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Abstract This study aims to analyze a Bayesian regularization backpropagation algorithm for

micropolar ternary hybrid nanofluid flow over curved surfaces with homogeneous and heteroge-

neous reactions, Joule heating and viscous dissipation. The ternary hybrid nanofluid consists of

nanoparticles of titanium oxide (TiO2), copper oxide (CuO), and silicon oxide (SiO2), with blood

as the base fluid. The governing partial differential equations for the fluid flow are converted into

ordinary differential equations using a group of self-similar transformations. The ordinary differen-

tial equations are solved using an appropriate shooting algorithm in MATLAB. The effects of phys-

ical parameters including curvature, micro-polar, radiation, magnetic, Prandtl, Eckert, Schmidt,

and homogeneous and heterogeneous chemical reaction parameters are analyzed for velocity, micro

rotational, temperature, and concentration profile. Physical quantities of engineering interest like

heat transfer rate, mass transfer rate, skin friction coefficient, couple stress coefficient, and entropy

generation are also discussed in this study. A Bayesian regularization backpropagation algorithm is

also designed for the solution of the ordinary differential equations. The obtained network is ana-
iversity,
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Nomenclature

Subscripts
f Fluid

nf Nanofluid
hnf Hybrid nanofluid
thnf Ternary hybrid nanofluid

Symbols

ðr; sÞ Curvilinear coordinates
R Radius of curved surface
U Velocity component in the s direction

V Velocity component in the r direction
N Micro-rotation velocity
V0 Mass-flux velocity

Tw Sheet temperature
T1 Ambient temperature
T Dimensionless temperature

B0 Uniform magnetic field
g Similarity variable
O Origin
Uw Stretching velocity

a Initial stretching rate (a > 0)
k Shrinking (k < 0) or stretching (k > 0) constant
n Turbulent flow constant

P Pressure

p gð Þ Dimensionless Pressure

v Kinematic viscosity
l Dynamic viscosity
k Thermal conductivity
q Density

cp Specific heat
f gð Þ Dimensionless velocity component in the r direc-

tion

g gð Þ Dimensionless velocity component in the s direc-
tion

/CuO Concentration of CuO

/TiO2
Concentration of TiO2

/SiO2
Concentration of SiO2

h gð Þ Dimensionless temperature
/ gð Þ Dimensionless concentration

h gð Þ Dimensionless concentration
k� Vortex viscosity
r� Stefan - Boltzmann constant

kRd Absorption coefficient
kr Homogeneous reaction rate constant
ke Heterogeneous reaction rate constant

ðb; cÞ Chemical concentrations
ðb0; c0Þ Initial chemical concentrations
ðDB;DCÞ Diffusion coefficients
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lyzed using training state, performance, error histograms, model response, Error autocorrelation,

and input-error correlation plots. It is observed that the entropy generation and the Bejan number

increase for enhancing Brinkman and radiation parameter. Clinical researchers and biologists may

use the results of this computational study to forecast endothelial cell damage and plaque deposi-

tion in curved arteries, by which the severity of these conditions can be reduced.

� 2023 The Authors. Published by Elsevier BV on behalf of Faculty of Engineering, Alexandria

University. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/

licenses/by-nc-nd/4.0/).
1. Introduction

The nanoparticles fluid suspensions are newly discovered
nanotechnology-based heat transfer fluids with enhanced ther-
mal properties. These properties are superior to the properties
of the base fluids that host the nanoparticles and the conven-

tional particle fluid suspensions. Nanofluids are produced by
dispersing and then stably suspending nanoparticles with typ-
ical dimensions of 10 nm. Rafiq et al. [1] studied the peristaltic

mechanism of nanomaterial with couple stress in a tapered
channel and provided insights into the behaviour of nanofluids
in peristaltic motion. Yadav et al. [2] presented an analytic

solution of a dual-porosity fractional model to simulate
groundwater flow in a karstic aquifer and predicted groundwa-
ter movement in karstic systems. Blood offers potential for

advancements in diagnostics, therapeutics, and medical treat-
ments. Gul et al. [3] investigated the mixed convection stagna-
tion point flow of a blood-based hybrid nanofluid around a
rotating sphere. Saeed et al. [4] explored the flow of a blood-
based hybrid nanofluid in the presence of an electromagnetic
field and couple stresses. Alnahdi et al. [5] focused on the

application of a blood-based ternary hybrid nanofluid flowing
through a perforated capillary, specifically for drug delivery
purposes. They examined the behaviour and performance of

the nanofluid in this context, providing insights that could
potentially contribute to advancements in drug delivery sys-
tems. Shrinking stretching surface in nanofluids induce a flow

that enhances heat transfer and fluid mixing due to the
dynamic changes in the boundary layer thickness, resulting
in improved convective heat transfer and enhanced nanoparti-
cle dispersion. Saeed et al. [6] conducted a theoretical analysis

of unsteady squeezing nanofluid flow, considering the physical
properties of the fluid. Khan et al. [7,8] studied the electro vis-
cous effect of water-based nanofluid flow between two parallel

disks with suction/injection effect is investigated. Javed et al.
[9] studied the axisymmetric flow of a Casson fluid induced
by a swirling cylinder. Dadheech et al. [10,11,12] investigated

the Marangoni convection flow of c-Al2O3 nanofluids past a

http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
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porous stretching surface in the presence of thermal radiation
and an inclined magnetic field. Their findings highlighted the
impact of these factors on the heat transfer rate, velocity pro-

files, and temperature distribution in the nanofluid flow.
External magnetic field used in nanofluids alters the flow

behaviour, heat transfer characteristics, and particle distribu-

tion within the nanofluid. Dinarvand et al. [13] studied the
squeezing flow of aqueous CNTs-Fe3O4 hybrid nanofluid
and analysed the effects of heat source/sink, nanoparticle

shape, and an oblique magnetic field and investigated these
factors on the flow behaviour and performance. Khan et al.
[14] conducted a numerical analysis of unsteady hybrid nano-
fluid flow consisting of CNTs-ferrous oxide/water with a vari-

able magnetic field. They studied magnetic field characteristics
on the flow. Rafiq et al. [15] theoretically explored thermal
transportation with Lorentz force for a fourth-grade fluid

model under peristaltic mechanism. Their main result involved
investigating the effects of the Lorentz force. Rehman et al.
[16] investigated the MHD flow of carbon in micropolar nano-

fluid with convective heat transfer in the rotating frame. Their
main result focused on analysing the influence of the rotating
frame and magnetic field on the flow behaviour. Kumar

et al. [17] performed response surface optimization for the elec-
tromagnetohydrodynamic Cu-polyvinyl alcohol/water Jeffrey
nanofluid flow with an exponential heat source. Thermal radi-
ations play a crucial role in nanofluid heat transfer processes,

influencing thermal conductivity, convective heat transfer, and
energy absorption characteristics. Dharmaiah et al. [18] devel-
oped a non-homogeneous two-component Buongiorno model

to investigate the nanofluid flow towards Howarth’s wavy
cylinder with activation energy. Dharmaiah et al. [19] studied
the Arrhenius activation energy of a tangent hyperbolic nano-

fluid flowing over a cone with radiation absorption. The
authors studied thermal radiation behaviour of the nanofluid.
Abbas et al. [20] examined the oscillatory slip flow of Fe3O4

and Al2O3 nanoparticles in a vertical porous channel using
Darcy’s law and thermal radiation. Abbas et al. [21] investi-
gated the peristaltic transport of a Casson fluid in a non-
uniform inclined tube considering the Rosseland approxima-

tion and wall properties. The study demonstrated thermal
effects on the flow characteristics and temperature
distribution.

Heat transfer rate in nanofluids plays an important role in
enhancing thermal conductivity and overall heat transfer effi-
ciency due to the presence of nanoparticles. Shah et al. [22]

conducted a computational analysis on radiative engine oil-
based Prandtl-Eyring hybrid nanofluid flow with variable heat
transfer using the Cattaneo-Christov heat flux model. Tang
et al. [23] performed a computational study on magnetized

gold-blood Oldroyd-B nanofluid flow and heat transfer in
stenosis narrow arteries. Abbas et al. [24] investigated the ther-
mally developed generalized Bödewadt flow containing

nanoparticles over a rotating surface with slip condition. Their
study focused on the flow behaviour and heat transfer charac-
teristics of the nanofluid, considering the presence of slip con-

dition at the surface. They provided insights into the thermal
development and flow patterns of the nanofluid over a rotating
surface. Mass transfer rate helps in determining the dispersion

and distribution of nanoparticles within the fluid, affecting
their stability and overall performance in various applications.
Alnahdi et al. [25] investigated the flow of couple stress ternary
hybrid nanofluid in a contraction channel for drug delivery
purposes. Gandhi et al. [26] conducted a study on entropy gen-
eration and shape effects in the context of hybrid nanoparticles
(Cu-Al2O3/blood)-mediated blood flow through a time-

variant multi-stenotic artery. Their research aimed to under-
stand the influence of nanoparticle shape and other factors
on mass transfer rate.

Viscous dissipation refers to the conversion of mechanical
energy into heat due to the internal friction within a fluid. In
the human body, viscous dissipation plays a role in increasing

the overall temperature of blood and tissues during blood flow.
Hameed et al. [27] presented an analytical analysis of the mag-
netic field, heat generation and absorption, and viscous dissi-
pation effects on couple stress Casson hybrid nanofluid flow

over a nonlinear stretching surface. Rafiq and Abbas [28]
investigated the impacts of viscous dissipation and thermal
radiation on a Rabinowitsch fluid model that follows a peri-

staltic mechanism with wall properties. Khanduri and Sharma
[29] focused on the mathematical analysis of the Hall effect
and hematocrit-dependent viscosity in Au/GO-Blood hybrid

nanofluid flow through a stenosed catheterized artery with
thrombosis. The main outcome emphasizes the influence of
these factors on the flow behaviour and the formation of

thrombosis in stenosed arteries. Gandhi and Sharma [30] pre-
sented a mathematical model for pulsatile blood flow using the
Casson fluid model through an overlapping stenotic artery
with Au-Cu hybrid nanoparticles. The main result highlights

the impact of varying viscosity on the flow characteristics
and the distribution of nanoparticles in the artery. Brownian
motion governs the random movement of particles, such as

molecules and nanoparticles, within biological systems.
Tawade et al. [31] studied the effects of thermophoresis and
Brownian motion on thermal and chemically reacting Casson

nanofluid flow over a linearly stretching sheet. Gupta et al.
[32] conducted a numerical study of the flow of two radiative
nanofluids with Marangoni convection embedded in a porous

medium.
Entropy generation provides a quantitative measure of the

system’s energy dissipation and aids in optimizing nanofluid
applications by minimizing entropy generation and maximiz-

ing thermal performance. Nisar et al. [33] investigated the
entropy generation and activation energy in nonlinear mixed
convection flow of a tangent hyperbolic nanofluid. Khan

et al. [34] focused on entropy generation optimization in mixed
convection nanomaterial flow. The study highlighted impor-
tant aspects related to the efficiency and irreversibility of the

flow process, providing valuable information for optimizing
nanofluid flow systems. Sharma et al. [35] conducted an opti-
mization study on heat transfer in nanofluid blood flow
through a stenosed artery, considering the presence of the Hall

effect and hematocrit-dependent viscosity. These studies opti-
mized entropy generation and provided insights into the ther-
modynamic behaviour of the nanofluid flow. Homogeneous

reactions occur within the same phase, such as enzyme-
catalysed reactions, while heterogeneous reactions take place
at the interface between different phases, such as the absorp-

tion and digestion of nutrients in the gastrointestinal tract.
Arulmozhi et al. [36] investigated the heat and mass transfer
characteristics of a magnetohydrodynamic (MHD) nanofluid

flowing over an infinite moving vertical plate. Khan et al.
[37] studied the chemically reactive flow of an upper-
convected Maxwell fluid using the Cattaneo-Christov heat flux
model.
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The involvement of machine learning, deep learning, and
computer vision is increasing in our lives. Like the known
and famous ANNs, this study uses the Bayesian regularization

backpropagation algorithm to investigate this ternary hybrid
nanofluid problem. The algorithm is used in MATLAB using
a time series and neural network toolbox. The need for exten-

sive cross-validation can be decreased or eliminated with Baye-
sian regularization back propagation (BRBP) algorithm,
which are more resilient than traditional backpropagation

algorithms. A mathematical technique known as Bayesian reg-
ularization turns a nonlinear regression into a well-posed sta-
tistical problem like ridge regression. The benefit of BRBP is
that the models are robust, eliminating the need for the valida-

tion procedure, which scales as O(N2) in conventional regres-
sion techniques like backpropagation. These networks offer
solutions to issues that emerge in Quantitative structure–activ-

ity relationship (QSAR) modelling, including model selection,
robustness, validation set selection, validation effort size, and
network architectural optimization. As evidence processes

offer an impartial Bayesian criterion for ceasing training, it
isn’t easy to overtrain them. Because the BRBP calculates
and trains on many effective network characteristics or

weights, essentially turning off insignificant ones, they are also
challenging to overfit. Typically, this effective value is much
lower than the weights in a typical fully linked backpropaga-
tion neural network. Ali et al. [38] used an intelligent comput-

ing approach with a Levenberg-Marquardt artificial neural
network to study the behaviour of carbon nanotubes dispersed
in water between stretchable rotating disks. Khan et al. [39]

designed backpropagated intelligent networks for nonlinear
second-order Lane-Emden pantograph delay differential sys-
tems. Khan et al. [40] proposed the design of a neural network

using Levenberg-Marquardt and Bayesian regularization
backpropagation techniques to solve pantograph delay differ-
ential equations. Their main result was the development of an

efficient computational model capable of accurately solving
these equations, which can have applications in various fields
such as physics and engineering. From the above literature
review, it can be concluded that the following are the novelty

of the present study:

� Ternary hybrid nanofluid consisting of nanoparticles of

titanium oxide (TiO2), copper oxide (CuO), and silicon
oxide (SiO2) is investigated with blood as the base fluid.

� The combined effect of thermal radiation, magnetic field,

homogeneous and heterogeneous chemical reactions, Joule
heating, and viscous dissipation on blood flow through
curved artery is examined.

� Bayesian regularization backpropagation algorithm for the

ternary hybrid nanofluid’s training state, performance,
error histograms, model response, error autocorrelation,
and input-error correlation plots are analyzed.

2. Problem formulation

Considered a micropolar, incompressible, pseudoplastic, and
electrically conducting CuO-TiO2-SiO2/Blood ternary hybrid
nanofluid flows through a curved surface of radius of curva-

ture, R. Curvilinear coordinate systems r; sð Þ is considered to
formulate the physical model. A uniform external magnetic
field of strength B0 is applied perpendicular to the surface.
Thermal radiation, viscous dissipation, and joule heating with
homogenous and heterogeneous chemical reactions govern the

mass transfer phenomena of the ternary hybrid nanofluid are
also considered. The curved surface can stretch or shrink (op-
posite of stretch) as shown in Figs. 1a and 1b. The physical

model is shown in Fig. 1c.
The stretching of surface happens in the positive s� direc-

tion and shrinking happens in the negative s� direction with

velocity, Uw ¼ as, where a is a positive constant representing
the initial stretching rate. V0 is the mass-flux velocity, V0 < 0
represents injection, and V0 > 0 represents suction. Physical
model of the problem is depicted in Fig. 1c.

The homogeneous chemical reaction is defined as: [41]

B1 þ 2C1 ! 3C1; rate ¼ krbc
2

and the heterogeneous chemical reaction is defined as:

B ! C1; rate ¼ keb

where kr and ke are the rate constants. b is the concentration of
species B1, and c is the concentration of species C1. The gov-
erning equations of the fluid flow problem with above assump-

tions can be written as [41–45]:
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Fig. 1a Curved surface stretching.



Fig. 1b Curved surface shrinking.
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Fig. 1c Physical mod
Where, qr is the radiation heat flux, and mathematically
expressed in accordance with the Rosseland estimation as:

qr ¼ � 4

3

r�

kRd

@T4

@r

Where, kRd is the absorption coefficient, and r� is the

Stefan-Boltzmann constant. By assuming that the temperature

diffusion inside the flow is sufficiently modest, the term T4 may

swell as a linear temperature function in the Taylor series with
respect to T1 and ignoring the higher expressions, leading to:

T4 � �3T4
1 þ 4TT3

1

Hence, Eq. (5) can be expressed as:

V
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The boundary conditions of the considered model are:

U ¼ aks;V ¼ V0;N ¼ �n @U
@r
;T ¼ Tw;DB

@b
@r

¼ keb;DC
@c
@r
¼ �keb; atr ¼ 0

U ! 0; @U
@r

! 0;N ! 0;T ! T1; a ! a0; b ! 0; asr ! 1

9>=
>;
ð9Þ

Where,kthnf; vthnf; rthnf, and lthnf are thermal conductivity,

kinematic viscosity, electrical conductivity, and dynamic vis-

cosity of the hybrid nanofluid, respectively. For the considered
hybrid nanofluid, the thermophysical properties are presented
in Table 1 and mathematically expressed as [46]: The different
cases and values of the physical parameters are shown in

Table 2. Table 3 contains the reference and default values of
flow parameters.
el of the problem.



Table-2 Values used for curve plotting.

Parameter Case-1 Case-2 Case-3

b 2.0 2.2 2.4

M 1.8 1.9 2.0

Rd 7.0 8.0 9.0

Pr 21 22 23

K1 0.05 0.10 0.15

Kr1 0.10 0.15 0.20

Kr2 0.01 0.05 0.10

/CuO 0.005 0.020 0.035

/TiO2
0.005 0.020 0.035

/SiO2
0.005 0.020 0.035
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lthnf
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� �
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Now, a group of self-similar transformation will be used to

convert the above partial differential equations (PDEs) into
ordinary differential equations (ODEs). The self-similar trans-
formation involves introducing dimensionless variable that

captures the scaling behavior of the nanofluid flow. These
transformations help in simplifying the governing equations
by reducing the number of independent variables. The trans-
formed PDEs will be expressed in terms of ODEs having a sin-

gle independent variable. The obtained ODEs will be then
numerically solved using BVP5C shooting method in
MATLAB. This simplification allows for a more tractable

analysis and a better understanding of the underlying physical
phenomena in nanofluids.

The following transformations are used to convert the sys-

tem of partial differential equations (1) to (7) into ordinary dif-
ferential equations:
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Equations (2)–(6) reduce into the following ordinary differ-

ential equations:
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Table 1 Thermophysical properties of ternary hybrid nanofluid.

Properties Notation N

C

Density (Kg/m3) q 65

Specific heat (J/kg K) Cp 54

Thermal conductivity (W/m K) k 18
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f/0 ¼ 0 ð16Þ

Where the dimensionless parameters are defined as follows:

Radius of curvature (ROC) parameter: b ¼ R
ffiffiffi
a
vf

q
, Micro

polar parameter: K1 ¼ k�
lf
,

Micro inertia parameter: j� ¼ lf
qfa
, Spin gradient parameter:

c ¼ 2lthnfþk�

2
,

Radiation parameter: Rd ¼ 4r�T31
kRdkf

, Magnetic parameter:

M ¼ B2
0
rthnf

aqthnf
,

Prandtl number: Pr ¼ vf qcpð Þ
f

kf
, Eckert

number:.Ec ¼ a2s2

ðTw�T1Þ cpð Þ
thnf

Schmidt number: Sc ¼ vf
DB
, Homogeneous chemical reaction

parameter:.Kr1 ¼ krc
2
0

a

Heterogeneous chemical reaction parameter: Kr2 ¼ ke
DC

ffiffiffi
vf
a

q
,

Brinkman number:.Br ¼ PrEc
anoparticles Base fluid

uO TiO2 SiO2 Blood

10 4175 2650 1150

0 6012 730 3617

8.4 1.5 0.53



Table-3 Ranges of the values of physical parameters.

Parameter b M Rd Br K1 Kr1 Kr2 /CuO /TiO2
/SiO2

Range 0–5 0–5 0–10 0–6 0–5 0–1 0–1 0–0.1 0–0.1 0–0.1

Reference [33] [52] [53] [54] [33] [41] [41] [55] [55] [55]
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Reynolds number: Re ¼ sUw

vf
,Temperature difference

parameter:.H ¼ DT
T1

¼ Tw�T1
T1

Diffusion parameter:L1 ¼ RDBb0
kf

, Bioconvection diffusion

parameter:.L2 ¼ RDCc0
kf

By removing pressure term from Equation (12) and Equa-
tion (13), we get,

ðA2 þ K1Þ f 4ð Þ þ 2f000

gþ b
� f00

gþ bð Þ2 þ
f0

gþ bð Þ3
" #

þ A1

� b
gþ b

ff000 � f0f00ð Þ þ A1

b

gþ bð Þ2 ff00 � ðf0Þ2
h i

� A1

� b

gþ bð Þ3 ff
0 � K1 g00 þ 1

gþ b
g0

� �

� A1M f00 þ 1

gþ b
f0

� �
¼ 0 ð17Þ

With the corresponding boundary conditions:

f gð Þ ¼ S; f0 gð Þ ¼ k; g gð Þ ¼ �nf00 gð Þ; h gð Þ ¼ 1;/0 gð Þ ¼ Kr2/ gð Þ; atg ¼ 0

f0 gð Þ ! 0; f00 gð Þ ! 0; g gð Þ ! 0; h gð Þ ! 0;/ gð Þ ! 1; asg ! 1

�
ð18Þ

A1 ¼
qthnf

qf

;A2 ¼
lthnf

lf

;A3 ¼ kthnf
kf

;A4 ¼
qCp

� �
thnf

qcp
� �

f

;

A5 ¼
Cp

� �
thnf

Cp

� �
f

;S ¼ � V0ffiffiffiffiffiffi
avf

p

2.1. Engineering quantities of Interests

The physical quantities of interest like heat transfer rate, mass

transfer rate, skin friction coefficient, and couple stress coeffi-
cient are also analyzed. The Nusselt number, skin friction coef-
ficient, Sherwood number, and couple stress coefficient are

mathematically expressed as [47–49]:

Nu ¼ s qw þ qrð Þ
kf Tw � T1ð Þ ;Cf ¼ srs

qfU
2
w

;Sh ¼ sbmw

RqfDBb0
;

Cm ¼ vfMw

qfj
�U3

w

ð19Þ

Where, ðqw þ qrÞ is the heat flux, srs is the wall friction, mw

is the mass flux, and Mw is the wall couple stress. They are

defined as:
qw ¼ �kthnf
@T

@r

� �
r¼0

; qr ¼ � 16

3

T3
1r�

kRd

@T

@r

� �
r¼0

;

srs ¼ lthnf þ k�
� � @U

@r
� U

rþ R

� �
þ k�N

� �
r¼0

;

mw ¼ �qfDB

@b

@r

� �
r¼0

;Mw ¼ c
@N

@r

� �
z¼0

ð20Þ

The non-dimensional form of above expressions are as
follows:

NuRe�
1
2 ¼ � A3 þ 4

3
Rd

� �
h0 0ð Þ;

CfRe
1
2 ¼ A2 þ K1 1� nð Þ½ �f00 0ð Þ

� A2 þ K1ð Þ f
0 0ð Þ
b

;ShRe�
1
2

¼ �/0 0ð Þ;CmRe ¼ A2 þ K1

2

� �
g0ð0Þ ð21Þ
2.2. Entropy generation

The mathematical definition of entropy generation in a process
caused by viscous dissipation, Ohmic heating, and convection-

radiation-based heat transfer in the problem using second law
of thermodynamics is as follows [50–51]:

Sgen ¼ kthnf

T2
1

@T

@r

� �2

þ kthnf

T2
1

16

3

r�T3
1

kfkRd

@T

@r

� �2

þ lthnf þ k�
� �

T1

@U

@r
� U

rþ R

� �2

þ rthnfB
2
0U

2

T1
þ RDB

T1

@T

@r

@b

@r

þ RDB

b0

@b

@r

� �2

þ RDC

T1

@T

@r

@c

@r
þ RDC

c0

@c

@r

� �2

The first term represents irreversibility of heat transfer, sec-
ond represents thermal radiation, third represents fluid fric-

tion, fourth represents Joule heating. Fifth, sixth, seventh,
and eighth represent mass transfer. The dimensionless form
of the entropy generation can be expressed as:

NEGðgÞ ¼ A3H h0ð Þ2 þ A3H
4

3
Rd h0ð Þ2

þ A5 A2 þ K1ð Þ f00 � f0

gþ b

� �2

þMBr

A4

f0ð Þ2

þ L1 � L2ð Þh0/0 þ L1 þ L2

H
/0ð Þ2

BejanNumber;Be

¼ Entropy generation due tomass and heat transfer

Totalentropygenerated

Hence,



BeðgÞ ¼ A3H h0ð Þ2 þ L1 � L2ð Þh0/0 þ L1þL2

H
/0ð Þ2

A3H h0ð Þ2 þ A3H
4
3
Rd h0ð Þ2 þ A5 A2 þ K1ð Þ f00 � f0

gþb

 �2

þ MBr
A4

f0ð Þ2 þ L1 � L2ð Þh0/0 þ L1þL2

H
/0ð Þ2

ð22Þ
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3. Numerical solution

This section discusses a numerical methodology to obtain the

solution of the nondimensional higher-order coupled ODEs.
For computational analysis, the Shooting procedure is a tech-
nique for solving a boundary value problem (BVP) by reducing

it to an initial value problem (IVP) of first order differential
equation. The obtained ODEs (13–17) and the corresponding
boundary conditions (18) are solved by shooting method. Let
us assume

Z1 ¼ f; Z2 ¼ f0; Z3 ¼ f00; Z4 ¼ f000; Z5 ¼ g; Z6 ¼ g0;

Z7 ¼ h; Z8 ¼ h0; Z9 ¼ /; Z10 ¼ /0; n ¼ Z0
6 ð23Þ

The system of first-order differential equation is given by:
Z0
1 ¼ Z2

Z0
2 ¼ Z3

Z0
3 ¼ Z4

Z0
4 ¼

A2þK1ð Þ �2Z4
gþb þ Z3

gþbð Þ2�
Z2

gþbð Þ3

h i
�A1b

gþb Z1Z4�Z2Z3ð Þ� A1b

gþbð Þ2 Z1Z3�ðZ2Þ2½ �þ A1b

gþbð Þ3Z1Z2þK1 nþ 1
gþbZ6ð Þ�A1M Z3þ 1

gþbZ2

� �
ðA2þK1Þ

Z0
5 ¼ Z6

Z0
6 ¼ � Z6

gþb � b

gþbð Þ A2
A1

þ2K1
A1

 � Z1Z6 � Z2Z5ð Þ þ K1

A1
2Z5 þ Z3 þ Z2

gþb

 �

Z0
7 ¼ Z8

Z0
8 ¼ � Z8

gþb �
MBr
A4

þA4bPrZ1Z8
gþb þ 1

A5
Br A2þK1ð Þ Z3� Z2

gþbð Þ2
h i

A3þ4
3Rdð Þ

Z0
9 ¼ Z10

Z0
10 ¼ � Z9

gþb þ Kr1Z9 1� Z9ð Þ2 � bZ1Z10

gþb

h i
Sc

9>>>>>>>>>>>>>>>>>>>>>>>>>>>>=
>>>>>>>>>>>>>>>>>>>>>>>>>>>>;

ð24Þ
and the corresponding boundary conditions become:

Z1 0ð Þ ¼ S;Z2 0ð Þ ¼ k;Z5 0ð Þ ¼ �nZ3 0ð Þ;
Z7 0ð Þ ¼ 1;Z10 0ð Þ ¼ Kr2Z9 0ð Þ;Z2 1ð Þ ¼ 0;

Z3 1ð Þ ¼ 0;Z5 1ð Þ ¼ 0;Z7 1ð Þ ¼ 0;Z9 1ð Þ ¼ 1 ð25Þ
BVP5C in MATLAB is used to obtain the numerical results

for Eq. (20) with boundary conditions (eq. (21). The flow chart
of solution process is shown in Fig. 2.

4. Solution design

In general, there are three types of neural networks available.
The first is to predict the response variable from past values of

response data and past values of predictor data. The second
one is to predict responses frompast values of the response series
itself. The third one is to predict responses from past values of

another series of predictors. This study used the third network
type. The g values served as the predictor data, and
f0; g; ½03B8�, and / values served as the response data. During
solving the ODEs (13–17), 100 data points were considered for

g.Hence, the total data has 100observations.Of these 100 obser-
vations, 80%, i.e. 80 observations, are considered for training
the model, 10%, i.e. 10 observations, are considered for valida-

tion, and 10%, i.e. 10 observations, are considered for testing
datasets. Values are assigned for the network parameters. Here,
hidden layer of size 40 is considered. 2 min is the time delay for

stopping model training. 1 layer for the input layer and 4 layers
in the output layer. During the model training, the network
weights for the input data are trained through the activation
function used in the Bayesian regularization backpropagation.

The network is illustrated in Fig. 3. The following are the stop-
ping criteria for the model:
� The number of epochs (iterations) has crossed the upper
limit of 1000 epochs.

� The time to train the model has exceeded the upper limit of
2 mins.

� The validation performance of the network has crossed the
lower limit of 0.

� The performance gradient has crossed the minimum gradi-

ent value of 0.0000001.
� The algorithm Mu became greater than the maximum Mu
value of 10000000000.

After training the BRBP model, it is analyzed using
training state, performance, error histograms, model

response, error autocorrelation, and input-error correlation
plots. After solving the ODEs (13–17) using BVP5C, we
get the functional solutions. After training the model, we
have a trained model which incorporates those functions.

These trained models can be directly used in many computer
applications, can be integrated with mathematical software,



Fig. 2 Flow chart of the solution Methodology.
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and have much more importance. These models provide a
simple and accurate way of predicting the fluid properties.

The plots used for analysis provide useful information on
the performance of various models. Depending on the
requirements, the best model parameters can be obtained

after studying these plots. Each plot has its own importance
in the analysis, which is mentioned in the individual sections
ahead. Many times, we need to find solutions to complex

problems, and ANN approximations play a crucial role in
solving those problems. For some experiments, when we
do not have the governing equations but just the experimen-
tal data, we can still use this trained model to predict the

fluid properties.
5. Results validation

This section compares the present findings to previously pub-

lished research. Using the appropriate assumptions, the veloc-
ity and temperature profiles of the present work are compared
to those of a prior study Kottakkaran et al. [33].

Figs. 4a and 4b are used to validate the fluid problem for-
mulated in this study. The present model is converted into an
earlier published work of Kottakkaran et al. [33]. Some terms
from the governing equations (13)–(17) are nullified and

matched with their governing equations. From these figures,
it is concluded that the results obtained in the current analysis



Fig. 3 ANN architecture.

Fig. 4a Model validation for f’.

Fig. 4b Model validation for..h
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are in good agreement with the study of Kottakkaran et al.
[33].

Further sections highlight the importance and effects of
dimensionless numbers on axial velocity, micro rotational

velocity, temperature, and the concentration profiles along
with suitable justifications. Table-2. contains the values used
to formulate various cases. Table-3. shows the range of param-

eters obtained from the literature reviews. The default values
used in algorithm are, k ¼ �1, b ¼ 2:0, M ¼ 2:0, Rd ¼ 8,
Br ¼ 0:1, Pr ¼ 22, Sc ¼ 0:5, n ¼ 0:5, S ¼ 4:5, K1 ¼ 0:05,
Kr1 ¼ 0:1, Kr2 ¼ 0:01, /CuO ¼ 0:005, /TiO2 ¼ 0:005,
/SiO2 ¼ 0:005.

6. Results and discussions

To get physical insight in to the problem, a combined effects of
physical parameters including curvature, micro-polar, radia-

tion, magnetic, Prandtl, Eckert, Schmidt, and homogeneous
and heterogeneous chemical reaction parameters are analyzed
for velocity, micro rotational, temperature, and concentration
profile. Physical quantities of engineering interest like heat

transfer rate, mass transfer rate, skin friction coefficient, cou-
ple stress coefficient, and entropy generation are also discussed
in this study. A Bayesian regularization backpropagation algo-
rithm is also designed for the solution of the ordinary differen-
tial equations.

6.1. Effect of curvature parameter

Fig. 5a shows the effect of the radius of curvature (ROC)

parameter, b on the axial velocity. It is observed that by
increasing b, the axial velocity decreases. Fig. 5b shows the
effect of b on the micro rotational velocity. From the figure,

it can be noted that increasing the values of b, the micro rota-
tional velocity also enhances. Physically, the radius of the
stretched sheet grows as the values of b increase and there is
increased resistance to fluid movement. It decreases the axial

velocity and increases the rotations of nanoparticles in the base
fluid [33]. Fig. 5c depicts the effect of b on the temperature. It
is noticed that for enhanced values of b, the temperature pro-

files also enhance. Fig. 5d represents the impact of b on the
concentration profiles. It shows that for larger values of b,
the concentration profiles reduce. Physically, the definition of



Fig. 5a Axial velocity VS Curvature parameter.

Fig. 5b Micro rotation velocity VS Curvature parameter.
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b states that it has an inverse relationship with kinematic vis-
cosity. For enhanced b, the heat generation in the base fluid

boosts up and the nanoparticles’ collisions and merging
increase, which falls the concentration of nanoparticles.

6.2. Effect of magnetic field parameter

Fig. 6a shows the effect of the magnetic field parameter (M) on
the axial velocity. The figure shows that for enhanced values of

M, the axial velocity also increases. Fig. 6b depicts how larger
values of M impacts the micro rotational velocity. It is
observed that for larger values of M, the micro rotational
velocity falls up. Physically, for larger values of M, higher Lor-

entz force generated. The higher Lorentz force moves the
nanoparticles faster in the flow direction, increasing the fluid
velocities [52]. Fig. 6c represents the effect of M on tempera-

ture distribution. It is noticed that for larger values of M,
the temperature profiles decrease. Fig. 6d illustrates the impact
of M on the fluid concentration. From the figure, it is observed

that as M increases, the concentration profiles fall. Physically,
the larger values of M generate more Lorentz force on the
nanoparticles. These nanoparticles move further from the
boundary layers. Hence, the concentration and temperature

decrease starting from the boundary layers.

6.3. Effect of micro polar parameter

Fig. 7a represents the effect on axial velocity for the micro
rotational parameter, K1. Figure reveals that as the values of
K1 increase, the axial velocity rises. Fig. 7b depicts the effect

of K1 on the micro rotational velocity. For larger values of
K1 the micro rotational velocity also increases. Higher values
of the micropolar parameter cause increased centrifugal forces

on the curved surface. These forces boost the nanoparticles in
the fluid flow direction, which causes the fluid velocities to
enhance [33]. Fig. 7c represents the effect of K1 on the temper-
ature profiles. It is observed that for larger values of K1 the

temperature profile increases. Fig. 7d shows the influence of
K1 on the fluid concentration. It is noticed that as the values
of K1 increase, the concentration also increases. Physically,

the larger generated centrifugal forces increase the amount of
generated heat energy, so higher energies enhance the fluid
temperature.

6.4. Effect of Radiation, Prandtl number, homogenous /

heterogeneous reaction parameter

The impact of the thermal radiation parameter (Rd) and

Prandtl number (Pr) on the temperature profile is depicted in
Figs. 8a and 8b, respectively. It is observed that temperature
profile increases with increasing radiation parameter and

Prandtl number. The effect of heat radiation improves the con-
duction properties of the nanofluid. This happens because
more heat will generate, which will enhance the thickness of

the thermal boundary layer. A dominant effect for conduction
is established. The system’s temperature rises because of the
heat released through radiation [36]. According to Fig. 8b, as

Prandtl number rises, leading to larger temperature values.
The Prandtl number of a fluid indicates the importance of
the momentum boundary layer relative to the thermal bound-
ary layer in terms of heat transfer. Now, as per observation

from Figs. 8c and 8d, the greater homogeneous response vari-
able Kr1 values are associated with homogenous fluid concen-
trations inside the boundary layer thickness. On the other

hand, a lower value of Kr1 causes homogeneity to appear close
to the surface of the bent sheet [38]. Reducing the heteroge-
neous reaction parameter Kr2 increases the reaction rate at

the plate surface. For both homogeneous and heterogeneous
reaction parameters, the concentration is observed to be
declining.

6.5. Effect of concentration of nanoparticles

Fig. 9a shows the effect of nanoparticle concentration of CuO
on axial velocity. The figure reveals that by increasing the CuO

concentration, the axial velocity increases. Physically, the pres-
ence of nanoparticles enhances the viscosity of the fluid, result-
ing in reduced frictional losses and improved flow

characteristics. This reduced viscosity leads to lower internal
resistance, allowing for higher fluid axial velocities. Fig. 9b
depicts the effect of increasing nanoparticle concentration of



Fig. 5c Temperature VS Curvature parameter.

Fig. 5d Concentration VS Curvature parameter.

Fig. 6a Axial velocity VS Magnetic field parameter.

Fig. 6b Micro rotation velocity VS Magnetic field parameter.

Fig. 6c Temperature VS Magnetic field parameter.
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Fig. 6d Concentration VS Magnetic field parameter.

Fig. 7a Axial velocity VS Micro polar parameter.

Fig. 7b Micro rotation velocity VS Micro polar parameter.

Fig. 7c Temperature VS Micro polar parameter.

Fig. 7d Concentration VS Micro polar parameter.
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Fig. 8a Temperature VS Thermal radiations parameter.

Fig. 8b Temperature VS Prandtl number.

Fig. 8c Concentration VS Homogeneous reaction parameter.

Fig. 8d Concentration VS Heterogeneous reaction parameter.
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CuO on micro rotational velocity. For enhanced CuO concen-
tration, the micro rotational velocity decreases. The higher

concentration of nanoparticles leads to stronger intermolecu-
lar interactions and a thicker boundary layer, resulting in
reduced fluid mobility and hindered rotational movement [55].

Fig. 9c illustrates the impact of CuO concentration on the
fluid concentration. The figure shows that for higher concen-
tration of CuO, the fluid concentration decreases. By increas-

ing the concentration of TiO2, negligible change is observed
in velocities and concentration. However, the temperature pro-
file decreases, as shown in Fig. 9d. Nanoparticles have high

thermal conductivity compared to the base fluid, and as their
concentration increases, nanoparticles act as conductive path-
ways for heat transfer. This leads to more efficient heat dissi-
pation from the fluid, resulting in a decrease in the base fluid

temperature. Fig. 9e illustrates the impact of increased SiO2
concentration on the axial velocity. It is observed that by
enhancing the SiO2 concentration, the axial velocity decreases.

SiO2 has a higher viscosity compared to the base fluid, and as
Fig. 9a Axial velocity VS CuO concentration.



Fig. 9b Micro rotation velocity VS CuO concentration.

Fig. 9c Concentration VS CuO concentration.

Fig. 9d Temperature VS TiO2 concentration.

Fig. 9e Axial velocity VS SiO2 concentration.

Fig. 9f Micro rotation velocity VS SiO2 concentration.
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its concentration increases, the overall viscosity of the fluid

increases as well. Fig. 9f shows the impact of increased SiO2
concentration on the micro rotational velocity. On enhancing
the SiO2 concentration, the micro rotational velocity

improves. As the SiO2 concentration increases, the fluid’s vis-
cosity tends to increase, resulting in higher resistance to shear
forces. This increased resistance can cause the fluid to rotate or

swirl more vigorously, leading to an increase in micro rota-
tional velocity [55]. Figs. 9g and 9h show the effect of SiO2
concentration on temperature and concentration profiles.
Temperature and concentration profiles rise with increased

SiO2 concentration due to enhanced heat transfer and particle
density.Fig 9 g.Fig 9 h.

6.6. Bayesian regularization backpropagation algorithm
graphical analytics

After getting the solutions of the ODEs (13–17) for 100 values

of g, ANN is trained using the Bayesian regularization back-



Fig. 9 h Concentration VS SiO2 concentration.

Fig. 10a Traini

Fig. 9 g Temperature VS SiO2 concentration.
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propagation algorithm for the axial velocity, micro rotational
velocity, temperature, and concentration. This trained network
consists of data points obtained from the default values of the

dimensionless numbers. Fig. 10a shows the training state of the
model from the 0th epoch to the final epoch (668). In the
backpropagation algorithm, the weights are trained as a func-

tion of the partial derivatives of error with respect to the
weights and the learning rate, and the gradient plays an impor-
tant role in training. The figure shows the gradient values for

each epoch; at the final epoch, the gradient comes out to be
7.2084e-08.

The learning rate or Mu has a value of 50,000 at the 668th
epoch. At the 668th epoch, the numerical parameter has a

value of 67.0994, and the sum of the squared parameter has
a value of 341.1405. Validation failures happen when the val-
idation error in the validation dataset crosses the upper limit.

The figure shows that there were no validation failures. Hence,
the model was trained well for all the epochs. Fig. 10b shows
the best training performance of the model epoch-wise. It

can be seen that, while training the model, the training and
the testing errors reduced till the final epoch as the model
stopped training due to the stopping criteria of the gradient.

The best training performance is achieved at the 668th epoch
of 5.5766e-12.

Fig. 10c shows the error histogram of the model. It is
obtained by considering several random samples in training,

testing, and validation datasets. The sample data used in the
model are compared between the predicted and the actual val-
ues. The error obtained is converted into 20 bins. The X-axis

shows those 20 bins for 0–400 instances (samples) represented
on the Y-axis. The figure shows that most of the samples got
zero error (orange line). Fig. 10d shows the response plot of

the model. The model predicted training, validation, testing
values, and all data. The figure shows how well the model fits
the data and the obtained errors. The bottom plot shows the

error concerning the training time. It can be seen that the
major error occurred at the start only.

Fig. 10e shows the autocorrelation of errors. The autocor-
relation plot shows the relationship between the prediction

errors and time. The autocorrelation function should have
only one nonzero value for a decent model and take place at
ng state plot.



Fig. 10d Model response plot.

Fig. 10e Error autocorrelation plot.

Fig. 10b Best training performance plot.

Fig. 10c Error histogram plot.
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Fig. 11a Entropy generation VS Brinkman number.

Fig. 10f Input-Error Correlation plot.
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zero lag (the mean square error). This would imply that there is
zero correlation between the prediction errors. It should

enhance the prediction if there is a substantial correlation in
the prediction errors, perhaps by adding more delays to the
tapped delay lines. The correlations in this instance, except

for the one at zero lag, fall roughly within the 95% confidence
interval around zero, suggesting that the model is sufficient.
Fig. 10f shows the Input-Error correlation plot of the model.

The input-error cross-correlation figure shows the relationship
between the input sequence and the errors. All correlations
should be zero in a good model. If the input is correlated with
the error, improving the prediction by increasing the number

of delays in the tapped delay lines should be possible. Most
correlations in this situation are contained by the confidence
intervals surrounding zero. As a result, the model fits the data

well.

6.7. Entropy generation and Bejan number

Entropy generation plays a significant role in blood flow by
providing insights into the irreversible processes and energy
dissipation occurring within the system. In the context of ther-

modynamics, entropy generation quantifies the degree of irre-
versibility or disorder in a process. In the case of blood flow, it
represents the inefficiencies and losses associated with the
transport of blood through the circulatory system. Physically,

entropy generation in blood flow arises due to various factors.
One of the primary contributors is the frictional resistance
encountered as blood flows through the blood vessels. This

frictional resistance, known as viscous dissipation, results in
the conversion of mechanical energy into heat called Joule
heating. Additionally, other forms of dissipation, such as heat

transfer between the blood and surrounding tissues, chemical
reactions, and fluid mixing, contribute to entropy generation.

The entropy generation and Bejan number profiles for ther-
mal radiation and the Brinkman number (Br = Pr. Ec) are

shown in Figure 11. Prandtl number controls how thick the
thermal and momentum boundary layers are in comparison.
Smaller Pr values result in faster heat diffusion from the heated
surface than larger Pr values because thermal conductivity
rises as Pr falls. The intensification of the Eckert number

causes the drag force between the liquid’s particles to grow,
which speeds up heat transfer or raises the fluid’s entropy.
The Eckert number refers to the link between kinetic energy

and the fluctuation in heat enthalpy. As a result, the hybrid
nanofluid’s kinetic energy rises as Ec increses. The average
kinetic energy is considered in relation to temperature. As a

result, raising the Br causes increment in entropy generation
(Fig. 11a) and the Bejan number (Fig. 11b) of the ternary
hybrid nanofluid. Figs. 11c and 11d depict that the entropy
generation and Bejan number increase by increasing Rd. Phys-

ically, greater values of Rd have dominant effects over conduc-
tion. Therefore, due to radiation a good amount of heat is
released in the system, which raises the temperature.



Fig. 12b Homogeneous VS Heterogeneous VS Sherwood

number.

Fig. 12c SiO2 concentration VS CuO concentration VS Skin

friction coefficient.

Fig. 12a Brinkman number VS Radiation parameter VS Nusselt

number.

Fig. 11d Bejan number VS Radiation parameter.

Fig. 11c Entropy generation VS Radiation parameter.

Fig. 11b Bejan number VS Brinkman number.
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Fig. 12d Magnetic number VS Micro polar parameter VS

couple stress coefficient.
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6.8. Nusselt number, Sherwood number, skin friction and couple
stress coefficients

Figure 12 shows the contour plots for Nusselt number, Sher-
wood number, skin friction coefficient, and couple stress coef-

ficient. Fig. 12a depicts that the heat transfer rate decreases by
increasing the values of Br. It is noted that as increasing Rd,
the Nusselt number increases. Fig. 12b illustrates that by

increasing the values of Kr1, the Sherwood number increases,
while opposite trend is observed for Kr2. Fig. 12c shows that
on increasing the /CuO, the skin friction coefficient increases,
and by increasing the /SiO2, the skin friction coefficient

decreases. Fig. 12d reveals that, by increasing the values of
K1, the couple stress coefficient decreases, while reverse effect
is noticed for M.

7. Conclusion

The study investigates the ternary hybrid nanofluid consisting

of nanoparticles of titanium oxide (TiO2), copper oxide (CuO),
and silicon oxide (SiO2) with Blood as the base fluid for a com-
bined effect of thermal radiation, external magnetic field,

homogeneous and heterogeneous chemical reactions, Joule
heating, and viscous dissipation. Velocity, temperature, and
concentration profiles of the ternary hybrid nanofluid are dis-

cussed graphically with proper justifications.
The important results from the study are as follows:

� The axial velocity increases by decreasing the curvature

parameter, the micro polar parameter, and the silicon oxide
concentration.

� The micro rotational velocity increases by increasing the

curvature parameter, the micro polar parameter, and
decreasing with the magnetic parameter and the copper
oxide concentration.

� The temperature profiles increase by increasing curvature
parameter, radiation number, Prandtl number, while
decreasing with magnetic number, micro polar parameter,
and titanium oxide concentration.
� The concentration profiles increase by reducing the curva-

ture parameter, the magnetic number, homogenous and
heterogeneous reaction numbers, while, opposite trend is
observed with the micro polar parameter.

� The mass transfer rate increases by increasing the homoge-
nous reaction parameter and reducing with the heteroge-
neous reaction parameter.

� The heat transfer rate increases by increasing the radiation

parameter, while, reverse effect is observed for Brinkman
number.

� The skin friction coefficient increases the concentration of

copper oxide and decreases with silicon oxide concentra-
tion. The couple stress coefficient increases for reducing
micro polar parameter and rising with magnetic parameter.

� The entropy generation and the Bejan number increase for
enhancing Brinkman and radiation parameter.

Understanding the flow behavior of blood is crucial in med-

ical research, especially when considering the effects of nanoflu-
ids and reactions. This study provides insights into the behavior
of micropolar ternary hybrid nanofluid flow in blood, which can

contribute to the development of new medical treatments and
interventions. Bayesian regularization networks enable the devel-
opment of predictive models for the flow behavior and optimiza-

tion of entropy generation. This model can provide insights into
the efficiency and effectiveness of the fluid flow, allowing for the
identification of optimal operating conditions and design param-

eters. Entropy generation optimization has implications for var-
ious areas, including biomedical engineering and healthcare.
Understanding the flow behavior of blood and optimizing
entropy generation can contribute to the design of more efficient

biomedical devices, such as blood pumps, artificial organs, and
drug delivery systems. It can also aid in the development of tar-
geted therapies and diagnostics by providing insights into the

transport and distribution of nanoparticles in blood.

8. Limitations of the study:

� The study makes certain assumptions regarding the flow
behavior, such as the micropolar fluid model, homogeneous
and heterogeneous chemical reactions, and the use of Baye-
sian regularization networks. These assumptions may sim-

plify the problem and may not fully capture the
complexity of the real-world blood flow behavior, which
can limit the generalizability of the results.

� The magnetic Reynold’s number is considered very small
(Re� 1) so that the induced magnetic field can be neglected
compared to the applied external uniform magnetic field.

� The study considers simplified geometries and boundary
conditions, which may not fully represent the actual blood
flow scenarios. Real blood flow is highly complex, occurring
in intricate vasculature networks with varying geometry and

boundary conditions. Neglecting such complexities may
limit the applicability of the results to real-world scenarios.
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