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Abstract: A complex-variable sliding-mode control (SMC) algorithm is proposed to govern
inverters interfacing renewable energy sources (RESs) with the electrical grid. It is conceived to
control the instantaneous energy stored in the passive components of the system and its rate
of change, as well as the instantaneous reactive energy and power exchanged with the grid.
The stability of the resulting closed-loop system is analyzed, and tuning of the designed SMC
algorithm is also tackled. In addition, the design and tuning of a nonlinear observer estimating
the renewable power supplied to the DC link are addressed. The overall control scheme obtained
by combining the proposed complex-variable SMC algorithm with such observer is assessed in
simulation, demonstrating its outstanding tracking performance and high robustness in presence

of large parameter variations.
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1. INTRODUCTION

Due mainly to the requirement of modifying the wave-
forms provided by generators based on non-conventional
renewable energy sources (RESs), nowadays, power con-
verters are being widely used as an interface between the
electrical grid and this type of generators. When it is
pursued to inject power to the grid at the point of common
coupling (PCC), as in this work, power converters are
commonly used together with inductive grid filters, so that
the whole set behaves as an alternating current source.
Nonetheless, voltage sources can also be built based on
power converters. Aside from grid integration of renewable
energy —Carrasco et al. (2006); Baroudi et al. (2007);
Bouzid et al. (2015)—, those current and voltage sources
are used in many other applications, such as, for instance,
those aimed at improving the quality of the grid power,
like active power filters, unified power quality conditioners
or high-voltage direct current transmission —Singh et al.
(1999, 2009); Chawda et al. (2020); Hannan et al. (2018).

In this context, the model of the set comprising the power
converter and the grid filter may be formulated in terms of
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the input power and the power to be injected by applying
the instantaneous power theory —Akagi et al. (2017).
Furthermore, if active and reactive powers are grouped
into a single complex variable, named instantaneous com-
plex power, the instantaneous complex power theory arises
—Milanez and Miskulim (1993); Tedeschi et al. (2007);
Lorduy et al. (2009)—, which is intended to tackle scenar-
ios where the application of Budeanu’s theory is limited
—Jeltsema (2015). Accordingly, the system model may be
compactly expressed in complex-variable format, which
favors the design of complex-variable control systems.

Along these lines, linear complex-variable controllers have
been proposed, among others, in Doria-Cerezo and Bodson
(2016), Doria-Cerezo et al. (2019) and Golestan et al.
(2019). However, as the average-value model of power con-
verters is highly nonlinear, nonlinear controllers can lead
to better performance when large excursions of the state
variables occur due to load variations or abrupt set-point
changes. Recent applications of nonlinear control systems
for the rectifier case are provided in Gui et al. (2021)
and Solsona et al. (2021b), the latter being formulated in
complex variables. Regarding the inverter case, nonlinear
complex-variable control schemes are designed in Solsona
et al. (2020) and Solsona et al. (2021a) by combining feed-
back linearization with, respectively, state feedback and
sliding-mode control (SMC). In contrast, being the SMC
intrinsically nonlinear, the feedback linearization stage is
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eluded in this work by proposing a direct complex-variable
SMC strategy —Doria-Cerezo et al. (2021).

Unlike the most common practice, the switching variable
selected to that end is nonlinear, as it involves the energy
stored in the passive components of the system. This
allows treating the closed-loop dynamics of the DC-link
voltage together with those of the grid current. In this
way, the former are not deliberately forced to be around
an order of magnitude slower than the latter, as is typically
done when cascading the DC-link voltage control-loop
to that of the grid current. As a result, the closed-loop
dynamics of the DC-link voltage are greatly improved,
thereby substantially dampening the charging/discharging
transients experienced by the DC-link capacitor. Besides
leading to a more direct and efficient power transfer from
the RES to the electrical grid, this opens the door to a
downsizing of such capacitor.

The rest of the paper is organized as follows. Based on the
complex-variable model of the grid-tied inverter provided
in Section 2, Section 3 presents a complex-variable SMC
algorithm designed to track instantaneous complex energy
and power references. The aspects of stability and tuning
are also addressed in Section 3. An input power observer is
designed in Section 4. Section 5 evaluates in simulation the
control scheme resulting from integrating such observer in
the proposed SMC strategy. Finally, conclusions are drawn
in Section 6.

2. COMPLEX-VARIABLE MODEL OF THE
GRID-TIED INVERTER

If the three-phase 44 grid current, vgp. grid voltage and
Labe modulation index are brought to the stationary a-3
reference frame by applying the Clarke’s transform, each
of them may be represented by a single complex variable as
i =1q + jig, v =vq + jug and p = po + jpg. As a result,
the dynamics of the grid-tied inverter in Fig. 1 may be
expressed compactly as follows —Solsona et al. (2020)—:

Li = pwo —v — Ri (1)

Ec = P; —veR{jii}, (2)
where R{-} and * refer, respectively, to the real part
and the conjugate of the involved complex variable, L
and R are the grid-filter inductance and resistance, v is
the DC-link voltage, Ec = CvZ /2 represents the energy
stored in the DC-link capacitor of C' capacitance, and P;
corresponds to the input power supplied to the DC link by

some RES. This power transfer is modeled as a controlled
current source, with P; being constant in steady state.

R
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Fig. 1. Conceptual model of an inverter connecting a RES
with the grid

3. COMPLEX-VARIABLE SMC ALGORITHM
3.1 Control Objectives and Switching Variable Selection

It is proposed to control the instantaneous complex energy
. .ot
&1 = Ec + 3LIi* +j [; Q(r)dr, (3)

where Q = S{vi} is the grid reactive power and 3{-}
denotes the imaginary part of the complex variable it
accompanies. Note that the real part of & represents the
instantaneous energy stored in both C' and L, which is a
direct consequence of the active power transfer from the
DC link to the grid.

It is also sought to control the instantaneous complex

power corresponding to the time derivative of &;, which

may be computed by considering the power balance as
§2=6 =P~ R’ P+jQ=P —RliI"~0i, (4)

with P = R{vi} being the grid active power. Accordingly,
the real part of & represents the rate of change of the
energy stored in both C' and L.

Consequently, the nonlinear complex switching variable
given next is selected:

t
o =& =& +91(5 — &) + 92 [y [61(7) = & (7)]dr,  (5)
—— S——
=13 €gq
where £ and &5 represent the reference values for & and
&, respectively, and g7 and go are real positive constants

defining the dynamics according to which errors e¢, and
e¢, are driven to zero once the sliding regime is achieved.

8.2 Design of the Control Law

In order to transfer the system dynamics to the switching
variable, the time derivative of (5) is first taken, yielding

0 =ég, + greg, + gace, - (6)
Similarly, taking the time derivative of (4) and replacing
the resulting expression in (6) produces

& =P, — & — 2RR{ii} + greg, + goeg, — i — vi.  (7)

Now, substituting the two instances of 7 in (7) by (1) and
considering that, by virtue of (2), veR{fii} = P, — E¢, it
turns out that

G6=P & - %(Pi — B — % {vi} —R\i|2>

+ greg, + gaee, — Vi + Foi + £]o]> = Loctp. (8)

Finally, if it is assumed that the three-phase grid voltage
is purely sinusoidal and balanced, it can be represented
as v = |v[e’! with w and t denoting, respectively, the
frequency of the grid voltage and time. As a consequence,

b = —jwi, (9)
which, once replaced in (8), gives rise to
6=D &~ %(PZ- — Bo — % {vi} —R|i|2)
+ gieg, + goeg, + (% + jw)vi +%|v\2—%vcfm, (10)
evidencing that the system to be controlled is of relative

order one, as control signal p appears explicitly after
having taken the first time derivative of o.
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A standard —first-order— SMC law of the following
format is accordingly adopted:

U:Ueq‘FK%; K = |K|Zarg(K) € C,

(11)

where 1o, is the equivalent control term, which can be
derived by zeroing ¢ in (10) and subsequently solving for
. As a result,

L(P =& + gice, + 9206, ) + (R -+ Lwj)i + o]

Heq = e

P; — Ec — ®{vi} — R|i|?
’Uc’f} ’

—2R

(12)

Although expression (12) might seem complicated, p,
is perfectly calculable. Indeed, taking into account that,
in most applications, the energy stored in the DC-link
capacitor turns out to be much greater than that stored
in the grid-filter inductance, the &, & and &5 reference
values in (12) may be computed as follows:

& = 10vE2 +j [y Q(r)dr (13)
& =& = Cvgog + jQ* (14)
& =C(0E +vpis) + Q% (15)

with v and Q* being, respectively, the reference values
for vc and Q. In order to avoid undesired transients, the
0¢, U and Q* reference values in (14) and (15) may be
defined by considering that both vf and Q* can either
remain constant or vary smoothly —following ramps, for
example— from one constant value to another.

Regarding the rest of the variables involved in (12), ve, v
and i are directly measured in this work, while P; and P
are provided by the input power observer proposed in Sec-
tion 4. In contrast, derivation of E¢ is not straightforward,
but it may be roughly approximated by

_ d(CvE/2)
B dt
which is equivalent to assuming that vc closely tracks its
v5 reference value. Consequently, the error arising from
this approximation turns out to be

Ec—EC ZCUC (’l'}c—f/'é). (17)
Similarly, the w in (12) is simply replaced by wy, with sub-
script N standing for nominal value hereafter. The inaccu-
racies to which approximations/estimations of these and
other variables lead, together with parameter mismatches,
unmodeled dynamics and external disturbances, adversely
affect calculation of pi.,. Nonetheless, the robustness of the
overall control algorithm in (11) is not compromised, since
such robustness rests on its switching term.

Ec = Cvcic = Cocif = Ec, (16)

8.8 Stability Analysis and Tuning

Aiming at selecting the complex gain K in (11), a stability
analysis is carried out based on Lyapunov function

V =1o]* = }05, (18)
whose time derivative, given by
V =1(66+006) =R{50}, (19)

must be kept negative to ensure convergence of ¢ to zero
and, consequently, achievement of the sliding regime.

Aiming at evaluating the effect of K on V, (10) is first
replaced in (19), yielding

V = %{5’[131—5;—25 (Pi—Ec—%{Ug} —R|i|2) +91€52
+g2e51+(§+jw)m‘+i|v|2—;vcf;uﬂ. (20)

Now, if it is assumed that the E¢ in (12) is approximated
as in (16) and w is replaced by wy in (12), substitution of
(11) and (12) into (20) leads to

V = 1IR{GF — vciK|o|}, (21)
with perturbation F' being
F =2RCvc (v¢ — 05) + 5L (w —wn)vi.  (22)

Notice that the errors made when approximating the E¢
—see (17)— and the w present in (12) are respectively
responsible for the real and imaginary parts of F'. Yet, it
must be highlighted that, in general, F' will be a complex
variable dependent on all estimation errors, parameter
deviations, unmodeled dynamics and disturbances present
when calculating the equivalent control term in (12).

By expressing o and v in polar form as o = |o|Zarg(o)
and v = |v| Zarg(v), (21) may be rewritten as

V = L (R{F} cos [arg(c)] + I{F} sin [arg(c)])|o|

— fve ol [K|cos [arg(K) — arg(v)] o] (23)

Given that V < 0 must be fulfilled to guarantee conver-
gence of o to zero, (23) evidences that forcing
arg(K) = arg(v) (24)
favors achievement of the sliding regime, as it causes the
last term in (23) to be as negative as possible. Thus,
under such assumption, if F' is expressed in polar form
as ' = |F|Zarg(F), (23) becomes
V = L(|F| cos [arg(F) — arg(o)] — v [v] [K])]o]

when applying the difference identity for cosine.

(25)

Now, considering the worst-case scenario in which |F|
equals its upper bound |F| arg(F') = arg(o), and ve

max’

and |v| are at their respective lower bounds, vc, ,, and
[0],,,in> (25) can be majored to yield
hence revealing that selection of |K| as
F
‘K| > ‘ ‘maw (27)

UChin |U|min
would ensure V < 0 at all times.

In practice, taking into account that the power-invariant
Clarke’s transform is adopted in this work, |u| should
not exceed |u|,,,. = V2/2 if it is intended, for example,
to apply space-vector modulation (SVM). Consequently,
by virtue of (11), it would not make sense to select
|K| > |pt],,0, €ven in the most demanding case that |fic,|
equals zero.

Finally, in order to tune the g; and go parameters present
in both ¢ and peg, it is recalled that the closed-loop
dynamics while in the sliding regime coincide with those
resulting from driving the system with y1 = pi., in absence
of any uncertainty —either parametric or unstructured—,
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estimation error and disturbance. Now, given that appli-
cation of equivalent control under such ideal conditions
leads to ¢ = 0, this is precisely the expression describing
the closed-loop dynamics while in the sliding regime. Ac-
cordingly, if (6) is zeroed and subsequently expressed in
state-space form, it becomes

Cfgl _ 0 1 =3
€e, —92 =91 | | €& |’
—_—

A
hence evidencing that, if non-zero, both e, and eg, will
vanish to zero as dictated by the eigenvalues of matrix A,
whose characteristic polynomial is given by
P+ gip+g2=0,
with p = d/dt representing the Laplace operator.

(28)

(29)

Parameters ¢g; and go may then be tuned so that charac-
teristic polynomial (29) is identical to an objective char-
acteristic polynomial given by p? + 2¢w,p + w?. By doing
so, possible errors in both &; and &; will converge to zero
showing a t; = 4.6/ (Cwy,) settling time —according to the
1% criterion— and a ¢ damping coefficient. The latter is
therefore achieved simply by forcing

91 = 20wn; g2 = wp. (30)

4. INPUT POWER OBSERVER

It is considered that the RES supplying the P; input power
depicted in Fig. 1 can be assimilated to a constant power
source (CPS), which is, for example, the case for converters
—provided with maximum power-point tracking (MPPT)
algorithms— draining power from wind turbines or pho-
tovoltaic panels. Consequently, the constant input power
assumption performs sufficiently well for the majority of
cases. Nonetheless, given that knowledge of P; is required
to compute equivalent control (12), the input power dy-
namics are eventually represented by

P=m (31)

= 0. (32)
Accordingly, based on (2), (31) and (32), the observer
given next is proposed:

Eo = P, —voR {jii} + krep, (33)
pz‘ =m+ k2eEc (34)
’I‘.h = ]CgeEc, (35)

where eg, = EC—EC, and k; € R; [ = 1,2, 3. Hence, sub-
traction of (33), (34) and (35) from, respectively, (2), (31)
and (32) yields the following linear state-space description
for the estimation error:

éEc —kl 10 €Ec
m —ks00] | em
————

APz‘

(36)

where ep, = P, — P; and e,, = m — .

The tuning formulas for ki, k2 and ks are derived by
equating the characteristic polynomial associated to ma-
trix Ap,, given by p* + k1p? + kap + k3, to the 3"9-degree
target characteristic polynomial

(p2 + 2(p,wnp, P + Wr%pi )(p + m(piwnpi) . (37)

As a result,
ki = (24 k) (pwny, (38)
ko = (14 26C3,) wr . (39)
ks = KCpwy, - (40)

Note that x may be selected so that the roots of the
27d_degree polynomial in (37) are dominant and, conse-
quently, possible estimation errors vanish to zero exhibit-
ing a ts, =4.6/ (Cpiwnpi) settling time, according to the
1% criterion, as well as a (p, damping coefficient.

5. SIMULATION RESULTS

Aiming at validating the global control scheme that com-
bines the SMC algorithm and the observer described,
respectively, in Sections 3 and 4, a simulation study was
carried out on a grid-tied inverter model whose parameters
are collected in Table 1. An average-value model was
adopted to represent the inverter itself. This way, any chat-
ter observable in simulation tests was directly attributable
to the SMC, since chattering due to transistor switching
was non-existent. Simulation tests were run starting from

a steady-state scenario in which ve = v = 650 V
(BEc = Ef, = 63375 J), P, =0W, Q@ = Q" =0 VAr,
|v] = |vn| and w = wy. All the events caused throughout

such tests are summarized in Table 2.

Table 1. Parameters of the grid-tied inverter

Parameter Value
C 300 pF
L 5 mH
R 0.1 Q
low| V3220 V
wN 2750 rad/s

Table 2. Events triggered during simulations

Time range/instant Event

0.01-0.02 s P; ramps up from 0 to 2 kW
v, ramps up from 650 to 700 V
0-05-0.06 s (Eé,cramps up from 63.375 to 73.5 J)
0.15-0.16 s Q* ramps up from 0 to 1 kVAr
0.2s w steps up from wy to 1.05wpn
0.25 s w steps down from 1.05wn to wy
0.3s |v| steps down from |vy| to 0.8|vy|
0.35 s |v| steps up from 0.8vy| to |vn|

On the other hand, the tuning equations in (30) and
(38)—(40) were applied to derive the values for the pa-
rameters of the SMC algorithm and the observer. Fur-
thermore, the Ko /|o| switching control term was replaced
by Ko/ (|o|+6), with § being a small positive scalar.
In doing so, the discontinuity exhibited by the complex-
variable version of the sign function at 0 = 0 was smoothed
by approximating it to an arbitrarily close but continu-
ous sigmoid-like function. This approach allows mitigating
possible chatter, as reasoned, for example, in Edwards
and Spurgeon (1998). Both the defined specifications and
the parameter values resulting from such specifications are
displayed in Table 3.
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Table 3. Specifications and parameter values

Specifications Parameter values

SMC algorithm

ts = 10 ms; ¢ = 0.707 g1 =920
wn, = 650.64 rad/s g2 = 423.33x 103
SVM modulation K =+2/2
Chatter mitigation 6=3.5

Input power observer
k1 =9.2x103

ko = 31.74%x 106
k3 = 48.68 x 10°

tsPi =2 ms; (p, = 0.707
wnp, = 3.25x10% rad/s
k=2

5.1 Performance Evaluation

Fig. 2 shows the main simulation results illustrating the
performance of the observer-based SMC scheme. As evi-
denced by Fig. 2(a), 2(c) and 2(d), R{&]}, R{&} and Q*
are all closely tracked despite the different events listed in
Table 2. Indeed, R{& 1}, R{&} and Q practically overlap
their respective reference signals for the most part. Slight
deviations from R {&5}, due to the dynamics of the input
power observer, are noticeable in Fig. 2(c) both at the
beginning and at the end of the P; ramp-up. Similarly, as a
result of having assumed that |v| is constant when deriving
(9), the 20% drop in the grid voltage and its subsequent
recovery also lead to very short-duration deviations from
R{&} and @Q*. In contrast, although w is approximated
by wy, the two abrupt changes in the grid frequency have
no noticeable effect. Note also that, in spite of the near-
perfect tracking of R {7}, a negligible error in the DC-link
voltage —not exceeding 0.6 V in the worst case— is visible
in Fig. 2(b). The latter is due to the fact that R {£} is
computed in (13) by disregarding the energy stored in L.

Concerning estimation of the input power, Fig. 2(e) re-
flects that the initial ramp-up of P; is tracked by the
observer with the expected dynamics, presenting a min-
imum short-duration overshoot when P, reaches its final
value. The three-phase grid current is displayed in Fig.
2(f), where the transients and peak value variations fol-
lowing most of the test events —excluding the two sudden
frequency variations— are clearly identifiable and evolve
as expectable. Finally, the three-phase modulation index
leading to the preceding results is observable in Fig. 2(g).

5.2 FEwvaluation of Robustness

With the aim of assessing the robustness of the proposed
observer-based SMC scheme under parameter variations,
the simulation study was repeated for 50% deviations in
the L and C of the grid-tied inverter with respect to
their nominal values, provided in Table 1. However, those
nominal values were deliberately kept within the SMC
algorithm and the observer.

Fig. 3 collects the main results corresponding to the four
possible scenarios presenting mismatches in both L and
C, compared to those obtained in absence of parameter
deviations. In summary, apart from displaying the impact
of those substantial parameter deviations on the control
dynamics —see Fig. 3(a) to 3(d)— and the estimation
error —see Fig. 3(e)—, Fig. 3 shows that the performance
of the proposed control scheme remains highly satisfactory
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Fig. 2. Performance of the SMC algorithm. (a) Instanta-
neous energy stored in C and L. (b) DC-link voltage.
(¢) Rate of change of the energy stored in C and
L. (d) Grid reactive power. (e) Input power and its
estimate. (f) Three-phase grid current. (g) Three-
phase modulation index
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and practically unchanged. It is worth noting, however,
that, as expectable, mismatches in C' cause input power
estimation errors to appear during the ramp-up of P;
—refer to Fig. 3(e)—, the transients of such errors being
less damped as C increases.

745
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Fig. 3. Robustness under 50% mismatches in both C' and
L. (a) Instantaneous energy stored in the system.
(b) DC-link voltage. (c¢) Rate of change of the en-
ergy stored in the system. (d) Grid reactive power.
(e) Input power estimation error

6. CONCLUSION

A complex-variable SMC algorithm, based on a nonlinear
switching function, has been designed for inverters inter-
connecting RESs with the electrical grid. Tuning formulas
are derived to adjust it, together with the condition that
needs to be met to ensure the stability of the closed-loop
system to which it leads. Both the power supplied by the
RES and its time derivative, which must be available to the
SMC algorithm, are estimated by an observer whose design
and tuning are also tackled. As a result of controlling
the energy stored in the DC link and the grid filter, as

well as its rate of change, the dynamics of both the DC-
link voltage and the grid current are treated together. By
doing so, it is avoided to cascade a significantly slower DC-
link voltage control-loop to that of the grid current. The
resulting observer-based control scheme exhibits superior
tracking performance despite large parameter changes and
estimation error.
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