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Introduction

A fundamental problem in topology is to determine if two spaces are home-
omorphic or not. Generally, the way to prove that two spaces are homeo-
morphic is to give a homeomorphism between them. In most of the cases,
though, this is a very difficult task. Thus, we could try a different approach
and try to determine which spaces are not homeomorphic. At first sight,
one can think that this is an even more difficult task, because, by defini-
tion, we would have to prove that no homeomorphism exists between the
two spaces. However, there are some properties that are invariant under
homeomorphisms, called topological properties, and so if we prove that
a space X satisfies some topological property that the space Y does not, we
can conclude that they are not homeomorphic.

One such topological property is compactness. The circle S! is not home-
omorphic to R because S! is compact and R is not. Another such topological
property is connectedness. Indeed, R is not homeomorphic to R? because
removing a point from R disconnects the space, while R? without a point
is still a connected space. These two properties are enough to distinguish
some basic topological spaces, but a more complicated machinery is needed
to distinguish, for example, most of the compact connected surfaces.

In the course Ampliacion de topologia we studied the Fundamental
group. This group was introduced by Henri Poincaré (1854-1912). The
idea is to give a group structure to the loops in a topological space in such a
way that two homotopy equivalent topological spaces have isomorphic fun-
damental groups. Thus, we saw in the course that the fundamental group
can be used, for example, to prove that S' is not contractible or to prove
that S? is not homeomorphic to the 2-torus and to the Klein bottle. How-
ever, this group only involves 1-dimensional loops and fails to distinguish,
for example, the spheres S™ with n > 2.

Homology was originally related with triangulation of manifolds. A sim-
plicial complex is a set composed of points, line segments, triangles and their
n-dimensional counterparts (see figure [Th). If a simplicial complex is home-
omorphic to a manifold we say that it is a triangulation of the manifold
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(a) A simplicial complex. Picture (b) A triangulation of the 2-torus.
taken from herel Picture taken from here.

Figure 1: Examples of simplicial complexes.

(see Figure ) The problem is that not all manifolds can be triangulated.
Topological manifolds of dimensions 2 and 3 can always be triangulated, but
there are compact 4-manifolds that admit no triangulationf]

The first work related to what we now know as homology was ” Sopra gli
spazi di un numero qualunque di dimensioni”, published in 1871 by Enrico
Betti (1823-1892). There he described some topologically invariant numbers
that could be associated to a triangulated manifold describing the number
of “n-dimensional holes” for each n > 0. These numbers were later known
as Betti numbers, and they were obtained in a purely combinatorial way
from the simplicial complex homeomorphic to the manifold. The first recog-
nisable theory of homology was published by Henri Poincaré in 1895. He
developed the simplicial homology of a triangulated manifold and create
what is now called a chain complex. In the early XX century, Emmy
Noether and, independently, Leopold Vietoris and Walther Mayer further
developed the general theory of homology groups, and introduced the mod-
ern algebraic approach to the matter.

However, it is not so easy to prove that simplicial homology groups are
homotopy-invariant. To prove this, a more general theory is used, called
singular homology. In this more general setting some properties of ho-
mology groups are more easily proven, and one can show that it is equivalent
to simplicial homology for triangulated manifolds. The price we pay for this
is that we get rid of the combinatorial aspect of homology and the compu-
tation of homology groups becomes a very hard task.

In 1949, J. H. C. Whitehead introduced a special kind of topological

*https://en.wikipedia.org/wiki/E8_manifold
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spaces, called CW complexes, to meet the needs of homology and ho-
motopy theory. CW complexes are a generalization of simplicial complexes
and are more flexible, while retaining a combinatorial nature that allows for
computation. These spaces are constructed by starting with a discrete set
of points and successively attaching n-cells (spaces homeomorphic to Eu-
clidean n-balls) of increasing dimensions. It turns out that many interesting
spaces can be constructed in this way, and that many topological properties
can be deduced for these spaces just from their construction. In fact, every
compact manifold is homotopy-equivalent to a CW complex (see [I, Corol-
lary A.12]).

There are two standard ways to define CW complexes. The first way
is to define a CW complex as a space formed inductively, starting from a
discrete set of points Xy, attaching some 1-cells to it to form a space X7,
attaching some 2-cells to it to form a space X9 and so forth. Many authors,
such as Allen Hatcher in [I], define them in this way, and it is generally
a good way to think about CW complexes to build intuition about their
properties. The other way is to define what a CW decomposition of a space
X is, and to define a CW complex as a topological space that admits such
a decomposition. Then, one can prove that the inductively built space ad-
mits a CW decomposition making it a CW complex, so both definitions are
equivalent. Other authors, such as John M. Lee in [2], choose this way. In
this work the second way was chosen because it makes proving some topo-
logical properties of CW complexes easier.

The objective of this work is to give an introduction to singular homology
groups, to present CW complexes and their basic properties and to discuss
the advantages these spaces have when computing their homology groups.
The work is structured as follows:

e Chapter 1: we introduce the general theory of singular homology
and prove the homotopy invariance of homology groups, following the
proof in [2, Theorem 13.8].

e Chapter 2: we define relative and reduced homology groups, and we
build an exact sequence that relates the homology groups of a quotient
9% ‘4 with the homology groups of X and A, mainly following [I].

e Chapter 3: we define CW complexes following [2] and we prove the
equivalence of the two possible definitions of CW complexes discussed
in the previous paragraph. We also introduce some examples of CW
complexes.

e Chapter 4: we study a special homology theory for CW complexes,
called cellular homology, and show that it is equivalent to singular
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homology for CW complexes. We use cellular homology to compute
the homology groups of some CW complexes introduced in Chapter 3.

As for the Appendices, in Appendix [A] we collect some solved exercises.
The computations of the homology groups of a point and the homology
groups of the sphere S™ are included there as exercises. In order to make the
work as self-contained as possible, we included in Appendix [B]and Appendix
[C] most of the preliminary results used during the work, proofs included.
The definition of singular homology groups requires some preliminaries in
commutative algebra which are included in Appendix The first part of
Appendix [B]is about free modules and the second part collects basic general
results about chain complexes and exact sequences. Appendix [C] contains
all the topological constructions that will be used to define CW complexes
and cellular homology. The only exception is Section [C.7] which contains
part of the proof of Theorem Moreover, Appendix [D] contains part
of the proof of the homotopy invariance of singular homology groups, and
Appendix [E] contains a complete proof of the Excision Theorem. These two
proofs are not included in the work due to their technical nature, but are
written there to make the work as self-contained as possible.
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Notation (Glossary

R’n

]D)TL

BTL

s
B, (o)
int A
clA
frA

Id

|_|i€I Xi

\/z’eI Xi

X

A

I

The euclidean n-space.
As a convention, if n = 0, we define R to be a singleton.

The unit interval [0, 1].

The unit disk in R™. All points of distance 1 or less from the origin.
As a convention, if n = 0, we define DY to be a singleton.

The unit open ball in R™. All points of distance less than 1 from the origin.
As a convention, if n = 0, we define B® to be a singleton.

The unit sphere in R"*1. All points of distance 1 from the origin.
The open ball of radius r centered in x( in the euclidean space R™.
The topological interior of A.

The topological closure of A.

The topological boundary/frontier of A.

The identity function.

Disjoint union of the family {X;};cl.

Wedge sum of the family {X,}icr.

Topological quotient of X by A.

Isomorphism.

Quotient of R-modules N C M.

Direct sum of modules/homomorphisms.

The kernel of the homeomorphism f.

The image of the homeomorphism f.

Set theoretic difference of A and B.



Chapter 1

Singular Homology

The goal of this first chapter is to give the definition of singular homology
groups and to prove that singular homology groups are homotopy invari-
ant. In the last part of the chapter we show the relation between path-
connectivity and homology groups.

1.1 Simplices
For every integer number n > 0 we define the n-dimensional analogue of the
triangle: the n-simplex.

Definition 1.1.1. Let R™ be the euclidean space and pg,...,p, € R™ be
n + 1 affinely independent points. The n-simplex generated by po,...,pn
is the convex hull of {py,...,p,}. That is,

[pg,...,pn] = {zn:)\lpz eR™ ‘zn:)\lzl, 0< XN\ <1,i=0,...,n. }
1=0 1=0

The points py, . . ., pn, are called the vertices of the n-simplex. The ordering
of the vertices determines the orientation of the simplex. The n-simplex

(2
generated by {eq,...,e,} C R" e; = (0,...,1,...,0), with ordering ac-
cording to the increasing subscripts is called the standard n-simplex, and
it is denoted by A"™. That is,

A" = [60,...,6n]

= {Z)\Zel ER”+1 ’ZAz:L OS)\ZSL’L:O,,R}
1=0 =0

- {()\U,...,)\n)eR”+1 )i)\izl, Og)\igl,z’:(),...,n.}.
=0

Specifying an ordering of the vertices determines the following canonical
homeomorphism from the standard n-simplex A™ to the n-simplex [py, . .., pn]:

1
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Plpo,..spn] * AT —  [po,---,pnl
()‘Oa ceey >\n) — Z?zo AiDi-

Definition 1.1.2. Let [py,...,pn| be an n-simplex. A n-simplex generated
by a subset of {po,...,pn} is called a face of [po,...,p,]. If the vertex p; is

removed, we will write it as [po, ..., Di, .-, Pn)-
Let A™ = [eg,e1,...,e,] be the standard n-simplex. The canonical
homeomorphism from the standard (n—1) simplex to the face [eg, ..., €, ..., €4)

of A™ will be denoted as @i n = P[e,... éi,....en]- Lhat is,
Pim : An-t — A"
()\07--->)\n—1) = ()\07"'7Ai—1707)\i7"'7)\n—1)'

1.2 Singular Homology

Definition 1.2.1. Let X be a topological space, and let n > 0 be an integer.
A singular n-simplex in a space X is a continuous map o : A" — X. We

will write
Qn(X)={0:A" — X | 0 continuous}.

Definition 1.2.2. Let X be a topological space. The free Z-module gen-
erated by €,(X) is called the n-dimensional singular chain group of
X and will be denoted as Cp,(X). Elements of C,(X) are called singular
n-chains.

Remark 1.2.1. Observe that equivalently, C),(X) is the free abelian group
generated by €2,,(X). By the notation used in Section Cr(X) = 29X,
For more detailed information about free modules, see Section

Let 0 : A™ — X be a singular n-simplex. If we remove a vertex from
A", the resulting face of A” can be identified with A"~! via the canonical
homeomorphism. Thus, the restriction of o to this face of A" is a singular
(n — 1)-simplex. In order to define this restriction rigorously we will use the
face map.

Definition 1.2.3. Let X be a topological space and n > 0. For each

i =0,...,n we define the i-th face map as:
o —  [o]i =00 pin.

The face map sends each singular n-simplex to a singular (n — 1)-simplex.

Definition 1.2.4. Let n > 1 and let 0 : A™ — X be a singular n-simplex.
We define the boundary of ¢ as

n

On(0) = Y (~1)lo)i € Coa(X),

1=0
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if n > 1. If n = 0, we define the boundary of any 0-singular simplex to be
0. That is, dy(0) = 0 for any o € Q(X).

The extension of 0,, from the basis Q,(X) to the whole C),(X) is the
boundary map,

Op : Cn(X) — Cn-1(X)
Zoeﬂn(X) AgO Zcreﬂn(X) AcOn(0).

Remark 1.2.2. For any n > 0, 9, is a Z-module homomorphism by theorem
in Appendix [B] In order to simplify the notation we may simply write
0, = 0 whenever it is clear which map it is.

Our goal now is to prove that the singular chain groups and the boundary
maps form a chain complex, that is, 0, 0 0,41 = 0 for any n > 0. A general
definition of chain complexes is given in Section

Theorem 1.2.1. For any n > 0, the boundary maps satisfy the following
identity:
8n o an+1 = 0.

Proof. If n =0, as dy = 0, then Jy o 01 = 0.
For n > 1, by linearity, it suffices to show by that 0,,(9p+1(0)) = 0 for
any singular n-simplex o.

n+1 . n+1
On(Ons1(0)) = On( Y (=1)'[0)i ) = Z(—wan([a]z)
o
= > (=D(=1) [0l
§=0i=0
= > EOM[elli+ Y (=16l
0<j<i<n+1 0<i<j<n

rearranging indices in the second summation (¢/ = j + 1,5 = i) we get:

On(Onsi(@) = > (Dol + Y ()T Moplia

0<j<i<n+1 0<j/<i’<n+1

Notice that for j < i:

Pin+1© Pjn = Pjn+1 © Pi—1,n-

Indeed, for any (Ao, ..., A1) € A" 1,

J
Cint1(@in(Aos -5 An—1)) = Qinr1( Ao, -+ 5 Ajm1,0, Ajy ooy Ant)
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J i
= ()‘07 e '7)‘]'71707 )‘]7 . '7)‘2'72’05)‘7;*1’ .. w)\nfl)v
i

—1
Qin+1(Pi—1n( A0y -3 An=1)) = @imt1( A0y -5 Aim2, 0, Xi—1,..., Ap—1)

7 i
= ()‘07 .. ‘7)‘j—1707 )‘]7 o '))‘i—2707>\i—17 .. '7An—1)'

Therefore, [[0];]; = [[0];]i—1 for j < i. Knowing this,

On(Onsr(@) = D DMelli+ Y (=) olpleor =0,

0<j<i<n+1 0<j/<i'<n+1

as each term in the first summation is cancelled by one in the second.
O

By the previous proposition the groups C),(X) and the boundary map 0
form a chain complex called singular chain complex. We will denote it
as (Cx(X), 0«). We can now define our main object to study.

Definition 1.2.5. Let X be a topological space. The homology groups
of the chain complex (C.(X),0x) are called singular homology groups.
That is, the n-th singular homology group is

_ Ker(9,)
H,(X)= @ 1)"

Elements of Kerd,, are called cycles and elements of Im 0,11 are called
boundaries. The elements of H,(X) are cosets of Im d,,41 called homol-
ogy classes. Two cycles with the same homology class are said to be
homologous, which means that their difference is a boundary.

The homology groups of a point can be computed directly from the
definition. This is done in Exercise [1] of Appendix [A]

Example 1.2.1. Let X = {p} be a point. The homology groups of X are
the following:
Z if n =0,

0 otherwise.

1.3 Homotopy invariance of homology groups

1.3.1 Chain maps and induced homomorphisms

In this section we will show that any continuous map between two topo-
logical spaces induces a chain map between their singular chain complexes,
which induces a homomorphism between homology groups of their respective
chain complexes. See Section of Appendix [B] for the general definition
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and properties of chain maps.

Let X,Y be topological spaces and f : X — Y be a continuous map.
Notice that if 0 € Q,,(X), then foo € ,(Y) as the composition of contin-
uous maps is continuous. Thus, we have a map

Q(X) — A (Y)
o —  foo,

which can be extended to a homomorphism:

fa: Cn(X) — Cn(Y)
ZUEQ,L(X))‘UU = Zo—eszn(X))\o(fOU)

by Corollary in Appendix [Bl Observe that for any o € Q,,11(X),

n+1 ' n+1 '
J#(9(0)) = faul( Z(—l)’[v]i ) = Z(—l)’f#([a]i)
. =0 | 1=0 - |
= Z(—l)’f o(0oYint1) = Z(—l)z(f ©0) 0 Pinti
:lj-(i ' n+1 tL:O
=Y (=D[fooli=> (=1)[fx(o)li = O(f4(0)).
=0 1=0

By linearity, the same holds for any sum in Cj,41(X). Thus, this sequence
of homomorphisms defines a chain map from the singular chain complex of
X to that of Y, that is, the following diagram commutes:

2 C (X)L O (X) — 2 O (X)L

if# O lf# O lf#
0 0 0
1 (V) ——=C(Y) ——=Chi (YY) —— ...
This chain map induces a homomorphism f, : H,(X) — H,(Y) in homol-

ogy groups called the homomorphism induced by f,

fe: H,(X) — H,(Y)
c+ 1m0y — f#(c) + Im 8n+1.

Proposition 1.3.1. Let X,Y and Z be topological spaces and f: X — Y,
g:Y — Z be continuous maps. The following hold:

(i) (gof)s=gx0 fi.

(ii) Id. = Id. That is, the identity map in a topological space induces the
identity map in the homology groups.
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Proof. Observe that for any o € Q,(X),

(goflu(o)=(gofloa=go(foor)=gu(fu(o)) = (g0 f4)(0).

Thus, by linearity, the same holds for any n-chain of C,,(X). By definition
of f, it is clear that (i) holds.

To show (ii), let Id : X — X be the identity map. Observe that for
any singular n-simplex o, Idy(0) = Id oo = o so it is clear that Idy is the
identity map of Cy,(X). Therefore, (ii) holds. O

Remark 1.3.1. Observe that whenever f: X — Y is a homeomorphism
the map o — foo from €,(X) to 2,(Y) is a bijection so the extension fx
is an isomorphism. Therefore, as a direct consequence of Lemma in
Appendix [B| we get that H,(X) and H,(Y') are isomorphic for any n > 0.
The goal of this chapter is to prove that homology groups are not only
isomorphic when the spaces are homeomorphic, they are isomorphic when
the spaces are homotopy equivalent too which is a weaker condition.

1.3.2 Homotopy invariance

We first start by giving some basic definitions.

Definition 1.3.1. Let X and Y be topological spaces and f,g : X — Y
be continuous functions. A homotopy from f to g is a continuous map

H:XxI—Y,

where I = [0, 1], such that for any = € X, H(z,0) = f(x) and H(z,1) =
g(z). In this case, we say that f and g are homotopic and write f ~ g or

H
f =~ g if we want to specify that the homotopy is given by H. In particular,
if g is a constant map we say that f is null-homotopic.

Definition 1.3.2. Let X and Y be topological spaces. A continuous map
f X — Y is said to be a homotopy equivalence if there exists some
continuous map ¢ : Y — X such that go f ~ Idx and fog ~ Idy. In this
case we say that X and Y are homotopy equivalent.

Definition 1.3.3. Let X be a topological space. We say that X is con-
tractible if it is homotopy equivalent to a point.

Definition 1.3.4. Let X be a toplogical space and let A C X be a sub-
space. A continuous map F' : X x I — Y is a deformation retraction
of X onto A if for every x € X and a € A, F(x,0) = z, F(x,1) € A and
F(a,1) = a. In this case, we say that A is a deformation retraction of X.

If in the definition of a deformation retraction we add the requirement
that F'(a,t) = a for every t € I and a € A, then F is called a strong
deformation retract, and A is a strong deformation retraction of X.
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Our goal is to prove that homotopic maps induce the same homomor-
phism on homology. To prove that result we will use the following Lemma.
The definition of a chain homotopy is given in Section Due to the length
and technical nature of the proof of the Lemma, it is attached in Appendix
DI

Lemma 1.3.2. Let X be a topological space and I = [0,1]. The chain maps
induced by

t: X — XxI and 11: X — X xI
r +— (z,0) r = (1)

are chain homotopic. In particular, they induce the same homomorphism in
homology groups.

Now we go for the main theorem of this Chapter.

Theorem 1.3.3. Let X and Y be topological spaces and let f,g : X —
Y be continuous maps. If f and g are homotopic, they induce the same
homomorphism in homology groups. That is, fi = gx.

Proof. We know by Lemma that (c0)x = (¢t1)+. Let f,g: X — Y be
two continuous maps homotopic by a homotopy H. Observe that for any
x € X, (Hou)(x)=H(z,0) = f(z) and (Hou)(z) = H(x,1) = g(x), then

f* = (H o LO)* = H* o (LO)* = H* o (Ll)* = (H o Ll)* = Gx,
and we get the general result. O

Corollary 1.3.4 (Homotopy invariance of homology groups). Let X and
Y be topological spaces and f : X — Y be a homotopy equivalence. Then,
fo: Hy(X) — H,(Y) is an isomorphism for every n > 0.

Proof. If f is a homotopy equivalence, there exists some continuous map
g:Y — X such that go f ~ Idx and fog~Idy. By Theorem [I.3.3] for
every n > 0,

geofi=(g0f)e=(Idx). = IdHn(X)a
and

frogs=(fog)s=Idy). =1Idp, ()

Therefore, f, is a bijection. O

We computed the homology groups of a point in Example By
the previous result we are able to compute the homology groups of any
contractible space.

Corollary 1.3.5. Let X be a contractible topological space. Then,

H(X) = Z ifn=0,
o difn> 1.
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1.4 Connectivity and homology groups

We are now ready to study the connection between connectivity and homol-
ogy groups.

Proposition 1.4.1. Let {X;};cs be a family of topological spaces. Then, the
canonical injections 1; : X; < Uie[ X, induce the isomorphism @;cr(1;)«
Picr Hu(Xi) — Hp(jcr Xi) for any n > 0.

Proof. Let 0} : Cy(X;) — Cn—1(X;) be the boundary map of the chain
C.(X;). Observe that the sums @;c;C,(X;) form a chain complex with the
boundary maps @;cr0’.

Consider the following map:

Gier(ti)# Dicr Cn(Xi) — Cn(ser Xi)
> ier Zaeﬂn(xi) e D D ZUEQn(Xi) As(ti0 o).

Notice that } ;> 5eq, (x,) Aot 0 0) = 0 if and only if A, = 0 for every
o € Q,(X;), i € I. Thus, the map is injective.

The surjectivity of the map comes from the fact that each 1;(X;) is
disconnected from the other components in the disjoint union. Take any
o € Qu(|;c; Xi). A™ is connected so the image o(A”") is connected too by
continuity. Thus, it is contained in some unique component 2;(X;). There-
fore, as each restriction ¢;, is a homeomorphism, (2 Xi)_1 oo € Q,(X;)
and its image by (12;)4 is obviously . Therefore each sum in Cy (| |;c; Xi)
can be divided into sums in which all the singular simplices are images of
simplices in a unique Cy,(X;). This means that the map is surjective.

As each (1;) is a chain map from (C.(X;),d!) to (Cy(UierX;),0s), the
sum @G;er(1;)4 is a chain map from (B Ci (X;), Bier0?) to (Cu(Uier Xi), 05).
Thus it induces an isomorphism (®ier(2:)# )« : Hn(DicrCi(Xs)) = Hy(Uicr X;)
for every n > 0. We also have an isomorphism

Ker 9,  ®crKerd!  Ker®;e 0!
zEe@ (X ZGE? Im &;, ®icr Im 0, Im ®;c 0%, n(®icrCi(Xi))

%ZEGIIII{EO@}? = Ifirgif]’ggl holds due to Proposition |B.1.7]
in Appendix [B] Finally, observe that the composition of the two previous
isomorphisms is exactly @;er(2;). Hence, ®;cr(2;)« is also an isomorphism.

O]

where the equality

Any topological space X is the disjoint union of its connected compo-
nents with the inclusion maps as canonical injections. Thus, Proposition
directly implies the following result.
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Proposition 1.4.2. Let X be a topological space and {X;}icr be its con-
nected components. The inclusions 1; : X; — X induce an isomorphism
@ier(1i)x : Bjer Hu(Xi) — Hy(X) for every n > 0.

Proposition 1.4.3. Let X be a nonempty, path connected topological space.
Then,
Hy(X)

12

Z.

Proof. By definition, we know that Hy(X) = ?31%? . We define the following
homomorphism:
& Co(X) — Z
ZO’GQO(X) AUO’ = ZG’GQ()(X) )\a-
Since X is nonempty, Qo(X) is nonempty. Thus, for any A € Z there is
Ao € Cp(X) such that £(Ao) = A, so & is surjective.
We aim to prove that Ker{ = Im0;. For any singular 1-simplex o :

Al 5 X we have &0 (o)) = £([olo — [o1) = £([oTo) — £(fol1) = 1— 1 =0,
Thus, Im 9y C Keré.

For the reverse inclusion, let Zaeﬂo( X) A0 € Keré. This means that
> oeo(x) Ao = 0. The maps o € Qy(X) map the point A’=1€Rtoa
point in X. Let xg € X. For any 0O-simplex o, as X is path-connected, there
is a path a, : [0,1] — X from o(1) to x¢. Let o’ be the singular 0-simplex
such that o/(1) = zg. Consider the following map:

T Al — [0,1]
(Ao, A1) = Ar

The map 7 is continuous and set 7, = o, o ™ € Q1(X). Notice that
[75]0(1) = a0 (7( 0,1(1) ) = ag(7(0,1)) = @, (0) = (1) = [15]o = 0,

[76]1(1) = ag (7(¢11(1) ) = ag((1,0)) = ag(l) = zo = 0'(1) = [1,]1 = 7'.
Thus,

and

81( Z )\UTJ): Z Ao 01(T5) = Z AgO — Z Ao’

O’GQQ(X) O’GQQ(X) O'GQ()(X) UEQ()(X)
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This means that >, cq,(x) A0 is the boundary of 3~ .o (x) AoTo € C1(X),
S0 D seq(x) A0 € Imdy, which proves that Ker{ C Imd;. By the first
isomorphism theorem,

_ Go(X) _ Co(X)

Ho(X) = Imd;  Keré

1

Z.

O]

Corollary 1.4.4. Let X be a topological space. If {X;}icr are the path-
connected components of X,

Hy(X) =P

1€l
Proof. By Propositions and
Ho(X) = @ Ho(Xi) = P z.

iel i€l
]

Remark 1.4.1. By Corollary the zero homology group is completely
determined by the path-connected components of the space. However, in
general, it is not possible to compute the rest of the homology groups just
from the definition. By Corollary we know how homology groups of
contractible spaces are, but it might not be possible to make computations in
such a direct way for more complicated spaces. Singular homology groups
are easy to define and we have proved that they are homotopy-invariant,
but more work is required in order to compute the homology groups of more
topological spaces.



Chapter 2

The exact sequence for good
pairs

Let X be a topological space and let A C X be a subspace. In this second
Chapter we build an exact sequence that relates the homology groups of
the quotient space X/ ‘4 with the homology groups of X and A. This exact
sequence will be used to compute the homology groups of the sphere S™.
The definition of the quotient X/ 4 is given in Section and the general
definition and basic properties of exact sequences are given in Section

2.1 Relative homology groups

It sometimes happens in mathematics that by ignoring a certain amount
of data one obtains a simpler theory that gives results that could not be
obtained in the original setting. An example of this is arithmetic mod n,
where one ignores multiples of n. At first, one could think that the sim-
plest analogy of this in homology would be that if A C X, then H,(A)

would be contained in H,(X) as a subgroup and the quotient group gz(é))

would be isomorphic to Hn(X/ '4)- While this does hold in some cases, if
it held in general then homology theory would collapse since every space X
can be embedded as a subspace of a contractible space, namely the cone
CX = (X xI)/(X x {0}), which has trivial homology groups.

It turns out that if one ignores all singular chains in a subspace of a
given space we obtain a better result.

Definition 2.1.1. Let X be a topological space and let A C X be a sub-
space. As Cp(A4) C C,(X), we define the n-th relative chain group to
be the quotient

Cn(X)

Cn(A)

Cn(X,A4) =

11
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Elements in C, (X, A) are called relative chains.

The boundary map 0 : Cp(X) — Cp—1(X) takes C,(A) to Cr—1(A),
so it induces a quotient boundary map 0 : C, (X, A) — C,_1(X, A), called
relative boundary map, that sends each relative chain ¢ + C),(A) to the
class 9(c) + C,—1(A). Letting n vary, we obtain the following sequence:

o A) L (x4 D L (X A) 0 (2.0)

The relation 8?> = 0 holds for these boundary maps since it holds before
passing to quotient groups. So (2.1) is a chain complex, called relative
chain complex, and denoted by (Cy(X, A), 0x).

Definition 2.1.2. The homology groups of the chain complex (Cy (X, A), 0)
are called relative homology groups and are denoted by H, (X, A).

If A= {x0} is a point, we simply write C,,(X,{zo}) = Cn(X,x0) and
H, (X, {z0}) = Ho(X, x0).

Remark 2.1.1. From the definition of the relative boundary map we ob-
serve that:

e The elements in H, (X, A) are represented by relative cycles. That
is, chains ¢ € C,,(X) such that d(c) € Cp_1(A).

e A trivial relative cycle ¢ is a relative boundary. That is, ¢ = 9(b)+a
for some b € Cp,11(X) and a € Cy,(A).

These properties make precise the intuitive idea that H, (X, A) is “ho-
mology of X modulo A”.

Let ¢+ : Cp(A) — Cp(X) be the inclusion map and 7 : Cp(X) —
Cp(X, A) be the quotient map. Consider the following diagram:

0 0

Cn(A) —— Cp(X) — = Cp(X, A)
N
0——=Cp1(A) ——=Cp1(X) —">Cp_1(X,A) —0.

Observe that by definition of the relative boundary map the diagram is com-
mutative so ¢ and 7 are chain maps. Moreover ¢ is injective, 7 is surjective
and Im: = Kerm = C),(A), so we have the following short exact sequence:

0= Cp(A) = Co(X) T Cp(X, A) — 0. (2.2)
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Short exact sequences of chain complexes induce a long exact sequence in
their homology groups. This result is called Zig-zag lemma, and it is
explained and proved in detail in Lemma[B.2.3|in Appendix[B] Thus, relative
homology groups fit into the following long exact sequence:

oo Hy(A) 5 Ho(X) =5 Ho (X, A) 25 Hy1(A) > ..
... — Hy(X,A) — 0. (2.3)

The connecting homomorphism 0, : H,(X,A) — Hp_1(A) has a sim-
ple description. If a class in H, (X, A) is represented by a relative cycle
c € Cp(X,A), the image is the class of d(c) in H,—1(A).

There are induced homomorphisms for relative homology groups just as
there are in the non-relative, or “absolute”, case.

Definition 2.1.3. Let X, Y be topological spaces and let A C X, BCY
be subspaces. A map f: X — Y with f(A) C B is called a pair map and
it is denoted as f: (X, A) — (Y, B).

Pair maps induce well defined homomorphisms fx : Cp,(X, A) = C,(Y, B)
in the quotient groups since the chain map fu : C,(X) — Cp(Y) takes
Cn(A) to Cp,(B). This happens because for every o € ,,(A), foo € Q,(B).
The relation fx 0o @ = 0 o fu clearly holds as it holds before passing to
the quotient. Therefore, these new chain maps induce homomorphisms
[« : Ho(X,A) — H,(Y,B). All the properties given in Proposition [1.3.1]

also hold for the induced maps in relative homology.

We now want to give the homotopy invariance result for relative homol-
ogy. For that, we need to give the notion of homotopy for a pair.

Definition 2.1.4. Two maps f,g : (X, A) — (Y, B) are said to be pair
homotopic if there exists a homotopy H : X x I — Y from f to g such
that for any a € A and t € I, H(a,t) € B. In that case, we will say that H
is a homotopy of pairs.

Definition 2.1.5. Let X,Y be topological spaces and A C X, B C Y.
A map f: (X,A) — (Y, B) is said to be a homotopy equivalence of
the pairs (X, A) and (Y, B) if there is a map ¢ : (Y,B) — (X, A) such
that f o g and g o f are pair homotopic to Idy : (Y, B) — (Y, B) and
Idy : (X, A) — (X, A) respectively.

If such a map f exists between the pairs (X, A) and (Y, B), the pairs are
said to be homotopy equivalent.

The homotopy invariance of relative homology groups can be proven in
the same way as in the non-relative case. Observe that the two maps defined
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in Lemma are pair maps (X, A) — (X x I, A x I), and one can prove
that the chain maps induced by them in the relative chain complex are chain
homotopic in the same way.

Theorem 2.1.1. If two pair maps f,g : (X, A) — (Y, B) are pair homo-
topic, then f. = g« : Ho (X, A) — H,(Y, B).

We also have the analogue of Proposition for the relative case.

Proposition 2.1.2. Let {X;}icr be a family of topological spaces and a
subset A; C X; for eachi € I. Then, the canonical injections v; : (X;, A;) —
(Wier Xi, Uier Ai) induce an isomorphism ®icr(1i)s @ @,cr Hu(Xi, Aj) —
Hy (Uier Xi, Uier As).

Proof. We observe that the isomorphism in Proposition [1.4.1
@iel Cn(X;) — Cn(uiel Xi)
el Zaeﬂn(Xi) e D D Zaegn(xi) Ao (1i 0 0),

sends ;. ; Cn(A;) to Cp(l ;e Ai). Therefore, this map induces the follow-
ing isomorphism:

DierCn(Xi) | Cn(UierXi)

DicrCn(4i) Cn(Uier Ai)
On the other hand, we also have the following isomorphism:

z‘ee? ( ) 163 Cn(As) ®ierCn(Ai)

Cr (Uier X, Uier Ai).

The composition of both isomorphisms is exactly
Sier ()4 : @D Cn(Xi, Ai) — Cr(Uier Xi, Uier Ay),
i€l
so it is also an isomorphism. The result for relative homology groups follows

as in Proposition [T.4:1} m

An easy generalization of the long exact sequence of a pair (X, A) is the
long exact sequence of a triple (X, A, B) where B C A C X. As B C A,
we can consider the inclusion ¢ : Cy (A, B) — C, (X, B) and the projection
7w Cp(X,B) = Ch(X,A). These are chain maps too and they form the
following short exact sequence:

0 — Cy(A,B) - C,(X,B) = C, (X, A) — 0.

By Lemma the homology groups of each chain complex fit into the
following long exact sequence:

.. = Ho(A,B) =5 Ho(X, B) = Ho(X, A) 25 Hy (A, B) — ... (2.4)
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A fundamental property of relative homology groups is the Excision
theorem, describing when the relative homology groups H, (X, A) are un-
affected by deleting (or excising) a subset Z C A.

Theorem 2.1.3 (Excision theorem). Let X be a topological space and Z C
A C X such that the closure of Z is contained in the interior of A. Then,
the inclusion (X —Z,A—27) — (X, A) induces isomorphisms Hp(X —Z, A—
Z) — Hp(X, A) for alln > 0.

Equivalently, for subspaces A, B C X whose interiors cover X, the inclu-
sion (B, ANB) — (X, A) induces isomorphisms H,(B, ANB) — H,(X, A)
for alln > 0.

The proof of this theorem involves some technical results and is included
in Appendix[E] The equivalence of the two assertions is also explained there.

2.2 Reduced homology groups and the exact se-
quence for good pairs

Let X be a topological space and A C X. We want to obtain a connection
between the relative homology groups and the homology groups of the quo-
tient X/A. To do this, it is convenient to have a slightly modified version of
homology for which a point has trivial homology groups in all dimensions,
including zero. This is done by defining the reduced homology groups.
Consider the map & defined in Proposition [I.4.3}

§: Co(X) — Y/
Dioep(x) AT D gean(x) Ao

For o € C1(X), notice that 9(c) = [o]o — [0]1, so £(9(c)) =1 —1=0. This
means that £ 0 d = 0 and, as £ is surjective, we can extend the usual chain
complex to

L) D (X)) 2 (X)) D (X)) S Z 0. (2.5)

Definition 2.2.1. The homology groups of the chain complex ({2.5) are

called reduced homology groups and are denoted as H,(X).

It is clear from the definition that H,(X) = H,(X) for any n > 1.
Moreover, as Im 01 C Ker &, the map

Hy(X) — Z
c+Imo; —  &(o),
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is a well defined surjective homomorphism. Its kernel is Ker£ which is Hy (X)
by definition. By the first isomorphism theorem, we get that

Remark 2.2.1. Let X and Y be topological spaces. We will now show that
continuous maps f : X — Y also induce homomorphisms in the reduced
homology groups. Consider the diagram:

7]

L o(X) S (X)L % Cy(x

o, e

7]

o—C

V)—2% 0, ()2~ . —%

—~
~
= ¥
s
e —
et
[=})

We already know that do f4 = fuo00, so it suffices to show that § = £o f.
Let 3, cqo(x) Ac0 € Co(X). Indeed,

(D 20 =& Y. M(foo))= D =& ). Mo

UGQO ) UEQQ(X) UGQO ) O‘EQQ(X)

Thus, we have an induced homomorphism f, : Hy(X) — ﬁn(Y) for any
n > 0. This also means that if we restrict an induced homomorphism be-
tween non-reduced homology groups fi : H,(X) — H,(Y) to H,(X) we

f*

get the induced homomorphism between reduced homology groups H, (X) =
H,(Y). Thus, Theorem and Corollary |1 can be reformulated for
the reduced case.

Theorem 2.2.1. Let X and Y be topological spaces and let f,g : X —
Y be continuous maps. If f and g are homotopic, they induce the same
homomorphism in the reduced homology groups.

In particular, if f is a homotopy equivalence then the induced homomor-
phism in the reduced homology groups is an isomorphism.

We are first going to relate reduced homology groups and relative ho-
mology groups by a long exact sequence. Let us extend each chain in ({2.2)
as we did in (2.5)). In this way, obtain the following diagram:
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0—Crh_1(A) —=Cr1(X) —=Crh1(X,A) —0
\L@ \L@ e}
bk I

0 Co(A) Co(X) —== Co(X,A) —>0

It is clear that the diagram is commutative, and the horizontal rows are
short exact sequences. Therefore, by Lemma [B:2.3| there is a long exact
sequence:

C = Ha(A) 2 Hy(X) ™5 Ho(X, A) 25 Hyoi(A) - ..
... = Hy(X,A) = 0. (2.6)

From this sequence we get the following result:

Proposition 2.2.2. Let X be a topological space and xog € X be a point.
Then, for every n > 0 the quotient map 7 : Cp(X) — Cn(X, 7o) induces
isomorphisms my : Hy(X) — Hp (X, x0).

Proof. Observe that if A = {a¢}, H,(A) = 0 for every n so from the long
exact sequence ([2.6) we get the following exact sequence:

0= Hu(X) =% Hy(X,20) = 0
which means that I:Tn(X ) =% H,(X,x0) are isomorphisms. d

Our goal now is to study under which conditions the relative homology
groups of a pair (X, A) and the reduced homology groups of the quotient
X/ "y are isomorphic. Once we know this, we will be able to substitute
H,(X,A) by fIn(X/ ‘4) in the sequence obtaining the desired exact
sequence.

Definition 2.2.2. Let X be a topological space and A C X a nonempty
closed subspace of X. The pair (X, A) is called a good pair if there exists
some open subset U C X such that A C U and A is a strong deformation
retract of U.
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Proposition 2.2.3. Let (X, A) be a good pair. The quotient map q :
(X,A) — (X/A, A/A) induces isomorphisms

qx s Hp(X, A) — Hn(X/AvA/A)
for alln > 0.

Proof. Let U be an open subset of X that strongly deformation retracts
onto A. On the one hand we have the long exact sequence for the triple
(X,U, A):

o Ho (U, A) 25 Ho (X, A) =5 Hy(X,U) 25 Hy (U, A) — ...

Observe that as A is a strong deformation retract of U the pairs (U, A)
and (A, A) are homotopy equivalent. Therefore, H, (U, A) = H, (A, A) = 0.
Thus, for any n, we have the following exact sequence:

0— Hy(X,A) — H,(X,U) — 0,

and H,(X,A) = H,(X,U) is an isomorphism.

On the other hand, U is an strong deformation retract of A, so there is
an strong deformation retraction F' : U x I — A such that F(a,t) = a for
any t € [0,1] and @ € A. Then, we may define F : U/A x [0,1] — A/A in
the quotient as F(q(z),t) = q(F(x,t)). It is clearly a strong deformation
retract. Therefore, as before, (U/ A A/ A) and (A/ A A/ A) are homotopy
equivalent and from the long exact sequence for the triple (X/ ‘A U/ ‘A A/ A)
we get an isomorphism H, (X/A, A/A) — H, (X/A, U/A) for every n > 0.

Moreover, by Theorem [2.1.3|we have isomorphisms H, (X — A, U —A) —
Ho(X,U) and Hy (X 4= 44, U 4 =4 4) — Ha(X/4,U/4) induced by
inclusions (X — A,U — A) < (X,U) and (X4 =4, Uy —474) —
(X/ A U/ A) respectively. These maps fit into the following diagram:

H,(X,A)

H,(X,U) H, (X — AU - A)

H,(X/4,4)) H, (X4, U)) H, (X g =40, Uy =40

The horizontal maps are all isomorphisms. The left isomorphisms are in-
duced by quotient maps of groups and the right isomorphisms are induced
by inclusions. Therefore, is clear that the diagram is commutative.
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Finally, as A is closed, by Proposition q|x_, is a homeomorphism
and thus, the vertical map g, on the right hand side is an isomorphism. By
commutatvity, we have that all the maps g, are isomorphisms, getting the
result.

O]

Corollary 2.2.4. Let (X, A) be a good pair. Then, for everyn > 0 we have
an isomorphism H,(X,A) — H,(X/A).

Proof. On the one hand, notice that as the space A/ ‘A 1s a singleton con-
tained in X/A we have an isomorphism H, (X/A) = H,(X/A, A/A) for
any n > 0 by Proposition On the other hand, by Proposition [2.2.3
we have an isomorphism H, (X, A) - H, (X/A, A/A) for any n > 0. Thus,

the composition

-1
Tx O gx

Ho(X,A) ™3% H,(X/A)
is an isomorphism for any n > 0. O

By the previous corollary and Remark we can substitute H, (X, A)
by H, (X/ A) in the exact sequence (2.6) and the next result follows.

Theorem 2.2.5 (The exact sequence for good pairs). Let (X, A) be a good
pair. Then, there is an exact sequence

s Hy(A) 2= Ho(X) 25 H(X/A) 2 Hyy(A) — ...
... — Hy(X/A) = {0}
where 1 : A < X s the inclusion and q : X — X/A the quotient map.

The homology groups of the spheres S™ can be computed using Theorem
This is done in Exercise [2] of Appendix [A]

Example 2.2.1. For any n > 0, the reduced homology groups of the sphere
are the following:
Z ifm=n,

ﬁm(S") = { 0 ifm#n.

It is important to remark that Proposition [[.4.1] does not hold in the
reduced case. For example, let X = {p,q} be two distinct points. By
Proposition Ho(X) = Z ® Z and then, Ho(X) = Z. But this is not
the same as Ho({p}) ® Ho({q}) = 0® 0 = 0. The solution is to consider
the wedge sum instead of the disjoint union, that is, a ”one-point union” of
a family of topological spaces. The definition of the wedge sum is given in

Section [C.3l
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Corollary 2.2.6. Let {X;}icr be a family of topological spaces. If the wedge
sum \/,c; X; is formed at base points x; € X; so that the pairs (X;,x;) are
good, the inclusions v; : X; — \/;c; Xi induce an isomorphism ®icr(Li)«

Dic: ﬁn(Xl) — ﬁn(\/ie[ Xi).

Proof. Let X =||,c; X; and A = | |,;{z;}. By definition, \/,.; X; = X/A.
Let j; : X; — X be the canonical injection and let ¢ : X — X/A be the
quotient map. Then, ¢; = go j; for any ¢ € I.

We first show that the pair (X, A) is good. To prove this, let U; C X; be
the open set that strongly deformation retracts to {x;} via F; : U;xI — {z;}.
On the one hand, zj_l(A) = {z;} is closed in X; as (Xj,x;) is a good
pair for any j € I. Thus, | |c;{z:} is a closed subset. On the other
hand, strong deformation retract of X onto A is F : X x I — A given
by F((xvi)vt) = Zl(Fz(xvt))

Let m; : Co(Xi) — Cu(Xiy2i) and 7 : Cu(Vyep Xi) = Cu(X/4) —
Cn (X/ A5 A/ A) be quotient maps of modules. Then, by Proposition @
Proposition [2.2.3] and Corollary [2.2.4] we have the following sequence of iso-
morphisms:

P ,(x0) =L @ (X, 2) TEY m, (X, 4) TS H () X).

el il el

This composition is precisely the map @;er(t;)«- O



Chapter 3

CW complexes

In this chapter we will follow [2] to provide the definition and basic prop-
erties of CW Complexes. We first define what a cell decomposition of a
space is, and we define CW complexes as spaces that have a cell decompo-
sition that meets two additional properties. In the last part of the chapter
we prove that the spaces that have been built attaching cells of increasing
dimensions are also CW complexes, showing that both definitions explained
in the introduction are actually equivalent.

3.1 Cell decompositions

Definition 3.1.1. Let n > 0. An open n-cell is a topological space that is
homeomorphic to the open unit ball B" and a closed n-cell is a topological
space that is homeomorphic to the closed disk D". Points are considered
both open and closed 0-cells, since we define D? and B° to be singletons.
For an open or closed n-cell we say that n is the dimension of the cell.

Remark 3.1.1. The fact that the dimension of a cell complex is well defined
relies on the Theorem of Invariance of Dimension. This theorem states that
no non empty open subset of R™ can be homeomorphic to any open subset of
R™ if m # n. Thus, an n-cell can not be a m-cell for m # n. This theorem
is proved in Exercise [4] in Appendix [A]

Proposition 3.1.1. Let n > 1 and let D C R™ be a compact convex subset
with nonempty interior. Then, given any point p € int D, there exists a
homeomorphism F : D — D that sends 0 to p, B™ to int D and S"™! to
fr D. In particular, D is a closed n-cell and its interior is an open n-cell.

Proof. Proof left as an exercise. See Appendix [A] Exercise [6] O

Definition 3.1.2. Let n > 1, let D be a closed n-cell and let f : D™ — D be
a homeomorphism. We define the boundary of D as the set fr D = f(S"~1),
and the interior of D as int D = f(B").

21



22 3.1. Cell decompositions

Remark 3.1.2. The boundary and the interior of a closed n-cell are well
defined because any homeomorphism D" — D™ maps S”~! to S*~! and B"
to B™. This fact is proved in Excercise [3] Appendix [A] Thus, if we have
two homeomorphisms f,g : D" — D, then, since g~ o f : D” — D" is a
homeomorphism,

FS" Y =g((g7 o fHS™) = g8,
SB") =g((g~" o /)([B") = g(B").

Let D C R™ be a compact convex subset with nonempty interior. Then,
Proposition [3.1.1]shows that D is a closed n-cell and the interior and bound-
ary of D defined in Definition [3.1.2] coincide with the topological interior and
boundary of D respectively as a subset of the euclidean space.

Examples 1. e Every closed interval in R is a closed 1-cell.

e Every compact region in the plane bounded by a regular polygon is a
closed 2-cell. A solid tetrahedron and a solid cube are closed 3-cells.

Definition 3.1.3. Let X be a nonempty topological space. A cell decom-
position of X is a partition £ of X into open cells of various dimensions
such that the following condition is satisfied: for each cell e € £ of dimension
n > 1, there exists a continuous map ®. from some closed n-cell D into X
that restricts to a homeomorphism from int D into e and maps fr D into the
union of all cells of £ of dimensions strictly less than n. This map ®. is
called the characteristic map for e.

Definition 3.1.4. A cell complex is a Hausdorff space X together with
a specific cell decomposition £ of X. The open cells in £ are typically just
called the cells of X.

Remark 3.1.3. Let (X, &) be a cell complex. Although each e € £ is an
open cell it might not be an open subset of X.

Lemma 3.1.2. Let (X,E) be a cell complex. Forn > 1, let e € £ be an
n-cell of X and ® : D — X be its characteristic map. Then,

(i) ®(D) = cl(e).
(ii) ®(fr D) =cl(e) —e.

In particular, cl(e) — e is contained in a union of cells of strictly less dimen-
ston than n.

Proof. Since ® is a continuous map between a compact and a Hausdorff
space, it is a closed map. As it is closed and continuous ®(cl(A4)) = cl(®(A))
for any subset A C D. In particular,

&(D) = ®(cl(int D)) = cl(®(int D)) = cl(e).
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From here, cl(e) — e = ®(D) — ®(int D) = (D — int D) = ®(fr D), and we
deduce by definition of cell complexes that it is contained in a union of cells
of strictly less dimension. O

Definition 3.1.5. Let (X, &) be a cell complex. We say that (X, £) is finite
if £ is a finite set. The cell complex is called locally finite if the collection
of open cells £ is locally finite.

For the general definition of local finiteness see Section We will
later see that locally finite cell complexes (and thus, finite cell complexes)
automatically satisfy the additional conditions to be a CW complex.

Remark 3.1.4. It is perfectly possible for a given space to have many
different cell decompositions. Technically, the term cell complex refers to a
space together with a specific cell decomposition.

3.2 CW complexes

For finite cell complexes the definitions given so far serve well, but for infinite
complexes to have the desired properties, two additional restrictions must

be added.

Definition 3.2.1. A CW complex is a cell complex (X, ) satisfying the
following additional conditions:

(C) The closure of each cell is contained in a union of finitely many cells.

(W) The topology of X is coherent with the family cl(€) = { cl(e) | e € € }.
That is, a subset C' C X is closed in X if and only if cl(e) N C' is closed
in cl(e) for any e € £.

A cell decomposition of a space X satisfying (C) and (W)fis called a
CW decomposition of X. If a space X admits a CW decomposition we
usually say it is a CW complex and we omit writing £ explicitly.

The general definition and properties of coherent topologies are given in

Section [C.6l

Remark 3.2.1. Observe that by Lemma and by condition (C), for
each cell e of a CW complex, cl(e) — e is contained in a finite union of cells
of strictly less dimension.

For locally finite complexes (and thus all finite ones) the two conditions
are automatically satisfied as next proposition shows.

*The letters C and W come from the names originally J. H. C. Whitehead gave to these
two conditions. Condition (C) was called closure-finiteness, and the coherent topology
described in (W) was called weak topology.
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Proposition 3.2.1. Let X be a Hausdorff space and let £ be a cell de-
composition of X. If £ s locally finite, then it is a CW decomposition of
X.

Proof. To prove the first condition observe that for each e € £, every point
in cl(e) has a neighbourhood that intersects only finitely many cells of £ by
local finiteness. Since cl(e) is compact, it can be covered with finitely many
of those neighbourhoods.

To prove the second condition, suppose that the intersection of A C X
with all cl(e) € cl(€) is closed in cl(e). By Proposition [C.5.1]in Appendix[C]
& being locally finite is equivalent to cl(£) being locally finite. Thus, given
x € X—A, let W be a neighbourhood of x that intersects the closures of only
finitely many cells, say cl(ey),...,cl(ey). Since ANcl(e;) is closed in cl(e;),
and each cl(e;) is closed in X, it follows that each intersection A N cl(e;) is
closed in X. Thus, the set

W_—A=W — ((Aﬂcl(el)) U...uU (Aﬁcl(en)))

is an open neighbourhood of x contained in X — A. Hence, X — A is open,
and A is closed in X. O

Definition 3.2.2. Let X be a CW complex. If there is an integer n such
that all the cells of X have dimension at most n, we say that X is finite-
dimensional. Otherwise, we say it is infinite-dimensional.

If X is finite dimensional, the dimension of X is the largest integer n
such that X contains at least one n-cell. We will write it by dim X.

Remark 3.2.2. It is clear that finite complexes are always finite dimen-
sional.

Here is a case in which open cells actually are open subsets of X.

Proposition 3.2.2. Suppose that X is an n-dimensional CW complez.
Then, every n-cell of X is an open subset of X.

Proof. If n = 0, X is a discrete space. Let n > 1. Suppose that eg is an
n-cell of X and let ® : D — X be the characteristic map for eg.

If we restrict the codomain of ® and consider it as a map onto cl(eg),
® : D — cl(ep) is a continuous map between a compact and a Hausdorff
space. Thus, it is a closed map. Since it is surjective, we have that it is an
identification mayﬂ Thus, since ®~1(ey) = int D is open in D, it follows

fA surjective map f : X — Y is an identification map (also called a quotient map,
for example, in [Z]) if it satisfies that V' C Y is open if and only if f~'(V) is open.
Equivalently, f is an identification map if it satisfies that C' C Y is closed if and only if
F71(0) is closed. For more detailed information, check [2, Chapter 2, Quotient spaces].
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that ep is open in cl(ep).

On the other hand, if e is any other cell of X, eNeg =0 so ey Ncl(e) is
contained in cl(e) — e. As e has dimension at most n (X is n-dimensional)
cl(e) — e is contained in a union of cells of strictly less dimension than n.
Since eg has dimension n, it follows that egNcl(e) = (). Thus, the intersection
of ep with the closure of every cell is open and by (W) eg is open in X. [

Definition 3.2.3. Let X be a CW complex. A subcomplex of X is a
subspace Y C X that is a union of cells of X such that if Y contains a cell,
it also contains its closure.

The following proposition follows inmediately from the definition.

Proposition 3.2.3. The union and intersection of any collection of sub-
complexes of a CW complex are themselves subcomplexes.

Theorem 3.2.4. Let X be a CW complex and Y C X a subcomplex. Then,

(i) Y is a CW complex with the subspace topology and the cell decompo-
sition that inherits from X.

(i) Y is closed in X.

Proof. We begin proving (i). Clearly Y is Hausdorff and by definition it is
the disjoint union of its cells. In addition, for any cell e C Y a characteristic
map for e in X serves as characteristic map for ein Y, so Y is a cell complex.

To check condition (C), let e C Y be a cell of Y and note that cl(e) is
contained in a union of finitely many cells of X. Since cl(e) C Y, these cells
must also be cells of Y.

To check condition (W), let S C Y be a subset such that Y Ncl(e) is
closed in cl(e) for any cell e contained in Y. We have to show that S is
closed in Y. Let eg be a cell of X that is not contained in Y. We know that
cl(eg) — ep is contained in the union of finitely many cells of X. Some of
these, say e1, ..., e, might be contained in Y. Then cl(e;)U...Ucl(e) CY
and

SNecl(eg) = SN (cl(el) U...uU cl(ek)) Ncl(ep)

= ((S N cl(el)) U...uU (S N cl(ek))> Ncl(eo),

which is closed in cl(eg). As cl(eg) is closed in X, S is closed in X and
therefore in Y.
Finally to show (ii) just follow the preceding paragraph for S =Y. O
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Definition 3.2.4. For each n > 0, the n-skeleton of X is the subspace
X,, C X consisting of the union of all cells of dimensions less than or equal
to n.

Proposition 3.2.5. Let X be a CW complex. For any n > 0, the n-skeleton
X, is a subcomplex of X and has dimension at most n.

Proof. By definition each X,, is a union of cells of X of dimension at most
n, and we know that the closure of each cell in X is contained in a union of
cells of equal or strictly less dimension. Therefore, the closure is in X,,. [

Proposition 3.2.6. Let X be a CW complex. The topology of X is coherent
with the collection of n-skeletons { X, }n>0-

Proof. Let A C X be a subset such that AN X, is closed for every n > 0.
Let e be any cell of X of dimension n. Then, cl(e) C X,,, and so ANcl(e) =
(AN X,)Ncl(e) is closed in cl(e). As this happens for any cell e of X, by
condition (W) A is closed in X. O

Finally we address the question of compactness, which is easy to detect
in CW complexes.

Lemma 3.2.7. In any CW complezx, the closure of each cell is contained in
a finite subcomplex.

Proof. Let X be a CW complex and let e C X be an n-cell. We prove the
result by induction on n. If n = 0, e is a point. Since X is Hausdorff,
cl(e) = e so the result is true.

We assume the result for any cell of dimension less than n. By condition
(C), cl(e) — e is contained in the union of finitely many cells of dimension
lower than n, each of them contained in a finite subcomplex by induction
hypothesis. The union of these finite subcomplexes together with e is a finite
subcomplex containing cl(e). O

Lemma 3.2.8. Let X be a CW complex. A subspace of X is closed and
discrete if and only if its intersection with each cell is finite.

Proof. Suppose S C X is closed and discrete. For each cell e of X, since
S Ncl(e) is a closed subset of the compact set cl(e), S Ncl(e) is compact
too. Moreover, S Ncl(e) is also a discrete space, and a compact, discrete
space must be finite. Hence, the intersection SNcl(e) is finite and so is SNe.

Conversely, suppose that S is a subset whose intersection with each cell
is finite. Let £ C S. The intersection of each cell with E is also finite. By
Lemma, the closure of each cell e is contained in a finite subcomplex of
X, so the hypothesis implies that ENcl(e) is finite. Thus, as X is Hausdorff,
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E ncl(e) is closed in cl(e) for any cell e and by (W), E is closed in X. We
have proved that any subset of S (even S itself) is closed in X. Therefore
S is a closed and discrete subspace of X. O

Theorem 3.2.9. Let X be a CW complex. A subset of X is compact if and
only if it is closed in X and contained in o finite subcomplex.

Proof. Let Y C X be a finite subcomplex and let ey, ..., e be the family of
cells of Y inherited from X. Then,

k
Y = U cl(e;)
i=1

is a finite union of compact sets, so it is compact. Thus, any closed subset
K C X contained in a finite subcomplex must be also compact.

Conversely, suppose that K C X is compact. By contradiction, if K
intersects infinitely many cells, by choosing one point in each intersection we
obtain an infinite closed discrete subset of K which is impossible by Lemma
Therefore, K is contained in the union of finitely many cells, and the
closure of each such cell is contained in a finite subcomplex by Lemma
Thus, K is contained in the union of all of those finite subcomplexes, which
is a finite subcomplex of X. O

The following corollary immediately follows from the theorem.

Corollary 3.2.10. A CW complex is compact if and only if it is a finite
complez.

3.3 Inductive construction of CW complexes

In this final subsection we describe how to construct CW complexes by
attaching cells of succesively higher dimensions. In Section we define
adjunction spaces, which formalize the notion of “attaching” a topological
space to another.

Lemma 3.3.1. Let X be a CW complex. Let {e;}icr be the collection of
cells of X and for each i € I, let ®; : D; — X be the characteristic map of
the cell e;. Then, the map P : |_|Z-€I D; — X whose restriction to each D;
1s ®;, is an identification map.

Proof. The map is clearly surjective by definition of a CW complex. More-
over, the restriction of ® to each D; is ® which is continuous, so ® is con-

tinuous by Theorem
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Let C C |_|Z.E ;1 Di be a closed set. Observe that each ®; is a closed map
as it is a continuous function between a compact and a Hausdorff space.
Thus, for each i € I,

O(C)Necl(e;) = D;(CNDy)

is closed in cl(e;) and by (W) ®(C) is closed in X. Therefore ® is an
identification. O]

The next proposition shows that a topological space with a CW decom-
position can be seen as a space constructed by inductively attaching its
n-skeletons.

Proposition 3.3.2. Let X be a CW complex. FEach n-skeleton X, is ob-
tained from X,_1 by attaching a collection of n-cells.

Proof. Let {e}ier be the collection of n-cells of X and for each n-cell €,
let ®} : D} — X be a characteristic map. We define ¢ : | |;.;fr D} — X
to be the map whose restriction to each fr D} is equal to the restriction of
@7 to fr D}'. By definition of a cell complex ¢ takes its values in X, _1 so

we can form the adjunction space X;,—1J, (Uz‘el Df)

Consider the map ¢ : X,,_1| | ( User D?) — X, that is equal to the
inclusion on X, and to ®j_; on each D}. Since it makes the same identi-
fications as the quotient map of the space X,,_1 er <|_|i€] D?), if we show

that ® is an identification map, by uniqueness of quotient spaceﬂ we get
that X,, is homeomorphic to the adjunction space, as desired.

On the one hand, the restriction of ® to X,,_; is the inclusion map
X,—1 — X,, which is continuous from Proposition On the other
hand, the restriction of ® to each D[ is ®} which is continuous by defini-
tion. Thus, ® is continuous. It is also clear that it is surjective.

To conclude that it is an identification map it is left to show that if
®~1(B) is closed in X,, 1] | (Uie[ DZ”> for some B C X,,, then B is closed
in X,,. Notice that ®~!(B) being closed means that ®~1(B)NX,,_1 is closed
in X,,—; and that each ®~1(B) N D is closed in D}

On the one hand, <I>|Xn_1 is the inclusion X,, 1 < X,,. Hence, ®~1(B)N
Xpo1 = (<I>|Xn_1)_1(B N X,—1) = BN X,—1 and by the first assertion B N
Xn—1 is closed in X,,_1, which means that B Ncl(e) is closed in cl(e) for all
cells of dimension strictly smaller than n. On the other hand, ®| ,, = ®}' and

o1 (B)N D! = (®1)"H(BNcl(e?)) is closed in D by the second assertion.

¥Check [2, Theorem 3.75]
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Characteristic maps are closed maps so ®2((®?)~1(Bncl(e?))) = BNcl(e?)
is closed in cl(e]'). Thus, the intersection of B with the closure of each n-cell
of X, is also closed and therefore, B is closed in X,,. O

The next theorem shows the converse of the previous proposition: it
shows that a space built by attaching cells of successively higher dimensions
is a CW complex, which means that the two definitions of CW complexes
are equivalent.

Theorem 3.3.3. Suppose that Xg C X1 C ... C X, C ... is a sequence of
topological spaces satisfying the following conditions:

(i) Xo is a non empty discrete space.

(ii) For each n > 1, X,, is obtained from X,_1 by attaching a (possibly
empty) collection of n-cells.

Then X = J,;~o Xn has a unique topology coherent with the family { X, }n>o,
and a unique cell decomposition making it into a CW complex whose n-
skeleton is X, for each n.

Proof. By hypothesis, X is a discrete nonempty space and for each n > 1,
we have attached a union of some closed n-cells | |;c; Dj' to X,,—1 by an
attaching map ¢, : |_|z‘eln fr D' — X, 1. Let gn : Xp—1 | ('—lieln D?) - X,
be the quotient map of the adjunction space. By Proposition in
Appendix [C] g, embeds each X,_; in X,, as a closed subspace and each
Llicr, DF — Lier, fr D' = |;¢;, int D} as an open subspace.

We give a topology on X by declaring a subset C' C X to be closed if
and only if C'N X, is closed for each n > 0. It is immediate that this is a
topology: the unique topology on X coherent with {X,,},>0.

With this topology each X, is a subspace of X. If C C X is closed in X,
each C'N X, is closed by definition of the topology. Conversely, if C' C X,
is closed in X, since each X,,_1 is closed in X,, it follows that C' N X,, is
closed in X, for any m > 0 and thus C' is closed in X.

Next we define the cell decomposition of X. Note that X,, — X,,_1 is
an open subset of X, homeomorphic to | |;c 5, int D;*, which is a disjoint
union of open n-cells. For every n > 1, we define the n-cells of X to be the
components {e]' }icr,, = {gn(int DI") }ier,, of X, —X;,—1. These are subspaces
of X,, and hence of X, and X is the disjoint union of all of them and Xj.
For each n-cell e?, we define the characteristic map @? : D;? — X as the
composition

D} < Xpo1| | (Uier, DF) 2 Xp < X,
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where the first and last maps are inclusions and the one in the middle is
the quotient map. The first inclusion is continuous because inclusions in
disjoint union spaces are continuous. The last inclusion is continuous by the
definition of the topology. So it is clear that ®7 is continuous. Moreover,
we have built the attaching spaces so that ¢, maps the boundary of each
closed n-cell to X,,_1 so it is clear that CID? maps fr D;L to X,,—1. Finally, the
restriction of ®7 to int D7 is equal to the inclusion of int D into the disjoint
union, an embedding, followed by the restriction of g, into int D;L, which is

a homeomorphism onto €7, and finally the inclusion into X. Thus, <I>7]7|' o

is a homeomorphism onto €7. This proves that X has a cell decomposition
for which X, is the n-skeleton for each n > 0. Since the n-cells of any such
decomposition are the components of X,, — X,,_1, this is the unique such
cell decomposition.

To show that X is a cell complex, it is left to prove that it is Hausdorff.
This proof is quite technical and it is included in Section

To finish the proof we show that X satisfies conditions (C) and (W). If
X contains only finitely many cells we can stop here because every finite
cell complex is automatically a CW complex. For the general case, first we
prove by induction on n that these conditions are satisfied by X,, for each n.
They obviously hold for X since it is a discrete space. Suppose they hold
for X, 0 < k < n, that is, suppose that X}, is a CW complex if 0 < k < n.

To prove that X, satisfies (C), notice that for any k-cell with 1 < k < n,
cl(eF) — ek = ®(e¥) is a compact subset of the CW complex X}, 1, and

therefore by Theorem it is contained in a finite subcomplex of Xj_.
Therefore cl(e¥) is contained in a union of finitely many cells.

To check (W), suppose that B C X, has a closed intersection with cl(e)
for any cell e in X,. Since B N cl(e¥) is closed in cl(e¥) for every k-cell
ef for 0 < k < n and X,,_; satisfies condition (W), B N X,_1 is closed
in X,,—1. Also, B Ncl(e?) is closed for any n-cell e?. Then, ¢, !(B) is
closed in X,,_1| | ( Uier, Df) because, on the one hand, ¢, (B) N X,_1 =

-1 ) (BN Xy—1) is closed in X,,_1, and on the other hand ¢, !(B)N D! =

qn\xn_

~1 (Bncl(e)) is closed in DP. Therefore, B is closed in X, by definition

q"‘Dn
7

of the quotient topology on X,,.

Finally, we show that X itself satisfies conditions (C) and (W). Condition
(C) follows because the closure of each cell lies in some X,,, and X, is a CW
complex. To prove (W), suppose B C X has a closed intersection with cl(e)
for every cell e in X. Then by the discussion in the preceding paragraph
BN X, is closed of any n > 0, so B is closed in X by definition of the
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topology on X. O
We finish the section talking about quotients of CW complexes.

Theorem 3.3.4. Let X be a CW complex and let Y C X be a subcomplez.
Then, the quotient X/Y inherits a CW complex structure from X.

Proof. Let {e]}icr, be the collection of n-cells of X and ®7 : D' — X be
the characteristic map of each e'.

Letq: X — X/Y be the quotient map. By Theorem Y is closed in
Xs0qy XY = X/y—Y/Y is a homeomorphism by Proposition

Let us give a cell decomposition of X/y. Observe that Y/Y is a point,
so all cells contained in Y become 0-cells in the quotient.

The n-cells of X —Y are embedded as n-cells in X/Y by q. The charac-
teristic maps of the cells can be taken to be the compositions

(3
D x -y - L X4 Y

As q|,_, is a homeomorphism it is clear that it is is a characteristic map.

As X is Hausdorf, X/Y is Hausdorff too so it is a cell complex.
Conditions (C) and (W) follow for this cell decomposition by definition
of the quotient topology.
O

3.4 Examples of CW complexes

We finish the chapter giving some examples of Cell and CW decompositions.

3.4.1 Examples of cell decompositions that are not CW de-
compositions

These two examples have been taken from [2].

Example 3.4.1 (Failure of condition (W)). Let X C R? be the union of
the closed line segments from the origin to (1,0) and to the points (1, 1) for
n € N with the subspace topology. Call ¢y to the line segment to (1,0) and
{5 to the line segment to (1, 1).

Define a cell decomposition as follows:
e The 0 cells are (0,0), po = (1,0) and p,, = (1, %)

e The 1-cells are the line segments minus their endpoints: e, = £, —
{(0,0),ps}, n € NU{0}.
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It is clearly a cell decomposition. Moreover, the closure of each 0-cell is
the O-cell itself, and the closure of each 1-cell is cl(e,,) = e, U{p, }U{(0,0)} =
¢, so condition (C) holds.
However, condition (W) does not hold. The intersections of E = {(1, #)}neN
with the cells of X are closed but the set itself is not closed in X, because
it has the origin as a limit point and (0,0) ¢ E.

Example 3.4.2 (Failure of condition (C)). We define a cell decomposition
of D? as follows:

e Countably many 0-cells consisting of {(cos(%ﬁ), sin(%))} .
ne

N

e Countably many 1-cells consisting of the open arcs between the 0-cells.
e A single 2-cell consisting of the interior of the disk.

Condition (W) does hold because the closure of the 2-cell is the whole
space D? so if a subset has closed intersection with the closures of all the
cells in particular the intersection with D? is closed, which means that it is
closed in D?. Condition (C) does not hold, though. For example, the closure
of the 2-cell is not contained in a union of finitely many cells.

3.4.2 Examples of CW decompositions

Example 3.4.3 (Graphs). A CW complex of dimension less than or equal
to 1 is a graph. The 0-cells are the vertices and the 1-cells are the edges of
the graph.

Example 3.4.4 (A CW decomposition of R). A cell decomposition of R is
obtained by defining the 0-cells to be the integers, and the 1-cells to be the
intervals (n,n + 1) for n € Z with characteristic maps [n,n + 1] — R given
by inclusion. The conditions (C) and (W) follow because it is a locally finite
decomposition.

Example 3.4.5 (CW decomposition of S™). We give a CW decompositon
of S™ with only one 0-cell and one n-cell. The 0 cell is the north pole
N = (0,...,0,1) and the n-cell is S® — N. A characteristic map for the
n-cell is

®: D" — St
r = (2/1—z]2 2, 222 - 1),

which collapses frD” = S*! to N.

Example 3.4.6 (The infinite dimensional sphere). We give a CW decom-
position of S with two cells of each dimension 0,...,n. We will build it
inductively:
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e Start with SY, a discrete space of two points.

e For each n > 1, obtain S™ from S"~! by attaching two n-cells D" LI D"
with an attaching map

bp XD LD =SSt — st
whose restriction to each S*~! is the identity on S*~1.

We obtain a CW decomposition of S which has S¥ as the k-skeleton for
each k£ = 0,...,n. Continuing this process, we obtain an infinite dimensional
CW complex S® = |J,~,S™ with two cells in every dimension. It contains
every sphere S” as a subcomplex.

Example 3.4.7 (Wedge sum of spheres). Let X =\/,.;S" be a wedge sum
of spheres formed by gluing the north poles N € §*. A CW decomposition
is given as follows:

e A O-cell, the base point [N] € \/,;S™.

e A n-cell for each sphere in the wedge sum. A characteristic map ®;
for each cell is
D" - sn | st \/ s
i€l el
where @ is the map defined in Example 3.2.5, #; is the inclusion and ¢
the quotient map.

Let X be a CW complex and consider the quotient of the n-skeleton by
the (n—1)-skeleton % X,,_,- Thisis a CW complex with an n-cell for each

n-cell of X and a O-cell. Consider the wedge sum of spheres \/,S", joining
as many spheres as n-cells of X. This is also a CW complex with the same
number of n-cells as X and a 0-cell. There is really one way of adjoining
those n-cells to a point (send all boundaries to the 0-cell) so this two spaces
must be homeomorphic.

Example 3.4.8 (The real projective space). The real projective space RP"
is defined as the quotient space of R"*1 —{0} under the equivalence relation
x ~ y if y = Ax for some A\ # 0. Restricting to vectors of length 1, one
can also define RP" to be the quotient space of S™ with antipodal points
identified.

If n = 0, RP" is just a point, so it is a O-cell. If n > 1, let ]D)n/N
be the quotient space of D" identifying antipodal points of frD” = sr—t
Observe that [z] — [(x, /1 — ||z||?)] defines a homeomorphism b —

-1
S"/_, = RP". This map identifies fr b, = frS" /~ with the points
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[(z1,...,%n-1,0)] € RP™. Since frD" = S*~! with antipodal points identi-
fied is just RP" !, we conclude that

RP" = D" U, RP" !,

Sn—t n—1 - :
/~ =RP is the quotient map.

where ¢ : S"7! —

It follows by induction that RP™ has a CW complex structure with one
k-cell for each k = 0,...,n. If we continue this process, the union RP* =
Un>oRP" is a cell complex with one cell in each dimension.

Example 3.4.9 (The complex projective space). The complex projective
space CP"™ is defined as the quotient space of C"*! — {0} under the equiv-
alence relation x ~ y if y = Az for some A # 0. Equivalently, CP" is the
quotient of the unit sphere S?**! C C"*! with x ~ y if y = Az with |\| = 1.

If n = 0, CPY is just a point, so it is a O-cell. Let n > 1. The points
in §?7*t1 C C” with last coordinate real and nonnegative are of the form
(z,y/1—1z]) € C" x C with |z| < 1. Let D be the the set containing
such points. Then, the map z + (2,/1 — |2]) from D?* C C" to D is a
homeomorphism. D contains a copy of the sphere S?”~1, consisisting of the
points (z,0) € D with |z| = 1. We identify the points z,y € S**~! C D if
y = Az with |\| = 1, and we show that the inclusion D — §?"*! induces a

. D SQTL-i—l n .
homeomorphism ¥/~ — /'~ = CP" in the quotient.
To that aim, we distinguish two cases. On the one hand, if (z1,..., 2, 2nt1) €
S?H+1 with 2,41 # 0,
Zn+1
(215 vy Zny Znt1) ~ (215 -y Zny Znt1)
‘Zn+1|
Zn+121 Zn+12n
:( Yy ’|Z7L+1|>6D7
|zn41] |2n41]

and this is the unique representative of its class in D. On the other hand,
any point (z1,. .., 2, 0) € S?"*! is identified with the same elements in both
quotients. Thus, it is a homeomorphism.

2n—1
As Cpr1 =S /'~ C D/N, from this description of CP" as the quo-
tient D/N it follows that

CP" =D U, CcP* i,
om—1 _, St -1 .
where ¢ : S*" 7 — /~ = CP" " is the quotient map. Observe that D

is a closed cell of dimension 2n. Therefore, by induction we get that CP" is
a CW complex with a 2k-cell for each K =0,1,...,n.

Continuing this inductive construction, the union CP*>® = U,,>oCP" has
a CW complex structure with a cell in each even dimension.



Chapter 4

Cellular Homology

In this final chapter we will study the homology groups of CW complexes.
We will see that the homology groups of a CW complex are closely related
to the CW decomposition of the space.

4.1 The cellular chain complex

We aim to apply the results in Chapter 2 to get an alternative chain complex
for CW complexes whose homology groups are equivalent to those of the
usual singular chain complex.

Lemma 4.1.1. Let X be a CW complex. Then, for everyn > 1, (X, Xp—1)
s a good pair.

Proof. By Theorem we know that X,,_; is closed in X,,. Let {e]}ier,
be the family of n-cells of X. Choose a point z; € e} in each cell and let
Z = {zi}ier,. The intersection of Z with the closure of the cells of dimension
smaller than n is empty, and the intersection with each cl(e’) is {z;} which
is closed in cl(e}"). Thus, Z is closed in X,,.

Set U = X — Z C X, such that X,,_1 C U and it is open in X,.
Since each e}’ — {z;} deforms to cl(e') — e' C X,,_1, we conclude that U
deformation retracts strongly to X,_i. O

The next lemma enables us to build the cellular chain complex.

Lemma 4.1.2. Let X be a CW complex. Then,

(i) Hp(Xpn, Xn—1) is trivial for m # n and is free abelian for m = n, with
a basis in one-to-one correspondence with the n-cells of X.

(il) Hp(Xy) is trivial for m > n. In particular, if X is finite dimensional
then Hp(X) = {0} for m > dim X.

35
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(iii) The map Hp(Xy) — Hp(X) induced by the inclusion X,, — X is an
isomorphism for m < n and surjective for m = n.

Proof. Forn >0, let {e]'}ic1, be the collection of n-cells of X. To prove (i),
we know by Lemma that (X, X,—1) is a good pair and in Example
3.4.7| we showed that “n/ X, 1 is homeomorphic to \/,. 1, S Thus, by

Corollaries and we get that for every m > 0,

Hm(Xn>anl) = ﬁm(XT/Xn_l) = ﬁm( \/ Sn)
i€ly
@ier,Z  ifn=m,
0 if n # m.

Thus (i) holds. Now, let 7 : X} < Xj41 be the inclusion map. Consider
the exact sequence of the pair (X, X,,—1),

o= Hyt (X X)) = Hon(Xne1) ™8 Ho (X)) = Hon(Xs X)) = -
If m # n, we know that H,,(X,, X,,—1) = 0 so the exact sequence tells us
that (2,—1)« is surjective. If m #n — 1, H,+1(X,, Xp—1) = 0 and the exact
sequence tells us that (2,,—1)« is injective. Fixing m, consider the following
sequence of induced homomorphisms:

Ho(Xo) "% B (x) Y 2 g X ) "8 Ho(Xo)

(Zm)* )*

e (Xogr) T (4.1)

As we showed in the previous paragraph, (i)« is an isomorphism for every
k # m—1,m. We also know that (2,,—1) is injective and (2, ) is surjective.
Therefore, as Xy is a discrete set of points, if m > n,

0= Hp(Xo) = Hp(X1) =... =2 Hy(X,).
Thus (ii) holds.

If X is finite dimensional, (iii) holds from (4.1]). The proof of (iii) when X
is infinite dimensional requires more work. Observe that for any o € Q,,(X),
o(A™) is compact so by Theorem [3.2.9]it is contained in the union of finitely
many cells. Thus, for every singular chain }°,cq  (x)As0 € Cm(X) there
exists some k > 0 such that }°, . (x) Ae0 € Qn(Xy).

Write, for short, 0,’% = Ol - Let j, : X,, — X be the inclusion
map. We first show that (). is surjective if m < n. As said before, for
any m-cycle ¢ € Ker 0y, there exists some k > 0 such that ¢ € C,,(Xy).
Since Ker 9% = Ker d,, N C,,(Xy), we have that ¢ € Ker 9% . There are two
options:
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e If k < n, we are done because Kerd* C Kerd? and the homology
class of ¢ is in H,,(X,).

e If k£ > n, then X}, is a finite dimensional CW complex and X,, C X}, so
by the finite dimensional case of (iii) there is a surjection H,,(X,) —
H,, (X)) induced by the inclusion X,, < Xj. Thus, there is a cycle
¢ € Ker 9}, homologous to ¢, and 50, (Jn)«(¢'+Im 9}y, ) = c+Im Oppy1.

Finally, we show that (7,)« is injective if m < n. If we have that

Z )\Ua—i—Im@mH Z Ao(007,) +Im Oy, 1 =0,
oeQ(Xy) o€Q(Xn)

this means that 3 co x, ) As(00n) € Im Jpq1 and there is some k > n such
that 3=, co(x,) Ac(00n) +ImoF, .| € Hy(Xk). From the finite dimensional
case of (iii), if n > m there is an isomorphism H,,(X,,) = Hp (X)) induced
by inclusion X,, < Xj. Thus, if the homology class of > rEQ(X,) Ao (00 7n)
is zero in Hy,(X}), the homology class of 30 o (x, ) As0 is zero in Hy, (X5).

O

Let X be a CW complex. Using Lemma the long exact sequences
for the pairs (X,,41, Xn), (Xpn, Xn—1) and (X,,—1, X;,—2) fit into the following
diagram:

\

Hy1(Xpg1, Xn) ——————— Hp(Xp, Xpo1) ————————> Hp 1 (X1, Xn2)

/H;rl(Xnﬂ) / 1(Xn-1)
/ (4.2)
0 Hi(X>)
~.
Hy(X)
O n
e Hy (X, X)) —— 2 Hy (X1, Xo) 4 Ho(Xo) 0
72 01 1d
Hz(Xz/ \H[)(Xo)/

T

Ho(X1) = Ho(X)

N

0,

where d,, is defined to be d,, = 7,109, for every n > 2, dy = 0y and dy = 0.
The composition d,, o d,+1 contains two succesive maps in one of the exact
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sequences and thus, it is zero. Therefore, the horizontal row in diagram
(4.2) is a chain complex, called cellular chain complex. The homology
groups of this chain complex are called cellular homology groups of X.
We temporarily denote them by HSW (X). We will later show that, in fact,
these groups are isomorphic to the singular homology groups.

Remark 4.1.1. We proved in Lemma that Hy, (X, Xn—1) is free with
basis in one-to-one correspondence with the n-cells of X, so one can think of
the elements of H, (X, X,_1) as formal linear combinations of the n-cells
of X.

Theorem 4.1.3. Let X be a CW complex. For all n > 0, the following
isomorphism holds:
H,(X) = H" (X).

Proof. If n = 0, from the exact sequence of the good pair (X7, Xp) in dia-
gram (4.2)) we get that

1§ () = T2 = gy (x1) = ().

Let n > 1. We know by Lemma that Hy(Xn41) = Hp(X). Moreover,
from the exact sequence of the pair (X,,4+1, X,) in diagram (4.2)), we get that

~ Hn(Xn)

We can also observe in diagram (4.2)) that 7, is injective. Thus, 7,(Im 0y, 41) =
Im(y, © Op+1) = Imdy4+1. Moreover, by the first isomorphism theorem, we
get H,(X,) = Imj, = Ker0,.
Thus, if n = 1 we have that 7; induces the following isomorphism:
H1 (Xl) Ker 81 10314
Hi(X) = — =H X).
! ( ) Im 82 Im d2 1 ( )
Finally, if n > 2, the map j,_1 is injective in the same way so Kerd,, =
Ker(j,—1 0 9y) = Ker 9,,. Thus, 7, induces an isomorphism

Ha(X, Kerd,  Kerd,
() = Hnl&n) | Kerd,  Kerdn _ pow i)
Im 041 Imd,1 Imdy

O]

Remark 4.1.2. We list some direct consequences of the previous result:

(i) Most of the time we will no more use the notation HS" (X) to distin-
guish cellular homology groups from singular homology groups as we
have proved that they are isomorphic.
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(ii) The homology groups do not depend on the CW complex structure of
X.

(iii) If X is a CW complex with no n-cells, then H,(X) = 0.

(iv) In general, if X is a CW complex with k n-cells H,(X,,, X,,—1) is free
abelian on k generators so the subgroup Ker d,, must be generated by
at most k elements, hence also the quotient %. Thus, H,(X) is

generated by at most k elements.

4.2 Homology groups of some CW complexes

We finish by computing the homology groups of two CW complexes given
in Section directly from the cellular chain complex.

Example 4.2.1. The homology groups of the sphere S with n > 2 follow
immediately from the cellular chain complex. We consider S™, n > 2, with
the CW decomposition given in Example It has a 0-cell and a n-cell.
The cellular chain complex is the following:

d d dn dp— d d d
KRN I SN/ 0 214 . 2,02y 7 %),

We conclude that if n > 2,

H,p(S") = Kerd,, ~ Z ifmzv'@,O,

Im dp 41 0 otherwise.

The homology groups of the sphere S! also follow from the cellular chain
complex. Its cellular chain complex is the following:

ds da di do

0 / Z 0.

We know that H,,(S!) = 0 for every m > 2 as S! only has a 0-cell and a
I-cell. We also know that Ho(S') = Z as S! is path-connected, so d; = 0
and Hy(S') = Z.

Observe that the result agrees with what we obtained in Example

Example 4.2.2. The cellular chain complex can be used to compute the
homology groups of the complex projective space CP". In Example [3.4.9
we saw that CP" has a CW complex structure with a 2k-cell for each k =
0,...,n.. Thus, the cellular chain complex is the following:

dan don don— don— d d d d
) a7/ - AN RN/ A G SN/ A SN ) BN/ A N
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Therefore,

H. ((CIP)n)_ Kerdm ~ A ifm=0,2,...2n,
" ~ Im dmy1 | 0 otherwise.

In the same way we can obtain the homology groups of CP*°.

Hyp (CP®) =

~ Im dm+1 B

Kerd,, _, |Z if m is even,
0 if m is odd.

4.3 Final remarks

It is clear from Section that the cellular chain complex is a great ad-
vantage to compute homology groups of CW complexes, even if the CW
complex is infinite-dimensional. The homology groups of many more CW
complexes can be computed using cellular homology, but a more explicit
formula for the boundary maps d,, is needed. It is possible to get an explicit
formula for d,, that depends only on the n-cells of a CW complex and their
characteristic maps, called cellular boundary formula. However, due to
the extent of this work it has not been possible to include it here, but the
reader can learn more in [I, Page 140].

In conclusion, although the definition of the cellular chain complex re-
quires many preliminary results, cellular homology is undoubtedly an effi-
cient tool for computing the homology groups of CW complexes.



Appendix A

Solved Exercises

Exercise 1. Let X = {p} be a point. Show that the homology groups of
X are the following:

7 if n =0,

0 otherwise.

Hp(X) = {

Solution. First observe that for any n > 0, a map o : A" — {p} must be
the constant map sending all A" to p. Constant maps are continuous, so
Q,(X) contains just the constant map. If we call o, to this map, Q,(X) =
{on}. Therefore,

Co(X)={Aon | A€Z} =~ 1Z.

AT A

If n > 1, take any (Ao, ..., A\y_1) € A" 1. Then,

[0n]i(X0, - s An—1) = on(@in(Xo, - An—1))
= O‘n()\o, .. .,)\1'71,6, )\i, e ,)\nfl) =P

for all ¢ = 0,...,n. This means that [0,]; = 0,1, for all i = 0,...n.
Knowing this, for any A € Z, we get that

On(Aon) = An(0m) = XD (=) [onli = A _(-1)'on1
=0 =0

{0, if n is even,

Aop_1, if n is odd.

Thus, if n is odd, Ker 9,, = {0} and, as n+ 1 is even, Im 9,41 = {0}. If n is
even, in the same way, Ker 9, = C,(X) and Im 0,1 = Cp,(X).

Thus, n-th homology group if n > 1 is H,(X) = IIrflec‘;ffl = 0.

41
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If n =0,as 9 = 0, Kerdy = Cp(X) and Im9y = {0}. Then, the
homology group is
~ Co(X)

Ho(X) = {O} = Co(X) =7.

O]

Exercise 2. Use the exact sequence for the pair (D", S™) and the fact that
]D)n/ n = S"! to show that

~ ~ Z ifm=n
H.(S*) ~ H, Sn—l o~ )

m(") m=1{ ) {0 if m # n.
Solution. Let (X, A) = (D",S™). Observe that Dn/gn >~ §*=1. D" is con-
tractible so H,, (D) 2 {0} for any m. Thus, applying Theorem to the
good pair (D™, S™) we get the following exact sequence:

{0} = Hpn(S™) — Hppy (S™1) — {0} (A1)

~

Therefore, Hy,(S™) 2 Hy,_1(S* ) for any m > 1. We compute the groups
by induction on n.

~ For n =0, S” consists of two disconnected points so Hy(S°) = Z and
Hp,,(SY) =2 {0} for any m > 1.

If n > 1, S" has one connected component so Ho(S™) = % = % =0
and by induction hypothesis and (A.1])
~ ~ Z ifm=n
H. (S"Y >~ H. Snfl o~ 3
m(S%) m-1( ) {0 if m # n.
The non-reduced homology groups are
AW/ ifm=0
Hp(SY) = ’
m(&) { 0 if m>1
and for n > 1,
Z ifm=0,n
Hy, (S") = o
m(5") {0 otherwise.
O

Exercise 3. Let f : D" — D" be a homeomorphism. Show that f(S"~!) =
S"~1 and f(B") = f(B").



Appendix A. Solved Exercises 43

Solution. If we show that f(S"~!) = S"~1. Then,
FBY) = F" - ') = fD") - (') = D" - " =B

Suppose that there is some ¢ € f(S"~1) such that ¢ ¢ S*~!, that is, ¢ € B"™.
Let ¢ = f(p), p € S*" L. Then, the restriction

Sion_y D" — {p} — D" —{q}

is a homeomorphism and induces the isomorphism
Hpy (D" = {p}) = Hpn(D" —{q})

for any m > 0. Since p € S*~!, D" — {p} is homotopy equivalent to a point.
Since ¢ € B", D" — {¢q} is homotopy equivalent to S*~!. Thus,

0= Hp(D" - {p}) = Hn(D" - {q}) = Z,

which is imposible. Therefore, f(S*~1) = Sn~1.
]

Exercise 4 (Theorem of invariance of dimension). Let n,m > 1. Show
that if two nonempty subsets U C R™ and V' C R™ are homeomorphic, then
m=n.

Solution. Let p € U. For any k > 0, by the Excision Theorem,
Hy,(R", R" — {p}) = H),(U,(R" — {p}) NU) = He(U,U — {p})-

From the long exact sequence ([2.6)) for the pair (R™, R™ — {p}), we get the
following exact sequence for any k > 1:

0 = Hp(R",R" — {p}) = Hp(R" — {p}) = 0.
Thus, for any k > 1, Hy(R",R" — {p}) = H,(R" — {p}). Since R" — {p} is

homotopy equivalent to S"~!, we get the following result:

7 ifk=n
Hi (U, U — =~ Hp(R",R" — = ’ A2
k( {p}) k( {p}) {0 otherwise . (4.2)
In the same way one can prove that for any g € V, k > 1,
7 ifk=m
Hi (V,V — = ’ A3
k( {q}) {0 otherwise . (4.3)

A homeomorphism h : U — V induces isomorphisms
Hy, (U, U = {p}) = He(V,V = {h(p)}),
for any k£ > 0. Thus, from (A.2)) and (A.3]) we must have n = m.
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Exercise 5. Let n > 1.
(i) Show that S*~! is not a retract of D",

(ii) (Brouwer’s fixed point theorem). Show that any continuous map f :
D™ — D™ has a fixed point.

Solution. Let 1 : S*™! < D" be the inclusion map. If » : D* — S" ! is a
retraction, then r o2 = Idgn—1. Then, by Proposition the composition

Hy o (S"1) 25 Hy, (D) 25 H, 1 (S™1)

is the identity map on H,_1(S"!) =~ 7Z. But this is not possible since
1 = 4 = 0 because H,_1(D") = 0. Thus, (i) holds.

Knowing this, we show Brouwer’s fixed point theorem. By contradiction,
suppose that f : D™ — D" does not have a fixed point. That is, f(z) # z for
any x € D". Then, we can construct a unique ray from f(x) to z and follow
the ray until it intersects the boundary S"~! (see Figure . Calling this
intersection point F(z), we define a function F : D" — S*~! by x — F(x).
This function is continuous and observe that if z € S~ !, the intersection
point F(z) is x itself, so F'(z) = x. Therefore, we have a retraction of D"
to S”~!, which is impossible by (i).

Figure A.1: An illustration of the retraction F' for n = 2. Picture taken
from here.

O

Exercise 6. Let D C R"™ be a compact convex subset with nonempty inte-
rior. Show that given any point p € int D, there exists a homeomorphism
F : D™ — D that sends 0 to p, B" to int D and S”"~! to fr D. In particular,
D is a closed n-cell and its interior is an open n-cell.


https://commons.wikimedia.org/wiki/File:Brouwer_fixed_point_theorem_retraction.svg
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X0

Figure A.2: Each closed ray starting at the origin intersects the boundary
in a point. Picture taken from [2, Page 128|.

Solution. Let p € int D. We can replace D with its image under the trans-
lation x + x — p which is a homeomorphism of R” with itself, so we can
assume that p = 0 € int D. Then, there is some € > 0 such that the open
ball Bc(0) is contained in D. Using the dilatation z ~— £, we may assume
that B™ = B1(0) C D.

The main claim of this proof is that each closed ray starting at the origin
intersects fr D in exactly one point (see Figure [A.2]).

Let R be such a closed ray. As D is compact, D N R is compact. Thus,
there is a point zop € D N R at which the distance to the origin takes its
maximum. This point lies clearly in fr D.

To show it is unique, we show that the line segment from 0 to zg consists
entirely of interior points of D, except for xg itself. As frD = D — int D,
this proves that xg is unique. Any point on this segment other than xy can
be written as Azg for some 0 < XA < 1. Take any z € By_)(A\zo) and let
y= % Notice that

|z — Axg]  1—=A
= :1
=" <1

Thus, y € B™ C D. Since y and z¢ are both in D and z = Azg+ (1 — )y,
by convexity, z € D. Thus the open ball By_)(Azg) is contained in D, which
means that A\zg is an interior point.

We now define a map
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f: D — sl
r o= flo) =

|z]

It maps the point x to the point where the line segment from the origin to x
intersects the unit sphere S*~!. Since we have proved that each such segment
intersects fr D in exactly one point, the map is a bijection. Moreover, f is
the restriction of a continuous map so it is continuous. Therefore, as f is a
bijection between a compact and a Hausdorff space, it is a homeomorphism.
Finally, we define

F: D — D
s e {rx\fm), it 0,

0, if x =0.

The map F is continuous if  # 0 because f~! is. Observe that as D C R"
is compact, it is bounded so f~! : S*! — fr D is a bounded function. This
implies that F'(x) — 0 as x — 0, so F' is continuous at the origin.

Geometrically, F' maps each radial line segment connecting 0 with a point
y € S*~! linearly onto the radial segment from 0 to the point f~!(y) € fr D.
Thus, by convexity, it is clear that F' takes values in D.

Since points on disctinct rays are mapped to distinct rays and each ra-
dial segment is mapped linearly, F' is injective. It is also surjective because
each point in D is on some ray from 0.

Again, since F' is a continuous bijection between a compact and a Haus-
dorff space, we conclude that it is a homeomorphism. ]



Appendix B

Preliminaries in Algebra

B.1 Free modules

In all this work R is a unitary commutative ring.

Definition B.1.1. Let A be a set and let R be a ring. We define the
following set:

RW = { Z Mg ’ Ae € R, Ay = 0p for all a € A except for finitely many of them}.
acA

Proposition B.1.1. Let A be a set and let R be a ring. The set R is an
R-module with the following operations: for any Y ,c4Xa@ , D 4ca Hal €
R@ andr e R,

(1) EaeA )\aa + ZaEA HalG = ZaeA()\a + luJ(l)CL?'
(i) 7> pearat = X qeal(rAa)a,.

Remark B.1.1. Notice that the elements ) . 4, Aqa are just formal sums.
Moreover, one can embed any B C A into RY) via the following embedding:

. B — RA)

1g, ifa==
r Aal, Ag =
Lagatat o {OR, if a
and we can identify B with +(B). Abusing the notation we will say that
B c R, In the same way, if B C A, we can embed R®) C R via the

following map:
RB) N RA)

Ap, & =0
ZbGB )‘bb = ZaeA Aaa with )\a = { b Zf ¢

Or, if a+# x.

47
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Proposition B.1.2. Let A be a set and R be a ring. Then, A is a R-basis
of R4,

Proof. First notice that A ¢ R and each element of R is a finite R-
linear combination of elements in A, so A is a generating set of R(Y. We
now show that A is linearly independent. Recall that

Opey = 3 Aa € Ao =0, Va € A.
acA

Let I C A be a finite subset of A. Let r, € R such that ) ;7.0 = Opa).
Then,

re, ifa€el
Opa) = Zraa = Z Aqa where )\, = { )
acl a€A Or, ifagl

and this happens if and only if A\, = 0, Va € A. Therefore, r, = 0 for any
a € I. Therefore, A is linearly independent in R(4). O

Corollary B.1.3. Let A be a set and R be a ring. R is a free R-module
generated by A.

Being R4 a free R-module is equivalent to saying that all maps from
the basis A to a module can be extended to the whole R4, as the next
Theorem shows.

Theorem B.1.4. Let A be a set, R be a ring and M an R-module. Let
.]i : A — M be a map. Then, there is a unique R-module homomorphism
f: R — M such that fla = [ and that is given by

f:RA M
ZaeA Aaa — ZGGA )‘Gf(a)

Proof. In each ) .4 Aqa € R™) only a finite number of A, are non-zero.
Therefore, the image >, .4 Aof(a) is a finite R-linear combination of ele-
ments from M, which is on M. So the map is well defined.

Let us prove now that the map is a R-module homomorphism. For any
S uen Aaly S pea taa € R4 and r € R we have:

f(z Aat + Z [a@) = JE(Z()‘a + pa)a) = Z()‘a + o) f (@)

acA acA acA acA
= Z /\af(a) + Z Naf(a) = JE(Z /\aa) + ]E(Z Naa)v
a€A a€A a€A a€A

Fr> Xaa) = FO (rha)a) =D (rAa)f(a) =r Y Aaf(a) =rf(D_ Aea).

acA acA acA acA acA
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Thus, f is a well defined R-module homomorphism. }
Finally, we prove that f is unique. Suppose that there exist f, g
RW — M such that fia, §ja = f. Then, f(a) = f(a) = j(a), Va € A,

and then, )
f(z Aq) = Z Aaf(a) = g(z Aa@t).
acA

acA a€A
That is, f = §.
]

Corollary B.1.5. Let A, B be sets, R a ring and f : A — B a map. Then,
the following map:

FiooRW @)
ZaEA )\aa — EaeA )\af((l)

s an R-module homomorphism. Moreover:
(i) If f is injective, then f is injective.
(i) If f is surjective, then f is surjective.
(iii) If f is bijective, then f is an R-isomorphism.
Proof. Notice that:
FO M) =D Naf(@=>" (Y ) b €RP),
acA acA beB  acf~1(b)

so the map is well defined. Abusing the notation we can say that B C RB),
By Theorem the map f is a well defined R-module homomorphism.

Let f be injective. Then, if we have f(ZaeA Aaa) = Y pep b and
F( ueaNoa) = 3 e Hbb such that

{& if b= f(a)
Ho =

0 otherwise

=

{% if b= f(a)

0 otherwise
and if f(X e Xa@) = F(X,ea \oa), then,

f(z Aagt) = f(z Na) < =, YVbEB < X\, =\, Va € A.
acA acA

Thus, 3 ,c 4 M@ = 3 ,c4 Aoa. That is, f is injective.
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Now suppose that f is surjective. Take any >, pusb € R®B) . As fis
surjective, for any b € B there is some a € A such that f(a) = b. Thus,

FO  np@a) = mb

acA beB

and f is surjective. (iii) folows from (i) and (ii). O

B.1.1 Direct sums of modules

Definition B.1.2. Let R be a ring and {M, };c; be a family of R-modules.
Their direct sum is defined as follows:

- { T

i€l i€l

a; € M;,a; = 0y, for all 4 € I except for finitely many of them },

Remark B.1.2. The direct sum @, ; M; has obviously a R-module struc-
ture defining:

(i) Zie] a; + Zie[ b = Zie](ai + bi)~
(i) - 2ier i = 2ieq(rai).
In this module, » . ;a; = 0 if and only if a; = Oy, for any i € 1.

Theorem B.1.6. Let A be a set. If we write A = | |
union of subsets of A, then,

ier Ai as a disjoint

R — @R(Ai)_

iel

Proof. For any i € I, R ¢ R 5o the sum is contained in RY) and as
the union A = [ |,.; A; is disjoint it is clear that it is a direct sum because
RW) N RU) = {0} if i # j. Therefore,

@R(Ai) - RA.

On the other hand, for any ) . 4 Asa € RW as A= Llicr Ai we can write:
S ha=Y Y Ao and R C @RA).
a€A i€l acA; el

O]

Definition B.1.3. Let {f; : M; — N,};cs be a family of R-homomorphisms.
The direct sum of this family of R-homomorphisms is the map

@ierfi: DjerMi — Dicr Ni
Duier @ D ier filai).
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It is easy to check that it is a R-homomorphism.

Proposition B.1.7. Let {f; : M; — N, }ier be a family of R-homomorphisms.
Then,

(i) Ker ( ®ier fi) = ®ier Ker f;
(i) Im ( @ier fi) = Dier Im f;

Proof. The first statement holds because 0 = ®;c1 f; ( Dicl ai) = ier filas)
if and only if f;(a;) = 0 for any i € I. The second statement holds because

Im ( Dicr fz) = { Zfi(ai) | a; € M;,a; = 0 Vi € I except for finitely many of them }

iel

=@PA fi(a) | ai € Mi } = PIm f..

iel el

B.2 Chain complexes

In this section we define chain complexes and homology groups and study
their basic properties.

Definition B.2.1. Let R be a ring and for any integer n > 0 let A, be a
R-module. Let ag be the zero map and let «, : A,, — A,,_1 be a sequence
of homomorphisms such that o, o an+1 = 0, for any n > 0. The chain

Qn42 An41

n Qp—
Ap 25 A 5 02 A %S A0 2% {0}

An+1
is called a chain complex and is denoted by the pair (A, ay).

Remark B.2.1. Notice that for any n € NU{0}, a0 ap+1 =0 is equiva-
lent to saying that Im a1 C Ker a,.

Definition B.2.2. For a chain complex (A, a,) we define the nt? homol-
ogy group to be the quotient

K

Ho(A,) = Ieﬂ'
madip4+1

FElements of Kera, are called cycles and elements of Im a4 are called

boundaries. Elements of H,(A,) are called homology classes. Two cy-

cles with the same homology class are said to be homologous. This means

that their difference is a boundary.
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The following lemma enables us to define maps between chain complexes.

Lemma B.2.1. Let R be a ring and A, A’, B, B’,C,C" be R-modules. Let
fa:A— A fg:B— B, fc: C — C’ be R-module homomorphisms
and let p : A — B, v: B — C, ¢ : AA — B,y : B — C' be
R-module homomorphisms such that yop =~ 09 =0, ¢’ o fa= fgoyp
and ' o fg = fc ovy. Then, fg induces the following homorphism:

. Ker v Ker
f* ' Im Im ¢/

r+Imp +—  fp(z)+Im¢.
Moreover, if fa, fg and fo are isomorphisms, fi is an isomorphism too.

Proof. We know that the following diagrams commutes:
A—*B "¢
lfA lfB lfc
A ¢’ o C’

Notice from yo0 ¢ = 0 and 7' o ¢’ = 0, we have Imp C Ker~y and Im ¢’ C
Ker~/, so the quotients are well defined. We will first prove that the map
f« is well defined. On the one hand, we show that fp(Ker~) C Ker~'. Take
b € Ker~. Then,

Y (fB(b)) = fe(y(b)) = fc(0) =0,

as every module homomorphism maps zero to zero. So, fp(Ker~v) C Ker+/'.
On the other hand, notice that

fe(tmep) ={ fa(p(a)) [a€ A} ={¢(fa(a)) [a€ A} CIm¢

because fa(a) € A" and Imy’ = {'(a’)|a’ € A’}. Thus, if z + Imyp =
y+Ime then z —y € Imyp and as fg(Imp) CImy', fp(z —y) = fe(z) —
fB(y) € Im¢'. Therefore, fp(r) +Imy’ = fp(y) + Im '

Moreover, as fp is a R-module homomorphism it is clear that f. too.
We conclude that f, is a well defined homomorphism.

Finally, suppose that fa, fp and fo are R-module isomorphisms. We
will show that fp(Kerv) = Ker+/ and fg(Imy) = Im¢'.

For any V' € Kery/ C B, as fg is surjective, there is some b € B such
that fp(b) =b. Then,

0=""(t)) =+ (fB(b)) = fo(v(b)),
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and as fp is injective, fo(v(b)) = 0 if and only if v(b) = 0, which means
that b € Ker~. Therefore,

b = fp(b) € fp(Kery) = { fp(b) € B' | 7(b) = 07 }

and Ker+' C fp(Ker~), getting the first equality.

To show the other equality, for any ' € Im ¢/, there is some a’ € A’ such
that ' = ¢/(a) and for that a’, as f4 is surjective, there is some a € A such
that fa(a) = a’. Thus, we have that for any b’ € Im ¢’ there is some a € A
such that:

¢'(fala)) =V <= fp(p(a)) =V,

which means that ¥’ € fg(Im ). Therefore, Im¢’ C fp(Im¢), getting the
equality.

Knowing this, it follows that f, is an isomorphism.
Injectivity follows because

fB(@)+Imy' = fp(y) + Im¢' < [fp(x)— fB(y) = fe(zr —y) € Im¢/,

and we know that Im ¢’ C fp(Im ), so x—y € Im ¢ and 2+Im ¢ = y+Im .
To show surjectivity, take any 2/ +Im ¢’ € If;lrg/. As Ker~' C fp(Kerv),
there is some x € Ker~ such that fp(z) = 2’ and fi(z +Imy) = fp(z) +

Imy¢' =2 +Imy'.

O]

Definition B.2.3. Consider two chain complexes (A, aw), (Bx, 8x). For
every integer n > 0, let F,, : A, — B, be a homomorphism. We say that
this collection of homomorphisms defines a chain map from (A, ay) to
(Bx, Bs) if Fy, 0 a1 = Bny1 0 Fryg for every n > 0. That is, if the following
diagram commutes:

An42 An+41 [e7%% Qn—1
An+1 An Anfl

Fri1 Fy Frn_1

6n+2 Bn+1 5n+1 Bn 571 Bn_l ,anl

We will denote the chain map as F': A, — B,.

By Lemma a chain map induces homomorphisms on homology
groups
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Fo:  Hy(A) — H,(B,)
c+Imaptr = F(e)+Im By,

for any n > 0.

Remark B.2.2. Whenever there is no real need to specify each subscript we
will not write them in order to simplify the notation. For example, we would
write the commutativity condition as F'oa = fo F with simplified notation.
Similarly, it is also common to simplify the chain complex condition a,, o
ni1 =0as a?=0.

We next define the notion of homotopy for chain complexes.

Definition B.2.4. Let (A, au), (B, ) be chain complexes and F, G :
A, — B, be chain maps. A collection of homomorphisms h : A, — By, 41
is called a chain homotopy from F’ to G if the following identity is satisfied
in each group A,:

hoa+pfoh=G—F.

If such map exists, F' and G are said to be chain homotopic.

Proposition B.2.2. Chain homotopic chain maps induce the same homo-
morphism on homology groups. That is, if F, G : A, — B, are chain
homotopic chain maps, then Fy, = G, : Hp(Ax) — Hy(By) for everyn > 0.

Proof. We have the following diagram

An+2 Qn41 (e 7% On—1
An+1 An An—l
F F F

h @ h ¢ h ¢ h

Br+2 Br+1 Bn Br-1
—— Bn+1 B, Bn_1

As F, G are chain homotopic, for any ¢ € Ker a,,

G(c) = F(c) = h(a(c)) + B(h(c)) = h(0) + B(h(c)) = B(h(c))
So, G(¢) — F(c) € Im By41 and Gy (c+Imayy1) = G(e) +Im G471 = F(c) +
Im By41 = Fu(c+ Imayy1). O

B.2.1 Exact sequences

In this subsection we give the basic definitions and properties of exact se-
quences.

Definition B.2.5. A chain complex (A, a,) is said to be an exact se-
quence if Ker a; = Im a4 for any n > 0.
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Definition B.2.6. A 5-term exact sequence of the form

0 —A-B 00

is called a short exact sequence.

Remark B.2.3. Consider the following exact sequence:

Qn42 Qn+1

(e Qn—1 aq [e7s)
Ay "> Ay — Ag 0.

An+1

If there is an isomorphism ¢ : A,, — B we can “substitute” the module A,
in the chain by B. Then, it is easy to check that the following sequence

-1

Qn 42 ® O Qnp+t1 Qn—1 aq [e7h)
A . Ao {0}

Qn 0 ¢
An+1

B

is also exact.

The following lemma will give us the tool to build exact sequences on
homology groups induced by short exact sequences of chain complexes.

Lemma B.2.3 (Zig-zag lemma). Let (As, ax), (Bs,Bx), (Ck,7x) be chain
complezes and let F' : A, — By, G : B, — C, be chain maps such that
for each n > 0, there is a short exact sequence

0 A, LB, %, 0

Then, for each n > 1, there is a map Oy : Hy(Cy) — Hp—1(As), called the
connecting homomorphism, such that the following sequence is exact:

8* F* G* 6* F*
2 Ho (A —s Hy(By) = Ho (CL) — 2= Hy q(A) 2 .

Proof. Consider the following diagram:

0 0 0 0

T A T Ay T Ay T A
F F F F

52 By 2 g, g, P, P
G G G G

Tn+2 CnJrl Tn+1 Cn Tn Cnfl Tn—1 Cn72 Yn—2
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The hypothesis is that the diagram commutes and that the vertical columns
are exact.

To define the homomorphism 0y, let ¢ +Im~,4+1 € H,(Cy) be arbitrary.
This means that ¢ € C,, and v,(c) = 0. As the columns form short ex-
act sequences, the map G is surjective and F' is injective. Surjectivity of
G : B, — (), means that there exists b € B, such that G(b) = ¢, and
by the commutativity of the diagram G(5,(b)) = Y (G(b)) = Yn(c) = 0.
Thus, 5,(b) € KerG. By exactness at B,_j, there exists an element
a € A,_1such that F(a) = ,(b) and again by commutativity of the diagram
F(an-1(a)) = Bn—1(F(a)) = Bn-1(Bn(b)) = 0. Since F : A,_9 —> Bp_a is
injective, ay,—1(a) = 0. Therefore a + Im v, € Hy,—1(Ay).

We wish to set dx(c 4+ Im~,41) = a + Ima,_1, but to do so we need to
check that the homology class of a does not depend on any of the choices
we made along the way.

Suppose that ¢ + Im~,11 = ¢+ Im~vy,41 € H,(Cy), then there ex-
ists ¢ € Cpy1 such that ¢ — ¢ = ~,41(¢). Let ¥ € B, be such that
G') = ¢, and let @’ € A,_1 be such that F(a') = 5,(0/). As G is sur-
jective, there is some b € By such that G(b) = & Then, G(ﬁn+1(5))~:
1(G ) = 1(@) = c— ¢ 50 Gh—b) = G(B) —G(V) = c— = G(Bus (b))
which is equivalent to G(b — V') — G(Br+1(b)) = G(b— V' — B(b)) = 0, that
is, b — b — ﬁ(i)) € KerG. By exactness, there exists a € A, such that
F(@) = b= — fus1(b), and Flan(@)) = Bu(F(@)) = fulb— b/ — B(E)) =
Bn(b) — Bn(t/) = F(a) — F(a') = F(a — d’). Since F is injective, this means
that ay,(a) = a —a’ so a4+ Imay,, = @’ + Im o, and the map is well defined.

In summary, we have defined a map 90, : H,(Cy) — Hp_1(A,) defined
as Ox(c + Im~y,4+1) = a + Im a,, using that there is some b € B,, such that

G(b) = c and F(a) = Bn(b).

We now prove that the map is a homomorphism. If 0.(c + Im~y,41) =
a + Ima, and 0.(¢' + Im~,4+1) = @’ + Ima,, there exist b,b’ € B, such
that G(b) = ¢, G(t/) = ¢ and F(a) = B,(b), F(d') = B,(V/). It follows
that G(b+ V) = G(b) + G(V') = ¢+ ¢ and F(a+ d') = F(a) + F(d') =
/Bn(b) + Bn(b/) - Bn(b + b/)' Hence,

O ((c+Tmypgr) + (¢ +TImypi1)) = 0u((c+¢) +Tmyng)

=(a+d)+Ima, =(a+Ima,) + (' +Imay)

as we proved that the map is well defined making these choices.
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It is left to prove the exactness of the following sequence:

Ox Fy Gy Ox Fy
.—— H,(A,) ——= Hn(B,) —— H,(Cy) —— Hp_1(A,) —— ...

We will start by looking at H,(A.). Suppose that O.(c + Im~y,42) =
a + Imagq. Then, looking at the definition of J, there is some b € B4
such that F(a) = 5(b), so Fy(0x(c + Im~y,41)) = Fi(a+ Imay,) = F(a) +
ImpB, = Bp+1(b) + ImB,41 = 0. Thus, Im0, C Ker F,. Conversely, if
F.(a+Imap4q) = F(a) + Im B,41 = 0, there is some b € By,;1 such that
F(a) = Bp+1(b) and then v,+1(G(b)) = G(Bn+1(b)) = G(F(a)) = 0. This
means that G(b) +vn+2 € Hyy1(Cy) and by the definition of 0, we find that
0 (G(b) + Im~y41) = a+ Imay,41. Thus, Ker Fy, C Im 0,.

Next we prove exactness at H,(B,). From G o F = 0 it follows that
G.oF, = 0 and thus, Im F, C Ker G,. If G (b+Im B, 41) = G(b)+Im 11 =
0 for some b+ 1Im 5,41 € H,(Bx), there exists ¢ € Cy, 41 such that v,41(c) =
G(b). By surjectivity of G, there is some b’ € B,,11 such that G(b') = ¢, and
then G(B,4+1(V")) = Y+1(GO')) = Ynr1(c) = G(b). This is equivalent to
G() — G(Brs1(V) = G(b — Br+1(V)) =0, 80 b — Bp1(b) € KerG =Im F.
Hence, there exists a € A, with F(a) = b— B,41(b'). Moreover, F(a,(a)) =
Bn(F(a)) = Bn(b— Bn1(t))) = Bn(b) = 0 as b € Ker 3, so by injectivity of
F, an(a) = 0. This means that a € Kera, and a + Im a1 € H, (Ay). We
get that, Fi(a + Ima,41) = F(a) + ImBpi1 = (b — Bpy1 (V) + Im Bry1 =
b+ Im B,4+1 and thus, Ker G, C Im Fi.

Finally, we prove exactness at Hy,(Cy). Let ¢ +Im~,41 € Im G,. This
means that ¢ + Im~y,4+1 = G.(b 4+ Imp,41) = G(b) + Im~,41 for some
b € B, with (,(b) = 0, so ¢ = G(b) + Yn+1(c') for some ¢ € Cpi1. As
c+Imvy,41 = (c—Yp1(d)) +Ima, 11 = G(b) + Im 41 we can assume that
G(b) = c. Then, by definition, 0i(c+Imy,+1) = a+Im oy, where a € A,
is chosen so that F'(a) = f,,(b). Since F is injective and (3, (b) = 0, we have
that a = 0, and therefore O,(c+1Im~,41) = 0. That is, c+Im~y,; € Ker 0..
Conversely, if 0,(c 4+ Im~,41) = 0, it means that there is some b € B,, such
that G(b) = cand a € A,,_1, a € Im «,, such that F(a) = (3, (b). Writing a =
a(a’) for some o’ € A, we find that g, (F(a')) = F(an(d")) = F(a) = B,(b),
which is equivalent to saying that £, (b) — B, (F(a’)) = Bn(b— F(a’)) =0 so
b—F(a') € Ker B, and G« ( (b—F(d')) +Im B,11 ) = (G(b) —G(F(d')) ) +
Im~y,+1 = G(b) + Im~y,+1 = ¢+ Im~y,+1. Therefore, Ker 0, C Im G, which
concludes the proof.

O






Appendix C

Preliminaries in Topology

Here we collect a number of topological constructions and properties to be
used in the work.

C.1 Disjoint union topology

Definition C.1.1. Let {X;};c; be a family of sets. The set
| | Xi={(x,i) [z € X}
i€l

is called the disjoint union of the family. The elements of this set are
ordered pairs (z,). Here i serves as an auxiliary index that indicates which
X, the element = comes from.

Definition C.1.2. Let {X;};c; be a family of sets. The map

2 Xz — |_|i€I Xl
T (2,17)

is called the canonical injection of Xj.

Remark C.1.1. It is clear that #; is injective. The image set
1i(Xi) = {(z,i)|z € X;}

is a ”copy” of X; in the disjoint union and can be identified with it. Abusing
the notation we may write X; C | |;.; X; and z; € | |;c; X; for z; € X;.

Observe that for ¢ # j the sets 1;(X;) and ¢;(X;) are disjoint even if the
sets X; and X are not.

Now we define a topology over the disjoint union of topological spaces.

Let {X;}ier be a family of topological spaces. Over | |;,.; X; we can take the

99
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finest topology for which all canonical injections are continuous. Explicitly,
the family of open sets is

T={UCUesX; | 4;/(U) C X; is open for all i € T }.
Then, (| |;c; Xi,T) is a toplogical space.

Remark C.1.2. Observe that two components ;(X;) and 2;(X;) are always
disconnected for i # j.

Proposition C.1.1. Fach canonical injection 1; : X; — |_|Z.€I X, is a topo-
logical embedding and an open and closed map.

Proof. First we prove that ; is open. For any open U C X, 1;(U) = U x {i}
is open because

U ifj=i,

0 ifj#i,

is open. Now we show that the canonical injections are closed. Let C = X; —
U C X; be a closed set (U open). As 1; is injective and 2;(X;) N;(X;) =0,
for any i # 7,

UC) = u(X) —u(U) = | | Xi = (Ujpirs (X)) Uni(U)).
iel

U X {i}) = {

The set (Uj.2j(X;)) U(U) is a union of open sets as we have proved that
the canonical injections are open maps. Therefore, +(C) is closed.

Finally we observe that if we restrict the codomain, 2; : X; — 2;(X;) is

a homeomorphism. Indeed, we know it is bijective by definition of the map

and continuous by definition of the topology. Moreover, we have proved it

is an open map to the whole domain so it is an open map. Therefore it is a
homeomorphism.

O

Proposition tells us that there is a homeomorphic copy of each X;
in |_|i€[ X;. Therefore we may write X; < | |..; X; or, abusing the notation,
we could also write X; C | |;o; X;.

icl

Proposition C.1.2. A set C C | |;c; X; is closed if and only if i 1) s
closed for any i € I.

Proof. Suppose that C' = | |,.; X; — U is closed (U open). Then, for any
1el,
i HC) = o (Wi Xi) =0 {(U) = X =07 ' (U)

K3 (3
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is closed as 4; }(U) is open.

Suppose now that for any i € I, 1;*(C) is closed in X;. That is, 2; 1(C) =
X; — U; for some open set U; C X;. Then,

c=||xinc=JCnuX) =z i) € C}

iel iel icl

= ey = 4ih) = X — U x i} = (6 x £} — Ui x i)
el el el

= U 15(Xi) —4(Uy)) = U%(Xz‘)—UZz‘(Ui) = LlXi_UZi(Uz')a
iel iel iel iel iel

where we have used that +;(X;) N;(X;) = 0 if ¢ # j. As we proved in
Proposition the maps 7; are open and the union of open sets is open,
thus, (J;c;%(Us) is open. Therefore C' is closed. O

Finally we give the characterization of continuity of maps from the dis-
joint union space.

Theorem C.1.3 (Characteristic property of disjoint union spaces). Let
{Xi}ier be a family of topological spaces and Y be any topological space.
Amap f:|,c; Xi — Y is continuous if and only if f os; is continuous for
any i € 1.

Proof. 1t is clear that if f is continuous then each f o1; is continuous as it is

the composition of two continuous maps. Suppose that X; — Llier Xi i>

Y is continuous for any ¢ € I. Then, if U C Y is open, we know that
(f o) L (U) =47 (f~1(U)) is open for every i € I. Thus, by definition of
the open sets in the disjoint union, f~!(U) is open in |l;c; Xi. Therefore f
is continuous. O

Remark C.1.3. As we explained before, there is no problem in considering
each X; as a subspace of | |;.; X;. Thus, we can rewrite the definition of the
topology, Proposition B.1.2 and Theorem B.1.3 as follows:

e Aset UC||
1€ 1.

;er Xi is open if and only if X; NU is open in X; for any

o Aset C C|]
any ¢ € I.

ser Xi is closed if and only if X; N C' is closed in X; for

e Amap f:||;c; Xi — Y is continuous if and only if f|, is continuous
in X; for any i € I.
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C.2 Quotient by a set

In this section we study some special kind of quotient topological spaces.
We want to define the notion of collapsing some subspace A C X to a point.
These quotient spaces are used in Chapter

Definition C.2.1. Let X be a topological space and A C X. We define
the quotient of X by the subset A as the quotient space under the following
relation:

T~y < x=yorzyc A,

and denote the quotient space as X/ A-

Remark C.2.1. As a set, X/ ‘4 is formed by equivalence classes [z] for every
x € X. Observe that if v € X — A, [z] = {z} and if z € A, [x] = A. That is,

Xa={{a} [se X -Ayu{a}.
Consider the quotient map:

qg: X — X/A
x = x|

By definition of quotient spaces, U C X/ 4 is open if and only if ¢ 1 (U) is
open in X. We also know that C C X/ ‘4 is closed if and only if ¢7*(C) is
closed in X.

Let U C X/A. As q is surjective, there is some V C X such that
q(V) = U. There are two options:

e If Ac U, or equivalently, ANV # 0, ¢ (U) =V U A so

U is open/closed in X/A <= V UA is open/closed in X

o If A¢ U, or equivalently, ANV =0, ¢ (U) =V so

U is open/closed in X/ ‘4 <= V isopen/closed in X

It is reasonable to think that we can identify X — A with X/ ‘A~ A/ A-
Although we do have a bijection in order to get a homeomorphism we must
be careful with the topology. We want to know when ¢, , is a topological
embedding.

Example C.2.1. Consider X = R and A = Q. Which are the open sets in
R/Q? Let ¢ : R — R/@ be the quotient map. Let U = ¢(V') C R/Q.



Appendix C. Preliminaries in Topology 63

If VNQ = 0, we have seen that U is open if and only if V' is open. By
density of Q if V' is open and nonempty it must intersect Q, so V' must be
the empty set in this case. Thus, U = () and all nonempty open sets in the
quotient contain Q.

Therefore, since any two nonempty open sets have nonempty intersec-
tion, the quotient is not Hausdorff. Since the space R — Q is Hausdorff
(subspace of a Hausdorff space), R/Q — Q/Q can not be homeomorphic to

R - Q.

The next result gives the conditions under which ¢/, , is a topological
embedding.

Proposition C.2.1. Let X be a topological space and A C X. Let q :
X — X/A be the quotient map. If A 1is either open or closed, then q, _,
s a topological embedding.

Proof. 1t is clear that ¢, , is a continuous bijection. We will prove that
q|x_, is an open map when A is closed and in the same way one can prove
that ¢, _, is a closed map when A is open. Therefore, in either case we get
that it is a homeomorphism.

Let A be closed. As X — A is open, any subset U C X — A that is open
in the subspace X — A is also open in X. Since ANU = (), we have that
¢ *(q(U)) = U. Therefore, as U is open in X, ¢(U) is open in X/A — A/A.

O

C.3 Wedge sum

We defined the disjoint union of topological spaces in section B.1. Now we
want to join topological spaces gluing a point from each one. The idea is to
identify a point from each topological space.

Definition C.3.1. Let {X;};c; be a family of topological spaces and let
x; € X; for each ¢ € I. The following quotient space is called the wedge
sum of the family {X;};er:

_ Wier X;
\/ Xy = —iel V'—'ie[{ﬂ?z'}'
el

C.4 Adjunction spaces

Adjunction spaces come from the idea of attaching a topological space to
another.
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Definition C.4.1. Let X and Y be topological spaces, A C Y be a closed
subset and f : A — X be a continuous map. We define the following
relation on X LY for any z,y € X UY, & ~ y if and only if

e Ifrye X, z=y.
o If 7,5y €Y, there is some z € X such that =,y € f~!(2).

elfreXandyeVY, f(y) ==

It is an equivalence relation. The quotient space X |—|Y/N is called the
adjunction space, and it is denoted by X Uy Y. We say that Y has been
attached to X by f.

Remark C.4.1. Roughly speaking, we identify all points in the sets {z} U
f~Y(x) for each z € f(A). The union X UY is disjoint so we have the
following options for any x € X UY:

o Ifre X, [z]={z}Uf ().

olfz e ACY, [2] = {f(@)tU{y € Alf(y) = f(2)} = {f@@)} U
(@)

e lfzecY — A, [z] ={x}.

Therefore if ¢ : X 1Y — X U; Y is the quotient map it is clear that
X Uy Y is the disjoint union of ¢(X) and ¢(Y — A).

Proposition C.4.1. Let XU;Y be an adjunction space and let g : XUY —
X Uy Y be the associated quotient map. Then,

(i) g is a topological embedding whose image set q(X) is a closed sub-
space of X Uy Y.

(ii) g, _, s a topological embedding whose image set q(Y — A) is an open
subspace of X Uy Y.

Proof. We begin showing (i). Observe that the equivalence relation does
not identify any points in X with each other so ¢, : X — ¢(X) is a bi-
jection. Moreover the restriction of a continuous map is continuous so it is
continuous too. We will show that the map is closed to conclude that it is
a topological embedding.

Let C' C X be a closed subspace. To show that ¢(C') is closed we need to
show that ¢! (q(C)) is closed in X UY, which is equivalent to showing that
its intersections with X and Y are closed in X and Y respectively. From

Remark ¢ (q(C)) = C U f~1(C). Thus,
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e ¢ 1(q(C))N X = C is closed in X by assumption.

e ¢ Hq(C)NY = f~YC) is closed in A by continuity of f and also
closed in Y because A is closed in Y.

So g, is a closed map. It follows, in particular, that ¢(X) is closed in XU Y.

To prove (ii), it is clear by Remark that g, _, is a bijection and it
is continuous as it is the restriction of a continuous map. We now show it
is an open map to conclude that it is an embedding. Let U C Y — A be an
open set. Observe that ¢~'(¢(U)) = U. Thus,

e ¢ ' (q(U)) N X = ) which is open in X.

e ¢ '(q(U))NY = U which is open in Y by assumption.

Therefore q(U) is open in X Uy Y and ¢, , is an open map. It follows, in
particular, that ¢(Y — A) is open in X Uy Y. O

C.5 Local finiteness

Definition C.5.1. Let X be a topological space. A collection A of subsets
of X is said to be locally finite if each point of X has an open neighborhood
that intersects at most finitely many of the sets in A.

Here are some elementary properties of local finiteness.

Proposition C.5.1. Let X be a topological space and A be a collection of
subsets of X. Consider the collection

c(A)y={cl(4) | Ac A}
Then, A is locally finite if and only if cl(A) is locally finite.

Proof. 1f cl(A) is locally finite, since A C cl(A) for any A € A, it follows
immediately that A is locally finite.

Conversely, suppose that A is locally finite. Given z € X, let V be an
open neighbourhood of x that intersects only finitely many sets { A1, ..., A, }
in A. If V contains a point y of cl(A) for some A € A, then every open
neighbourhood of y contains a point of A. The neighbourhood V is also an
open neighbourhood of y and it contains a point of A, so A must be one of
the sets Ay, ..., A,. Thus, the same neighbourhood V intersects cl(A) for
finitely many cl(A) € cl(A).
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Proposition C.5.2. Let X be a topological space and A a locally finite
collection of subsets of X. Then,

d(lJ 4) = | ).

AcA AcA

Proof. 1t is true in general that the right-hand side is contained in the left
hand side so we only need to prove the reverse containment.

We will prove the contrapositive: assuming x € X is not an element
of Upcqcl(A4), we show it is not an element of cl({J .4 A) either. By
Proposition x has a neighbourhood U that intersects only finitely
many sets in cl(A), say cl(A1),...,cl(A,). Then, U — (Ui cl(4;)) is an
open neighbourhood of x that intersects none of the sets in A. Therefore,
z ¢ cl(Ugead)- O

C.6 Coherent topologies

Definition C.6.1. Let X be a topological space and B be a family of
subspaces of X whose union is X. We say that the topology of X is coherent
with B if a set U C X is open in X if and only if U N B is open in B for
every B € B.

Remark C.6.1. An equivalent definition would be that X is coherent with
B if a set C' C X is closed if and only if C'N B is closed in B for any B € B.

To show this let C = X — U C X. Just notice that for any B € B the
set CNB=(X-U)NB=(XNB)-—UNB=B-UNDBisclosed in B if
and only if U N B is open in B. So it is clear that they are equivalent.

In either case, the “only if” implication always holds by definition of the

(13

subspace topology on B so it is the “if” part that is significant.

Example C.6.1. If {X;};c; is an indexed family of topological spaces, the
disjoint union topology on | |;c; X; is coherent with the family {X;}ier,
thought of as subspaces of the disjoint union.

The next proposition expresses some basic properties of coherent topolo-
gies.

Proposition C.6.1. Let X be a topological space whose topology is coherent
with a family B of subspaces. Then,

(i) If'Y is another topological space, a map f: X — Y is continuous if
and only if f|, is continuous for every B € B.

(ii) The map | |geg B — X induced by inclusion of each set B — X s
an identification map.
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Proof. To prove (i), notice that if f : X — Y is continuous it is clear that
[| 1s continuous for every B € B as it is the restriction of a continuous map.
Suppose that we know that f|, is continuous for every B € B. Let U C Y
open. Since X = (Jzcp B, we conclude that

L)y =X = 1)) (UsesB)
=t nB= 1w

BeB BeB

is open because it is a union of open sets in X.

To prove (ii), observe that since X = (Jpcpg B, the map I:| |z B —
X is surjective. Finally notice that by definition of a coherent topology,
U C X is open if and only if U N B is open in B for any B € B, which
is equivalent to saying that I=!(U) is open in the disjoint union | | Ben B-
Therefore I is an identification map. O

Remark C.6.2. From Proposition [C.6.1]it is clear that the topology of X is
coherent with a family of subspaces B if and only if it is the finest topology
on X for which all the inclusion maps B — X are continuous.

C.7 Separability of inductively built CW complexes

In the proof of Theorem it is left to prove that the inductively built
space X = |J,~9Xn is Hausdorff. To show this we need some lemmas.
These three lemmas appear as exercises in [2].

Lemma C.7.1. Let X be a topological space. If for every x € X there
is a continuous function f : X — R such that f~1(0) = {z}, then X is
Hausdorff.

Proof. Let x,y € X be distinct. There is some function f : X — R such
that f~1(0) = {x}. Since = # y, f(y) # 0 and as R with the usual topology
is Hausdorff, there are some open sets U,V with empty intersection such
that 0 € U, f(y) ¢ U and f(y) € V,0 ¢ V. Then, the preimages f~1(U)
and f~1(V) are open and disjoint such that x € f~1(U),y ¢ f~1(U) and
ye [ V) g fTHV). O

Lemma C.7.2. Let D be a closed n-cell with n > 1. Given any point p €
int D, there is a continuous function F : D — [0, 1] such that F~*(1) = fr D
and F~1(0) = {0}.

Proof. As D is an n-cell, there is a homeomorphism D L) D™ sending
f(int D) = B™ and f(fr D) = S" L. If p € int D, f(p) € D" and by Propo-
sition there is a homeomorphism ¢ : D" — D" that sends f(p) to 0,
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g(intD") = g(B") = B" and g(frD") = g(S"~!) = S"~1. We finally define
F:D — [0,1] as F(z) = ||g(f(z))||. It is a composition of continuous
functions so it is continuous. Moreover,

e [lg(f(@)Il = 1 if and only if g(f(a)) € S"L, and since f(f:D) =
SP=1 = g=1(S"~1), this happens if and only if = € fr D.

e llg(f(@)l = 0 i and only if g(f(x)) = 0, and as f(p) = g~1(0) this
happens if and only if x = p.

O

Lemma C.7.3. Let D be a closed n-cell with n > 1. Any continuous func-
tion f:fr D — [0,1] extends to a continuous function F : D — [0,1] that is
strictly positive in int D.

Proof. There is a homeomorphism g : D" — D that sends g(B") = int D
and ¢(S"!) = fr D. We define h : D" — [0, 1] as

if x =0,

hz) = {\lrx\f@(llg))#;'x, if 2 #0,
29

and finally F = hog™! : D — [0,1]. Observe that h is continuous since
h(z) = 1/2 when z — 0, so F' is clearly continuous. Moreover,

e IfzcfrD, F(x) = h(g~'(x)) = f(z) since g7 (x) € S* L.
e Observe that h(z) > 0 for any z € B", so F(x) > 0 for any = € int D.
O

Knowing these three lemmas, we prove the result.

Recall that in Theorem we have a sequence of topological spaces
XoC X1 C...CX, C... satisfying the following conditions:

(i) Xo is a nonempty discrete space.

(ii) For each n > 1, X,, is obtained from X, _; by attaching a (possibly
empty) collection of n-cells.

Until now we have proved that X = J,~c Xn,

(a) has a unique topology coherent with {X,}: A subset C' C X is closed
if and only if each C' N X, is closed,
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(b) has a cell decomposition where the n-cells are defined to be the com-
ponents of X,, — X,,_1, and for each n-cell e? the characteristic map
is defined to be

D} < Xpo1| | (Uier, D) % X, = X

where the first and last maps are inclusions and ¢, : X,—1] | ( Uier,
Dl") — X, is the quotient map of the adjunction space.

By Lemma it is sufficient to show that for each p € X there is
a continuous function f : X — [0,1] such that f~1(0) = {p}. Let p € X
be arbitrary, and let e;” be the unique cell of dimension m containing p.
Let @7 : Di — X be the characteristic map of e;y. We will define the
map inductively. We start by defining a map f,, : X,,, — [0,1] as follows:
if m = 0, just let f,(p) = 0 and f,(x) = 1 for x # p. If m > 1, let
p=(®)"'(p) € int DJ’. By Lemma there is a continuous function
F: D — [0,1] that is equal to 1 in fr D7 and is equal to 0 exactly at p.
Define a function

fm : Xm—ll_l(l—liel D;n) — [07 1]

by letting fn, = F on D and fim = 1 everywhere else. Then, since f is
continuous in each component of the union, by Theorem it is contin-
uous. Passing to the quotient, there is a unique map fy, : X;,, — [0, 1] such

that fm - fm O dm and fT:Ll(O) = {p}

Now suppose by induction that for n > m we have defined a continuous
map fp—1: Xp—1 — [0,1] such that (fro1)71(0) = {p}.
We want to define a map f, : Xp—1| | (|_|i€[ D:”) — [0, 1]. Lemmam

shows that for each closed n-cell D} the function f,_1 o q)Zfan cfr DY —

[0,1] can be extended to a continuous function F* : D} — [0, 1] ‘that has no
zeros in int D}'. If we define fn by fn = fn_1 on X,,_1 and fn = F" on D,
the map is continuous and passes to the quotient to give us f, : X;,, — [0,1]
such that f, = f, o ¢, whose zero set is {p}.

Finally we just define f : X — [0, 1] by letting f(z) = fn(z) if z € X,,.
We have constructed those f,, inductively in a way that the map is well
defined, it is continuous since the restriction to each X,, is continuous and

F7H0) = {p}-

Therefore X is Hausdorff.






Appendix D

The prism operator

The following Lemma was left without proof in Chapter 1. We used it to
prove the homotopy invariance of singular homology groups.

Lemma D.0.1. Let X be a topological space and I = [0,1]. The chain maps
induced by

: X — XxI and 11: X — X xI
x = (z,0) r = (z,1)

are chain-homotopic.

Proof. We are in the following situation:

Cn+1 (X)

Cn(X)

Cr-1(X)

(L)% ()% ()%
20X xD) L X x ) —2-Cp (X x ) s

Our goal is to define a chain homotopy between (19)x and (¢1)%. For each
n > 0, we would like to define a homomorphism

h: Co(X) — Crst (X x 1)

that satisfies
doh+hod= (1) — (to)# (D.1)

For the standard n-simplex A" = [eg, e1, ..., e,] C R™ we define
E; = (e;,0), E!=(e;1) € R"?
They are the vertices of the following (n+1)-simplices:
A" x {0} = [E, ..., E,) c R
A" x {1} = [E},...,El] c R

Let I'; , = PlEo,....Ei B, EL] for any n > 0 and ¢ = 0,...,n. That is,

71



72

Tin: An+1 — [Eo,...,Ei,EZ{,...,Efl]CAnXI

(X053 Ang1) ZZ:O B + ZZ;}H )‘kEl/c—l

For any n > 0 we define the map h : Cp,(X) — Chy1(X x I) by

for each o € Q,(X) in the basis, and we extend to C,(X) linearly. Notice
that

Tin xId
App1 =8 A"xT =5 X xI

so (o xId)oT;, € Quy1(X x I) and h is a well defined homomorphism.
This map is called the prism operator. Before continuing, we observe how
the face maps and I'; ;, combine. We first show that

Lim o @int1 =Tic1n 0 Qintt, (D.2)

for any i = 1,...,n. Indeed,

Lin(@int1(Xos -3 M) =Lin(AXo, oy A1, 0, Aig1s - -+, An)
i—1 n
=Y NEj+ Y NE]
=0 j=it1
= Fi,Ln()\(), s 7)‘7;717 07 )‘]7 ) )\n)
=T 10 (@int1(Xo, -5 An)).

Moreover,

I . 0>
(90]7771 X Id) o) Fi,’nfl — i+1n o) ()0]7n+1 1 Z = 3.7 (D3)
Linowjtintr i<y
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To show this, if ¢ > j,

(@i X 1) (Tipn—1(Nos- -, ) = (@i < I MEr + > MEj, )
k=0 k=i+1

= Mlpjm x Id) (e, 0)
k=0

+ ) Mg x Id)(eg_1, 1)
k=i+1

)\k(ek, 0) + Z)\k(ek_H, 0) + Z )\k(ek, 1)

k=j k=i+1

<.
|
—

<.
LI

% n
MeEr+Y MeBei+ Y MeEg
k=0 k=j k=i+1

J
i+1,n()\07 ... ,/\jfl, 0, /\j, ... ,)\n)
i+1,n(§0j,n+l()\0a s a>\n))7

= =

and if ¢ < j,

(@i X I)(Tin—1(Ao,- -, ) = (@i < IO MEr + > MEj, )
k=0 k=i+1

= Mlpjm x Id) (e, 0)
k=0

+ ) Melpsm x Id)(eg_1, 1)

k=i+1
i j—1 n
= Mlers0)+ D Mler—1,0) + > Meler, 1)
k=0 k=i+1 k=j
i j—1 n
= e + Z e+ Z AkE]/{;
k=0 k=i+1 k=j
i Jj—1 n+1
= e + Z e+ Z /\k—lE;c—l
k=0 k=it+1 k=j+1

J
= Fi+1,n()‘07 - ,)\jfl, 0, /\j, S ,)\n)
= Lin(@j+1n41(A0, -+ An)).

Now we check if h satisfies (D.1)). By linearity, it is enough to check if
the equality holds for the elements of the basis. On the one hand, by (D.3)),
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for any o € Q,,(X),

n n

h(@(0)) = h(Y_(=1)’[o]) = Y (=1Yh([o];)

7=0 7=0

(—1)i+j((a o@jn) xId)oT; 1

I
<
I
(=)
=
I
(en)

3
—

n—

(=) ((0 x Id) o (pjn x Id)) o T 1

|
(]

§=0 i=0

= Z (=1 (0 x Id) o Tj41.0 © Qjnt1

0<j<i<n—1
+ Z (—1)" (o x Id) o Lin©@jrimns1-
0<i<j<n

On the other hand,

n . n+l n o

(h(e)) = (3 (~1)'( X 1) oTy) = - S(=1)H(e xTd) o Ty

@
Il

=)
<
Il

=)

=0

separating terms where ¢ < j, ¢ = 7 — 1,i = j and ¢ > j this becomes

oh@)= Y (~1)"(exId)oTiy0pjmn

0<i<j—1<j<n+1

= Y (oxId)oTj100@jum

1<j<n+1

+ Z (0 xId) ol 0@jnt1
0<j<n

+ Y (-1)"M(o xId) o Ty 0 @jni1,
0<j<i<n

rearranging indices 7 = j' + 1 in the first sum and ¢ = ¢/ + 1 in the last,

ah(o))= > (D)™ o xId) oy, 0 @it
0<i<j’<j'+1<n

— Z (o xId)oTj_1,0@jnt1
1<j<n+1

+ Z (O' X Id) o Fj,n O© Yjn+1

0<j<n

n Z (_1)i’+j+1(0- X Id) o Fi’+l,n O @jn+1-
0<j<i'<n—1
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If we add both computations, we observe that the first and last sum cancel
out and the terms in the middle sums by (D.2)) cancel out too except those
where j =0 and j =n 4 1. That is,

h(0(0)) + 0(h(c)) = —(0 x Id) o Ty, 1, © ppt1nt1 + (00 X Id) 0 T, © 0o nt1
and finally notice that

(0 % Id)(Ton (Lot 1rs1(R0s - - -, M) = (0 X Id) T r(Nos - - - An, 0))

(0’ X Id)(rom((pom_;,_l()\o, e ,)\n))) = (0’ X Id)(r(),n()\o, . ,)\n, 1))

Thus, (10)#(0) = oo = (6 xId) oy n 0 Ypi1nt1 and (¢1)g(0) = 1100 =
(0 xId) o T © pont1 which concludes the proof. O






Appendix E

Excision theorem

E.1 The barycentric subdivision

Definition E.1.1. Let X be a topological space and let U be a collection
of subspaces of X whose interiors cover X. A singular n-chain ¢ € C,(X) is
said to be U-small if every singular simplex that appears in ¢ has an image
lying entirely in one of the subsets in U.

Let C%(X) denote the subgroup of C,,(X) consisting of ¢-small chains.
They form a chain complex (CY(X),d,). Let HY(X) denote the n-th ho-
mology group of (CY(X),d,) for every n > 0. The goal of this section is to
prove the following result.

Proposition E.1.1. Let X be a topological space and let U be a collection of
subspaces of X whose interior cover X. Then, the inclusion map CY%(X) —
Cn(X) induces a homology isomorphism HY(X) — H,(X) for any n > 0.

The idea of the proof is to show that if o : A™ — X is any singular
n-simplex, there is a homologous n-chain obtained by “subdividing” ¢ into
n-simplices with smaller images. If we divide sufficiently finely, we can en-
sure that each of the resulting simplices will be U-small. The tricky part
is to do this in a way that allows us to keep track of the boundary operators.

Definition E.1.2. For any n-simplex [pg,...,pn] € R™, we define the
barycenter of [pg,...,ps] to be the point

n

1 .
b[po,...,pn] = Z ni—klpi € int([po, - - -, Pn))-

=0
Let [po,...,pn] € R™ be an n-simplex. The canonical homeomorphism
Plpospn] + A" = [P0, .-, pn] is a singular n-simplex in Q,(R™). We now

give such singular simplices a name.

77
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Definition E.1.3. A singular n-simplex a € Q,(R™) is called affine n-
simplex if a = ¢y, ;.1 for some n-simplex [po, . ..,pn] € R™.

A chain in Cp(R™) formed exclusively by affine n-simplices is called an
affine n-chain.

Remark E.1.1. Observe that the boundary of an affine n-simplex is an

affine (n — 1)-chain. Indeed, if a = @y, . p.1;

Definition E.1.4. Let ¢ € R™. For any affine n-simplex o = ¢y, .1 €
2, (R™) we define an affine (n + 1)-simplex ¢ * « called the cone on « from

q by
q* = Plgpo,....pn]"

We can extend this operator to all affine n-chains by linearity.

Remark E.1.2. Observe that the cone ¢*« is the affine simplex that sends
eo to g and whose 0-th face map is equal to a.

Lemma E.1.2. Let c € C,(R™) be an affine chain. Then, for any ¢ € R™,

Agxc)+qx0(c) =c.

Proof. We will prove the identity for an affine n-simplex o = ¢y, . .- The
result for affine n-chains follows by linearity. Indeed,
n+1 ‘
A(g* a) = 0(Plgpo,..pn) = Z(_l)z[‘p[q,po,m,pnﬂi
i=0
n .
= (’D[p07-"7pn] + Z(_1)Z+1(7D[Q7p07---715i7---7Pn] = + q * a(a)'
i=0
O

Definition E.1.5. We define the singular subdivision operator S on
affine n-chains inductively. For n = 0, set S = Id. For n > 1, assume that
S has been defined for chains of dimension less than n and for any affine
n-simplex a = @, 1 we set

S() = a(ban) * S(9()),

and extend linearly to affine n-chains.
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Definition E.1.6. Let A C R™ be a compact subset of the euclidean space.
The diameter of A is

diam A = sup {||z — y|| | z,y € A}

Lemma E.1.3. Let o = ¢y, ., be an affine n-simplex. Let 5 be any of
the affine n-simplices that appear in the affine n-chain S(«). Then,

(i) B = @ppn,....bo]» where each b; is the barycenter of an i-dimensional fac

Of[po,...,pn].
(i) diam([bp, ..., bo]) < ;A5 diam([po, - - -, pn]).

Proof. We start by proving (i) by induction. If n = 0, a = ¢y, and the
claim holds because S(a) = o and by, = po.

Ifn >1,let @« = Q. p,- Let by = a(ban). Notice that b, is
the barycenter of [pg,...,pn]. Then, d(«) is an (n — 1)-chain, so by in-
duction hypothesis each affine singular (n — 1)-simplex in S(9(«)) is of
the form ¢, . 4], Where each b; is the barycenter of an i-dimensional

face of [po,...,pn]. Thus, each affine n-simplex in S(«) is of the form
by, * Plon_1,.00] = Plbn,bn_1,....bo] 35 desired.

To prove (ii), notice that since a simplex is the convex hull of its vertices,
the diameter of [by,, . .., bo] is equal to the maximum of the distances between
its vertices. Thus, it suffices to show that

noo.
|1bi — bjl| < mdlam([po, + s Pal)

whenever b; and b; are barycenters of faces of [po, ..., p,]. We will prove it
by induction. For n = 0, there is nothing to prove. Assume the claim is
true for simplices of dimension less than n. For 4, j < n, both vertices b;, b;
lie in some m-dimensional face [q1,...,q¢n] C [po,...pn] Wwith m < n. By
induction, we get

m

. n .
b — bj|] < diam([qo, . - ., qm]) < —— diam([po, . - ., pn])-

m+1
It remains only to bound the distance between b, and the other vertices.
But since b, is the barycenter of [po, ..., py] itself and every other vertex b;
lies in some j-dimensional face of [py, ..., p,] with j < n, the distance from
b, to b; is bounded by the maximum of the distance from b, to any of the

*We call “i-dimensional face” to the simplices obtained after removing n — i vertices
from [po, ..., pn]. A n-dimensional face would be the whole simplex, and a 0-dimensional
face the singleton [p;].



80 E.1. The barycentric subdivision

vertices p; of [po,...,pn). Then, for any vertex pj,
SN
L2 —p;H—Hzipz pill = HZ*I% Zn+1pj!\
=0
Z*sz pill < —— diam([po ... pu]).
- T =n+1 Y

The maximum of such distances bounds ||b, — bj||, so this completes the
proof. O

Now we need to extend the singular subdivision operator to arbitrary
(not necessarily affine) singular chains. Let X be a topological space and
o € Qu(X). Notice that o = o4(2,), where 2, = Idar = @l¢y ., IS an
affine n-simplex and oy : C,(A™) — Cy(X) is the chain map obtained from
the continuous map o : A™ — X. We define

S(o) = O# (S(Zn))7

and we extend linearly to all C,,(X). We may iterate S to obtain operators
52 = S 0 S and more generally S¥ = S o k1,

Definition E.1.7. The mesh of an affine n-chain ¢ = ), ; \ja; in C,(R™)
is the maximum of the diameters of the images of the affine simplices that
appear in c. That is,

mesh(c) = max { diam(c;(A™)) | iel}.

Remark E.1.3. By (ii) of Lemma observe that choosing k large
enough we can make the mesh of S¥(c) arbitrarily small for an affine n-

chain ¢, because
k

mesh(S*(c)) < CFL

mesh(c).
Lemma E.1.4. The singular subdivision operators S : Cp(X) — Cp(X)
have the following properties:

(i) For any continuous map f: X =Y, So fu=fgobS.

(ii) 0o S =800.

(iii) Given any open cover U of X and any chain ¢ € C,(X), there exists
some m > 1 such that S™(c) € C%(X).

Proof. (i) follows inmediately from the definition of S. For any o € Q,(X),

S(f«(0)) = S(f o o) = (f 00)«(S(tn)) = fu(0:(S(n))) = [(5(0))-



Appendix E. Excision theorem 81

The result for any chain in C,,(X) follows by linearity.

We prove identity (ii) by induction on n. For n = 0 it is inmediate
because S acts as the identity on 0-chains. For n > 1, let o € ,(X). By
(i), Lemma and the induction hypothesis,

9(S(0)) = 9( 04(S(w)) ) = 9( o4 (ban * S(0(1))) )
=0y (00 *S5(0(1))) ) = o S(0(1)) — ban * (S (0(wn))) )
( #(0(1n)) ) — a#( ban * 5(82(zn)) ) = S( (o4 (n)) ) -0
S(9(0)).

Again, the identity for a singular n-chain follows by linearity.

To prove (iii) observe that by Remark by choosing m large enough
we can make the mesh of S™(1,) arbitrarilly small. If o is any singular
simplex in X, by the Lebesgue number lemma, there is some § > 0 such
that any subset of A" of diameter less than § lies entirely in o=1(U) for one
of the sets U € Y. In particular, if ¢ is an affine chain in C,(A"™) whose
mesh is less than 0, every singular n-simplex in o4(c) is contained entirely
in one of the open sets U € U. Then, ox4(c) € CY(X). Therefore, for
any ¢ =3 ,cq (x) A0 € Cn(X) if we choose d to be the minimum of the
Lebesgue numbers for all the singular simplices o € €,,(X) appearing in c,
and choose m large enough so that S (z,) has mesh less than 0, we get that
for each o in the chain ¢, S™(0) = 0. (S™(1,)) € C¥(X) and S™(c) € CY(X)
by linearity. O

With all the machinery we have built up, we finally prove the main result
of the section.

Proof of Proposition D.1.1. The crux of the prove is the construction of a
chain homotopy between the singular subdivision operator S and the identity
map of C,(X). That is, we aim to build a homomorphism A : Cp(X) —
Cp+1(X) satistying

Ooh+hod=Id- S5 (E.1)

We define h by induction on n. For n = 0, h is the zero homomorphism.
Forn > 1, 0 € Q,(X) we define

h(o) = oy (bA" * (1 — S(tn) — h(f‘)(%n)))),

and extend it to the whole C,(X) linearly. Consider a continuous map
f: X =Y. If n>1, for any o € Q,(X) we have that

h(f4(0)) = h(f 0 0) = (£ o) ban * (1 = S(1a) = h(9(1))) )
= F (7 (bar * (10 = S(20) = h(0)))) ) = Fi(h(0)):
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If n = 0 the identity h o f4 = fo h is trivially true.

Moreover, if n > 1 and if ¢ is a U-small singular n-simplex, for any
7 € Q,(A") we have that o o 7 is also U small. Thus, Imo, C C%(X) and
h(o) € CY(X). This means that h maps CY(X) to C% (X). If n = 0 this
fact is also trivially true.

The identity (E.1)) is proven by induction on n. For n = 0 it is inmediate
because h = 0 = 0 and S = Id. Suppose it holds for (n — 1) chains in all
spaces. If 0 € Q,(X), then by Lemma and since J(2,) is a (n — 1)
chain,

O(h(e)) = 0 o ((ban (i = S(tn) = h(O(w)) ) )
= 0O ban* (10— 5(n) = B(OG))) ) )
= 04 (tn = S(n) = h(O(n)) )
— o ban+ ( 1m) = O(S(0a) — AB(O)) ) )
— 04 (tn — S(n) = h(O)) )
— o ban + ( Dun) = S(O(n) = (D)) — h(0*(1a)) ) )
= 04 (tn = S(tn) = h(O(n)) )
— oy ban s (=S =00h—hod)(0m)) )
= 04 (0~ S(n) = W(D(1a)) ) ~ 0

= 0y (1n) — S(o4(1n)) — M(O(o (1))

=0 —8(0) — h(9(0)),

which proves identity . Let ¢ € Cp,(X) be a cycle. shows that
¢ — 8(c) = d(h(c)) + h(d(c)) = d(h(c)),

so S(c) differs from ¢ by a boundary. If ¢ € C%(X), the difference is the
boundary of a chain in C% ;(X). The same holds for any S™(c). If m > 1,
by induction, if ¢ — S™ 1(c) = d(a) for some a € C,,;1(X), then

c—8"c)=c—S"Ye—0(h(c)) =c— 8" L) — S™L((e))
= d(h(a)) — (™ (c)) = A(h(a) — S™F(c)).

Hence, the difference of ¢ and S™(c) is a boundary. Moreover, S™(c) is also
a cycle because S commutes with 9.

The inclusion map ¢ : C¥(X) — C,(X) is clearly a chain map so it
induces a homology homomorphism ¢, : HY(X) — H,(X). The homomor-
phism ¢, is surjective because, by Lemma for any ¢ € Cp,(X) we can
choose m large enough so that S™(c) € C%(X), and have showed above
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that ¢ is homologous to S™(c). To prove injectivity, let ¢ + Imd € HY(X)
be such that ¢.(c + Imd) = 0. This means that there is some (n + 1)-
chain b € Cp41(X) such that ¢ = 9(b). Choose m large enough so that
S™(b) € Cry1(X). Then,

9(S™(b)) = S™(9(b)) = 5™(c),

which differs from ¢ by a boundary of a chain in C¥,;(X) as showed before.
Thus, ¢+ Imd = 0. O

E.2 The Excision Theorem

Using the machinery built in the previous chapter, we prove the Excision
Theorem which was stated without proof in Chapter 2.

Theorem E.2.1 (Excision theorem). Let X be a topological space and
Z C A C X such that the closure of Z is contained in the interior of
A. Then, the inclusion (X — Z,A — Z) — (X, A) induces isomorphisms
H,(X —-Z,A-Z)— Hy(X,A) for alln > 0.

Equivalently, for subspaces A, B C X whose interiors cover X, the inclu-
sion (B, ANB) — (X, A) induces isomorphisms H, (B, ANB) — H,(X, A)
for alln > 0.

Remark E.2.1. The translation between the two assertions of the theorem
is obtained as follows:

e To get the second from the first, assume the hypotheses of the second
version and set Z = X — B. Then, as X = int(A) U int(B), we get
Z CAC X and cl(Z) C int(A) since X — int(B) = cl(Z). Thus, as
ANB=A-Z7,H,(B,ANB)=H,(X —-Z,A—Z7) = H,(X, A) for
all n.

e To get the first from the second, assume the hypotheses of the first
version and set B = Z — X. Since X — int(B) = cl(Z) C int(A4), it
is clear that X = int(A) U int(B). Therefore, as ANB = A — Z,
H,(X-Z,A-Z)=H,(B,ANB) = H,(X, A) for all n.

Proof of the Excision Theorem. We prove the second version. Let A, B C X
be two subspaces whose interiors cover X. Let U = {A, B}. We know that

the inclusion CY < C,(X) induces an isomorphism on homology by Propo-

sition This inclusion sends C (A) C Cu to Cn(A) C Ch(X), so it

induces a map in the quotient ¢ : C" i{) . The singular subdivi-

sion operator S defined in Section |§. and the homeomorphlsm h defined in
the proof of Proposition also send chains in A to chains in A, so they
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induce maps S : Cp(X,A) — Cp(X,A) and h : Cp (X, A) = Cpt1(X, A4) in
the quotients. These maps also satisfy equation because they satisfied
it before passing to the quotient. Thus, in the same way as in Proposition
E.1.1l one can prove that ¢ : %ﬁgﬁ)) — Cp(X, A) induces an isomorphism on
homology.

Moreover, the inclusion C,(B) < CY(X) also induces a map in the

quotient y : Cp(B,AN B) — %”Z&()) since Cp, (AN B) C Cy,(A). jis clearly
an isomorphism since both quotient groups are free Z-modules with basis
the singular n-simplices in B that do not lie in A. Thus 5 also induces an

isomorphism on homology.

Finally observe that the map induced by the inclusion (B,AN B) <
(X, A) on homology groups is precisely the composition ¢y © j5. Thus, the
map H,(B,ANB) — H,(X,A) induced by inclusion is an isomorphism.

O
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