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1. Introduction and building system

In last years, it was noted that several real-world phenomena cannot be modeled by partial or
ordinary differential equations or classical difference equations defined using the standard integrals
and derivatives. These problems required the concept of fractional calculus (fractional integrals and
derivatives), where the classical calculus was insufficient. Differential equations of fractional order are
considered to be interesting tools in the modeling of several problems in different fields of engineering
and science, as electrochemistry, control, electromagnetic, porous media, viscoelasticity. See for
example [1-7]. On the other hand, in the recent years impulsive differential equations have become
essential as mathematical models of problems in social and physical sciences. There was a great
development in impulsive theory in particular in the field of impulsive differential equations with
fixed moments. For instance, see the works of Samoilenko and Perestyuk [8], Benchohra et al. [9],
Lakshmikantham et al. [10], etc. Further works for differential equations at variable moments of
impulse have been appeared. For example, we cite the papers of Frigon and O’Regan [11, 12], Graef
and Ouahab [13], Bajo and Liz [14], etc.

It is also observed that fixed point theory is an important mathematical tool to ensure the existence
and uniqueness of many problems intervening nonlinear relations. As a consequence, existence
and uniqueness problems of fractional differential equations have been resolved using fixed point
techniques. This theory has been developed in many directions and has several applications. Moreover,
we could apply it in different types of spaces, like metric spaces, abstract spaces, and Sobolev spaces.
This use of fixed point theory makes very easier the resolution of many problems modeled by fractional
ordinary, partial differential and difference equations. For instance, see [15-20].

The theory for impulsive fractional differential equations in Banach spaces have been sufficiently
developed by Feckan et al. [21] by using fixed point techniques. In the real world, many phenomena
are subject to transient external effects as they develop. In comparison to the entire duration of the
phenomenon being observed, the durations of these external effects are incredibly brief. The logical
conclusion is that these external forces are real impulses. Impulsive differential equations are now a
major component of the modeling of physical real-world issues in order to study these abrupt shifts.
Biological systems including heartbeat, blood flow, and impulse rate have been discussed in relation to
many applications of this kind of impulsive differential equations. For more details, see, [22-27].

On the other hand, in last years the study of Hyers-Ulam (HU) stability analysis for nonlinear
fractional differential equations has attracted the attention of several researchers. Note that HU stability
is considered as an exact solution near the approximate solution for these equations with minimal error.
The following works [28-32] deal with such a stability analysis. For Hyers-Ulam (HU) stabilities,
there are generalized Hyers-Ulam (GHU), Hyers-Ulam-Rassias (HUR), and generalized Hyers-Ulam-
Rassias (GHUR) stabilities.

Much of the work on the topic of fractional differential equations deals with the governing
equations involving Riemann-Liouville and Caputo-type fractional derivatives. Another kind of
fractional derivative is the Hadamard type [33], which was introduced in 1892. This derivative differs
significantly from both the Riemann-Liouville type and the Caputo type in the sense that the kernel
of the integral in the definition of the Hadamard derivative contains a logarithmic function of arbitrary
exponent. It seems that the abstract fractional differential equations involving Hadamard fractional
derivatives and Hilfer-Hadamard fractional derivatives have not been fully explored so far. Several
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applications of where the Hadamard derivative and the Hadamard integral arise can be found in
the papers by Butzer, Kilbas and Trujillo [34-36]. Other important results dealing with Hadamard
fractional calculus and Hadamard differential equations can be found in [37,38]. The presence of
the o-differential operator (6 = x%) in the definition of Hadamard fractional derivatives could make
their study uninteresting and less applicable than Riemann-Liouville and Caputo fractional derivatives.
Moreover, this operator appears outside the integral in the definition of the Hadamard derivatives just
like the usual derivative D = % is located outside the integral in the case of Riemann-Liouville,
which makes the fractional derivative of a constant of these two types not equal to zero in general.
Hadamard [33] proposed a fractional power of the form (x%c)“ . This fractional derivative is invariant
with respect to dilation on the whole axis.

The existence and HU stability of the following implicit FDEs involving Hadamard derivatives were
investigated in [39] as follows:

{ HDoz(v) = ¢ (v, z(v),? Dwz(v)), @€ (0,1),
z2(1) =2z, z1 €R,

where v € [1,G], G > 1, " D7 refers to the Hadamard fractional (HF) derivative of order w.
The following coupled system containing the Caputo derivative was examined in [40] for its
existence, uniqueness, and several types of Hyers-Ulam stability:

‘D7z(v) = ¢ (v, s(v),© D”z(v)) ,UveU,

CDls(v) = w(v, z(v),¢ D‘)s(v)) ,veU,
2(G)=2(0)=0, (1) = 0z(m) 0.7 € (0,1),
s'(G) =5 (0)=0, s(1) = os(m) 0,7 €(0,1),

where v € U = [0, 1], @, 0 € (2,3] and ¢, ¢ : U X R* — R are continuous functions.
For the following coupled system containing the Riemann-Liouville derivative, the authors of [41]
demonstrated the existence, uniqueness, and several types of Hyers-Ulam stability:

D?z(v) = ¢ (v, s(v), D"z(v)), ve U,
Ds(v) =y (v, z2(v), D"s(v)) , VEU,
D772z(0%) = ;D" 2(G™), D" %z(0%) = £,D"'7(G"),
D7 25(0%) = m,D7%25(G™), D7 25(0%) = £(,D7 's(G™),

where v € U = [0,G], G > 0, w,0 € (1,2] and 7}, m, €1, 6 # 1, D@, D are Riemann-Liouville
derivatives of fractional orders @, 6 respectively and ¢, : U X R? — R are continuous functions.

Inspired by the previous work, we investigate the coupled impulsive implicit FDEs (CII-FDEs)
incorporating Hadamard derivatives as follows:

"D72(v) = ¢ (v, D"z()." D's(v)), ve U, v# vy, i = 1,2, .k,
Hpos(v) = tﬁ(v,H Ds(v),H Dwz(v)> ,velU v#uv;, j=1,2,..m,
Az(v) = Iz(v), AZ () = Tz, i=1,2,..k
As(vj) = I;s(vj), As'(vj) =1;s(vj), j=1,2,..m, 1.1y
G w—1
2G) = 75 ;. n(9)" Bopzm)L, 2(G) = B'(),
G 6-1
SG) = 75 [} n(2) BG, s)L, 5'(G) = B(s),
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where @, 0 € (1,2], ¢, : UXR?> - R, B: UXC(U,R) — R and B* : U — R are continuous functions
and

Az(v;)
As(v;)

2v)) —2v;), A () =7Z@) -7 (),

s = s(v;), As'(vy) =s'(v)) = s'(vy)).

The derivatives #D? ! D are the Hadamard derivative operators of order @ and 6, respectively;
z(v), s(v}") are right limits and z(v; ), s(v;) are left limits; 1;, I}, Z,TJ : R — R are continuous functions.
The system (1.1) is used to describe certain features of applied mathematics and physics such as
blood flow problems, chemical engineering, thermoelasticity, underground water flow, and population
dynamics. For more details, we refer the readers to see the monograph [42].

Using the Banach contraction and Kransnoselskii FP theorems, we establish necessary and sufficient
criteria for the existence and uniqueness of a positive solution for the problem (1.1). Additionally,
we analyze other Hyers-Ulam (HU) stabilities such as generalized Hyers-Ulam (GHU), Hyers-Ulam-
Rassias (HUR), and generalized Hyers-Ulam-Rassias (GHUR) stabilities.

2. Basic facts

In this part, we present certain key terms and lemmas that are utilized throughout the rest of this
paper, for more information, see [42,43].

Assume that PC(U, R, ) equipped with the norms ||z|| = max{|z(v)| : v € U}, ||s|| = max{|s(v)| : v €
U} is a Banach space (shortly, BS), then the products of these norms are also a BS under the norm
Iz + oIl = [lzll + [ls].

Assume that 3, and J, represent the piecewise continuous function spaces described as

I, = PCron(UR,) ={z:U — R, sothat z(v)), 7' (v]) and z(v;), 7' (v;) exist ,i = 1,2, ..k},
3, = PCrgn(U,R,) ={s: U — R, sothat s(v}), s'(v}) and s(v;), s'(v;) exist, j = 1,2,..m},

with norms

, ve U} and |lslls, = sup{|s(w) In()**

llzllg, = sup“z(v) In(v)*™® ,UE U} ,

respectively. Clearly, the product J = J; x I, is a BS endowed with ||(z + $)llg = [|zllg, + lIsllg, -
The following definitions are recalled from [44].

Definition 2.1. For the function z(v), the Hadamard fractional (HF) integral of order @ is described as

RS B B L) SN
I°z(v) = l"(w)f]‘ ln(n) z(n) 7 ve((l,G]

where I'(.) is the Gamma function.

Definition 2.2. For the function z(v), the HF derivative of order @ € [a — 1, a), a € Z, is described as

oo ~ 1 i afy 2 a-w+1 @
D%z(v) = —F(a — o) (Udv) ) ln(n) z(n) 7 v e (x,G].
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Lemma 2.3. [45] Assume that @ > 0 and z is any function, then the derivative equation " D7z(v) = 0
has solutions below:

@) =r )+ M) 2 +rMnv) > + ...+ r,(Inv)®,
and the formula
HrEipe ) = zw) + i (nv)®  + R (nv)® 2 + s (nv)® > + ...+ r,(Inv)® ™,
is satisfied, where r; e R, i =1,2,...,aand w € (a — 1, a).

Theorem 2.4. [46] Assume that E is a non-empty, convex and closed subset of a BS 3. Let E and E
be operators so that

(1) forz,s €E,E(z,5) + E(z,5) € E;
(2) the operator E is completely continuous;
(3) the operator E is contractive.

Then there is a solution (z, s) € E for the operator equation E (z, s) + E (z,8) =(z,9).
3. Definitions of HU stability

The definitions and observations below are taken from [47,48].

Definition 3.1. The coupled problem (1.1) is called HU stable if there are A,y = max{A,, Ag} > 0 so
that, for ¢ = max{y., @g} and for each solution (z, s) € J to inequalities

‘H D%z(v) — ¢ (U,H D7z(v),H Des(v))J'S P, UV E U,

Az(v) = IzW)| < @ |AZ W) = 2| < @, i = 1,2, ..k,
’H Dis(v) — ¢ (v,H D?s(v), Dwz(v))LS @y, VE U,

|As)) = I;s@))| < o, |AS' W) = Iis@)| < @ j=1,2,..m,

(3.1)

there is a unique solution (z,s) € J with

1z, 8) = @ 9y < Agop, v E U

Definition 3.2. The coupled problem (1.1) is called GHU stable if there is ® € C(R,,R,) with £(0) = 0,
so that, for any solution (z, s) € J of (3.1), there is a unique solution (z,s) € J of with of (1.1) fulfilling

I(z, ) — (Z, )y < D(p), v e U.
Set Uy g = max {U,, Uy} € C(U,R) and Ay, 5, = max {Ay,, Ag,} > 0.

Definition 3.3. The coupled problem (1.1) is called HUR stable with respect to U4 if there is a
constant Ag_ g5, SO that, for any solution (z, s) € 3 for the inequalities below

{ 'HD“z(v) - ¢ (U,H D7z(v),H? D‘)s(v))‘ < UVpWy, vE U, 32)
|HD"s(v) - ¢ (U,H Ds(v),? Dwz(v))‘ < Up(v)gg, v E U, .
there is a unique solution (z,s) € J with

Iz, 8) = @ Dl < Av,5, 0w, v e U. (3.3)

AIMS Mathematics Volume 8, Issue 3, 6913-6941.



6918

Definition 3.4. The coupled problem (1.1) is called GHUR stable with respect to U, if there is a

constant Ay, 5, SO that, for any a proximate solution (z, s) € J of (3.2), there is a unique solution
(z,'s) € I of with of (1.1) fulfilling

Iz, $) = @9y < Av,u,006@), veU.
Remark 3.5. If there are functions R,, R, € C(U, R) depending upon z, s, respectively, so that

RD) |Ry V)| < ¢o,
(R>)

sRg,,(v)| <@y, veU,

HD7z(v) = ¢ (U,H D7z(v),H Dgs(v)) + R, V),
Az(vy) = I; (z(vy)) + %qb,'a AZ(v;) = Z(Z(Ui)) + ‘R@,
1D%s(w) = ¢ (.7 D’s(). ! D"z (v)) + R, (v).
Asw)) = 1;(s(w)) + Ry, As'(w)) = I;(s@w)) + Ry,.

Then, (z, s) € J is a solution of the system of inequalities (3.1).
4. Existence consequences

In the following part, we establish requirements for the existence and uniqueness of solutions to the
suggested system (1.1)

Theorem 4.1. For the function w, the solutions of the following subsequent linear impulsive BVP

ADp7zv)=w@), velU v+vy, i=1,2,..k,
Az(vi) = I; (z(vi), AZ(wi) =1 (z(v), v#v, i=1,2,.k,

A6) = i [ ()7 Barz) L, 2(G) = B2,

takes the form

W) = GD@)B'@) (Inv)” + > Dii(@) (nv)”? Lzwy) + ) | Du(@) (Inv)” Tiz(wy)

i=1 i=1

o G o1 @2 G w2
,Dx(@) (inv) f ln(%) Bo.- (n))% , Do(@) (nv) f m(%) W(n)d_n'?
1 v

I'(@) T(w-1)

Dy(@)(Inv)”? (¢ (G\T"  dp <5 Ds(@)(Inv)”? M (p\7
+ T o) fu ln(;) W(U)F + ; (o) fvil ln(;) w(n);
.\ u 1HU3_W(10gvi U)w—ZDSi(w) (lnv)m'—Z fvi ln(ﬁ)w—ZW( )@

i=1 F(ZD' - 1) Vi1 d n

1 ] v w—1 d?]
{3 " 4.1
T@ f n(n) S “.1

whereu = 1,2, ...,k and

Do(@) = In (%) In (G,
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(@-2)(Inv? -+ 1) (Iny,)"™

Di(w) = (w-D(nv-w@+2)(ny) @ - ,
In v;
Dy(w) = v @ (Inv,)* 7,
Ds@) = (w-1- logG v") vy 7,
Dyw) = log; —— G - (InG)*™™
vw 1 GU,' w-2 o
Dsi(w) = (ln G2 + log,, (7) )(ln ).
Proof. Assume that
AD%:v) =w (), we(1,2], ve U. 4.2)
Using Lemma 2.3, for v € (1, v,], we have
1 v N
@) = rnv)" +rn)" 2+ —— | In (3) w(n)—", 4.3)
I'(@) n

w-2
) = ”(wT_l)(lnu) Z(W 2)(1 D F(w—l)f ln( ) w(n)d;".

Again, applying Lemma 2.3, for v € (v, v;], we get

U w—1
ww) = & (ne)™ + b (nv)™2 + —— 1n('—’) w(n)d—”, (4.4)
['(@) n
oy = B@D e B@ 2D e f —ln( ) w(n)@.
v v I'(w — 1) n

Using initial impulses

L = r—(@-2)(nv) I @) + v In v, 7 1 (2(v))
(nv)>” (™ (v)\77  dp (@-2)(nv)' M (u)\TT dn
Tw-1 J, ln(?) R P f ln(?) Wi

L = rn+@-DUnv)* 1 @) - v (Inv,)’ @1 (2(v))

(Inv)>™ (v (0|7 (@-D(nv)>™™ (" (u\”  dny
Tw-1J ln(?) ()_ (@) f ln(ﬁ) s

From /; and [, on (4.4), one has

) = nnv)”" = rn )" +(@- 1) - (@ - 2)(og,, v)) (log,, )" 1, (z(v1))

+v1 (Inv = Invy) (log,, v)™ 21, (z(v1))

Inv—Invy) (og, v)72 (v -2 d
5L ) (og,, v) f 1n(ﬂ) wip =
| n n

(@ - 1)

— )= (m-2)1 1 72 v o
(@@=~ @-2008, v) tog, v f m(ﬂ) wip 2L
(o) 1 n

AIMS Mathematics Volume 8, Issue 3, 6913-6941.
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U w—1
1n(3) w2
n n

_l_—
(@) Jy,

Analogously for v € (v,, G), we have

u

) = ri(nv)” ' +r0nv) + Z ((@ - 1) - (@ - 2)(log,, v)) (log,, 1) *1; (z(v1))
i=1
+ ) vi(Inv —Invy) log, v)7 T, (z(v)
i=1
“ (Inv-TInv) (log, V™2 M (v \" >  _dy
+; M@ - 1) fu,,ln(n) oy
(@ - 1) = (@ - 2)(log,, v)) (log,, )" v\"2  dn
’ Z (@) f " (_) oSy
1 v\ dn
T J, 1“(5) sy
and
Yy = TN g e @D s
1% (%

Z = l)sz 2 (log, e ~ log, v)log,, )™ I, (:(v:)
+ Z

v v w2 dn
), nfz) v

+ i (@ - 1) — (@ - 2)log, v;) (log,, v)™ > (¥ i e ” W(U)@
v AT 7

— vl(m—-1)

(@ — (@ - 2)(log, e - log, ulog, V®2 (™ (v\">
Z . f In (—) w(n)—.
(@) Vit n n

[(@ - 1) - (@ - 2) log, ] (log,, ) *T; (z(v)

=1

Applying the boundary stipulations z(G) = ﬁ f] “In (%‘)w
that

(InG)'"®(w - 2)
I'(w@)

(lnG)l‘wj“: G\°"'  dn
T “‘(;) vy

+Z(lnv g )(lnv)2 7L (z(v) — (@ - Z)Zv,(lnvl 7T (2(vy)

AIMS Mathematics

GB*(2) In(G)*™ ™ —

ry =

G (G\"! d
ln(—) B z(m) =
1 n n

4.5)

™ B 222 and 7/(G) = B(2), we obtain
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(@ —2) o " uvi\"?  dp (nGPT (C (G\"7  dy
r(w—nz(h“” fulln(n) O T@-nJ, " n) o

. w—1
w—2 _ v (v dn
+— Inv™ "' — —)(mui)2 WI 1n(—’) w(n)—,
[(@) Z:( Iny; v \7 )

and

(InG)>® o
] ln(;) B(n. z(n))— SGBE@WG ™ + Y vinw) T ewy)

i=1

O (111 (5 (@-2)og,, g, ) . Gy (v (G\7"  dn
+(w—1);(lnG( Doz eloeev) — 1) (In v L; (2(v)) + = ——— o =T 1n(5) w(n);

1 . v\ dn
(m'—2)(logu,_ e-log, v;) _ N2-@ i} =
+—F(w— 5 Z(lnG 1)(inwy) f ln(n) w(n) ,

w-2 _ G w—1
U; dn (nG)* @ G dn
(Inv;)* E’f ln( ) w(n )——— In{—]  w—,
K@ - 1) Z n r@-nJ, \n) "%
foru = 1,2, ..., k. Substituting r; and r, in (4.5), we have (4.1). O
Corollary 4.2. Theorem 2.4 provides the following solution for our coupled problem (1.1):
W) = GDy@)B'@) (Inv)™> + 3 Dy(@) (Inv)” > Ii@) + Y Du(@) ()" > Iz)

i=1 i=1
w—1

w2 G
e L R
(@) 1 n n
Dy(w) (Inv)®2 (¢ (G v H no H o dn
TT@-D fu : P ‘/’(’7, Dz(m,” D s(n))7
w2 G -1
+D4(1D'12 Eln U) f In g ¢)(T},H DwZ(U),H DBS(n)) d_ﬂ
@) . n .

N Dsi(w) Inv)®2 (¥ Ui @l - dn
"2 T f ln(ﬁ) o0 D7D Dist) 5

i=1

“\ Inv*(log, ¥)® > Dsi(@) (Inv)” > N7 i
+Z — Izj(w— :)w = f ln(l;]) (l)(n’HDwZ(n)’HDOS(n)) Un
r(m ( ) (1" D720, D 500) n’ 7

whereu = 1,2, ...,k and

sw) = GDyO)B'(s)(Inv)' 2+ > Dyj(0) inv)* 2 Ii(s)) + Y Dy(6) (nv) 2 Ti(s))

J=1 J=1

AIMS Mathematics Volume 8, Issue 3, 6913-6941.
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-1

D30 (Inv)” fG n (g
') 1 n
Do) (Inv)’2 (¢ (G
TTe-1D fuln(ﬁ (.
Dy (Inv)’2 ¢ (G
10 f ln(ﬁ 4
0-1

S Dsi(0) (Inw)™2 (Y (v; Ly
220G (3] vt o om)

“ Inv*~(log, v)*2Ds;(0) (Inv)"> vi (4,\02 d
i In{Z A D s, D7z(m)) =L,
r@-1 f (n) (" D'stn ) 7

d
By, s(p) =L
n

6-2 dn
v (n." D’s(n)," D”z()) o
6-1

st D7) 5

+

j=1
_,_L fv In (2)9_1 W (;7 " pos@m),? Dwz(n)) dn (4.8)
L©) Js, \n ’ ’ n’ '

whereu =1,2,...,m.

For convenience, we use the notations below:
p) = ¢ (v, a1(v), ;) < ¢ (v,z2(v),a(v)) and a(v) = ¥ (v, p1(V), P2 (V) < Y (v, 5(V), p(V)) -
Hence, for v € U, Eqs (4.7) and (4.8) can be written as
z(v)
= GDy(@)B*(2) (Inv)” + i Dy(@) (Inv)™ Ii(z;) + i Dyi(w) (Inv)® > Ii(z))

i=1 i=1

@2 G @1 w2 G v
. D3(w) (Inv) f In (%) B(, Z(n))% + Dy(@) (nv) f In (%) p(n)%
1 v

(@) T(w—1)
Dy@) () (¢ (G\7" dy <~ Ds(@)(nv)®? M (u\7 dy
+ ) jv; ln(;) P(U); + ; T (@) Ll In (5) p(n)7

“ In v3‘w(10gv, V)? 2 Ds(w) (In V)2 v U; @2 d 1 v\ d
+ Z lr f ln(—) p(n)—'7 + —f ln(—) p(n)—n,
P (@ - 1) v\ n U@ J, \n n

foru=1,2,....k and

s(v)
= GDyO)B'(s) Inv)" 2+ ) Di(0) (inv)" > Ii(s)) + »_ Dsy(6) (nv)' > Ti(s))

= =

D3(6) (Inv)*2 f G\ dn  Dy@®) (nv)*> (¢ (G\"* _dn
TT®e lln(ﬁ) AR T f l“(ﬁ) oy

D4(0) (ll'l U)G—Z f G -1 dﬂ u D51(9) (ln U)G—Z U v, -1 d?]
T Te y In (;) a(n); + ]Z:; —T@ \[z:_,-_. In (;) a(ﬂ)g
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“ In v3‘9(logvj v)"2Ds () (Inv)"2 fuj . (Ui)‘)‘z dn
v

a4+ L Uln(g)g_la( \a1
= re-n . " re ., ) T

foru=1,2,...,m.
If z and s are solutions to the CII-FDEs (1.1), then for v € U, we can write

W) = GDy(@B'@) (Inv)™>+ > Di(@) (In)™ 2 Iiz) + Y Du(w) (i) 2 I(z)

i=1 i=1

w-2 w-1
(D@ (nv) f n(E) B, 2™
I' (@) 1 n n
D 1 w2 G w-2 d
, Do(@) (Inv) fln S\ s am. am
F('ZD' - 1) vy n n
G
n

@2 w—1
N Dy(w) (Inv) f In
I'(@) v

u

Dsi(@) (inv)™ (" (v\7! d
L2 Lol it

i=1

d
¢ (7 a1 (), ax()) ;’7

& Inv* 7 (log, v)”Dsi(@) (Inw)™2 (- (3,\772 dn
+; I'(w-1) j;_l In (;) ¢ (m, a1(n), ax(n)) 7

1 U v w—1 dn
T(@) f ln(;) @ 01,11, a2() <

foru=1,2,....k and

s(v) = GDyO)B(s) (lnv)9—2+ZDU(0) (lnv)9—2 Ij(sj)+ZD2f(9) (lnv)g_zz(sj)
J=1 =
D;®) (nv)*? (¢ (G\"! dn
TTe fl In n B, s(n));
Dn(0) (1 -2 G G 6-2 J
+%fv In 7 tﬁ(n,p](n),pz(n));77
D.(O) (1 -2 G G 6-1 J
+% f In{> w(n,pl(n),pz(n));ﬂ
S Dsi@) (nw)' v\ i
+;TLI 1n(g) w(n,pl(n),pz(n))g

“ Inv*(log,, v)2Dsi(0) (Inv)’™  rv; (5,102 dn
+; T@-1) fvlln(g) w(n,pl(n),pz(n));

j—

U

L 1(3)0_1< ), o) 1
F(H) » n n lr// n, pin), p2\n 77,

foru=1,2,...,m.
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Our next step is to convert the considered system (1.1) into a FP problem. Give the definition of the
operators E,E : 3 — J as

E(z.5) (W) = (Eiz (), E2z (v)) and E(z, ) () = (E) (2, 5) (), B2 (5,2) (),

where

E\ (z(v)) = GDy(@)B*(2) (Inv)” > + Y1) Dyi(@) (Inv)” > Ii(z:) + L1, Dai(@) (In ) > Ii(z;)

@)(Inv)@ 2 W—l
a2 (O (6)T Bl ), = 1,2,k

E; (s () = GDy(0)B*(s) (Inv)" ™ + 34 Dl,(e) (Inv)* i i(s7) + ') Do) (In )" Ti(s))
4 D3O )2

T(0) f In ( )9 B(U,S(U)) u=12,..,m
4.9)
and

@ M) w2 G w-2 o
E (z,5) (v) = % [ In(9)" "¢ (n D7), DPs()) &
o v w2 o
g [Tin(5) 0o Do )

b3, DAGUITE Uy ()T g (3 Do) DY s(ip)) 2

+ Z? 1 % Lt]—ll In (%)W—Z ¢ (U’H DWZ(?]),H DGS(T])) d_n,]
wo-1
F(w) f ln( ) ¢ (n,a1(n),ar(n)) dn

, u=1,2,...k,
n
nv)f2 (G 6-2 (410)
Ex(s.0) @) = Bty |, In ()" v (" D"s(m)." Dz(m)) &

4 D02 Oy () o (n" D50 D))

+ 2 —DS’(%BU)& S (2) (0 D s, DwZ(U)) =

Y(log,. v v v
+z;f_1 e [ (%) (. D s, HD”z(n))

dn
n
r(e) ln( )9 1 v (U’H Ds(n),H DwZ(n)) S U= 1,2,...,m.

The preceding assertions must be true in order to conduct further analysis:

(Al) For v € U and a,az, p1, p2 € R, there exist f(), fl, fz,po,pl,pz S C(U R.,.) so that

¢ (v, a1 (V), (W) < Lo (W) + 61 V) lar (V)] + 6 (V) |ax )],
I (v, p1(), p2(V))] <

< po @) +p1 @) P+ p2 (V) [p2(V)],

with € = sup,., o (W), &1 = sup,., €1 (v), &
sup,cy p1 (v), and py = sup, ., P2 (v) <1

(A,) For the continuous functions B* Iu, IL, R — R there are positive constants
03, 0,, 05,07, 0" O3, O}, 0 O" 0” so that for any (z, s) € J

= Sup,ey 2 (), o = SUPeypo (), P1 =

B (2)] < Op, |L(z)|<O;lzl+ 07,
B ()] < Op, IL(s))|<Oyls|+ 0,

< Orlzl + 07,
< Oylsl + O

-

where u = {0, 1,2, ..., k}.
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6925

(A;3) Forall v € U and s, z € R, there are oy, 01, 07,9, € C(U,R,), so that
|B (v, z(v)| < 01 (v) +6; lz(v)] and |B (v, s(V))| < 02 (V) + 61 [s(V)],
with o] = sup,.; 01 (V) , 6] = sup,y; 61 (V) , 05 = SUP,cyy 02 (V) , 05 = sup,; 62 (v) < 1.

(As) Eorfach ai,ay, dy, dz, p1, P2, p1. P2 € R, and for all v € U, there are constants Ly, L, > 0, and
Ly, Ly € (0,1) so that

IA

Lylay =@ + Ly lay — @l ,
Ly|py — pil + Ly |p2 — pal .

¢ (v, a1(v), ax(v)) — ¢ (v, a1 (v), @ (V)
W (U’ PI(U)a pZ(U)) - lﬁ (U5 ﬁl (U)a ﬁZ(U))l

IA

(As) For the continuous functions Iu,Tu : R — R, there are positive constants L;, L7, Z,, Z; so for any

(z,9),@Z5) el

IL(z) = LG < Lilz =3, L(sw)) = LGw)| < Li|s 3],
LGW) - LGW)| < L7lz-Z  |L(s@)) - L,Gw))| < L7ls - 3.

(A¢) Foreach s,z,5,Z € R and for all v € U, there are Lg, Ly, Lg, Lg- > 0, so that

A

|B(v,z(v)) = B(v,z(v))] < EB lz=72, |B"(2)—B"(2)| < L~B lz -7,
IB(v,s(v)) = B(v,s(v))] < Lgls=7l, |B*(s)=B"(5)| < Lp|z-7].

Here, we demonstrate that the operator E + E has at least one FP using Kransnoselskii’s FP theorem.
For this, we choose a closed ball

y y
3, = {(z, )€ T ol <y, Nzl < 3 and ||s|| < 5} c9,
where - B
* Hok [0+€2,50)M;+(50+52f0)M;*
s M} + M + o
= e e MG ME
! M2 M2 pa-1

Theorem 4.3. There exists at least one solution to the CII-FDEs (1.1) provided that the assertions (A;)
and (A,) are true.

Proof. For any (z, s) € J,, we get
|EG. $) @) + Ez 9|y < IEi@lg, + |E2()llg, + [|E1(z, 9)]|5, + [Ercz. )]s, - (4.11)

From (4.9), we have

[Ez@)(inv)™®| < GID(@)IIB' @I+ ) IDi@) 1wl + ) IDai(a)l [[zw)|

i=1 i=1

G w—1
In (—)
n
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foru =1,2,..., k. This leads to

IE) (),

IA

GOg |Dy(@)| + ulDi(@)| (O; lzll + OF) + u D> (@) (07||z|| + 0,~)

Ds(@)| (¢} ) + 6 llzID)
- ol (@)
= GOp IDo(@)| + u0; |D\(@)| + uOY |Dy(w)| + u0; ID\(@) |l

IDs(@)|(¢; () + 6} IIzID)

In (G)“|

O+|D — In (G)”
+uO7|Da(@)|||z| T+ D IIn (G)“|
< M+ M zl. 4.12)
Analogously, one can write
IE2(Dllg, < MY" + M5 |[sl], (4.13)
where
. . . |Ds3(@)| 07 (v) -
M; = GOg |Dy(w)| + u0y |D(w)| + uO? |Dy(w)| = ———— |In(G)”|, u=1,2, ...k,
1 I'o+1)
M, = uO;|D{(@)| + uO7|Dy(w)| — M In(G)?|, u=1,2,...k
2 - 1 1 I 2 r (’(D’ + 1) ’ e et R EAL]
ok 2y A Y |D3(6)|Q§ (U) 0
M7* = GOg |Dy(9)| + uO; |D(0)| + uO7 |D,(6)] — W |ln G, u=1,2,...m,
M5 = uO;|Di(0)| + uO7|D(6)| - Mpn((})ﬂ u=1,2,.,m
2 - 1 1 I 2 F (9 + 1) ’ I Rt AT .

Further, we obtain for u = 1, 2, ..., k, that

|E| (2, 5) () (Inv)* ™|

IDy(w)|  (° (G)“‘Z (G)“’“
_— In|— In|—
T@-1)J, | \n n
“Dsi@) (V] (v )\ dyp || | (u\™!
2 T () 1“(5) P f 1“(5)

i=1 Ui-1
In* @ (Inv)”™@| v (y;\77 dn
+ In[= = 4.14
> oD f “(n) Ipani (4.14)

i=1

dn  |Dy(@) ¢
Ip(m)l . T @ J,

lp(m) i
n

d
(] =
n

From assertion (A;), we can write

P = ¢ W, a1(v), ;)| < ¢ (v, 2(v),a(V)) <

to () + £, ) 2] + £ (V) la(v)]

bo () + 41 (V) 2] + & V) Y (v, p1(V), P2(V))]
bo ) + 6 ) 2] + & W) Y (v, s(v), p())]

lo () + £ (V) |zV)| + €2 (V) [po (V) + p1 W) [s@)] + p2 (V) [p()I]
< to (V) + 4, (V) po (V) N 6 (V) lz()| + 6 (V) p1 (V) [s(V)]
T 1-6wpe ) -6 @wp: (V)

IA A

)
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which implies that

Lo+ bpo | Gl + G sl
1- fng 1- 5252
Taking sup,,.,; on (4.14) and using (4.15), one has

o + O . £ \lz0l + 6py ||s||)

E (z, < |2 =
” | S)”Sl = (5252 -1 6y — 1

Do@) (€)™ 1@ in ()] ulDs(@)l|(in )"

I' () I'o+1)

[an w22 |10 2)°] wefin o= anw>||(in 2

+
I'(w+1) I' (@)
(€ + Cpo) M5 (€1 1211 + Loy lIsll) M;
— + —
Opy — 1 Opy - 1
lo+OGpo) M Y M
< ( ) + =—— Iz, 9.

bopy — 1 tpr =1

In the same scenario, we get

(50 + /72?0) My ysMmy

B2 @ 8]y, < —== + == |z s,
Oy =1 Oy — 1
where
Po@n($)| u@(2)7]  ups@in )|
M = (@) T(@+1) @) u=12
3 - — - v; @ ’ — e e
|(1n u)z"””(ln ﬁ)’”‘ u|]n V7 (Iny)? | (ln ﬁ) |
T(@+1) (@)
G \0-! 0 v\’
Po@(S)|  ipyin(g)| 5@ (1n55)
My = (0 T(6+1) e+ Cu=1,2,
|(1r1 v)z—e”(ln #)8' ulln *(In U,—)z’e| (ln %) ‘
T'e+1) IXC)
Y;k = max{fl,é’zﬁl}, Y; :max{f)}f],ﬁl}.

Applying (4.12), (4.13), (4.16) and (4.17) in (4.11), we have

(Z) + ?2,750) M; + (50 +f52%) M

|E@ ) +E@ )|, < M;+M;+ —
Oy — 1
YIM; + Y, MY

213
+——=——"II@ ) + M; llzll + M;" ||s]]

bopy — 1

AIMS Mathematics
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(?o + ?2,750) M; + (50 +52%) M
£opy — 1
e e LIM+ Y MY
by — 1

< M7+ M7+

< X,
which implies that E(z, s) (v) + E(z, s) € J,. After that, for any v € U and s,2,5,Z € J, one writes

IE(z, s) — E(Z,9)lly
IEi(z) = E\@llg, + IE2(s) = E>(5)llg,

GIDo(@)||B'(2) = B'@| + Y IDu(@)| liz) = L@ + ) IDai(a)| [Ii(z) - TG
i=1 i=1

G w—1
In (—)
n

+G Do) |B'(5) = B'®| + ) Diy(®) [1(5) = LG)| + > Doy(®) [T = T;57)|

J=1 j=1
G 6-1
ln(—)
n

Applying (As) and (Ag), one has

IA

IA

ID3(@)| (€

T J,

— d
B(p. 2(n)) — By, Z0)| ;’7

ID;O)] €
"To J,

— d
By, s(n) — By, 5a))| 7'7

IE(z, $) — E@, 9y

Lg |D3(@)| |(In G)?|
< |GLy |IDo(@)| + uL; |Dy(@)] + uLz|Ds(w)| - == Iz =7
IN'(@m+1)
+|GLy. IDo(O)| + uL; ID1(0)] + uL7|D>(6) Ly IDs(@) |in G Is —
" u uly - s—5
e s et T@+1)
< LA +A)IIz—-Z 5 =9,
where L ~
L = max {LB*, L[, LT, LB*’ LI’ LT’ LB’ LB} s
and
D InG)®
A = GIDy@)+ulDy(@) + ulDa() - DA 5k,
IF'(m+1)
A = GIDUO+ D@+ ulDa) - IO 2
= -, u=1,Z,....,m.
’ O R T@+1)

Hence, E is a contraction mapping. Now, we claim that E is continuous and compact. For this, we
build a sequence G, = (z,, s,) in J so that lim,,_,,(z,, 5,) = (z, s) € J,. Hence, we obtain

|E(z, $) = E(zu, 1)

s <||EiGa s0) = Erz 9|, + [[Ea(zas 50) = Eaz, 9, (4.18)
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Since
||El(zn’ Sn) - El(Z, S)”S]
Do@)I[in ()7 1Du@)Iin(£)7]  uiDs(@)i|(in 27|
= T (@) T+ T+ 1)
am <[ (n )] w2 nung® =i )™ (L¢ I = 2l + oLy llsn = s
I'(@+1) I (@) LyL, — 1
L Mg*[qunzn —2l+ Z¢L¢||sn—s||], @.19)
and

>y 50) = Ex(z, 9)| 5,
Do@) [ (2)| 1Ds@I[in(E)] wiDs(O) |(1n )]

T®) T@+1) T@+1)

amof[(m 2w Qv (n )" [L% o =l + Lyl — sl')
T@+D) o L,

, L,L, Zn =2+ Ly |8, — 8
. M;ﬂ*[ oLy llzn =2l + Ly | ||]. 4.20)

LyL, — 1
Applying (4.19) and (4.20) in (4.18), we conclude that

||E(Za S) - E(Zl’l’ Sn)

Lyllz, — z +L,L S, — 8 L,L Zo =2l + Ly |5, — 8
ol |+ LyLy | ”]+M;;*[ oLy | |+ Ly ||),

< M; — =
LyL, -1 LyL, -1

which yields ||E (2, 8) = E(zp» 8p)
and (4.17), we get

g — 0asn — oo, this proves the continuity of E. Next, using (4.16)

Eeowly = IEGowl,+1Ecol,
( oi‘~2po) 3, (Po;"fz 0) s . (~IEM3 . ~YiM3 ]H(Z, 9l
tpr — 1 tpr — 1 Oy =1 bpy—1
< x

Therefore, E is uniformly bounded on J,. Finally, we show that Eis equicontinuous. To get this result,
take vy, v, € U with vy < v, and for any (z, s) € 3, ¢ J (clearly J, is bounded), we obtain

|Ev 9 @) - Eiz. ) @),

= max {'[El (z,5) 1) — Ei(z, 5) (UZ)] (In U)Z_w’}

AIMS Mathematics Volume 8, Issue 3, 6913-6941.
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IDo@)l[In(£)”"|  IDs@)l n ()7 uIDs@)l |(1n )"
: I (@) T T [(@+1)

X [(Inv)* ™| [nv)™ 2 = (Invy)™
. u |(1n v)2—W| ‘(ln Ul)w| 'ln v (logvu vl)w‘2 —Invi™® (10gyu Uz)w—z‘

I'(w)

Co+ 000 o0 Inv)*™™
[T+ Ty G+ G lsll) | [anw) ]
I' (@)

U w—1
f In (%) ¢ (U,H D%z(v)," Dgs(v)) %

1 - 6ps 1 - tp,

2

vy w—1
- f In (2) ) (U,H D%z(v),H DHS(U)) d_n
v, n n

which yields that
|E1(z. $) 1) = Ei(z. 5) (Uz)HS] — 0, asv; - vs.

Similarly, we get
|Ex(z. 8) 1) = Ex(z. 5) (Uz)”g2 — 0, asv; - v

Hence B _
|Ez. $) 1) = Ez, 8) @2)||g = 0, as v — vy

Therefore E is a relatively compact on J,. Thanks to the theorem of Arzela-Ascoli, E is compact.
Thus, it is completely continuous. So, the CII-FDEs (1.1) admits at least one solution. This finishes
the proof. O

Theorem 4.4. Assume that (A4)—(Ae) are fulfilled with

Uy (Ly + LyLy) + Ua (LyLy + Ly)
LyL, — 1

0,+05+ <1, (4.21)

then the CII-FDEs (1.1) possesses a unique solution.

Proof. Let N = (N,N) : 3 — I be an operator defined by K(z, s) (v) = (NX1(z, 5), N2(z, 5)) (v), where

Ni(z.s) = GDy(@)B (2)(Inv)”™ + Z Dy(@) (Inv)” Li(z(vy)

i=1

I' (w)

Dy(@)(nv)™? (¢ (G\? , . .. \d
w1 l;mﬁ) (1" D72 Do) 57

-2 G o—1
L@ (o) f In (Q) ¢ (n."" D7z(m)," D’s() "
I (o) o \M 7

u @2 G w-1
> Do) (o) Tieton) + 220V fﬂln(g) By, )2
pry 1 n n
n
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“ [ 1 w-2 Vi ; @-1 d
N Z 5 (TD')( IlU) L_l ln (%) ¢ (U’H Dwz(n)’H Dﬁs(n)) 7]7

i=1 r (W)
“ In v3‘w(logv[ U)w—Z v | v; w-2 i o H dT]
4 IZ; FooD Ll n (; ) (17, z(n), S(TI)) o

1 U Uw—l . v dn
) j; ln(;) ¢(77, D%z(n), DS(n));,

foru=1,2,....,kand

N2z, 8) = GDy(O)B'(s)(Inv)*? + Z Dy;(0) (Inv)" 2 I,(s;) + Z D1(6) (Inv)"> E(sj)

J j=1

l
—_

-1 d
Mmmmf

0-2

NG
I'(6) i

-2 G
Lo (<),
F(H_ 1) 7

6-2 G
+ M f 1
INC)) y

Y Dsi(0) (nw)?2 v (v\! én
+;Tful ln(;/) ¥ @ i), pa) 2

d
W (m, p1(n), p2() 777

-1

=
I|IQ I IQ I |Q

d
¢mmmnmw»#

J

“ Inv*~(log, v)*? -2

U j Ul - dn
+JZ::4 T@H-1) fv_lln(;) 9[’(77,171(77),[72(77));

-

U

v 6-1 dn
T J, 1“(5) ¥ G 1D, o) 7

foru =1,2,...,m. In light of Theorem 4.3, one can obtain

Rz 9) - MG ) ((nw)™2)|

Lg|D InG)”
< [GLB* |Do(@)| + uL; |Dy(@)| + ul;|Dy(w)| - Bl ;((Z)!(lf; )7

IDo(@)| 'ln(u%)w_l‘ |Da(@) ’ln (Ug)w' u|Ds(w)| |(ln ﬁ)w‘
I' (@) " [(@+1) - C(w+1)

Janey=][(1n £)7] afine = Gnow] i(m:—a)“l‘] L
— = == lz -7l
[(w+1) (o) [L(pr_ 1]

o n(e)”| piefa(e] e
' I (@) T@+D) | T(@+D)
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a2 (0 2)7] K 102 An v, (n 2)°"| (z¢ Lyls- g‘l]
[(@+1) I (@) LyL,—1 )

foru = 1,2, ..., k. Passing sup,.,,, we have

Uy (Lg + LyLy)
1z ) = NiE@ Sy, < | U1+ —== Iz $) =GN u= 1,2,k
LyL, -1
where
Ly |D;(@)||(In G)“|
Uy = GLy IDy(®@)| + uLy 1Dy (@) + ul;|Da(m)] — 22122 ,
I'w+1)
w—1 - -
o o Po@im(@)” | Du@in(E)] ups@ifinzs)’
2 = I'(w@) I(w+1) [(w+1)
Janwy~7|(in 2)°]  ufin v Anwy™f(in )7 |
Analogously,
X202 ) = Ra@ S, < | O3+ —=—= ) =GR, u=1,2,...m,
LyL, -
where
() GLg Do) + uL; |Dy(O)] + uL+|Do(0) Ly ID5(0)| |(In GY'|
= " u ul~ _
3 B 1o 111 7102 @+ ,
6-1 0 0
5 _ D@ i (£)7| 1pa@ i (£)|  ulDs@)|(in 2]
4 re L@+1 L@+1)
amo [ 2)] e nng® i )
+
Hence
Us (Ly + LoLy) + Vs (Ly + LoLy
NGz $) = REDlls < [Ty + Vs + (Lo + Loly) + U ) Iz s) - G,
LyL, -1
This suggests that N is a contraction. Consequently, the CII-FDEs (1.1) has a unique solution. O

5. Analyzing stabilities

In this section, we examine various stability types for the suggested system, including the HU,
GHU, HUR, and GHUR stability.
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Theorem S5.1. If the assertions (A|)—(A3) and the condition (4.21) are true and
LyLyL,L, 0,0,
[(LoLy = 1) (n )™ = Uy) = ULy | |(LLy - 1) ((n0)* = T3) = V4L |

then the unique solution of CII-FDEs (1.1) is HU stable and as a result, GHU stable.

= =1-

> 0,

Proof. Take into account that (z, s) € J is an approximate solution of (3.1) and consider (z,s) € J is a
solution of the coupled problem shown below

ApD77v) = ¢>(U,H D7Z(v), Dmv)) ,velU vy, i=1,2,..k,
HDVsty) = l//(U,H D%s(v),H D’”’z?v)), velU v+vj, j=1,2,.m,
Az@) = IZw), AZ W) =IZw), i=1,2,..k
ASw)) = L), AS@) =Tsw;), j=1,2,..m, (5.1)
G w—1
A6) = 15 [ n(S)" BT %, T(G) = B,

1

56 = 5 [T () B S, F(G) = BG).

From Remark 3.5, we get

1D72(w) = ¢ (1.7 D72()." D'sW)) + Ry (W), vE U, v# vy, i = 1,2, .k,
Az() = I; W) + Ry, AZ (W) = I (z() + R,y i = 1,2, .k,

2
HDOs(v) = ¢(U,H Ds(v),H Dwz(v)) +R, ), vel v+v;, j=1,2,..m, (5-2)
Asw)) = 1;(sw)) + Ry, AS'@W) =T;(s@w))+ Ry, j=1,2,...m.
It follows from Corollary 4.2 that the solution of system (5.2) is O

W) = GDy(@)B'(2) (Inv)”2 + > Di@) (Inv)”? (Iiz) + Ry

i=1

+ Zu: Dyi(@) (Inv)™ 2 (Z(Zi) + R@)

i=1
Dy(@)(Inv)”2 (¢ (G\" _ dn
M f | ln(;) ¢ (0" D"zm)." D s() + R (v)]7
Dy(@)(Inv)®2 (¢ (G\”"
T T (o) f 1“(5) |9(

Ds(@)(Inv)™2 (¥ (v;\7! w dn
+)= T (@) f ln(;) |6 (n."" D7z()." D's(m)) + Ry )] >

i=1 Vi-1

d
0" D72 D's(m) + Ry )] 7’7

“ In U3_w(10gvi U)w—Z U; Ui w-2 ~ dn
i Z [(@-1) fv y In (;) [¢ (U,H D7z(m)," DOS(n)) + R, (v)] o

i=1

w2 G w-1
AP [T1a(S) b
I'(w) 1 n n
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1 v v w—1 _ dn
T f IH(E) [ (" D726).” D) + R )] . (5.3)

foru=1,2,....k and
s@) = GDy(6)B"(s)(Inv)" > + Z Dy(0) (nv)" (Ii(s)) + Ry,
j=1

+ 3 Dy0) (nv) (I(z)) + Ry

j=1
Do® ) (S (GN 2 f won o
+W fl:“ In (;) [¢ (U, D S(U), D Z(U)) + %lﬂ (U)] _!
Dy()(nv)2 °  (G\"" _ d
+4rT fu In (;) [¢ (v,H D’s), D z(v)) + Ry (U)] ;
- 0

Ds5i(0) (Inv)2 v (v;\"! ) i
+ ; SFW fvj_l In (;’) |6 (v." Ds). D7z()) + R, ()] ~

“ In v3_0(10gyj V)2 v\ i i
’ ; r@-1) fv Ny In (;) [¢ (v,H D’s)," D z(v)) + R, (U)] >

D6 (Inv)”? ¢ (G\"' dn
+Tfl 1n(;) B(n,S(n));

U v 0-1 _ dn
+m . ln(ﬁ) [¢ (U’H DHS(U),H D Z(U)) + %w (U)] ;, (5.4)

foru=1,2,...,m. Consider
(@) -Z@)) Anvy*™|
< GIDy@)I|B'@) - B'@|+ ). IDi@)I[liz) - LG)| + D IDsi(@)l [Ti(z) - TG
i=1 i=1

G w-2
In (—)
n

G w—1
ln(—)
n
S |Dsi(w)) [V

. w-1 _ i
2 T@) J, m(%) ‘sb(n,HD 2o, D) - ¢ (n." D7z, D‘Pszn))‘ 7’7

o) |anv)™2| o] (o)
D e L O

|6 (07 D72, Ds(p) - 6 (1" D72, D) 2
n

IDo(@)| [
Tw-1nJ,

|6 (. D727)." D)) - ¢ (1. D207, D5 %

IDy(@)| (€
T J,

‘rﬁ (n,H D7z(n)," Df’s(n)) - ¢ (n,H D7z, H D‘*srn))‘ %
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|(1nv> o - dn
T ( ) 6 (n." D z<n>f’DBs<n>)—¢(n,”Dm'zIn>,”Dgﬁn))\;
w—1 _ d
Ds@l (%), (9) B0 - B )] <
I'(w) n
D G\ d
+Z|Dzl<w)||9%¢|+Z|Du(w>||m,|+ | 0<w>1|) 1n(;) RS
ID4(w)| G\"" dn Dsi@)| (| (v dn
T ln(ﬁ) [Re @5+ LT J, ln(ﬁ) "m @I
u 3—w| |(1n Ui)w—2| v, @2 dn
+; Tw-1  Ju, ln(ﬁ) Sy

|(ln v)>~ 9|
T(o) f

As in Theorem 4.4, one has

()

O,L U,L,L
ol < [0 22 o ==l + 2 s3],
LyLy LyL, -
+ (0 + u|Dy(@)| + u|Dy(@)|) ¢, (5.5)

foru=1,2,....,kand

O4L4L Oy
R e A e L I
+ (U4 + u|D1(0)] + u|D2(0))) @s. (5.6)

Arranging (5.5) and (5.6), we get

o=, - UaLyL, s—3], < ©2tuDi@l+uiDy(@))
" (L, - 1) ()72 - U)) - UaL, e 1—(Ul+~”ffl)(1nu)2-w

(Uy + uD1(O)] + uD2(6)))
(03 il )(1 v)> !

Yo (5.7)

and
U,LyL,
LyL, - 1) ((nv)"? = Us) - V4L,

=75, <

S0 (5.8)

ls=lls, - (

respectively. Assume that O, = 1 — (Ul + = UM )(ln V)Y @and Dy =1- (U + = iLw )(ln v)* . Then
(5.7) and (5.8) can be written as

1 — == UZZ¢L¢ ||Z _/5||51 Dw‘pw
N (LoLy=1)((n )™ =T )-Us Ly
_ U4LyLy
(LoLy—1)((nv)*"2~U3)-U4Ly, 1 ||s - ?”Sl DgPe
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Hence
ke =l L ety ot |[ Oe .
- U4LyLy 1 1 ’ :
||S - E”gz (ZoLy—1)((n ) 2=03)-UsLy, 3 3 oo
where
J=1-— Lﬂ@ﬂw??? u - > 0.
[(LoLy = 1) (n ) = Uy) = ULy | |(LLy - 1) ((n0)* = Ts3) = UuL |
From system (5.9), we observe that
_ _ Dwgﬁw ngquwagng 1
||Z /Z‘”fh B | * (Zﬁﬁz'ﬁ _ 1) ((ln U)w—Z ) UQL¢
|| _AH _ U4L¢Z¢Dw‘pm l + DH‘PG
= (LL, - 1) (w2 -Uy)-vL, 3 3
which yields that
w()ow DO‘pG UQZ¢L¢DH¢H l
”Z A“s + ”S A“s = + 3 + (Z¢z¢, B 1) ((ln VT2 Ul) _UsL, 3

U4L¢Z¢Dw¢w l
(LoLy = 1) ((nv)*2 = U3) = UyL, T

+

Let us consider ¢ = max{py, ¢} and

Dy Do U,LyLyOg 1
Opyg = —+—=+-== =
= 3 (LL - 1) (n)™? - Ty) = UpLy =

N U4LyLyOo 1

(LoLy = 1) ((nv)" = U3) - V4L, =
Then, we can write
||(Za S) - (Z\’TS‘)”‘J < DW,QQO,
which leads to the supposed coupled problem (1.1) is HU stable. Further, if
| $) = @9y < Dwp®(e), DO) =

Then the suggested coupled problem (1.1) is GHU stable.
For the final result, we suppose the following assertion:

(A7) There are nondecreasing functions 1, Jy € C(U,R,) so that

Hp@3_(v) < Lyl (v) and "D, (v) < Lydy (v), for L, Ly > 0.
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Theorem 5.2. If the assertions (A1)—(A3) and (A7) and the condition (4.21) are fulfilled and

LyLyLyL, 0,0,
[(LsLy = 1) ((n )™ = Uy) = ULy | [(LoLy — 1) (An0)*> = Ts) = UsLy |

a=1- > 0,

then the unique solution of CII-FDEs (1.1) is HUR stable and consequently GHUR stable.

Proof. According to Definitions 3.3 and 3.4, we can get our conclusion by following the same
procedures as in Theorem 5.1. O

6. Illustrative example
Example 6.1. Consider

6 5
6 Hps Hp3
HDSz(v) = —2* D5z(l;)+ D“(? , u# 1.5,
7Oe20+”(1+”D 5z(v)+H D4 S(U))

6 5
AD5 z2(w)+1 D7 s(v)

ADis(v) = & (vcos z2(v) — s(V) sin(v)) + —22E LWy, 5 5,
19 25+HD5 z(v)+HDzs|§7(J1) 5|
Az(1.5) = Liz(1.5) = 5575, AZ(15) = hiz(1.5) = 53035, 6.1)
As(1.5) = I;s(1.5) = 5502k, As'(1.5) = I1s(1.5) = 535, vy = 15,

W=

¢ e 2 ’ i«
we) = [ n(5) Tt Y@=l g k@), 1< <28,

1
(e 5 P+s() d 10 1 «
s0) = i [ In(8)" T @ = B g s@l. 1 <4 <28,

where 3,2 & < 0.5 for v € [1, e]. In view of problem (6.1), we observe that @ = 8 o=2 e
k = 1 and vy = 1.5. Further, it’s simple to locate Lg- = ZB* =05, Lg = ZB = %, Ly = L7y = 0.5,

ZI = Z; =0.04, L, = Z¢ = ﬁ and L, = Z¢ = (0.04. Based on Theorem 4.4, we find that

Uy (L + LyLy) + Us (LyLy + L)

U, +05+ — ~ (.537.
LyL, -1
Therefore problem (6.1) has a unique solution. Further
LyLyL,L, 0,0,
== l-7== -2 7T 6-2
[(LoLy — 1) (n )™ = Uy) = ULy | |(LLy - 1) ((n0)* = Ts3) = UuL |
= 0.023 > 0.

Therefore, according to Theorem 5.1, the coupled system (6.1) is HU stable and consequently GHU
stable. Similarly, we can confirm that Theorems 4.3 and 5.2 are true.

7. Conclusions

In this manuscript, we used fixed point results of Banach and Kransnoselskii to give necessary and
sufficient conditions for the existence of a unique positive solution for a system of impulsive fractional
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differential equations intervening a fractional derivative of the Hadamard type. We also studied some
Hyers-Ulam (HU) stabilities such as generalized Hyers-Ulam (GHU), Hyers-Ulam-Rassias (HUR),
and generalized Hyers-Ulam-Rassias (GHUR) stabilities. At the end, we provided a concrete example
making effective the obtained results.

Acknowledgments

The authors thank the Basque Government for Grant I'T1555-22. This work was supported in part
by the Basque Government under Grant IT1555-22.

Contflict of interest

The authors declare that they have no competing interests.

References

1. K. Diethelm, A. D. Freed, On the solution of nonlinear fractional order differential equations used
in the modeling of viscoplasticity, Scientific Computing in Chemical Engineering II-Computational
Fluid Dynamics, Reaction Engineering and Molecular Properties, Springer-Verlag, Heidelberg,
1999, 217-224.

2. L. Gaul, P. Klein, S. Kempfle, Damping description involving fractional operators, Mech. Syst.
Signal Pr., §, (1991), 81-88. https://doi.org/10.1016/0888-3270(91)90016-X

3. W. G. Glockle, T. F. Nonnenmacher, A fractional calculus approach of self-similar protein
dynamics, Biophys. J., 68 (1995), 46-53. https://doi.org/10.1016/S0006-3495(95)80157-8

4. R. Hilfer, Applications of fractional calculus in physics, World Scientific, Singapore, 2000.

F. Mainardi, Fractional calculus: Some basic problems in continuum and statistical mechanics,
Fractals and Fractional Calculus in Continuum Mechanics, Springer-Verlag, Wien, (1997) 291—
348.

6. F. Metzler, W. Schick, H. G. Kilian, T. F. Nonnenmacher, Relaxation in filled polymers: A
fractional calculus approach, J. Chem. Phys., 103 (1995), 7180-7186.

7. K. B. Oldham, J. Spanier, The fractional calculus, Academic Press, New York, London, 1974.
https://doi.org/10.1063/1.470346

8. A. M. Samoilenko, N. A. Perestyuk, Impulsive differential equations, World Scientific, Singapore,
1995.

9. M. Benchohra, J. Henderson, S. K. Ntouyas, Impulsive differential equations and inclusions,
Hindawi Publishing Corporation, New York, 2006.

10. V. Lakshmikantham, D. D. Bainov, P. S. Simeonov, Theory of impulsive differential equations,
World Scientific, Singapore, 1989.

11. M. Frigon, D. O’Regan, Impulsive differential equations with variable times, Nonlinear Anal., 26
(1996), 1913-1922.

AIMS Mathematics Volume 8, Issue 3, 6913-6941.


http://dx.doi.org/https://doi.org/10.1016/0888-3270(91)90016-X
http://dx.doi.org/https://doi.org/10.1016/S0006-3495(95)80157-8
http://dx.doi.org/https://doi.org/10.1063/1.470346

6939

12

13.

14.

15.

16.
17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

. M. Frigon, D. O’Regan, First order impulsive initial and periodic problems with variable moments,
J. Math. Anal. Appl., 233 (1999), 730-739. https://doi.org/10.1006/jmaa.1999.6336

J. R. Graef, A. Ouahab, Global existence and uniqueness results for impulsive functional
differential equations with variable times and multiple delays, Dynam. Cont. Dis. Ser. A, 16 (2009),
27-40.

I. Bajo, E. Liz, Periodic boundary value problem for first order differential equations with impulses
at variable times, J. Math. Anal. Appl., 204 (1996), 65-73.

K. T. Dinh, D. Loan, Fixed point approach for weakly asymptotic stability of fractional
differential inclusions involving impulsive effects, J. Fix. Point Theory A., 19 (2017), 2185-2208.
https://doi.org/10.1006/jmaa.1996.0424

A. Granas, J. Dugundji, Fixed point theory, Springer-Verlag, New York, 2003.

B. Wongsaijai, P. Charoensawan, T. Suebcharoen, W. Atiponrat, Common fixed point theorems for
auxiliary functions with applications in fractional differential equation, Adv. Diff. Eq., 2021 (2021),
503.

H. A. Hammad, H. Aydi, N. Maliki, Contributions of the fixed point technique to solve the 2D
Volterra integral equations, Riemann-Liouville fractional integrals, and Atangana-Baleanu integral
operators, Adv. Diff. Eq., 2021 (2021), 79. https://doi.org/10.1186/s13662-021-03660-x

H. A. Hammad, H. Aydi, M. D. la Sen, Solutions of fractional differential type equations by fixed
point techniques for multivalued contractions, Complexity, 2021 (2021), 5730853.

R. A. Rashwan, H. A. Hammad, M. G. Mahmoud, Common fixed point results for weakly
compatible mappings under implicit relations in complex valued g-metric spaces, Inform. Sci. Lett.,
8 (2019), 111-119. https://doi.org/10.1155/2021/5730853

M. Feckan, Y. Zhou, J. Wang, On the concept and existence of solution for impulsive fractional
differential equations, Commun. Nonlinear Sci. Numer. Simul., 17 (2012), 3050-3060.

D. D. Bainov, A. Dishliev, Population dynamics control in regard to minimizing the time necessary
for the regeneration of a biomass taken away from the population, Comp. Rend. Bulg. Sci., 42
(1989), 29-32. https://doi.org/10.1016/0096-3003(90)90120-R

D. D. Bainov, P. S. Simenov, Systems with impulse effect stability theory and applications, Ellis
Horwood Limited, Chichester, UK, 1989.

Humaira, H. A. Hammad, M. Sarwar, M. De la Sen, Existence theorem for a unique solution to
a coupled system of impulsive fractional differential equations in complex-valued fuzzy metric
spaces, Adv. Diff. Egs., 2021 (2021), 242. https://doi.org/10.1186/s13662-021-03401-0

H. Li, Y. Kao, H. Bao, Y. Chen, Uniform stability of complex-valued neural networks of fractional
order with linear impulses and fixed time delays, IEEE T. Neur. Net. Lear., 33 (2022), 5321-5331.
https://doi.org/10.1109/TNNLS.2021.3070136

H. Li, Y. Kao, Global Mittag-Leffler stability and existence of the solution for fractional-order
complex-valued NNs with asynchronous time delays, Chaos: Interdiscip. J. Nonlinear Sci., 31
(2021), 113110. https://doi.org/10.1063/5.0059887

AIMS Mathematics Volume 8, Issue 3, 6913-6941.


http://dx.doi.org/https://doi.org/10.1006/jmaa.1999.6336
http://dx.doi.org/https://doi.org/10.1006/jmaa.1996.0424
http://dx.doi.org/https://doi.org/10.1186/s13662-021-03660-x
http://dx.doi.org/https://doi.org/10.1155/2021/5730853
http://dx.doi.org/https://doi.org/10.1016/0096-3003(90)90120-R
http://dx.doi.org/https://doi.org/10.1186/s13662-021-03401-0
http://dx.doi.org/https://doi.org/10.1109/TNNLS.2021.3070136
http://dx.doi.org/https://doi.org/10.1063/5.0059887

6940

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

H. L1, Y. Kao, I. Stamova, C. Shao, Global asymptotic stability and S -asymptotic w-periodicity
of impulsive non-autonomous fractional-order neural networks, Appl. Math. Comput., 410 (2021),
126459.

A. Devi, A. Kumar, T. Abdeljawad, A. Khan, Existence and stability analysis of solutions for
fractional Langevin equations with nonlocal integral and anti-periodic type boundary conditions,
Fractals, 28 (2020), 1-12.

J. Wang, X. Li, Ulam-Hyers stability of fractional Langevin equations, Appl. Math. Comput., 258
(2015), 72-83. https://doi.org/10.1142/S0218348X2040006X

A. Zada, W. Ali, S. Farina, Hyers-Ulam stability of non linear differential equations
with fractional integrable impulses, Math. Meth. Appl. Sci., 40 (2017), 5502-5514.
https://doi.org/10.1016/j.amc.2015.01.111

H. A. Hammad, M. Zayed, Solving a system of differential equations with infinite delay by using
tripled fixed point techniques on graphs, Symmetry, 2022 (2022), 1388.

H. A. Hammad, M. Zayed, Solving systems of coupled nonlinear Atangana-Baleanu-
type fractional differential equations, Bound. Value Probl., 2022 (2022), 101.
https://doi.org/10.3390/sym14071388

J. Hadamard, Essai sur letude des fonctions donnees par leur development de Taylor, J. Math. Pures
Appl., 8 (1892), 101-186. https://doi.org/10.1186/s13661-022-01684-0

P. L. Butzer, A. A. Kilbas, J. J. Trujillo, Composition of Hadamard-type fractional
integration operators and the semigroup property, J. Math. Anal. Appl., 269 (2002), 387—400.
https://doi.org/10.1016/S0022-247X(02)00049-5

P. L. Butzer, A. A. Kilbas, J. J. Trujillo, Fractional calculus in the Mellin setting and Hadamard-
type fractional integrals, J. Math. Anal. Appl., 269 (2002), 1-27. https://doi.org/10.1016/S0022-
247X (02)00001-X

P. L. Butzer, A. A. Kilbas, J. J. Trujillo, Mellin transform analysis and integration by parts for
Hadamard-type fractional integrals, J. Math. Anal. Appl., 270 (2002), 1-15.

A. A. Kilbas, Hadamard-type fractional calculus, J. Korean Math. Soc., 38, (2011), 1191-1204.
https://doi.org/10.1016/S0022-247X(02)00066-5

M. Klimek, Sequential fractional differential equations with Hadamard derivative, Commun.
Nonlinear Sci. Numer. Simul., 16 (2011), 4689-4697. https://doi.org/10.1016/j.cnsns.2011.01.018

M. Benchohra, J. E. Lazreg, Existence and Ulam stability for nonlinear implicit fractional
differential equations with Hadamard derivative, Stud. Univ. Babes Bolyai, Math., 62 (2017), 27—
38. https://doi.org/10.24193/subbmath.2017.0003

Z. Ali, A. Zada, K. Shah, On Ulam’s stability for a coupled systems of nonlinear implicit
fractional differential equations, Bull. Malays. Math. Sci. Soc., 42 (2018), 2681-2699.
https://doi.org/10.1007/s40840-018-0625-x

Z. Ali, A. Zada, K. Shah, Ulam stability to a toppled systems of nonlinear implicit fractional order
boundary value problem, Bound. Value Probl., 2018 (2018), 175. https://doi.org/10.1186/s13661-
018-1096-6

AIMS Mathematics Volume 8, Issue 3, 6913-6941.


http://dx.doi.org/https://doi.org/10.1142/S0218348X2040006X
http://dx.doi.org/https://doi.org/10.1016/j.amc.2015.01.111
http://dx.doi.org/https://doi.org/10.3390/sym14071388
http://dx.doi.org/https://doi.org/10.1186/s13661-022-01684-0
http://dx.doi.org/https://doi.org/10.1016/S0022-247X(02)00049-5
http://dx.doi.org/https://doi.org/10.1016/S0022-247X(02)00001-X
http://dx.doi.org/https://doi.org/10.1016/S0022-247X(02)00001-X
http://dx.doi.org/https://doi.org/10.1016/S0022-247X(02)00066-5
http://dx.doi.org/https://doi.org/10.1016/j.cnsns.2011.01.018
http://dx.doi.org/https://doi.org/10.24193/subbmath.2017.0003
http://dx.doi.org/https://doi.org/10.1007/s40840-018-0625-x
http://dx.doi.org/https://doi.org/10.1186/s13661-018-1096-6
http://dx.doi.org/https://doi.org/10.1186/s13661-018-1096-6

6941

42. A. A. Kilbas, H. M. Srivastava, J. J. Trujillo, Theory and applications of fractional differential
equations, North-Holland Math. Stud., Elsevier, Amsterdam, 2006.

43. R. P. Agarwal, Y. Zhou, Y. He, Existence of fractional neutral functional differential equations,
Comput. Math. Appl., 59 (2010), 1095-1100. https://doi.org/10.1016/j.camwa.2009.05.010

44.J. Wang, Y. Zhang, On the concept and existence of solutions for fractional
impulsive systems with Hadamard derivatives, Appl. Math. Lett., 39 (2014), 85-90.
https://doi.org/10.1016/.am1.2014.08.015

45. P. Thiramanus, S. K. Ntouyas, J. Tariboon, Positive solutions for Hadamard fractional differential
equations on infinite domain, Adv. Differ. Equ., 2016 (2016), 83. https://doi.org/10.1186/s13662-
016-0813-7

46. M. Altman, A fixed point theorem for completely continuous operators in Banach spaces, Bull.
Acad. Pol. Sci., 3 (1955), 409-413.

47. 1. A. Rus, Ulam stabilities of ordinary differential equations in a Banach space, Carpath. J. Math.,
26 (2010), 103-107.

48. A. Ali, K. Shah, F. Jarad, V. Gupta, T. Abdeljawad, Existence and stability analysis to a

coupled system of implicit type impulsive boundary value problems of fractional-order differential
equations, Adv. Differ. Equ., 2019 (2019), 101. https://doi.org/10.1186/s13662-019-2047-y

©2023 the Author(s), licensee AIMS Press. This
is an open access article distributed under the
terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

@ AIMS Press

AIMS Mathematics Volume 8, Issue 3, 6913-6941.


http://dx.doi.org/https://doi.org/10.1016/j.camwa.2009.05.010
http://dx.doi.org/https://doi.org/10.1016/j.aml.2014.08.015
http://dx.doi.org/https://doi.org/10.1186/s13662-016-0813-7
http://dx.doi.org/https://doi.org/10.1186/s13662-016-0813-7
http://dx.doi.org/https://doi.org/10.1186/s13662-019-2047-y
http://creativecommons.org/licenses/by/4.0

	Introduction and building system
	Basic facts
	Definitions of HU stability
	Existence consequences
	Analyzing stabilities
	Illustrative example
	Conclusions

