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Abstract

This paper characterizes the optimal ..scal policy when it is assumed that
there exists a minimum wage below which no worker can be hired. The
rigidity due to the minimum wage legislation can lead to equilibria in which
the supply side of the labor market is rationed. One of the main results of the
paper is that allocations in which the worker is involuntarily unemployed can
be found to be optimal. The main conclusion with respect to the stabilizing
properties of the optimal policy is that it should not be used to ozset the
negative exects of the cycle in the economy.



1 Introduction

There seems to be a quite widespread agreement among macroeconomists
that one of the main contributions of Real Business Cycle (RBC) models
is a methodological one. This literature has developed quantitative and
dynamic models in which agents’ objectives and constraints are explicitly
considered. The standard RBC model has been criticized because it cannot
account for some desirable properties. Many authors have noted some fea-
tures of these models that make them skeptical about the applicability of the
results. One of these criticisms is that RBC models abstract from all sort
of market failures like externalities, problems with information and incen-
tives or non-price-taking behavior. However, the basic theoretical framework
is fexible enough to articulate dicerent views including those mentioned
above. Recent research has been able to rationalize ideas that were the core
of macroeconomics before the 1970s by incorporating a variety of frictions
into the standard RBC model.

This paper aims to move in this direction. Our goal is to analyze the
properties of the optimal ..scal policy when a labor market with frictions is
assumed. More precisely, we will assume that an institution sets a minimum
wage taken as exogenously given by all agents in our economy. We build a
dynamic general equilibrium model that allows us to merge two distinguished
traditions in economics: the public ..nance tradition and the disequilibrium
literature. The public ..nance literature we are referring to is that applying
Ramsey’s (1927) formulation to analyze ..scal policy over time. A number
of articles have adopted this approach that characterize the optimal policy

as that maximizing the welfare of the economy. Major contributions are the



articles by Lucas and Stokey (1983) and Chari, Christiano and Kehoe (1994).

The key to the disequilibrium theory is the premise of a system of markets
which are not always cleared and that may imply the existence of rationed
individuals. Contributions by Patinkin (1965), Clower (1965) and Barro and
Grossman (1971) represent the pioneering work in macroeconomic disequilib-
rium theory. The basic model introduced by these authors has been further
examined and extended by a number of theoretical papers (for example Be-
nassy (1975), Malinvaud (1977), Hahn (1978), and Neary and Stiglitz (1983),
to name a few).

In this paper we consider a stochastic economy with three in..nitely lived
agents: consumers, ..rms and the government.! The minimum wage assump-
tion implies a constraint for the labor supply. The ..rm will not be willing to
hire more labor than the quantity implied by its inverse labor demand. As a
result, the budget constraint will no longer be the only restriction faced by
the household when making decisions about consumption and leisure. Now,
the consumer takes into account that he is also bound by the constraint im-
plied by the minimum wage and he will not be able to sell more labor input
than that demanded by the ..rm when this constraint is binding. Hence, the
rigidity in the labor market due to the minimum wage can lead to equilibria
in which the supply side is rationed and involuntary unemployment arises.
When the literature of ..xed-price has studied general disequilibrium models
it has distinguished between two dicerent concepts of demand and/or sup-

ply: the notional and the erective demand (supply). The notional supply

1The basic theoretical framework is Lucas and Stokey’s (1983) including also the as-

sumptions introduced by Gorostiaga (1999).



schedule shows the amount of labor the consumer would like to sell if he were
not constrained; the exective supply shows the amount of labor he actually
can sell given the demand-side restrictions. We talk about involuntary unem-
ployment in the sense that the labor equilibrium allocation is dicerent from
the notional supply.?

The government is assumed to be a Ramsey planner who decides the op-
timal ..scal policy maximizing the consumer’s utility. The decision variables
of the government are: public spending, the labor income tax rate and debt
issues. We assume that bonds are state contingent and there are complete
markets for debt. We compute the full-commitment solution. If the govern-
ment could reoptimize in the future, it would do something dicerent from
what it had promised to do and the solution would be time-inconsistent.

The computational issues associated with the ..nding of the equilibrium
stochastic processes are a crucial element of our work. To our knowledge,
there is no article in disequilibrium theory analyzing the ..scal policy that
results from a Ramsey problem in a dynamic economy with rational expec-
tations. Presumably, the reason is the nature of the problem, which includes
inequality constraints and non-linearities that make the model di¢cult to
solve. In order to compute the equilibrium paths for the endogenous vari-
ables we perform numerical simulation exercises.

One of the main results of the paper is that allocations in which the
worker is involuntarily unemployed can be found to be optimal. This outcome

is caused by high minimum wages that imply large distortions and a small

2There is no consensus on what an involuntarily unemployed worker is. Our de..nition

agrees with that suggested by Pissarides (1988).



scope for government intervention. Moreover, the minimum wage legislation
leads to welfare losses, which are larger the higher the exogenous minimum
wage. The main conclusion with respect to the stabilizing properties of the
optimal policy is that it should not be used to omset the negative ecects
of the cycle in the economy. We ..nd that government spending should be
higher and the labor income tax rate should be smaller in good times than
in bad times.

The article is organized as follows. In section 2 we set the theoretical
framework underlying the analysis. Section 3 outlines the simulation proce-

dure and analyzes the results. Finally, section 4 concludes.

2 The Minimum-Wage Model

We consider a production economy with three in..nitely-lived agents: a rep-
resentative consumer, a ..rm, and the government. There is a private con-

sumption good (c¢;) and a public good (g;) that satisfy

Ct+ Gt = Yt 1)

y; being aggregate output.

We consider a constant returns to scale concave production function:

Y = f(et; 1- $t>£t> @)

where x; denotes leisure, /; is land and 6, is a productivity shock following a

Markov process:



Inf, = pln 6y + ey, | <1, er ~ N(0,0?) (3)

being this technology shock the only source of uncertainty in our economy.
The consumer derives utility from private consumption, public spending
and leisure. The household’s preferences are given by the von Neumann-

Morgenstern utility function:

Eoé 8" ulcr, g, 1), 0<p<1 4)
The utility function w is strictly increasing in the three arguments and strictly
concave. Private consumption, government expenditures and leisure are nor-
mal (non-inferior). E, denotes the mathematical expectation conditioned on
time 0 information.

The representative consumer is endowed with one unit of time which
is devoted to work and leisure. He also owns ¢ units of land that will be
inelastically supplied to the ..rm. Besides, the household can lend to or
borrow from the government with a full array of contingent one-period bonds
that complete the markets.

The consumer faces the following budget constraint:

ot [BhOO)D = (1= w1 = w0) + bis(61) + pils ©)
where 7, is the income tax rate, w;, the wage rate and p{ is the land price.
p2(6) denotes the price the consumer has to pay in period ¢ to get one unit
of consumption good at ¢ + 1 if the productivity shock realization is 6 at this
time and b,(6) is the number of units of debt (contingent on #) held in period

t. We assume that the consumer is a price taker in all the markets. The
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household’s problem is to choose® {c?, x$, ¢¢,b}} maximizing the discounted
sum of utilities given by (4) subject to the temporal sequence of budget
constraints (5). Besides, his labor supply must be smaller than the perceived
constraint* SC, a quantity he takes as given. We can write the program as
follows:

g o ; B u(cf, gix;)

subject to:

o [pO = (1wl - ) b 00 il ©)
(1—xf) < SC, @)
G <1 (8)

{7¢,00,02(0), f, wy, gi, b1 (6,),SCy} as given

Using the Kuhn-Tucker theorem, the ..rst order conditions we ..nd are:

U 0
plg(g) = p tlj—lt() Pr(9t+1 = ‘9/90 )
ro= 1o et (10)
Wile g
vig [SC — (1—-127)]=0 (11)
SC, > (1- xy) vig >0 (12)

3We use the superscripts d and s to distinguish between demanded and supplied quan-

tities. Variables without any superscript refer to equilibrium quantities.
4The worker faces this constraint because he will not be able to sell more labor than

that demanded by the ..rm when the minimum wage constraint is binding.
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where v, is the Lagrange multiplier associated with inequality (7). Besides,
the worker supplies inelastically his endowment of land.
The ..rm maximizes its pro..ts taking the input prices as given. In other

words, the ..rm’s problem is:

max y, — wy(1 — ) — pjt]
{=d 08}

{9t7 Wt, pf} as given

The solution to the problem of the ..rm implies that input inverse demands

equal the corresponding marginal productivity, that is,

wt() = fl—a;(et;'agg)
P fo(0s;1 — )

where f;_, and f, are the derivatives of the production function with respect
to labor and land respectively.®

We assume that there is an institution that sets a minimum wage wy/rn
below which the ..rm cannot hire any labor. This variable is taken as exoge-
nously given by all agents in our economy. This is a new assumption with
respect to the previous literature in which competitive labor markets have
been mostly assumed. As far as we know, the only paper solving for the
optimal ..scal policy and introducing frictions in the labor market is Gorosti-
aga (1999) where it is assumed that a union sets wages. The minimum wage

assumption only constrains the labor supply because the ..rm will not hire

5In what follows, we will assume that 7 is equal to one and we will not consider explicitly

this variable anymore.



more labor than its demand at each period.® Thus, equilibria in which the
worker is rationed in the labor market may arise in this framework.

The government is assumed to be a Ramsey planner that decides the op-
timal ..scal policy maximizing the household’s objective function. It provides
the public good and funds its spending by labor income taxes and debt. At

each period, the public sector faces the following budget constraint:

ge + b1 (0) = (1 — 7)w(1 — x) + /pfbf(@)d@ (13)
The government announces the public policy it is going to implement
and the consumer takes these policies as given. The government is aware of
this reaction and includes the ..rst order conditions of the household’s and
the ..rm’s problems as constraints in its own maximization problem. In other
words, the government chooses the optimal policy among the minimum-wage
equilibrium allocations characterized by the following de..nition.
De..nition 1: Given b_y, wyy and the productivity shock process {6;},
a minimum-wage equilibrium is a stochastic process of prices {p%(6), w;, p¢},
perceived constraint SC, allocations {c;, b;, z;, ¢;} and ..scal policy {g;, 7¢, b; }

such that:

i) {c, by, 24, £} maximizes the consumer’s objective function (4) subject
to the budget constraints (5) and the restriction implied by SC; and
taking as given {p;(0), w,pt} and {g;, }.

i) {4, £;} maximizes the ..rm’s pro..ts given {w;, p}}.

5The labor equilibrium allocation will be always on the labor demand schedule but
the only feasible allocations will be those points above the corresponding to the minimum

wage one.



i11) The equilibrium wage wy is equal to or higher than the exogenous bound

WMIN-

iv) The government budget constraint (13) and the economy’s technology

constraint (1) are satis..ed at each period.

v) The land, consumption goods and bonds markets clear.

It is straightforward that allocations satisfying restrictions (10)-(12) can

be characterized by the following inequality:

Ug.t
Wil

(14)

Using standard arguments, we can prove’ that the restriction that (9)
and (13) place on Ramsey equilibrium allocations is characterized by the

implementability constraint:®

by = Eo> A (1 - ) — g (15)

t=0  Uec0
That is, the present value of outstanding government obligations at time 0

must equal the present value of the excesses of tax revenues over government

expenditures on goods.

"A formal proposition and proof showing this result can be found in Chari and Kehoe

(1998).
8\We assume that there are high enough debt limits to prevent the possibility of a Ponzi

game. As a result, the following transversality constraint is ful..lled:

BT+1 uC7T+1

lim Et
T—o0 Uce,0

bri1| =0



Therefore, we can write the Lagrangian for the Ramsey problem as

L = E Z 5t U [91‘,(1 - »’Ut)v - gt>gt,$t]
=0
A | boqte — By Y Blucfwere(1 — 20) — g4
=0

138" [Bu(wnt — w) + et — (1 — 7o)wptiey)]
t=0

where w; should be equal to the inverse labor demand w(.).

Taking derivatives with respect to government expenditures (g;), leisure

(z,) and the labor-income tax (r,) we get the ..rst order conditions®

—Uetfioat + Ugt + AN + 01Ny + A3y = 0 (16)
—Uet + Ugt + AV + 1, Vo, = 0 (17)
Ml —x) = p, (18)

If an optimal policy exists and the solution is interior, this policy must

satisfy the ..rst order conditions jointly with the implementability constraint

9where

M = Ucepfiowt [frowtTi(1 —2) — gt] + eV fi—zeTt
Aoy = fiai—ay

Asy = gt + (1= T)Ueet(Flowe)® + (1= 7¢) flosl—atUes
Uiy = et + (Ucet — Ueg,t) [fr—apTe(1 — z4) — gi]

Uy = (1 —7¢)fioat(Ucet — Uecg,t)
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and the resource constraint. WWe can prove that the endogenous variables of
the model can be written as time invariant functions of the contemporaneous

productivity shock and the Lagrange multiplier ), that is,

(Ct7 Tty Gty Tty Pty bt) = d()\’ et)

The obtained ..rst order conditions are quite similar to those found in
previous papers like Lucas and Stokey (1983) except for equation (18). This
additional expression arises due to the possibility of ..nding rationed agents
in the economy. It is worth explaining the implications of this new condi-
tion. When the labor supply is constrained in one period, the optimal labor
allocation is equal to the demand of the ..rm which is the short side of the
market. Taking into account the resource constraint (1), the social planner
only has to decide how much output should be delivered as public services.
The government will choose its level of spending so as to equate the marginal
utility of private and public consumption. In this period the way used by the
government to fund its expenses does not change the equilibrium allocations.
As a result, the public sector can set higher taxes when the labor supply
is constrained and reduce these taxes in good times. By implementing this
policy, the government will be able to reach the ..rst best allocation when
the economy is booming. Equation (18) allows us to analyze this result more
formally. When the labor supply is constrained, the multiplier 1, is equal to
zero.!® Substituting into (18), the Lagrange multiplier (\) associated with
the implementability constraint is also equal to zero. This implies that the

funding of the public spending is not constraining the decisions taken by the

10Note that p, is the multiplier associated with inequality (14) which is not exactly the

constraint faced by the consumer in the labor market, i.e. (7).
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agents in the economy and that we do not have to take into account the
intertemporal government budget constraint when solving for the optimal

allocations.

3 Numerical results

We aim to analyze how the equilibrium allocations for the endogenous vari-
ables evolve over the business cycle. Therefore, we have to solve the system
of equations presented in the preceding subsection.

We specify functional forms for both, production function and prefer-
ences. We assume a Cobb-Douglas technology showing constant returns to

scale:
f(@t;l—xt,ﬁt) :et(l—wt)'yfiﬂ 0<y<l1

and the following functional form for the preferences:
gl ] | 2t

0<a<l1
1—0'1 1—0'2 @

u(ctagtaxt) =

This utility function is additively separable in consumption and leisure. We
are considering a composite consumption index which includes both the pri-
vately and the publicly provided good.

The ..rst order conditions are non-linear functions of the endogenous vari-
ables. Due to these strong non-linearities there is no way of obtaining closed
form solutions to the model. Furthermore, decision rules depend not only
on 6, but also on the unobservable shadow price A. Taking A as given like

in Lucas and Stokey (1983), we could study the sign of the derivative of the
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endogenous variables with respect to the shock. However, we are also inter-
ested in studying the switch from one rationing scheme to another, caused
by direrent technological shocks. This analysis requires the computation of
the equilibrium paths because simple derivatives say nothing about these
changes. These facts lead to the need for numerical simulations.

In order to ..nd the equilibrium solutions for both models we have to spec-
ify values for the parameters appearing in them. The values we have chosen
are presented in Table 1. We have not performed a calibration exercise, we
have just selected values for the parameters that are standard in the RBC

literature.

Table 1: Parameter Values

Preferences
3 0.95
« 0.8
o1 3
o9 2

Production Function

5 0.66

Technology Shock

p 0.95
o 0.05

We also have to specify a value for the minimum wage, wy;;n. It has been
empirically observed that workers devote to leisure two thirds of their time

endowment. We get this result for the allocation of leisure in the steady state
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when we assume that the minimum wage is equal to 0.20. We have solved
the model for dicerent values around this ..gure. The procedure followed to
simulate the equilibrium paths for the endogenous variables is described in
the appendix.

We present our results graphically plotting the decision rules d(}, -). Fig-
ure 1 shows these graphs wj;;x=0.17 and w,;;5y=0.20. We should notice
that the choice of the value for wy,;x is important because depending on
this value, the rationing scheme observed in equilibrium may be dicerent.
Before analyzing the cyclical properties of the endogenous variables, we will
try to ..gure out the intuition behind the optimal policy implemented by the
government.

The two ..gures below will help us to understand what is going on. These
graphs show the pattern observed for leisure in the two possible cases: when
. 1S strictly negative and when it is equal to zero.

The Ramsey planner chooses the optimal ..scal policy maximizing the
consumer’s objective function. Since the economic welfare will be smaller if
the consumer is constrained in the labor market, the government will try to
avoid this situation. The social planner will move the labor supply through
taxation in order to prevent non-desirable rationing schemes. During reces-
sions the technological shock is small and so is the marginal productivity of
labor. The notional demand is not likely to be as high as the notional sup-
ply and the labor equilibrium allocation will be determined by the demand
side of the market. In other words, involuntary unemployment arises in bad
times. Besides, the larger the minimum wage is, the higher the probability

of labor demand determined equilibria in bad times. Hence, if the govern-
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ment wants to avoid involuntary unemployment it will have to increase taxes
and reduce the labor supply during recessions. If the minimum wage is very
high, the labor demand is small and the increase in taxes required to equate
the labor supply and the labor demand should be too large. It is not worth
introducing such a big distortion in order to prevent households from being
rationed in bad times. Therefore, we will ..nd that the constraint faced by the
labor supply will be binding and the corresponding Kuhn-Tucker multiplier,
s, Will be zero. Moreover, the implementability constraint will no longer
be a binding restriction in the Ramsey problem (A = 0). During recessions,
the labor supply is constrained and the equilibrium allocations of private
consumption, government spending and leisure do not depend on the ..scal
policy implemented by the public sector.!* Therefore, the government can
increase both the labor income tax rate and tax revenues without acecting
equilibrium allocations. Being aware of this, the Ramsey planner will set
higher taxes during bad times and it will be able to reach the ..rst best al-
location when the technological shock is larger. When the minimum wage is
not so high, the government will not ..nd best to implement the ..scal policy
we have just described. In this case, during recessions the planner will set
higher taxes in order to reduce the labor supply and reach an equilibrium
allocation in which none of the agents is constrained in the labor market.
During good times, or more precisely when the technological shock is

su€ciently high, the optimal scheme is the same no matter how large the

1 The labor allocation will be equal to the notional demand. And private consumption
and government spending will be such that the last unit of private consumption renders

the same utility as the last unit of public good.
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minimum wage is. For these states of nature, the marginal productivity of
labor is high and the ..rm is willing to pay a wage higher than the minimum
wage wyrn. As a result, labor demand will be equal to labor supply and no
sides of the labor market will be rationed in equilibrium.

Figure 1 displays the decision rules d(J, -), that is, it plots the technologi-
cal shock versus the endogenous variables. These graphs show the correlation
between the variables and can be used to study their cyclical properties. All
the lines depicted exhibit a kink at some value of the productivity shock.
For realizations of the technology shock below this value, the minimum wage
restriction is binding. Moreover, the kink moves to the right when wyry IS
larger. That is, the higher the minimum wage the ..rm has to pay, the higher
the productivity shock has to be in order to obtain a notional labor supply
not larger than the labor demand.

In both cases, when g, is strictly negative and when this variable equals
zero, we can draw the same conclusions about how the private and public
consumption and leisure evolve over the cycle. Both private consumption
and public services are procyclical variables in the sense that they are pos-
itively correlated with output. Therefore, the public sector does not use its
expenditure to stabilize output. The slope of the depicted lines is bigger dur-
ing bad times. Hence, although government spending is procyclical, public
policy is more active during recessions.

Leisure decreases with the productivity shock during bad times but shows
a positive reaction when the economy is booming. The possibility of labor
demand determined equilibria when the technological variable is small results

in this pattern for leisure. During recessions, the labor allocation is always
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equal to the labor demand. The marginal productivity of labor, and there-
fore, labor demand is higher when the technological shock is larger. Hence,
the equilibrium leisure allocation will decrease with the productivity shock in
bad times. Conversely, when the economy is booming, the labor equilibrium
allocation is such that labor demand equals labor supply. Since the consumer
derives utility from leisure and the wealth ecect is larger than the substitu-
tion exect in good times, the labor allocation will be smaller the larger the
productivity shock.

The results for the labor income tax rate are dicerent depending on the
size of the minimum wage. For small minimum wages, optimal labor income
tax rates will decrease with the technological shock, that is, they should be
smaller when the economy is booming. The reason for this downward sloping
pattern is that in good times it is not worth distorting economic decisions
with higher tax rates. When the minimum wage is high and the labor supply
is constrained during recessions, we can ..nd multiple equilibrium solutions
for the labor-income tax satisfying the government intertemporal budget con-
straint. To some extent, we can say that a sort of Ricardian equivalence holds.
Figure 1 shows one of these solutions. In bad times, optimal allocations can
be implemented no matter the size of the labor income tax rates. Thus, the
planner will set very high taxes during recessions and will be able to reach
the ..rst best allocations removing these taxes in good times.

This analysis also allows us to study the implications for welfare of changes
in the minimum wage. A higher minimum wage increases distortions which
have adverse ezects on the e€ciency of the economy. If we compute the sum

of discounted utilities both when the minimum wage is 0.17 and 0.2, we ..nd
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that this sum is -0.57 in the ..rst case and -0.72 in the second one. When
the minimum wage is high, the scope for the government to be close to the
..rst best is smaller. Although the ..rst best allocations are attained in good
times, the large distortions during recessions lead to an important welfare
loss.

To sum up, involuntary unemployment and welfare losses arise, caused
by the assumption of a minimum wage legislation. These exects are stronger
the higher the minimum wage level. Another remarkable result is that the
government should not use the ..scal policy to stabilize output. However,
since rationing in the supply side of the labor market is not a desirable
situation, the ..scal policy will be much more active when this rationing

scheme prevails.

4 Concluding Remarks

This paper has studied the implications for the optimal ..scal policy of in-
cluding a minimum wage in a standard public ..nance model. We ..nd that
..scal policy should not be used to stabilize output. Contrary to what we
may expect, government spending should be higher and the labor income
tax rate should be smaller in good times than in bad times. Besides, the
minimum wage legislation leads to the possibility of ..nding rationed agents
in our economy. More precisely, we ..nd equilibria with rationed workers or,
in other words, involuntary unemployment during recessions. Moreover, the
rigidity assumed in the labor market results in welfare losses which are larger

the higher the minimum wage.
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However, the point we want to stress is that the framework that we have
presented is Fexible enough to analyze the optimal policy in an economy with
frictions. The basic theoretical model is very simple and abstracts from many
issues we would like to include in a model meant to be used to derive economic
policy recommendations. Nevertheless, the methodology we are using is the
proper one: we have studied a dynamic rational expectations model and
we have been precise about agent’s preferences and constraints, technology
and how agents take decisions. Including other rigidities, assuming dicerent
sources of uncertainty and/or considering heterogenous agents are the goal of
future extensions. Moreover, this paper may be a ..rst step to new research
within the disequilibrium literature. Ideas analyzed in the 70s by the authors
mentioned in the introduction can also be studied using the methodology of
the RBC models. This seems to be a very interesting research to carry out

in the future.
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Appendix

This appendix describes the procedure we have used to compute the equi-
librium paths for the endogenous variables. We have to solve a system of
equations that includes the ..rst order conditions (16)-(18), the resource con-
straint (1), the implementability constraint (15) and the following inequalities

resulting from the Kuhn-Tucker formulation:

Ot [wpiy —wy] = 0 (A1)

pe [Uze — (1 = T)wue] = 0 (A2)

o < 0 wpmIN < Wy (A3)
py <00 g — (1= 7)wpug <0 (A4)

We consider four possible cases:

Case 1: ¢, =0 0y =10

Case 2: 4, =0 6 <0

Case 3: 1, <0 6 =0

Case 4: 11, <0 0 <0

We study cases 1-2 and cases 3-4 separately. The reason is that from
equation (18) we know that if the multiplier p is zero in the ..rst period, it

will be zero forever. The same applies when this multiplier is negative. i, will

depend on the initial technology shock, 6,, and the minimum wage, wurn.

20



If the labor supply is constrained in the ..rst period, the multiplier n, will be
zero. The higher the minimum wage and the lower the technological shock,
the higher the probability of an optimal 1, equal to zero. In the simulations
that we have run, we have assumed that the productivity shock at t = —1
(6_,) always equals the steady state value. However, we have repeated the
same exercise specifying dicerent values for the minimum wage in order to
have both, cases with x, equal to zero and cases with p,, strictly negative.

We can distinguish two dizcerent steps followed to ..nd the solution:

e Step 1: given a realization of the shock {6;}~, and an initial govern-
ment indebtedness b_;, suppose that in a given period ¢, u, = 0 and
0y < 0 (case 2). Hence, the minimum wage constraint is binding, that
IS, wy = wyrn. From the resource constraint (1), the ..rst order condi-
tion with respect to government spending (17), and the minimum wage
constraint, we get the optimal allocations for private consumption, pub-
lic expenditure and leisure. Substituting into the ..rst order condition
with respect to leisure (16) we calculate the multiplier ¢, and verify if
it is negative. A positive multiplier implies a contradiction. If this is
the case, we should suppose that 6, = 0 and that the minimum wage
constraint is not binding (case 1). Then, the equilibrium allocations for
(¢t, g1, z¢) are obtained from (1), (16), and (17). Performing the same
exercise for the temporal sequence of shocks, we get the equilibrium
paths for these three endogenous variables. Since p, = 0, inequal-
ity (14) is not binding. We assume that (1 — 7,) = = — T, with

WtUct

T > 0. Furthermore, the implementability constraint (15) has also to

be ful.lled. Assuming a ..xed value for 7', we compute the optimal
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allocations for N dicerent realizations of the shock following the pro-
cedure described above. Next, we average across these N realizations
to approximate the expectation in the right-hand side of the imple-
mentability constraint. If this average is dicerent from b_; we change
the proposed 7" and iterate until the implementability constraint is sat-
is..ed. Convergence to a negative 7' contradicts the assumption that

u, = 0, and leads to the following step.

e Step 2: we proceed in a similar way to that presented in the previous
step, but assuming that x, < 0. Setting a ..xed value for the Lagrange
multiplier X\, we consider the case 4 in which the minimum wage con-
straint is binding, w; = wyN, and 6; < 0. We obtain an allocation
(¢t, 1, g¢) that solves the resource constraint (1) and the ..rst order
conditions (16)-(18) for this particular realization of the productivity
shock.'> We check if the corresponding &, is negative. If we obtain a
positive multiplier, we conclude that we are not in case 4 but in case 3,
that is, u, <0 and 6, = 0. Substituting into the ..rst order conditions,
we get the equilibrium allocations of the endogenous variables. Repeat-
ing this procedure with N dizerent realizations of the shock, we get the
N equilibrium paths for the endogenous variables given these shock se-
guences. Again, we average across the N realizations to approximate
the expectation in the right-hand side of the implementability con-

straint. If this average is dicerent from b_; we change the proposed A

12Recall that we are considering the case in which the two inequality constraints in the
Lagrange problem are binding. Hence, we also use these two equations in order to ..nd

the optimal allocations.
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and iterate until the implementability constraint is ful..lled.
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Figure 1. Technological shock vs endogenous variables
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