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A B S T R A C T   

Hierarchical self-assembly of structural elements gives rise to superstructures often with outstanding properties 
when compared to individual elements, as first observed in nature. While folding of individual synthetic chains 
leads to discrete single-chain nanoparticles (SCNPs) of significant interest for a number of applications, its full 
potential utility through integration into well-defined superstructures is recently being recognized. Remarkably, 
SCNPs in good solvent resemble randomly branched polymers with ideal connectivity in a theta-solvent or 
percolating clusters with screened excluded-volume interactions. Herein we consider the integration of SCNPs 
into star, comb and bottlebrush topologies and investigate the dimensions of the resulting superstructures under 
different conditions (good solvent, ideal conformations, 1D- and 2D-confinement in nanopores and nanoslits, 
anchored to flat surfaces). A detailed comparison of the equilibrium conformational properties of star, comb and 
bottlebrush polymers composed of elastic SCNPs to those of equivalent topologies based on linear chains is 
provided. This analysis reveals the effect of hierarchical topology on superstructure dimensions in several 
relevant environments, as well as how the structural parameters of the SCNPs influence the location of the comb- 
to-bottlebrush transition as a function of grafting density. The degree of intra-chain cross-linking arises as an 
additional parameter for controlling the local and global dimensions of stars, combs and bottlebrushes of SCNPs.   

1. Introduction 

Nature illustrates perfectly how hierarchical self-assembly of indi
vidual structural elements gives complex systems with emergent prop
erties (e.g., multimeric proteins, organelles, cells, tissues, whole living 
organisms) [1]. Formation of superstructures often results in 
outstanding properties when compared to individual elements. This 
concept has been also adopted for the association of different synthetic 
building blocks (molecules [2], macromolecules [3], inorganic nano
particles [4]) into high-level ordered constructs to obtain materials with 
unique properties. Moreover, association of elements in synthetic su
perstructures can be selected to be either dynamic (non-covalent in
teractions, dynamic covalent bonds) or permanent (covalent bonds). 

Single-chain nanoparticles (SCNPs) can be envisioned as simplified 
synthetic analogues of folded biomacromolecules with potential appli
cations in a number of fields (e.g., catalysis, sensing, drug delivery) [5]. 
Concerning SCNPs, “folding” denotes the process by which a function
alized polymer chain assumes its final shape or conformation as 

single-chain nanoparticle through intra-chain interactions (dynamic or 
permanent) at high dilution. Advances in this thriving field are disclosed 
in several recent reviews [6–10]. Remarkably, integration of SCNPs into 
well-defined superstructures is recognized as a promising way to deploy 
its full potential utility [7]. In this sense, the use of SCNPs as building 
blocks for construction of high-level ordered constructs is currently 
highly appealing. 

As a first step, one can consider the integration of SCNPs into star, 
comb and bottlebrush topologies to give permanent superstructures of 
SCNPs with increasing complexity. However, on passing from individual 
SCNPs to superstructures of SCNPs, the design space grows notably so 
guidelines from theoretical approaches to keep synthetic efforts and 
times feasible become extremely useful. The same problem applies to 
computer simulations of superstructures involving a huge number of 
monomers leading to exacerbated computational cost to achieve equil
ibrated conformations and unbiased results. 

In this work, we use the elastic single-chain nanoparticle (ESN) 
model [11] as an input for a scaling blob theory (stars, bottlebrushes) 
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and a Flory free energy approximation (combs) to investigate the 
equilibrium conformational properties of star, comb and bottlebrush 
polymers composed of SCNPs in selected cases. The ESN model has been 
previously employed with success to investigate the conformational 
properties of neat SCNPs in dilute solution and on surfaces [11], under 
1D- and 2D-confinement in nanopores and nanoslits [12], and anchored 
to flat surfaces [13]. By careful comparison of the properties of stars, 
combs and bottlebrushes of SCNPs to equivalent constructs of linear 
chains, insight about the effect of hierarchical topology on superstruc
ture dimensions in several relevant environments will be gained. Sig
nificant efforts have been devoted to compare experimental, theoretical 
and computational results concerning stars, combs and bottlebrushes of 
linear chains [14–29]. Also worthy of special mention are several 
theoretical approaches and molecular dynamics simulations based on 
the analogy of these complex topologies with randomly branched 
polymers (lattice animals) and percolating clusters [30–34]. Very 
recently, the conformational properties of complex superstructures such 
as barbwire bottlebrushes in different environments have been investi
gated within the framework of the scaling blob approach [35]. 

The rest of the paper is organized as follows: First, we summarize the 
main results of the ESN model when applied to SCNPs in different en
vironments (good solvent, ideal conditions, 1D- and 2D-confinement, 
brushes of SCNPs). Next, we consider the cases of stars, flexible combs 
and rigid or flexible bottlebrushes composed of SCNPs in equivalent 
conditions. Finally, we discuss the main results obtained and highlight 
differences with classical results for stars, combs and bottlebrushes 
composed of linear chains. 

2. The elastic single-chain nanoparticle model 

In this section, we first summarize the main results of the elastic 
single-chain nanoparticle (ESN) model [11] in the case of diluted solu
tions (good solvent) composed of isolated SCNPs (Fig. 1A) and in the 
ideal state (i.e., the case of negligible pairwise excluded-volume in
teractions) (Fig. 1B) which are relevant for our further analysis. Next, we 
review briefly the predictions of the model for the conformation of an 
elastic SCNP in a good solvent under confinement [12] (Fig. 1C and D) 
and the height of a layer of elastic SCNPs densely anchored to a flat 

surface [12] (Fig. 1E). This overview provides the foundation for tack
ling the cases of stars, combs, and bottlebrushes of elastic single-chain 
nanoparticles below. For the sake of simplicity, we set in the model 
the excluded-volume parameter, the thermal energy, and the effective 
monomer size (or Kuhn length) to unity. In addition, numerical 
pre-factors of order unity − that do not change the qualitative features of 
the results− will be ignored throughout in the following (we use the 
symbol ≈ to remark this fact). Neutral, flexible chains are only consid
ered. When required for illustrative purposes, a comparison of model 
predictions to selected experimental data is also carried out. 

2.1. Size of elastic single-chain nanoparticles in good solvent conditions at 
high dilution 

The model considers an elastic SCNP containing a total number of 
monomers n and a fraction of reactive monomers x distributed randomly 
along the chain. The number of intra-chain cross-links in the SCNP is nx/ 
2. A balance between an elastic contribution to the free energy and a 
contribution arising from intramolecular excluded-volume interactions 
determines the SCNP size [11]. Hence, the free energy of a SCNP is 
expressed as:  

F ≈ Fel + Fev                                                                                 (1) 

The elastic contribution to the free energy contains two terms:  

Fel = K R 2 + R 2/ R0 
2 ≈ A x R 2                                                      (2) 

Where K = Ax, and A is a constant related to the elasticity of the SCNP 
[11], R being the SCNP size (e.g., the root mean square radius of gyration 
normalized to the effective monomer size (or Kuhn length) that we set to 
unity to treat K and A as dimensionless quantities). The term R2/R0

2 in eq. 
(2) can be neglected when K > 1/R0

2 ≈ 1/n, which is often the case. Note 
that when x → 0 (i.e., R2/R0

2 > K R2) we recover the classical result 
corresponding to uncross-linked linear chains: Fel ≈ R2/R0

2. Although the 
elastic free energy (and hence A) could be obtained from the funda
mental statistical mechanics of SCNPs in the presence of excluded vol
ume interactions, attaining an analytical solution is still a formidable 
problem [36,37]. Consequently, we treat A as a model parameter that 
can be extracted from available experimental data (see below). 

Fig. 1. Schematic illustration of elastic 
single-chain nanoparticles in the framework 
of the ESN model [11–13]: A) Size of an 
isolated elastic single-chain nanoparticle 
(SCNP) in good solvent at high dilution, Rs. 
Intra-chain cross-links are denoted by brown 
color. B) Size of the same SCNP in the ideal 
state (only ternary excluded-volume in
teractions involved), Rm. C) Size of a SCNP 
confined in a long, cylindrical nanopore of 
diameter D, R1D. D) Size of a SCNP confined 
in rectangular nanoslit of width H, R2D. E) 
Size of a brush composed of densely grafted 
SCNPs on a flat surface, Ra. (For interpreta
tion of the references to color in this figure 
legend, the reader is referred to the Web 
version of this article.)   
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The excluded-volume contribution to the free energy in the case of a 
good solvent is [39]:  

Fev ≈ n 2 / R 3                                                                                (3) 

Minimization of eq. (1) with respect to R in terms of eqs. (2) and (3) 
gives the equilibrium average size of the SCNP in good solvent condi
tions (denoted as Rs, see Fig. 1A):  

Rs ≈ K − 1/5 n 2/5                                                                              (4) 

Remarkably, the mass scaling of SCNPs in good solvent is close to 
that estimated for randomly branched polymers with ideal connectivity 
in a theta-solvent and percolating clusters with screened excluded- 
volume interactions [30,31,34]. 

It is worth of mentioning that the ESN model is not equivalent to gel 
models like Flory-Rehner theory or de Gennes’c*-theorem providing the 
equilibrium degree of swelling of a gel in a good solvent as a function of 
strand length [39]. Instead, the ESN model gives the average global size 
of an isolated SCNP in good solvent as a function of its elasticity constant 
A, the fraction of intramolecular cross-links x, and the total number of 
monomers n. Remarkably, the ESN model can be easily combined with 
scaling arguments to estimate the SCNP domain size at local length scale 
as described in detail in ref. [38]. 

The shrinking factor αR − defined as the ratio of Rs to that of a linear 
chain of n monomers in good solvent conditions (denoted as Rl, where Rl 
≈ nνF and νF ≈ 3/5 [39])− is just:  

αR = Rs / Rl ≈ (K n) − 1/5                                                                  (5) 

For comparison to available experimental data of percent reduction 
in (apparent) molecular weight upon SCNP formation, it is instructive to 
introduce the apparent value of n associated to an elastic SCNP of size Rs 
as if it was a linear chain in good solvent (napp ≈ Rs

5/3). In terms of the 
model, napp is given by:  

napp ≈ K − 1/3 n 2/3                                                                           (6) 

and to define the corresponding shrinking factor related to napp such as:  

αn = 1 - (napp / n) ≈ 1 - (A x n) − 1/3                                                   (7) 

As illustrated in Fig. 2, the model reproduces reasonably well the 
observed experimental data of poly(styrene) (PS) SCNPs [40] with a 
value of A = 2 for n = 93 (green line), n = 48 (red line) and n = 21 (blue 
line). The selected values of n, which correspond to n ≈ DP/20 where DP 
is the experimental polymerization degree determined by size exclusion 
chromatography (SEC) using PS standards, provided a good estimation 
of the size of the PS-SCNPs in good solvent at high dilution via eq. (4) 

(data not shown). 

2.2. Ideal size of elastic single-chain nanoparticles 

To estimate the ideal size of an elastic SCNP (i.e., in a theta solvent, in 
the melt) we assume complete screening of binary excluded-volume 
interactions such as only ternary interactions will contribute to Fev 
[39]. Hence, we can write:  

Fev ≈ n 3 / R 6                                                                                (8) 

Minimization of the free energy according to eq. (1) with respect to R 
in terms of eqs. (2) and (8) gives the ideal size of the elastic SCNP 
(denoted as Rm, see Fig. 1B):  

Rm ≈ K − 1/8 n 3/8                                                                             (9) 

Note that the scaling exponent ν = 3/8 = 0.375 in eq. (9) is close to 
the scaling exponent observed for SCNPs under crowding in both mo
lecular dynamics simulations and experiments (ν ≈ 0.37) [41]. The 
shrinking factor αM − defined as the ratio of Rm to Rs (eq. (4))− is:  

αM = Rm / Rs ≈ (K 3 / n) 1/40                                                           (10) 

Accurate experimental data of Rs and Rm as determined e.g. from 
small angle neutron scattering (SANS) measurements allow one to es
timate (effective) values of K and n from eqs. (9) and (10). As an 
example, we obtain K ≈ 0.53 and n ≈ 88 for PMMA-based SCNPs of 92 
kDa in molar mass based on the reported values [42] of Rs (SANS) = 6.8 
and Rm (SANS) = 5.8 (dimensionless by normalization to the Kuhn 
segment length taken as 1 nm). 

2.3. Size of elastic single-chain nanoparticles in good solvent under 
confinement 

The size of a SCNP under 1D-confinement in long, cylindrical 
nanopores or 2D-confinement in rectangular nanoslits is altered when 
compared to its equilibrium size without dimensional constraints, Rs. 

1D-Confinement: In a cylindrical nanopore of diameter D ≪ Rs an 
elastic SCNP in good solvent conditions will be confined to a volume 
proportional to D2R1D, where R1D is the SCNP size along the channel axis 
(Fig. 1C). According to eq. (1), the free energy of the 1D-confined SCNP 
can be expressed as [12]:  

F ≈ K R 2 + n 2 / (D 2 R)                                                               (11) 

Minimization of eq. (11) with respect to R provides the equilibrium 
configuration of the SCNP under 1D-confinement:  

R1D ≈ K − 1/3 (n / D) 2/3                                                                  (12) 

As expected, in the limit D = R1D = Rs eq. (12) becomes eq. (4). The 
minimum nanopore diameter in which the SCNP can be confined, Dmin, 
can be determined by combining the highest possible packing of the 
isolated SCNP inside the pore: φ ≈ n/(Dmin

2 R1D) = 1 and eq. (12), so we 
obtain:  

Dmin ≈ (K n) 1/4                                                                            (13) 

Note that Dmin depends on both the elasticity parameter K and n. 
Hence, eq. (12) is valid in the range: Dmin ≤ D ≤ Rs. 

2D-Confinement: In a rectangular nanoslit of width H ≪ Rs an elastic 
SCNP in good solvent conditions will be confined to a volume propor
tional to HR2D

2 , where R2D is the lateral size of the SCNP in the slit 
(Fig. 1D). Under such conditions, the free energy of the 2D-confined 
SCNP becomes [12]:  

F ≈ K R 2 + n 2 / (H R 2)                                                               (14) 

Minimization of eq. (14) with respect to R provides the equilibrium 
configuration of the SCNP under 2D-confinement: 

Fig. 2. Comparison of ESN model predictions (continuous lines) and experi
mental data of poly(styrene) (PS) SCNPs in good solvent conditions [40] cor
responding to samples of different polymerization degree, DP (green solid 
circles: DP = 1880; red solid circles: DP = 980, and blue solid circles: DP =
410). Continuous lines calculated from eq. (7) with A = 2 and n ≈ DP/20 (see 
text for details). (For interpretation of the references to color in this figure 
legend, the reader is referred to the Web version of this article.) 
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R2D ≈ (K H) − 1/4 n 1/2                                                                    (15) 

Note that in the limit H = R2D = Rs eq. (15) becomes eq. (4). The 
minimum nanoslit width in which the SCNP can be confined, Hmin, is 
determined from highest possible packing of the isolated SCNP inside 
the slit: φ ≈ n/(Hmin R2D

2 ) = 1. By taking into account eq. (15) we obtain:  

Hmin ≈ K                                                                                     (16) 

In this case, Hmin is determined exclusively by the elasticity parameter K. 
Eq. (15) is valid in the range: Hmin ≤ H ≤ Rs. 

2.4. Size of elastic single-chain nanoparticles on surfaces immersed in a 
good solvent 

A schematic illustration of a brush composed of densely grafted 
elastic SCNPs on a flat surface immersed in a good solvent is depicted in 
Fig. 1E. We consider that the average distance between SCNPs is d and 
hence the grafting density is σ = 1/d [2]. Each elastic SCNP in the brush 
will be confined to a volume proportional to d2 Ra, where Ra is the SCNP 
size in the direction perpendicular to the surface. The free energy of the 
SCNP in the brush can be expressed as [13]:  

F ≈ K R 2 + n 2 σ / R                                                                    (17) 

Minimization of eq. (17) with respect to R gives the equilibrium size 
of the SCNP anchored to the surface:  

Ra ≈ (σ / K) 1/3 n 2/3                                                                       (18) 

In the limit σ = 1/Ra
2 = 1/Rs

2 eq. (18) becomes eq. (4). The maximum 

grafting density of elastic SCNPs in the brush, σmax, is determined by 
combining the highest possible packing in the brush, φ ≈ n σmax/Ra = 1, 
and eq. (18). Hence:  

σmax ≈ (K n) − 1/2                                                                           (19) 

As a proof of consistency, we obtain identical result (eq. (19)) 
starting from the free energy of a SCNP in the brush with screening of 
binary excluded-volume interactions (F = K R2 + n3 σ2/R2) and the 
maximum packing condition (φ = 1). It is worth mentioning that the 
maximum height of a brush of elastic SCNPs at highest possible packing 
is just: Ra(σmax) = (n/K) 1/2. 

We summarize in Table 1 the conformational properties of elastic 
SCNPs in different conditions according to the ESN model compared to 
those of flexible linear polymers, whereas the differences in the scaling 
exponent for n can be appreciated in Fig. 3A. In the case of SCNPs, the 
scaling exponent for K in several environments is shown in Fig. 3B. 

3. Star polymers of elastic single-chain nanoparticles 

Let us consider the case of a star polymer comprising f arms con
nected to a core in which each arm is an elastic single-chain nanoparticle 

Table 1 
Comparison of Conformational Properties of Elastic Single-Chain Nanoparticles 
(SCNPs) vs. Flexible Linear Polymers (LPs)a.  

Conditions Size 

SCNPs LPs 

Good solvent, high dilution Rs ≈ K − 1/5 n2/5 Rs ≈ n3/5 

Theta solvent, high dilution/melt 
state 

Rm ≈ K − 1/8 n3/8 Rm ≈ n1/2 

1D-confinement, good solvent R1D ≈ K − 1/3 n2/3 D − 2/3 R1D ≈ n D − 2/3 

2D-confinement, good solvent R2D ≈ K − 1/4 n1/2 H − 1/ 

4 
R2D ≈ n3/4 H − 1/ 

4 

Dense brush, good solvent Ra ≈ K − 1/3 n2/3 σ1/3 Ra ≈ n σ1/3  

a K = SCNP elasticity parameter; n = number of monomers; D = nanopore 
diameter; H = nanoslit width; σ = brush grafting density. 

Fig. 3. A) Comparison of the scaling exponent for n corresponding to the conformational properties under different conditions (see Table 1) of elastic SCNPs (blue 
grid bars) vs. flexible linear polymers (red grid bars). B) Scaling exponent for K (see Table 1) of elastic SCNPs in different conditions. (For interpretation of the 
references to color in this figure legend, the reader is referred to the Web version of this article.) 

Fig. 4. Schematic illustration of a polymer star of size Rs
star composed of elastic 

single-chain nanoparticles in good solvent conditions (number of arms: f = 4). 
We consider the case in which the size of the core (rc) is small when compared 
to the global size of the star (rc ≪ Rs

star). 
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with n segments (see Fig. 4). In the following, we will address the case in 
which the size of the core (rc) is small when compared to the size of the 
star (Rs

star), i.e. rc ≪ Rs
star. 

3.1. Size of a star of elastic single-chain nanoparticles in good solvent 
conditions at high dilution 

We will combine the elastic single-chain nanoparticle (ESN) model 
[11] with the Daoud-Cotton (DC) model [17] to determine the size of a 
star polymer comprising f arms connected to a core in which each arm is 
an elastic single-chain nanoparticle with n segments. The number of 
intra-chain cross-links in each SCNP is given by nx/2, x being the frac
tion of reactive monomers of the SCNP. We will assume that the size of 
the core (rc) is negligible when compared to the size of the star of SCNPs 
(Rs

star). We consider the star immersed in a good solvent at high dilution 
conditions. 

According to the DC model, we can describe the interior of the star of 
SCNPs as an array of concentric shells of closely packed blobs [17]. From 
geometrical considerations, the blob size (ξ) at a distance r from the star 
center is:  

ξ(r) ≈ r / f 1/2                                                                                (20) 

In the external part of the star, inside each blob containing g 
monomers (good solvent conditions) we can assume according to the 
ESN model [11]:  

ξ(r) ≈ K − 1/5 g 2/5(r)                                                                      (21) 

Similar approaches to estimate the blob size have been followed for 
the case of other complex architectures such as randomly branched 
polymers in confined spaces [43]. By combining eqs. (20) and (21) we 
obtain an expression for the number of monomers per blob as a function 
of r:  

g(r) ≈ r 5/2 f − 5/4 K 1/2                                                                    (22) 

The expansion parameter of the blobs is:  

αb(r) ≈ ξ(r) / ξ0(r)                                                                         (23) 

Where  

ξ0(r) ≈ K − 1/8 g 3/8(r)                                                                     (24) 

is the size of an ideal blob in which the concentration is high enough to 
screen out binary excluded-volume interactions. From eqs. (21), (23) 
and (24) we obtain:  

αb(r) ≈ r 1/16 f − 1/32 K − 1/16                                                             (25) 

The segment concentration profile as a function of r can be deter
mined from [17]:  

φ(r) ≈ g(r) / ξ 3(r)                                                                         (26) 

so by combining eqs. (21), (22) and (26) we obtain:  

φ(r) ≈ f 1/4 (K / r) 1/2                                                                     (27) 

It is worth of mention that eqs. (21), (22), (25) and (27) are valid 
until αb(r) = 1; i.e., until the blob size (eq. (22)) reaches the size of an 
ideal blob (eq. (24)). This will take place at a radial distance r1 from the 
star center (r = 0) given by:  

r1 ≈ K f 1/2                                                                                   (28) 

Since the segment concentration profile at r1 is φ(r1) ≈ 1 (i.e., both ξ 
and g are of order of unity), hence, at r1 we actually reach the core of the 
star (i.e., rc = r1). 

An expression for the size of a star of elastic SCNPs in good solvent at 
high dilution (Rs

star) can be obtained from the segment concentration 

profile through [17]: 

nf =
∫R
star
s

0

φ(r)r2dr (29) 

by assuming r1/Rs
star ≪ 1. From eqs. (27) and (29), we obtain:  

Rs
star ≈ f 3/10 K − 1/5 n 2/5 = f 3/10 Rs                                                   (30) 

Hence, the number of arms f, the number of monomers per arm n and 
the elasticity parameter K − that is tunable through the fraction of 
reactive monomers x (K ≈ Ax)− control the size of an isolated star of 
SCNPs in a good solvent. As expected, eq. (30) reduces to eq. (4) for f =
1. Due to the cooperative effect of interbranch repulsion, each SCNP arm 
in the star is elongated when compared to an individual, equivalent 
SCNP in solution. The elongation degree depends on the number of 
SCNPs in the star according to: Rs

star/Rs ≈ f3/10. From eqs. (28) and (30), 
the ratio of the size of the core to the size of the star is:  

r1 / Rs
star ≈ f 1/5 K 6/5 n − 2/5                                                             (31) 

As an illustrative example, for f = 5, K = 0.5 and n = 100 we obtain 
Rs

star/Rs = 1.62 and r1/Rs
star = 0.095 from eqs. (30) and (31), 

respectively. 
It is instructive, at this stage, to determine Rs

star from the mean-field 
expression of the free energy (eq. (1)) for a star composed of SCNPs in 
good solvent at high dilution:  

F ≈ f K R 2 + (f n) 2 / R 3                                                               (32) 

By minimizing eq. (32) with respect to R we obtain:  

Rs
star ≈ f 1/5K − 1/5n 2/5 = f 1/5Rs                                                        (33) 

Eq. (33) is similar to eq. (30) but with a scaling exponent of the 
dependence of Rs

star on f that is slightly lower. The smaller exponent can 
be attributed to the failure of the mean-field model of a star of SCNPs to 
capture appropriately the effect of local fluctuations and inter-branch 
repulsion, opposite to the scaling blob model [44]. For f = 5, K = 0.5 
and n = 100 we obtain Rs

star = 11.75 from eq. (30), and Rs
star = 10.0 from 

eq. (33). To be consistent with the scaling blob model, a correction can 
be introduced in eq. (32) such as:  

F ≈ f K R 2 + f 1/2 (f n) 2 / R 3                                                         (34) 

Hence, factor f1/2 in the r.h.s. of eq. (34) accounts for local fluctua
tions and inter-branch repulsion effects [44] that increase the 
excluded-volume contribution to the free energy (Fev). Minimization of 
eq. (34) with respected to R provides the scaling blob model expression, 
eq. (30). We will return to eq. (34) below to obtain the size of a star of 
SCNPs in good solvent conditions under confinement and the height of a 
dense brush of stars of SCNPs. 

The free energy per arm in the scaling blob model can be estimated 
from [17]: 

Farm
s =

∫r1+Rstar
s

r1

dr
ξ
= f 1/2

∫r1+Rstar
s

r1

dr
r

(35)  

where dr/ξ counts the number of blobs, and each blob is assumed to 
contribute with kBT units (recall we assume kBT ≡ 1). We obtain: 

Farm
s ≈ f 1/2ln

[(
Rstar

s

r1

)

+ 1
]

= f 1/2ln
[
f − 1/5K − 6/5n2/5 + 1

]
(36)  

3.2. Ideal size of a star of elastic single-chain nanoparticles 

The ideal size of a star of SCNPs (i.e., negligible pairwise excluded- 
volume interactions) [39] can be derived by taking into account that 
for every blob of the star: αb(r) ≈ 1. Thus, the blob size at a distance r 
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from the star center is now given by:  

ξ0(r) ≈ r / f 1/2                                                                              (37) 

and eq. (24). Hence, the number of monomers per blob and the segment 
concentration profile as a function of r become respectively:  

g(r) ≈ r 8/3 f − 4/3 K 1/3                                                                    (38) 

and  

φ(r) ≈ f 1/6 (K / r) 1/3                                                                     (39) 

The core of the star will be located at a distance r1 at which φ(r1) ≈ 1. 
From eq. (39) we obtain: r1 ≈ K f1/2, a result identical to that obtained 
for a star of SCNPs in good solvent conditions (eq. (28)). The ideal size of 
a star of SCNPs (Rm

star) as obtained through integration of the segment 
concentration profile is:  

Rm
star ≈ f 5/16 K − 1/8 n 3/8 = f 5/16 Rm                                                  (40) 

and the ratio of the size of the core to the ideal size of the star is:  

r1 / Rm
star ≈ f 3/16 K 9/8 n − 3/8                                                            (41) 

Fig. 5 shows a comparison of the segment concentration profile as a 
function of r of a star of SCNPs (f = 5, K = 0.5, n = 100) in good solvent 
at high dilution and in the ideal state (i.e., in the case of negligible 
pairwise excluded-volume interactions). Also illustrated in Fig. 5 are the 
size of the core (rc = r1), and the global dimensions of the star in both 
conditions (Rs

star and Rm
star, respectively). 

An estimation of Rm
star from the mean-field expression of the free 

energy (eq. (1)) gives:  

Rm
star ≈ f 1/4 K − 1/8 n 3/8 = f 1/4 Rm                                                    (42) 

which differs from eq. (40) only in the value of the scaling exponent of 
Rm

star on f. Eq. (40) from the scaling blob model that takes local effects 
into account [44] is presumably more accurate than the mean-field 
expression, eq. (42). 

According to the scaling blob model, the free energy per arm of an 
ideal star of SCNPs is: 

Farm
m ≈ f 1/2ln

[(
Rstar

m

r1

)

+ 1
]

= f 1/2ln
[
f − 5/16K − 9/8n3/8 + 1

]
(43)  

3.3. Size of a star of elastic single-chain nanoparticles in good solvent 
under confinement 

1D-Confinement: Let us assume that a star of elastic SCNPs is confined 

in good solvent conditions in a cylindrical nanopore of diameter D ≪ 
Rs

star. The volume occupied by the star will be proportional to D2R1D
star, 

where R1D
star is the size along the channel axis. From eq. (34), the free 

energy of a star of SCNPs under 1D-confinement can be expressed as:  

F ≈ f K R 2 + f 1/2 (f n) 2 / (D 2 R)                                                   (44) 

Minimization of eq. (44) with respect to R provides the equilibrium 
configuration of the star under 1D-confinement:  

R1D
star ≈ f 1/2 K − 1/3 (n / D) 2/3 = f 1/2 R1D                                            (45) 

Note that for f = 1 we recover eq. (12), as it must. The minimum 
nanopore diameter in which the star of SCNPs can be confined, Dmin

star, is 
obtained from the condition: φ ≈ n/[(Dmin

star)2 R1D
star] = 1 and eq. (45), such 

as:  

Dmin
star ≈ f − 3/8 (K n) 1/4 = f − 3/8 Dmin                                                 (46) 

Note that Dmin
star depends on f, in addition to K and n. For f = 1, eq. (46) 

becomes eq. (13). 
2D-Confinement: A star of SCNPs placed in a rectangular nanoslit of 

width H ≪ Rs
star will be confined to a volume proportional to H(R2D

star)2, 
where R2D

star is the lateral size of the SCNP in the slit. Hence, based on eq. 
(34), the free energy of the star under 2D-confinement is given by:  

F ≈ f K R 2 + f 1/2 (f n) 2 / (H R 2)                                                   (47) 

Minimization of eq. (47) with respect to R provides the equilibrium 
configuration of the star under 2D-confinement:  

R2D
star ≈ f 3/8 (K H) − 1/4 n 1/2 = f 3/8 R2D                                              (48) 

As expected, eq. (48) becomes eq. (15) for f = 1. The minimum 
nanoslit width in which the star of SCNPs can be confined, Hmin

star, is 
determined from highest possible packing of the isolated SCNP inside 
the slit: φ ≈ n/[Hmin

star (R2D
star)2] = 1 and eq. (48), so:  

Hmin
star ≈ f − 3/2 K = f − 3/2 Hmin                                                          (49) 

Note that Hmin
star depends on both f and K. 

3.4. Height of a brush of stars of elastic single-chain nanoparticles 
anchored to a surface immersed in a good solvent 

We consider here the most relevant case of a brush of stars with f 
SCNP arms on a flat surface immersed in a good solvent in which each 
star is anchored to the surface by the external part of a single arm. The 
average distance between anchored arms is d and hence the grafting 
density is σ = 1/d2. Accordingly, each star of elastic SCNPs in the brush 
will be confined to a volume proportional to d2 Ra

star, where Ra
star is the 

size of the star in the direction perpendicular to the surface (i.e., the 
average brush height). According to eq. (34), the free energy of the star 
in the brush can be expressed as:  

F ≈ f K R 2 + f 1/2 (f n) 2 σ / R                                                        (50) 

Minimization of eq. (50) with respect to R gives the equilibrium 
height of the brush:  

Ra
star ≈ f 1/2 (σ / K) 1/3 n 2/3 = f 1/2 Ra                                                (51) 

For f = 1, eq. (51) becomes eq. (18). The maximum grafting density 
of stars in the brush, σmax

star , is determined by combining the highest 
possible packing in the brush, φ ≈ n σmax

star /Ra
star = 1, and eq. (51). Hence:  

σmax
star ≈ f 3/4 (K n) − 1/2 = f 3/4 σmax                                                    (52) 

Then, the maximum height of a brush of stars composed of SCNPs at 
highest possible packing is: Ra

star (σmax
star ) = f3/4 Ra(σmax). Notice that eq. 

(52) depends on f, K and n, and it becomes eq. (19) for f = 1. 
Table 2 summarizes the scaling laws obtained for stars of SCNPs in 

Fig. 5. Segment concentration profile (φ) as a function of the distance from the 
center (r) of a star of SCNPs (f = 5, K = 0.5, n = 100) in good solvent at high 
dilution (continuous blue line) and in the ideal state (dotted green line) ac
cording to eq. (27) and eq. (39), respectively. (For interpretation of the refer
ences to color in this figure legend, the reader is referred to the Web version of 
this article.) 
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this work and those reported for stars of linear polymers [17,45] (LPs) 
whereas a visual comparison of the scaling exponents for f and n in both 
cases is shown in Fig. 6. 

4. Comb polymers of elastic single-chain nanoparticles 

Fig. 7 depicts the conformation of a comb polymer composed of 
elastic SCNPs in good solvent conditions. The main chain is taken as non- 
charged and flexible. In the comb polymer, SCNPs are attached regularly 
every m monomer units along the main chain that has a total number of 
monomers M. Hence, the grafting density is z = 1/m. Each SCNP con
tains n monomers and nx/2 intramolecular cross-links, x being the 
fraction of reactive monomers. For simplicity, we consider the mono
mers of the main chain and those of the side SCNPs to possess the same 
characteristics. The total number of monomers in the comb polymer is T 
= M + (M/m) n = M (1 + z n). Depending on the grafting density, we 
distinguish between comb polymers of SCNPs (i.e., z ≪ 1) and brush 
polymers of SCNPs (i.e., z → 1). 

4.1. Size of a comb polymer of elastic single-chain nanoparticles in good 
solvent conditions at high dilution 

The conformation of comb polymers with low grafting density (z ≪ 
1) is expected to be only slightly modified when compared to that a 
linear chain [28]. The free energy of a comb polymer containing 

branches of size Rs can be expressed, to a first approximation, as [29]:  

F ≈ R 2 / M + M 2 / R 3 + Rs 
3 (z M) 2/ R 3                                       (53) 

where the effect of the branches is taken into account through the last 
term in eq. (53). Minimization of eq. (53) with respect to R gives an 
expression for the global size of the comb polymer in good solvent 
conditions at high dilution, Rs

comb:  

Rs
comb ≈ M 3/5 (1 + z 2 Rs 

3) 1/5                                                        (54) 

Remarkably, for comb polymers of linear branches with z2 Rs
3 > 1 eq. 

(54) reduces to Rs
comb ≈ M3/5 (n9/25/m2/5) which is a result very similar 

to that obtained by Rouault and Borisov [27] from a scaling blob model 
(i.e., Rs

comb ≈ M3/5 (n/m) 9/25). 
For a comb polymer of elastic SCNPs (z ≪ 1) we can assume that the 

size of a side SCNP is not disturbed by the presence of the other SCNPs 
attached to the main chain so it can be estimated directly from: Rs ≈ K 
− 1/5 n2/5 (eq. (4)). Hence, from eq. (54) we obtain:  

Rs
comb ≈ M 3/5 (1 + z 2 K − 3/5 n 6/5) 1/5                                              (55) 

Note that if n → 0 or z → 0 eq. (55) becomes:  

Rs
comb ≈ M 3/5                                                                               (56) 

which is the size expected for the comb main chain without SCNP 
pendants. A comparison of eq. (55) and eq. (56) for a comb polymer of 
SCNPs with m = 25, n = 50 and K = 0.5 as a function of M is provided in 
Fig. 8. We will determine below the critical value of grafting density at 
which eq. (55) lacks validity (see eq. (86)). 

4.2. Ideal size of a comb polymer of elastic single-chain nanoparticles 

The ideal size of a comb polymer of SCNPs (i.e., low grafting density, 
z ≪ 1) can be estimated from:  

F ≈ R 2 / M + M 3 / R 6 + Rm
3 (z M) 3 / R 6                                       (57) 

where Rm is given by eq. (9). Minimization of eq. (57) with respect to R 
gives an expression for the ideal size of a comb polymer of SCNPs, Rm

comb:  

Rm
comb ≈ M 1/2 (1 + z 3 Rm 

3) 1/8 = M 1/2 (1 + z 3 K − 3/8 n 9/8) 1/8          (58) 

The grafting density at which eq. (58) lacks validity will be provided 
below (see eq. (93)). 

Table 2 
Comparison of Conformational Properties of Star Polymers Composed of Elastic 
Single-Chain Nanoparticles (SCNPs) vs. Stars of Linear Polymers (LPs)a.  

Conditions Size 

Stars of SCNPs Stars of LPs 

Good solvent, high dilution Rs
star ≈ f3/10 K − 1/5 

n2/5 
Rs

star ≈ f1/5 n3/5 

Ideal state, negligible pairwise excluded- 
volume interactions 

Rm
star ≈ f5/16 K − 1/8 

n3/8 
Rm

star ≈ f1/4 n1/2 

1D-confinement, good solvent R1D
star ≈ f1/2 K − 1/3 

n2/3 D − 2/3 
R1D

star ≈ f1/3 n D 
− 2/3 

2D-confinement, good solvent R2D
star ≈ f3/8 K − 1/4 

n1/2 H − 1/4 
R2D

star ≈ f1/4 n3/4 

H − 1/4 

Dense brush, good solvent Ra
star ≈ f1/2 K − 1/3 

n2/3 σ1/3 
Ra

star ≈ f1/3 n σ1/ 

3  

a f = number of arms in the star polymer; K = SCNP elasticity parameter; n =
number of monomers per arm; D = nanopore diameter; H = nanoslit width; σ =
brush grafting density. 

Fig. 6. Comparison of the scaling exponents for f (A) and n (B) corresponding to the conformational properties under different conditions (see Table 2) of stars 
composed of elastic SCNPs (blue grid bars) vs. stars composed of linear polymers (red grid bars). (For interpretation of the references to color in this figure legend, the 
reader is referred to the Web version of this article.) 
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4.3. Size of a comb polymer of elastic single-chain nanoparticles in good 
solvent under confinement 

1D-Confinement: In a cylindrical nanopore of diameter Rs ≪ D ≪ 
Rs

comb, the volume occupied by a comb polymer of elastic SCNPs (each 
SCNP of size Rs) confined in good solvent conditions is proportional to 
D2R1D

comb, where R1D
comb is the size along the channel axis. From eq. (53), 

the free energy of the comb polymer in these conditions can be expressed 
as:  

F ≈ R 2 / M + M 2 (1 + z 2 Rs 
3) / (D 2 R)                                        (59) 

Minimization of eq. (59) with respect to R provides the equilibrium 
configuration of the comb polymer of SCNPs under 1D-confinement (Rs 
≪ D ≪ Rs

comb):  

R1D
comb ≈ M [(1 + z 2 Rs 

3) / D 2 ] 1/3 = M [ (1 + z 2 K − 3/5 n 6/5) / D 2 ] 1/3(60) 

2D-Confinement: A comb polymer of SCNPs (each SCNP of size Rs) 
placed in a rectangular nanoslit of width Rs ≪ H ≪ Rs

star will be confined 
to a volume proportional to H(R2D

comb)2, where R2D
comb is the lateral size of 

the comb in the slit. Hence, based on eq. (53), the free energy of the 
comb polymer in these conditions is given by:  

F ≈ R 2 / M + M 2 (1 + z 2 Rs 
3) / (H R 2)                                        (61) 

Minimization of eq. (61) with respect to R provides the equilibrium 
configuration of the comb polymer of SCNPs under 2D-confinement (Rs 
≪ H ≪ Rs

star):  

R2D
combr ≈ M 3/4 [(1 + z 2 Rs 

3) / H ] 1/4 = M 3/4 [ (1 + z 2 K − 3/5 n 6/5) / H ] 1/4(62)  

4.4. Height of a brush of comb polymers of elastic single-chain 
nanoparticles anchored to a surface immersed in a good solvent 

We consider here the case of a brush of comb polymers of SCNPs 
(each SCNP of size Rs) on a flat surface immersed in a good solvent in 
which the comb is anchored to the surface by one end of the main chain. 
Let us assume that the average distance between anchored combs is d → 
Rs and hence the grafting density is σ = 1/d2. Accordingly, each comb of 
elastic SCNPs in the brush is confined to a volume proportional to d2 

Ra
comb, where Ra

comb is the average brush height. From eq. (53), the free 
energy of a comb polymer of SCNPs in the brush can be expressed as:  

F ≈ R 2 / M + M 2 (1 + z 2 Rs 
3) σ / R                                             (63) 

Minimization of eq. (63) with respect to R gives the equilibrium 
height of the brush:  

Ra
comb ≈ M [ (1 + z 2 Rs 

3) σ ] 1/3 = M [ (1 + z 2 K − 3/5 n 6/5) σ ] 1/3     (64) 

Table 3 summarizes the scaling laws corresponding to comb poly
mers of SCNPs and the equivalent ones for combs of linear polymers. 

5. Bottlebrush polymers of elastic single-chain nanoparticles 

Upon increasing the grafting density, a comb polymer composed of 
SCNPs transforms into a brush polymer of SCNPs in which interactions 
between side SCNPs (that notably alter its size from Rs) become relevant 

Fig. 7. Schematic illustration of a comb polymer composed of elastic single- 
chain nanoparticles in good solvent conditions. SCNPs of size Rs are spaced 
regularly along the main chain composed of M monomers. The average number 
of monomers between grafting points along the main chain is m and each SCNP 
contains n monomers. The grafting density is z = 1/m ≪ 1. 

Fig. 8. Size of a comb polymer of SCNPs in good solvent conditions at high 
dilution (Rs

comb) as a function of the total number of monomers of the main 
chain (M) according to: Rs

comb 
≈ M3/5 [1 + z2 Rs

3] 1/5 (continuous blue line, eq. 
(54)) and estimated from the limiting expression: Rs

comb ≈ M3/5 (dotted red line, 
eq. (56)). Rs is the size of an elastic SCNP with elasticity parameter K and n 
monomers (see eq. (4)), z = 1/m is the grafting density, and m is the number of 
monomers between grafting points along the main chain. (For interpretation of 
the references to color in this figure legend, the reader is referred to the Web 
version of this article.) 

Table 3 
Conformational Properties of Comb Polymers (Low Grafting Density) Composed 
of Elastic SCNPs vs. Combs of LPsa.  

Conditions Size 

Combs of SCNPs Combs of LPs 

Good solvent, high 
dilution 

Rs
comb ≈ M3/5(1 + z2K − 3/ 

5n6/5)1/5 
Rs

comb ≈ M3/5(1 + z2n9/ 

5)1/5 

Ideal state Rm
comb ≈ M1/2(1 + z3K − 3/ 

8n9/8)1/8 
Rm

comb ≈ M1/2(1 + z3n3/ 

2)1/8 

1D-confinement, good 
solvent 

R1D
comb ≈ M[(1 + z2 K − 3/5n6/ 

5)/D2]1/3 
R1D

comb ≈ M[(1 + z2 n9/ 

5)/D2]1/3 

2D-confinement, good 
solvent 

R2D
comb ≈ M3/4[(1 + z2K − 3/ 

5n6/5)/H]1/4 
R2D

comb ≈ M3/4[(1 + z2n9/ 

5)/H]1/4 

Brush, good solvent Ra
comb ≈ M[(1+ z2K − 3/5n6/ 

5)σ]1/3 
Ra

comb ≈ M[(1+ z2n9/ 

5)σ]1/3  

a M = number of monomers in the comb main chain; z = grafting density of 
the comb main chain (z = 1/m ≪ 1); K = SCNP elasticity parameter; n = number 
of monomers per branch; D = nanopore diameter; H = nanoslit width; σ =
grafting density of the brush. 
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for determining the local size (rs
bott) and global dimension (Rs

bott) of the 
bottlebrush (see Fig. 9). Depending on the flexibility of the backbone 
(main chain) we can consider two limiting cases: i) rigid bottlebrush 
polymers of elastic SCNPs (i.e., rigid backbone), and ii) flexible bottle
brush polymers of elastic SCNPs (i.e., flexible main chain). 

5.1. Thickness of rigid bottlebrushes of elastic single-chain nanoparticles 
in good solvent conditions at high dilution 

This case is relevant for considering the layer thickness (rs
bott) of a 

rigid cylinder of radius r0 (e.g. nanotube, rigid helical chain) densely 
decorated with SCNPs in good solvent conditions at high dilution. We 
assume both the average distance between SCNPs attached to the cyl
inder (h) and r0 are smaller compared to rs

bott (h, r0 ≪ rs
bott). As in the case 

of stars of SCNPs, we can combine the DC model [17] − adapted to cy
lindrical geometry [28]− with the ESN model [11] to obtain an 
expression for rs

bott. In this case, from geometrical considerations, the 
blob size at a distance r from the nanotube center is:  

ξ(r) ≈ (r h) 1/2                                                                               (65) 

so, the number of monomers per blob as a function of r is:  

g(r) ≈ K 1/2 (r h) 5/4                                                                       (66) 

The expansion parameter of the blobs and the segment concentration 
profile as a function of r become:  

αb(r) ≈ K − 1/16 (r h) 1/32                                                                 (67) 

and  

φ(r) ≈ K1/2 (r h) − 1/4                                                                      (68) 

respectively. In this case, the blob size reaches the size of an ideal 
blob (i.e., αb(r) ≈ 1) at:  

r1 ≈ K 2 / h                                                                                  (69) 

From eq. (68) we have: φ(r1) = 1. Hence, from r0 to r1 we have a 
dense layer of blobs at the maximum density. 

The layer thickness of the rigid bottlebrush of SCNPs − as obtained 

from n =
∫r
bott
s

0
g(r) dr

ξ(r) by assuming r0/rs
bott ≪ 1− is:  

rs
bott ≈ h − 3/7 K − 2/7 n 4/7                                                                 (70) 

From eqs. (69) and (70), the ratio of the size of the core to the layer 
thickness is just:  

r1 / rs
bott ≈ h − 4/7 K 16/7 n − 4/7                                                          (71) 

The free energy per side SCNP calculated by assuming that each blob 
contribute with kBT units to Fs

bott is:  

Fs
bott ≈ (rs

bott / h) 1/2 ≈ h − 5/7 K − 1/7 n 2/7                                           (72)  

5.2. Ideal thickness of rigid bottlebrushes of elastic single-chain 
nanoparticles 

The ideal thickness of a rigid bottlebrush of elastic SCNPs, rm
bott, 

corresponds to the case of negligible pairwise excluded-volume in
teractions [39]. Now, the blob size, the number of monomers per blob 
and the segment concentration profile as a function of r are given 
respectively by:  

ξ0(r) ≈ (r h) 1/2                                                                             (73)  

g(r) ≈ K 1/3 (r h) 4/3                                                                       (74)  

φ(r) ≈ K 1/3 (r h) − 1/6                                                                     (75) 

From eq. (75) the segment concentration profile becomes unity at r1 
≈ K2/h, a result identical to that obtained for a rigid bottlebrush of 

elastic SCNPs in good solvent conditions (eq. (69)). From n =
∫r
bott
m

0
g(r) dr

ξ(r), 

Fig. 9. Schematic illustration of a bottlebrush polymer composed of elastic 
single-chain nanoparticles in good solvent conditions in which interactions 
between side SCNPs are relevant for determining the local size (rs

bott) and the 
global size (Rs

bott) of the bottlebrush. 

Table 4 
Layer Thickness of Rigid Bottlebrushes Composed of Elastic SCNPs vs. Rigid 
Bottlebrushes of LPsa.   

Conditions 
Thickness 

Rigid Bottlebrushes of 
SCNPs 

Rigid Bottlebrushes of 
LPs 

Good solvent, high dilution rs
bott ≈ h − 3/7 K − 2/7 n4/7 rs

bott ≈ h − 1/4 n3/4 

Theta solvent, high dilution/ 
melt state 

rm
bott ≈ h − 5/11 K − 2/11 n6/ 

11 
rm
bott ≈ h − 1/3 n2/3  

a h = Average distance between SCNPs attached to the cylindrical bottlebrush 
per unit length; K = SCNP elasticity parameter; n = number of monomers per 
SCNP. 

Fig. 10. Comparison of the scaling exponents for h and n (see Table 4) under 
different conditions corresponding to the layer thickness (rbott) of rigid bottle
brush polymers composed of elastic SCNPs (blue grid bars) vs. rigid bottle
brushes of linear polymers (red grid bars). (For interpretation of the references 
to color in this figure legend, the reader is referred to the Web version of 
this article.) 
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we obtain an expression for the ideal layer thickness of a rigid bottle
brush of elastic SCNPs such as:  

rm
bott ≈ h − 5/11 K − 2/11 n 6/11                                                             (76) 

The ratio of the size of the core to the layer thickness is:  

r1 / rs
bott ≈ h − 6/11 K 24/11 n − 6/11                                                      (77) 

In this case, the free energy per side SCNP becomes:  

Fm
bott ≈ (rm

bott / h) 1/2 = h − 8/11 K − 1/11 n 3/11                                        (78) 

Table 4 summarizes the scaling laws corresponding to rigid bottle
brush polymers of elastic SCNPs and the equivalent ones for rigid bot
tlebrushes of linear polymers [44], whereas Fig. 10 shows a visual 
comparison of the scaling exponents for h and n in both cases. 

5.3. Local structure and global size of flexible bottlebrush polymers of 
elastic single-chain nanoparticles in good solvent conditions at high 
dilution 

In this case, crowding of the SCNPs grafts induces their extension in 
the radial direction and leads − additionally− to axial tension in the 
flexible backbone. We assume that both the bottlebrush backbone and 
the SCNPs pendants are in good solvent conditions. The local structure 
and global size of a flexible bottlebrush of elastic SCNPs can be analyzed 
following a coarse-graining approach [21,28,44,45]. First, at a length 
scale on the order of rs

bott (Fig. 9) the bottlebrush is considered as a rigid 
bottlebrush with densely grafted SCNPs. Next, the size of a semiflexible 
chain of large blobs of size rs

bott in good solvent conditions provides the 
global bottlebrush size, Rs

bott. 
Local Bottlebrush Structure: The local bottlebrush structure is 

comprised of large blobs (so-called “superblobs” [28]) of size rs
bott con

taining rs
bott/h0 side SCNPs, where h0 is the equilibrium distance between 

SCNPs in the flexible backbone. The equilibrium stretching of the 
backbone at the rs

bott scale is determined by a balance between the 
tension induced by the SCNP grafts and the restoring force arising from 
the conformational entropy of the backbone. Accordingly, the free en
ergy of the backbone in the superblob can be written as:  

F ≈ h − 5/7 K − 1/7 n 2/7 + h 5/2 m − 3/2                                                (79) 

where the first term takes into account the free energy per side SCNP in a 
rigid bottlebrush with densely grafted SCNPs (eq. (72)) and the second 
term corresponds to the Pincus free energy [46] to stretch the m 
monomers of the backbone involved at the scale of rs

bott. Minimization of 
eq. (79) with respect to h gives the equilibrium value of the distance 
between SCNPs in the superblob, h0, as a function of K, n and m:  

h0 ≈ K − 2/45 m 7/15 n 4/45 = K − 2/45 m 5/9 (n / m) 4/45                           (80) 

By combining eq. (80) with eq. (70) and eq. (72) we obtain, 
respectively:  

rs
bott ≈ K − 4/15 m − 1/5 n 8/15 = K − 4/15 n 1/3 (n / m) 1/5                          (81)  

Fs
bott ≈ K − 1/9 m − 1/3 n 2/9 = K − 1/9 n − 1/9 (n / m) 1/3                           (82) 

Global Bottlebrush Size: We assume that at large scale, the flexible 
bottlebrush of elastic SCNPs behaves as a flexible self-avoiding chain 
composed of Nsb = (M/[m (rs

bott/h0)]) superblobs [44] of size rs
bott, such 

as:  

Rs
bott ≈ rs

bott (Nsb) 3/5 = (rs
bott) 2/5 (M h0 / m) 3/5                                   (83) 

Eq. (83) can be formally obtained by minimization of the following 
mean-field free energy expression:  

F ≈ R2 / [(rs
bott) 2 Nsb] + [(rs

bott) 3 Nsb 
2] / R3                                      (84) 

We will return to eq. (84) below to estimate the size of a flexible 

bottlebrush of elastic SCNPs in good solvent conditions under confine
ment and the height of a planar brush composed of flexible bottlebrushes 
of elastic SCNPs tethered by their ends to the surface in the weakly 
overlapping regime. 

From eqs. (80), (81) and (83) we obtain the scaling dependence of 
the overall dimension of the flexible bottlebrush of elastic SCNPs:  

Rs
bott ≈ M 3/5 K − 2/15 m − 2/5 n 4/15 = M 3/5 K − 2/15 n − 2/15 (n / m) 2/5      (85) 

Eq. (85) is valid at high grafting density such as crowding of the 
SCNPs grafts induces their extension in the radial direction and leads 
− additionally− to axial tension in the flexible backbone. The critical 
value of m for which the size of the SCNPs grafts remains unaltered (mc) 
can be determined by equating eq. (81) to the size of an “unperturbed” 
SCNP in good solvent (eq. (4)). Accordingly, we obtain:  

mc ≈ K − 1/3 n 2/3                                                                           (86) 

Exactly the same expression results by equating eq. (80) to the 
“unperturbed” distance of m backbone monomers in good solvent con
ditions (≈ m3/5). Consequently, eq. (85) is valid for grafting densities 
higher than zc = 1/mc ≈ K1/3 n − 2/3. 

5.4. Local structure and global size of ideal flexible bottlebrush polymers 
of elastic single-chain nanoparticles 

The above coarse-graining approach can be used to estimate the local 
structure (rm

bott) and global size (Rm
bott) of an ideal flexible bottlebrush of 

elastic SCNPs. 
Local Bottlebrush Structure: The equilibrium stretching of the back

bone at the rm
bott scale is now determined by a balance between the 

tension induced by the SCNP grafts and the restoring force arising from 
the conformational entropy of the backbone [39] according to:  

F ≈ h − 8/11 K − 1/11 n 3/11 + h 2 m − 1                                                (87) 

Minimization of eq. (87) with respect to h gives an expression for h0m 
as a function of K, n and m:  

h0m ≈ K − 1/30 m 11/30 n 1/10 = K − 1/30 m 7/15 (n / m) 1/10                       (88) 

By combining eq. (88) with eq. (76) and eq. (78) we obtain, 
respectively:  

rm
bott ≈ K − 1/6 m − 1/6 n 1/2 = K − 1/6 n 1/3 (n / m) 1/6                              (89)  

Fm
bott ≈ K − 1/15 m − 1/10 n 1/5 = K − 1/15 n 1/10 (n / m) 1/10                       (90) 

Global Bottlebrush Size: At large scale, the ideal flexible bottlebrush of 
elastic SCNPs behaves as a flexible self-avoiding chain composed of N0 =

(M/[m (rm
bott/h0m)]) superblobs of size rm

bott, such as [28,44]:  

Rm
bott ≈ rm

bott (N0) 3/5 = (rm
bott) 2/5 (M h0m / m) 3/5                                  (91) 

From eqs. (88), (89) and (91) we obtain the scaling dependence of 
the overall dimension of the ideal flexible bottlebrush of elastic SCNPs:  

Rm
bott ≈ M 3/5 K − 13/150 m − 67/150 n 13/50 = M 3/5 K − 13/150 n − 14/75 (n / m) 67/150(92) 

Following an analysis similar to that carried out to arrive at eq. (86) 
but using eqs. (88) and (89), it can be easily shown that eq. (92) is valid 
for grafting densities higher than:  

zc = 1/ mc ≈ K 1/4 n − 3/4                                                                 (93)  

5.5. Global size of flexible bottlebrush polymers of elastic single-chain 
nanoparticles in good solvent conditions under 1D and 2D confinement 

1D-Confinement: Let us assume that a flexible bottlebrush of elastic 
SCNPs is confined in good solvent conditions in a cylindrical nanopore of 
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diameter rs
bott ≪ D ≪ Rs

bott. The volume occupied by the bottlebrush will 
be proportional to D2R1D

bott, where R1D
bott is the size along the channel axis. 

From eq. (84), the free energy of a flexible bottlebrush of elastic SCNPs 
under 1D-confinement can be expressed as:  

F ≈ R 2 / [(rs
bott) 2 Nsb] + [(rs

bott) 3 Nsb 
2] / (D 2 R)                              (94) 

Minimization of eq. (94) with respect to R provides an expression for 
the equilibrium configuration of the bottlebrush under 1D-confinement 
(rs

bott ≪ D ≪ Rs
bott):  

R1D
bott ≈ (rs

bott) 5/3 Nsb D − 2/3 = M K − 2/9 m − 2/3 n 4/9 D − 2/3                   (95) 

2D-Confinement: A flexible bottlebrush of SCNPs placed in a rectan
gular nanoslit of width rs

bott ≪ H ≪ Rs
bott will be confined to a volume 

proportional to H(R2D
bott)2, where R2D

bott is the lateral size of the SCNP in the 
slit. Hence, based on eq. (84), the free energy of the bottlebrush under 
2D-confinement is given by:  

F ≈ R 2 / [(rs
bott) 2 Nsb] + [(rs

bott) 3 Nsb 
2] / (H R 2)                              (96) 

Minimization of eq. (96) with respect to R provides the equilibrium 
configuration of the bottlebrush under 2D-confinement (rs

bott ≪ H ≪ 
Rs

bott):  

R2D
bott ≈ (rs

bott)5/4 (Nsb)3/4 H − 1/4 = M 3/4 K − 1/6 m − 1/2 n 1/3 H − 1/4          (97)  

5.6. Height of a brush composed of flexible bottlebrush polymers of elastic 
single-chain nanoparticles anchored to a surface immersed in a good 
solvent 

According to eq. (84), the free energy of a brush composed of flexible 
bottlebrush polymers of elastic SCNPs anchored − each bottlebrush 
polymer at one end− to a surface immersed in a good solvent can be 
expressed as:  

F ≈ R 2 / [(rs
bott) 2 Nsb] + [(rs

bott) 3 Nsb 
2] σ / R                                   (98) 

Where σ = 1/d2 is the grafting density and d is the average distance 
between anchored bottlebrushes. Minimization of eq. (98) with respect 
to R gives the equilibrium height of the brush (weak overlapping 
regime):  

Ra
bott ≈ (rs

bott) 5/3 Nsb σ 1/3 = M K − 2/9 m − 2/3 n 4/9 σ 1/3                        (99) 

Table 5 summarizes the scaling laws corresponding to flexible 

bottlebrush polymers of SCNPs and the equivalent ones for flexible 
bottlebrushes of linear polymers [28,44,45] in different conditions. The 
corresponding scaling exponents for m and n are compared in Figs. 11 
and 12. 

6. Discussion and conclusions 

We have considered the integration of single-chain nanoparticles 
(SCNPs) into star, comb and bottlebrush topologies, investigated the 
conformational properties of the resulting superstructures under 
different relevant conditions (good solvent, ideal conformations, 1D- 
confinement in nanopores or flat surfaces, 2D-confinement in nano
slits) and compared the results to those of equivalent constructs of linear 
chains. 

Firstly, to prepare the ground, we have summarized the main results 
of the elastic single-chain nanoparticle (ESN) model [11], as derived 
through a Flory free energy approximation, in several scenarios: i) a 
diluted solution (good solvent) composed of isolated SCNPs (size Rs), ii) 
in the ideal state (i.e., the case of negligible pairwise excluded-volume 
interactions) (Rm), iii) in a good solvent under 1D- or 2D-confinement 
in nanopores or nanoslits, respectively (R1D, R2D) [12] and iv) for a 
densely array of elastic SCNPs anchored to a flat surface (Ra) [13]. The 
relevant model parameter is K = Ax, where A is a constant related to the 
elasticity of the SCNP composed of n monomers, and x is the fraction of 
reactive monomers involved in intra-chain cross-linking [11]. Based on 
selected experimental data, we have estimated (effective) values of A for 
PS-based SCNPs [37] (Fig. 2) and K for PMMA-based SCNPs [39] (sec
tion 2.2). We summarize the conformational properties of elastic SCNPs 
under different conditions compared to those of flexible linear polymers 
in Table 1. Interestingly, elastic SCNPs in a good solvent resemble 
randomly branched polymers with ideal connectivity in a theta-solvent 
or percolating clusters with screened excluded-volume interactions [30, 
31,34]. Overall, SCNPs show a reduction of the scaling exponent for n 
across all the relevant environments investigated: good solvent, melt, 
1D-confinement both in nanopores and brushes on flat surfaces, and 
2D-confinement in nanoslits (Fig. 3A). Notably, when compared to 
conventional linear chains, SCNP size can be additionally tuned by 
means of the parameter K related to the SCNP intra-chain cross-linking 
density, as illustrated in Fig. 13 for SCNPs and linear chains of identical n 
but different values of reactive functional groups, x, in good solvent 
conditions. We can estimate the lower value of x at which SCNPs behave 
as nanoparticles (within the ESN model approach) by equating the two 

Table 5 
Conformational Properties of Flexible Bottlebrush Polymers (High Grafting 
Density) Composed of Elastic SCNPs vs. Bottlebrushes of LPsa.  

Conditions Size 

Flexible Bottlebrushes of 
SCNPs 

Bottlebrushes of LPs 

Good solvent, high 
dilution 

rs
bott ≈ K − 4/15 m − 1/5 n8/15 

Rs
bott ≈ M3/5 K − 2/15 m − 2/5 

n4/15 

rs
bott ≈ m − 3/25 n18/25 

Rs
bott ≈ M3/5 m − 9/25 n9/ 

25 

Ideal state rm
bott ≈ K − 1/6 m − 1/6 n1/2 

Rm
bott ≈ M3/5 K − 13/150 m − 67/ 

150 n13/50 

rm
bott ≈ m − 1/8 n5/8 

Rm
bott ≈ M3/5 m − 17/40 

n13/40 

1D-confinement, good 
solvent 

R1D
bott ≈ M K − 2/9 m − 2/3 n4/9 D 

− 2/3 
R1D

bott ≈ M m − 3/5 n3/5 D 
− 2/3 

2D-confinement, good 
solvent 

R2D
bott ≈ M3/4 K − 1/6 m − 1/2 n1/ 

3 H − 1/4 
R2D

bott ≈ M3/4m − 9/20n9/ 

20H − 1/4 

Brush, good solvent Ra
bott ≈ M K − 2/9 m − 2/3 n4/9 

σ1/3 
Ra

bott ≈ M m − 3/5 n3/5 σ1/ 

3  

a M = number of monomers in the comb main chain; K = SCNP elasticity 
parameter; m = inverse of the grafting density along the backbone; n = number 
of monomers per SCNP; D = nanopore diameter; H = nanoslit width; σ = grafting 
density of the brush. 

Fig. 11. Comparison of the scaling exponents for m and n (see Table 5) under 
different conditions corresponding to the local size (rbott) of flexible bottlebrush 
polymers composed of elastic SCNPs (blue grid bars) vs. flexible bottlebrushes 
of linear polymers (red grid bars). (For interpretation of the references to color 
in this figure legend, the reader is referred to the Web version of this article.) 
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terms of eq. (2) (i.e., K R2 = R2/R0
2). Accordingly, we obtain: xc ≈ (A n) 

− 1, that for typical values of A and n is very close to zero (see Fig. 13). 
Secondly, we have investigated the conformational properties of star 

polymers composed of f SCNP arms through incorporation of the ESN 
model results (good solvent, ideal conditions) [11] within a scaling blob 
approach [17]. We have considered the case in which the size of the core 
of the star (rc) is small referred to the global size of the star. Remarkably, 
the size of the core is found to be rc ≈ K f1/2 both in good solvent and 
ideal conditions. The global size of a star of SCNPs in a good solvent is 
found to scale as Rs

star ≈ f3/10 Rs, so the SCNPs in the star are elongated 
when compared to isolated SCNPs of size Rs. A mean-field free energy 
approximation, that fails to capture the effect of local fluctuations and 
inter-branch repulsion in the star of SCNPs, provides a scaling exponent 
of the dependence of Rs

star on f that is slightly lower (1/5). Interestingly, 
both approaches provide identical results if the excluded-volume 
contribution to the free energy in the mean-field approximation is 
increased by a factor f1/2. Outside the core, the segment concentration 
profile decays with the distance from the center of the star as r − 1/2 (see 
Fig. 5). Within the scaling blob approach, the ideal size of a star of SCNPs 

is Rm
star ≈ f5/16 Rm, which points to the stretching of the SCNP arms also in 

the case of negligible pairwise excluded-volume interactions. We sum
marize the conformational properties of star polymers composed of 
elastic SCNPs in several representative conditions in Table 2, that also 
include for comparison those of stars of linear polymers. Since we have 
neglected the classical R2/R0

2 contribution in eq. (2), we do not expect 
the expressions derived for stars of SCNPs to provide the equivalent 
expressions for linear chains in the limit of x → 0. By incorporating this 
term, identical expressions to those reported in the literature result in 
the limit: x → 0. Overall, the stars of SCNPs show an increase of the 
scaling exponent for f and a reduction of the scaling exponent for n when 
compared to stars of linear chains at all the relevant conditions inves
tigated (see Fig. 6). 

Thirdly, we have introduced a Flory free energy approximation to 
address the case of flexible comb polymers composed of elastic SCNPs in 
a variety of conditions. Depending on the grafting density (z = 1/m, m 
being the number of monomers between grafting points along the main 
chain) we distinguish between comb polymers of SCNPs if z ≪ 1, and 
brush polymers of SCNPs if z → 1. At low grafting density, we assume the 
size of a side SCNP is not disturbed by the presence of the other SCNPs 
pendants. For a comb polymer composed of SCNPs with M total number 
of monomers in the flexible backbone in good solvent conditions, we 
obtain the expected Rs

comb ≈ M3/5 scaling law when z → 0 or n → 0. Up to 
a critical grafting density given by zc ≈ K1/3 n − 2/3 the presence of the 
SCNPs pendants increases the equilibrium comb size according to Rs

comb 

≈ M3/5 (1 + z2 Rs
3) 1/5 even if the own size of the side SCNPs remains 

unaltered from Rs. Following a similar treatment, we obtain the ideal 
size of a comb polymer composed of SCNPs and the corresponding 
critical grafting density: Rm

comb ≈ M1/2 (1 + z3 Rm
3 ) 1/8 and zc ≈ K1/4 n − 3/ 

4, respectively. We compile the conformational properties of comb 
polymers of SCNPs under different relevant conditions vs. comb poly
mers of linear polymers in Table 3. 

Fourthly, we have combined the elastic single-chain nanoparticle 
(ESN) model [11] with scaling blob theory [28,44] to investigate the 
conformational properties of rigid and flexible bottlebrushes composed 
of elastic SCNPs (high grafting density, z > zc). The case of rigid bot
tlebrushes is relevant for determining the layer thickness of a rigid 
cylinder of radius r0 (e.g. nanotube, rigid helical chain) densely deco
rated with SCNPs placed in good solvent (rs

bott) or in the ideal state with 
negligible pairwise excluded-volume interactions (rm

bott). We obtain rs
bott 

≈ h − 3/7 K − 2/7 n4/7 and rm
bott ≈ h − 5/11 K − 2/11 n6/11, respectively, where h 

is the average distance between SCNPs attached to the rigid cylinder per 
unit length. When compared to the conformational properties of rigid 

Fig. 12. Comparison of the scaling exponents for m (A) and n (B) corresponding to the global size (Rbott) under different conditions (see Table 5) of flexible 
bottlebrush polymers composed of elastic SCNPs (blue grid bars) vs. flexible bottlebrushes of linear polymers (red grid bars). (For interpretation of the references to 
color in this figure legend, the reader is referred to the Web version of this article.) 

Fig. 13. Opposite to the case of linear chains of n monomers in good solvent 
(linear chain size: Rl ≈ n3/5, dashed red line), the size of SCNPs can be addi
tionally tuned by means of the parameter K = Ax, where A is a constant related 
to the elasticity of the SCNP and x is the fraction of reactive monomers involved 
in intra-chain cross-linking (global SCNP size: Rs ≈ (A x) − 1/5 n2/5; x > xc ≈ (A 
n) − 1). (For interpretation of the references to color in this figure legend, the 
reader is referred to the Web version of this article.) 
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bottlebrushes composed of linear chains [41] (rs
bott ≈ h − 1/4 n3/4, rm

bott ≈ h 
− 1/3 n2/3) rigid bottlebrushes of SCNPs display a reduction of the scaling 
exponent for h and n, both in good solvent and melt conditions (Fig. 10). 
Interestingly, the additional dependence of the layer thickness on K 
offers a possibility for tuning the layer thickness of rigid bottlebrushes of 
SCNPs via the degree of intramolecular cross-linking of the SCNPs. For 
the case of flexible bottlebrushes of SCNPs, we have adopted a 
coarse-graining approach [21,28,44] to investigate the local structure of 
rigid “superblobs” of size rs

bott (good solvent) or rm
bott (ideal conditions) 

and we have assumed that the size of a semiflexible chain composed of 
such superblobs provides the global bottlebrush size (Rs

bott or Rm
bott, 

respectively). Due to the high grafting density in a flexible bottlebrush of 
SCNPs, crowding of the SCNPs grafts induces their extension in the 
radial direction and leads − additionally− to axial tension in the flexible 
backbone. Within this approximation, for a flexible bottlebrush of 
SCNPs in good solvent we obtain: rs

bott ≈ K − 4/15 n1/3 (n/m) 1/5 and Rs
bott 

≈ M3/5 K − 2/15 n − 2/15 (n/m) 2/5, whereas the classical result for an 
equivalent bottlebrush of linear polymers is [27,44]: rs

bott ≈ n3/5 (n/m) 
3/25 and Rs

bott ≈ M3/5 (n/m) 9/25. The latter scaling law prediction has 
been recently validated with a series of well-defined PS-based bottle
brushes by Pan et al. (Rs

bott ≈ (n/m) 0.37±0.01) [22]. We summarize the 

conformational properties of flexible bottlebrushes of SCNPs in different 
conditions in Table 5 and illustrate the differences in scaling exponents 
between flexible bottlebrushes of SCNPs and linear polymers in Figs. 11 
and 12. An illustrative example of the comb-to-bottlebrush transition in 
flexible polymer chains decorated with SCNPs as a function of grafting 
density is shown in Fig. 14. We provide in Fig. 15 a comparison of the 
size of flexible bottlebrushes of linear polymers in good solvent [22] vs. 
the predicted size of bottlebrushes of SCNPs as a function of the elas
ticity parameter K by assuming identical numerical pre-factor. Unfor
tunately, a direct comparison of the results obtained for bottlebrushes of 
SCNPs to those of dendronized polymers [47] is not possible since the 
size scaling of dendrimers in good solvent is expected to be [48] R ~ n1/3 

whereas, instead, the ESN model provides a size scaling R ~ n2/5. 
As a final remark, the degree of intra-chain cross-linking (which 

determines the value of K) arises as an additional parameter for con
trolling the local and global dimensions of a variety of superstructures 
based on elastic SCNPs under different relevant conditions (good sol
vent, ideal conformations, 1D- and 2D-confinement in nanopores and 
nanoslits, anchored to flat surfaces). This work provides useful guide
lines for affording efficiently the construction of well-defined hierar
chical superstructures based on SCNPs to broadening its potential utility 
in a number of applications (e.g., catalysis, sensing, drug delivery). 
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