spectra. As with the normal Hausdorff spectra, computations of the finitely generated
Hausdorff spectra have only recently appeared in the literature; see [11,12,15] and also
[17, §4.7]. In particular, Fink [11] studied the finitely generated Hausdorff spectrum of
certain groups acting on rooted trees. Given any a € [0, 1], she constructed a group
G, (which is a branch group) with a finitely generated subgroup H < G, such that
hdimg,_ (H) = «; here the standard filtration series is given by the stabilisers of the
layers in the tree. Fink further showed that hspec, (Go) 2 Lo U([0,1]NL), where L C Q
and L, is a certain countable set of irrational numbers in the interval [0, a]. It is left
open as to whether L could be chosen to equal Q.

In [12], it is shown that hspecf'g(G) = {0, 1} if either G is a finitely generated pro-p
group of positive rank gradient and § = F; or if GG is a finitely generated non-abelian
free pro-p group or a non-solvable Demushkin pro-p group when 8§ is an iterated verbal
filtration series; or if G is a finitely generated free pro-p group with § = D.

For the pro-p groups constructed in [15], the finitely generated Hausdorff spectra
were also computed with respect to the standard filtration series, as well as the finitely
generated Hausdorff spectra of W = C), 1 Zy. For both families of groups, the finitely
generated Hausdorff spectra consist of infinitely many rational numbers, and these ra-
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tional numbers are either all the p-adic rationals, or a linear transformation of the set of
all p-adic rationals; see [15, Thm. 2.10 and the proof of Thm. 1.3].
We prove the following;:

Theorem 1.1. For p a prime, the pro-p group ®(p) satisfies
hspeci, (& (p)) = {¢*/»* [ £ €N, 0<d <p’}
for 8 € {L,D, P, I, F M}.

Here M denotes a natural filtration series that arises from the construction of &(p); see
Section 2 for details.

We note that for p = 2 the construction of the pro-2 group &(2) (which was given
in [6]) in the above family is different from the odd prime case (given in [5]); see Section 2
for precise details.

Now to prove Theorem 1.1, we will focus solely on the pro-2 group &(2). This is
because a more delicate treatment is required for &(2), as opposed to the odd p case.
We will see that the proof of Theorem 1.1 for the pro-2 group &(2) simplifies in a
straightforward manner for the pro-p groups &(p) for odd p, except for the iterated
p-power series J, which requires a separate treatment. This will be done in Section 5.

As seen below, the computation of the finitely generated Hausdorff spectra in general
requires a greater level of technical machinery, as opposed to the computation of the
normal Hausdorfl spectra. In particular, precise information about the terms of the
filtration series is required. We also utilise the fact that small changes in the filtration
series do not affect the value of the Hausdorff dimension. This enables us to compute the
orders of relevant quotient groups more easily. Furthermore, as illustrated in the proof
of Theorem 1.1, we introduce the idea of counting in what we call blocks.

In view of the main result of this paper and of other results concerning the finitely
generated Hausdorff spectra of finitely generated pro-p groups, it is natural to ask the
following;:

Problem 1.2. Does there exist a finitely generated pro-p group with uncountable finitely
generated Hausdorff spectra with respect to one or several of the five standard filtration
series?

This question was already asked in [17, Prob. 17], but without reference to the standard
filtration series.

Organisation. In Section 2 we recall the construction of the pro-p groups &(p), for p a
prime, and we recall several properties of &(2). In Section 3, we determine, as precisely as
possible, the 2-power series and the Frattini series of &(2), before computing in Section 4
the finitely generated Hausdorff spectra of &(2) with respect to M, £, D, P and F.
Finally in Section 5, we compute the finitely generated Hausdorff spectrum of &(p), for
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odd primes p, with respect to the iterated p-power series J, which completes the proof
of Theorem 1.1.

Notation. All subgroups of profinite groups are generally taken to be closed subgroups.
We use the notation <, and <. to denote open and closed subgroups respectively.
Throughout, we use left-normed commutators, for example, [z,y, 2] = [[z, y], 2].

Acknowledgments. We thank the referee for suggesting improvements to the exposition
of the paper.

2. The family of pro-p groups &(p)
Let p be any prime. For k € N, let (&) = Cpx and (jx) = Cp. Define

Wi = (k) U (Ek) = By ¥ (Z)
k .1
where By = [T7_; " (g.*) = Cppk. The structural results for the finite wreath products Wy,
transfer naturally to the inverse limit W = Liglk W}, which is the pro-p wreath product

W= (&,§) = Bx (i) = C, 1 Z,

with top group (&) = Z, and base group B = (" | i € Z) = C°. We refer the reader
to [15, §2.4] for further results concerning the groups Wy and W.

Let Fy = (a,b) be the free pro-p group on two generators and let k € N. There exists
a closed normal subgroup R < F5, respectively Ry < F5, such that

Fy/R=W, respectively Fy/Ryp = Wy = Cp 0 Cpr,

with a corresponding to &, respectively &y, and b corresponding to gy, respectively 9.
Let Y > R be the closed normal subgroup of F» such that Y/R is the pre-image of B
in F5/R, and let Y3, > Ry be the closed normal subgroup of Fy such that Yj /Ry is the
pre-image of By in F»/Ry.
As mentioned in the introduction, the definition of the pro-p groups &(p), for p an
odd prime, is slightly different from the case p = 2. For an odd prime p, the pro-p
group & := &(p) is defined as follows:

6 =F/N where N = [R,Y]Y?.
For k € N we set
6y = /N, where Ny = [Ry,, ViV, (a?") ™.

We denote by H and Z the closed normal subgroups of & corresponding to Y/N and
R/N, and we denote by Hjy and Zj the closed normal subgroups of & corresponding
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to Y /Nj and Ry /Nj. We denote the images of a,b in &, respectively in &y, by z,v,
respectively zx, Y, so that & = (z,y) and & = (zg, yk)-
The groups &y are finite for all ¥ € N and they form an inverse system giving
lim, &, = &. Furthermore we have [H, Z] = H? = 1, respectively [Hy, Zy] = H; = 1.
For the case p = 2, we set

N = [R,Y]R?,
respectively
Ni = [Re, Vil RE(a™) ",
and, for convenience we write G := &(2), and define
G = F»/N, respectively Gj = F5/Ny.

As in the odd prime case, we denote by H and Z the closed normal subgroups of
G corresponding to Y/N and R/N, and we denote by Hj and Zj the closed normal
subgroups of Gy corresponding to Yy /Ny and Ry/Nj. Likewise, we denote the images
of a,b in G, respectively in Gg, by x,y, respectively zy,yx, so that G = (z,y) and
G = (Tk, Yi)-

Similarly, we have that the groups Gy are finite for all kK € N and that lim, Gr=G.
Here we have [H, Z] = Z? = 1, respectively [Hy, Zx] = Z? = 1.

We recall the following definition from [15]: for a countably based infinite pro-p
group I', equipped with a filtration series §: I' = I'g > I'y > ---, and a closed sub-
group H <. I', we say that H has strong Hausdorff dimension in I" with respect to 8
if

hdimf (H) = lim —2———
imp (H) im0 log,|T": Ty

is given by a proper limit.

From [5] and [6], we have that for these pro-p groups &(p), for p a prime, the sub-
group Z has strong Hausdorff dimension 1 with respect to the filtration series M, £, D,
P, J, and F. Here we recall that M : My > M; > --- stands for the natural filtration
series of &(p) where each M; is the subgroup of &(p) corresponding to N;/N, and here
Ny = Fs.

Recall that for p = 2, we write G = &(2). As observed above, owing to the fact that
the subgroup H of G is not of exponent 2, a more delicate treatment is required for G,
as opposed to the odd p case. Also, as mentioned in the introduction, it turns out that
the proof of the finitely generated Hausdorff spectra for the pro-2 group G, with respect
to M, L, D, P, F, generalises immediately to the pro-p groups &(p), for odd primes p.
Therefore for the rest of this section and the next two, we focus solely on the pro-2



272 I. de las Heras, A. Thillaisundaram / Journal of Algebra 606 (2022) 266—297

group G, and only in Section 5 do we explicitly consider the pro-p groups &(p), for odd
p, for computing the finitely generated Hausdorff spectrum of &(p) with respect to the
iterated p-power series J.

2.1. Properties of G

Here we recall some properties of the pro-2 group G from [6, §3].
For k € N, the logarithmic order of Gy, is

2k
logy |Gi| = k + 28 + (2

) — k+22]€—1 +2k+1 _ 2]6—1,

and the nilpotency class of Gy, is 2871 —1. Also we have that H,? = Z;, and, consequently,
that H? = Z. In particular, the exponent of Hy, and of H, is 4.
Further

if 4 is odd,

logy |Z : vi(G)N Z| = 2
— if 7 is even.

In the sequel, we need the following notation, which will be used frequently in the
paper. We will denote ¢; = y and ¢; = [y, z, 7!, 2] for i € N>o. For k € N, we will use
the same notation for the corresponding elements in the group Gj. Thus, we will also
write ¢1 = yi and ¢; = [yk, Tk, 171, g for every i € N>o, when working in the groups Gy,.
It will be clear from the context whether we mean G or Gy..

We further write zn,, = [cm,cy] for every m,n € N, and we note the following
descriptions for H and Z:

H={c|ieN), and Zz(cf,zm,n\E,m7n€NWithn<m>;
also for every i > 2,
W GYNZ =} zmm | £ >0, 1<n<m, m+n>i).
We recall a useful result from [6, Cor. 3.5]:

Lemma 2.1. In the group G, for m,n € N we have

2k
Zmons T° | = Zimgok nZm ntok Zmiok niore  for every k € No.

Lastly, we recall terms of the lower 2-series and the dimension subgroup series of Gy,
from [6, Prop. 3.10 and 3.11]: For k € N, the length of the lower 2-series of G, is 2F+1 —1
and
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Py(Gy) = Gy,
Py(Gy) = (x4 )72(Gr),

and

Pi(Gy) = <93,3"',ci2>%+1(Gk) for 2 < i < 2k-1
o <xk2i>7i+1(Gk) for 28=1 41 <4 <okl _ 1,

For k € N, the length of the dimension subgroup series of G}, is 21 and

ol(i+1)

D;(Gy) = (zj; MVrny21 (Gr)?vip1 (G)  for 0 <4 < 281 — 1,
where I(i + 1) = [log,(i + 1)].
3. The 2-power series and the Frattini series of G

Below we will precisely determine the terms G2" N Z and ®,(G). For convenience, we
recall the following standard commutator identities.

Lemma 3.1. Let T’ = {(a,b) be a group, let p be any prime, and let r € N. For u,v € T,
let K(u,v) denote the normal closure in T' of (i) all commutators in {u,v} of weight at
least p” that have weight at least 2 in v, together with (i) the p"~*t1th powers of all
commutators in {u,v} of weight less than p* and of weight at least 2 in v for 1 < s <r.
Then

o (ab)?" =K(a,b) a? bP" b, a](p;) [b, a, a]<p3r) - [bya,P 2, a](P’Pil) [b,a,P =1 al,

o [a”",b] =K(a,ab]) @ b*" [a, b, a}(p;) - la,b,a,P 72 a](ﬂ}?il) [a,b,a,P =1, a).

Next, for i, j, k € N, we define the elements

Wi ik = |2ig15, @ 2 72 1) [zigo g1, @ 2 T3 2] - [z ; x]z; ;
i,J,k = [®i+1,50 Ly ey 42,541, Ly ey i+2k—2 j4+2k 3, i+2k —1,54+2k -2,
and it follows by routine commutator calculus that

2k _1

2F-1 . ,x}[cj,x,Q.k._.l,z]wi,j7k. (3.1)

[Cz'%x, L] = [e,

For k € N, we define the normal subgroup
. G
L, = <wi,j’k, Zmon | 4, 7,m €N, m>2 > )
The significance of this subgroup will become clear in the next lemma, for which we need

the following notation: for every h € H, and referring to Lemma 3.1, we define di(h) € Z
as
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(wh)Qk =72 [h, 2,20 =1 2] dg(h).
Additionally, for all £ € N let
Qi = {cf [ £ =271,
Lemma 3.2. In the pro-2 group G, for k € N,

(i) for every z € Z, we have
z,m,?kf.l,m] € LiQu;
(ii) for hi,he € H, we have
[hiho, @, 270 2] = [hy, 2,20 28 2] [he, 2,2 21, 2] (mod Ly);
(iii) for every hy,he € H, we have
di.(h1ha) = di(h1)dg(he) (mod Ly).

Proof. (i) Take first m,n € N with m > n. Since Lj is normal in G, we have
[Wi—1,nk,Z] € L. Note also that

[wm—l,n,k; J,‘] = [Zm,na z, 2-k~_-17 x]wm,n—i-l,kz;bi_Qk_1,n+2k_17 (32)

so we obtain [z, n, 2, 2°-1 2] € L.
From (3.1) we have

[0127 €, 2f"'—.1’ I] = [Cia z, 2f€.—'17 I]zwi,i,k S Lka

for every i € N, so part (i) follows.
(ii) For every hiy, he € H write

w(hl, hg)

= [[h1, x, hal, 2,222, 2][[hy, 2, @, [ho, @]], 2,20 73, 2] - - [h, 2, 20 21, @, [ho, @, 2002, 1)),

so that w(c;, ¢j) = w; ;. It is easy to see that w is bilinear and that w(z, h) = w(h,z) =1
for every h € H and z € Z. Moreover, routine computations give

[hihe, T, 2F -1 z] = [h1, T, 2F-1 x|[he, z, 2F-1 zlw(hy, ha).

Since every element in H can be written in the form ¢;, ---¢;, 2z for some n € N and

z € Z, the result follows.
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(iii) From Lemma 3.1 we easily deduce that for every h € H and z € Z we have
di(z) = 1 and di(hz) = di(h). Now, for hq,he € H, we have

(zhohy)?" = (zhe)? [hy, zha, 271, wholdi(hy) .
ﬂ 3.3
= 22" [hg, @, 2570, 2] [hy, who, 2528, wha)dy (hy ) di (ha).

Here, the first equality holds since dj(hq) is the product of, on the one hand, the element
[hy, 2,27 71, 2]2, and, on the other hand, commutators of weight 2 in hy, so writing zhs
instead of & does not change the value of dj(h;). Routine computations give

2k 2
[hlaxh272f€'_'laxh2] = [hlaxane'_'lvx] H [hlz7xa ,?,’x,h27x’2k._,2,_£7x].
£=0

.
For hy,he € H we write ((hy, hs) = zzgz[hf,x, Az, hg,x,Qk.—.Z.—é,x} € Z, so that

(whah1)? = 2" [ho, @, 2521 2] [hy, 2, 228, @ldy (ha)dio(ha )¢ (R, o).
This shows, by part (ii), that di(hihs) = di(h1)dg(he)C(h1, he) (mod Ly), so
C(h1,ha) = ((ha,h1) (mod L), and ((h,h) =1 (mod Ly)

for every h € H. Next, notice that

2k _9
k
[C(ciyci),x] = H lef @, b w, ey, 2 T
. o » (3.4)
i 1Cjy Ty~ :17$]<(Ci+1,6j)([ci ,.T,2. '_'151‘76_7])

= ((cit1,¢;) (mod Ly).

Since ((¢;, ¢;) € Ly and (¢, ¢j) = ((¢j,¢;) (mod Ly), this shows that ((¢;,¢;) € Ly for
every 4, j € N. This yields dg(h1ha) = di(h1)dk(h2) (mod Lg). O

Proposition 3.3. For k € N, the pro-2 group G satisfies
G*'NZ = LiQs.

Proof. For r € Z and h € H, we will be considering the expansion of (xrh)2k, always ac-
cording to Lemma 3.1. Hence for conciseness, we will refrain from mentioning Lemma 3.1
for the rest of the proof.

From [6, Proof of Thm. 4.4] we know that Qxysr+1(G) < G2". We now verify that
Ly < G2 Indeed, first observe that, for m > 2* and n € N,
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2k

TCpy_ori1)” =Cm  (mod Z).

x_Qk(

As G?" is normal in G, commutating with ¢, yields that we have z,, ,, € G2". Then we
note that

Ly = (Wiiks Zmm | 1,n € N, m > 2k>G (3.5)
since, w; i+1,k = 1 and, as in Lemma 2.1, we have

(Wi ks T] = Wit 1,5,k Wi,j+1, kWit 1,j+1,k

for every i,j € N. Hence it suffices to show that w; ;1 € G?" for i € N. From (3.1), we
have

— .2 . 2F-1 — .2
- [Ci s Ly Sl 7$} - Czk+i71wi,i,k7

from which it follows that w;; € G2k, as required.

It remains to show that G2 NZ < L,Qg. Let g = (z"h)?", with r € Z and h € H. We
first show that ¢ is, modulo L;Qg, a product of elements of the form (zzmh*)szk with
m € Ny, s € Z and h* € H. To do this, we show that actually every element of the form
((xznhl)th2)2k, with hi,he € H, n € Ny and ¢t odd, can be written in that way modulo
LyQg. Let N € N be such that hy € yn(G). If N > 2% then

((l‘Znhl)thg)zk = (xznhl)ﬂk [hg, Z, 2k+.7i72n, Z‘]Z,

with 2 € Yors1 (G)NZ < LpQy. Write b* = [hg, 2, 2" " =2"=2"+1 4] Since clearly dj,(h*) €
Yor+1(G) N Z, we have

[ho, 2, 272" 2] = [h*, 2,21 2] = 2 (xh*)2k (mod LyQy).

Suppose now that N < 2* and that the assertion follows whenever hy lies in vy 1(G).
Let t* be such that t¢* =1 (mod 4). Then,

(2" h1)'he)? = (@ 1) (R ))? = (2" hahd ) ha)

with hg € yn+1(G), and the assertion follows by reverse induction.

Therefore, since G is the closure of the subgroup consisting of elements of the form
z"h withr € Z and h € H, then G?" is the closure of the subgroup generated by elements
of the form

9= (@h)" - (@ha) 2 (@ R0 @ Ry

with n,v € No, m; € N, h;,h; € H and ¢; € {—1,1}. Now, working modulo L;Q}, in
the equivalences below, and noting that Yor+1_o(G) N Z < LypQy, Lemma 3.2 gives
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n v

ok my ok

o= Lho® [T niye?
=1 =1

n
k+m; k+m; _om; .
H Yo x)de(h H ZU Ry, 22 )t

H zei2" [hSt, @, 251, x]dy, (hf)H penti2 T [h, 2, 227 et [y, 200, ]
i=1 i=1

22" [hh*, 2,2 70 2]dk(h)  (mod LyQp),

with 7 € Z, h € H and h, h* € Yo (@). Since di(h) € Z, it follows that g € Z if and
only if » = 0 and hh* € Z. Hence h € 1 (G)Z, which implies that d(h) € Ly. Further,
from Lemma 3.2(i), we have [hh*, 2,2 =1, 2] € LiQy. Therefore g = 1 (mod LpQ}), as
desired. O

The next observation will be useful for the next section. Recall that for a filtration
series 8§ : G =Sy > 51 > -+ of G, we denote by 8|z the restriction SNZ : Z =SyNZ >
S iNZ>---.

Corollary 3.4. For the pro-2 group G and K <. Z, we have
hdim}) (K) = hdim}* (K).
Proof. For k € N, it follows from the construction of Gy that
MpNZ = (c}, 2mm | £>2F, m>2" neN) <G*nz,
compare also [6, Lem. 3.3(ii)]. We claim that

Lka = <wi,i,k, [Zj+1,jax72'k'7'17$]722k,n76£2 | 1 S ] S 2k_17
1<j<2bl 1 1<n<2b—1, 2" <u<2by (M n 2).
Indeed, recall from (3.5) that
Lk - <wi,i,kazm,n | i,n € Na m 2 2k>G
and moreover, as seen in (3.2) we have
k1

[wzzkﬁc] = [Zz'+1,z‘,l’ 7x]wi+1,i+1,k (mOd ’Y2k+1(G) n Z)a

so the claim follows.
Now, by counting the number of generators, we have

logy | LiQp : My, N Z| < 281 4 9k=1,
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Hence, by Proposition 3.3,

log, |G NZ:M,NZ| _ 2k+1 4 9h—1
im = < lim = =0,
k—oo  logy|Z : G?* N Z| k—oo logy |Z : G** N Z|

where the equality follows from the fact that log, | Z : G2 n Z| > 2(2k2_1); cf. [6, Proof
of Thm. 4.4]. The result now follows from [16, Lem. 2.2]. O

We now determine the Frattini series J precisely. Recall that for 4, j,¢ € N,

2¢-3
Sl [Zi+2572,j+2[73a $]Zi+2€71,j+2h2-

£

Wije = [Zit15, 2, % 72 2] [z, 541, T
For 5, € N, we write w; ¢ := wj j¢. Then for k € N, we define
Uy = (fwj e, 2 2 e? 20 < k27 < <25 2 1) < e 4 (G),
A, = <[zm’n,$2£,az2z+l7 . ,xzkfl] |2<0<k—1,2"<n<m< 2 <y (G),
Ok = (Zmums Zmr g | myn > 2871 ! > 2%/ € NY > you g1 1 (G) N (255 | 4,§ € N).
Note that the z,,, in the presentation of ©; are precisely the elements that we would
obtain if we let £ = k in the presentation of Ay.

Proposition 3.5. For each k € N, we have
k .
4(G) = (2% ,¢j | § > 2")QrUrALOR,

with logy |Wi| < 281 — 1 and, for k > 2,

k-1 i—1 ' 22k—3+1 s
10g2|Ak@k3@k|:éz:;(2 —1)2t = T kR,

Proof. We proceed by induction on k, with the result for £ = 1 being trivial. Thus,
assume the result true for k — 1. As @3 (G) = ®,_1(G)? and [®4_1(G), P1_1(G)] <
®;_1(G)?, it is clear that

() = (=) Q[ 5-1(G). 241 (G))
From [6, Proof of Thm. 4.5] we have

(cj|j>2" < @r(G) and coe_y ¢ Ok(G),

and moreover, as ®;(G) < G, it follows that z,, € ®4(G) for all m > 2% and n € N.
Also, since ¢; € ®_1(G) for all i > 271 we have z,,, € ®,(G) for all m,n > 2F-1.
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This shows that O < ®4(G). Thus, noting that (¢; | j > 2¥)QxO, is normal in G, we
claim that

[@1-1(G), Pr-1(G)] = WrAr  (mod (¢ | j > 2")QrOy). (3.6)
Note that [\I!kAk,ka_l] < vorgon-1_1(G) N (2 | 4,5 € N) < O, so ¥pAy is normal

k—1
2

a € A). Thus, in order to prove (3.6), let us compute the commutators coming from
k—1 k—1 k—1 k—1 k—1 . _
[Qk,1,$2 ]7 [\Ilkflvx2 ]a [Akfl’wg ]a [@k717x2 ], and [Cjax2 ] for j > 2kt

It is routine to see that

in ®5_1(G) modulo B. Here for a subgroup A < G, by [A4, :Ezk_l] we mean ([a,x

k—1

[Ak_l@k_hx? ] = Ak (InOd ®k) (3.7)
and that [Us_1,22° ] C W,. Observe also that for j > 28=! we have [¢j,22" '] =
cj2+2k,2cj+2k_1z with z € Oy, cj2+2k,2 € Qi and ¢ 9v-1 € (¢ | £ > 2%). Hence, it suffices
to show that ¥, = [Qk_lll/k_l,kafl] (mod QOy). For this purpose, as seen in the

proof of Proposition 3.3, notice that [cf,kafl

| = wjr—1 (mod Qy), which lies in ¥y
if 2672 < j < 21 — 1 and in ©; if j > 2¥~!. Moreover, this gives us precisely the
generators of ¥y that are not in [¥Uy_q, xzkfl], so the assertion follows.

Next, since ¥, = [\I/k_l,x2k71]<wj7k_1 | 28=2 < j < 2F=1 1), the inductive hypothesis
yields

|\I’k| < |\I]k—1‘ 4 2k—2 < 2k—2 —14 2k—2 _ 2k—1 -1,

as desired.

For the final statement, we show that the generators in the presentation of A generate
it independently modulo ©. Then, the result will follow just by counting the generators.
In order to do so, define for every s € N the subgroup

@k,s = <Zm,nyzm’,n’ | m,n > S, m/ > 2k>@k'

Clearly, Oy = Oy for every s > 2¥~1. Note by Lemma 2.1 that the generators
22 2Z+1 2k71

[Zmn,2? 2% ..., 2% ] liein Oy, for every 1 < s < n < m while
ol o+l ok—1,
[zm,n, xr,x yeeey T } = Zm420442k—1 (IIlOd ®k7n+1)' (38)
2 3 k—1 . . . .
Now, observe that [z32, 22" 2% ... 2% ] is the unique generator in the presentation

of Ap with n = 2. This is, hence, the unique generator not lying in ©j 3, and hence
it is independent from all the others. By induction, suppose that for all n < s with

s > 3, the generators [z, n, xQZ,xQZH, e ,kail] of Ay are independent. Take then the
generators with n = s and note by (3.8) that they are all independent modulo Oy s41.
They are hence also independent from all the other previously considered generators,

and the assertion follows. O
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4. The finitely generated Hausdorff spectra of G

In this section, we prove the main result for the case p = 2. As the proof is quite
technical, we outline the general approach here. First we perform three reduction steps.
One, we observe that, for a closed subgroup K of G, the Hausdorff dimension of K in G is
unchanged by adding or removing a finite number of generators in Z to K; see Lemma 4.1.
Two, for a finitely generated closed subgroup K of G, we observe that hdim$(K) =
hdim?z (K N Z) and hence it suffices to work within the subgroup Z; see Corollary 4.3.
Three, with the second observation, we make use of the fact that the restrictions to Z of
the filtration series P and M are essentially the same (see Corollary 3.4), hence it suffices
to consider the four filtration series £, D, M and F. As mentioned in the introduction,
in the final part of the proof, which boils down to a counting argument, we introduce
the idea of counting in blocks, which simplifies computations.

Lemma 4.1. Let L be a closed subgroup of G and 8 € {L£,D,P,F, M}. Then, for every
neN and z1,...,2, € Z, we have

hdim$, (L) = hdim$, (L(zy, ..., z,)%).

Proof. Write K = L(z1,...,2,)¢ and A = (21,...,2,)¢, and note that K = LA. Now,
recalling that we write 8 : G = Sy > 51 > - -+ for a filtration series of GG, we have

|LASl : Sl| < |LS¢ : Szl . |ASZ : Szl
and by [16, Lem. 5.3],
hdim,(A) = hdim$,(Z) - hdim$) (A).

Thus, using the proof of [5, Lem. 2.3], it follows that hdim$(A) = 0 has strong Hausdorff
dimension. Therefore

hdim?,(K) = hdim%,(LA) < hdimg,(L) 4+ hdim%,(4) < hdim%,(L),
and since L < K, equality follows. 0O
Let 8: G =59 > 51 > --- be a filtration series of G. For k € N, we define
ng = min{i € N | 3,(G) < Si}.

From [6] we know that if § € {£, D} then ny = k + 1, if § = M then nj, = 2"+ if § =P
then ny < 2F+1 and if 8 = F then ny < 2% 4+ 28=1 — 1. Further we have that

N

lim ——— =0 4.1
kLIIolOIOg2|ZSSkﬂZ| (1)
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for every 8 € {£,D,P,F, M}.
On the other hand, for every k € N we also define

ap = min{i € N | 22 € Sk}

It is easy to see that if § € {L£,P,F, M} then we have a, = k, and if § = D then
ag = [logy(k +1)].

This next lemma is key to obtaining the second reduction step mentioned above.

Lemma 4.2. Let 8 € {L,D, P, M,F} and let K = <$2‘h7 hi,...,hq) be a finitely generated
closed subgroup of G, for some £,d € Ny and h,hy,...,hq € H. Then,

lim log, |KS;,NZ: (KNZ)(S;NZ)

=0.
1—+00 10g2|ZI SZﬂZ|

Proof. For every i € N, let n; and «; be defined as above. For 8§ € {£,D, P, M, F}, it
follows from the previous sections that S; = <x2ai ,Sim) with S; g = S; N H. Note also

that «; 7% 6. Tt suffices to show that for every ¢ such that a; > £ we have
|KS;iNZ:(KNZ)(S;nZ)| <2@dtmitl
Indeed, by (4.1) we then have

i 022 KSI0Z (KO 2)(S02)] o @de2mtl

o0 log, |Z : S;N Z| T isoology|Z:SiNZ|

as desired.

So we fix such an ¢ and write for simplicity Sy = S; . In the following, we will be
working modulo (K N Z)(S; N Z), hence for simplicity we set (K N Z)(S;NZ) =1. We
have

KS; = (2¥h,hy,... ha, 2> ) Sy
Observe, however, that
(2% h, 2™y = (22 h, ho), (4.2)

where hg = 22” (zv2eh)_2ar’Z € H, and it can be seen, by Lemma 3.1 and since a; —¢ > 0,
that ho € Yoo _2£+1(G)Z. SO

KS; = (szh, ho, h1,. .., ha)Sh.

Now, for every 0 < n < d and every m € Ny define hy, 1, = [hn, xglh, ., pres h], and let
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KH:<hn,m|0§n§d,m€No>.

Clearly we have KS; = <x2£h>KHSH, and observe that Ky is normalised by 22 h.
Therefore, as Sy is normal in G, every element g of K.S; can be written as

g= (xQZ h)’ks

with § € Zs, k € Ky and s € Sy. Moreover, if ¢ € K.S; N Z then we must have 8 = 0,
so that g = ks, which we will assume for the rest of the proof.

We proceed by considering two cases: when one of k, s is in Z, and when both k, s ¢ Z.
Ifke Z, thens=k lge S;NZ=1,andso g =k € Ky N Z. Similarly, if s € Z then
s=1andsog=ke KygnNZ. We claim that

KypnZz= <h027m, [hOahn,m] | méeNp, 1 <n< d>
First, observe that czei41 € S;Z. Indeed, this is clear for 8 € {L,D}; for § = P we
have o; = i and (xy)? = 2% y* ¢y (mod Z), so in particular cyiyq € S;Z, and, since
G? < ®,(G), we also have cyiyq € S;Z if § = F; and for § = M this follows from [15,

Prop. 2.6(1)]. In particular, this implies that yoe; 41(G) < S;Z N H.
Thus, since Lemma 3.1 yields hg ., € Y2ei+1(G)Z for every m € N, it follows that

[ho,m,H] é [’}/2ai+1(G)Z,H] S [SZZQH,H] S Sz NnzZ=1.

Note also that [hy m,hrs] € KNZ =1for all 1 < n,r < d and m,s € Ny. Finally, we
have h,f’m e KNZ=1foralll <n <dandm € Ny, so the claim follows.
Now, since v,,,(G)NZ < 5; N Z =1, we have

|16 ms [P0y Brm] | M€ No, 1 < m < d)] < 200F0m,
Suppose now k,s ¢ Z. If there exists another element ¢ € Sy such that kt € Z, then
st =(ks)kte S;NZ =1,

so s = t. Thus, for each k € Ky there exists at most one element z in Z such that ks = z
for some s € Sy. In particular, this shows that there are at most |Ky| elements g = ks
in Z such that k, s ¢ Z. Now, since the nilpotency class of Ky is 2, it is easy to see that
KpnNZ=%®(Kpg), and so

K| = K+ (K[| (K )| < 2 Dmg(dsim — g2,
Finally, summing up, we get that
‘KSZ N Z‘ S 2(d+1)’n1‘ + 2(2d+2)ni S 2(2d+2)n71+1’

as desired. O
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Corollary 4.3. Let 8§ € {L,D, P, M, T} and let K = (xzéh, hi,...,hq) be a finitely gener-
ated closed subgroup of G, for some ¢,d € Ny and h,hy,...,hqg € H. Then

hdim$,(K) = hdim$)? (K n Z).
Proof. Recall, from the proof of [15, Thm. 2.10], that KZ/Z has strong Hausdorff' di-
mension in W. Hence, as Z has strong Hausdorff dimension in G, it follows from [15,

Lem. 2.2] that

logo|K S, N Z : zZ
i, (1) =t 2221K5:02Z 52017,
oo l0go|Z 1 SN Z]

where § is given by 8: G = Sy > 57 > ---. Moreover, by Lemma 4.2 we have

lim logy |[KSkNZ : SN Z|
s oo log, |Z : S N Z|
logy |[KSkNZ : (KN Z)(SxNZ)|

logy (KN Z)(Sp,NZ): SN Z|

= 1i li

el log, |Z : Sy N Z| + logy |Z : Sy N Z|
— lim log, (KN Z)(Sx,NZ): SN Z|

et logy |Z : Sk N Z| ’

and thus hdim,(K) = hdim?z (KNZ), as required. O

For a subgroup K = <m2£h, hi,...,hq) of G, and, in view of Corollary 4.3, for the
purpose of computing K N Z, we will fix the notation used in the proof of Lemma 4.2.

Thus, for every 1 < n < d and every m € Ny, we write hy, ,, = [hn,acﬂh7 .’.”.,xth].
Suppose i1,...,iq € N are such that
h1 € i, (G)Z\Yi,+1(G)Z, ... ,ha € 7, (G)Z\Vi4+1(G) Z.

Notice by Lemma 3.1 that hpm = ¢; 1m2e (mod v y0e41(G)Z). Also, we set I =

{in +m2° |1 <n<d, mée Ny}, and for every j € I, we write ¢; = hnm, where n,m

are such that j = i, + m2° If j € N\, then we just write ¢; = ¢;. Finally, for every
j,k € N define 27, = [c}, c;] and consider the set

Bz ={(c{)*. %k | i,4,k € N}.
Thus, since ¢j = ¢; (mod v;41(G)Z) for every j € N, it follows that

2k = zjk (mod Yj4r41(G) N (zZmn [ m =, 0 2 k). (4.3)

Hence, the set Bz is a basis for Z.
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Let now
Kz ={(¢})* 2 | i,4,k €1).
It is clear that K = <x2£ h)K g where, as in Lemma 4.2,
Kg=(hpm|1<n<d, meNp).
Since 22 h normalises K H, it follows that a general element g € K can be written as
g= (" h)c), ¢,

with a € Zs, n € Ny, j < jry1 forevery 1 <r <n-—1and z € Kz. Now, if g € Z, then
we must have a =0 and n=0,and so KNZ = K.

Now that we explicitly know the subgroup K N Z, the strategy that we will follow for
computing its Hausdorff dimension in Z will be based on counting blocks. For a fixed
f € Ny and for every r,s € Ny with s < r, we define a block in Z as

BT;S = <Z:+T2e,j+32£ | 1< 27] < 2£>

Lemma 4.4. Fiz ¢,d € Ny, let § € {L,D,M,TF} and let K = (szh,hh...?hd) be a
subgroup of G as defined above. Write m(k) = min{j | ¢? € S} and let

o {<an | Bys N Sk # 1)((c5)? | § = m(k)) if 8€{L£,D,M},
<Br,s | B, NO, # 1><(C;>2 | Jz m(k»qjk/\k if $=9.

Then, for the filtration series 8* : Z = Ag > Ay > -+ of Z, we have
hdim$” (K N Z) = hdim$, (K N Z).

Proof. Note that

<Br,s ‘ B, s NYer1(G) # ><( )2 | j > k) if§=2»C
Ak =4 (Brs | Brs Ne+1(G) # 1)((¢)? |5 > [(k+1)/2]) if8=1D
(Brs | r=285((c3)* | j 2k+1> if § =M,

and Bz being a basis for Z, we can express the generators of v;x1+1(G) N Z and Oy in
terms of the elements in Bz. More precisely, one can easily see that

Y1 (G)NZ = (¢} 2pn i 2 k41, 1<n<m, m+n>k+1) (4.4)

and
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Ok = (25 s Zir s | mun > 2871 m! > 28 n/ € N). (4.5)

Therefore, we clearly have Si N Z < Aj. Consider now the following family of blocks:

{Brs | Brs <Ay, Bys £ Spand s <r} if 8§e {L, DM},
{Brs|Brs <A, Brs £Opand s <r} if §=5%.

If § € {£,D}, then B,, € B only if (r +s)2* <k —2and (r+s+2)2° > k+1,
so |B| < 2|(k+ 1)/21| + 1. For § = M, we have |B| = 0 and for § = F, we have
|B| = 2F—¢ — 1.

Notice also that log, | B,.s| < 2%, hence, if § € {£,D, M}, then we have

log, |Ak 2SN Z| < & "B|22£ —0
k—oo  logy |Z : Akl T k—oo log, | Z : Vk41—2¢+1 (G)NnZ| -
while if § = F, we have
1 Ag : A B|22¢
lim 08218k S0 2] B _0
k—oo  log, |Z : Ak| k—o0 log, |Z D Yok _gt+1 (G) N Z|

by [6, Proof of Thm. 4.5].
Now, [16, Lem. 2.2] yields the result. O

Proof of Theorem 1.1 (For the case p = 2). Let K < G be a finitely generated closed
subgroup of G. We observe that if K < H, then K is finite and hence hdim% (K) = 0.
Therefore we suppose that K £ H.

Without loss of generality we may assume, as done in (4.2), that K has only one
generator of the form 22 h with £ € Ng and h € H. In addition, by Lemma 4.1, we may
further assume that

K= (22hhy,... ha)

for some d € Ng and hy, ..., hg € H\Z, and by Corollary 4.3, we have that hdim?,(K) =

hdim?z (KN Z). Also, following the notation introduced before Lemma 4.4, we have

KNZ=((c) 2| ig. ke I).
Let 41,...,74 € N be such that
hi € i, (G)Z\i,+1(G)Z, ... ,ha € 7, (G)Z\Viy11(G)Z,

where, in the spirit of (4.2), we may assume that i1 < --- < ig and further that 4;,...,44
are pairwise non-equivalent modulo 2¢. Indeed, suppose without loss of generality that
iq = i (mod 25) for some 1 <r < d — 1. As mentioned before, we have
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[hn,s acgzh7 m. 2% hl = ¢ tmae  (mod v, 4 maei1(G)Z)
for all n € {1,...,d} and m € Ny. In particular
[, 2 B, 2 B = hg (mod 7;,41(G)2)

for some m > 0, and so repeating the standard cancelling process as in (4.2), either,
after several steps,

e the process stops if it gives a generator h € Z (in this case, we can ignore this
generator by Lemma 4.1);

e the process stops if it gives a generator h € v (G)Z\vj+1(G)Z where j # i1,...,iq-1
(mod 2¢); or

e at each cancelling step, the new generator h € v (G)Z\;+1(G)Z satisfies j = i,
(mod 2°), for some r € {1,...,d — 1}.

In the third case, we may ignore the generator h, since each cancellation process replaces
the generator h € v;(G)Z\7v;+1(G)Z with a generator h € 7,(@)Z\Y,41(G)Z, where
v > j. In other words, we can replace the generator h with a generator h in vu(G)Z,

with p arbitrary large, hence in each finite quotient %

generators of K N Z that involve h can be assumed to be trivial.

, the images of the

Next, for r € N and setting Z) = (zm,n | m,n > r), it can be proved, as done
in [6, §4], that Z(,) has strong Hausdorff dimension 1 in G with respect to 8. Thus,
it is not difficult to see that we can also assume that iy < 2¢. Indeed, suppose that
A2¢ < ig < (A4 1)2° for some A € N. It turns out that the generators of K N Z of the

form (¢})?, for j € N, are insignificant in the computation of hdim?z (KN Z), hence a

direct computation shows that hdimilz (KNZ) = hdimilz (KN Z(xoty). This then equals
the Hausdorff dimension of K N Z(yo¢) in Z(yo¢y by [16, Lem. 5.3].

Now, from Corollary 3.4, it suffices to consider the four filtration series £, D, M
and F. Moreover, if 8* : Z = Ag > Ay > --- is as in Lemma 4.4, then we have

hdimz‘z (K N Z) = hdim$, (K N Z). Define the following disjoint families of blocks:

 J{Brs | BrsNAp=1land s <r} if 8¢ {L,D,M},
' {B,s|BrsNOp=1land s <r} if §=7,

B = {Brs|BrsNAy=1and s=r} if §¢e{L,D,M},
2 {Bys|BrsNOy=1land s=r} if §=7.

For § € {£, D}, it is routine to see that |Bs| < | (k+1)/2¢"!| and that there exists ¢ € Q
such that limy_ o |B1|/(k + 1)2 = ¢. Similarly for § = M, we have |Bs| = 2*~¢ and
there exists ¢ € Q such that limy_, o |B1|/2%* = ¢q. For § = F, we have |By| = 28k-1-¢ -1
and limy_,, |B1]/2%F = ¢ for some ¢ € Q.
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Note that if s < 7, then log, | B, s| = 2% and log, | B,.s N K| = d?, while otherwise, if
s =7, then log, | B, 5| = 2271 —2/=1 and log, | B, sN K| := t < d?. With this, we are now
ready to compute the Hausdorff dimension of K with respect to £, D and M; compare
(4.7). Let us focus first, however, on the case where § = F. From Proposition 3.5 we
note that 2% log,| U] is negligible as k approaches infinity, hence we can ignore ¥y. As
done in the proof of Lemma 4.4, we can also express the generators of Ay in terms of the
elements in Bz. More precisely, and referring to (3.7), we have A} O = A;Oy, where

L= (et 2 d? ) 2<i<k—1,27 < n<m <2 (4.6)
Observing that
A NK > <[z;l7n,:£2i,z2i+l,...,z2k_l} Imnel, (<i<k—-1,2"1<n<m<?2)

(where in the above, we emphasise that i > £) and that for 2 < i < k — 1 we have
[ a2 2 T ¢ AN K ifm ¢ T orn ¢ I, it follows that

m,n>
log, |A; N K : ([zfn’n,xgi,...,xﬁfl] Imnel, l<i<k—1,2"1<n<m<?2Y
approaches 0 as k — co. Writing
Uy :=logy (AL, NK)Op : O] and U :=log, |A[O : O],
and recalling from Proposition 3.5 that the generators in the presentation of A}, in (4.6)

generate it independently modulo Oy, we see that U /U, approaches d?/2%¢ as k — co.
Finally, removing the assumption that § = F, we obtain

. 8" . ogy (KN Z)Ag = Ay
hdim$ (KN Z)= 1 2
mz (KNZ) = lim = 7 Al

|B1|d® + [Balt +logy [((¢;)? | 5 € I, j < m(k))| — 65U1

= 1.
koo B[220 4 B[ (2261 — 201 4 log, [{(5)2 | j < m(k))] — 05U
. |B4]d® — 05Uy
= m ——
k—o0 |'Bl|22Z — 53‘U2
— d2/22£

for every 8§ € {L£, D, M, F}, where

1 if8§=25,
0F =
0 otherwise.



288 I. de las Heras, A. Thillaisundaram / Journal of Algebra 606 (2022) 266—297

As K was arbitrary, it follows that
hspecp, (G) = {d*/2* | eN,0<d<2"}. O
5. The pro-p groups &(p) for odd primes

For convenience, we write = &(p), for an odd prime p. In this section we determine
the terms of the six filtration series of &, or their respective intersections with Z. Then
the proof of Theorem 1.1 will follow exactly in the same way as for p = 2.

As the terms of the filtration series £, D and M can be found in [5], it remains to
settle the filtration series P, &, and J.

We begin by clarifying the terms of the series ®* N Z. In principle, the analysis of
the subgroups &P NZis analogous to the p = 2 case, however certain differences arise,
due to the fact that ¢? ¢ Z for i € N.

Using the same notation for the case p = 2, for i, 5,k € N, we let

Wigk = [Zip1,, 27 72 @) [Zia e, P T w] - [Ziph o -3 T2 b1 -2,
and for k € N,
L, = <w¢’j,k, de(y), Zmm | 4,4, € N, m > pk>q5 ,
where di(h) € Z is defined as before, that is,
(zh)?" = 2?" [h, 2,7 1, 2]d ()
for h € H.

Lemma 5.1. In the pro-p group &, for k € N,

(i) for every z € Z, we have
[z,m,p.kf.l,m] € Ly;
(ii) for hy,ho € H, we have
k_q — k1 k_q .
1102y Ly 7o e ey = sy ey sy ey )
[hiho, z,P. = x] = [hy, 2, P 7L 2] [he, ,P. 71 2] (mod Ly)
(iii) for every h € H, we have di(h) € Ly.
Proof. (i) and (ii): This is just as in Lemma 3.2.
k
iii) For hy,hy € H, as before let ((h1,ho) = [[Fog2[hE, 2, . L.,z ho,z,P "2 2] € Z.
=0 L1

Proceeding as in the p = 2 case, we obtain di(h1hs) = di(h1)dk(h2)¢(h1, he) (mod Ly),
and ((h1, h2) = ((he, h1) (mod Ly). Next, notice that for every i,j € N we have
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C(eiy )" = (e ¢f) = ((eicivr, ejejr1) = (leis ¢5)C(civt, ¢5)C(, ¢j41)C(Citns Cj11)
and from the equivalence [((¢;, ¢;), ] = ((¢iy1,¢;) (mod Ly) in (3.4), we obtain
((eireji1) = C(eipr, 1)1 (mod Ly).

Therefore, as ((cyx,cj) € Ly, it follows that ((c;,c;) € Ly whenever (4,5) # (1,1). Now
for h € y2(®), we observe that

C(h,h) = dp(h*)dr(h)™2 (mod Ly),

and as dj,(h?) = dj(h)*, we conclude that di(h) € Ly. Since d(y) € Ly, by definition, the
result follows. O

With this, the corresponding statements for Proposition 3.3 and Corollary 3.4 are
obtained:

Proposition 5.2. For k € N, the pro-p group & satisfies
(Zm.n \mZpk,n€N> §®pkﬂZ§Lk.
Corollary 5.3. For the pro-p group ® and K <. Z, we have
hdim}) (K) = hdim}* (K).

Next, in analogue to the even prime case, one can determine the Frattini series F
precisely, which we include here for completeness. Following the notation in [5], we write
[i], = ’;%11 for i € Ny. For k € N we correspondingly have

i+1

Ak = ([zmoa? 2?2 [ 2<i <k =1, mon > 1+ i),

Ok = (Zmons Zm/ e | Myn > 1+ [k —1],, m' > 1+ [k],, n’ € N).
Observe that 71 gk—1],4pr—1(8) < O.
Proposition 5.4. For each k € N, we have
() =(*" ;| = 1+ [k],) A

Finally, we consider the iterated p-power series J for &. This involves a fusion of the
techniques used for the p-power series and the Frattini series.
For i,j,k € N, with 4,7 > pF¥~!, we define the elements

k—1 k—1_o

k k
~ N _ 1 B
Wi 5.k = [Zi+1,j,$7p L ,m][zwg,jﬂ,x,p p.. 73':]"'Zi+pk,pk—1’j+pk,pk—1,1,
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and for every h € v,.-1(®), we define de(h) € Z as

k—1

(2" R = 2P [hy 2, P P 2)dg(h).
Let thus

Ly = (@ jk,di(y) | 4,5 > p"~1)®

)

and, for k € N, we define

ék = <Zm,n ‘ mZPka n€N>v

Tl a0 < m< ot m— [ << pPY)

Voo (me{2pP L3R L (p—2)p Y n=p"h)),

-~ k—1 k—1 P A
Q= ([z,2" 22 ] | 2 e G U,

Kk = <[Zm,n7 aP

~ k—1 k—1 T, T
Uy = (22”22 ] |2 € Uy ULk,

where f~21 = Kl and \I’l = El. These definitions, together with the following lemma, will
play the role that Lemma 3.2(i) had for the filtration series P.

Lemma 5.5. For k € N, we have
[(:)k_1, l’pk_l,yf.l, .Tpk_l]ék = Kkék.

The proof of the above lemma, though not difficult, is a rather long combinatorial
argument. Therefore we defer the proof to the appendix. Moreover, for the purpose of
computing Hausdorff dimensions, the set of generators given in the presentation of /~\k is
close enough to a minimal generating set for /~\;C modulo ék; see the appendix for further
details.

Below we have the analogues of Lemma 3.2(ii) and (iii).

Lemma 5.6. In the pro-p group &, for k € N,

(i) for hyi,ha € ypr-1(®), we have

1

[hlhg,m,pkf?’lf_ ,x] = [hl,x,kaP?_l,x][hg,x,pkff’)ﬁ_l,x] (mod Ek),

(ii) for every h € y,u-1(®), we have di(h) € OrArLy.
Proof. Part (i) follows as in Lemma 3.2. For part (ii), let dj (k) and d;*(h) be such that

(@ h)P = 2?" [h, 2" L 2" d (R)
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and

k—1 k—1
y2 -1 ,.p
[h,x ,’.’..,x

] = [ha, " TPl di (h),
and note that dy(h) = d;;.(h)d;*(h). Now, similar to (3.3), for h1, hy € y,r-1(®) we have

(2P hahy)P = (2" ho)P[hy, 2P ho,BTL 2P holdl(hy)
=¥ [ho, 2, TP 2] [he, 2® o P72 ho)di(ha)dy(Ra),

and routine computations give

k-1 k—1
[hl,l‘p hg,l?..l,.%‘p hg]
p—2
pF_pk—1 L pF1 (p—2—0)p*~1 .
= [hy,2,P TP ,x}H[hl sx, P x ha, s xldyt (hy).
{=0

k—1

—2y "t 2—¢
Writing C(hy, he) = [ [hF" o, 2. 0z, ho,x, P20

pk_l,x] € Z, we have

(l'pkilhghl)p = xpk [hg, (E,pkf‘?}.@717 f} [hl, x,pkfplfil, x]gk(hl)gk(hg)Z(hl, hg)
Everything now follows as in the proof of Lemma 5.1. 0O

Proposition 5.7. For k € N, the pro-p group & satisfies

Proof. Using Lemmata 5.5 and 5.6, we can adjust the proof of Proposition 3.3 to the
filtration series J. The unique significant difference arises when, as done at the end of
the aforementioned proof, we consider the element [hh*, x, " TPI.C_l, x], where in our case
h € ypre-1(B) NI _1(B), h* € yy0-1(B), and hh* € Z.

First note that yo,s-1(&) < Ix_1(&) by [5, Prop. 3.4], and so

hh* € Iy 1(8) N Z < O 1 A1 1Ly 1 Wy,

by the inductive hypothesis. Now, by definition, we have Kk_lﬁk_l TR e S <
y yp b y bl b bl bl
Q) and [Ek_llllk_l,x,pkff’].c_l,x] < V. Also, Lemma 5.5 yields [@k_l,m,kaPI.c_l,x] <

Ar©Oy, so the result follows. O
Corollary 5.8. For the pro-p group ® and K <. Z, we have
hdim)? (K) = hdim$ (K),

where § is the filtration of Z defined by the subgroups ékﬁkﬁk.
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Finally, the proofs of Lemma 4.1, Lemma 4.2, Corollary 4.3 and Lemma 4.4, and the
p = 2 proof of Theorem 1.1 work exactly in the same way for p odd and for £, D, M, P,
J and F (actually it is easier, as HP = 1). Hence Theorem 1.1 follows.

Appendix A

Proof of Lemma 5.5. Fix k € N, and consider the set Z = {2, | pP7' <m < pF, n <
m}. This set can be decomposed as

= U =) U (U™
1<j<i<p-1 1<i<p-1

where

Zij={zmn [ip" 7 <m < i+ )P (G- Dp T <<t
Vi={2mn|ip" P <n<m < (i+1)p" L

It is helpful to visualise the elements of Z as a grid where m determines the row and n the
column, with Z; ; representing the PP~ x pF~1 squares if j > 1 and the p*~! x (pF~1 —1)
rectangles if j = 1, and with V; corresponding to the lower left triangles along the
diagonal m = n.

Then, writing

ui’l = {Zm,n € Zi,l | n>m-— ipk_l},
and
Wi’j = {Zipk—l’(j_l)pk'—l} fori>j > 1,

it suffices to show that

1 ~
<[Zm,n7xp ,F,’T,lvxp ] | Pk_l <m< pk, n < m>@k

p—1 p—2
= ([z,a”" 2oL ) | 2 e (| Win) U (| Wi2))O.
=1 =2

Recall that, for m > pF—1,

k—1 . — ) ~
[Zm,n;(Ep 7 = H <H2m+p 1—1)pE =1t (p—1—s+t)pk— 1> (mod @k),

compare [5, Lem. 4.3]. Note also that (”;1) = (-1)® (mod p).
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Now let 2z € Z;; for fixed i,j. Writing m = ip*~' + p and n = (j — 1)p*~1 + v for
0<p,v<pF ! —1, we have

P
[Zipk—l_;'_u,(j_l)pk—l_;'_u,l' sy

p—1 s
_ 1°(5) &
=11 < Zu+<p—1—t+i>pk—1,u+(p—1—(s—t>+(j—1>>pk—1) (mod B).
t=1

s=1

From the above it is clear that for £ < pr17
Pl po1 phl ~
<[Z,CL‘ LT ]|ZEZp,g7g+1U~-~UZp,g7p,g>S@k
and similarly
<[z,xpk_l,1.’7.1,xpk_1} |z € Vp_g> < Oy.
Now, set ék’g = (:)k and recursively define, for 1 <7 <p—2,
~ k—1 k—1 ~
916,7’ = <[Z,.’Ep 71')7'17:510 ] | S upf‘r,l ) Wp77'7172>@k,7'717

where Wl)g =J.
We claim that for 1 <7 <p—1,

k—1 k—1 o~
<[Z7$p aI?T~17xp ] ‘ KA Z’p—@,@—T—i—h T < 14 < L21>@k,7'—1

1 k—1 ~
= <[Z z? aI?T}vxp } | z € up—'r,l U Wp—7—1,2>@k,~r—1
p—1 s

_ -1°(5) 5
o < ZM+(p—i—t+p—T)p’“‘17V+(p—1—s+t)p’“‘1 v = ,u>@;€’771.

Indeed, for 7 = 1, the result is clear since

k—1 k—1
[Z(pff)pk—l+M’(Z71)pk—1+y7l‘p ,137.17.’)3‘17 }

p—
_ P (rh) 5
=11 2t (p— 1~ )ph 1 (—14)pr—1 (0d Of)

t=p—~{
I G ~

z (mod Oy).

— “ptH(p—1)pk—t v+ (p—1)pk—1

Suppose now that the result holds for 7 — 1. Recall that for z € Z; ; we write m =
ipP '+ pandn = (j— D)pFt +vfor 0 < p,v < pP~! — 1. We first assume that v > 0,
and we write Z; ; for all such z with v > 0. For z € 2, ,, ., with 7 < /£ < AL e
obtain
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p -1 .p
[z(p—é)pk*1+,u,(£—7-)pk*1+u7 T ,P c, X ]

p—1

= H H Zqu(;n i t+p—L)ph =t vt (pH—T—1—s+t)p" (mod ©)

s=p—7 \t=p—/

_ Z(—l)p’T(’;ZD Z(—1)P**+1(1’;31) Z(—l)P*TH(g:;ﬁ)
= \Tpt(p—DpF v+ (p—1)pF—! pt(p—1)pF~ v+ (p—2)p* 1 “p+(p—2)pF v+ (p—1)pF !

0—
(£—) (-2)
X X H z ’ k—1 k—1
pt+(p—1—t+p—O)p*~1 v+(l—7+1+t)p
t=p—L
1= (f—
p—1-(—7) (»-1) _
x H 2t (p—1—t+p—£)pk—1 et (E—7+t)phk—1 (mod Oy).
t=p—~{

We begin by establishing that

k—1 k—1 i~

<[Z,1.p aPT'l’wp } | z € Z’;—@,Z—T-}-lv T < ¢ < L21>®k,7'71 (A 2)
= ([~ A o A N P d >é .
- ) gy eeey p—T,1 k,r—1

If £ = 7, the result is clear, so we assume that {>T. Multlplymg the above element with

k—1 1 k—
[2(p—t41)ph—1 41, (b—r)ph—1 4 TP BT P ]ylelds modulo @k,

pt(p=1)pF =t v+ (p—1)pF=* Bt (p—1)p* =1 w4 (p=2)pF =1 Zpt (p—2)pk =1 w4 (p—1)pk-1

(2(1)p7+1(pp;$1) ) <Z(1)pr+2(£—zﬂ) (—1)p=2 (o7 )

11— (f—
T L)
XX H et (p—t+p—)p*= 1wt (=714 t)pk =1
t=p—L+1
p—1—(0—7)
p—1
X H z) ! k—1 k—1
pt(p—1—t+p—LO)p*~1 v+ (l—7+t)p
t=p—~¢

p—1

(=1)*+1(5) (mod o )
11 I Zmtpeopit vt pmsrer—sropi mod Oy
s=p—7 \t=p—~+1

— -1 -1 )
= [Z(p_e_i_l)pk—l+u7(5_7_1)pk—1+y7 P ,1? cy P ] (mod @k)

Therefore, as 2(p_ g4 1)pr—14p,(0—7)pk—14v € Zp—(£—1),((—1)—(r—1)+1, repeating this process
yields
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P -1 .p
[Z(p_g)pk—1+H7(g_7.)plc—1+y, T ,Z.’ LT ]

— -1 -1 Q
= [Z(p_e_;'_l)pk—l+H7(g_7._1)pk—1+y,xp 71.7 . .,.’Ep ] (mod Gk,'rfl)

k—1 ~
= [2pompr-tape @ LETL2? F (mod O 1)

In other words,

k—1 k—1 ~
<[Z,l’p ,]?T.l,l’p } | z € Zp_771>@k77_1

1 k—1 ~
= ([z2? 27ha? )z€Zy . 1 0)Okr1

1 k—1 ~
= <[Z7xp 71')7'17‘%'1) ] | zZ € Z’?p*g+1“,LP*TT+1J>6k,7717
which yields (A.2).
We consider now the case v = 0, which only occurs for the squares Z; ; where j > 1.

Further it suffices to consider such elements z € Zp,_¢¢—r41 With 2 <7 < £ < IH'QLl.
Similarly one obtains

k—1 k—1 ~
([z,27 27l a? ]| z€Zpro19\Z5 1 2)Okr1

k—1

: k—1 ~
= ([z,a” 27 a? ]| z€Zpr23\Z5 ; 93)Okr1

k—1 k—1 ~
= (2?2 V| Rpempr g om0 B omr gy g 1) Ok,
where of course Z; ; = @ if j > 1.

Hence we have the first step towards claim (A.1). It remains to show that

k—1 k—1 ~

Uy o= ([za? 2?2 € Zpr ) )Ok s
k— k— ~

= ([z,2? L pTl P 1] |2 €Up—71)Ok,r-1

- . (A.4)

_ -1°(}) 5

- < H H Zpt (p—1—t4p—T)p* =1yt (p—1—s+t)pk=1 v = 'u>@k’7_1

s=p—T t=p—T
and
k—1 k—1
[z, 22 2Tl 2P ]| 2€Zpr12\20_ o1 0)Us
< ki P D 1,2> (A.5)

1 k—1
= <[zvxp 71')7'17xp ] | z € WP*T*1’2>UT'
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Suppose that 0 < v < u. Akin to (A.3), we have that

P p
[Z(p—T)p’“—l-l-M,w"17 y e ] [ZL%ka—l-s-u,[%]pk—l-&-mx Y
= [Z =T, k—1 P=T | k—1 P -

[Pk o, [ 55T pF T R

k—1 k—1
D -1 ,.p €
[Z(p—r)pk*1+u,pv T s, ] y

where ¢ € {—1,1}, depending on whether 7 is even or odd. This proves (A.4), and
similarly for (A.5).

Finally, we consider V;, for 1 <i < pT_l. In a similar manner, one can show that

k—1 k—1 ~ ~
<[Z,a:p ,Iff.l,a?p ] | z € Vi>@k,p72i = (—)k,p72i7
and the result follows. O

We note that some of the generators in the presentation of /~\k where p = v are trivial

modulo ék. The number of such generators is insignificant in relation to the minimum
generating set of Ay.
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