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ABSTRACT 

This study presents a novel method to determine the mode II cohesive law of unidirectional 

carbon fiber reinforced polymer laminates, employing the End Notched Flexure (ENF) test. 

The fracture toughness in mode II (G) and crack shear displacement (t) are determined based 

on a compliance variation data reduction method (BTBR) by processing the global load 

displacement curve, without monitoring the crack length and the crack shear displacement 

during the test.  The procedure is validated by finite element analysis including cohesive zone 

modeling. The results of the method are compared to those obtained with the Direct Method, 

where the fracture toughness is determined based on the rotations of the load introduction 

points and the crack shear displacement is directly measured. It is concluded that the proposed 

data reduction scheme is suitable to obtain the mode II cohesive law using only the load and 

displacement data obtained from the testing machine, without any external displacement 

measurement technique and without any assumption of the form of the cohesive law.  
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1. INTRODUCTION 

Delamination is a particularly dangerous damage mode of composite materials. Interlaminar 

cracks, which can initiate at a free edge or at defects from manufacturing, are very difficult to 

detect and their presence may significantly reduce the global stiffness and compressive 

strength of the structure. Thus, modeling of the interlaminar behavior is crucial for safe design 

of an advanced structural component. 

With respect to interlaminar failure in mode II, the End-Notched Flexure (ENF) test, the End-

Loaded Split (ELS) test and the Four-Point End-Notched Flexure (4ENF) test are the most 

popular test adopted in literature. The ENF test and the ELS test have been recently 

standardized as ASTM D7905 [1] and ISO 15114 [2], respectively. 

These test configurations have some advantages and disadvantages. The ENF is the most used 

test due to its simple fixture but the specimen dimensions should be selected accurately in 

order to avoid unstable crack initiation [3,4]. The 4ENF test provides stable crack 

propagation, but the measured critical energy release rate, GIIc, is dependent on specimen 

geometry and it is affected by friction [5, 6]. The ELS test provides stable crack initiation, but 

the results are affected by the clamp end of specimen and large displacement [7, 8, 9]. 

Therefore, in the present study, ENF configuration is adopted. 

Finite element method is widely used to simulate initiation and propagation of delamination in 

composite structures. Among the available methods for the investigation of crack propagation 

by means of finite element codes, the Virtual Crack Closure Technique (VCCT) or its 

alternative two-step extension procedure (TSEP) and the cohesive zone model (CZM) are 

extensively used [10 - 17].  

VCCT formulated by Rybicki and Kanninen [18] and TSEP proposed by Bonhomme et al. 

[19] are computationally simple and they are considered effective methods for determining 

the energy release rate. Nevertheless, they are not suitable analyzing the delamination growth.  
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CZM was introduced in the early sixties by Barenblatt [20] and Dugdale [21] and describes 

the local fracture processes near the crack tips as a gradual phenomenon where the separation 

takes place across a cohesive zone. It is widely used in the commercial finite element 

packages due to the applicability for analyzing the fracture of different materials under 

different load conditions.  

With CZM, fracture is modeled as a process where a surface in the material first forms a 

cohesive zone called the fracture process zone (FPZ). The FPZ is later separated into two 

crack surfaces. In the cohesive zone, the crack surfaces are held together by cohesive 

tractions.  

The general idea is that the fracture process is described by a local stress-relative 

displacement relation of a fracture process zone (FPZ). This relation is a constitutive law of 

the material, named cohesive law. The fracture process zone length (LFPZ) is the distance at 

the crack plane where the cohesive tractions are acting. Fig. 1 illustrates a cohesive model, 

where after damage initiation, the traction is assumed to decrease as the relative displacement 

of the cohesive surfaces increases. For a critical displacement, the traction is zero and a new 

crack surface is created. 

 

Fig.1. General Form of a cohesive zone law 

It is shown that the shape of the cohesive law plays an important role in the simulation of the 

fracture behavior of materials [22]. Thus different methods to determine the cohesive law of 

adhesive layers and laminated composites have been developed [23 -39]. 
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In order to determine relative displacements at the crack tip, the use of external equipment as 

Digital Image Correlation (DIC),  Linear voltage differential transformer (LVDT) or Crack 

Tip Opening Displacement sensor (COD) are required [24,25,27-3839]. Experimental 

difficulties related to inaccurate results in the measurement of very small crack tip separations 

have been reported, [25, 33].   

In the present study, a new method to determine the cohesive law in Mode II has been 

developed similar to the one recently presented for Mode I [40]. It is based on the 

determination of the equivalent crack length due to the compliance variation of the specimen 

as the FPZ develops, for every pair of load and displacement data recorded during the test. 

This method, named Beam Theory with Bending Rotations (BTBR) includes geometrical 

nonlinearities and shear and local deformations effects [41]. Therefore, the energy release rate 

as a function of the equivalent crack advance is determined using only the load and 

displacement data obtained from the testing machine. Based on the same analytic approach, 

the crack tip shear displacement, Δt, is determined as a function of the equivalent crack 

advance at the initial crack tip position that corresponds to the insert length. Therefore, G can 

be expressed as a function of Δt and the cohesive law is obtained by numerical differentiation 

of G with respect to Δt The BTBR procedure is compared with the Direct Method (DM), 

where the fracture toughness is determined based on the rotations of the load introduction 

points avoiding the need of monitoring the crack length during the test and the crack shear 

displacement is directly measured at the initial crack tip position. In order to analyze if the 

proposed data reduction scheme is suitable for assessing the Cohesive laws in Mode II, Finite 

Element simulations of the ENF test including cohesive zone modeling have been carried out 

in ABAQUS and the accuracy of the obtained Cohesive laws have been discussed. 

2. ANALYTIC APPROACH 

2.1. Cohesive zone model 
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The path independent J-integral, presented by Rice [42] can be used to calculate the fracture 

resistance J during the crack growth.  

 (1) 

Where C is the counter clockwise integration path, W is the strain energy density, T the 

traction vector and u the displacement vector. By choosing C close to the crack tip, T is null 

[23] and Eq. (1) becomes in: 

∆
∆

∆
∆

 (2) 

where , , n and t are the cohesive normal stress, shear stress, opening and shear 

displacement at the crack tip, respectively.  

According to Eq. (2) if the relationship among J, n and t is known, the cohesive laws can be 

obtained as 

Δ , ∆
∆

	 ∆ , ∆
∆

 (3) 

Furthermore it is shown that the J-integral is equivalent to Energy Release Rate G for an 

elastic material [43,44].  

Being Π the potential energy in an elastic body 	and U* the complementary 

strain energy stored in the body		 ∗ . It results that  

∗  (4) 
Then 

1 Π 1 ∗

 (5) 

where a is the crack length, w is the width and the subscript Fi follows the partial derivative 

convention indicating the load variable is held constant during partial differentiation.  

For a symmetric specimen, loaded in three point bending with a crack advancing along the 

mid-plane, the crack tip shear displacement is tangential to the crack plane and the crack tip 

normal displacement is zero. Then, the cohesive shear stress τ depends only on the shear t 

[44], being  
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∆
∆

∆
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 (6) 

2.2. Determination of the Fracture toughness.  

2.2.1 J Integral method 

The path independent J integral can be applied for characterizing the fracture process zone 

under the assumption of bulk elastic behavior, small strain and small displacement and no 

body forces [30, 44]. The J integral can be applied choosing the integral path locally along the 

crack faces enclosing the cohesive zone and crack tip loc =1+tip+2, as shown in Fig 2. The 

J integral results: 

∆
∆

∆
∆

 (7) 

where Jtip is the J integral around the crack tip.  

On the other hand, if J integral is applied choosing the integral path along the external 

boundaries of the fracture specimen as shown in Fig. 2, and due to path independence of the J 

integral, it can be written as: 

	 ∆
∆

∆
∆

 (8) 

During loading the specimen, crack initiation occurs when Jtip is equal to the initiation 

fracture energy J0. With increasing loading, the damage is assumed to grow with Jtip being 

equal to J0. With increasing damage length, the cohesive zone develops. The cohesive zone 

length and the crack tip relative displacement increases as the damage extends, and thus the 

energy uptake of cohesive zone increases in accordance with Eq 8. The fracture resistance J 

increases as the damage propagates and when  reaches the value for which the cohesive 

stress vanishes c the R-curve attains a steady state value Jc. 
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Fig. 2. Integration path for the J integral: a) integration path locally around the cohesive zone, 

b) interpretation of traction vs. separation in FPZ, and c) Integration path along external 

boundaries of ENF test 

The value of J = Jext = Jloc during the fracture process is denoted J, the fracture resistance of 

the material.  

∆
∆

∆
∆

 (9) 

The J-integral closed-form solution for the ENF test proposed by Stigh et al. [36] was used for 

computing J as: 

2
2  (10) 

where w is the specimen width, P is the applied load and θA; θB and θC are the clockwise 

rotation at the load introduction points as it is shown in Fig. 3. 

2.2.2 Beam theory with bending rotation (BTBR) method 

The end notched flexure (ENF) test configuration is shown in Fig. 3 [41]. It is assumed elastic 

behavior of the adherents during the entire fracture test process. In order to achieve pure mode 

II, a pre-cracked specimen is loaded at three point flexure fixture. 
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Fig. 3: Schematic ENF specimen according to BTBR [41] 

The first step of the presented analyses is to evaluate the mode II fracture energy release rate 

GII. For this purpose, a method proposed by Arrese et al [41] is used. The energy release rate 

is determined without any optical measurement of the crack length, taking into account the 

bending rotation effects, shear effects and local deformation effects. The equivalent crack 

length is obtained based on the compliance after having determined the elastic properties of 

the specimen [45].  In this way, the equivalent crack length is defined at each point of the test 

data, and thus a continuous plot of the R-curve can be also determined. 

The displacement of the loading point is determined applying the Engesser–Castigliano’s 

theorem [17,46], which in the case of shear and bending is given by 

∗ 6
5

 (11) 

Being Fi an independent applied force; i the displacement of the application point of Fi in the 

direction of Fi; M is the bending moment; Q is the shear force; Ef is the flexural modulus; G13 

is out-of-plane shear modulus; I is the second moment of area; A is the cross sectional area. 

The derivatives of bending moments and shear forces are obtained applying a vertical unit 

load at the middle point of the specimen. The middle point displacement is: 

 

 B 
 

 A
 

a

 

 

B
 

A 
 

R

C
 

C

R
 

R
 

L0

d’

 

2L0
 

2L

 

  
 

P
 

P (2L-d’)  
  (2L)

 

 Pd’ 
 (2L)

ae

d



9 
 

     sfa
f

whG

PL
La

whE

P   1
10

3
1231)(3

8 13

03
0

3
3  (12) 

Where  

2

)23(

)2(

)32(

)2334(

)2(

3

)13(

)2(

2
0

3
0

2
0

5
0

6
0

0

2
0

3
0












a

h

R

a

aaa

h

R

a

aa

h

R

s

f

a







 (13) 

Being 2h the thickness, w the width,  2
0

)2(2
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Taking into account Eq. (12), the compliance of ENF specimen can be written as: 
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In order to determine the equivalent crack length, Eq. (14) is equated to the experimental 

value computed directly from the measured load–displacement curve, corrected with the 

system compliance. This procedure leads to obtain the equivalent crack length at any point of 

the test where P and  are evaluated. Taking into account that  dPU * According to Eq. (5) 

and Eq. (12), G is: 
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15
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(15) 

 

2.3. Crack Tip Shear Displacement  

In the current approach the Fracture Process Zone (FPZ) development is assumed to be 

analogous to an equivalent crack advance a, related to the compliance variation. Indeed, the 

development of the FPZ is related to an increase of the compliance that in the current 

approach is associated to an equivalent crack advance.  
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Fig. 4: FPZ of a quasi brittle material (a), Cohesive zone model concept (b) and the 

Equivalent approach proposed in the present work (c). 

Fig. 4 (a) shows the real system where the material is cracked in one end, followed by the 

damage zone and finally the non-damaged material. Fig 4 (b) shows the system according to 

CZM where the damage zone is represented by a cohesive zone where the crack surfaces are 

held together by cohesive tractions. Fig. 4 (c) shows the equivalent crack length system, 

which is the basic assumption of the current proposal, where the effect of the damage zone 

development in the behavior of the system is represented by an equivalent crack advance.   

Then, the crack tip shear displacement t at the initial crack tip position is obtained according 

to the assumption of the system based on the equivalent crack length as shown in Fig 5. 
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Fig. 5: Initial crack tip shear displacement 

The unit load method and the Engesser–Castigliano’s theorem given in Eq. (11) are used 

applying two opposite unit loads at the initial crack tip position in order to get the derivatives 

of bending moment and shear force. The relative shear displacement at the initial crack tip is 

given by: 

∆
3 2

2
 (16) 

Where 

2 2 1
2

| | | |  

′ 1 | | | |  

1 | |  

1 | |  

(17) 

 

where ai is the initial crack length and a is the equivalent crack length determined during the 

test. 

Replacing the corrected parameters of Eq. (17) in Eq. (16), the following equation is obtained: 

∆
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| |, | |	and	| |	are obtained from the analysis carried out in [47]. 

3. NUMERICAL VERIFICATION OF THE PROPOSED METHOD  

A finite element analysis of the ENF specimen was used to assess the accuracy of the 

proposed method compared with the Direct Method. In the considered ENF specimen 

configuration the specimen length is 2L = 120 mm; the width is w= 25 mm and the arm 

thickness is h = 2 mm; the elastic properties corresponding to the specimen that are shown on 

table 1 are typical values of unidirectional carbon epoxy composite laminated materials used 

in aeronautical industry.  

E11 

(GPa) 

E22=E33 

(GPa) 

G12=G13 

(GPa) 

G23 

(GPa) 
ν12=ν13 ν23 

120.0  7.8  4.0  2.8  0.34 0.4 

Table 1.The material mechanical properties 

The model was developed in ABAQUS [48] using four-node 2D plane strain elements (CPE4) 

(Fig. 6). A row of zero-thickness four-node cohesive elements (COH2D4) was placed ahead 

of the notch tip to model crack propagation. The following input cohesive laws have been 

used to represent a thin interface with a medium toughness.  
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Table 2. Cohesive laws used in the finite element analyses. 

 

Fig. 6 Finite Element model (dimensions and boundary conditions) 

 

As the support rollers have not been included in the model, then R = 0 mm has been assumed 

in the BTBR method. 

The aim of this numerical validation is to check if the cohesive law used in the model input 

can be determined based on the data reduction method proposed in the present work. Two 

different procedures are used in order to get the input cohesive law. 

1)  Direct method (DM): According to the first procedure, the methodology used by several 

authors [24, 25, 27 -36] to determine experimentally the cohesive law is reproduced virtual 

test. J is computed replacing in Eq. (10) rotations at the support and the loading application 

point. The relative displacement corresponds to a pair of homologous points on the 

cohesive line located at the initial crack tip. Finally, the cohesive law is obtained by 

numerical differentiation.  

2) BTBR: The load-displacement data are recorded and G and t are determined from Eqs. 

(14) and (16), respectively. Finally, the cohesive law is obtained by numerical 

differentiation.  

  

4. RESULTS AND DISCUSSION  
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In order to validate the proposed data reduction scheme, the BTBR and DM have been 

applied to determine the fracture toughness from numerical results.  

The corresponding Load vs load point displacement curve for the bilinear cohesive law is 

shown in Fig.7.  

 

Fig. 7 Load vs. Load Point Displacement for the bilinear CL 

The corresponding G and J vs load point displacement curves for the bilinear cohesive law are 

shown in Fig.8. 

 

Fig. 8 Interlaminar Toughness vs. Load Point Displacement for the bilinear CL 

 

0

200

400

600

800

1000

1200

1400

1600

1800

2000

0 2 4 6 8

L
oa

d 
(N

)

Load Point Displacement (mm)

Bilinear 50 MPa 

0

1000

2000

3000

4000

5000

6000

0 1 2 3 4 5 6

G
 , 

J 
(N

/m
)

Load Point Displacement(mm)

Direct Method Input BTBR

0

10

20

30

0.0 0.5



15 
 

In Fig. 9, t determined by FEM at the initial notch tip, and t obtained by the proposed data 

reduction method corresponding to the bilinear cohesive laws are plotted. 

 

Fig. 9 Crack tip shear displacement vs. Load Point Displacement for the bilinear CL 

 

Fig. 10 shows the fracture toughness versus crack tip shear displacement curves 

corresponding to the bilinear cohesive laws. The J-t curves according to the DM in blue, G-

t curves according to BTBR in red and the input data in black. 

 

Fig. 10. Interlaminar Toughness vs. Crack tip shear displacement for the bilinear CL 
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 Fig. 11 shows a comparison among the input cohesive law and those obtained by numerical 

differentiation of the curves shown in Fig. 10 with respect to t.  

 

Fig. 11: Cohesive law bilinear CL s=50MPa; G=5N/mm; Kp=106 N/mm3 

In order to check the suitability of the proposed method to determine different cohesive laws, 

interfaces with tabular and exponential constitutive laws listed in Table 2 are simulated. The 

corresponding Load vs Load point displacement curves are shown in Fig.12 and the results 

are shown in Fig. 13. 

 

Fig. 12: Load vs. Load Point Displacement for all simulated CLs 
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TABULAR 

s=70MPa; G=5N/mm; Kp=106 N/mm3 

EXPONENTIAL 

=2; s=50MPa; G=5N/mm; Kp=106 N/mm3 

TABULAR 

s=50MPa; G=5N/mm; Kp=106 N/mm3 

EXPONENTIAL 

=5; s=50MPa; G=5N/mm; Kp=106 N/mm3 

TABULAR 

s=30MPa; G=5N/mm; Kp=106 N/mm3 

EXPONENTIAL 

=-5; s=50MPa; G=5N/mm; Kp=106 N/mm3 

 

Fig. 13: Results of the Tabular and Exponential CL listed in Table 2. 
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According to Fig. 11 and Fig. 13, it can be seen that in general features, a good prediction of 

the input cohesive law is obtained with both methods. It is observed that the results obtained 

from the DM and BTBR methods are generally well correlated. As it is shown in Fig. 11 and 

Fig. 13 the proposed method BTBR is able to predict the shape and the maximum stress of 

each input cohesive law. An excellent agreement has been obtained in the softening region 

characterizing the fracture process but the initial part of the cohesive law, the penalty 

stiffness, reveals a discrepancy with respect to the input law, which may be originated by both 

numerical and precision problems.  

In order to evaluate the accuracy of the results, predicted maximum shear stresses and the 

difference with respect the reference values are shown in Table 3. In order to establish the 

maximum stress for the DM data reduction scheme, the initial values are neglected. For the 

bilinear cohesive law, data t <1μm are not considered. For the rest of the cases data 

correspond to t >5μm.   

   Maximum Stress (MPa) 

Input 

value 

BTBR 

value 
ψ %

DM. 

 value 
ψ 	 %  

Bilinear 50 48.8 2.4 51.8 3.6 

Tabular 

70 77.2 10.3 70.9 1.4 

50 53.1 6.2 49.6 0.8 

30 30.4 1.3 29.9 0.3 

Exponential 

= 2 50 48.1 3.8 51.6 3.2 

= 5 50 47.6 4.8 51.6 3.2 

= -5 50 52.3 4.6 51.9 3.8 

 

ψ % 	 	

	
100												ψ 	 % 	 	

	
100 

Table 3. Maximum shear stresses. 
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The critical interlaminar toughness determined with DM and BTBR approach and the 

difference with respect the reference values are shown in Table 4. 

In order to evaluate the accuracy of the determined cohesive laws the area under the cohesive 

law is compared with the reference value used in FEA.  The G -Δt curves are truncated at the 

test point where the load drops suddenly. As it can be seen in Table 4, there is a good 

agreement on the interlaminar toughness values obtained by both methods. 

 

Interlaminar Toughness (N/mm) 

Input 

value 

BTBR 

value 
χ %

DM. 

value 
χ %  

Bilinear 5 5.12 2.4 5.15 3.0 

Tabular 

=70MPa 5 5.02 0.4 5.08 1.6 

=50MPa 5 5.07 1.4 5.04 0.8 

=30MPa 5 5.12 2.4 5.00 0.0 

Exponential 

=  2 5 5.13 2.6 5.16 3.2 

=  5 5 4.99 0.2 5.01 0.2 

= -5 5 4.94 1.2 4.95 1.0 

 

χ % 	 	

	
100											χ % 	 	

	
100 

Table 4. Critical interlaminar toughness. 

Finally with regard to the initial part of the cohesive laws, in Fig. 11 and Fig. 13 it can be seen 

that the prediction of the initial part of the CLs by the DM is slightly better than the one 

predicted by BTBR. The error in the prediction of the penalty stiffness by both methods 

shows that there is an initial discrepancy between local and global behavior, presumably 

originated by the fact that both approaches consider the system transversely infinitely rigid 

and also due to FE simulation inherent errors.  

The difference in the local and global behavior causes the slight errors with respect the input 

values in J at the initial part of the test shown in Fig. 8 and are source of the errors in the 
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penalty stiffness and the oscillation at the initial values of the cohesive law predicted by DM 

in Figs 11, 13. 

In the case of the BTBR, in addition to the discrepancy between local and global behavior, 

that affects not only the determination of G but also the determination of Δt, the error due to 

the equivalent crack advance system approach should also be considered as source of the error 

in the penalty stiffness of the predicted law. 

In Fig 9 it can be seen that the error in the determination of Δt is more pronounced at the 

initial part of the test where the length of the developed FPZ and therefore the equivalent 

crack advance is small.  

5. SUMMARY AND CONCLUSIONS  

In the present paper, a new method for the determination of mode II cohesive law for 

unidirectional composite is proposed. The approach is based on the correlation between the 

developed Energy Release Rate (G) as a function of crack tip shear displacement (t). The 

Resistance Curves are determined obtaining the G as a function of the equivalent crack 

advance based on the compliance variation of the specimen as crack advances. The crack tip 

shear displacement is determined as a function of the equivalent crack advance assuming that 

the Fracture Process Zone development is analogous to an equivalent crack advance, related 

to the compliance variation. These measurements are used to compute the Energy Release 

Rate and crack shear displacement. The experimental cohesive law is determined by 

numerical differentiation. 

The suitability of the method and the accuracy of the predicted cohesive laws have been 

demonstrated numerically by using Finite Element simulation of the ENF test including 

different cohesive zone models. The results obtained reveal that the proposed method is able 

to predict the shape, the maximum stress and toughness of each input cohesive law. An 

excellent agreement has been obtained in the softening region but discrepancies with respect 
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to the input law at the penalty stiffness have been detected originated by both numerical and 

precision problems. 

It can be concluded that the proposed method provides a simple way to approach the mode II 

cohesive law using only load-displacement data provided by the universal testing machine, 

without the need of any external displacement measurement and without assuming the shape 

of the cohesive law. 
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